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Abstract

This paper provides a comprehensive study on the heat transfer and entropy generation rates in a channel partially
filled with a porous medium and under constant wall heat flux. The porous inserts are attached to the walls of the
channel and the system features internal heat sources due to exothermic or endothermic physical or physicochemical
processes. Darcy-Brinkman model is used for modelling the transport of momentum and an analytical study on the
basis of local thermal non-equilibrium (LTNE) condition is conducted. Further analysis through considering the
simplifying, local thermal equilibrium (LTE) model is also presented. Analytical solutions are, first, developed for
the velocity and temperature fields. These are subsequently incorporated into the fundamental equations of entropy
generation and both local and total entropy generation rates are investigated for a number of cases. It is argued that,
comparing with LTE, the LTNE approach yields more accurate results on the temperature distribution within the
system and therefore reveals more realistic Nusselt number and entropy generation rates. In keeping with the
previous investigations, bifurcation phenomena are observed in the temperature field and rates of entropy
generation. It is, further, demonstrated that partial filling of the channel leads to a substantial reduction of the total
entropy generation. The results also show that the exothermicity or endothermicity characteristics of the system have

significant impacts on the temperature fields, Nusselt number and entropy generation rates.
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ratio of the heat flux at porous-fluid interface to that of
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dimensionless temperature defined in Eq. (13)
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dimensionless mean temperature of the fluid defined in Eq. (22)
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medium
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1. Introduction

Energy challenges are currently amongst the most substantial issues facing the human civilisation. The rapid
increases in energy consumption along with the subsequent catastrophic environmental problems have led to a
complex global crisis. A range of activities are being undertaken to resolve this issue across the world. These,
chiefly, include more extensive use of renewable energy and improving the efficiency of the conventional energy
generation technologies. Both of these two families of technology heavily involve thermal processes. Optimisation
of these processes is essential for improving the performance of a wide range of energy generation technologies.

Similarly, optimal thermal systems are central to the efficient use of thermal energy.

In principle, there are two approaches to the problem of thermal optimisation. In the most conventional approach,
the system is analysed on the basis of an energy balance or first law of thermodynamics. This approach is well
known and has been in use for a long time. Despite all its practical merits, this remains an entirely quantitative
method and provides no information on the quality of energy. Importantly, the degradation of energy due to the
existence of irreversibilities is totally ignored by this approach [1-3]. These negative points have led the researchers
to consider an alternative approach for optimisation of a thermal process by considering both of the first and second
laws of thermodynamics. The second law of thermodynamics provides a powerful tool to evaluate the energy quality
degradation in a thermal system while the first law governs the energy balance. This method constructs fundamental
relations to calculate the generation of entropy within a system and accordingly realises the level of irreversibility. It
has been pointed out, in the literature, that through using this method the system can be optimised from the energy
quality prospect through minimisation of the entropy generation. This has been elaborated in details by Bejan in his
seminal textbooks [2,3]. Shifting from the energy quantity point of view to an energy quality perspective in a
thermal process reveals the advantage of the second law of thermodynamics over the first law. By employing the
former it is possible to optimise the process such that less entropy is generated, and consequently less exergy is
destructed. In other words, the energy quality remains as high as possible. This concept has been, already, exploited

in various conductive [4-6], convective [7-9] and radiative [10] environments.

Channels under forced convection are an important part of various thermal systems [11]. Recently, heat transfer and
entropy generation analyses in horizontal channels, fully or partially filled with porous media, have attracted
considerable attention [11]. This is, primarily, due to the fact that utilising porous media can lead to significant
improvements in heat transfer characteristics [12]. Energy analysis in porous media is usually on the basis of a
fundamental assumption about the presence or absence of local thermal equilibrium [11,12]. The former leads to
local thermal equilibrium (LTE) model, also known as one-equation energy model. The latter, however, is regarded
as local thermal non-equilibrium (LTNE), or two-energy equation model [11,12]. Although LTE model [11] has
been used extensively in heat transfer analyses [11], LTNE model is receiving an increasing attention from the
research community [13-16]. This stems from the fact that in the emerging fields such as MEMS and biotechnology




as well as some classical areas, such as chemical and nuclear engineering, the accuracy of the analysis is of primary
importance [12,17]. Hence, LTNE modelling becomes the preferred option. This, however, significantly increases

the mathematical complexity of the analysis and therefore the choice of thermal model should be made mindfully.

