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1. INTRODUCTION

By a twisted Higgs bundle on a K&hler manifold X we shall mean a pair (F, ¢)
consisting of a holomorphic vector bundle £ and a holomorphic bundle morphism

¢p: MRFE — FE

for some holomorphic vector bundle M. Such objects were first considered by
Hitchin [22] when X is a curve and M is the tangent bundle of X, and also by
Simpson [39] for higher dimensional base.

For a choice of positive real constant ¢, there is a Hitchin-Kobayashi correspondence
[2, 8l 22, [38] for such pairs, generalizing the Donaldson—Uhlenbeck—Yau Theorem
[10, 41] for vector bundles. This result states that (E,¢) is polystable if and only
if F admits a hermitian metric h solving the Hitchin equation

iNFy, + c[o, ¢*] = A1d, (1.1)

where Fj, denotes the curvature of the Chern connection of the hermitian metric,
[0, 0*] = dd* — ¢*¢ with ¢* denoting the adjoint of ¢ taken fibrewise and A is a
topological constant.

The aforementioned correspondence is a powerful tool to decide whether there exists
a solution of , but it provides little information as to the actual solution h. In
this paper we study a quantization of this problem that is expressed in terms of
finite dimensional data and “balanced metrics” that give approximate solutions to
the Hitchin equation.

To discuss details, suppose that X is projective, so carries an ample line bundle L

which admits a positive hermitian metric h;, whose curvature is a Kahler form w,

and also fix a hermitian metric on M. The hypothesis we will make throughout

this paper on the vector bundle M is that it is globally generated (we expect that

this hypothesis can be removed). Writing F(k) := E ® L, we fix a sequence of
1
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positive rationals § = §; = O(k"~1) and let

_ dim HO(E(k))

X T X = Tk Vol(X, L)

which is a topological constant of order O(k™). We recall that, for k sufficiently
large, the sections of E(k) give a natural embedding

t: X = G:=G(H(E(k));rkg)

into the Grassmannian of rkg-dimensional quotients of H°(E(k)). To capture the
Higgs field ¢ consider the composition

b, = b st HO(M) @ HO(E(k)) — H'(M @ E(k)) 5 HO(E(k))

where the first map is the natural multiplication. Notice that H°(M) is hermitian,
since it carries the L2-metric induced by the hermitian metric on M and the volume
form determined by w. Thus given a metric on H°(E(k)) (by which we mean a
metric induced from a hermitian inner product) there is an adjoint

(6:)": HY(E(k)) — H°(M) @ H°(E(k)).
From this we define an endomorphism of H°(E(k)) by

. 6[¢*,<¢*>*1>
Pi=y1'|Id+—22 )
X ( 1+ -2

where ||, [|I” = tr ((¢2)*ds) (see for details). Observe that P depends on the
choice of metric on H°(E(k)) since the adjoint (¢.)* does. For a canonical choice
of P, one can safely take § = k™! in the following definition.

Definition 1.1. We say that a metric on H°(E(k)) is balanced if for some or-
thonormal basis s = (s;) we have

wn
/)((Slvsj)b*hpsm = s (12)
where hrg denotes the Fubini-Study metric on G and P = (Pj;) in this basis.

Definition 1.2. A hermitian metric h on E is said to be a balanced metric for
(E, @) at level k if it is the pullback of the induced Fubini-Study metric for some
balanced metric on H(E(k)), i.e.

h=h"®hps
In this case we refer to the metric on H°(E(k)) as the corresponding balanced metric.

One verifies easily that if holds for some orthonormal basis then it holds for
any orthonormal basis. In fact, the left hand side of is simply the matrix of
the L?-metric induced by t*hpg. Thus when ¢ = 0 this is precisely the standard
definition of a balanced metric on E as considered by Wang [44] [45].

The two main results of this paper focus on different aspects of this definition.
First we will show that a balanced metric admits an interpretation as the zero of a
moment map. Thus the existence of such a metric should be thought of as a kind
of stability condition, and we show this is the case:

Theorem 1.3. Assume that M is globally generated. A twisted Higgs bundle (E, ¢)
is Gieseker-polystable if and only if for all k sufficiently large it carries a balanced
metric at level k.
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When ¢ = 0, the idea that Gieseker-polystability of a vector bundle is related to
the solvability of a family of PDE’s indexed by k, as k — oo, goes back to [T} [47]
(for a set-up a priori non-related to balanced metrics, see also [26]).

Second we investigate how balanced metrics relate to solutions to the Hitchin equa-

tion. This turns out to be a much more complicated and interesting problem than
for the case ¢ = 0 [41].

Theorem 1.4. Assume that M is globally generated. Suppose hy is a sequence of
hermitian metrics on E which converges (in C™ say) to h as k tends to infinity.
Suppose furthermore that hy, is balanced at level k and that the sequence of corre-
sponding balanced metrics on H°(E(k)) is “weakly geometric”. Then h is, after a
possible conformal change, a solution of Hitchin equations.

By the weakly geometric hypothesis we mean that the operator norm of ¢, is uni-
formly bounded over k, and its Frobenius norm is strictly O(k™). This assumption
is quite natural for as long as ¢ # 0 it holds, for instance, if this sequence of metrics
is “geometric” by which we mean it is the L?-metric induced by some hermitian
metric on E. We will give further justification for these notions in Appendix [A]
We note that the choice of sequence § = §; = O(k"~!) in the definition of the
endomorphism P for our notion of balanced metric affects the constant ¢ which
appears in the Hitchin equations, as discussed in Remark

1.1. Proofs and techniques: There are three main parts of the proof of Theorem
[[-3] In the first part we identify a complex parameter space for twisted Higgs bun-
dles ( carrying a positive symplectic structure and a moment map that matches
the balanced condition. In the second part we extend a classical result of Gieseker
[18] to characterize stability of twisted Higgs bundles in terms of Geometric Invari-
ant Theory (Theorems and . The proof is then completed by an adaptation
of Phong-Sturm’s refinement [31I] of Wang’s result in the case ¢ = 0 [45]. The
positivity of the symplectic structure and the linearization (used in the GIT result)
turn out to be the main obstacles to undertake our construction for general M.
The proof of Theorem starts with the observation that the balanced condition,
which appears as a condition involving finite-dimensional matrix groups, interacts
with the Kéhler geometry of X via the identity

> (Ps)) (85 m, =1d, (1.3)
J
where the s;» form an orthonormal basis for the L?-metric induced by Hj, = hy, ®h’,§.
Using the weakly geometric hypothesis, we are able to prove in Theorem an

asymptotic expansion for the endomorphism P around x~!Id, which relates the
left hand side endomorphism to the Bergman function

Bk = Z S;»(', 5;')Hk-
J
Equation (1.3)) combined with the Hérmander estimate implies then the asymptotic
condition (in L2?-norm)
By + ck" g, ¢*] = x Id+O (k" 2). (1.4)
With this at hand, the key tool for the proof of Theorem is the asymptotic
expansion of the Bergman kernel [9] 15| 28] 40l 49] 50], which says that
k"B —Id—f—1 AF, +S“)Id +0 ! (1.5)
PR 2 k2 ‘

where S, is the scalar curvature of w. For vector bundles without a Higgs field,
Theorem follows almost immediately from this expansion (as observed by Don-
aldson). With the introduction of the Higgs field the proof is much more involved,
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essentially for the following reason: given a holomorphic map ¢: E — F between
hermitian vector bundles, no information is lost when one considers instead the
pushforward ¢,: H°(E(k)) — HY(F(k)) for k sufficiently large. However the ad-
joint ¢*: F' — F is not holomorphic, and so one cannot do the same thing (at least
not with the space of holomorphic sections). The natural object to consider in-
stead is the adjoint of (¢.)*: H°(F(k)) — H°(E(k)) taken with respect to induced
L?-metrics, and we shall prove that that this adjoint captures all the information
that we need. Thus we have a method for quantizing the adjoint of a holomorphic
bundle morphism, which is a tool that we hope will be of use elsewhere.

For vector bundles without the Higgs field ¢, a pertubation argument of Donaldson
[12] gives the converse to Theorem We expect the same argument can be
applied to non-zero ¢ and to show that a solution to the Hitchin equation gives a
sequence of balanced metrics that is weakly geometric (and plan to take this up in
a sequel).

1.2. Comparison with Other Work: Our motivation for this study comes from
work of Donagi-Wijnholt [14] §3.3] concerning balanced metrics for twisted Higgs
bundles on surfaces with M = K;(l, which in turn was motivated by physical
quantities whose calculation depended on detailed knowledge of the solutions of
the Hitchin equations. In this case the equations go under the name of Vafa-
Witten equations and are particularly interesting [21] 48], arising directly from the
study of supersymmetric gauge theories in four dimensions [42]. In the work [14]
the authors consider the equation

By, + ck" [, ¢*] = xId +O(k"2). (1.6)

as the defining condition for the balanced metrics. This equation, however, was
to be taken “pro forma” rather than as part of any general framework. We will
see that our definition of balanced agrees (and refines) that of Donagi—-Wijnholt,
and thus puts this work into the theory of moment-maps. We stress that the work
here can only be applied to the Vafa-Witten equations if K )_(1 is globally generated
(which obviously holds on Calabi-Yau manifolds for instance) but expect that it is
possible to relax this hypothesis. Another interesting arena for the application of
our results is the theory of co-Higgs bundles [32] B3], in which M = TX*, allows
further interesting examples where the globally generated assumption is satisfied.

A related notion of balanced metric was introduced by J. Keller in [19], for suitable
quiver sheaves arising from dimensional reduction considered in [3], but as pointed
out in [2] this does not allow twisting in the endomorphism and thus does not apply
to twisted Higgs bundles. We remark also that our definition differs from that of
L. Wang for which the analogue of Theorem was missing [43], Remark p.31].
We will also discuss in further possible extensions, at which point the precise
relationship between these different notions becomes clearer.

