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ABSTRACT

Pathways are the functional building blocks of complex diseases such as cancers.
Pathway-level studies may provide insights on some important biological processes. Gene set
test is an important tool to study the differential expression of a gene set between two groups,
e.g., cancer vs normal. The differential expression of a gene set could be due to the difference in
mean, variability, or both. However, most existing gene set tests only target the mean difference
but overlook other types of differential expression. In this thesis, we propose to use the recently
developed distance correlation for gene set testing. To assess the distance correlation test,
simulation studies under different settings are conducted for a comprehensive comparison with
the popular Hotelling’s T? test and rotation gene set test (ROAST). The three gene set tests are
also applied to two real datasets for further comparisons. Based on our simulation studies and
real data applications, it is found that the distance correlation test has overall better statistical
performance than Hotelling’s T test and ROAST test, especially for detecting the difference in
variability.

This thesis begins with introductions to the problem of gene set testing, and then
introduces the prevailing Hotelling’s T? test and ROAST test. Chapter 2 is a detailed review of
the concepts and properties of distance correlation. The results from simulation studies and real
data applications were summarized in Chapters 3 and 4 respectively. In Chapter 5, we conclude

the thesis with some discussion and future perspectives.



© 2020 by Sho-Hsien Su
All Rights Reserved



ACKNOWLEDGEMENTS

This thesis would not have been completed without the guidance from my committee, the
knowledge taught by the Statistics and Analytics (STAN) Program, the encouragement of my
friends, and the support of my family. First, I would like to give my immense appreciation and
gratitude to my committee chair, Dr. Qingyang Zhang, for his full support and guidance. He
repeatedly met with me to discuss the best direction for my thesis and spent endless hours
reviewing my thesis each step of the way. | would also like to express my deep appreciation for
my committee members, Dr. Jyotishka Datta and Dr. Yuchun Du, for their guidance and
encouragement.

| want to give my special thanks to Dr. Giovanni Petris, Dr. Avishek Chakraborty, and Dr.
John Robert Tipton, faculty in the Statistics and Analytics Program. | very much enjoyed
learning from those professors. The knowledge | gained from their classes has given me the
capability to study independently and work on the research project for this thesis.

My sincere gratitude goes to Dr. Kit Kacirek and Dr. Greg Belcher, who were the
advisors in my Ed.D. program and Ed.S. program respectively, for their encouragement and
mentorship. They encouraged me to pursue the STAN program when | expressed my interest
while | was a student in their program. | truly appreciate the relationship with these two great
professors.

Finally, I would like to give my special thanks to my family for their unflinching support.
I am intensely grateful for the selfless sacrifices of my family. | would not have been able to

successfully complete this degree without the support of my family.



TABLE OF CONTENTS

PAGE

Chapter 1 Introduction..........ooiuiii e e e e 1
1.1 Purpose of thisS thesis. ... .....ouiiuiiiii e, 3
1.2 HOLEIHNE S T2 STttt e 3
1.2.1.0N€e-SamMPIe tEST. .. .ot 3

1.2.2 TWO-SaMPle teSt. ..o 5

1.3 ROtAtion gene SELLeSt. .. .ovit ittt e 6
1.3. 1 Statistical Model.........ouiiieii i 7

1.3.2 Probe IeVel test. .. ...oovieiieiie e 8

1.3.3 GBNE SBL LS. .o ettt 9

L34 P-ValUCs. ... 11
Chapter 2 Methodology.........ooviiiii 12
2.1 Characteristic FUNCLION. ... .. .o e 12
2.2 Distance COITelation...........c.ouiuiii i e 13
2.2.1 Definition of distance covarianCe................coooviiriiiiiiiiii e, 14

2.2.2 Definition of distance correlation.................ocviviiniiiiiiiiiieiens 15

2.2.3 Estimated distance covariate and distance correlation......................... 15

2.2.4 Implementation of the Distance Covariance Test...............ccceveevennn.. 20

2.2.5 Modified distance covariance and distance correlation t-test................ 21

2.2.6 U-centering and unbiased distance covariance.................coevvvvennnenne. 22
Chapter 3 Simulation Studies..........cooiiiiiiiii i e 23

3.1 SIMUIAtioN SELHINGS. ...t 24



3.2 Hypothesis and significance level..............ocoiiiiiiiiiiiii e, 24

3.3 Assessing type | error rates (simulation study 1): ..........oooiiiiiiiiiiii. 25
3.4 AsSessing StatistiCal POWeT.........ouiiuii i 26
341 Simulation study IL........oeiii 28

3.4.2 Simulation study T 31

343 Simulation study IV 33

344 SIMUIAtiON StudY V. ..e i 34
Chapter 4 Real Data AppliCatioNS. .........oiirit i 38
4.1 First real data application............ooiiiuiiritii e 38
4.1.1 Dataset SUMMAIY . ... .ottt et e et e et et eaaeaneeneanas 39

4.1.2 Preprocessing of raw data..............oooveiiiiiiiiii i 40

4. 1.3 ReSUILS. .o 41

4.2 Second real data application............o.oueiriiriitiieee e 42
4.2.1 Descriptive statistics of the preprocessed dataset.............................. 44

422 RESUILS. .. .vtit e 48
Chapter 5 Discussion and ConcluSIONS. .........ovuiiiiiiiiiii i eaennn 50
R 1 1511 0 1 PP 50
I B TG 1 T 16 s D 50
5.3 CONCIUSIONS. .. .ttt 52
S FULUIE WOTK. . .o e 52

R T ONCES. ..o e 54
N 0 157 416§ o S7

Appendix A: Proof of equation (2.1)........c.oveiiiiiiii e 57



Appendix B: Proof of equation (2.2)........c.cooiriiriiiiiiii
Appendix C: Proof of 4,. = 0 in the double centered distance matrix of X...........
Appendix D: R program for assessing type | error rates (simulation study 1).........
Appendix E: R program for assessing powers in the simulation study Il..............
Appendix F: R program for assessing powers in the simulation study Ill............

Appendix G: R program for assessing powers in the simulation study IV.............
Appendix H: R program for assessing powers in the simulation study V..............
Appendix I: R program for the first real data application................................

Appendix J: R program for the second real data application............................

62

63

66

73

79

82



LIST OF TABLES

Table 1.1 Three Different Alternative Hypotheses of ROAST...............cooiiiiinni
Table 2.1 Distance Matrix for the Random Vector X......oovoeeieeiiiiiiiiii ..
Table 2.2 Distance Matrix for the Random Vector Y ......cooooviiiimiii i,

Table 2.3 Relationship among Ay, ay;, @., a.;, and a.. in the Distance Matrix for the
RaNdOM VECIOr X .. .o e

Table 2.4 Relationship among By, by, by., b.;, and b.. in the Distance Matrix for the
RaNdOM VECIOr Y ..

Table 2.5 Double Centered Distance Matrix for the Random Vector X ..................
Table 2.6 Double Centered Distance Matrix for the Random Vector Y ...................
Table 3.1 Hypotheses for Distance Correlation, Hotelling’s T2, and ROAST Tests.....
Table 3.2 Settings of the Four Conditions for Assessing Powers.......................c.e.
Table 3.3 Settings of u, and u, for Different Three Cases in the Simulation Study II...

Table 3.4 Settings of u,, iy, 0y, and a; for Different Cases in the Simulation Study

Table 3.5 Settings of g, iy, 0y, and o, for Different Cases in the Simulation Study V

Table 4.1 Descriptive Statistics of p-values for Distance Correlation Test and
ROAST Test under Different Thresholds...................ooooiiiiiiii,

Table 4.2 Information of the Variables in the Metadata File..................ccoevi il

Table 4.3 Conditions and Group Sample Sizes for Re-categorized Age, Sex,
Nationality, and BMI_group..........c.ccoovviiiiiiiiiiiiiiiiieieeeeeeee

Table 4.4 Skewnesses of the Distributions of Mean Differences and Standard
Deviation Ratios for Re-categorized Age, Sex, Nationality, and BMI_group

Table 4.5 The p-values for Distance Correlation Test, Hotelling’s T? test, and
ROAST Test in Age, Sex, Nationality, and BMI Group.........................

24

28

31

35

46



Table 6.1 Means and Standard Deviations of Type | Error Rates for Different Sample
Sizes and Different Hypothesis TestS.........c.ooevriiiiiiiiiiiiiiiiiiieanne,

Table 6.2 Means and Standard Deviations of Powers under Case 1 in the Simulation
Study II for Different Sample Sizes and Different Hypothesis Tests...........

Table 6.3 Means and Standard Deviations of Powers under Case 2 in the Simulation
Study II for Different Sample Sizes and Different Hypothesis Tests...........

Table 6.4 Means and Standard Deviations of Powers under Case 3 in the Simulation
Study II for Different Sample Sizes and Different Hypothesis Tests...........

Table 6.5 Means and Standard Deviations of Powers under Case 1 in the Simulation
Study III for Different Sample Sizes and Different Hypothesis Tests.........

Table 6.6 Means and Standard Deviations of Powers under Case 2 in the Simulation
Study Il for Different Sample Sizes and Different Hypothesis Tests.........

Table 6.7 Means and Standard Deviations of Powers in the Simulation Study IV for
Different Sample Sizes and Different Hypothesis Tests.........................

Table 6.8 Means and Standard Deviations of Powers under Case 1 in the Simulation
Study V for Different Sample Sizes and Different hypothesis Tests...........

Table 6.9 Means and Standard Deviations of Powers under Case 2 in the Simulation
Study V for Different Sample Sizes and Different hypothesis Tests...........

Table 6.10 Means and Standard Deviations of Powers under Case 2 in the Simulation
Study V for Different Sample Sizes and Different Hypothesis Tests.........



LIST OF FIGURES

PAGE

Figure 3.1. Average Type | Error Rate versus Sample Size in Different Hypothesis

S P 26
Figure 3.2. Average Power versus Sample Size in Different Hypothesis Tests under

the First Case in the Simulation Study IL....................ooa, 29
Figure 3.3. Average Power versus Sample Size in Different Hypothesis Tests under

the Second Case in the Simulation Study II......................onl. 30
Figure 3.4. Average Power versus Sample Size in Different Hypothesis Tests under

the Third Case in the Simulation Study IL.............c.ccccciniiinicnccieeee.. 30
Figure 3.5. Average Power versus Sample Size in Different Hypothesis Tests under

the First Case in the Simulation Study III..................ooiiiiiii, 32
Figure 3.6. Average Power versus Sample Size in Different Hypothesis Tests under

the Second Case in the Simulation Study IIL...........ccoooiiiniininiiee. 32
Figure 3.7. Average Power versus Sample Size in Different Hypothesis Tests in the

Simulation Study IV... ..o 34
Figure 3.8. Average Power versus Sample Size in Different Hypothesis Tests under

the First Case in the Simulation Study V..............co 36
Figure 3.9. Average Power versus Sample Size in Different Hypothesis Tests under

the Second Case in the Simulation Study V... 36
Figure 3.10. Average Power versus Sample Size in Different Hypothesis Tests under

the Third Case in the Simulation Study V... 37

Figure 4.1. Distribution of Mean Differences between the Normal and the tumor

Groups for Each miRNA with a Normal Curve...............ccooooviiiiinnn.n. 39
Figure 4.2. Distribution of Standard Deviation Ratios between the Normal and Tumor

Groups for EachmiRNA....... .. 40
Figure 4.3. Histogram and Scatterplot of Different Thresholds versus Number of

Selected MIRNAS. ...t 41

Figure 4.4. Distributions of p-value for Distance Correlation Test and ROAST Test
under all Different Thresholds...............oooiiiiiiiiii i, 42



Figure 4.5.