There have been a large number of publications on convective heat transfer in porous media under LTNE
conditions. One of the pioneering works in this area was done by Nield [13]. Following Nield’s persuasive work,
many scholars have tried to re-examine thermal porous systems from the LTNE perspective [18-26]. Bortolozzi and
Deiber [19] investigated natural convection in a fluid-saturated annular porous cavity considering both LTE and
LTNE conditions. The governing equations were numerically solved using vorticity-stream function scheme.
Comprehensive comparison was made between the velocity and temperature fields for both models and considerable
differences were observed in some cases [19]. In a fundamental study Kim and Jang [20] validated their similarity
solution for convection in porous media against a numerical solution within the framework of LTNE. They also
compared the results of LTNE with those of LTE model [20]. Similar to an earlier work of Bortolozzi and Deiber
[19], Kim and Jang [20] observed that for some certain thermophysical parameters the difference between LTE and
LTNE models is non-negligible. Khashan et al. [21] revisited the classical problem of steady state fluid flow and
heat transfer in a porous pipe using SIMPLE algorithm under LTNE model. Influences of Reynolds and Biot
numbers on the temperature contours and other thermal characteristics of the system were investigated in this work
[21]. Chen and Tso [22] used LTNE model in a channel fully filled with porous media. They incorporated viscous
dissipation effects into the energy equation for the fluid phase of the porous medium and numerically investigated
the variation of Nusselt number with a number of thermophysical parameters. In a separate study, these authors
developed analytical expressions for Nusselt number [23]. Ouyang et al. [24] used three different fundamental
LTNE models in a channel. The analytical solutions for the flow and temperature fields were obtained and compared
with those predicted by numerical simulations. Through using the classical definition of the thermal entry length on
the basis of Nusselt number, the dimensionless thermal entry length was predicted [24]. Dehghan et al. [25,26]
considered both Darcy and Forchheimer terms in the momentum equation but neglected the viscous dissipation in
the energy equation. Perturbation technique was employed by these authors to tackle the resultant nonlinear
governing equations [25,26] and semi-analytical solutions for the temperature and Nusselt number were derived.

Comparisons were, further, made with the previously published works and good agreements were observed [25,26].

Ochoa-Tapia and Whitaker [27] were, perhaps, the first scholars who considered a flow conduit partially filled with
porous media. Partial filling is an effective avenue to circumvent significant pressure drops in a porous system [28].
By adopting this approach the desirable thermal effects of a porous medium can be mostly achieved. Yet, the
pumping power and the consequent expenses are maintained within a reasonable range. These attractive features
have resulted in a significant number of published studies on the thermal aspects of partially filled systems, see for
example [14-16,29]. In the partially filled systems, the thermal boundary condition of the interface of the porous
material and clear fluid poses a fundamental difficulty. A precise explanation of the heat distribution on such
interfaces is yet to be developed [12]. Nonetheless, phenomenological thermal models are often used to provide the

essential mathematical boundary conditions in the modelling works. Yang and Vafai [30,31] provided two different



main models for the interface condition together with their analytical solutions. They have discussed the limitations
of each model and gave illustrative figures regarding the variation of Nusselt number in each model. Further
examples of such modelling efforts can be found in Refs. [14,15,29] which used models A and B of Yang and Vafai
[31] for the porous-fluid interface. Model A assumes that the heat flux is divided between the two phases on the
basis of their effective conductivities and temperature gradients. However, in model B equal amounts of heat flux

are transferred into each phase [31].

Xu et al. [32,33] analytically solved the flow field and energy equation for a parallel-plate channel [32] and a pipe
[33] partially filled with porous media attached to the inner wall of each geometry. Convective boundary condition
was considered at the porous-fluid interface. They illustrated the temperature distribution with different
thermophysical parameters and showed that Nusselt number decreases if the channel is fully filled with porous
media. Later, this was also demonstrated by other researchers [34,35]. Yang et al. [36] examined the differences
between the thermal performance of a tube partially filled with a metal foam when it is attached to the inner wall or
placed in the core of the tube. They considered equal temperature for the metal foam and fluid phase at the porous-

fluid interface and developed analytical solutions for the temperature fields and Nusselt number [36].

The studies, discussed so far, were solely concerned with heat transfer aspects of the problem and therefore belong
to the first law approach. As argued earlier, the first law of thermodynamics remains silent on the quality of energy
in a given thermal process and any judgment on this requires a second law investigation. A partially filled flow
conduit with significant heat transfer involves major sources of irreversibility. These include heat transfer through a
finite temperature difference and viscous dissipation of the flow kinetic energy. It is, therefore, expected that the
system involves a non-negligible level of entropy generation and experiences a drop of energy quality. As the
irreversibility is partially due to non-equilibrium heat transfer, taking LTNE approach is essential in the evaluation
of the second low performance of the process. However, there is, currently, a dearth of thermodynamic analyses of
partially or fully filled systems under LTNE condition and most of the existing works in this area are limited to local
thermal equilibrium [37-40]. Recently, Buonomo et al. [41] have conducted a study on porous filled micro channel
by using LTNE model. They investigated the hydrodynamic and thermal processes between two parallel plates filled
with a porous medium [41]. Due to the microscale size of the channel and effects of rarefaction of the gas flow
under consideration, the first order velocity slip and temperature jump conditions at the fluid-solid interface were
used. In this work, the velocity and temperature fields were analytically investigated, and local and total entropy
generation rates were calculated [41]. Most recently, Torabi et al. [42] utilised LTNE model and analysed heat
transfer and entropy generation in a horizontal channel partially filled with porous media. They considered
asymmetric boundary conditions for the channel and incorporated the viscous dissipation term into the energy
equations. For the first time, these authors reported a bifurcation phenomenon for the local entropy generation rate
[42].