By being finite dimensional approximations to solutions to the Hitchin equations
(or to the Hermitian-Yang-Mills equation in the case ¢ = 0), balanced metrics
are amenable to numerical techniques. We expect that a version of Donaldson’s
approximation theorem [I3] should hold in this setting. If this is the case then
Donaldson’s iterative techniques can reasonably be applied in the setting of twisted
Higgs bundles (as proposed by Donagi-Wijnholt). In particular one should be able
to use this to approximate the Weyl-Petersson metrics on the moduli space of
Higgs bundles and vortices by adapting the ideas in [20], but none of this will be
considered further in this paper.

1.3. Organization: We start in §2 with a discussion of the parameter space for
twisted Higgs bundles that we will use, and give the details of the definition of
a balanced metric. We then show that the existence of a balanced metric has an
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interpretation as a zero of a moment map on this parameter space. We then discuss
in the stability of a twisted Higgs bundle and its connection with Geometric
Invariant Theory. In §4] we give a direct proof of the necessity of stability for the
existence of a balanced metric, which is in fact simpler than existing proofs even in
the case of vector bundles, and then give the proof of the first Theorem. Finally,
in §5] and §6] we take up the relationship between the balanced condition and the
Hitchin equation.

Acknowledgements:  We wish to thank Bo Berndtsson, Julien Keller, Luis
Alvarez-Cénsul and Martijn Wijnholt for helpful comments and discussions. During
this project JR has been supported by an EPSRC Career Acceleration Fellowship
and MGF by the Ecole Polytechnique Fédéral de Lausanne, the Hausdorff Research
Institute for Mathematics (Bonn) and the Centre for Quantum Geometry of Moduli
Spaces (Aarhus).

2. BALANCED METRICS

2.1. A Parameter Space for twisted Higgs bundles. Let X be a smooth
projective manifold and L an ample line bundle on X. Suppose also that M is a
fixed holomorphic vector bundle on X. The following objects were introduced in
[5l 30].

Definition 2.1. A twisted Higgs bundle (F,¢) consists of a holomorphic vector
bundle E and a holomorphic bundle morphism

¢p: MR E — E.

Twisted Higgs bundles also go under the name of Hitchin pairs. A morphism
between twisted Higgs bundles (E1, ¢1) and (E2, ¢2) is a bundle morphism «: E; —
E5 such that oy = ¢oo(idpr ® ) (note the bundle M is the same for both pairs),
and this defines what it means for two twisted Higgs bundles to be isomorphic.
The automorphism group of (E, ¢) will be denoted Aut(E, ¢), and (E, ¢) is said be
simple if Aut(E, ¢) = C.
We let E(k) = E ® L*, and denote the Hilbert polynomial by
c1 (D)™ _
P(k) = x(E) = rkpkt [ D4 o
X .
where rkg is the rank of E.

Definition 2.2. We say that (F, ¢) is Gieseker-(semi)stable if for any proper sub-
sheaf F' C F such that ¢(M ® F) C F we have

IrKp IrKp

We say (E,¢) is Gieseker-polystable if E = @, E; and ¢ = ©¢; where (E;, ¢;) is
Gieseker-stable and Pg,/rkg, = Pg/rkg for all ¢ [35].

for all k> 0.

Hence this is the usual definition for Gieseker stability only restricting to subsheaves
invariant under ¢. Similarly one can define Mumford-(semi)stability by replacing
the polynomials Pg/rkg with the slopes deg(FE)/rkg. Then the usual implications
[23, 1.2.13] between Mumford and Gieseker (semi)stability hold, and the Hitchin-
Kobayashi correspondence for twisted Higgs bundles (see e.g. [2]) is to be taken in
the sense of Mumford-polystability.

There are a number of ways that one can parameterise decorated vector bundles
[36]. Since we will assume throughout that M is globally generated, we can work
with the following rather simple setup.
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Definition 2.3. Given a vector space U we let
Z = Z(U) := Hom(H*(M) @ U,U)
and

Z:=P(ZoC).

Abusing notation we shall let ¢ also denote the induced map M ® E(k) — E(k)
obtained by tensoring with the identity.

Definition 2.4. Let ¢, = ¢, i be the linear map defined by

¢, HO(M) @ HY(E(k)) — H (M @ E(k)) > HO(E(k))

where the first map is the natural multiplication (in the following we will omit
this multiplication map from the notation where it cannot cause confusion). Thus
¢« € Z(H°(E(k)) which we identify also with [¢.,1] € Z.

To put this into the context we wish to use, suppose we have a twisted Higgs bundle
(E, ¢) and an isomorphism H°(E(k)) ~ CN* given by a basis s for H°(E(k)). Then
under this isomorphism ¢, € Z := Z(C"*) and the sections of E give an embedding

ts: X =G
where G denotes the Grassmannian of rky dimensional quotients of CN,
Definition 2.5. Define the embedding
f=1s: X = ZxG by f(z) = (¢ ts(w)).

The group GLy, acts on the right hand side in a natural way, reflecting the different
choices of s, and one can easily check that pairs (¢, F) and (¢, E) are isomorphic

if and only if the associated embeddings (for any choices of basis) lie in the same
GLNk orbit.

2.2. Balanced Metrics. Fix a hermitian metric hj; on M and positive hermitian
metric hy with curvature w. These induce an L?-metric on the space H(M) by

2 2 W'
Il = [ 1o 5

Also fix the topological constant
hO(E(k))
= kj =
x:=xk) = 5o
with Vol(X) := -4 [\ ¢1(L)", so by Riemann-Roch
x =k"(1+ O(1/k)).

We also fix a 6 = 6(k) > 0 depending on a positive integer % (in the application we
have in mind § = ¢/k"~! for some chosen constant £ > 0).

Now suppose we choose a hermitian inner product on H°(E(k)). Then the domain
and target of

HO(M) @ HY(E(k)) —2— HO(E(k)). (2.2)

are hermitian (induced by this chosen inner product and the fixed L2-metric on
HO(M)). Define

sl := tr ((¢:)*ds) s
where (¢.)* denotes the adjoint of ¢..
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Definition 2.6. Set

[P, (04)] = Du(@4)" — (D4) " Ds (2.3)
and define an endomorphism P of H°(E(k)) by
- 0[P, (¢4)"]
Pi=x"Id+—0) 2.4
X( 1H%W> .

Remark 2.7. Here and below we use the following abuse of notation. By a metric
on a vector space we shall always mean one that arises from a hermitian inner
product. If U,V have given metrics and f: U ® V — U is a linear map we will
denote the induced map U — U ® V* also by f. So the adjoint f* can be thought
of either as amap U - U ® V or as amap U ® V* — U. Thus the commutator
lf, f*] = ff* — [*f is a well-defined map U — U.

Definition 2.8. We say that a metric on H°(E(k)) is balanced if for an orthonormal
basis s the embedding ¢s and quantized Higgs field ¢, satisfy

w" .
[ iesdznes g = Py € ), (25)

where hpg denotes the Fubini-Study metric on the universal quotient bundle over
G and Pj; are the components of P in this basis. A hermitian metric h on E is a
balanced metric for (E, ¢) at level k if

h = h%(fk) ® L;th

where hpg is the Fubini-Study metric coming from a balanced metric on H°(E(k)).
If such a metric h exists then we say (E, ¢) is balanced at level k and refer to the
balanced metric on HY(E(k)) as the corresponding balanced metric.

2.3. Balanced metrics as zeros of a moment map. We next interpret balanced
metrics in terms of a moment map. Take U = C™* and Z as in Definition
Definition 2.9. We let

SCC™®(X,Z xG)
denote the space of embeddings fs: X — Z x G, for different choice of basis s. We
define a form on S by

5 n
Qlp(V1,V2) = /X Voo <V1—lf* <wg + X\/(>1()()“7)> A % (2.6)

where V; € TS = HY(X, f*T(Z x G)) and wy and we denote the Fubini-Study
metrics on Z and G.

Lemma 2.10. The form Q is closed, positive and U(N)-invariant. There exists a
moment map for the U(N)-action on (S,), given by

i il ()
u(fs) = 2/)(( iR l)fihps ol + 9y <1+”|¢*”|2>lj e u(N), (2.7)

where hpg denotes the Fubini-Study metric on G.

Proof. The first part follows from the closedness, positivity and invariance of wy
and wg (see [45, Remark 3.3] and cf. [16, Remark 2.3]).

Now let pg: G — u(N)* and pz: Z — u(N)* be the moment maps for the U(N)-
action on G and Z respectively. Then

wn

. 5
u(fs) = /X /s (MG + XVOI(X)Mz> R
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is the map we require. Now, by definition of the action
i * *\ —
{pa(4),¢) = —5 tr A7(AA7) AC

for every ¢ € u(N), where we think of a point in G as an rkg X N matrix A. We

observe that
([ ey iaw) = [ s
X 1j b'e =

and that u7 is constant on X
_ _ i 14 (¢4)"]
uAmﬂD—2<Hw@W>€MNL

which proves the statement. (I

Corollary 2.11. A twisted Higgs bundle (E, ¢) is balanced at level k if and only
if there exists a basis s of HO(E(k)) such that fs is a solution of the moment map
equation

iX
plf) = =51,
Proof. This is precisely the definition of the balanced condition. ([

2.4. A further characterization of the balanced condition. In addition to
the moment map interpretation of the balanced condition, we have the following
characterization in terms of metrics on E and HY(E(k)).

Proposition 2.12. (E,¢) is balanced at level k if and only if there exists a pair
(h, (-,-)) consisting of a hermitian metric h on E and hermitian inner product (-, )
on HY(E(k)) such that if P is the operator defined by (-,")pu, = (P-,-) with (-,*)m,
denoting the L?-metric induced by to Hy = h @ h% then

Id = Z(Psg)(,sg)Hk and,
J

)
P=x'{1d+—"_[o., (6. )
X ( Ty flongp = (@)

) is an orthonormal basis for (-,-)m, and the adjoint (¢.)* and Frobenius

(2.8)

/
Here (s]

norm ||¢.||* are taken with respect to (-,-).

