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For the rational Baker-Akhiezer functions associated with special arrangements of
hyperplanes with multiplicities we establish an integral identity, which may be viewed
as a generalisation of the self-duality property of the usual Gaussian function with
respect to the Fourier transformation. We show that the value of properly normalised
Baker-Akhiezer function at the origin can be given by an integral of Macdonald-
Mehta type and explicitly compute these integrals for all known Baker-Akhiezer
arrangements. We use the Dotsenko-Fateev integrals to extend this calculation to all
deformed root systems, related to the non-exceptional basic classical Lie superalge-
bras. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4804615]

. INTRODUCTION

In 1963, Dyson and Mehta in the paper on the statistical properties of the eigenvalues of random
matrices®* put forward the following conjecture

I'a+k
/ [T 1co —xpPdy e )—H 2.

i<j

where dy (x) = 2r)"/2e " /?dx, x* = x? + - - - + x2 is a Gaussian measure and I'(z) is the classi-
cal gamma-function (see Conjecture D in Ref. 24). It became known as Mehta conjecture, probably
because of its later appearance in Refs. 25 and 26. Soon after Bombieri observed that it can be
proved using the Selberg integral (see the nice review!> for a history of this discovery).

In 1982, Macdonald published his famous list of conjectures,”® where he generalised Mehta
conjecture to any finite Coxeter group W:

'+ kd;
/1‘[|<a Oy () = Hﬁ,

acR, j=1

where o are the normal vectors to the reflection hyperplanes normalised by (o, @) = 2, and d; are
the degrees of the generators in W -invariant polynomials.

Macdonald checked this for dihedral groups and some other special cases. Opdam?’ computed
the integrals corresponding to a Weyl group using so-called shift operators. The remaining excep-
tional cases H3 and H,; were handled by Opdam?® using a computer calculation due to Garvan.
A uniform proof, valid for all finite Coxeter groups, was later provided by Etingof.® In the case
when the action of the Coxeter group W on its reflection hyperplanes is not transitive there are
two-parameter generalisations of these formulas (see Ref. 23 and Sec. IV).
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In this paper, we present an extension of these results to some special arrangements of hy-
perplanes with multiplicities, which we call Baker-Akhiezer arrangements. These arrangements
appeared in the theory of rational multidimensional Baker-Akhiezer functions’ and include Coxeter
arrangements as a particular case (see Sec. II for details).

Our motivation came from this theory and related theory of quasi-invariants and m-harmonic
polynomials, see Refs. 9,12, and 13. One of our results is an integral representation for the canonical
form'? on the space of quasi-invariants 0 (cf. Macdonald®?):

(e2p) (=ix) (¢*q) (ix)

. A ) dy(x), p.qe€Q?,
iE+R"? m

(P, " = $(0,0)

where A, (x) = [],c4(a, x)™ is the product of the defining forms of the arrangement with multi-
plicities, ¢(0, 0) is the value of the corresponding Baker-Akhiezer function at zero, and

L=A-— sza(a, x) 0,
acA
Because of the zeroes in the denominator we need a shift of the integration contour to the complex
domain (cf. Etingof and Varchenko,'® Grinevich and Novikov,!”!® Chalykh and Etingof?). Since
(1, D™ = 1 we see that (the inverse of) this value itself can be given by the integral of Macdonald-

Mehta type:
$(0,0)"! = / Ay
’ ie+Rr Am(X)?

We explicitly compute this value for all known Baker-Akhiezer arrangements. In the two-dimensional
case, we use recent results by Berest ef al.? and by Feigin and Johnston.!! For the multidimensional
non-Coxeter Baker-Akhiezer arrangements, we follow Bombieri’s calculation using a version of the
Selberg integral found by Dotsenko and Fateev.’

In fact, we use the Dotsenko-Fateev integral to evaluate generalised Macdonald-Mehta in-
tegrals for all deformed root systems, corresponding to the non-exceptional basic classical Lie
superalgebras.®® The corresponding deformed Calogero-Moser operator

me(mq + 1)(o, @)
—A + Z (Ot, x)z 4 X2

acA

has a “pseudo-ground state” of the form vy = [ [, 4(c, x)™™ exp(— x?), which is always singular
since the multiplicities of the isotropic roots are 1. One can define its “norm” by the integral

I4= f dx H(a, x)’z”’“e""z.
is+R" acA

In particular, in the deformed BC(n, m) case, corresponding to orthosymplectic Lie superalgebras,
we have the following generalised Macdonald-Mehta integral defined by

l_L"lil ti72%+1 I—[m 1_L,20Hrle ZZ/ ]1'/7—21 | ,
I(a,p)z/ dt/ dr — — m’ ! — ,
"tig "+ l_[i<j(ti2 - tjz) ? 1_[1<J(T - 72) 1T [Ti= (ot? + sz)z
where p < 0,0 e R,and &, > ... > &; > n, > ... > n; > 0. Using Dotsenko-Fateev formula we
show (see Sec. VI) that
rd-p) 7 T -pH
Ia.p)=C ] == ; Al
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— — m—1n—1
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Another result of this paper is an integral identity for the Baker-Akhiezer function, which may
be viewed as a generalisation of the self-duality property of the usual Gaussian with respect to the
Fourier transformation:

[ G(—ix, Mplix, p)
iE+R

A LRIV )

In the crystallographic case the difference version of this identity was recently established by Chalykh
and Etingof.’?

Il. MULTIDIMENSIONAL BAKER-AKHIEZER FUNCTIONS AND INTEGRAL IDENTITY

The notion of rational Baker-Akiezer function related to an arrangement of hyperplanes with
multiplicities was introduced by Chalykh and Veselov in Ref. 6 (see also Ref. 31) as a multidimen-
sional version of Krichever’s axiomatic.?”

We recall that there are two different axiomatics for rational Baker-Akhiezer functions: the
original axiomatics, proposed in Ref. 6, was later revised in Ref. 5 to cover more cases. For our
purposes it is important to make use of the original, and more restrictive, axiomatics. In addition,
we shall restrict our attention to hyperplanes in a real (rather than complex) Euclidean space R”
equipped with the standard inner product (-, - ).

Let A be a finite collection of noncolinear vectors « = (a1, ..., «,) € R” with multiplicities
my € N. To each vector & € A there corresponds a hyperplane
My, ={x e R": (x,a) = 0}. (1)

These hyperplanes partition R” into a finite number of regions. We shall refer to the connected
components of R” \ Uyc4T1, as the (open) chambers of R”. Since any two vectors « and —«
determine the same hyperplane, we may and will assume that there exists a vector v € R” such that
(a, v) > 0 for all « € A. In particular, this allows us to define the “negative” chamber of R” as the
set of points x € R” such that (o, x) < 0 for all @ € A. In comparison with Refs. 6 and 5 we shall
use a gauge that differs by the factor

An(0) = [ Jex, ™. )

acA

Following Ref. 6 a function ¢(x, 1), x, A € C", will be called a Baker-Akhiezer function
associated to the collection A if it satisfies the following two conditions:

1. ¢(x, A) is of the form
(x, 1) = P(x, L)e™ 3)

with P(x, 1) a polynomial in x with highest degree term equal to A,,(x)A,,(A);
2. foralla € A,

Qo p(ac, 1) = p(x, 2) = -+ =" 'p(x, 1) =0, x €, )
where 9, = (&, 3/0x) is the normal derivative corresponding to the vector «.