The current work conducts a comprehensive study on the heat transfer and entropy generation in a channel under
forced convection, which is partially filled with a porous medium. Both LTE and LTNE models are applied and the

outcomes are compared. The channel is under constant and equal heat fluxes from both top and bottom surfaces. The



Darcy-Brinkman model is used to model the transport of momentum and internal heat generation or consumption is
incorporated into the energy equation. These internal sources represent the exothermic or endothermic physical and
chemical reactions occurring in various practical processes [29,43,44]. The rest of this paper has been organised in
the following order. Section 2 gives the detailed specifications of the problem. In this section, the governing
equations of heat and fluid flow together with the boundary conditions for the employed interface models are
described. Section 3 provides the fundamental equations of entropy generation in the configuration under
investigation. By introducing dimensionless boundary conditions, the available local and total entropy generation
relations are non-dimensionalised. Subsequently, in section 4 the momentum and energy equations are solved
analytically. Through incorporating the velocity and temperature solutions within the entropy generation relations,
given in Section 3, the local and total entropy generation rates are calculated. Section 5 includes a series of figures
regarding temperature, Nusselt number and, local and total entropy generation rates. This section further provides a
comprehensive discussion on the effects of pertinent parameters on the temperature and entropy generation. The

paper is finally concluded in Section 6.
2. Problem statement

Consider a rectangular, two dimensional channel subjected to uniform and equal heat fluxes on the upper and lower
surfaces. The channel is partially filled with a porous medium such that the porous material is attached to the upper
and lower walls, as shown in Fig. 1. The height of the channel is 2h and the core of the channel, with the thickness

2h,, is clear. Constant thermophysical properties for both solid and fluid phases are assumed. This study, further,

assumes steady, laminar flow along with fully developed velocity and temperature fields and ignores radiative heat
transfer and gravitational effects. Darcy-Brinkman model is utilised to model the transport of momentum within the
porous material, and homogeneous and isotropic characteristics are assumed for the porous structure. In the course
of this study the fluid and solid thermal source terms are assumed to have constant values. Due to the symmetry of

the problem under investigation only half of the configuration shown in Fig. 1 is considered.
2.1. Governing equations

Considering the aforementioned assumptions and the configuration shown in Fig. 1, the momentum and energy
equations under LTNE model are written as follows. Momentum equations in the clear and porous regions are

expressed by
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Transport of thermal energy for the clear region, and fluid and solid phases of the porous region are respectively
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where the g ~ 21 s the effective viscosity and different terms and notations are defined in the nomenclature.
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The boundary conditions for the above system of equations are
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The boundary conditions expressed by Eq. (3b) and (3c) are equivalent to model A of Yang and Vafai [31], which
has been also used in the investigations of partially filled channels [16,29]. It is emphasised here that previous works
[14-16] have demonstrated that the choice of porous-fluid boundary condition has significant effects upon the

thermal behaviour of the system.

In order to make analytical progress with the energy equations (2a) and (2b), their left hand sides should be
evaluated. By integrating Eq. (2a) and with the help of boundary conditions at the upper side of the channel and the

interface, the following relation is derived,
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Adding Eqgs. (2b) and (2c), integrating the resultant equation, and incorporating the boundary conditions at the upper

side of the channel and the interface yields
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By adding Egs. (5) and (4) and noting that in a fully-developed flow subjected to constant wall heat flux

or oT
2= 8)21 = constant , the left hand side of Eqgs. (2a) and (2b) becomes
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Incorporating Eqg. (6) into the Eqgs. (2a) and (2b), results in the following energy equations for the fluid flow in the

clear and porous regions,
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The Nusselt number at the lower wall of the channel can be written as [32,33,35,36]
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When ratio of the thermal conductivity of the two phases of the porous section is near unity, the LTE model can be
often used [45]. This is due to the fact that as the thermal conductivities of the two phases approach each other and

Biot number is large enough, the temperature difference between the solid and fluid phases in the porous region



diminishes. Hence, the energy equations (2b) and (2c) can be combined to form a single energy equation for the

porous region. Considering LTE model, the energy equations for the fluid and porous regions can be written as
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It should be noted that as a result of LTE assumption in Eq. (11b), Tf, = T. The thermal boundary conditions for

this model are slightly different to those of LTNE model and are described by the following relations.
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2.2. Normalisation

To provide further physical insight, the following dimensionless variables are introduced. These include a wide

range of thermophysical properties and will be used in the proceeding discussions.
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where u, = _h_g_p. Substituting the above parameters into the momentum Egs. (1a) and (1b), energy equations
Hy OX