Figure 4.6.

Figure 4.7.

Figure 4.8.

Distributions of Mean Differences and Standard Deviation Ratios between
the Two Groups of Age for all Genus-like Groups...............c.cevennn.

Distributions of Mean Differences and Standard Deviation Ratios between
the Two Groups of Sex for all Genus-like Groups..............coevvevinnnnn..

Distributions of Mean Differences and Standard Deviation Ratios between
the Two Groups of Nationality for all Genus-like Groups.....................

Distributions of Mean Differences and Standard Deviation Ratios between
the Two Groups of BMI_group for all Genus-like Groups.....................

46

47

47



Chapter 1
Introduction
A gene set is a collection of genes that are a priori co-regulated or functionally related

(Hejblum, Skinner, & Thiébaut, 2015) and a biological pathway can be defined as a sequence of
interactions among molecules in a cell to govern a certain product or a change in a cell
(Wikipedia, n.d.). Pathway information provides the facts of biological processes at molecular
level (Cerami et al., 2011). For example, the cell-cycle pathway regulates an unreversed and
crucial process of cell division. The life of a cell involves two stages that are interphase and M
phase (Casem, 2016). M phase embraces all the steps occurred in mitotic cell division and
interphase has G1, S, and G2 stages representing every other aspect of a life of cell. Cell cycle
pathway is controlled by two classes of proteins known as cyclin-dependent kinases (Cdks) and
cyclins. A diverse set of Cdks and cyclins rules each of the stages of the cell cycle. For instance,
activation of Cdk2 by cyclin E controls the transition from G1 to S phase. However, the
transition from G2 to M phase is controlled by the binding of Cdk1 and cyclin B. Cdk activity
will be disabled when the cell has successfully transitioned from one phase to the next phase by
destruction of the corresponding cyclin. There are three checkpoints in the process (Bio-Connect,
n.d.):

(1) G1 checkpoint: determining if a cell will enter the cell division process

(2) G2 checkpoint: determining if the cell will enter into mitosis

(3) metaphase: ensuring proper chromosome alignment prior to cell division.
If a cell fails to meet the requirements of each checkpoint, it will lead the cell to halt cell cycle
progression to next phase. The checkpoints are not often functional in cancer. This will result in

genomic instability that is feature of malignant cells.



Gene set test is an important tool for evaluating differential expression of genes
representing pathways or other biologically interpretable processes (Wu & Smyth, 2012).
Goeman and BiihImann (2007) classified gene set tests from two aspects: (1) the type of the null
hypothesis and (2) the calculation of the p-value. By different null hypotheses, the tests can be
classified into competitive and self-contained tests. Competitive gene set tests evaluate the
differential expression of the selected genes relative to all other genes, to name a few, the gene
set enrichment analysis (GSEA) proposed by Subramanian et al. (2005) and improved GSEA
proposed by Efron and Tibshirani (2007). Self-contained gene set tests focus on the gene set or
pathway of interest without reference to other genes, for instance, the global test (Goeman et al.,
2004), ANCOVA-based approach (Mansmann & Meister, 2005), and the test proposed by
Tomfohr, Lu, and Kepler (2005). Suppose G is the gene set of interest and G¢ is the complement
of G, the null hypothesis for competitive gene set tests can be stated as:

“H,°": The genes in G are at most as often differentially expressed as the genes in G¢”
(Goeman and Biihlmann, 2007, p. 981),

and the null hypothesis for self-contained gene set tests can be stated as:

“nglf : No genes in G are differentially expressed” (Goeman and Biithlmann, 2007, p. 981).
By the method of p-value calculation, gene set tests can be classified into gene sampling
methods and subject sampling methods. In gene sampling methods, p-values can be calculated
for the gene set on a distribution where the gene is the sampling unit whereas subject sampling
methods take subject as the sampling unit. The sampling units in both methods are assumed to be
independent and identically distributed. Specifically, p-values can be evaluated by permuting

genes in gene sampling methods and permuting subjects in subject sampling methods.



1.1 Purpose of this thesis

Existing gene set tests rely on several key assumptions such as normality and
homogeneity of variance, to examine the differential expression of the gene set of interest by
comparing the mean vectors. However, the differential expression of a gene set can be in many
other forms such as variability difference. The goal of this thesis is to use an existing dependence
measure which is capable of detecting differences in both mean and variability of a gene set
without any parametric assumption. To validate the performance of distance correlation in gene
set testing, two commonly used gene set tests including Hotelling’s T test and rotation gene set
test (ROAST) (Wu, et al., 2010) are used in the comparison.

The thesis is structured as follows: A review of these two tests is provided in the sections
1.2 and 1.3. The review of distance correlation is provided in Chapter 2. The simulation studies
are presented in Chapter 3, and real data applications are given in Chapter 4. Chapter 5 discusses
and concludes the thesis
1.2 Hotelling’s T* test

In 1931, Hotelling proposed the T? statistic in his paper entitled “The Generalization of
Student’s Ratio”. Hotelling’s T? test is a multivariate generation of Student’s ¢ test. Hotelling’s
T? test can be used for one-sample and two-sample cases. In this section, we review the concept
of Hotelling’s T? test by contrasting with univariate ¢-tests.
1.2.1 One-sample test

In the univariate case, suppose a random variable x~N (u, a2). For a sample with n

subjects, the t statistic can be defined as:




where X is the sample mean and s is the sample standard deviation. The t statistic follows the
t,,—, distribution. One application of the t statistic is one-sample t test:

Hy: p = po,
where p, is the proposed mean. Under H,, is true, the test statistic can be defined as:

X — U

T="——. (1.1)
Vn
It can be shown that T follows a t,,_, distribution. Now, we consider the multivariate case.
X1
X
Suppose a random vector X, = ’ ~MVN (ppx1, Zpxp ). There is a sample with n subjects:
Xp
X11 X21 Xn1
x® = "] x@ = [*2] . xo = |2
X1p X2p Xnp

For testing Hy: 1 = o, Under the Hy is true, the Hotelling’s T? statistic in the one-sample case is

analogous to the square of T given in (1.1):

A

_ g
HT? = (X — )" (;

-1
) X — o),

n
_ 1 .
where (1) X = EE X® s the sample mean vector,
i=1

(2) o is the proposed population mean vector, and
1 n
3 L= —Z(X @ _x)(x®-X )T is the sample dispersion matrix by maximum
ne
likelihood estimation (Anderson, 2003).

Under H, is true, the test statistic can be defined as:



n—p
T=— " HT?,
(n—1p

The test statistic T follows F, ,,_,, distribution.
1.2.2 Two-sample test
In the univariate case, suppose a random variable x can be categorized by a factor

y = {1, 2}. Let x, represent x|y = 1, x, represent x|y = 2, and they follow normal distributions
with a common variance:

(1) x1~N (g, 02),

(2) x2~N(u3, 0?).
Suppose a sample with n subjects includes n; subjects from the first population and n, subjects
from the second population. We are interested in if

Ho: py = .

Under H, is true, the test statistic can be defined as:

X1 —X
T = 2 (1.2)

b
s nq + n,
pooled nyn,

where (1) x; and x, are the sample means of x when y = 1 and y = 2 respectively,

§sy + ss
(2) Spooted = n-ll-T—ZZ is the pooled standard deviation (ss; and ss, are the sums of
1’ 1 2

squares of x when y = 1 and y = 2 respectively).

This test statistic T follows the t,, ., distribution. Now, we consider a multivariate case.
Suppose a random vector X,,,; can be categorized by a factor y = {1, 2}. Let X; represent

X|y =1, X, represent X|y = 2, and they follow two multivariate normal distributions with a

common dispersion matrix:



(1) X1~MVN (uy, Zpxp ),

(2) X;~MVN (uz, Zpxp)-
Suppose a sample with n subjects includes n; subjects from the first population and n, subjects
from the second population. For testing Hy: jt; = i, under the H, is true, the Hotelling’s T2 in

the two-sample test is analogous to the square of T given in (1.2):

nin,
HT? =
n, +n,

X, - Xz)sz;ololed(X1 - X),
1<
where (1) X; =n—ZX(i) vX|y =1,
14
i=1

1S
2) %, = n—z X0 vXly =2,
=

2

(3) i:\pooled
1 . . P . , T
=m ;()ﬁm —)?1)()(1(1) —)?1) +;(X§]) —)?2) (Xz(]) —)?2)

is the pooled sample dispersion matrix (Anderson, 2003).
Under H, is true, the test statistic can be defined as:

n—p-—1

r= (n—2)p

HT? (Izenman, 2008).

The test statistic T follows the F,, ,_,,_; distribution.
1.3 Rotation gene set test

Gene set tests based on permutation of probes for computing p-values assume that genes
are independent. However, this assumption is unrealistic. Wu et al. (2010) proposed ROAST
gene set test that allows for genewise correlation by using rotation which is a Monte Carlo

technology for multivariate regression. In this section, we review the concept of ROAST test.



1.3.1 Statistical model

Suppose we have the expression data on G probes in each of n RNA samples. There are
p — 1 different treatments associated with the samples. Let y,; be the log,-expression value for
the i*"* sample of probe g and ¥y =[Yg1 Ygz = Ygn]" is avector of expression values of
probe g for n samples. Assumptions for ROAST are listed below (Wu et al., 2010):

(D)They=[Y1 Y2 = Yg - Yc]" follows a multivariate normal distribution with

unknown correlations between probes.

(2) An experiment is assumed a linear model:
E(yy) = Xayg,

where X is an X p design matrix of full column rank to indicate how the treatment
factors are assigned to RNA samplesand a;, = [%g1 @2 Qg Qgp]Tisan
unknown coefficient vector with a length of p. A coefficient a; represents the (j — 1)t"
treatment effect or difference associated with probe g.

(3) The variance of y, is assumed:

Var(yg) =W1taj,

where W is a positive definite matrix of weight and o is the unknown probewise
variance.

(4) The probewise variance o/ is assumed that it follows an inverse-x? distribution:

1 1 )
— ~ > Xdy»
2 2 0

O0g So

where s is the prior variance represented typical variability and d, is the prior degrees of

freedom used to control how consistent the variability is across probes.