In order for ¢p(x, A) to be symmetric under the interchange of x and A (see below), we have
chosen the normalisation of ¢ somewhat differently from that in Ref. 6. In Ref. 5 the definition
above was revised as follows: a function of the form

_ P(x,A) @)
V) = A

was considered, where, as above, P(x, A) is a polynomial in x with highest degree term A,,(x)A,, (1),
and with the property that

B (Y, M, @)") = 0 (W (x, A)(x, @)")
=...= asmu_l(l//(x, M(x,a)™) =0, x € I,.

®)

(6)
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Moreover, it was shown that if there exists a Baker-Akhiezer function ¢, satisfying (3) and (4), then
Y(x, M) = ¢(x, M)/(A(x)A,, (L)) satisfies conditions (5) and (6), see Corollary 2.7 in Ref. 5. However,
the converse statement does not hold true, i.e., there are collections of vectors .4 such that i exists
but ¢ does not.

The existence of ¢ puts a strong restriction on the arrangement. The known cases besides
Coxeter arrangements include their deformed versions .4,,(p) and C,, 11 (r, s) as well as some special
two-dimensional configurations, see Secs. [V-VL.

It is known that if a Baker-Akhiezer function ¢ exists, then it is unique and symmetric with
respect to interchange of x and A:

¢(x, 1) = (1, x),

see Theorem 2.3 in Ref. 5 and note the difference in gauge. Moreover, it satisfies the algebraically
integrable differential equation

Lo =22 @)
with
2my
L:A—;(mx)aa, ®)

where A denotes the ordinary Laplace operator. In terms of the operator L the Baker-Akhiezer
function is given by Berest’s formula

¢, 2) = (2"m)) (L = 2D (A )20, )

where [m| = )", 4 Mq, see Theorem 3.1 in Ref. 5.

A. Integral identity

We are now ready to proceed to state the integral identity announced above, which forms the
main result of this section. Given & € R”, we let y denote the Gaussian measure on i£ + R" given
by

dy(x) = (271)_"/2e_“‘2/2dx.

Theorem 2.1. For any A, u € C" and any &€ € R" \ UyeuIly, we have

/ P(—ix, Mglix, )
iE+R”

A A = IReG. . (10)

Before continuing to the proof of the theorem we note that a direct consequence is an integral
expression for the value of the Baker-Akhiezer function at the origin. Indeed, suppose that ¢(0, 0)
# 0. It can be directly inferred from Berest’s formula that

¢(x, )») = (P|m|(x, k) + . 4 Pj(_x7 )\) + .4 Po(x’ )\'))e(,\’,)\)

for some polynomials P;(x, A) that are homogeneous of degree j in both x and A. It follows that ¢ (x,
0) = ¢(0, A) = ¢(0, 0). Setting A = p = 0 in Theorem 2.1 we thus arrive at the following corollary.

Corollary 2.1. Assume that ¢(0, 0) #£ 0, and let & be as in Theorem 2.1. Then, we have

dy) \ ™'
0.0) = ,
(0.0 </is+R" Am(x)2>

For all known cases of existence of the Baker-Akhiezer function the value ¢(0, 0) # 0, see
Refs. 9 and 13. We shall consider these cases in more detail in Secs. IV-VI, and explicitly compute
the corresponding value of ¢(0, 0).
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B. Proof of Theorem 2.1

Let I¢ denote the integral in the left-hand side of (10). It is clear that I¢ is well-defined for any
choice of £ € R” \ Uyeall,. A key ingredient in the proof of the theorem is the fact that /; does not
depend on this choice.

Lemma 2.1. The integral I; is independent of the value of & provided it remains in R" \ Uy aIly.

Proof. By Cauchy’s theorem, the integral /: does not change when & varies within a given
chamber. It is thus sufficient to show that for any two adjacent chambers C, and C _ we have
I¢, = I¢ for some & . € C 4. Fix two such chambers, and suppose that they are separated by the
hyperplane I1, for some o € A. We may assume that § 1 = p + na/|«| for some p € I1, and
non-zero real number 7.

We proceed to evaluate the difference I, — I . To this end, we shall make use of the map
I, x R — R” given by (y, z)=y + zo/|a|. It is clear that the Jacobian determinant of this map
equals 1. For convenience, we denote the integrand of I by F, i.e.,

P(—ix, Mplix, ) e/
Ap(x)? Quy/2

F(x) =

Then, we have

1§+—157=/ (/F(i§++y+zi>dz—/F(i§_+y+zi)dz>dy
m, \JR || R o]
=/ (/F(ip+y+(in+z)i>dz
I, R lex|
—/ F(ip+y+(—in+z)i> dz)dy.
R lex|

We note that the function G4, : w = F(ip + y + wa/|a|) on C is meromorphic with a pole
of order 2m,, located at w = 0. It follows from the residue theorem that the difference between the
two inner integrals is proportional to

D(—ix, Mplix, e/

_ | . — 2my—1 —
(2mg — D)Resy—o(Gip+y(w)) = 0, ool (B , x=ip+y.
B#a
With ¥ (x, A) = ¢(x, L)/A,,(x), this residue takes the form
g2ma=l ([w(—ix, (—ix, ™ [¥iix, Aix, a)’"a]e—"’zﬂ).
We note that each factor in the above expression satisfies the condition (4). For e~*"/2 this is immediate

from invariance under reflections, and for ¥ (£ix, A)(Zix, o)™« this follows from Corollary 2.7 in
Ref. 5, see the remark succeeding (6). Since the condition (4) is closed under multiplication, the
residue vanishes forx =ip + y,p,y € I,. O

Since differentiation under the integral is allowed in (10), it is clear that I¢(A, 1) is an entire
function in both A and w. It is also clear that it satisfies the conditions (4) (with (A, ) substituted for (x,
1)). By uniqueness of the Baker-Akhiezer function, it is thus sufficient to verify that I; (A, p1)e +#/2
is of the form (3).

Due to Lemma 2.1 we may assume that £ is contained in the “negative” chamber of R”, i.e.,
that (a0, £) < 0 for all @ € A. We let M denote the set of multiplicities n = {ny}yec4 such that ny
=0,...,m, forall « € A. From Berest’s formula (9) and the form of the Calogero-Moser operator
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(8) it follows that
p(x, ) =P Y 0,00 [ [ (e, )™ (11)
nem acA

for some polynomials Q, of degree |n| = ), 4 no. In particular, we have Q,,(1) = A,,(1). Inserting
this expansion into the left-hand side of (10), we deduce

7(x+i,\7m)2/2d
e X (12)

IeG e T 00 = 37 0,000,y [

2mg—ng—n’, "
n,n'eM i§+R" HO‘EA(O[’ X) ¢
For n = n’ = m we have the term

e 2dx

e—(,v+iA—iu)ez/2dx
Q)" /2

An(M)An
(M)A (W) o IS0

— A () An(i) f
er

= An(M)An(W).