(2c), (8a) and (8b), and boundary equations (3), results in the following set of non-dimensional governing equations
and boundary conditions. Momentum Eqgs. (1a) and (1b) are converted to
oU,,
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The dimensionless form of energy Eqgs. (2a, b and c) are
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Through non-dimensionalisation, the boundary conditions reduce to the followings
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Further, y can be readily calculated through Egs. (5), (4) and the dimensionless parameters (13), from the following

relation
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It is curious to note that the boundary conditions related to the heat flux at the upper wall of the channel and the

adiabatic condition in the middle of the channel (y =0) have been used in the derivation of Egs. (5) and (4). These

10



will not be used to derive the constant parameters of the energy equations. To decouple the energy equations of the
fluid phase from that of the solid phase, i.e., Egs. (15b) and (15c), the second derivatives of these equations are

needed. Some straightforward algebraic manipulations turn these two equations into the followings,
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Now, by using Egs. (15b) and (15c) and their first derivatives, the following boundary conditions are developed.

These are essential for the closure of the problem and are given by,
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Accordingly, the dimensionless Nusselt number is given by the following relation.
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Considering LTE model and using the dimensionless parameters given by Eq. (13), the dimensionless LTE energy

equations can be written as
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Once again, it is emphasised that due to LTE in Eq. (23b) 6, = 6,. The thermal boundary conditions for LTE

model are slightly different from the thermal boundary condition for LTNE model and are expressed by,

06,
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3. Entropy generation

It has been intuitively considered in the previous publications that the heat generation implies its effects on the
entropy generation thorough diffusive heat transfer part of the entropy generation formula [46-48]. Moreover, in
many second law analyses for conductive media it has been mathematically proven that the entropy generation
formula does not affected by internal heat generation and this feature of the system input its impact on the
temperature distribution and therefore into the entropy generation. This can be clearly seen in recent publications in
this field [5,6,49]. However, since the energy equations in convective systems are mainly partial differential
equation with many terms, this mathematical endorsement has not been taken previously. In keeping with previous
literature in the field, it has been assumed in this study that the internal heat generation/consumption does not have
direct effect on the entropy generation and implies its effects on the temperature distribution, i.e., on the diffusion

term of entropy formula.

Bearing the abovementioned information in mind, it is assumed in this study that the generation of entropy in the
thermal system under investigation is due to heat transfer over a finite temperature difference and viscous
dissipation of the flow kinetic energy. These mechanisms generate entropy in the solid and fluid phases within the
porous regions and the fluid phase of the clear region. Under LTNE model the following relations hold for the
volumetric rate of the local entropy generation within the fluid phase of the clear region, fluid phase of the porous

medium and solid phase of the porous medium, respectively.

2 2 2
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The detailed derivations of these equations can be found in [41,42,46,50], and are not repeated here. Incorporation
of the dimensionless parameters introduced in Eq. (13) into Eqgs. (25a, b and ¢) results in the dimensionless local

volumetric entropy generation rates, which are expressed by
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where the parameter B :W—;S depends on the thermophysical properties of the channel. It is worth mentioning

w
that, assuming reference temperature for the denominators of Eqgs. (25a, b and c¢) would decrease the mathematical
complexity of the model and could be used in this work similar to Refs. [51-53]. However, to predict the local and
total entropy generation rates more accurately, the local temperature is used in the denominator of these equations.
This approach has been taken in some recent works [10,54,55]. Accordingly, the dimensionless total entropy
generation rate for the channel is given by integrating the dimensionless form of the volumetric local entropy

generation relations, over the height of the channel. That is

Y, 1
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The average Bejan number, i.e., Be, defined as the ratio between the total entropy generation due to heat transfer

by the total entropy generation [51], is expressed as

Be =—". (28)

when N, which is the entropy generation rate due to heat transfer can be calculated from integration over the

specific boundary for the first terms of Eq. (26a), the first and second terms of Eq. (26b) and both terms of Eq. (26c).
It is worth mentioning here that the heat transfer irreversibility is dominant when Be approaches to 1. When Be is

less than 1/2 and approaches to zero, the irreversibility due to the viscous effects dominates the processes and if

Be =1/2 the entropy generation due to the viscous effects and the heat transfer effects are equal [53].

4. Velocity and temperature fields

This section provides analytical solutions for the momentum and energy equations derived in Section 2.2 and
therefore reveals the velocity and temperature fields in the porous and clear regions. Solution of Egs. (14a) and

(14b) results in the following expressions for the velocity fields within the porous and clear regions,

u”:_%v 24CY +C,, (29a)
U,, =C,sinh v +C, cosh v +Da (29b)
e JDa/e ) JDa/e '

where the four constant parameters C, —C, are obtained from the velocity boundary conditions and expressed by

C,=0, (30a)
. Y.-1 Y2 Y.-1
-Y .&./Da/e sinh| —= +| —<+Da [cosh| —= —Da
/ [ /Da/,s] ( 2 J ( Da/g]
C,= , (30b)
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[JDa gj
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Solutions of the differential energy equations, Egs. (19a) and (19b), provide the general temperature distributions within the porous regions and under LTNE model. Further,

solving Eq. (15a) renders the temperature field in the clear region. These temperature fields are

kel - LAY 4+1Acl\( S+ACY *-U, w,Y?
1 12 3

o, :E 0 +DY +D,,
6,,= 1 ApkDa’ cosh| — + AgkDa’ sinh| — + i COSh( A )+ P sinh( KA )—iY ’+DY +D
f2 ™ 5 67
(AkDa+g)| & /Da/e £ [Da/e kA, kA, 2A,