Remark 2.13. Note that the first condition in (2.8) is independent of the choice

of L2-orthonormal basis 8.

Remark 2.14. When ¢ = 0 the two equations become P = x~'Id and By, :=
> 85(85)m, = x1d where By is the Bergman function of Hj. In this case the
existence of a balanced metric is equivalent to one for which the Bergman function

is constant (for then one can take (-,-) to be the induced L?-metric).

Proof. The proof is based on two facts. First, given a basis s = (s1,...,8n) of
HO(E(k)), the pull-back of the Fubini-Study metric hrs on the universal quotient
bundle over G(C¥;r) is given by

L;hFS = (Bil~7 ')Hk’ for B= Zsl(~,sl)Hk
l

and an arbitrary choice of hermitian metric Hy on E(k). Second, given an invertible
endomorphism P of H(E(k)) that is hermitian with respect to the hermitian metric
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induced by s, the basis s} = P~Y2%g; =% (P7Y/2),;8 satisfies
Z Sj(" Sj)Hk = Z le'S;'('v SE)HI@ = Z(PSE)(W Sg)Hk (2.9)
J gl l
We proceed to the proof. For the ‘only if’ part, take Hy = (ihps, with s the

balanced basis and denote by (-, ) g, the induced L?>-metric on H°(E(k)). Observe
that the balanced condition implies the relation

(P'a ) = ('7')Hkv

with P as in and hence 5; = Pil/zsj is an orthonormal basis for (-,-)m,.
The result follows from and the fact that Hy is pull-back of the Fubini-Study
metric, that gives Id = >, s;(, 85) .-
For the ‘if” part, choose an orthonormal basis (s}) for (-,)m, and consider s; =
Pl/zs;7 that provides an orthonormal basis for (-,-) = (P71 -)y,. We claim that
(s;) is a balanced basis. This follows from and the first equation in , that
give Hk = L:hps.

) 0

3. GEOMETRIC INVARIANT THEORY

3.1. Further Properties of twisted Higgs bundles. We collect some further
properties of a twisted Higgs bundle (E, ¢: MQFE — F) again under the assumption
that M is globally generated. Abusing notation we shall let ¢ also denote the
induced map M ® E(k) — E(k) obtained by tensoring with the identity.

Lemma 3.1. If (E, ¢) is Gieseker stable then it is simple.

Proof. The proof is the same as the case for bundles [23] 1.2.7], since if a: E — F
is a morphism of twisted Higgs bundles then ¢(ker(a) ® M) C ker(a) and similarly
for im(a). O

The next lemma says that ¢, completely captures the morphism ¢. Over any point
x € X we denote by

ere : HYE(k)) — B(k).

ean : HY(M)® HYE(E)) = (M @ E(k+1)),.
the evaluation maps, that are surjective for k sufficiently large.

Lemma 3.2. The map ¢ — ¢, is a bijection between bundle morphisms ¢: M &
E — E and linear maps a: H*(M) @ H°(E(k)) — H°(E(k)) that for all x € X
satisfy a(ker(ez ;) C ker(eq ;).

Proof. A simple diagram chase shows that if o = ¢, then « satisfies this condition.
In the other direction, suppose that « is a linear map that satisfies a(ker(es, z)) C
ker(e; ) for all z € X. Then we can define ¢: M ® E(k) — E(k) by saying if ¢ €
M @ E(k), pick an s € HO(M) ® H°(E(k)) with s(z) = ¢ and set ¢(z) := a(s)(x).
The assumed condition implies this is independent of choice of s, and so (5 gives a
holomorphic bundle map that induces ¢: M ® E — E obtained by tensoring with
idy—r. Clearly then o = ¢, and this gives the required bijection. [

This correspondence respects subobjects, as made precise in the next lemma.

Definition 3.3.

(1) We say a subsheaf F' C E is invariant under ¢ if (M ® F) C F.
(2) We say a subspace Uy C H(E(k)) is invariant under ¢, if

¢ (H° (M) ® Up) C Up.
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Lemma 3.4.

(1) If F C E is invariant under ¢ then H°(F(k)) is invariant under ¢..

(2) Suppose U' C H(E(k)) is invariant under ¢.. Then the subsheaf F of E
generated by U’ @ L™F is invariant under ¢.

(3) LetU; be a subspace of H*(E(k)) for j = 1,2 and let G; be the subsheaf of E
generated by U; @ L=%. If ¢ (H*(M)®U;) C Uz then (M ®@G1) C ¢(Ga).

Proof. The statement (1) is clear, for if s € HY(F(k)) and sy; € H°(M) then
b«(s @ spr) € HO(F(k)) since F is invariant under ¢.

The statement (2) follows from (3) letting Uy = Uy = U’. We first prove (3) in the
case that G; and Go are subbundles of E. Let {; € G1(k), for some z € X and
(v € M,. By definition there is a u € Uy so that u(x) = (3. Moreover as M is
globally generated there is an sy € H°(M) with sy (x) = (7. Now by hypothesis
¢« (sp @ u) € Uy and so as Uy generates Ga(k) we have

O(Cvr ®C1) = du(sm @u)(x) € Go(k),.

Thus ¢p(M ® G1(k)) C Ga(k) so ¢(M ® G1) C Gy as claimed.
The case that G; and G5 are merely subsheaves follows from this. For both G;
and G4 are necessarily torsion free, so there is a Zariski open set U over which G;
and G5 are subbundles, and the above gives ¢(M ® G1) C Ga|y. But since U is
dense this implies that in fact ¢(M ® G1) C G3) (as can be seen by looking at the
localization of the corresponding modules).

|

3.2. An extension of a result of Gieseker. For any vector bundle E of rank r
there is the associated multiplication map

Te: A"H(E(k)) — H°(det(E(k))).

We let Homy, := Hom(A"H(E(k), H°(det(E(k)). A classical result of Gieseker [18]
states that for all k sufficiently large, F is Gieseker (semi)stable if and only if the
point

[Tg] € P(Homy) =: P

is (semi)stable in the sense of Geometric Invariant Theory. More precisely, fix-
ing a vector space U of dimension Nj := h°(E(k)) and choice of isomorphism
U ~ H°(E(k)) the orbit of [Tg] is independent of this choice, and E is Gieseker
(semi)stable if and only the points in the orbit are (semi)stable with respect to the
linearised SL(U) action on Op(tom,)(1). Here we abuse notation somewhat since
the space HY(det(E(k))) also depends on E, but this is easily circumvented by
treating P(Homy) as a suitable projective bundle over Pic(X) (or alternatively by
restricting attention to bundles E with a given determinant).

The purpose of this section is to extend this result to twisted Higgs bundles. Such
extensions are quite standard, and have been achieved in various contexts (e.g.
[24, B0, [34]) with perhaps the most general being [35]. We include the details
for completeness, and since they are somewhat simpler in the specific case we are
considering.

Fix a twisted Higgs bundle (E,¢: E® M — E) with M globally generated and let
Z = Hom(H®(M) ® H°(E(k)), H°(E(k)) be the parameter space as considered in
92.11 We recall that ¢, also denotes the image of ¢, under the natural inclusion
Z C Z = P(Z®C). The group SL(U) acts on the product Z x P, and admits
a natural linearization to the line bundle £ := O3 () K Op(1) which is ample for

e > 0.
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Theorem 3.5. There is an ey > 0 such that for all rational € > ek~ the fol-
lowing holds: if the twisted Higgs bundle (E, ¢) is Gieseker (semi/poly)-stable then
(¢, TE) € Z x P is (semi/poly)-stable.

Theorem 3.6. Suppose a twisted Higgs bundle (E, @) is not (semi/poly)-stable.
Then for all k sufficiently large and all positive € the point (¢p.,Tr) € Z x P is not
(semi/poly)-stable.

Remark 3.7. We shall apply the previous theorems with

€= —
X

which satisfies the hypothesis as § and  are strictly of orders O(k"~!) and O(k™)
respectively.

The proofs are a standard application of the Hilbert-Mumford criterion, and we
shall as far as possible follow the approach taken in [35] and [23]. A non-trivial
one parameter subgroup A of SL(U) determines a weight decomposition U = &, U,
where U, is the eigenspace of weight n. Define U<,, = ®;<,U;. Fixing an isomor-
phism H(E(k)) = U, let

p:UQL* > E
be the natural evaluation map which is surjective for k& > 0. We let F<,, be
the saturation of p(U<, ® L™%) C E and set F,, := F<,,/F<,_1. Then the one-
parameter subgroup acts on F),, with weight n. We observe also that the saturation
assumption implies 7, :=rkp, > 1.
Then, as is well known [23], p122], det(E) ~ ®,, det(F},) (non-invariantly), and the
limit of the point Ty under this one parameter subgroup is

A— 00

lim \-Tg = |A"U = QA" U, — H(Q) det(F, (k)| , (3.1)

and the Hilbert-Mumford weight with respect to Op(1) of this point is
M1 = — Z nry

(we remark that contrary to that reference [23] here we take A to infinity since we
have chosen the group to act on the left). Now given any U’ C U let F’ be the
saturation of p(U’ ® L=F) and define

O(U") =rkp dimU — rdim(U").
Then a simple calculation shows [23 p122]

1
dim U Z OUsn)-

M1 =

To extend this to twisted Higgs bundles, denote by po the Mumford weight of the
point ¢, € Z taken with respect to Oz(1). Then the Mumford weight of the point
(¢4, Tg) with respect to the linearised action on L is

M= phy €.
Now for any subsheaf F' C E define

L _ [0 ifeMeR)CcF
F=1 1 otherwise.