We proceed to show that the remaining terms are bounded by a polynomial of degree at most
|m| — 1. To this end, we observe that, for . € C” such that (o, Re A) > 0 for all « € A, we can shift
the domain of integration in all integrals in (12) according to § — § — Re A without crossing any of
the poles of the corresponding integrand. (Recall that £ is assumed to be contained in the “negative”
chamber.) Doing so, we rewrite them as follows:

e~ =i /2g
ie+R | Lyea(a, X — i2)¥a=na=ns

For our purposes, a sufficient bound for these latter integrals is given in the lemma below.

Lemma 2.2. Let k € M. Fix & € R" such that («, £) < 0 for all o € A, and fix u € C". Then,
there exists a positive number C such that

e~ =i /2y

iE+R” l_[DtE.A(a’ X — i)\)k“

C
<
HO{EA |(Ol, )L)

(¢ Rekr) =0V € A.

Proof. For convenience, we introduce the short-hand notation

k ko
()=11() oo

e —imP/2g

Then, we have

[ Jee.iny /

acA i&

iR [ geala, x —id)ke

e——inP /2

= H(a, ¥ — (x — i)

acd igRr [loeale, x —in)e
k )2 (, )\t
_ Z (_1)£<£>/ e~ (—in?/2 1_[ (_}L) dx, (13)
et iE+Re ) (a’ X —1 )
la<ka

where €| = )", 4 £o. We note that, for x € R" 4 i§,
|, x —id)| > [(. € — Re M)

Consequently, as a function of A, each integral in the last line of (13) is a bounded function on the
subset of C" given by (o, ReA) > 0 forall @ € A. O
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Since the Q,(}) are polynomials of degree |n| with O,,(1) = A,,,(1), we can thus conclude that
Te Qe T2 = %00 (4,3 Ap(1) + RO, 1)
for some function R(A, () that is entire in A, and that there exists a (positive) function C(u) such that

ROLI<Cuw) Y Ml [hal®, (e Red) = 0¥a € A,
aeN"

|| <[m|—1

Moreover, by moving £ to the other chambers of R” we extend this bound to all A € C”. Since R is
an entire function, it is in fact a polynomial of degree at most |m| — 1, and we have thus verified
that 7z (X, ,u)e(*z*“z)/ 2 is indeed of the form (3). This concludes the proof of Theorem 2.1.

lll. A BILINEAR FORM ON QUASI-INVARIANTS

We proceed to deduce a further consequence of Theorem 2.1, related to a natural bilinear
form on the algebra of so-called quasi-invariants. Let us, therefore, fix a collection A of vectors
o € R" with multiplicities m, € N such that the corresponding Baker-Akhiezer function ¢ exists.
A (real) polynomial p on R” is said to be quasi-invariant if it satisfies (4) for all @ € A. It is readily
seen that the set of such polynomials forms a ring, which we shall denote by Q-*. Rings of such
quasi-invariants appeared first in the work of Chalykh and Veselov® in the context of quantum
Calogero-Moser systems.

We recall that to any p € Q* one can associate a differential operator L, by requiring that

Lyp(x, 1) = p(M)p(x, 1). (14)

Moreover, the set of such operators forms a commutative ring isomorphic to Q, and the differential
operator (8) corresponds to the polynomial x?, cf. (7). For further details see, e.g., Ref. 5.
On the algebra of quasi-invariants there is a natural bilinear form, given by

(p, )" = (L,)0), p,qeQt (15)

As a straightforward consequence of Theorem 2.1, we can establish an integral representation of this
bilinear form. It will become clear below that the assumption ¢(0, 0) # 0 will again be essential.

Let p,q € Q*. We now proceed in three steps to deduce the desired integral representation
from (10). First, using (7), we rewrite this equation as

/ (=g (—ix, 1) (e H2(ix, )
iE+R” Am (X)Z

dy(x) = ¢(%, p),

where L is the operator (8). Second, acting by L, in the variables y and making use of the fact L,
commutes with L, and then setting u = 0, we infer from (14) and the assumption ¢(0, 0) # O that

f (e7Ep(—ix, 1)) (e7+/?q(ix))
iE+Rn

e dy(x) = q(»).

Third, acting by L, and setting . = 0, we similarly deduce

(e‘L/zp(—ix)) (e‘L/zq(ix))
iE+R” Am (X)z

#(0, 0) dy(x) = (Lyq)0).

We thus arrive at the following theorem (cf. Eq. (6) in Macdonald®?):

Theorem 3.1. Assume that ¢(0, 0) # 0. Then we have

(¢+2p) (—ix) (-2q) (ix)
iE+R” Am(x)z

(p, ) = $(0,0) dy(x), p.qe Q™ (16)



052106-8 Feigin, Hallnas, and Veselov J. Math. Phys. 54, 052106 (2013)

In particular, if p and g are harmonic in the sense that Lp = Lg = 0, then
p(=ix)q(ix)

L) = (0,0
(p.q) o( )mR” A0

dy(x). (17)

IV. MACDONALD-MEHTA INTEGRALS—COXETER CASES

We recall that Corollary 2.1 yields an integral expression for the value of ¢(0, 0). The main
purpose of this section is to compute these integrals when the configuration of vectors A = R with
R, positive roots of a (finite) Coxeter group. We shall accomplish this by determining the analytic
continuations of known evaluations of integrals of so-called Macdonald-Mehta type.

More specifically, we shall first consider the case of equal multiplicities, and deduce a uniform
formula, valid for all Coxeter groups. In case the action on its root system consists of two orbits
there are expressions for the corresponding Macdonald-Mehta integrals allowing for two distinct
parameters, each associated to one of the two orbits. The latter cases consists of the groups given
by the root systems B, (the root systems C, yield essentially the same integrals), F4, as well as the
dihedral groups I,(2m). Apart from the dihedral groups, which are contained in the discussion in
Sec. V, these cases are treated in Sec. IV B.

A. Equal multiplicities

Let W be a finite Coxeter group, i.e., a finite group generated by orthogonal reflections with
respect to hyperplanes in a Euclidean space V' of some dimension n. We shall identify V' with R”,
equipped with the standard positive definite symmetric bilinear form (-, - ). We fix a corresponding
choice of positive roots R ;. such that (o, v) > O forall& € R, and some v € R”, and we normalise
all the roots by

(v, ) =2, «o€R;.

In this section, we shall consider only the case of equal multiplicities, i.e., we shall assume that m,
=mforall¢ € R, andforsome m € N. This entails drastic simplifications for many of the formulae
involved.