1.3.2 Probe level test
For a probe level test, suppose we are interested in a contrast of coefficients (Wu et al.,

2010):

a
agl g
2
=cTa, =[c1 ¢ = | 97| = s
Bg=ca;=[C1 C ] : | =) gag;.
j=1
®gp

To find whether the g, is nonzero, we state the null hypothesis as:
HO: Bg = 0
The test statistic ¢, follows a ¢ distribution with degrees of freedom d = n — p under the null

hypothesis:

p

A _ T » _ ) A ) . o . .
where f; = ¢’ @y = Z cj@yjis the least squares estimator of By, s is the residual standard
j=1

deviation for probe g, and v = cT(X"WX)~c is an unscaled standard deviation of 3,. An
amended and superior test was derived by using the studies of Wright and Simon (2003) and
Smyth (2004) to calculate the posterior variance 37 as:

2 2
&2 dosg + dsg
g dy+d

Then, the moderated test statistic £, follows a t distribution with degrees of freedom d, + d

under the null hypothesis:

2
@)

Q
lQ(/n
N



The moderated test statistic £, can be transformed to an equivalent standard normal random
variables z; as:
zg = F7Y(FE,),

where F and F; are the cumulative distribution functions of standard normal and t;r—g4,+4
distribution respectively.
1.3.3 Gene set test

Suppose S is the set of indices of the probes in the gene set of interest. We can state the
null hypothesis as (Wu et al., 2010):

Hy: B, =0Vg €S.

The alternative hypothesis can be any one of three different statements listed in Table 1.1 based

on one-tailed or two-tailed test.

Table 1.1
Three Different Alternative Hypotheses of ROAST
Type of H, Statement
Hyp By > 0 for at leastone g € S
Hawon By < 0 foratleastone g € S

By # 0 for at least one g € S or

H mixed
genes can change in mixed (up or down) directions

Let a, be a weight for probe g and A = des|ag|. Wou et al. (2010) proposed following different
summary statistics calculated in term of the z:
(1) All genes in the gene set S are differentially expressed by a similar amount:

The test statistics for testing the directional hypotheses H,,,, or Hg,,,, Can be given by:

T _ 2ges AgZy
mean — A .



The test statistic for testing a non-directional hypothesis H,,;..4 the can be obtained by:

_ Ygeslagz,|

Tmean A .

(2) Only a few genes in the set S are differentially expressed or some log-fold-changes are

much larger than other:

In this case, mean of the squared genewise statistics can better detect differentially

expressed genes. The test statistic for testing hypothesis H,,;yeq 1S defined as:

2
Tmsq = Z—QESLag |Zg .

The test statistic for test hypothesis H,,,, is defined as:

_ Zagzg>0|ag |Z§

Tinsq = 2 Vg €S.

The test statistic for test hypothesis Hy,,,,, is defined as:

Zagzg<0|ag |Zﬁ

Trnsq = 2 Vg €S.

(3) Around a half of genes in the set S are differentially expressed:
In this case, mean-50 statistics can sensitively notice differentially expressed genes. Let
h = [(m + 1)/2], where m is the number of genes in the gene set S. The test statistic for
testing hypothesis H,,;xeq 1S defined as:
Timeanso = the mean of the h largest |a,z,| values.
The test statistic for test hypothesis H,,,, is defined as:
Trmeanso = the mean of the h largest a,z, values.
The test statistic for test hypothesis Hy,,,,,, is defined as:

Tmsq = the mean of the h samllest a,z, values.

10



(4) Floor-mean statistic:
This statistic is motivated by the max-mean statistic proposed by Efron and Tibshirani
(2007). The floor-mean statistic works alike to the mean-50 statistic. However, the

computation of floor-mean statistic is faster than mean-50. For hypotheses H,,,, and
Hgown, the floored genewise statistics are f, = max(z,, 0) and f, = min(a,z,, 0)
respectively and their test statistic is defined as:

_ des agfg
Tfloormean - T

For the hypothesis Hpxeq, the floored genewise statistic is f; = max(|z,|, 0.67) and the

test statistic is defined as:

_ geslagfg|

T, = .
floormean A

1.3.4 p-values

Since the correlation between probes is unknown, the distribution of test statistic is
unknown. Goeman and Biihlmann (2007) stated that the p-values derived from the methods with
an assumption of independence can greatly understate the true p-values. ROAST does not
permute samples because permutation needs a large number of replicate samples, cannot test
general linear model hypotheses, and assumes that samples are identically distributed and
exchangeable. Instead, ROAST utilizes the concepts of rotation tests studied by Langsrud (2005).
The p-values is defined as:

1 _b+1
p-value = z——,

where b is the number that yield a rotation statistic at least as extreme as that observed and B is

the total number of rotations.
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Chapter 2
Methodology
In this chapter, we review the concept and statistical properties of distance correlation
proposed by Székely, Rizzo, and Bakirov in 2007 and derive the distance correlation between a
binary variable and a continuous random vector. To begin with, we introduce the notion of
characteristic function.
2.1 Characteristic function
If X is a random variable, the cumulative distribution function (CDF) of X is defined as:
Fy(x) = P(X < x).
The CDF contains all the information of the distribution of X. The moment generating function
(MGF) of X is defined as:
my(t) = E(e*¥) t €ER,
and also provides information of the distribution of X. One of the major theoretical drawbacks is
that MGF may not exist. The problem can be solved by involving imaginary number, i = v—1,
to make the characteristic function such as (Evans & Rosenthal, 2010):
Cx(t) = E(e'X) teER
= E(cos(tX)) + iE(sin(tX)) t € R.
Let X be a continuous variable with a probability density function fx (x), the characteristic

function of X is:

Co(6) = j " et (x)dx.

If X1, X5, -+, X, are independent random variables, then

Cx,, X5, - X, (t) = Cx, (£)Cx, (t) - Cx, (®).

12



Unlike moment generating functions, characteristic functions always exist (Blitzstein & Hwang,
2015). Characteristic functions will be used to define distance correlation in the next section.
2.2 Distance correlation

Distance correlation proposed by Székely, Rizzo, and Bakirov (2007) is an innovative
measure of true dependence between random vectors X and Y with arbitrary dimensions.
Distance covariance V and distance correlation R are analogous to product-moment covariance
a2 and correlation p. The range of distance correlationis 0 < R(X,Y) < l1land R(X,Y) = 0 if
and only if X and Y are independent. These are different from the prevailing product-moment
correlation that —1 < p < 1 and p = 0 only indicates that the two random variables are linearly
uncorrelated. The notations defined here will be used in illustration of the concepts of distance
correlation later.

(1) X is arandom vector in a space RP where p is a positive integer.

(2) Y is a random vector in a space R? where q is a positive integer.

(3) fx and f; denote the characteristic functions of X and Y respectively.

(4) fxy denotes the joint characteristic function of X and Y.

(5) |x|, denotes the Euclidean norm of a vector x in a space R?. |x|, = |x| whenp =1

(6) |lyll% denotes the weighted L, norm for a complex function y defined on RP x R4,

(6) V(X, Y) denotes the population distance covariance (dCov) between X and Y.

(7) V(X) denotes the population distance variance (dVar) of X.

(8) R(X, Y) denotes the population distance correlation (dCor) between X and Y.

(9) V,,(X, Y) denotes the sample distance covariance (dCov,,) between X and Y.

(10) V,,(X) denotes the sample distance variance (dVar,,) of X.

(11) R, (X, Y) denotes the sample distance correlation (dCor,,) between X and Y.

13



(10) V2(X, Y) denotes the unbiased estimator of squared population distance
covariance (dCov?) between X and Y.
(11) V; (X, Y) denotes the modified distance covariance statistic between X and Y.
(12) Ry, (X, Y) denotes the modified distance correlation statistic between X and Y.
2.2.1 Definition of distance covariance
In their seminal work, Székely, Rizzo, and Bakirov (2007) introduced the distance

covariance between X and Y with finite first moments:

iy (t, ) = fr@f ()|’

2 1
V) = i)~ ORI = — | ) IO deas,
CpCq JRP+a lel, " Islg
1+ 1+
0 B n(Tp) B n(Tq) T B ® -1yt gp v 0 is th |
werecp—m, Cq—m,an (x)—j;t e~tdt Vx > 0 is the complete
2 2

gamma function. Similarly, distance variance of X denoted by V(X) is defined as the square root

of;
V2(X) = V2(X, X) = ||fux (& $) = @ f )|

Székely et al (2007) also derive a second definition of distance correlation using inter-point

distance (e.g., Euclidean distance) and proved its equivalency to the original definition:
V2(X,Y) = E(1X1 = Xalp Y1 = Yalg) + E(1X1 = X21p)E(IV1 = Yalg) —
2E(1X; = Xalp Y1 = Yslg)
= dCov?(X,Y)
= Cov(1X1 — Xzlp, IV1 = Yalg) = 2Cov(|Xy — Xalp, Y2 — Y5lg),  (2.1)
where (X, Y;), (X, Y5), and (X3, Y3) are independent copies of (X, Y). The detailed proof is

provided in Appendix A. In this thesis, we considered a special case of distance correlation

where a random vector X following any multivariate distribution and a random variable
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Y~Bernoulli(m) where Y = 0, 1 for any two categories and 7 = P(Y = 1). Then, the original
formula of the squared distance covariance can be simplified as:
V2(X,Y)
= E(|X1 = X3lplY; — YZlq) + E(|X1 - X2|p)E(|Y1 - YZlq) - 2E(|X1 = X3lplY; — Y3|q)
= 2dgo(—n* + 313 — 4m? + 3w — 1) + 2d,; (—n* + 3 — %) +

2dy,2n* — 43 + 3m? — ), (2.2)
where dog = E(1X; — X2l,|Y1 = 0,Y, =0),dy; = E(IX; — Xalp|Ys = 1,Y, = 1),and dy =
E(IX; — X511V, = 0,Y, = 1) = E(1X; — X,1,|Ys = 1, Y, = 0). A detailed proof is provided in
Appendix B.
2.2.2 Definition of distance correlation

Székely, Rizzo, and Bakirov (2007) defined the distance correlation between X and Y

with finite first moments is the nonnegative number R(X, Y) as:

(V&N V2(X)V?3(Y) > 0;
0, V2(X)V?(Y) = 0.

2.2.3 Estimated distance covariate and distance correlation
For a random sample of size n, (X,Y) = {(Xy, Y3): k=1, 2, 3, ---, n} from a joint
distribution of random vectors X in a space R” and Y in a space R?, Székely, Rizzo, and Bakirov

(2007) defined the distance dependence statistics as following:

1 2 cee p
1[*¥11 X122 = X1p

¥ _2|X21 Xzttt Xop|
axp =+ | . . )
nlXn1t Xn2 0 Xpp
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X11 X21 X11
X12 X22 X12
(Xl)pxl =1 : | (XZ)pxl =1 : 1> s (Xn)pxl =1 : 1
X1p X2p X1p
1 2 e q

1V11 Y1z = Yiq

2(Y21 Y2z Vaq,
Yixqg = o : . :

ni|Ynr Yn2

ynq
Y11 Y21 Y11
Y12 Y22 Y12
(Y1)q><1 =1 : | (YZ)qxl =1 s s (Yn)qxl =1 |-
qu

Yiq Y2q

Let ay; and by; where k,l = 1, 2, ---, n represent Euclidean distances between any two

observations of (X, Y). Then, a;, is given by:

Xk1 X11 Xk1 — X1
Xk2 Xi2 Xk2 — X12
g =X =X, =1 ;|| : = :
xkp xlp D xkp - xlp D

2
= \/(xkl —x11)% + (X — x2)% + - + (xkp - xlp)

p
= Z(in —xy;)?, (2.3)

and similarly,

q
by, = Z(yki — Vi)?. (2.4)
=1

Let the distances be collected into two distance matrices. The two distance matrices are shown in

Tables 2.1 and 2.2 below:
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Table 2.1

Distance Matrix for the Random Vector X

Xy X, X,
X1 a;; =0 a2 A1in
X3 azy az, =0 Agn
Xn anl anz ann = 0
n n n
_ 1 _ 1 _ 1
Average a.; = EZ gy A2 = HZ Qg2 An = EZ Agn
k=1 k=1 k=1
Table 2.2
Distance Matrix for the Random Vector Y
AR S Y v,
Yy by; =0 b1, bin
Y; b21 bzz =0 bZn
yn bnl bnz bnn =0
n n n
A bi==Y by by==3b A
vera = =_ S
ge 1 nz: k1 2 nz k2 n nz kn
k=1 k=1 k=1
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To make double centered distance matrices from the distance matrices above, double centered
elements can be calculated by:

Ay = Qg — . — @, + a.