The next theorem is a consequence of the LePotier-Simpson estimate.

11



12 M. GARCIA-FERNANDEZ AND J. ROSS

Theorem 3.8. Suppose (E,¢) is (semi)stable. Then there is a C > 0 such that
for k sufficiently large and all subsheaves F' C E of rank 0 < rkp < rkg we have

L o E)) (<) RO(E (k) + C1 k! (3.2)
I‘kp rkE

Moreover if equality holds then F' is invariant under ¢ and Pp/rkp = Pg/1kg.

Proof. The proof follows [23] 4.4.1] which is adapted from Simpson [37]. Let F' C E
and we split into two cases depending on whethere u(F) is greater or less than
w(E) — Cy for some large number Cs.

Observe that it is sufficient to assume in that F' is saturated. Now, the set of all
saturated subsheaves F' of E such that u(F) > u(E)— Cs is bounded. Thus we can
take k sufficiently large any such that (1) any such subsheaf is globally generated
and has no higher cohomology, and (2) if Pr denotes the Hilbert polynomial of such
a sheaf then Pr(k)/rkrp < Pg(k)/rkg holds if and only if Pr/rkp < Pgr/rkpg, and
similarly for equality (this is possible as the set of Hilbert-polynomials that appear
among sheaves in a bounded family is finite). Hence for any subsheaf F of this form
that is ¢-invariant the (semi)stability of (E, ¢) implies (3.2). On the other hand, if
F C E has u(F) > p(E) — Cy and is not invariant under ¢ then

hO(F(k)) _ h°(E(k)) _ Pr(k)  Pg(k)
I‘kF I‘kE I‘kF I'kE

is a polynomial of order O(k™~1). Since there are only finitely many polynomials
appearing in this way, we can choose C so that this quantity is bounded by Ck™~!
for all such F. Thus we have proved for subsheaves F' C E with u(F) >
w(E) = Cs.

For sheaves with p(F) < u(E) — Cy we can argue using the Le-Potier Simpson
estimate exactly as in [23] 4.4.1] to deduce that the inequality always holds
strictly.

It remains only to prove the last statement. So suppose that equality holds in
for some subsheaf F' C E. Then from the above we know p(F) > p(E) — Cy and F
is invariant under ¢. Furthermore it is clear that equality also holds in for the
saturation F**. But then u(F**) > u(F) > p(E) — Oy, and we can choose k large
enough so that F*%(k) is globally generated. Thus since h?(F(k)) = h°(F**(k))
we deduce that F' = F¥% and so F is saturated. Thus the equality in in fact
implies Pp(k)/rkr = Pgr(k)/rkg, and so again by our choice of k we deduce that
Pr/rtkp = Pg/rkg as required. O

Corollary 3.9. Suppose (E,¢) is (semi)stable and k be sufficiently large. Then
there is a constant C such that for all U C U

@(U/)(Z) — C].}mknil

where F' denotes the saturation of p(U' @ L=%). Moreover if equality holds then F’
is invariant under ¢ and Pp/tkp = Pr/1kg.

Proof. This follows from the previous Theorem since U’ ¢ H°(F’(k)) and dim U =
RO (E(k)). O

Remark 3.10. We have not stated the strongest possible form of Theorem
In fact using an argument of Nitsure [30, Prop 3.2] one can prove that the set of
all semistable twisted Higgs bundles of a given topological type is bounded, and
using this the argument above needs only a little modification to conclude that in
fact k can be chosen uniformly, and also that that the converse is true. It is almost
certainly the case that a much stronger version of Theorem holds, and that
one can make a uniform choice of k (which is what one would need to construct
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moduli). We shall not discuss further these stronger statements since we will not
need them.

To analyse py write the decomposition of ¢.: H'(M)®@ U — U as
(b* = @ab¢:b € @HO(M)* & Ul;k ® Ua'
ab

Thus ¢2° is acted on by the one-parameter subgroup with weight a — b.

Lemma 3.11. If all ¢%* with a — b > 0 are zero then pus = 0 and otherwise
po = max{a —b:a >b and ¢*° # 0} (3.3)
=max{a—b:a>b and ¢.(H*(M) @ Uy,) NU, # {0}}.

Proof. If all ¢2* with a — b > 0 are zero the the limit of [¢,.1] € Z as A tends to
infinity is [0, 1] and pe = 0. Otherwise let w be the maximum appearing on the right
hand side of (.3). Then the limit as A tends to infinity of [¢., 1] is [Ba—p—w @2’ 1]
and so ps = w as claimed. O

Now define n(1) < --- < n(s) to be the points at which the sheaves F<,, “jump”,
ie.
Feny = Fan(iyr1 = Fan(iv1)-1 # F<n(iv1)s
and set (i) = n(i + 1) —n(i). Thus {F<, : 1 < i < s} is the set of distinct
elements among {F<,}, and so for reasons of rank we see s < r =rkg. Finally set
I = {i: F<,; is not invariant}

and if I is non-empty let

o= I?ealx{oz(z)}

The information we need about the weight is summarized in the next result.

Proposition 3.12. The Hilbert-Mumford weight of any one-parameter subgroup
with weight spaces U = ®U,, is given by
o= 1+ 2

where
1

M= Gmu ;9([]3")

and if F<p(y is invariant for all i then pz > 0 and otherwise

M2 > o

Proof. All that remains to be done is to prove the statement about ps. We first
claim that if

(H°(M) ® Usn(i)) C Usn(it1)-1 (3.4)
then Fc, ;) is invariant under ¢. But this is clear since if holds and G<,(;y 1=
P(U<n(iy ® L~*) then Lemma 1) implies ¢(M @ G<y (i) C G<p(i+1)—1 and hence
¢ also maps the saturation of M ® G<,(;) (which is M ® F<,,;)) to the saturation
of G<y(i41)—1 (Which is F<,,(;)) proving the claim.
Now we clearly always have ps > 0. Suppose that not all the F,, ;) are invariant
under ¢. Observe that by the above claim this implies there must be some a > b
such that ¢.(H°(M) ® Uy) N U, # {0} so holds. If 4 € I then Fc,; is not
invariant and thus ¢(H°(M) ® U<n(i)) is not contained in U<, (j11)—1. Thus there
is an a > n(i + 1) and b < n(i) such that ¢(H°(M) ® Upy) N U, is non-zero, and
hence by Lemma o > a—b>n(i+1) —n(i) = a(i). Taking the maximum
over all i € I completes the proof. (I

13



14 M. GARCIA-FERNANDEZ AND J. ROSS

Proof of Theorem[3.5. Let (E,$) be (semi)stable and U = ®U,, be the weight
spaces of a non-trivial one-parameter subgroup. With the above notation suppose
that Fc, ;) is invariant under ¢ for all 7. Then by Corollary and the fact that
t2 > 0 we have pu(>)0.

Suppose instead that at least one of the F, ;) is not invariant under ¢. Observe
that from construction

> 0U<n) 2> a(i)OUzn))-
" i=1

Hence using Corollary 3.9 and Proposition we conclude
1

Ho= dim U %:@(Uﬁn) + €l
1 1 .
(>) _dimUCk ;a(z) + ea
- (_ Crkn—1 N e) N
- dim U
Crk" !

(compare Schmitt [35, p39]). Hence for € > SEire = O(k™!) we have p > 0. Since
this one parameter group was arbitrary, the Hilbert-Mumford criterion thus gives
(¢x, Tk) is (semi)stable in the sense of Geometric Invariant Theory.

Finally we consider the case that (E,¢) is polystable. Then it is semistable so
certainly g > 0. Moreover if p = 0 then py = pe = 0 so by the final statement
in Corollary each Fe,(;) is invariant and Pr_,  /rtk Fen) = Pg/tkg. But
as (F,¢) is polystable this implies F ~ &, F, and ¢ = &¢,, and so (¢., Tk) is
polystable. ([l

Proof of Theorem[3.6 Suppose that (E,¢) is not (semi)stable. Thus there is a
subsheaf F' C E invariant under ¢ such that for all k sufficiently large Pr(k)/rkp(>
)Pg(k) rkg. Moreover by replacing F' by it saturation we may as well assume that
F is saturated. Enlarging k if necessary we may suppose the sheaves F(k) and
E(k) are globally generated and without higher cohomology. Set U := H°(E(k)),
let U' = H°(F(k)) C U and U"” be a complementary subspace to U’. We can write
U = &,U,, where

U ifn=-—dimU”

U,=< U" ifn=dmU’

0 otherwise
So by construction the one-parameter subgroup of GL(U) that acts on U, with
weight n factors through SL(U). Moreover F_ 4im p» = F which is invariant under
¢ and Fyimy = F/F. By Lemma 1) we know that U’ = HY(F(k)) is invariant
under ¢, and thus by the first statement in Lemma [3.11] we have py = 0. So by
Proposition the Mumford-weight is

1
W= = dimUG)(deimU")
=rkpdimU — tkp dim U’ = rkp h°(E(k)) — kg h°(F(k))
= I‘kF PE(k) - I‘kE Pp(k)(S)O

Thus the point (¢., Tg) is not Hilbert-Mumford (semi)stable. If (F, ¢) is semistable
but not polystable then we can find a subsheaf F' that is invariant under ¢ with
Pr/rkp = Pg/rkg but so E is not isomorphic to F' @ E/F as a twisted Higgs
bundle. Then the Hilbert-Mumford weight of this one-parameter subgroup is zero,
but its limit F & E/F is not isomorphic (as a twisted Higgs bundle) to E, and so
the limits lies outside the orbit of (¢., Tk). O
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4. STABILITY AND THE EXISTENCE OF A BALANCED METRIC

In this section we study the relation between the existence of balanced metrics and
Gieseker stability.