~Da’ —&cosh( -AY )+&sinh( —AY )— B

6. =——— | B, cosh Y— +B,sinh Y—
* ¢(B,Da+e)| ° Daje | ° /Dajs || B, B, 2B,

Y ?+DyY +D,,

where
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The ten unknown parameters D,-D,, are obtained numerically using mathematical software Maple. The

correctness of the solution procedure has been verified repeatedly in our previous works [42,56]. The solution for
the temperature distribution with LTE model is straightforward and much simpler than the elaborated procedure

taken for LTNE model and is therefore not reported here.
5. Results and discussion

The calculated velocity, temperature, and local and total entropy generation rates are presented in this section. The

results, further, include ratio of the interface heat flux to the heat flux of the boundary condition, i.e. 7, and Nusselt

number. The current section has been divided into two subsections. In subsection 5.1 the velocity and temperature
fields are presented. Subsection 5.2 provides a discussion on the local and total entropy generation rates which are
pertinent to the second law of thermodynamics. It is noted that the problem under investigation has not been tackled
previously in any theoretical and numerical work. Hence, a direct comparison of the current results with those of
others is not possible. Nonetheless, it was observed that through increasing the Biot number the current solutions of
the temperature fields approached those predicted by LTE analysis. It is well established that in the limit of infinite
Biot number, LTNE and LTE solutions are equivalent. Thus, this observation serves as a validation of the current
results. As a general matter, in all proceeding graphs of temperature and local entropy generation rates, the dash and
solid lines are, respectively, in connection with the fluid and solid phases.

5.1. Velocity, temperature and Nusselt number

Figures 2 and 3 show the velocity distribution within the partially filled porous channel. These figures show that in
keeping with the findings of the previous investigations [32,33,42], thicker porous sections tend to magnify the
maximum velocity in the clear region. Further, a comparison between Figs. 2 and 3 reveals that generally lower
Darcy numbers result in more abrupt changes in the behaviour of the fluid velocity profile around the porous-fluid

interface. This is apparent in these two figures at around Y = 0.3 for Y _ = 0.3. The velocity field changes its

general pattern from the clear region in the lower part of these figures to that within the porous section in the upper
section of the figures. Due to the smoother change of the velocity pattern from the porous section to the clear section
at higher Darcy number (see Fig. 2), the maximum velocity of the clear flow in Fig. 2 is smaller than that in Fig. 3.
This behaviour is, also, due to the fact that by lowering the Darcy number in Fig. 3 a smaller volumetric flow rate
enters the porous region. Hence, the share of the clear region from the total flow increases, which results in a more

significant peak in the flow velocity.

Figures 4-8 depict the temperature distribution within the channel with varying values of internal heat sources,
Darcy number, porosity and conductivity ratio. Figure 4 shows the effects of thermal conductivity parameter and

internal heat sources on the solid and fluid temperature fields. In Fig. 4a the solid and fluid source terms have
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identical numerical values. Under this condition, it is observed that when the thermal conductivity ratio is equal to
unity the difference between the solid and fluid phases’ temperatures is quite small. However, for the thermal
conductivity ratios different to one, the temperature difference between the two phases rises. Figure 4a, further,
shows that depending upon the value of conductivity ratio the temperature of the solid phase within the porous phase
can be either lower or higher than that of the fluid phase of the porous section. Limiting the heat generation to either
fluid or solid phase in Figs. 4b and c leads to significant deviation from the pattern observed in Fig. 4a. The
temperature differences, between solid and fluid phases, are now always considerable and feature less sensitivity to
the thermal conductivity ratio. Further, as expected, the phase with internal heat generation features a higher

temperature. Figure 5 shows the temperature distribution at the same values of dimensionless parameters as Fig. 4,

with the exception of Darcy number which has been lowered to Da = 10" *. Similar to Fig. 4, different combinations
of internal energy source terms have been investigated. A comparison between these two figures indicates that the
general trend observed in Fig. 4 remains unchanged at lower value of Darcy number shown in Fig. 5. However, the
differences between the solid and fluid temperatures have signified in Fig. 5. Interestingly, in Fig. 5a and under the
same strengths of solid and fluid source terms, the solid and fluid temperature difference remains negligible.

However, this is not the case for the two other cases (Figs. 5b and c), in which heat is generated only in one phase.