By, = by, — by. — by + b.
In these two double centered distance matrices, row means, column means, and the grand means
all equal zero. The relationships among Ay, ax;, @y., @.;, @.. and By, by, by., by, b.. are shown in

Tables 2.3 and 2.4 below:

Table 2.3
Relationship among Ay;, ax;, ax., @.;, and a.. in the Distance Matrix for the Random Vector X
k\l X, X, - X - X, Average
X1 | ais Qiz | | Q1 || Qn aj.
X2 | axn gz | | Q21 || Qon as.
X ) _
k| Qk1 Arz | | Qi Arn 7 A
: : : : IS : |:> A
Xa | ana Anz | | G | %\H) a

n
_ _ ) _ \3

Average a, a, = a; - Qg a.
Table 2.4 o ~
Relationship among By, by, by., b.;, and b.. in the Distance Matrix for the Random Vector Y
k\l Y, Y, - Y, - Y, Average
Y1 b11 b12 bll bln El-
YZ b21 b22 bZl bZn EZ-
. ; ; P e _.
Ye | b | bez | = | Brael " | Dkn |  br
: : : : N : :> By,
Yn bnl bnz bnl bnn & En-
_ _ — ) _ —
Average b, b, - b; - b, b.
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There were two issues of distance covariance/correlation: (1) R2(X, Y) goes to 1 when p and g
go infinity even though X and Y are independent for any sample size n and (2) the difference of
double centered distance matrices is usually not a double centered distance matrix of any sample.
Székely and Rizzo in their later studies defined different versions of A,; and By, to solve the
problems (details are at the end of this chapter). The double centered distance matrices are shown

in Tables 2.5 and 2.6 below:

Table 2.5
Double Centered Distance Matrix for the Random Vector X
K\l X, X, X Xn Average
X, Aqq A, Ay Aln 141- =0
X, Ayq Ay, Ay A2n I‘Tz- =0
Xr | A Ag2 A Axn A =0
Xn Anl Anz Anl Ann _n- =0
Average A;=0 A,=0 - A,;,=0 A,=0 A.=0
Table 2.6
Double Centered Distance Matrix for the Random Vector Y
K\l Y, Y, Y, Y, Average
Y, By B, By Bin B;. =0
Yz Bz1 Bzz Bzz BZn Ez- =0
Yk Bkl BkZ Bkl Bkn Ek =0
Y, By B, Bnl Bnn _n- =0
Average B,=0 B,=0 - B;,=0 - B,=0 B.=0
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In the double centered distance matrix of X, A,. = 0 for the k' row, where k = 1, 2, ---, n. The
detailed proof is provided in Appendix C. Similarly, we have A, = 0, B,. = 0, and B, = 0 for
k,1=1,2, ---, n. Therefore, the estimated nonnegative distance covariace V,,(X, Y) is equal to
the square root of the average of elementwise products of these two double centered matrices:
1 n
VE(X,Y) = (;) z (A Brr) -
k,l=1

Analogously, an estimated nonnegative distance variance of X denoted by V,,(X) is given by the
square root of:

1 n

VRO = R0 = () ) A

n k,l=1

The empirical distance correlation R,,(X, Y) is defined as the square root of:

(i, V)

M@n=JWme’

0, ifV2(X)V2(Y) = 0.

ifV2(X)VE(Y) > 0;

2.2.4 Implementation of the distance covariance test

The distance covariance test is for testing multivariate independence. For small samples,
a reference distribution for nV;2(X, Y) under independence through the observed sample is
established since the distribution of nV2 (X, Y) is difficult to calculate (Székely, Rizzo, &
Bakirov, 2007). This nonparametric test makes decision from permutation bootstrap with a user
defined number of replicates. That is, the distribution for nV22(X, Y) under independence is
constructed by calculating replicates of nV2(X, Y) under random permutations of the indices of

the Y sample.
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2.2.5 Modified distance covariance and distance correlation t-test

There is a problem with distance covariance. It is that for any fixed sample size n,
R2(X,Y) goes to 1 when p and g go infinity even though X and Y are independent (Székely &
Rizzo, 2013). In the study, modified distance covariance and modified correlation were proposed
for testing independence between two random vectors of arbitrary dimensions (possibly high-

dimensions). Let Ay, and By; be modified versions of A,; and By; and defined by:

f(n i ) (4 - %) ik % L

(= )(ak—a..), itk =1,

(=
((n )(B,d bn)lfk;tl
(=

o) (b —B.), ifk=1,

B;él:<

\\n —
such that E (Ay,;) = E(By;) = 0V k, l. The modified distance covariance statistic can be defined

using Ay,; and By;:

n n
1 n
VX, Y) = (m) <kZl A By — (m) kZ_IAkkBkk>:

where n > 3. This modified distance covariance is an unbiased estimator of squared population
distance covariance. Naturally, the modified distance correlation statistic can be defined by:

( VX, Y)
Ri(X,Y) = !x/Vﬁ‘(X, VY, Y)’

itV (X, X)Vi(Y,Y) > 0;

0, ifV, (X, X)V,;(Y,Y) =0.
Finally, the test statistic can be defined by:
Rn(X,Y)

T=vv—-1
Jl—R;Z(X, Y)

M
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n(n —3)

where v = — If p and g go infinity, under the independence hypothesis, the test

statistic 7, converges in distribution to Student’s t with v — 1 degrees of freedom.
2.2.6 U-centering and unbiased distance covariance

In this part, we discussed the aforementioned issue of double centered distance matrices.
It is that the difference of double centered distance matrices is usually not a double centered
distance matrix of any sample. To solve this problem, Székely and Rizzo (2014) in their study
about partial distance correlation defined an alternate type of double centering in the Hilbert
space named unbiased or U-centering that formulates an unbiased estimator of squared
population distance covariance. Let A,; and By, be the (k, th entry of the U-centered matrices
A and B respectively. In the double centering, A,; and By, have the property that the all rows and
columns have zero sums. The U-centering A, and By, inherits this property and has the
additional property that all expectations are equal to zero, that is, E(/Ikl) = 0 and (E,d) =0

Vk, I. For n > 2, the definitions of A, and By, are defined by:

n

( 1 n 1 n " |
Akl:<akl_(n_Z)hzﬂakh_(m>;agl+((n_1)(n_2)>gﬁz=1agh’lfk¢l’
o ifk =1,
rb"‘_<;>ib"h_<L)ibl+< _ )zn:bhifk;tl-
B =5 n-2 h=1 n-—2 = g n—-1Dn-2) & gh > ;
o ifk =1,

where a;; and by; can be found in equations (2.3) and (2.4). If E(|X| + |Y]) < oo, for n > 3, the

unbiased estimator of squared population distance covariance is defined by:

) = (A-B) = (-os) D AwiBia.
k#l
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Chapter 3
Simulation Studies

Simulation studies were conducted to assess and compare type | error rates and statistical

power of the distance correlation test, Hotelling’s T test, and ROAST test in different scenarios.

The R packages for implementation include clusterGeneration v1.3.4, DescTools v0.99.30,

energy v1.7-6, limma v3.42.0, and MASS v7.3-51.4. The purposes of the key functions used in

the simulation studies are described below:

The function rcorrmatrix(+) is from the R package clusterGeneration (Qiu & Joe, 2015).
The simulations used it with an argument the pre-defined standard deviation vector to
generate a random positive definite correlation matrix for constructing a positive definite
dispersion matrix for a random vector.

The function mvrnorm(-) is from the R package MASS (Ripley, Venables, Bates, Hornik,
Gebhardt, & Firth, 2019). It was employed with arguments a pre-defined mean vector and
a dispersion matrix to randomly generate data for a multivariate normal random vector X.
The function dcor.test(*) is from the R package energy (Rizzo & Székely, 2019). Itis a
nonparametric test of multivariate independence. The p-value of this test is found through
permutation bootstrap with a specified number of replicates. It was applied to test the
independence between a random variable Y and a multivariate normal random vector X.
The function roast(-) is from the R package limma (Smyth et al., 2019). It was originally
proposed and implemented for gene set test but it can generally be applied to any variable
set test. It was used with arguments data of a multivariate normal random vector X,
design matrix comprised of intercept which was 1 and the random variable Y, and the

option contrast of 2 for ROAST testing. This function provides four different p-values:
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Down, Up, UporDown (two-sided), and Mixed. In this simulation studies, Mixed p-value
was chosen to compare with the significance level a.
e The function HotellingsT2Test(+) is from the R package DescTools (Signorell et al.,

2019). Hotelling’s T? test is the multivariate generalization of the Student’s t test. It was

used with an argument the formula of X~Y to test for a significant difference between the

mean vectors of two multivariate datasets X|Y = 0 and X|Y = 1.
3.1 Simulation settings

In the simulation studies, X was a random vector of continuous type and Y was a
dichotomous random variable. The distributions of X and Y are shown below:

(X|Y = i)~MVN,(y;, £) Vi=0and I,
Y~Bernoulli(m),

where Y = 0 (normal), 1 (cancer) and = P(Y = 1). We generated the datasets under various
settings of the mean vectors, dispersion matrices, and sample sizes varied from 40 to 300.
3.2 Hypotheses and significance level

There were three different hypothesis tests in the simulation studies. They included
distance correlation test, Hotelling’s T test, and ROAST test. All the hypothesis tests were
tested at the significance level @ = 0.05. The hypotheses for these three hypothesis tests are

listed in Table 3.1 below:

Table 3.1

Hypotheses for Distance Correlation, Hotelling’s Vi , and ROAST Tests
Distance Correlation Test  Hotelling’s T> Test ROAST Test

Ho R=0 Ho = I =0

H, R#0 Mo F Hy p+0
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3.3 Assessing type | error rates (simulation study I):
A type | error occurs when a true null hypothesis is rejected. A type | error rate is the
probability that a null hypothesis is rejected when it is true:
P(reject Hy|H, is true).
One important property of distance correlation is that R(X,Y) = 0 only if X and Y are
independent. It implies that P(X|Y = 0) = P(X|Y = 1) = P(X) if the null hypothesis is true. In
other words, to make the null hypothesis be true, both (X|Y = 0) and (X]Y = 1) should follow
an identical multivariate normal distribution MV N, (u, £) where u and X are the common mean
vector and the common dispersion matrix of (X|Y = 0) and (X|Y = 1). Similarly, this concept
can be also applied to a Hotelling’s T test and ROAST test. In this part of simulation studies,
the common mean vector u was set as:
uT=[0 0 0 0 0 0 0 0],
the common dispersion matrix £ was calculated based on the common population standard
deviation vector:
c"=[1 2 3 4 5 05 15 25],
and the common population correlation matrix R which was randomly generated by the function
rcorrmatrix (-). The random variable Y was set to follow the Bernoulli distribution with = = 0.5.
Moreover, the number of replicates was set as 1000. In each replication, two new datasets of the
random variable Y and the random vector of X were randomly generated respectively for
distance correlation test, Hotelling’s T test, and ROAST test. The null hypothesis was rejected if
a p-value was less than a = 0.05. The numbers of times that a null hypotheses was rejected in
distance correlation tests, Hotelling’s T? tests, and ROAST tests within 1000 replicates were

recorded respectively. A type | error rate can be obtained by:
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The number of times that the H, was rejected
1000 '

Type I error rate =

The whole process above was performed ten replicates for each different sample size. The
average type | error rates and standard deviations for different sample sizes were summarized
based on the ten replicates. The R source code can be found in Appendix D. It can be seen from
Figure 3.1 that for all settings, the type | error rates are very close to the nominal level of 0.05

with a standard deviation less than 0.01 (see Table 6.1).