We continue by recalling the so-called Macdonald-Mehta integral associated to W. For that,
we let d;, j = 1, ..., n, denote the degrees of n homogeneous generators of the sub-algebra of
R[xi, ..., x,] consisting of all W-invariant polynomials, see, e.g., Chap. 3 in Humphreys.'’

Theorem 4.1. For Re k > 0, one has

(1 + kd))
[ It 0)*dy ) = | [ ——~. (18)
/ aER, j=1 F(1+k)

As we shall see below, the value of ¢(0, 0), with ¢ the Baker-Akhiezer function associated to
the configuration A = R, can be deduced from the Macdonald-Mehta integral (18). To this end,
we shall first determine the effect of replacing each factor |(«, x)|, « € R 1, by («, x) in the left-hand
side of (18).

Let C; denote the “positive” chamber of R”, given by (¢, x) > O for all « € R . Fixing &
€ C 4, the (real) hyperplane it& + R”, t > 0, does not intersect any of the reflection hyperplanes
(o, x) =0, € R . It follows that the product [, cR. (o, x)* has a (unique) continuous branch on
it& + R” that tends to the positive branch on C; as ¢ | 0. For this branch, we have the following
lemma.

Lemma4.1. For § € C, andRek > 0, one has

1 n ankd
kg 2%y 19
/IEHR 1—[ (a, x)"dy(x) = Wi j=1 1—e27”" / l_[ (e, X)|*dy (x). (19)

aEeR aER
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Remark4.1. The statement can be readily extracted from the proof of Proposition 4.8 in Etingof,
see also the proof of Lemma 4.2.

The left-hand side of (19) is clearly an entire function in k. On the other hand, using the reflection
equation I'(z)["(1 — z) = w/sinwz and Theorem 4.1, we find that the right-hand side is given by

L ll[enik(djfl) I'(=k)
Wl I'(—kd;)

which yields its analytic continuation to Re k < 0. In this equation we may set k = —m, m € N,
and thus arrive at the desired evaluation of ¢(0, 0), cf. Corollary 2.1. The resulting formula can be
simplified somewhat by recalling that

n

Y Wi — =Ry,

j=I
see, e.g., Sec. 3.9 in Humphreys. '

Proposition 4.1. Let & € R" be such that («, §) # 0 for alla € R 1, and let m € N. Then, we
have

dy(x) (=DmE L T(m)
> dx = .
i6+ R ]_[aem(oz,x) [W| i C(md;)

Remark 4.2. The fact that we need not require that £ is contained in the “positive” chamber C
can be directly inferred from Lemma 2.1 by setting A = p = 0 in the integral /.

We note that the integral in Proposition 4.1 is related to the Macdonald-Mehta integral in
Theorem 4.1, for k = m, by a simple “reflection” equation.

Corollary 4.1. Let & be as in Proposition 4.1. For m € Z, let
Gw(m) = f [] @ xmdyo).
iE+R" aeRy
Then, we have
Gw(m)Gyw(=m) = (=1)""+.

Proof. The statement is a direct consequence of Proposition 4.1, Theorem 4.1, and the fact that
n
[Tdi=mwi (20)
j=1

(see, e.g., Sec. 3.9 in Humphreys'? for its proof). m|

We conclude this section by briefly discussing the connection to the theory of so-called m-
harmonic polynomials. The space H,, of such polynomials was introduced in Ref. 12 as the space
of joint solutions of the partial differential equations

L,y =0, peR[x, . L

Here, R[xy, ..., x,]" denotes the algebra of polynomials invariant under the natural action of the
Coxeter group W. It is known that all joint solutions of these equations are polynomials, that the
dimension of H,, is [W|, and that the subspace consisting of the m-harmonic polynomials of the
highest degree is spanned by the m-discriminant

wu(¥) = [ ] @™,

a€ER;
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see Refs. 9 and 12. We note that, for m-harmonic polynomials, Theorem 3.1 remains valid if we
substitute p for (¢/?p). It follows that

Wy, w,)" = ¢(0,0) f [] @ xy"dy ).
]R"

aeR

Recalling Corollary 2.1, we can thus deduce the value of (w,,, w,,)®+ by combining Theorem 4.1
and Proposition 4.1 and making use of (20). In this way we arrive at the following proposition.

Proposition 4.2. Let (x), be the Pochhammer symbol defined by
Xp=@)x+1D---(x+n-—1).
Then we have
n
(Whs W)+ = (—1)71R+] l_[(m + 2)in+1)d; -1y + D, —1)-
J=1

It is clear from (15) that (1, 1)®+ = 1. This shows that, when restricted to the space of m-
harmonics H,,, the bilinear form (-, -)* is (at least in general) indefinite. It would thus be interesting
to determine its signature.

B. Cases allowing two distinct multiplicities

Here, we shall consider the Coxeter groups corresponding to the root systems B, and F4, which
allow for two distinct multiplicities. (The dihedral root systems are contained as a special case in
Sec. V.) We recall that the two orbits of these root systems under the action of the Coxeter group
consist of “short” and “long” roots, respectively. We fix the following choices of positive roots: R 4
=R,  UR ; with short roots R ;  consisting of

1
epl=j=4 Slatetete) F)

and long roots R . ; being
ejte, 1<j<k=<n (B
€ji€k,1§j<k§4. (Fy)

To the short roots we associate the multiplicity m; and to the long m;. The relevant Macdonald-Mehta
integrals are stated in the following theorem.

Theorem 4.2. Let

A(x) = l_[ (@, x), a=s,l.

a€R, +

For Rek;,Rek, > 0, the integrals

/R |A) A 0)1H2d y (x)
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are given by

2 | T(14 2k 4 2k(j — D) T(1 + jk) B

i T4k +k(-D) TA+k)
712k C(4(ky + ko) + DT (6(k) + k2) + 1)
I'tky + ko + DBk + k) + 1)

I T'(2k; + DIGk; + DUQK; + 20k + ko) + 1) )
4

A TG+ DI+ DIk + ki + ke + D)

Remark 4.3. In the B, case the evaluation was obtained by Macdonald® (see Sec. VI) as
a limiting case of Selberg’s integral formula. The F, case was computed by Garvan'® using the
computer calculations. A uniform proof, valid for all crystallographic root systems, was obtained
by Opdam.?’” However, the specialisations of his uniform formula to the two cases above takes a
somewhat different form, and they are not directly applicable to our discussion below.

The reflections in the hyperplanes («, x) = 0, « € R, generate the Weyl group W of the
corresponding root system. Given w € W and a reduced decomposition w = s - - - 5, in terms of
simple reflections we let £;(w) and ¢,(w) denote the number of reflections given by short- and long
roots, respectively, see, e.g., Sec. 2 in Macdonald.?!

As before, we let C ;. denote the “positive” chamber of R”, given by the requirement (o, x)
> 0 for all « € R . Fixing £ € C, we can thus conclude that the function A; )1 A;(x)*2 has a
(unique) continuous branch on it& + R”, t > 0, that tends to the positive branch on C ;. as ¢ | 0. For
this branch, we have the following lemma.