4.1. Necessity of Stability for the Existence of a Balanced Metric. As
an application of the moment map interpretation of the balanced condition, we
next give a direct proof of the fact that stability is a necessary condition for the
existence of a balanced metric. A different proof will be given in Section using
our Geometric Invariant Theory results (Theorem [3.6). We stress that this section
is completely independent of For the proof we need the following.

Lemma 4.1. Let k,1 be large enough. For any choice of basis s of HY(E(k)), there
is a natural identification between the group Aut(E, @) and the isotropy group of
fs: X = Z x G in GL(N).

Proof. If g € Aut(FE, ¢), by action on the basis s it clearly defines g. € GL(N)
fixing ts. Moreover, ¢ o (Id®g) = g o ¢ so it fixes ¢, and hence f, as claimed.
The action of g, on the universal quotient bundle W over G recovers g, and hence
g — g« is an injective homomorphism. On the other direction, if g. € GL(N)
fixes fs its action on W induces an automorphism of E(k) = ¢:W. This defines an
automorphism g € Aut(E) = Aut(E(k)) which preserves ¢. To see this, let z € X
and note that

(601 @g(t® 5))(2) = (St © gu5))(@) = (9.6 (t © 9))(2) = (9.0 It ® 8))(x)

for any t € H°(M) and s € H°(E(k)), which proves the claim as the evaluation
map

esr : HY(M)® H°(E(k)) - M ® E(k).

is surjective by assumption on k. Then g, — g provides an inverse for the previous
homomorphism. 0

Theorem 4.2. Assume that M is globally generated. If a twisted Higgs bundle
(E, @) is balanced for all k sufficiently large then it is Gieseker semistable. If in
addition (E, ¢) is simple, then it is Gieseker stable.

Proof. Let s be a balanced basis at level k. By Corollary s is such that
w(fs) = 0 where p is the SU(Ny) moment map induced by (2.10). Therefore, given
¢ € su(Ny) we have

wls ) i= Jim ue.0) = [ Vouep, Pds 20 (1)

t—+oo

where t € R and Y¢|icy, denotes the infinitesimal action of ¢ on f, in the space of
embeddings S. Moreover equality holds only if i¢ is an infinitesimal automorphism
of fs and hence by Lemma this is excluded when (FE, ¢) simple.
The proof follows now evaluating the mazimal weight w(s, \) on a special 1-parameter
subgroup, constructed as follows (which is similar to the one considered in the proof
of Theorem . Let F C E an coherent subsheaf — that we may assume to be
saturated — and consider the vector space H = HY(F(k)). Consider the orthogonal
complement

HY(E(k)) =, CN = Ho H* (4.2)
given by the balanced metric on H(E(k)). Set

hO(F (k)
hO(E(k)) — hO(F (k)

V=

15
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and define a one parameter subgroup

A: C* = SL(Ny, C): t — A(t) = { - (4.3)

with generator of the U(1) C C*-action given by

/1y 0
CZ(OH —uldy. > (4.4)

Considering the natural action of C* on Ext!'(F, E/F) and pulling back the univer-
sal extension we obtain a C*-equivariant family of framed coherent sheaves

(£,9)
C*~ 4 (4.5)
X x C*

flat over C*, with general fibre isomorphic to (E(k),s) and central fiber
(& 9)o = (F(k)® E/F(k),s' © s")

for suitable basis s’ of H*(F(k)) and s” of H°(E/F(k)). Morever the induced C*-
action on this central fibre respects the splitting and A acts as (A, 1). By flatness,
we can regarding ¥ as a family of smooth sections on the smooth complex vector
bundle underlying E. Then, by universality of the family (£,4) and continuity of
the integral (cf. argument in [46, Theorem 26])

1)
w(s, ) = wy + EU}Q

1
_ftrH (/ sj,sl £ hpsW ) <|H — gtI'HJ_ (/ (S;-/,Sgl)f:”thwn> C‘HJ_
X X =

= (I‘kF (rkEfrkp) )
B Vol(X)rkE rkp <h0(E(k)) - hO(F(k)>
- 2(h0(E(K) - RO(F(K)) \ rkp tkp )’

¢* —2it¢ (¢*>*62it< _ €—2it((¢*)*62it§¢*
1+ tr 672itg(¢*)*62ith5* ) C

where

wy = zt_lzgl tremvg <
Consider now the orthogonal splitting of V = H°(M)® H°(E(k)) induced by (4.2)
V=V'aeV'i=H M) eH®HM)eH").
and the corresponding block decomposition of ¢, and (¢, )*
. E,  E3 Ein Erg
*) = * * ) fi * = )
(@) ( Ef,  E3 or ¢ Es1  Ea
where F11: V' — H and similarly for the other blocks E1o, Fo1, Fas. The adjoints

in the previous expression are taken with respect to the induced metrics on the
direct sum decompositions of V' and U. Now, a direct calculation shows that

—itrga (G2 (62)" ) ¢ = | Bl = vl Baall* + e 2P| Brg* — vt By
. —21 * L 2 2 —_ v 2 v 2
—itren, (€72%(6:)" ¥ 9y) ¢ = | Bull” — vl Baall® — ve 2| Byg||* + 24| En |
—2i * 24 2 2 — v 2 v 2
trene (€72 (0.) € 0. ) = | Enll” + | EBaall® + e 2T || Era||* + 27| Ea
where || E;[* = tr (E;;Eij) and therefore
(14 ) (0| By | — =204 Bro?)

lim 5 5 5 5 (4.6)
=40 1 [|Bvlll” + | B2l + e 2CFt[ B[] + e2A+0 || Byy |

wo =
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Assuming now that F' C E is invariant under ¢ we have Eo; = 0, and since v > 0
for k large

lim —(L+ v)e 20| By
S T Bl + 1Bl + o200 | Bl

Wwa =

Then, the formula for w; = w(s, A) jointly with (4.1)) gives he (f]gk)) > hor(li(k) with

T

strict inequality when (FE, ¢) is simple. (Il

Remark 4.3. Note that (4.6) implies that the inequality (3.2) holds for any co-
herent subsheaf F' C E provided that (E, ¢) is balanced for all k sufficiently large.

Remark 4.4. The previous proof is based on [46, Theorem 26], which itself relies
on the original application of the notion of balanced embedding used to characterize
asymptotic Chow stability of a polarised manifold [27], [51].

4.2. Characterization of the balanced condition. We now prove Theorem
in the introduction, namely that for a twisted Higgs bundle (E, ¢) the existence of
a balanced metric is equivalent to Gieseker-polystability.

Let Z = Hom(H®(M) @ CNe CN*) be endowed with hermitian metric as in
Let || - |lzom, be a Hermitian metric on
Homy, = Hom(A"H°(E(k)), H(det(E(k)))).

Let wy € ¢1(0O%(1)) and wp € ¢1(Op(1)) be the associated curvature forms and for
€ = 0/ consider the semi-positive Kéhler metric on Z x P

W5 = Wp + €Wy,
Associated to ws we have the Kempf-Ness functional L': SL(Ny)/SU(N;) — R
given by

1 ||ei<T’E||%Iom;c

L/((e]) = ;log I

ITefom, 4 l|11%
for ¢ € su(Ny). We wish to compare L’ with the integral of the moment map [29]
which defines the balanced condition, i.e. with the function L: SL(Ny)/SU(Ng) —
R given by

1
L([¢]) = / (e £,), C)ds

for p1 as in and ¢ € su(Ny). Recall that L is convex along geodesics t — [ge®®¢]
on the symmetric space SL(Ny)/SU(Ny) and its critical points correspond to zeros
of the moment map g on the SL(Ny) orbit of fs, i.e. to balanced basis. Following
[31], we make the following choice of metric in Homy, that we shall denote || - || ps.
Take a basis {7#} of H'(det(E(k)) and define a metric for a = (a’' ) € Homy,

U1seenslrkpy
by
oz ol = [ To Yt ™"

for a choice of Hermitian metric hy on det(E(k). Note that for a different choice
of hgy the quantity ||a|| ps differs by a constant and hence || - | pg is canonical up to
rescaling.

Lemma 4.5.
1 / ) Zi1<...<uE |6ig5i1 TARRRWA eiCSiTE |}2L()
X

. . 2
Zi1<...<i,.E [$iy Avet A Siy o livo

5 [! : ,
o4 = [0, 0s = 1

Proof. The first equality follows from [45] eq. (10)]. The equality L = L’ follows
from the choice of metric on Homy, [3I, Theorem 2|, combined with the fact that
wy admits the potential log(1 + | - ||%) on Z C Z. O

17
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By direct application of the Kempf{-Ness Theorem [25] we now obtain the following.

Lemma 4.6. Let (E,¢) be a twisted Higgs bundle and assume that M is globally
generated. Then there is a kg > 0 such that for all k > ko the following holds:
(E, ¢) is balanced at level k if and only if (¢, Tg) € Z x P is polystable with respect
to the natural linearisation of SL(Ny) on O(e) @ Op(1).

Proof. By the Kempf-Ness Theorem [25, Theorem 0.2], the SL(N)-orbit of a lift of
(¢4, TE) to Oz(e) @ Op(1) is closed if and only if L’ attains a minimum. By Lemma
[4.5] we have L = L', so critical points of L’ correspond to balanced basis. |

As a straightforward consequence of this result, combined with Theorem and
Theorem [3.6] we obtain the desired characterization of the balanced condition in
Theorem [[3]

5. ASYMPTOTICS OF THE BALANCED CONDITION

We next start our study of the asymptotic behaviour of the balanced condition
as k gets large. Fix a twisted Higgs bundle (E,¢: M ® E — E) with globally
generated M and fix also a hermitian metric Hj; on M which induces an L2-metric
on HO(M).

Our goal will be to understand the asymptotics of the endomorphism

P=P =y <Id (B, (m)*}) (5.1)

T e
1+ [l xll

of HY(E(k)) that appears in the definition balanced condition (2.8). We recall that
X is a topological constant strictly of order O(k™), that 6 = O(k"~!) and that P
depends on choice of metric || - || = || - ||z on H°(E(k)) that is used to define (¢, )*.
The aim is to give an asymptotic expansion of P in powers of k which of course
can only be done under some assumptions on the chosen metrics.