[To]
o
< Distance Correlation Test

£ Hotelling's T Square Test
#* ROAST Test

04

03

Average Type | Error Rate

0.1

A& # i H #—
o |
o
T T T T T T T
0 50 100 150 200 250 300
Sample Size

Figure 3.1. Average type | error rate versus sample size in different hypothesis tests.
3.4 Assessing statistical power
Power is the probability that a null hypothesis is rejected when it is false:
P(reject Hy|H, is false).
Considering a distance correlation test, the null hypothesis is true only if X and Y are
independent. To make the null hypothesis be false, X and Y should be dependent each other. If X

and Y are dependent, P(X|Y = 0) # P(X) and P(X|Y = 1) # P(X) that implies P(X|Y = 0) #
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P(X|Y = 1). Therefore, let (X|Y = 0) and (X|Y = 1) follow different multivariate normal
distributions MV N,, (o, Zo) and MV N, (uy, ;) respectively. Similarly, the concept can be also
applied to a Hotelling’s T test and ROAST test. The statistical power was assessed under four
conditions based on the settings of mean vectors, standard deviation vectors, and correlation

matrices. The four conditions are listed in Table 3.2.

Table 3.2
Settings of the Four Conditions for Assessing Powers
Condition Mean Standard Deviation Correlation
1 Ho # 0y = 01 Ry =Ry
2 Ho = Hq Op # 01 Ry # Ry
3 Ho = Mg 0y = 03 Ry # Ry
4 l,l,o#:,u,l 0-0-_;&0-1 RO#:RI

The random variable Y was set to follow the Bernoulli distribution with = = 0.5. The number of
replicates was set as 1000. New datasets for random variable Y and random vector X were
randomly generated based on different settings of mean vectors, standard deviation vector, and
correlation matrices for distance correlation test, Hotelling’s T test, and ROAST test in each

replication. The null hypothesis was rejected if a p-value was less than @ = 0.05. The number of

times that a null hypothesis was rejected in distance correlation tests, Hotelling’s T? tests, and
ROAST tests within 1000 replicates were recorded respectively. A statistical power can be

calculated by:

The number of times that the H, was rejected
1000

The whole process above was executed ten replicates for each sample size. An average power

Power =

and a standard deviation for each sample size were summarized based on the ten replicates.
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3.4.1 Simulation study 11

The setting of the simulation study Il had the same standard deviation vector and the
same correlation matrix but different mean vectors for the two groups of the random vector X
categorized by the dichotomous random variable Y. The dispersion matrices £, and X, were
constrained to be same. The common standard deviation vector was set as:

c'=[1 2 3 4 5 05 15 25].

The common correlation matrix R was randomly generated by the rcorrmatrix(-) function. The
common dispersion matrix ¥ was calculated based on the common standard deviation vector o
and the common correlation matrix R. The u, and u; were set in three different cases listed in
Table 3.3. The R problem and means and standard deviations of statistical power under different
tests and sample sizes for this part of simulation studies can be found in Appendix E. The results
under the first case showing in Figure 3.2 indicate that both Hotelling’s T test and ROAST test
have means of statistical power around 1 with standard deviations around O (see Table 6.2) for
all sample sizes. However, distance correlation test has means of statistical power below 0.8 with
standard deviations around 0.01 (see Table 6.2) when sample sizes are less than 80 and means of
statistical power around 1 with standard deviations below 0.01 (see Table 6.2) when sample sizes

are 150 or above.

Table 3.3
Settings of u, and u, for Different Three Cases in the Simulation Study Il
1o M
Case 1 [0000O0O O 0] 1111111 1]
Case 2 [0000O0O0OO O] [0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5]
Case 3 [0000O0OO O] [0.5 —0.5 0.5 —=0.5 0.5 —0.5 0.5 —0.5]
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Figure 3.2. Average power versus sample size in different hypothesis tests under the first case in
the simulation study 1.

The results under the second and third cases showing in Figures 3.3 and 3.4 are similar.
Hotelling’s T test has the best performance followed by ROAST test. The means of statistical

power of Hotelling’s T test are around 1 with standard deviations around O (see Tables 6.3 and
6.4) for all sample sizes. The means of statistical power of ROAST test are under 0.8 with
standard deviations around 0.01 (see Tables 6.3 and 6.4) when sample sizes below 80 and the
means of statistical power around 1 with standard deviations around 0 (see Tables 6.3 and 6.4)
when sample sizes are 150 or above. In distance correlation test, the mean of statistical power is
getting larger when the sample size is increased. Specifically, distance correlation test has a
mean of statistical power around 0.1 with a standard deviation around 0.01 when sample size is
40 and a mean of statistical power around 0.8 with a standard deviation around 0.01 when

sample size becomes 300.
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Figure 3.3. Average power versus sample size in different hypothesis tests under the second case
in the simulation study II.
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Figure 3.4. Average power versus sample size in different hypothesis tests under the third case in
the simulation study II.
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3.4.2 Simulation study 111

The setting of the simulation study 111 had the same mean vector but different standard
deviation vectors and different correlation matrices for the two groups of the random vector X
categorized by the dichotomous random variable Y. In this simulation study, we set y, = u; and
used two random correlation matrices. The common mean vector, standard deviation vectors
were set in two different cases listed in Table 3.4. The R problem and means and standard
deviations of statistical power under different tests and sample sizes for the simulation study 11
can be found in Appendix F. The results under the both cases showing in Figures 3.5 and 3.6 are
similar. Both Hotelling’s T? test and ROAST test have means of statistical power around 0 with
standard deviations around 0 (see Tables 6.5 and 6.6) for all sample sizes. However, distance
correlation test has means of statistical power under 0.8 with standard deviations around O (see
Tables 6.5 and 6.6) when sample sizes are below 80 and means of statistical power around 1 with

standard deviations around 0 when the sample sizes are 100 or above.

Table 3.4
Settings of uy, 14, 0y, and oy for Different Cases in the Simulation Study 111
Case 1 Case 2
s =pul [000O0O0OO O] [0.5 —0.5 0.5 —0.5 0.5 —0.5 0.5 —0.5]
GOT [1 234505 15 25] [1 2345 05 15 2.5]
ol [5 4 05 3 25 1.5 2 1] [5 4 05 3 25 1.5 2 1]
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Figure 3.5. Average power versus sample size in different hypothesis tests under the first case in
the simulation study I11.
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Figure 3.6. Average power versus sample size in different hypothesis tests under the second case
in the simulation study I11.
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3.4.3 Simulation study 1V

The setting of the simulation study 1V had the same mean vector and standard deviation
vector but different correlation matrices for the two groups of the random vector X categorized
by the dichotomous random variable Y. We set u, = u; and £, = £;. The common mean vector
p was set as:

u"=[0 0 0 0 0 0 O Ol
The common standard deviation vector o was set as:
c"=[1 2 3 4 5 05 15 25]

Additionally, we used two random correlation matrices. The R problem and means and standard
deviations of statistical power under different tests and sample sizes for this simulation study can
be found in Appendix G. the results showing in Figure 3.7 indicate that both Hotelling’s T> and
ROASST tests have means of statistical power around 0 with standard deviations around 0 (see
Table 6.7) for all sample sizes. However, distance correlation test has an s-shaped curve. It has
means of statistical power above 0.8 with standard deviations around 0 (see Table 6.7) when the

sample sizes are greater 200.
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Figure 3.7. Average power versus sample size in different hypothesis tests in the simulation
study V.

3.4.4 Simulation study V

In the setting of the simulation study V, mean vectors, standard deviation vectors, and
correlation matrices were different for the two groups of the random vector X categorized by the
dichotomous random variable Y. The mean vectors and standard deviation vectors were set in
three different cases listed in Table 3.5. The R program and means and standard deviations of
statistical power under different tests and sample sizes for this simulation study can be found in
Appendix G. The results under the first case showing in Figure 3.8 indicate that all three
hypothesis test are similar. The lowest means of statistical power are around 0.75 with standard
deviations around O (see Tables 6.8 — 6.10) for all three hypothesis tests when the sample size is
40. The means of statistical power are around 1 with standard deviations around 0O for all three
hypothesis tests when the sample sizes are 60 or above. The results under both the second and

third cases showing in Figures 3.9 and 3.10 indicate distance correlation has the best statistical
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power followed by Hotelling’s T? test for all sample sizes. In both cases, distance correlation test
has means of statistical power above 0.9 with standard deviations around 0 (see Tables 6.9 and
6.10) when sample sizes are 80 or above. However, Hotelling’s T and ROAST tests have means

of statistical power around 0.8 or above with standard deviations around O (see Tables 6.9 and

6.10) when sample sizes are 150 or above.