Figures 6 and 7 demonstrate the influences of the thickness of the porous insert upon the temperature distribution
within the channel. The values of thermal conductivity, k, in Figs. 6 and 7 have been, respectively, set to 1 and 5.
Various combinations of the solid and fluid source terms have been considered in these figures. A careful inspection
of these figures reveals that depending on the strength of the thermal source terms, varying the thickness of the
porous section may switch the hottest phase within the system from solid to fluid or vice versa. However, this is not
always the case and under some circumstances either of the solid or fluid phases remains always the hottest phase
within the porous region. For instance, in Figs. 6a and ¢ the solid phase is always the hottest phase, while Fig. 6b
shows that changing the thickness of the porous region can change the hottest phase from solid to fluid. The
phenomenon of swapping the hot and cold phases in the porous media is called bifurcation and has been, already,
analysed with LTNE model in a number of configurations [29,31,42,57]. The bifurcation phenomenon is also clearly
seen in Figs. 7a and b. There is bifurcation in Fig. 7a under identical strengths of the solid and fluid thermal source
terms. In this figure, when the dimensionless thickness of the clear section is 0.1, the solid phase of the porous
section has a higher temperature compared with the fluid phase. However, when the non-dimensional height of the
clear section increases to 0.3 or 0.5 this trend is reversed and the temperature of the fluid phase becomes higher than
that of the solid phase. There is a similar trend in Fig. 7b. However, when heat generation is limited to the solid
phase (as in Fig. 7c) bifurcation disappears. Further, there exists another important feature in Fig. 6. The

dimensionless temperature for the centreline of the channel, Y = 0, may increase or decrease by increasing the

value of Y. For example, in Fig. 6a by increasing the clear section’s thickness from 0.1 to 0.3 the dimensionless
temperature at the centreline of the channel decreases. Nonetheless, further increasing of the value of Y, to 0.5

increases the dimensionless temperature of the centreline. Since the dimensionless temperature of the upper part of

the channel has been set to zero, under most circumstances, this temperature can be regarded as the largest
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temperature difference between the solid and fluid phases and the channel’s wall. It is should be noted that in case of
excessive internal heat generation, it is possible to have a region of the channel with higher temperature compared to

that of the wall. However, such extreme cases are not considered in this work.

Figure 8 shows the effects of variations in internal heat sources on the temperature fields. In Fig. 8a solid and fluid
thermal source terms vary equally and always maintain the same value. However, the solid heat source in Fig. 8b is
set to zero and only the fluid source term varies. Expectedly, the non-dimensional temperatures in the system
correlate with the level of exothermicity. In Fig. 8a, as the strength of internal exothermicity decreases and
approaches the endothermic case, the difference between the temperature of the solid and fluid phases within the
porous section decreases. This behaviour changes in Fig. 8b, here the variation in exothermicity of the fluid phase
causes a bifurcation with significant temperature differences between the solid and fluid phase. Similar trends have

been reported in other porous systems with internal heat sources and sinks [29].

Figures 9-11 depict variations of the maximum temperature difference between the wall and the fluid in the clear
region as a result of changes in the thickness of the clear region and, for a given set of parameters. As discussed
earlier, this temperature difference is represented by the dimensionless temperature on the centreline of the channel.
It is clear from Figs. 9-11, that variation of the porous thickness generates a minimum value of the dimensionless
temperature of the centreline. This temperature is the highest achievable temperature difference between the fluid
and the wall. Starting from zero thickness of the clear section, increasing this thickness causes an increase in the
magnitude of the highest temperature difference. The temperature difference then reaches its maximum value and
subsequently starts to decrease. It is important to note that the described trend is the reverse of that of 6;,(0) in
Figs. 9-11, as 6,~(Ty — T,,) (see Eq. 13) and therefore the values of 6, are always negative. Figure 9 indicates that
the magnitude of the temperature difference decreases by decreasing the thermal conductivity ratio. Further, the
maximum value of the temperature difference, between the fluid and the channel wall, increases by decreasing the

Darcy number (Fig. 10), and by increasing the porosity of the porous section of the channel (Fig. 11).

The ratio of the interface heat flux and heat flux of the channel’s wall, denoted by », versus the thickness of the

clear region has been illustrated in Figs. 12 and 13. These figures show that as the thickness of the clear region
increases, the heat flux ratio rises and reaches a maximum. This is then followed by a decline of the heat flux ratio
such that it approaches unity in the limit of fully clear channel, which is an anticipated behaviour. Further, as the
Darcy number decreases, the maximum value of heat flux ratio decreases in value and shifts towards higher
thicknesses of the clear region. It is clear from Fig. 12 that the heat flux ratio increases with Darcy number. The
influences of the internal heat sources upon the heat flux ratio have been investigated in Fig. 13. This figure shows

that in exothermic cases as the thickness of the clear section increases, the parameter » starts to increase versus the

clear region thickness. Similar to that discussed in Fig. 12, it reaches a maximum value and then decays. However,

the neutral and endothermic cases (w; =w_ = 0 and -1) remain as exceptions to this trend, in which the initial rise

is followed by a plateau or the trend is totally reversed. The behaviour observed in Figs. 12 and 13 is qualitatively

consistent with those reported in other heat generating/consuming porous systems under forced convection [29]. The
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negative heat flux ratio for w, =w_ = - 1 in Fig. 13 means that in this case the heat flux at the interface is from

fluid to porous section. This is due to the endothermic processes occurring in both fluid and solid parts of the

system. As the thickness of the porous section is high when Y has a low numerical value, the thermal energy

consumption in the porous section is higher than the energy consumption in the clear section. Hence, the heat flux at
the interface is towards the porous medium. This behaviour is related to the bifurcation phenomenon discussed

earlier, which has been also detected in other endothermic porous systems [29].