Definition 5.1. We say a sequence || - || = || - || of metrics on H(E(k)) is weakly
geometric (with respect to ¢) if there is a constant ¢’ > 0 such that
c 2
k" < |||, 5.2
k" < [l (52)
lpsll < ¢, (5.3)

where the operator norm and Frobenius norm are those induced by || - ||.

Remark 5.2. We shall justify this terminology in an appendix, by showing that
if || - || is a geometric sequence (by which we mean it is the sequence of L?-metrics
induced by some hermitian metric on FE), then it is weakly geometric.

The weakly geometric hypothesis implies that xP is close to the identity; in fact
since § = O(k™~1) it implies

P —1d = O(1/k).

To get a stronger statement we need a further hypothesis. Recall |- ||, on H(E(k))
determines a Fubini-Study metric Hrg ; on E, which in turn induces an L2-metric
on H°(E(k)) that we shall denote by || - | =|| - ||;,- We shall assume that

(,) = (P-,-) forallk (5.4)

which we recall is one half of the balanced condition appearing in Proposition [2.12
The main result of this section is the following:
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Theorem 5.3. Suppose that the sequence || - ||k is weakly geometric and that (5.4)
holds and that the sequence of hermitian metrics Hpgy on E are bounded inde-
pendent of k. Then there exist endomorphisms A; = Ajp: H(E(k)) — H°(E(k))
such that

(1) For each j the the operator A; is bounded uniformly over k taken in the
operator norm induced by || - ||
(2) For any N > 0 there is an asymptotic expansion

N
XP=> kA +0(k™ N,
3=0
where the error is in the operator norm induced by | - ||’
(3) We may take Ag = Id and Ay = 1+H(|S<]; Tk [0, (02)*'], where (¢.)* is the
adjoint taken with respect to || - ||

5.1. Linear algebra Conventions. Before moving on we discuss in detail some
useful conventions and abuses of notation. We will be interested in linear maps

a:UH —U

where U, H are finite dimensional vector spaces. Moreover H will come with a
fixed metric (which we recall always means a metric induced by a hermitian inner

product), that will not change in the discussion, and U with a metric || - |[y. These
together induce a metric on U ® H which depends on both of these metrics, but we
will denote it simply by || - ||u. The operator norm of « is then given by
()l
lallu = sup { .
oxceven L [ICllu

We shall denote the induced linear map U — U ® H* also by «, and observe that
the operator norm |||y is unaffected by this abuse of notation.

The metrics on U and H provide two adjoint maps associated to a, namely maps
U — U®H and the map U ® H* — U, and we denote both of these simply by
a*. Observe the identity ||o*||y = ||a|/v holds, irrespective of which of the two
possibilities is being considered for either side of the identity. The Frobenius-norm
of o will denoted by ||| = tr(aa*) = > lla(u;) |3 where {u;} is any orthonormal
basis for U @ H.

Now given two linear maps «, 8: U ® H — U we let

[a, B] = aff — Ba (5.5)

which will always considered as an element of End(U). Thus the two instances
of a (resp. B) in the right hand side of are denoting different linear maps.
As a last abuse of notation, if A € End(U) we will denote the induced element in
End(U ® H) obtained by tensoring with the identity also by A (again, this change
of view does not change the norm of A). Thus if A, B € End(U) the quantity

(o, ABB] = aABB — ABBa
is a well-defined element of End(U).

5.2. Asymptotic Expansion. The theorem we want will follow from a state-
ment about sequences of operators on hermitian vector spaces. To make this self-
contained, suppose Vj is a sequence of finite-dimensional vector spaces with metrics
-1 =1l Assume that o = ag: Vi — Vj is a linear map and set 8 = a*, the
adjoint with respect to || - ||. Assume also that

1Bkl = Nl llie = O(K®). (5.6)

19
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Also let x = xx be a sequence of real number that is strictly O(k™) and € = ¢ be
a sequence of real numbers with ¢, = O(kP).

Now for fixed k define operators A; = Aj;, and B; = Bjj;, on V), recursively by
Ay =By =1d

J

Ajpr =€y [0, AiBB; ]
1=0

j
Bjj1=—) BiAj1 i
=0

Thus the A; are universal quantities that depend on «a, 8 and €. The first few are
given by

Ao =1d
Ay = €|a, B]
Az = *[a, [[o, 8], B]
As = €, [[o, [[ov, 81, B1], B] = lav, BB, B] + Blev, B°].
Fix a constant C' > 0 and consider the ball
D =Dy :={Q cEnd(V): [xQ —Id| < Ck~'}.
Theorem 5.4. Assume that C is sufficiently large. Then

(1) For each j the norm of A; is bounded independent of k.
(2) Suppose a sequence Py, € Dy, satisfies the equation

_ € _
P, =¥ 1(Id+%[a,Pk6Pk .

Then for any given N > 1 we have

N
XPe =Y k9A; + Ok~
j=0
where the error term is taken in the operator norm induced by | - ||’

Remark 5.5. It may help the reader to consider the following formal argument
that explains why Theorem [5.4] holds. Consider the series

_ Ay A

P=x"14o+=—=+2+..1).

X (Aot =+ s )
We treat the above merely as a formal expansion, and no convergence is implied.

We claim that P satisfies the equation

P=y! (Id +%[a,PﬁP*1]) .
To see this observe that by construction AgBy = Id and if j > 1 then Zgzo BiA;_; =
0. Hence xP(By+ By /k+---) =Id so formally P~! = x(Bo+ B1k~'+---). Thus

J

¢ -1 € —JA. -ig1= & —j 8B,
2o PBPT!] = E[a,Zkz TA;BY kIBj] = k[a,Zk 7> AiBB;_i]

>0 >0 >0  i=0

J
= Z k_j_16[047 Z Azﬁijz] = Z k_j_lAj+1
=0

j=0 j>0
=xP—-1d.
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Of course we have no reason to expect that the above series converges, and thus the
actual proof of Theorem is a little longer. We start with the uniform bounds
on the operators A;.

Lemma 5.6. The norms ||A;||" and |B;||" are bounded independent of k; that is
there exist constants C; such that

[A;]I" < C; and || By||" < C;  for all k.

Proof. This is immediate from the recursive formula as

i i
1A 1l = elller, D AiBBs ]l < 26y Nl | AN BN 11 B;—ill

=0 1=0
J
=2¢[la]? ) CiCy.
=0

Thus the bound we want follows as |||’ = O(k?). The argument for B; is the
same. O

Now fix some integer N > 0 and choose a constant C' = C'y large enough so

N
>3

j=1
where C; as in Lemma
Lemma 5.7. If Q € Dy = {Q € End(Vy) : [|[xQ — 1d||" < Ck™1} then Q is
invertible and for all k sufficiently large

Q" < 2x7! and |Q7" < 2x.

Proof. For k large we have Ck=1 < 1/2s0 ||Q]' < ||Q — x 1A' + x|’ <
2x~1. On the other hand x@Q = Id +R where |R||' < Ck™! < 1/2,s0 x Q7! =
> onso R exists and [[x'Q < 2. O

Next set
N
Rp=x""Y k77A;
7=0

We will prove that Ry is asymptotically close to satisfying the same defining equa-
tion as Py, and use this fact to show that Ry and Py are themselves asymptotically
close.

Lemma 5.8. We have
Ry, € Dy, for all k.

Moreover the inverse of Ry, satisfies

X 'Ry =Bo+--+k NBy+ 0Ok, (5.7)

Proof. The first statement is clear from the definition as

N N
1By —x M) < x Tty RTA N < xR Y 6 < xTHRTIC
j=1 j=1
For the second statement let g(Q) = YQRx. Then g~ 1(Q) = X_lQRgl which gives
IDg~Yqll < x IR < 2. Moreover g(x 'R;') = Id and (Y} (k7 B;)) =
1d+O(k~N=1). Thus xR =100 k7 By = g7 (Id) + ¢~ (1A +O (k=N ~1)|| =
O(k~N~1) by the Mean value theorem applied to g~!. O
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Lemma 5.9.

Ry =\ (11 [ RiBR; ] + O 1)

where the error term is taken in the operator norm induced by || - ||.

Proof. For convenience, for this proof we redefine the A;, B; by declaring that
Ag = By =1d,

J
Aj_;,_l = €[aaZAiﬁBj—i] for 1 < j < N -1
=0

J
Bj+1 = _ZBiAj+17i for1 < J<N-1
=0

and A; = Bj =0 for j > N. Then Ry, = Y-, k™7 A; and XIR = > kB +
O(k—N=1). So

Id+£[a,RkﬁRgl] :Id+£ > kAR kB + 0k
j=>0 j=>0

J
€ i _N—
=Id+r[a, Y k77 AiBB;i]+ Ok~ by (), E6)

§>0 i=0

J
=Td+ > k77 'efa, Y AiBB; ]+ Ok N72).

>0 i=0

Thus letting

J
A= Z k_j_le[a,ZAiﬁBj_i]
i=0

Jj=N
we have
N-1
Id + - = T A+ A “N-2
+E[O‘7RkﬁRk J=1Id+ Z k 41+ A+O0(k )
=0

N
=Id+) kA + A+ 072

j=1
= xR +A+O0(kN72).