Table 3.5
Settings of uy, 14, 0y, and o, for Different Cases in the Simulation Study V
Case 1 Case 2
Ty [0000O0O0O0 O] [0000O0O0O O]
ur 1111111 1] [0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5]
ol [1 2 345 05 15 25] [1 2 345 05 1.5 2.5]
ol [5 4 05 3 25 15 2 1] [5 4 05 3 25 15 2 1]
Table 3.5 (Cont.)
Case 3
ud [000O0O0OO O]

ut [05 —0.5 0.5 —0.5 0.5 —0.5 0.5 —0.5]
¢ [1 234505 15 25]

ol [54 05 3 25 15 2 1]
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Figure 3.8. Average power versus sample size in different hypothesis tests under the first case in
the simulation study V.
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Figure 3.9. Average power versus sample size in different hypothesis tests under the second case
in the simulation study V.
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Chapter 4
Real Data Applications

In this chapter, we compared the three tests, namely, distance correlation test, Hotelling’s
T? test and ROAST test, on two real data applications. The first dataset is a RNA-seq dataset
about cervical tumors and matched controls. It was used in the study by Witten, Tibshirani, Gu,
Fire, and Lui (2010). The second dataset is phylogenetic microarray data matrix about
microbiota in the human intestine. It was used in the study by Lahti, Salojarvi, Salonen, Scheffer,
and Vos (2014). For each dataset, we employed the three methods to test independence between
a variable set and a group variable. All the hypothesis testing were based on the significance
level of 0.05.
4.1 First real data application

The dataset used in this application is an expression profile of 714 miRNAs from 58
samples including 29 cervical tumor samples and 29 normal controls (Witten, Tibshirani, Gu,
Fire, & Lui, 2010) downloaded from Gynecologic Oncology Group Tissue Bank. An
examination about how miRNA and the types of tissue are associated was conducted. The
following notations will be used in illustration of this real data application:

(1) Xtumor and X, 0-mar denote the expression data of miRNAs with a cervical tumor and

a normal tissue respectively,
(2) Xiyumor and sp,mer denote the mean and the standard deviation vectors of the
expression data of miRNAs with a cervical tumor in the sample,
(3) X,.0rmar AN Sp0rma; denote the mean and the sample standard deviation vectors of

the expression data of miRNAs with a normal tissue in the sample.
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4.1.1 Dataset summary

The expression level of each miRNA was measured by RNA-sequencing technique,
where the abundance can be represented by the number of sort reads produced by the assay. To
stabilize the variances, a natural log transformation was performed. All the counts were added by
1 to avoid log of zero. A mean difference (X,,5;mar — Xeumor) @nd a ratio of standard deviations
(Snormat/Stumer) for each miRNA were used to express how the differences in mean and
standard deviation between the normal and the tumor groups.

Figure 4.1 shows the distribution of mean differences between the normal and the tumor

groups according to the log-scaled dataset with a normal curve of N (mean(()?normal -

Xeumor))> SAXnormar — )?tumor)). This distribution is fairly symmetrical, skewness = 0.341.

250
l

— Histogram of Mean Differences
® Normal Curve

Freguency
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| |

100
l

50
I

Mean Difference

Figure 4.1. Distribution of mean differences between the normal and the tumor groups for each
miRNA with a normal curve.
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The distribution of standard deviation ratios of the normal and the tumor groups for each
miRNA according to the log-scaled dataset is represented in Figure 4.2. Thirty miRNAs have a
ratio of infinity and is excluded in Figure 4.2. That is caused by those miRNAs have all subjects

with a zero expression in the tumor group. The distribution is positively skewed.
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Figure 4.2. Distribution of standard deviation ratios between the normal and the tumor groups
for each miRNA.

As we can see, some miRNAs have large differences in both mean and standard deviation
between the normal and the tumor groups. This is a similar condition to the conditions in the
simulation study V. We expect that the expression level of miRNAs will be associated with the
two types of tissues in the population.

4.1.2 Preprocessing of raw data

The total count of each miRNA was calculated by summing all corresponding values of

58 subjects (tissues). The values of the total count were between 1 and 2253073. A set of

sequence thresholds was set from 40 to 129000 with an interval of 20. Distance correlation test
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and ROAST test were performed under each threshold. Hotelling’s T test is not appropriate for
this dataset since the number of miRNAs is greater than the number of subjects. The thresholds
were used to determine which miRNAs were included for distance correlation test and ROAST
test. Any miRNAs were included in the random vector X for a specific threshold if the
corresponding total count were greater than the specific threshold. The numbers of miRNAs
included in a random vector X under different thresholds are represented in Figure 4.3. As we
can see, more than 600 miRNAs were included when the thresholds were between 0 and 12000.
Then, the numbers of miRNAs rapidly dropped for the rest of thresholds. The data of the random
variable Y were set as a vector of size 59 with a value of 0 to represent the corresponding subject
with a normal tissue and the other value of 1 to represent the corresponding subject with a tumor

tissue. The R program for the first real data application can be found in Appendix I.
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Figure 4.3. Histogram and scatterplot of different thresholds versus number of selected miRNAs.
4.1.3 Results

The distributions of p-values for distance correlation test and ROAST test under all
difference thresholds were summarized in Figure 4.4. The null hypotheses were rejected in both

distance correlation test and ROAST test under all thresholds. We conclude that at least one
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transcript count of a miRNA is associated with the types of tissues, cervical cancer and normal,
in the populations. However, in terms of p-values, distance correlation test is smaller and more

concentrated than ROAST test. The descriptive statistics of the p-values are listed in Table 4.1.
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Figure 4.4. Distributions of p-value for distance correlation test and ROAST test under all
different thresholds.

Table 4.1
Descriptive Statistics of p-values for Distance Correlation Test and ROAST Test under Different
Thresholds

Min Max M SD
Distance Correlation 0.001 0.004 0.002 0.001
ROAST 0.008 0.034 0.018 0.005

4.2 Second real data application
The dataset used in this real data application including two files named HITChip.tab and
Metadata.tab from the study titled “Tipping Elements in the Human Intestinal Ecosystem” by

Lahti, Salojarvi, Salonen, Scheffer, and VVos (2014). The HITChip.tab encompasses HITChip
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phylogenetic microarray data matrix with a dimension of 1172 samples by 130 genus-like groups
related microbial communities in human intestine. Those data are continuous. The Metadata.tab
holds the metadata for the samples in the HITChip data matrix. It includes 10 variables. The

information of the variables is listed in Table 4.2.

Table 4.2
Information of the Variables in the Metadata File
Variable Explanation
SamplelD Unique ample identified corresponding to the sample in HITChip
data matrix
Age Age in years
Sex Male/Female
Nationality At the level of geographic regions:

US, Central Europe, Eastern Europe, South Europe, Scandinavia,
UKIE

DNA _extraction_method DNA extraction method:
r: Repeated Bead Beating  0: Other

ProjectiD Project identifier

Diversity Shannon diversity index based on probe-level signals

43



Table 4.2 (Cont.)

Variable Explanation
BMI_group Standard body-mass index classification:
underweight: < 18.5 lean: 18.5 - 25
overweight: 25 — 30 obese: 30 — 35
severe: 35 —40 morbid obese 40 — 45

superobese: > 45
SubjectID Subject identifier

Time Time point from the baseline in months

4.2.1 Descriptive statistics of the preprocessed dataset

The range of the microarray data in HITChip.tab was between 32.29489 and 944063.8.
To stabilize the variances, a natural log transformation was performed by taking a natural loge of
the data in HITChip.tab directly. The second real data application examined whether HITChip
phylogenetic microarray data is associated with age, sex, nationality, and BMI group
respectively. The variables Age, Sex, Nationality, and BMI_group were re-categorized into four
dichotomous random variables Y's. There was no missing value in HITChip.tab. However, there
were some missing values indicated by NAs in Metadata.tab. The cases were eliminated from
both HITChip.tab and Metadata.tab if the corresponding values were NA in the variables Age,
Sex, Nationality, BMI_group respectively. The conditions of categorization and group sample
sizes are listed in Table 4.3. The dataset of random vector X and the corresponding random
variable Y were constructed based on and represented the re-categorized variables Age, Sex,
Nationality, and BMI_group individually. The following notations will be used in illustration
later:

(1) Xy—, and Xy,_; denote the microarray datawith Y = 0 and Y = 1 respectively.
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(2) Xy—, and sy—, denote the mean and the standard deviation vectors of the microarray
data with Y = 0 in the sample,
(3) Xy—; and sy—, denote the mean and the sample standard deviation vectors of the data
with Y = 1 in the sample.
Then, distance correlation test, Hotelling’s T* test, and ROAST test were applied to each pair of

X and Y. The R program for the second real data application can be found in Appendix J.

Table 4.3
Conditions and Group Sample Sizes for Re-categorized Age, Sex, Nationality, and BMI_group
Variable
Condition  Sample Size Condition ~ Sample Size

Age <40 415 otherwise 701

Sex male 455 female 680

Nationality usS 44 otherwise 1096

BMI_group lean 493 otherwise 573

The distributions of mean differences (Xy-, — Xy—;) and standard deviation ratios (sy-o/sy=1)
between two groups of re-categorized variables Age, Sex, Nationality, and BMI _group
respectively are exhibited in Figures 4.5 — 4.8. The skewnesses of those distributions are listed in
Table 4.4. The distributions of mean differences are fairly symmetrical except the variable Sex
that is highly and positively skewed. The distributions of standard deviation ratios tend to be
highly and positively skewed for all variables. As we can see, some genus-like groups have large
differences in both mean and standard deviation between the two groups of the re-categorized
variables Age, Sex, Nationality, and BMI_group respectively. Furthermore, the sample sizes are

large in this application. This is also a similar condition to the conditions in the simulation study
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V. We expect that the null hypotheses will be rejected in distance correlation test, Hotelling’s T*
test, and ROAST test.
Table 4.4

Skewnesses of the Distributions of Mean Differences and Standard Deviation Ratios for Re-
categorized Age, Sex, Nationality, and BMI_group

Variables
Age Sex Nationality BMI_group
Mean Difference (Xy—¢ — Xy=1) 0.030 1.672 -0.559 -0.115
Standard Deviation Ratio (sy—¢/Sy=1) 0.808 1.899 1.696 1.076
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Figure 4.5. Distributions of mean differences and standard deviation ratios between the two
groups of Age for all genus-like groups.
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Figure 4.6. Distributions of mean differences and standard deviation ratios between the two
groups of Sex for all genus-like groups.
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Figure 4.7. Distributions of mean differences and standard deviation ratios between the two
groups of Nationality for all genus-like groups.
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Figure 4.8. Distributions of mean differences and standard deviation ratios between the two
groups of BMI_group for all genus-like groups.