Table 1 compares Nusselt numbers calculated under LTE and LTNE models with varying values of the porous
thickness and porosity and for an exothermic case. The tabulated results clearly show that the differences between
the outcomes of these two models are mostly non-negligible. Significant differences between the values of Nusselt
number under LTE and LTNE have been previously reported [33]. The data in Table 1 are presented to extend the
existing datasets to the cases with internal exothermicity. They, further, provide a means of comparison and
validation for the future theoretical and numerical results. Figures 14 to 17 put forward more detailed information
about the behaviour of the Nusselt number due to the variations in the pertinent parameters. Figure 14 shows that, at
high porous thicknesses the difference between the Nusselt numbers for LTE and LTNE is significant and cannot be
neglected. In other words, in this limit LTE results are highly inaccurate. This remains true even for thermal
conductivity ratio of one. Figures 15-17 depict the variation of Nusselt number versus the clear section thickness.
These figures show that, in general, as the thickness of the clear region increases from zero the Nusselt number
decreases sharply and reaches a minimum value. Further increase in the thickness of the clear region reverses this
trend and the Nusselt number starts to gain higher values. Therefore, when partial filling is implemented in these
channels to compensate the pump costs, special attention should be paid to avoid the particular porous thickness
which minimises the Nusselt number. This statement is in keeping with the earlier findings of Maerefat et al. [58],
who conducted numerical analysis on a configuration similar to Fig. 1 but considered only the LTE condition.
Figure 15 shows the effects of variations in Darcy number upon the value of Nusselt number. It is clear from this
figure that decreasing Darcy number results in increasing the value of Nusselt number. Once again this matches the
earlier findings of the analyses under LTE assumptions [58]. It is, however, noted that this agreement is qualitative
and as Table 1 and Fig. 14 show there could be considerable differences between the Nusselt numbers predicted by
LTE and LTNE models. Figures 16 and 17 show the effects of thermal conductivity ratio and porosity on the
Nusselt number. These figures indicate that Nusselt number decreases with increasing the thermal conductivity ratio

and porosity, respectively.
5.2. Local and total entropy generation

The effects of pertinent parameters on the local and total entropy generation rates in the investigated configuration
have been illustrated in Figs. 18-23. In particular, the influences of the modifications in internal energy source terms,
upon the rate of entropy generation are investigated in these figures. Figure 18 shows the effect of varying the clear
section thickness on the local entropy generation within the channel for three different sets of thermal source terms.

It can be, clearly, seen in this figure that changing the clear section thickness from 0.3 to 0.4, decrease the local
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entropy generation. The change of entropy generation in both clear and porous section of the channel is quite
substantial, and this is the case for all the investigated sets of the internal energy source terms in Figs. 18a-c. This
behaviour is in accordance with the earlier results, which illustrated the strong effects of the channel configuration
upon the hydrodynamics and heat transfer characteristics of the problem. Equations (25 a-c) clearly show that
modifications of temperature and velocity fields affect the generation of entropy within the channel. A comparison
of Figs. 18a-c reveals that the local generation of entropy is strongly affected by the thermal energy source terms.
This is such that the values of local entropy generation for the case of identical solid and fluid exothermicity
strengths (Fig. 18a) are between two to three times more than those in the case of exothermicity in solid only (Fig.
18c¢). Further, variations in the thermal source terms can change the phase with higher entropy generation. This can
be seen more clearly from the insets in Figs. 18a-c and can be regarded as a bifurcation of entropy generation.
Figure 19 illustrates the effect of thermal conductivity ratio on the local entropy generation. This figure shows that
when the thermal conductivity ratio is unity, the local entropy generations in both solid and fluid phases of the
porous section are close to each other. Depending upon the state of the thermal sources either of fluid or solid phases
can have the maximum rate of entropy generation while, the difference between the two remains negligibly small.
However, as the thermal conductivity ratio increases to k = 2 the value of the local entropy generation rates in the
solid and fluid phases of the porous section are completely different. Under this condition the entropy generation
rate in the solid phase exceeds that in the fluid phase by a significant amount. The local entropy generation rates
under two different Darcy numbers are compared in Fig. 20. This figure shows that decreasing Darcy number

increases the local entropy generation rate within the thermal system.