So all that remains to prove that A = O(k~N~1). But this is clear since if j > 2N
and 0 <4 < j then either A; or B;_; are zero, so in fact

2N j
A= Z k_j_le[a, ZAzﬁijz]
j=N i=0
Thus the required bound on A comes from (5.6) and Lemma ([5.6)). O

Proof of Theorem[5.] Let W = End(V%), which is given the operator norm || - ||},
Define a function f: W — W by

F(@=x" (1d+510,Q5Q7]) .
By hypothesis f(P) = Pr and Lemma [5.9] implies
Ry = f(Ry) +x 'Ok~
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By the Mean-Value theorem and the bound on the derivative of f over Dy that we
shall show below (Lemma (5.10)) we conclude

1F(P) = f(Ri)|I" < C"k7Y|P — Ry
So
I1P = Ry||" < If(P) = fF(ROII' +Xx " Ok < C"k7H|IP = Ryl +x T O(k™7)
Thus
|P = Ri|'(1 = C"k™Y) = x O™
For k sufficiently large we will certainly have 1 — C”k~! > 1/2. Thus we conclude
Py — Ry = x *O(k~N~1) as required. O
Lemma 5.10. For all Q € Dy, the derivative of f is bounded by
IDflell" = Ok~
where Df|g: W — W.

Proof. If E € W then (Q +tE)™!' = Q' —tQ ~'EQ~' + O(t?). Thus thinking of
Df|g: W — W we have

Df|o(E) = x‘ek o, EBM ~' — DBD'EM ).
So
IDflo®E)" < x~ ek="2]lal" (181D~ + IDIIBI 1D~ HI) I £,
and using and , this implies
IDflell" < C'ek™!

as required. O

5.3. Synthesis. Let || - || be a weakly geometric sequence of metrics on H°(E(k))
and let || - ||} be the L?-metric of the induced Fubini-Study metric Hpg . Let
d =6 = O(k™1). We shall apply the results of the previous section to the vector
spaces Vi, and morphisms

o= ¢.: H(M)® H(E(k)) — H°(E(K)).

So let a* be the adjoint of o with respect to || - || and 5 be the adjoint with respect
to || - ||},. Also let

ok
=g =—>73 (5.8)
1A flel
where the Frobenius norm used to define ¢ depends on the original metric || - ||, and

not on || -||’. Then as § = O(k™~!) we have by the weakly geometric hypothesis on
|- ||x that e = O(k?).

Lemma 5.11. Suppose that the sequence of Fubini-Study metrics Hpgy, lie in a
bounded set. Then |||}, = ||lal/, = O(K°).

Proof. This is clear since by definition (3 is the adjoint of « with respect to the inner

product determined by || - ||}, giving the first equality. The second follows since « is
the linear map induced by ¢: M ® E — E which is bounded pointwise, and || - ||’
is the operator norm of a bounded sequence of hermitian metrics on E. (I

Lemma 5.12. Suppose that (-,-)}, = (Px-, ). Then
o = P8P, !
and moreover there is a constant C such that

1P = x7"Id [ = [Pe — x~ ' 1d & < x 7 Ok (5.9)

23
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Proof. The first statement is a straightforward calculation, which we emphasise
should be read with the convention in in mind. Thus it consists of two state-
ments, namely that the equality holds as maps H°(E(k)) — H°(E(k)) ® H°(M)
and also as maps H(E(k)) ® H*(M)* — H°(E(k)).

To prove ([5.9) notice that

_ € . 12
[Py —x~'1d || < x IEH[OMY JIh<x 1?||Oé||2

since the dual here is taken with respect to the || - ||z metric so ||a*|| = ||a||. Thus
from we have

[Py = x ' 1d[x = x TO(E™). (5.10)
Finally the hypothesis (-,-)}, = (Px, )k, and the fact that Pkl/2 is self-adjoint with
respect to (-,-) and commutes with P, — x 1 Id, yields (5.9). O

There is no loss in making C larger if necessary. Once again we set
Dy, ={Q € End(H(E(K)) : [xQ —1d|" < Ck™'}.

Corollary 5.13. Suppose that (-,-)}, = (Pi,-)k. Then P, € Dy for all k and
satisfies

€ _
Po=x"! (Id+E[a,PkBPk 1])

Proof. The first statement comes from Lemma In particular Py is invertible
by Lemma and final statement combines the defining equation for P (5.1)) and
Lemma [5.12) O

Proof of Theorem[5.3. Corollary and Lemma[5.11] mean that Theorem [5.4] can
be applied to the morphism ¢, = a: HY(E(k)) — H°(E(k) giving the desired
operators A;. O

6. LIMITS OF BALANCED METRICS

In this section we prove Theorem [1.4|in the introduction. Let § = ¢k"~1 +O(k"~2)
with £ > 0 in our definition of balanced metric.

Remark 6.1. As will be clear from the proof, if in Theorem [[.4] the sequence of
balanced metrics is weakly geometric with constant ¢’ in (5.2]), then we have the

bound

ot
1+rkgc 1+rky ¢

for the constant in the Hitchin equation.

6.1. Hormander estimate. We first give a simple consequence of the Hormander-
estimate. Let L be positive with positive metric A and E be a holomorphic bundle
with metric H. Together these determine a metric on E ® L* which we denotes by
Hy, = H® h¥. We write || - || g, for the L2-metric on C°°(E ® L¥) induced by Hj,
and the volume form w(™ where w is the curvature of h. We also use this notation
for the induced L2-metric on the space of forms with values in F ® LF. We denote
by
,: C*(E® L") - H(E ® L)

the L?-orthogonal projection.

Theorem 6.2. (Hirmander estimate) Let gi, be a O-closed (0,1) form with values
in E @ LF with finite L?>-norm. Then there exists a smooth section vy in E ® L*
such that

Ovy = g

C
2 2
lvellzr, < o llgkll,
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Corollary 6.3. Let f € C®°(E ® L¥). Then

C _
e = T (Fi) 17, < L 110kl
Proof. Let up = fr — g (fx). Then by the definition of an orthogonal projection

lukll < [1fx = tla,
for all t € H O(EL’“); Now apply the Hormander estimate with g = Of to deduce
there is an v with dv, = dfy and

C —
loxllZe < —l19fx]®

Put t = fx — v so t € H(E ® L¥). Then

C _
< Z19fl,

as claimed. O

lurllZr, < fe =t = ol

6.2. Proof of Theorem [1.4l Recall
¢ HOM) @ CY — HO(M @ E(k)) % HO(E(k)) ~ CV,

where the first map is the natural multiplication and the isomorphism H°(E(k)) ~
CN is given by a choice of basis s of H°(E(k)). Denote by (,-) the standard
hermitian metric on CV (i.e. corresponding to the metric on H°(E(k)) that makes
the balanced basis s orthonormal) and by (¢.)* the corresponding adjoint. Define
e =e(k) as in (5.8).

Recall from Proposition that the basis s of HY(E(k)) is balanced if and only
if the corresponding embedding ¢, and quantized Higgs field ¢, satisfy

1
where s; = P'/2s; gives an orthonormal basis for the L% metric induced by Hj, =
tthps and P is given by the endomorphism ([2.4)).
Proof of Theorem[I.J] Define a sequence of smooth endomorphism of E by
Ty, := x '(Id +ek~'[p, ¢*]) By — 1d.
where By, denotes the Bergman function of the balanced metric hg.

We claim that by the asymptotic expansion of the Bergman function, it is enough
to prove the following bound for the L?-metric on C*°(End E)

[T lln, < CE™' (6.2)
for some v > 0. To see this, note that the asymptotics of the Bergman function
imply

[AkFhy + So/21d +e[d, ¢™*] = Ad ||, < k|| Tl + C'% "
and hence (6.2]) implies a pointwise equality
klim ApFp, + So/21d +e€lg, o™ = A1d.
—00
We have two cases. If [¢, 9*»] = 0 then, as e = ¢(k) is bounded by (5.2)), the previous
equality implies that the limit metric i satisfies the Hermite-Einstein equations
(equivalent to the Hitchin equations in this case) up to a conformal change. On the

other hand, if there exists z € X such that [¢, $**](z) # 0 then by C° convergence
of the endomorphisms Ay Fy, and [¢, ¢**] we have that

Cc = kll}H;O E(k) = 7((AFh + Sw/2 Id 7>‘Id)z)1]/([¢a ¢*h]z)lj
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where ([¢, $**].)i; is the ij component of the endomorphism ([¢,¢*"].) after a
choice of trivialization of F at z. Hence, the metric h satisfies the Hitchin equations
with constant ¢. This proves the claim, and we observe also that the bound of ¢
claimed in Remark follows again from .

Remark 6.4. Another way to prove this is to take a convergent subsequence for
the bounded sequence e(k).

For the proof of the main estimate (6.2]), using Proposition we write
Ty = X' (e [0, 6™ ])Be = D _(Ps))(, 5
l
€

kXZ((W &) = [hue, (Dar) )8 (-, 8)) 1,
—Z (P = P0)s})( 8},

~ Z([¢ & — TLd™]s)) (-, 8

= > (P = P)s) (- s))m,
!

where
Py = X7 (Id +ek™ o, (6:) 70]).
and we have use the identity

(B, (@) x5 = [, Tk ™ 57.
Lemma 6.5. For any linear map o: HY(E(k)) — C*(E(k))

IIZ a(s) (s s) mlln, < CE [l

for C > 0 independent ofa and k, where || - || m, denotes the operator norm induced

Proof. The lemma follows from the asymptotic expansion of the Bergman Kernel,
which implies the following bound

1> Isiliz,lle < CE
l

for a constant C' indepedendent of k. Using this, we have

1/2
w
”Z Sl Hk”hk = (/ |Z Sl Sl Hk|2 >

< ( /. (;m(s;)ﬁﬂ.) (ZI:'S%’“) j;,)/

1/2
< M2 (Z ||a<s;>||%k> < YA o,
l

|
Taking now L?-metric on the last expression for T}, we obtain
ekn * * n
[ Tkln,, < CEHMWS * = I1k¢™ ]|, + CE"[|P — Pi|

< Ok Mgl o™ — g™ ||, + C'R
S Cllk—2||5(¢*k)||Hk + Clk—Q S C///k—Q
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as claimed. Here, for the second inequality we apply Theorem while the third
inequality follows from the Hérmander estimate Corollary (]

Remark 6.6. Although we do not expect the geometric case to be particularly rel-
evant, it may be worth mentioning that there exists a more direct proof of Theorem
assuming this stronger hypothesis. For that, one uses the Hormander estimate
combined with the following characterization of the balanced condition (only valid
in the geometric case)

]
I, | xB; ' — —————(¢IIx¢™ — ¢* p) —1d | = 0. (6.3)
( E T T 6T,
Here Hj, = hj, ® h% denotes the hermitian metric on E(k) whose L? norm is || - || 5

and II; the corresponding projection onto HO(E(k)).