4.2.2 Results

According to the p-values listed in Table 4.4, the null hypotheses were rejected by
distance correlation test, Hotelling’s T test, and ROAST test for factors, the re-categorized
variables age, sex, nationality, and BMI group, respectively. We can conclude that at least one
genus-like group is associated with the re-categorized variables age, sex, nationality, and BMI
group respectively in the populations. In other words, the multivariate distributions of the
microarray data categorized by factors re-categorized age, sex, nationality, and BMI group

respectively are different.
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Table 4.5

The p-values for Distance Correlation Test, Hotelling’s T° Test, and ROAST Test in Age, Sex,
Nationality, and BMI Group

Distance Correlation Test Hotelling’s T? test ROAST
Age 0.001 0.000 0.001
Sex 0.001 0.000 0.016
Nationality 0.001 0.000 0.001
BMI Group 0.001 0.000 0.001
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Chapter 5
Discussion and Conclusions

This chapter concludes the thesis and discusses some advantages and shortcomings of the
three gene set tests being compared. In addition, we discuss some possible extensions and future
directions.
5.1 Summary

Many statistical methods have been recently developed to test the differential expression
of a gene set. However, most of the gene set tests emphasis on detecting mean differences
instead of distributional differences. To this end, we proposed to use a novel dependence
measure, namely distance correlation, for gene set testing because it targets not only the mean
difference but also other forms of difference. To validate the distance correlation test, simulation
studies under different settings were conducted for a comprehensive comparison with two
popular multivariate tests including Hotelling’s T2 test and ROAST test. Furthermore, these
three tests were applied to two real data sets.
5.2 Discussion

Both Hotelling’s T test and ROAST test detect a differential expression of a gene set
based on mean vectors. The primary drawback of these two tests is that they cannot detect the
difference in variability. If a null hypothesis is failed to reject in Hotelling’s T2 test and ROAST
test, it tells us that the gene set has the same population mean vector between two groups.
However, these two populations might or might not have a difference in variability. If a null
hypothesis is rejected by Hotelling’s T? test and ROAST test, it tells us that the gene set has a
difference in population mean vector but it is unknown that whether these two populations have

the same variability or not. The other drawback of Hotelling’s T2 test and ROAST test is that
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they rely on several assumptions that we mentioned in Chapter 1. In contrast with Hotelling’s T?
test and ROAST test, distance correlation test detects a differential expression of a gene set based
on their distributions. Distance correlation test does not require any parametric assumptions. If a
null hypothesis fails to be rejected in distance correlation test, it tells us the two groups of the
gene set have the same population distribution. The major drawback of distance correlation test
is that it does not tell us the differential expression of a gene set is caused by population mean
vectors or population variabilities if the null hypothesis is rejected in distance correlation test.
Based on the settings of mean vectors, standard deviation vectors, and correlation
matrices, simulation studies were conducted under one condition for assessing type | error rates
and four conditions with nine cases for assessing powers. The results can be summarized as:
(1) The differential expression of a gene set is purely caused by differences in mean:
Hotelling’s T2 test has the best powers that are close to 1 for all specified sample sizes.
Then, it is followed by ROAST test and distance correlation test. Both ROAST test and
distance correlation test have a larger power if the sample size is increased. Specifically
for distance correlation test, the powers are greater than 0.7 when the sample sizes are
greater than 250.
(2) The differential expression of a gene set is caused by differences in correlation
with/without differences in standard deviation:
Both Hotelling’s T? test and ROAST test have powers that are close to 0 for all specified
sample sizes. Distance correlation test has the best powers for all specified sample sizes.
The power of distance correlation test is increased if the sample size is increased. Overall,
the powers of distance correlation test are greater than 0.8 when the sample sizes are

greater than 200.
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(3) The differential expression of a gene set is caused by differences in mean, standard
deviation, and correlation:

When the mean difference is large, the three tests are similar. All three tests have powers

greater than 0.7 for all specified sample sizes. When the mean difference is small,

distance correlation test has the best powers for all specified sample sizes. Then, it is
followed by Hotelling’s T2 test and ROAST test. All three tests have a greater power
when the sample size is increased. Specifically for distance correlation test, the powers

are greater than 0.7 when the sample sizes are greater 60.

The two real data applications have similar conditions to the simulation study V and the
findings from these two real data applications support the results from the simulation study V.
5.3 Conclusions

According to our simulation studies, the distance correlation test works better than
Hotelling’s T2 test and ROAST test on detecting a differential expression of a gene set caused by
differences in variability. However, when a null hypothesis is rejected in a distance correlation
test, it does not tell us that the differential expression of the gene set is caused by mean
differences, variability differences, or both mean and variability differences.

Both Hotelling’s T? test and ROAST test can only detect the differential expression of a
gene set due to mean differences. If the null hypothesis is failed to reject in Hotelling’s T? test or
ROAST test, distance correlation test can be used for further examinations.

5.4 Future work

In this thesis, we focus on a dichotomous response Y in distance correlation test. In fact,

this can be extended to any number of categories, nominal or ordinal. For example, the random

variable Y can be the BMI_group in the second real data application, which has eight categories
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including underweight, lean, overweight, obese, severe, morbid obese, and superobese. Distance
correlation test can be directly applied to such multi-category response simply by defining the
dummy variables.

In this thesis, we chose distance correlation for gene set test. However, many other novel
correlation measures can be used. For instance, Zhu, Xu, Li, and Zhong (2017) proposed the
projection correlation, which is a measure of dependence between two random vectors.
Projection correlation is equal to zero if and only if the two random vectors are independent.
Furthermore, projection correlation does not require moment restriction for (X, Y), which is
more flexible distance correlation. A possible extension is to apply those similar correlation

measures to the problem of gene set testing.
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Appendices
Appendix A: Proof of equation (2.1)
We know that Cov(U, V) = E(UV) — E(U)E(V).
dCOVZ(X, Y)= COV(|X1 - X2|p> Y, — YZlq) - 2C0V(|X1 - Xlea Y, — Y3|q)
= E(1X1 = X21p|Y1 = Yalg) — E(1X1 — X5 1, )E(1Y1 = Y2lq) —
2 (E(1X, = Xalp 1Y — 3lg) — E(1X, — Xa1,)E( 1Y — ¥31,))
= E(|X1 _X2|p|Y1 - Y2|q) - E(|X1 - Xle)E( |Y1 - Y2|q) -
2E(1X; = XalplYs = Yslg) + 2 (E(1X, = Xalp)E( 1Yy = Ys1,) )
= E(|X1 — XalplYq — YZlq) + E(|X1 - X2|p)E(|Y1 - YZlq) -
2E(1X1 = X2lp|Y1 = Y3lq)

«Y;,Y,, Y; are independent and identically distributed
o E( |Y1 — Yzlq) = E( |Y1 - Y3|q)

=V2(X,Y)
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Appendix B: Proof of equation (2.2)
{XIY = 0~f(x) VX = (-0, )

Suppose {X|Y =1~g(x) VX = (—o0, o)
I

Y~Bernoulli(r) VY = 0 (normal), 1 (cancel) where m = P(Y = 1)
V3(X,Y) = E(|X1 = X3lplYy — Y2|) + E(|X1 - X2|p)E(|Y1 - %) -

2E(1X; — X2, 1Yy — Yal) (by definition)
I(doo = E(|X1 —X2|p|Y1 =0,Y, = 0)
Let{ di1 = E(IX; — XalplYa = 1, Y, = 1)
I

\dos = E(1X, — X,1,|Y = 0, %, = 1) = E(1X, — X, |,|V; = 1, ¥, = 0)
(1) For the first term:

E(1X1 = Xz1,1Y1 — Yal)
=E(1X; = Xal,|Y1 =0,Y, =0)P(Y; =0,Y, = 0) +

E(IX; - X1l =1, Y, =1)P(Y; =1, Y, =1) +

E(1X; — X311 =0,Y, =1)P(Y; =0,Y, = 1) +

E(1X; — X21plYs = 1,Y, =0)P(Y; = 1, Y, = 0)

(by law of total probability & conditional expectation)
=0P(Y,=0,Y%,=0)+0P(Y; =1,Y,=1)+dy,P(Y; =0,Y, =1) +

d01P(Y1 =1Y,= 0)

OlfY1=Y2=O
s i =Yl =31 iry, = 0and v, = 1
lifY;=1andVY, =0
=dyP(Y; =0)P(Y, =1) +dp P(Y; = DP(Y, = 0) (asY; L Y;)
_ PY=1)=nm )
=2dy,t(1 —1m) (as {P(Y=0)=1—7T'
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(2) For the second term:
E(1X: — Xzlp)
=E(I1X; = Xal,|Y1 =0,Y, =0)P(Y; =0,Y, = 0) +
E(IX; - X1l =1, Y, =1)P(Y; =1,V, =1) +
E(1X; — X,1plY, =0,Y, =1)P(Y; =0,Y, =1) +
E(1X; — X,1plYs = 1,Y, =0)P(Y; = 1, Y, = 0)
(by law of total probability & conditional expectation)

- dOOP(Yl = O)P(YZ == O) + dllp(Yl - 1)P(Y2 - 1) +

do P(Y; = 0)P(Yz = 1) + do, P(Y; = DP(Y; = 0) (asY; LY,)
=doo(1 —m)? + dy m* + 2dgym(1 — m) (as {Iljg z (13 z 71T— n) >

E(lY: —Y2)
=0P(Y1=O,Y2=O)+OP(Y1=1,Y2=1)+1P(Y1=0,Y2=1)+

0ify; =Y, =0
0ify; =Y, =1
1ifY;=0and?, =1
lifY;=1and?, =0

1P(Y, =1,Y, = 0) as|Y; — Y| =

=PY,=0,Y,=1)+PY,=1,Y,=0)

=P(Y, =0)P(Y, =1) + P(Y, = 1)P(Y, = 0) (as Y, L Yy)

=n(l-n)+n(1l—m) (as {I;g:g:f—n)

=2n(1l —m),
E(1X1 — X31p)E(IY; - YaI)
= (doo(1 = m)? + dyy7% + 2dgy(1 — m))21(1 — 1)

= 2dgot(1 — )3 + 2d, ;3 (1 — ) + 4dy 2 (1 — m)2.
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(3) For the third term:

E(1X1 — Xz lp|Y; — Y1)

=E(1X; = Xal,|Y1 =0,Y, =0,Y3=0)P(Y; =0,Y, =0,¥; = 0) +
E(1X; = X,1p|Y1 =0,Y, =1, Y3 =0)P(Y; =0,Y, =1,¥; = 0) +
E(I1X; - X, 1,1, =1,Y, =0, =1)P(; =1, =0,Y; = 1) +
E(IX; - X1, =1,Y, =1, =1)P(, =1LV, =1V, =1) +
E(1X; = X,1p|Y1 =0,Y,=0,Y3 =1)P(Y; =0,Y, =0,Y; = 1) +
E(I1X; - X111 =0,Y, =1, Y, =1)P(\; =0,¥, =1, Y, = 1) +
E(I1X; — X211 =1,Y,=0,¥3 =0)P(Y; =1,¥, =0,Y; = 0) +
E(IX; - X,1,lh =1,Y, =1, Y, =0)P(; =1,Y, =1,Y; = 0)
(by law of total probability & conditional expectation)

=0P(Y;,=0,Y,=0,Y3=0)+0P(Y;,=0,Y,=1,¥,=0) +
0OP(Y,=1,Y,=0,Y,=1)+0P(Y,=1,Y,=1,Y;=1) +
E(1X; — X151V, =0,Y,=0,Y3 =1)P(Y; =0,¥, =0,Y; = 1) +
E(I1X; - X111 =0,Y, =1, Y, =1)P(1; =0,¥, =1, Y, = 1) +
E(1X; — X5l  =1,Y, =0, =0)P(Y; =1, =0,Y; = 0) +
E(I1X, - X1, =1, Y, =1, Y, =0)P(Y; =1,Y, =1,Y; = 0)

0ifY, =Y, =0

0ify, =Y, =1

1ifY;=0andY; =1
lifY;=1andY¥; =0

as |Y1 _Y3| =

=E(I1X; — Xal,|Y1 =0,Y, =0)P(Y; =0,Y, = 0) +

E(1X; = X21p|Y1 =0,Y, =1)P(Y; =0,Y, = 1) +
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E(1X; - X, 1p|Ys =1, Y, =0)P(Y; = 1,Y, = 0) +
E(1X; - X, 1plY, =1, Y, =1)P(Y; = 1,Y, = 1)

(E(1X; — X,l,|Y, =0,Y, =0,Y3=0)P(Y; =0,Y, =0,Y; =0) +
E(IX; — X515V, =0,Y, =0,Y; =1)P(Y; =0,Y, =0, Y; = 1)
=E(I1X; — X2l,|Y1 = 0,Y, = 0)P(Y; = 0,Y, = 0)