Three sample calculations regarding the total entropy generation rate within the system have been conducted. Figs.
21-23 show the outcome of these calculations. These figures show the changes in the total entropy generation versus
the thickness of the clear region and for varying values of thermal conductivity ratio, Peclet number and
exothermicity. Generally, in all these figures the total entropy generation rate goes through a sharp decrease by
increasing the clear section thickness. It reaches a minimum value and then starts to increase by a small amount.
This clearly shows the highly irreversible situation encountered when thick porous inserts are placed in the channel.
It is, therefore, inferred from these figures that, for the investigated system and within the considered range of
parameters, total filling is the worst case from the view of the second law of thermodynamics. However, with partial

filling the total entropy generation rate can be minimised and an optimum values for parameter Y, which has a

direct connection with the porous thickness of the system, can be achieved. The total entropy generation rate
increases with thermal conductivity ratio (Fig. 21), decreases by Peclet number (Fig. 22), and increases with energy
sources regarding exothermic or endothermic characteristic of the system (Fig. 23). Further inspection of these
figures show that the optimum value of the clear section thickness for achieving the minimum value of the total
entropy generation rate shifts towards higher values of Y, through changing a number of parameters. These include
increasing the thermal conductivity ratio (Fig. 21), decreasing Peclet number (Fig. 22), and increasing the internal
energy sources (Fig. 23). That is to say, if the total entropy generation is higher than this value for a given set of
parameters, the minimum total entropy generation rate can be achieved by increasing the thickness of the clear

section.
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5.3. Average Bejan number

Figures 24-26 illustrate the variation of average Bejan number with thickness of the clear section and the thermal
conductivity ratio (Fig. 24), Peclet number (Fig. 25) and energy sources in both clear and porous sections (Fig. 26).
In all of these figures it is seen that when the clear section thickness is small, almost all of the entropy generation
rate is due to heat transfer, i.e., Bejan number is near to unity. However, when the height of the clear section
thickness is large, Bejan number is much less than 0.5, which implies that the entropy generation due to viscous
dissipation overtakes the entropy generation due to heat transfer. It is interesting to note here that, from Eq. (26) the
Peclet number has inverse effect on the entropy generation due to heat transfer and therefore to Bejan number. This
can be clearly seen in Fig. 25 when increasing the value of Peclet number decreases Bejan number. Figure 26 shows
the effect of energy sources on Bejan number. As expected, increasing the value of internal heat generation,
increases the rate of internal heat transfer within the system and consequently it increases the entropy generation rate

due to heat transfer.
6. Conclusions

A two dimensional, axisymmetric channel with porous inserts attached to the walls and under constant wall heat
flux, was considered. The channel included a steady, laminar and fully developed flow of a constant density fluid. It
was assumed that the solid and fluid phases can feature internal heat sources and the system is under LTNE. Darcy-
Brinkman model of transport of momentum along with model A of Yang and Vafai [31] for the description of
porous-fluid interface thermal boundary condition, were utilised. The problems of forced convection and entropy
generation were investigated in this configuration. Analytical solutions were developed for the velocity,
temperature, Nusselt number and, local and total entropy generation within the channel. In keeping with the previous
investigations, it was shown that the existence of internal heat sources can heavily affect the thermal equilibrium
state and invalidate LTE approach. Further, it was shown that variations in the internal heat sources could lead to a
bifurcation phenomenon in which the hottest phase in the porous medium is exchanged between the fluid and solid
parts of the system. Compared to the previous studies under LTE, consideration of LTNE and the existence of
internal heat sources appeared to have no major influence on the qualitative behaviour of the Nusselt number.
However, the results showed that the numerical values of the predicted Nusselt numbers under LTNE could be
markedly different to those obtained through LTE approach. Analysis of the local generation of entropy revealed
that this property of the system is heavily affected by the configuration of the channel. This was such that an
increase in the thickness of the porous inserts significantly increased the rate of entropy generation. Considering the
total entropy generation in the channel, an optimal value for the thickness of the porous insert was found and the
influences of pertinent parameters upon this optimal thickness were discussed. The results of this work provide a
guide through the complex physical behaviour of fluid conduits partially filled with porous media, which include

internal heat sources. They can be, further, used for the validation of numerical and other theoretical analyses.
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Fig. 1. Configuration of the channel partially filled with a porous material.
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Fig. 2. Dimensionless velocity profile for different values of the thickness of the clear section, Da = 10°*
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Fig. 5. Dimensionless temperature distribution for different values of the thermal conductivity ratio, Da = 10" *
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Fig. 6. Dimensionless temperature distribution for different values of the clear section thickness, k = 1.
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Fig. 7. Dimensionless temperature distribution for different values of the clear section thickness, k = 5.
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Fig. 23. Total entropy generation rate versus the clear section thickness for different energy sources.
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Table 1. Comparison of Nusselt number with LTNE and LTE models for Bi =10,Da=10",¢=09w, =w, =1

k=1 k=2 k=5 k =10
LTE 4.48 5.82 8.31 10.30
Y, =03
LTNE 4.48 4.06 3.87 3.82
LTE 4.46 5.52 7.25 8.45
Y, =04
LTNE 4.46 461 4.86 497
LTE 461 5.47 6.74 753
Y, =05
LTNE 461 5.05 5.64 5.92
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