7. GENERALIZATIONS

The results in this work generalize to twisted quiver bundles with relations, assum-
ing that the twisting vector bundles are globally generated. A Hitchin-Kobayashi
correspondence for these objects was proved in [2], relating the existence of solu-
tions of the twisted quiver vortexr equations with the slope stability of a twisted
quiver bundle. A notion of Gieseker stability for twisted quiver sheaves has been
provided in [T} [36] for the construction of a moduli space.
The twisted Higgs bundles we have considered above are precisely twisted Quiver
bundles for the quiver consisting of a single vertex and arrow (with head and tail
being this one vertex). One could instead consider a quiver @) with two vertices
and one arrow

o, —— o) (71)

and a globally generated (twisting) holomorphic vector bundle M. An M-twisted
Q@-bundle over X is then given by a pair of holomorphic vector bundles F; and Ej,
and a morphism

¢: By @M — Ep.
Thus the difference here is that E; and E, may be different. Examples include
holomorphic triples [I7, [7] and Bradlow pairs, and slope stability of the latter is
related with the (classical) vortex equations [6].
To parameterize such quiver bundles (Ey, Ey, ¢), taking k a large positive integer,
we associate an endomorphism
HO(M) & HY(E() —— HO(Ea (k) (7.9)

*

Let Uy and Uj, be complex vector spaces and consider the parameter space Z given
by the vector space
Z = Hom(H(M) @ Uy, Uy)
We denote by
Z=P(Z®C)
its projective completion. Similarly as in Section basis s, for H°(FE;(k)) and
s;, for HO(Ey(k)) give isomorphisms HO(Ey(k)) ~ CNt and H°(Ey(k)) ~ CNr | an
embedding
ts: X = G := G(CNt;1kg,) x G(CN*;1kg, )
and a point
b.EZCZ
where U, ~ CNe, U, >~ CNn.,

27
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The group SU(Ny) x SU(N},) acts in Hamiltonian fashion on the space of embed-
dings

f=Ff:X—>ZxG, givenby f(z)= (¢u,is()),

preserving a Kéhler structure, obtained from the Fubini-Study Ké&hler structures
on the Grassmannians and Z. Zeros of the moment map are by definition balanced
basis for the quiver bundle in question. For the Geometric Invariant Theory, one
may consider the group SL(N;) x SL(N}) and the point

(¢4, TB,,Tr,) € Z X Py x Py, (7.3)

where Tg,, T, denote the Giesecker points for E; and Ej, respectively. The rele-
vant linearization is

Oz(€) @ Op, (01) ® Op,(02)

for o; positive real constants (used to define the vortex equations). The analogues
of Theorem [L.3] and Theorem [[.4] follow verbatim from this construction. Moreover
by extending in the obvious way one gets the same results for an abitrary quiver
bundle, assuming still all the twistings are globally generated. Furthermore it
should be possible to extend all of this to the theory of parabolic (and irregular)
twisted Higgs bundles that also have physical relevance (we thank M. Winjholt for
this observation).

We note in passing that the approach we have taken in this paper (both in the
case for a twisted Higgs bundle and for a more general quiver representation) is
close in spirit to that of L. Alvarez—CénsulfKing, who pioneered the use of certain
“Kronecker modules” to construct moduli spaces of sheaves [I], p.111] and [4].

As mentioned in the introduction, a related notion of balanced metric was intro-
duced by J. Keller in [I9], for suitable quiver sheaves arising from dimensional
reduction. The approach in [I9] is different from ours, as the balanced metrics are
considered on filtered vector bundles and related a posteriori with metrics on quiver
sheaves using the dimensional reduction arguments in [3]. As pointed out in [2] this
does not allow twisting in the endomorphism and thus does not apply to twisted
Higgs bundles. For the quiver , a link with [19] is provided by the assumptions
M = Ox and ¢: E; — Ej, surjective. In this situation, the filtered bundle is simply
E; with the flag

0 C Ker¢p C E;
and the target space for the balanced construction in [19] is given by
G(CNt 1kp,) x G(CNt vk, —1kp,).

Considering the extended commutative diagram ([7.2)) induced by ¢, one can easily
construct a (partially defined) morphism from the target space in our construction
Z x Gy x Gy, to the target space in [I9], which sends

(Dsser,en) = (er,en 0 dy).

This morphism is equivariant, for the homomorphism SL(N;) x SL(Np) — SL(Ny)
given by projection in the first factor, but does not preserve the symplectic struc-
tures used for the balanced condition. Thus the two approaches have different
moment maps, and thus are qualitatively different.

APPENDIX A. WEAKLY GEOMETRIC METRICS

We include here the justification for the terminology used for weakly geometric
metrics.
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Proposition A.1. Fiz a hermitian metric H on E and let let ||-||x be the geometric
metric on H*(E(k)) induced by Hy, := H®h%. Then if p: M ® E — E is non-zero
then || - ||k is weakly geometric with respect to ¢. Moreover the constant ¢’ can be
chosen uniformly as H varies in a bounded set of metrics on F.

Lemma A.2. Let M’ and E be hermitian vector bundles and
m: H°(E(k)) ® H'(M') — H*(M' ® E(k))
be the natural multlipication map. Then there exists a constant C' independent of k
such that
lm|* < C

where all the vector spaces are endowed with the induced L?-metric. In fact one
can take

C = h(M")sup{[t(z)[3, : t € HO(M"), [|t]| = 1}.

Proof. Let s, be an orthonormal basis for H°(E(k)) and tz an orthonormal basis
for HO(M'). Any v € H°(E(k)) ® H°(M') can be written as v = Y 5v5 where
Vg = >, GapSa @ tg for some coefficients aqp. So [[v]|* = 324 [Jvsl* and [Jug|* =
15 aapsall®

Now let C" = supg{|[|t5]|%,}. Then
m(vs(2))|* = [ta(2)|? \Zaaﬁsﬂ
and so o
@l < [ 13 eassa5 = el
Hence using Cauchy-Schwarz,
[m(o)|* < h°(M Z Im(vg)]* < CZ lvsll* = Cllvll
as claimed. 0
Proof of Proposition[A.1. We shall show that

/
SR <l e < (A1)
rkE

We first deal with the operator norm. The map ¢, is the composition of the
multiplication map H°(M) ® H°(E(k)) — H°(M ® E(k) and the pushforward
H°(M ® E(k)) — H°(E(k)). The norm of this multiplication map is bounded in-
dependent of k£ by Lemma applied with M’ = M. The norm of the pushforward
is clearly bounded, as ¢ is continuus and the vector spaces are endowed with their
L?-metrics. Thus we have ||¢.|| = O(k?) as claimed.

Turning to the first equation in recall that the leading order asymptotic of
the Bergman kernel is given by

Br =) so@sy™ =k"Id+O(k"")

where {s,} is an orthonormal basis for H°(E(k)). Here By, is considered as an
smooth section of End(FE) and the error term can be taken in the supremum norm
determined by H, and is uniform as H varies over a bounded set. We recall that in
this expression the term s, ® s%* denotes taking the fibrewise dual, so should be
considered as an element in End(F ® L¥) ~ End(E), and under this identification

S0 ® sZ’Hk(C) = SaT_l(Sa,C(X)T)Hk for(e E,,0£T€ L’j.
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In particular taking the trace this implies Y, |sa(2)|3;, = tkg k™ + O(k"~'). So
applying the endomorphism Bj to some non-zero C € E, gives

K"+ O(k™ 1) Zsa (2), ¢ ® ) m,-

Now tensoring with some n € M,, applylng ¢ and taking the norm-squared gives
n n— 2
E6(¢ @ n)|% |Z¢ $a (2T 1) (5a(2), ¢ ® T, + O™ 1)},

- ’Z¢ 5a(2)MT H(5a(2), (@ T)H, —t—O(k:”_l)’iI

SZW(Sa |sz‘3a )i [¢1F + Ok Y nlr,, I¢1H

where the last inequality uses Cauchy—SchwarZ for the sum, and then again for the
inner product (s4(2),(, ® 7) g, . Thus

k2n|¢(4|§)2n)H < k an|¢* Sa )lHk+O(k2n 1)| ‘HM (A2)

Now fix an orthonormal basis tg for H°(M). For each 3 let ¢5: E — E be

$5(¢) = d(C @1p(2)) for ( € E,

Observe that since M is globally generated, and ¢ # 0, there is at least one § for
which ¢g is non-zero. We let CIB be the L2-metric of ¢s, ie.

/ 2 2 w"
g = llosllm == . lésl=lzr—

where ||¢g|;|| g is the operator norm of ¢g|.: E, — E., and set
= chﬁ > 0.
B
Now if t5(2) 7é 0 then substituting n =tp(z) into (A.2) gives
" 198(¢ -
rkE T<|2 < 2164 (50 D5, +O®"Dlta )l

and taking the supremum over all non-zero ( € E, gives
k™ e
EH%IZII?{ <D bu(sa @ t5(2)) 7, +OR" Its(2) Ry,
«

Moreover this inequality clearly holds if ¢3(z) = 0. Thus taking the sum over all j
and then integrating over X gives

k" e e
g D l16s(sa @ tp)l7g, + OK™) = llgull + O(R" )
a,B
which gives (A.1]). O
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