Lemma4.2. For § € C, andRek;,Rek, > 0, we have

/ A% A Pdy (x) =
iE+R” [W|

A |A) A (01 F2d y (x), (21)

where P(ky, ky) is given by
n _ p2miCki2(j—Dk) | _ p2mijke

jl_j[l 1 — e2nitki+(—Dky) | — p2miky ’ (Bn)

1 — p2mi(dki+4ka) | _ ,2mi(6k1+6k)

1 — e2mitki+ky) 1 — @2mi(3ki+3k2)

Amik; | _ oOikj | _ o2mi(2k;+2k1+2k)

1—e
x 1_[ 1= o2k, | — o2k, | — g2ni itk (Fa)
j=12

Proof. Proceeding by induction on £{(w) + £>(w), it is straightforward to show that the limit of
the relevant branch of A,(x)*! A;(x)?* in the chamber w(C,.), w € W, is given by

Ag(wx ) Af(wx)?? = exp (2 [k € (w) + kala(w)]) | A ()P [A)*2,  x ey

Since W acts simply transitively on the chambers of R”, we can thus conclude that

Av 2k1A 2k2d —
/R AP AP dy () = Y

f As(wx)* T A (wx ) dy (x)
wew Cy

= (Z exp (2oi [k €1 (w) + kgez(w)]))

weW

x / |A )P A 012 d y (x).
Cy
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It follows from Sec. 2.2 in Macdonald?' that the sum in the right-hand side is equal to P(ki,
k). Finally, let us replace the domain of integration R” in the left-hand side by the (real) hyper-
plane it& + R”", t > 0. Since the hyperplane does not intersect any of the reflection hyperplanes
(o, x) =0, o € R, the resulting integral is independent of ¢, and the statement follows by taking
the limit ¢ |, O. O

Proceeding as in Sec. IV A, making use of the reflection equation I'(z)I"(1 — z) = m/sinmz and
Theorem 4.2, we obtain an expression for the right-hand side of (21) that it is manifestly analytic
for Rek;, Rek, < 0. Then setting k; = —m; and k, = —m, with m, m; € N we arrive at the
following proposition. Note that the order of the Weyl group of type Fj is 27 x 32,

Proposition 4.3. Let & € R" be such that (a, §) # 0 for all« € R, and let m{, my € N. Then,
the integral

/ dy(x)
ie+ Ry Ag(X)2m A (x)>m:

is given by
(—2)mm ﬁ m1 +( - 1)WZ2) I'(m») B.)
im0 T (2m; +2(j — Dmy) T(jmy)’ !
212 T(my +mp)T (3(my 4 my))
27 x 32T (4(my + m2))T(6(m; + my))
1—[ L(m ;T (m; + my + my) Fa)

LCmHrGm )T Cm; + 2my + 2my)

V. MACDONALD-MEHTA INTEGRALS—2D EXAMPLES

In this section we shall consider configurations of vectors in R2. Suppose that A is such
a configuration of vectors with multiplicities for which the Baker-Akhiezer function exists, and
consider the corresponding Schrodinger type operator

Li=—A+ Z me(mg + 1)(a, Ol)

2
acA (e, x)

Introducing polar coordinates x = (rcos ¢, rsin ¢), we can write this operator in the form

02 19 02
Lh=——0 — £(w)’ L9 _ LV
A orr r Br AT 92 @)
for some potential function V. Berest' showed that the existence of a corresponding Baker-Akhiezer
function implies that the latter operator ££§f) is obtained from —8; by a sequence of Darboux
transformations.
Let us fix m,m,l,q € N such that m >m, m, ¢ > 1, and [ is even. Let us con-

sider a sequence of Darboux transformations associated with the functions x; = cos(k;p),
where k; = ¢qj for j=0,...,m—#, ky_ur;j=qm—m+2j) for j=1,...,m—1, and
km =qm+m+1). It is known that the corresponding configuration .A i1l is real and the

corresponding lines form a dihedral arrangement of 2¢ lines with multlphcltles m and m together
with ¢l lines of multiplicity 1 that form //2 dihedral orbits, and that the Baker-Akhiezer function
exists, see Ref. 11. In particular, the case / = 0 gives the dihedral configuration with the multiplicities
m,m.
We note the following equality of ratios of Wronskians:
Wrlx0, -« -s Xm] Wrlxi, ..., 5?7:1]

0= —q(m +m+ 1) ——= =,
Wr[X07-~-va l] 1 Wr[Xl""vafl]
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where x; = sink ;. We also have

—~ —~ (m—1)(m—=2)+rm(m—1) —1)
WHlZi .o ] = 2277 (cos g) T (sing) ™ H(k

i,j=1
i>j

m(m—1)+mi+1)
S

WrlX1, s Xml = £ (cosqe) ™ (singp)™ T

H sin(gg — ¢;) H(k (22)
1’/>ll
so it follows that
/
Q = A(singg)"(cos gg)" | [ sin(ge — ¢)) (23)
j=1

for some angles ¢; € (0, ), ¢; # m/2 such that le:l ¢; = %I and with

m—1 m—m mi—1
A — :|:2m+777+/—l l_[(km _ kj) — :l:qn12m+i7l+l—l l_l(m + i +l _ _/) 1_[(1 + 2]) (24)
j=0 j=0 j=1

Letg; s = (¢; + ms)lq, where o9 =0,¢; L 1 =7/2,j=0,...,1 + 1,s=0,...,9 — 1. Then the
(normalised) configuration of vectors A(qm,rh,l’) consists of the vectors «/5(— sing; s, cos ;). The
corresponding multiplicities mq ; = m, my11 s =mand m; ;= 1if j#0,1 + 1.

The Baker-Akhiezer functions corresponding to configurations of vectors in two dimensions
were determined by Berest e al.? in terms of Darboux transformations data. It follows from Theorems

2 and 3 in said paper that, for the normalised configuration .A(m i1y We have

¢(07 O) — (_l)q(m+r71+l)22q(m+r71+1)—lC(q(m + i + 1))’\1},

where
2
I+1 g—1
=o' T[[]sin™ -9
Jj=0s5=0
and

m—1 m—1

c= ]’[(k2 — k3 = g™ n((m+m+l)2 AT+ + 17 = m = = 2j)?).

Jj=0 j=1
By rearranging (23) into the form

1+1 g—1
Q — 2(q—l)(l+n1+rh)A 1_[ l_[ sin’"f“((p _ (pjs)
j=0s5=0

we arrive at the following proposition.

Proposition 5.1. Let ¢(x, L) be the Baker-Akhiezer function corresponding to the configuration

Al Then it satisfies

(m,m, 1"

m—1 k +k
$(0,0) = (=720 (q(m + m + 1) + 1) ]_[ .
km — J

As a direct consequence of Corollary 2.1, we obtain an explicit evaluation of the corresponding
Macdonald-Mehta type integral.
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Theorem 5.1. Fix m, 7, [, q € N such that m > iit;m, g > 1, and l is even. Let x; = cos (k;p),
where kj = gjfor j=1,....m =i, ky_pyj =qm—m~+2j)for j=1,...,m—1, and k,, =
q(m + m +1). Then the generalised Macdonald-Mehta integral

2
M = L (Wr[xo""v)(m—l]>2 e~ T
i&+R?

2m Wrlxo, ..., xml ) x2a(m+i+D) dx
is given by
m—1 -1
M = (=11 [ 200N G i+ D+ D) [ - kD |
Jj=0

WilXo0,..., 2 2q(m+ii+)
(X050 Xm1"x et + 0.

where & € R? is an arbitrary vector satisfying Wi T

Proof. We have

o

X

1 e 7
= — ——————-dx
27-[ i+ R? Q2x2q(m+m+l)

,\’2
1 e 2dx

= o AR A22(q=2)(m+rm+l) l_[a. cal
S8 (m,m,1

1)(aj.s» x)zm“ '

where Q and A are given by formulas (23) and (24). By Corollary 2.1, we have
M = (A22(q72)(m+rh+l)¢(0’ 0))71 ,

where ¢(0, 0) is found in Proposition 5.1. O

Vi. DEFORMED ROOT SYSTEMS AND DOTSENKO-FATEEV INTEGRAL

In dimensions higher than 2 there are two known series of non-Coxeter configurations that admit
the Baker-Akhiezer functions.’?+#:3

The first series A,,(p) C R”*! depends on one parameter p € N and it consists of the vectors
e; — ¢;, 1 <i < j< m with the multiplicites p and the vectors e¢; — ﬁem+1, 1 < i < m with the
multiplicities 1. It can be viewed as a special deformation of the A,, root system.

The second series Cp,11(r, ) C R"H! depends on two parameters 7, s € N such that p = %
€ N. It can be viewed as a special deformation of the C,, + ; (or B,, 4+ 1) root system. It consists
of the vectors ¢; £ ¢, 1 <i < j < m with the multiplicities p, the vectors ¢;, 1 < i < m with the
multiplicities r, the vector e, 4 | with the multiplicity s and the vectors ¢; £ \/pept1, 1 <i <m
with the multiplicities 1.

These arrangements correspond to the deformed root systems from Ref. 30 with integer multi-
plicities. Recall that according to Ref. 30 one can define for any basic classical Lie superalgebra, a
certain deformation of the corresponding root system by prescribing multiplicities to the roots and
changing the bilinear form. The corresponding deformed root systems form two series of type A(xn,
m) and BC(n, m) and 3 exceptional cases. All the multiplicities are integer only in the cases listed
above.

The main property of the deformed root systems, which will be important for us, is that the
corresponding deformed Calogero-Moser operator

o o +1 ’
Ly=-A+ Z = (m(ot x)z(a “ +a° (25)
acA ’

has a pseudo-ground state of the form

vo = [J@x) e (26)

acA
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(cf. Property 3 in the original trigonometric version in Ref. 30). Indeed, one can check that the main
identity (12) from Ref. 30 implies that

L gpo = Ao, Ao=N — sza,
acA

where N is the dimension of the space. Since the multiplicity of the isotropic roots is fixed to be 1,
such a function always has a singularity at the corresponding hyperplanes. Nevertheless, sometime
one can make sense of its norm as the integral

Ly = ol* = / L [ Jter. x)2mee™, 27)
iE+R"

acA

in the same way as we did before. In particular, for the deformed system of type A(n, m) we have

m

z<j ‘_XJ) 2k]_[z<j '_yj)_%e_z};:‘xfz'_%z' V7
IA(n m) — dx B s (28)
R7+in Rm+zg [T, nj=1(xi - )

where k is a parameter of deformation. When k = — 1 we have the root system of Lie superalgebra
sl(n, m), while k = 1 corresponds to the usual root system A, + , — -
In BC(n, m) case we have the integral

l—[lnlxbl—[;"ly;h DM S D B
Igcimm = /” dx/m ok ) ETNE (29)
+i§ +in l<] X )C ) l—[1</(y1 y )A l_[] 11_[1 l(x y )

where the parameters k, r, s satisfy one relation

4+ 1=kQ2s+1)

(see Ref. 30 and take into account that proportional roots can be combined in the rational case).
We are going to show now that these integrals can be computed explicitly using the following
remarkable formula found by Dotsenko and Fateev’ in conformal field theory.
Forn,m € N, «, p € C consider the following integral, which can be interpreted as a norm of
the pseudo-ground state v/ of the deformed trigonometric BC(n, m) Calogero-Moser system®” (cf.
Ref. 23, where Selberg integral was interpreted in a similar way):

—_a B
‘ - l_[lr'lzl L "L=r) H'J" 1 j(l T )ﬂ l_[l<j _t) 1_[l<j _.L,])Zp
J:l_[/dtll_[/Sd‘L'l
i=1 i j=1%"/

[To [T 6 = 7p)? ’

(30)

where the contours C; are arcs going from the point O to the point 1 in the upper half plane such that
the arc C; is above the arc C; _ ;. Similarly, the contours S; are arcs going from the point 0 to the

point 1 in the lower half-plane such that the arc S; is above the arc S; _ i, see Fig. 1.
Note that the integrand of J is single-valued on the contours so the natural branch is chosen that
isx* > 0ifx > 0, p € R, etc. Suppose that p € R and

p<0, Rea>n—1—-m—1)p, Ref>n—1—(m—1)p. 31

Then all the powers in the integrand are well defined and the integrals converge (cf. Ref. 7). Dotsenko
and Fateev (Appendix A of Ref. 7) showed that

—2mikp

anl—[ 1—e 1—[ 1 —e2mkle ﬁ F(j/p)ﬁ I'(jp—n)
em2mie p 4 VL—emmilr 2 S T/p) ;1 T(p)

F'd—a/p+j/p)TA—=B/p+ j/p) 'ﬁ F'l—n+a+jo)l'd—n+ B+ jp)
r'Q-2m-— (a+ﬂ+n—1+j)/p)j:0 FrC—n+2a+@m—1+ j)p)

n—1

(32)
j=0
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D
®
[ ]

i

FIG. 1. Integration contour for Dotsenko-Fateev integral.

A. Deformations of type A

Following Bombieri’s idea we are going to take a special limit of the Dotsenko-Fateev integral
that leads to a generalised Macdonald-Mehta integral for the configurations .A,(g). Assume that
o = B € R., and « is large, so we are in the domain (31)

First, we change the variables in the integral J. Define =@t - 1L, T = (2t; — 1)L, where
L e R.p. Let C; is S be the corresponding rescaled contours that now connect the points — L and L.
Then

n T2\=% rym 2
4 _“ﬁ/ d?ﬁ/ d’f.nf=1(1 — ) im0 = o) ]—L<,@ W@ =)™
= | d1; | dT;
, - H, Tim @ = 7))?
where
a4 = prm(mf1)7%n(nfl)Jernfmfnzfpm(mf1)7%n(n71)+2mn7m7n+27“n72am
Recall that lim; _, (1 + %)L = ¢*. This allows us to take the limit of J to get the generalised

Macdonald-Mehta integral.

Lemma 6.1. Let « = L*/2 where L € R_.. Then

2

-1 l<J =1 ) nz<j -1 )2'06 R =t f
hm a'J= dt ,
"tig ”’-Hn nj:I Hi:l(ti - Tj

where £ € R",n € R™ are suchthat&, > ... > &1 >0, > ... > 1.

Now we analyze the limit of the right-hand side of (32).
Lemma 6.2. Let ¢ = LT? Then

n—1 m—1

- l—a/p+i/p) 1 I'(l—n+a+ jp) _
Loo o (T2 —2m —2a/p + 1=1H) i T@=n+2a+0m—1+j)p)

)

—M =Ny _u "(" D —2-
where b = T 2 2nm+mL>4+m(m—1)p + Lm+2nm+m(m ])p( L? ) 2mn+

n(n H
5 .
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Proof. The Stirling formula I'(x + 1) ~ +/ 2nx(f)"', X — —+o00, leads to the relations

PO —wlp b ifpf [Ty Lo e
P2 —2m—2a/p+"=*) 2 0

I'(l—n+a+ jp)? o | FpanL22jp —1-2n-2am—1-j)p
'e—n+2a+@m—1+ j)p) 2

and the lemma follows. O
The previous results allow to calculate the following generalised Macdonald-Mehta integral,

which is a version of the norm integral (28), corresponding to the deformed root system of type
A(n, m):

m

> ;30

: f / ’</ t) 1_[1<j _T)Zpe DY PYAL

M = e dt dt Gy
Q)" Jroie nyiy [T [T (V=pt; — 7))

where £ e R",n € R" aresuchthaté, > ... > &, >n,>... >n.

Proposition 6.1. Let M be given by (33). Then

m T —1/p) 4 T —p) L r(1—1/p) (% T(1 = p)

M=c¢ =¢ )
E P —i/p); l_[ F(n+1—jp) Jl.:[“:l i—jp; l_[ L'l —i/p) jl:[l I'(l—jp)

where & —( 1)m —mi(m(m— l)p+”(” 1))

Proof. In the notations of Lemmas 6.1 and 6.2 we have

1)

lim a'J = Jim. b2m) T (—p) 2T T =

L—o0

paomy 1 — @72 L] — o2k LT/ p) v T(jp — n)

2p - - 34
l_[ 1 — e—2m,o 1_[ 1 — e—Zm/p jlj[l F(l/p) Jlj[l F(,O) ( )

k=1 k=1

by (32) and by Lemma 6.2. On the other hand, by Lemma 6.1 and by performing the change of
variables t; — /—pt; we have

-1y
lim ——— = (—p)}*" 5 M. (35)
L—oo (277)"2"
It follows from (34) and (35) that
1 — ¢—27ikp 1 — e—27ik/p n I'G/p) m I'(jp —n)
M= l_[ e—2mip 1_[ _ p—27i/p 1—[ l_[ :
o 1=e i LTz LT
The statement follows by applying the reflection equation I'(z)['(1 — z) = n/sinmz. O

Remark 6.1. Due to the quasi-invariance of the integrand in (33) at /—p?; = 7; Proposition 6.1

remains valid if the parameters &, n satisfy the weaker restrictions £, > ... > &1, 0, > ... > 1y,
Ei F# Vi, .
Suppose now that p = —p where p € N. Suppose also that n = 1. In this case the integral

(33) has the same value if parameters &, n satisfy the weaker restrictions n; # n;, §1 # n; Vi, j.
Furthermore, the integral M is of the form that appears in Corollary 2.1 for the configuration A,,(p)
which admits the Baker-Akhiezer function.>> Thus Proposition 6.1 implies the following statement.
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Corollary 6.1. Let ¢ be the Baker-Akhiezer function for the configuration A,,(p). Then

= “T(pj+2)
$0,0)=(-D)"""> | | =——.
1j[l Cp+1

B. Deformations of type B

First, we change the variables in the integral (30). Let =L, T =Lt, B = L/2, where
L € R,. We suppose that § and o € R are sufficiently large, so that the conditions (31) are satisfied.
Then

n(n D

lim L™~ ﬂJr,om(m D+
L—o0

72mn+m+n‘] — Mls (36)

where M is the integral

m n m Tt Y G
~ l—lz ltz pl_[j ltje 22/ t 2/] =
M1=1_[/6d?,»]_[/§dr_,- Gty ye— —. 67
T | S ) ; [T.,@ =) [To [T =)

for the corresponding scaled contours 6 j and §j connecting 0 and oo.

Lemma 6.3. The integral My has the value

—2wikp " l_e—Zﬂik/p

_ 2nm n(1—2m—2= "“) m(l+a+(m—1)p) l—e
M =p ( 2'0) 2 1_[ 1— 8727'[1';) 1— 6727ri/p
k=1

.ml

L TGi/p) 1 TGip —
ra-=HT]ra- 38
X.[[lr(l/p),ljl I'(p) l_[ ( 0 )1_[ (I—n+a+jp). (38)

Proof. We apply Stirling’s formula to the terms in the left-hand side of (36). Since lim; _, 5 (1
+ x/L)F = ¢ we get

_ B —142m+(a—n+1)
I'(1 > ) N <_£> +2m—+(a—n+1)/p
rQ-2m—(@+B8—n+1-—j)/p) 2p ’
P —n+p+jp) (L)‘l‘“‘('“‘””
FQ—n+a+pB+m—1+j)p) 2 ’
as B = L/2 — oo. The statement follows. O

Now we change variables in (37) according to 7; = 7.2, /t; = 7/2 Removing an overall factor
2+1 from the resulting integral, we obtain
" ?72;+1 Hm . ?2a+le Ep l~/2+2p it

M; = / dt; / dz; [Tz 4 J 59
1_[ 1_[ l_[1<j(V2 ~2) ﬁ ]_[i<f(%;Z - sz)—z,o 1_[;":1 1_[;1:1 ti - ~j2)2

where the integration contours are chosen as in (37). In particular, this means that the value of the
integral M is given by the right-hand side of (38) multiplied by 2™+ 7.

Consider now the following version of Macdonald-Mehta integral (29), corresponding to the
deformed root system of type BC(n, m).




052106-19 Feigin, Halln&s, and Veselov J. Math. Phys. 54, 052106 (2013)
Proposition 6.2. Let M be the generalised Macdonald-Mehta integral defined by

=2

n;’ i T et
/ dt/ ; 4 - ——. (40
n m _ m n
Revie IR [T (7 —13)7 ; [T, = o) [T, Tz (o + )2

where p < 0,0 e R,and &, > ... > &1 >n,>... >n1 >0.Then

m+n _ _na  n(n=1) _ Pomtn _na
M =(27T) 5 22(m+n) 2mn p+7p +mo+m(m l)pem( > +ma p)

" (1l — p) LT —p)
=) T (ko — ) )y

k=1 k=1

n—1 1 m—1 1 m—1n—1 1
e = Nl = @

Proof. Initially, we assume thato >n — 1 — (m — 1)p, so that the previous analysis as well
as Lemma 6.3 can be applied.
Rescaling the variables #;, j = 1, .. . n, in the integral (40), we obtain

an _ n(n=1)

=Qm) " (=p) T

—n

2941 m n [2

n m 2a+1 Z i
/ dt/ niltip [T e 2 X Tt X
it "in 1n<] - ’2) ; Hi<j(fi - sz)fzp HT:I H?:l(tiz - 712)2

Let I, ,(t, 7) denote the integrand in the right-hand side, so that

an __ n=1)

» 7”/ dt/ dtl, ,(t, 7). (42)
Rr+ie  JRmtiy

Let S (respectively, C';') be the contour §,~ (respectively, c ;) reflected about the imaginary axis

=Q2r

and oriented from left to right. Let also S;.r (respectively, C ;") be the contour 3, (respectively,

C ;) reflected about the real axis and oriented from left to right. By deforming and splitting each
integration contour in (42) into a “negative” and a “positive” part, we can rewrite the integral as

/dfk+fdfk I, m(2, 7).
S, S\k

n

(1 (o f o) I

j=1 k=1 \"%

Expanding the products, we obtain the double-sum

Z andf, I1 fdt,

..... n} Kc{l,...m} jeJ 'el{l,...,n}

X 1_[/ d'L'k l_[ / dtk In m(t T)
Sy kel S

keK Pk kel

(Empty products are identified with 1.)

Let us fix two such index sets J and K, and consider the corresponding summand. Clearly, we
may deform the contours R>o + i€/, j & J, and R>g + ing, K € K, into 6 j» and §k,, respectively,
without altering the value of the integral. In order to relate M to M, and thereby be able to make use
of Lemma 6.3, we apply change of variables t; — —1#;,j € J, and 1, — — 7y, k € K, and we replace
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contours C j_, S, with the contours C ;.“, S ,j respectively. To this end, we note that

1_[/ dlj 1_[/ di[n m(t 7)
jeJ keK
=[](-"C “/P)/ di; [T(—e") / dtilpm(t, 7),
cr

jeJ kek Sk

—2a/p+1 2a+1

where the exponential factors in the right-hand side arise from the factors ¢; and 7; in

I, m(t, T). We proceed to first deform the contours ct J into C_ and then to deform the contours S,:r
into S;. In doing so we will reverse the order of some contours. Thus the contours C;’ will have to

be swapped with the contours Ci.....C j—1 where j € J and we start with the smallest j. Since a
swap of C and S contours does not affect the integral, the product [ [; < j(ti — tj)2/p in 1, p,(t 7) will
yield a factor [ ]; < ye*™V =~ V', Similarly, the product []; - j(t; — 7,)* yields []x e xe*™ = VP, We
can thus conclude that

an __ nn=1)

=(Qn ~ "BM,

with

B = Z (_ezm«jfl)fa)/p) Z H e2ni((k4)ﬂ+a))

Jcll,..ayjel  Kc{l,. } kek
n—1 m—1

— l_[ (1 _ leri(j—a)/p) l_[ (1 _ ezm<kp+a))
Jj=0 k=0

n—1 m—1

= 2"t Hsinn(j —a)/p l_[ sinm(kp + o),
j=0 k=0
where € = ¢™/(~ "3 Tma+ = p— 200
We have
+ j) . T
Tl
(=)

o—j_ . —
ra- ) sin 7 (
0

and
-7

[(—a — jp) [TiZola + jo — k)

I'l—n+oa+ jp)sinm(x+ jpo) =

With the use of Lemma 6.3 we thus deduce

an _ n(=1)

(27_[)——( p) - - —n2m+np2mn(_Zp)n(l—Zm—

el Jom(I+a+m=1)p)

—2nikp 1

11[1 e I — ekl [ F(j/p)lﬂ[rup—n)x
gy e L 1 —em2ile D AT(1/p) 1 T(p)

m—1
1 1
( 27T )m+n € — -
H AACD! U) F(~a — jp) [Tizo(e + jp — k)
and the statement follows for large values of «. Since the integral M and its value (41) are analytic
functions of « the statement is true for any o. m|

Suppose now that p = — p where p € N. Suppose also thatn = 1. Letalsoa = —r — % where

r € N and suppose that s = % - % € N. In this case the integral M has the same value (41) if
parameters &;, n; are non-zero and satisfy the weaker restrictions n; # n;, &1 # n;, forall i, j = 1,
., m such that i # j. Furthermore, the integral M is of the form that appears in Corollary 2.1 for the
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configuration C,, ;1 (r, s) which admits the Baker-Akhiezer function.’ Thus Proposition 6.2 implies
the following statement.

Corollary 6.2. Let ¢ be the Baker-Akhiezer function for the configuration Cp,1(r, s). Then

m—1

n 1 T(Gjp+r+DT(p+p+2)

0,0) = (=152 =3+mpe=3+m Q=" Py 4 =
#(0,0) = (=1) (2m) (s 2)11 e

Vil. CONCLUDING REMARKS

We have seen that the story of Macdonald-Mehta integrals goes beyond the Coxeter premise and
can be extended at least to all known Baker-Akhiezer configurations. We have used Dotsenko-Fateev
formulas to extend it further to the deformed root systems,3° related to the series of basic classical
Lie superalgebras, but the exceptional cases are still to be studied.

In particular, for the exceptional Lie superalgebra of type D(2, 1, A) we have the following 3D
integral depending on 3 parameters A, Ay, Az:

x1—2m|x;Zmzx;2n13e—ﬁx%—ix%—ix% dx
1) = 5 5 5 5 (43)
(x1 + x2 + x3)7(x1 — x2 + x3)7(x1 + X2 — x3)*(x] — X2 — Xx3)
where
A+ A3 — Ag A3+ A1 — A A4y — A3
m=-—————m=————-,m3= ——.
201 2, 223

The link of the deformed trigonometric Calogero-Moser systems®” with conformal field theory
via Dotsenko-Fateev work” looks mysterious to us and needs a better understanding (see Ref. 29 for
some results in the non-deformed case).

As it was already mentioned the initial motivation for this work came from the theory of
quasi-invariant and m-harmonic polynomials.”'> We hope that our results will help to answer some
remaining questions in this theory, for example, about the signature of the canonical bilinear form
on the space of m-harmonic polynomials. As it follows from our results (see, e.g., Proposition 4.2)
this form is sometime bound to be indefinite in contrast to the case m = 0.

In this relation, we would like to mention here important recent papers by Grinevich and
Novikov,!”!® who developed a spectral theory for the one-dimensional Schrodinger operators with
singular potentials in the spaces with indefinite bilinear form. Their ideas may help to make a
progress in multidimensional case as well.

Another natural link to explore is with the paper'* by Felder and Veselov, where an integral
formula for the full Baker-Akhiezer function in both A,, and deformed A,,(p) cases as an iterated
residue and Selberg-type integral were found.
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