S VE(IX; — X, 1,1 = 0,Y, =1, =0)P(Y; =0, ¥, =1,¥; = 0) +

E(IX; - X311 =0,Y, =1, Y, =1)P(Y; =0,¥, =1, V3 = 1)

=E(1X; = Xal,|Y1 =0, Y, =1)P(Y; = 0,Y, = 1)

= dOOP(Yl = 0, YZ = 0) + dOIP(Yl = O, YZ = 1) + dOlp(yl == 1, YZ = O) +
d P\, =1Y,=1)
= dooP (Y1 = 0)P(Y, = 0) + dg; P(Y; = 0)P(Y; = 1) + do, P(Y; = DP(Y, = 0) +

dllp(yl = 1)P(Y2 == 1) (aS Y1 1 Yz)

= doo(1 —m)? + 2doyw(1 — 1) + dyy 7 (as {Iljg z (13 z 71T— n) ,

2E(1X; — X2, 1Yy — Yal) = 2dgo(1 — )% + 4dg (1 — m) + 2dy; 2.
V2(X,Y)
= E(|X1 — XolplYy — Y2|) + E(|X1 _X2|p)E(|Y1 -Y) - 2E(|X1 = XolplV — Y3|)
= 2dgm(1 — 1) + 2dgon(1 — m)3 + 2d w3 (1 — 1) + 4dgy w2 (1 — m)? —
(Zdoo(l - 77:)2 + 4‘d01T[(1 - T[) + Zdllﬂz)
=2dyo(1 —m)?(m(1 —m) — 1) + 2d m?(m(1—m) — 1) +
2dgm(1 —m)(1 +2n(1 —m) — 2)
=2dyo(1 —m)?(m(1 —m) — 1) + 2d w2 (m(1—m) — 1) +
2dygm(1 —m)2n(1 —m) — 1)
= 2dgo(—m* + 3n3 — 4% + 3w — 1) + 2d; (—n* + 13 — %) +

2do, (2n* — 4m3 + 37? — 1)
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Appendix C: Proof of 4,. = 0 in the double centered distance matrix of X

_ 1
e

n

i=1
1

= (E) (A1 + Az + -+ Ajen)

1

= (T—l) ((apy— @ —ay+a)+ (agy — @ —a, +a) +-+

(Apn — Q. — @y + @.))
1 _ _ _ _
= (E) ((apy + agz + -+ agp) — Ny — (@q + @y + -+ ay) +na.)

1 1
= (E) (akl + (05%) + -+ akn) - C_lk. - (H) (C_ll + C_l.z + -+ C_ln) +a.

ay. — Ay — A.. + a.

=0.
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Appendix D: R program for assessing type | error rates (simulation study I)

library(MASS)
library(energy)
library(clusterGeneration)
library(DescTools)
library(limma)

alpha <- 0.05

R <- 1000

runs <- 10

n <- c(40, 60, 80, 100, 150, 200, 250, 300)
mu <- rep(Q, 8)

ng <- length(mu)

sigma <- ¢(1,2,3,4,5,0.5,1.5,2.5)

DispersionFunction <- function(sigma, correlation)
{
ng <- length(sigma)
DispersionMatrix <- matrix(NA, nrow=ng, ncol=ng)
for (i in 1:ng)
{
for (j in i:ng)

DispersionMatrix[i, j] <- correlation[i, j]*sigma[i]*sigma[j]

for (k in 1:i)
{
if (i < ng)
DispersionMatrix[i + 1, k] <- DispersionMatrix[k, i + 1]
}
}

return(DispersionMatrix)

}

TypelErrorSimulation <- function(n, mu, DispersionMatrix, alpha)
{
X <- matrix(NA, nrow=n, ncol=ng)
Y <- matrix(NA, nrow=n, ncol=1)
NrejectHO_dcor <- @
NrejectHO_HotellingsT2 <- @
NrejectHO_roast <- ©
for (r in 1:R)
{
X <- mvrnorm(n, mu, DispersionMatrix)
Y[, 1] <- rbinom(n, size=1, prob=0.5)

if (dcor.test(X, Y, R=R)$p.value <= alpha)

{
NrejectHO_dcor <- NrejectHO _dcor + 1
}
if (HotellingsT2Test(X~Y)$p.value <= alpha)
{
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NrejectHO HotellingsT2 <- NrejectHO HotellingsT2 + 1
}

DesignMatrix <- cbind(Intercept=1, Group=Y)
if (roast(t(X), design=DesignMatrix, contrast=2)$p.value[[2]][4] <= alpha)
{

NrejectHO_roast <- NrejectHO roast + 1
}
}
return(c(NrejectHo_dcor / R, NrejectHO HotellingsT2 / R, NrejectH@_roast / R))
}

set.seed(1)
CorrelationMatrix <- rcorrmatrix(length(sigma))
DispersionMatrix <- DispersionFunction(sigma, CorrelationMatrix)

TypelErrors <- array(NA, dim=c(length(n), runs, 3), dimnames=1list(n, 1l:runs,
c("dcor.test", "HotellingsT2Test", "roast")))
AverageTypelErrors <- matrix(NA, nrow=3, ncol=length(n))
SDTypelErrors <- matrix(NA, nrow=3, ncol=length(n))
for (SampleSize in 1:length(n))
{
for (run in 1:runs)
{
TypelErrors[SampleSize, run,] <- TypeIlErrorSimulation(n[SampleSize], mu,
DispersionMatrix, alpha)
}
for (TestType in 1:3)
{
AverageTypelErrors[TestType, SampleSize] <- mean(TypelErrors[SampleSize,,
TestType])
SDTypelErrors[TestType, SampleSize] <- sd(TypelErrors[SampleSize,,
TestType])

}
}

AverageTypelErrors
SDTypelErrors

x11()

plot(n, AverageTypelErrors[1l,], xlim=c(@, 300), ylim=c(®, ©.5), pch=1,
xlab="Sample Size", ylab="Average Type I Error Rate", col="red")

abline(h=0.05)

par(new=T)

plot(n, AverageTypelErrors[2,], xlim=c(@, 300), ylim=c(@, ©.5), pch=2, xlab="",
ylab="", axes=F, col="blue")

par(new=T)

plot(n, AverageTypelErrors[3,], xlim=c(@, 300), ylim=c(@, 0.5), pch=8, xlab="",
ylab="", axes=F, col="darkgreen")

legend(150, 0.5, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), pch=c(1, 2, 8), bty="n")
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Table 6.1

Means and Standard Deviations of Type | Error Rates for Different Sample Sizes and

Different Hypothesis Tests

Type | Error Rate

Sample Size Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.051 0.008 0.048 0.005 0.047 0.006
60 0.046 0.003 0.050 0.007 0.047 0.008
80 0.053 0.005 0.052 0.008 0.052 0.004
100 0.051 0.005 0.052 0.007 0.054 0.006
150 0.049 0.008 0.050 0.005 0.049 0.007
200 0.051 0.005 0.047 0.004 0.048 0.006
250 0.055 0.007 0.053 0.009 0.052 0.005
300 0.046 0.006 0.053 0.008 0.051 0.006
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Appendix E: R program for assessing powers in the simulation study 11

library(MASS)
library(energy)
library(clusterGeneration)
library(DescTools)
library(limma)

alpha <- 0.05
R <- 1000

runs <- 10
n <- c(40, 60, 80, 100, 150, 200, 250, 300)

DispersionMatrix <- function(sigma, correlation)
{
ng <- length(sigma)
DispersionMatrix <- matrix(NA, nrow=ng, ncol=ng)
for (i in 1:ng)

{
for (j in i:ng)
{
DispersionMatrix[i, j] <- correlation[i, j]*sigma[i]*sigma[j]
}
for (k in 1:i)
{
if (i < ng)
DispersionMatrix[i + 1, k] <- DispersionMatrix[k, i + 1]
}
}
return(DispersionMatrix)
}
PowerSimulation <- function(n, mu_©, mu_1, DispersionMatrix_ @, DispersionMatrix_1,
alpha)
{

NrejectHO_dcor <- @
NrejectHO_HotellingsT2 <- @
NrejectHO_roast <- ©
ng <- length(mu_0)
X <- matrix(NA, nrow=n, ncol=ng)
Y <- matrix(NA, nrow=n, ncol=1)
for (r in 1:R)
{
Y[, 1] <- rbinom(n, size=1, prob=0.5)
for (i in 1:n)
{
if (Y[i, 1] == 0)
X[i,] <- mvrnorm(1l, mu_O©, DispersionMatrix_0)
else
X[i,] <- mvrnorm(1, mu_1, DispersionMatrix_1)

}

if (dcor.test(X, Y, R=R)$p.value <= alpha)
{
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}

}

NrejectHO_dcor <- NrejectHo_dcor + 1

}
if (HotellingsT2Test(X~Y)$p.value <= alpha)
{
NrejectHO HotellingsT2 <- NrejectHO HotellingsT2 + 1
}

DesignMatrix <- cbind(Intercept=1, Group=Y)
if (roast(t(X), design=DesignMatrix, contrast=2)$p.value[[2]][4] <= alpha)
{

}

NrejectHO_roast <- NrejectHO roast + 1

return(c(NrejectHO_dcor / R, NrejectHO HotellingsT2 / R, NrejectH@_roast / R))

K K oK sk ke sk sk ok sk skosk sk ok sk sk sk skok sk sk ok sk sk sk skok sk sk sk sk ok sk sk sk sk ok sk sk sk ok sk skok sk ok ke skok sk ok sk skok skok sk ok ok k ok

#*

Same standard deviation, same correlation, different means *

KK oKk ok ok ok ok ok ok ok ok sk ok sk ok ok oK ok K ok ok ok s ok ok ok ok ok ok ok sk ok s ok ok ok ok ok ok ok ok s ok ok ok ok ok ok ok ok ok ok ok ok ok
sigma_© <- ¢(1,2,3,4,5,0.5,1.5,2.5)
sigma_1 <- sigma_©

set.seed(1)
CorrelationMatrix_@ <- rcorrmatrix(length(sigma_90))
CorrelationMatrix_1 <- CorrelationMatrix_©

DispersionMatrix_© <- DispersionMatrix(sigma_©, CorrelationMatrix_0)
DispersionMatrix_1 <- DispersionMatrix(sigma_1, CorrelationMatrix_1)

mu_© <- rep(0, 8)
mu_1 <- rep(1, 8)

Powers Al <- array(NA, dim=c(length(n), runs, 3), dimnames=1list(n, 1l:runs,
c("dcor.test", "HotellingsT2Test", "roast")))

AveragePowers_Al <- matrix(NA, nrow=3, ncol=length(n))

SDPowers_Al <- matrix(NA, nrow=3, ncol=length(n))

for (SampleSize in 1:length(n))

{

for (run in 1:runs)

{

Powers_Al[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,

DispersionMatrix_©, DispersionMatrix_1, alpha)

}

}

for (TestType in 1:3)

{

for (run in 1:runs)

{

for (SampleSize in 1:length(n))
{
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AveragePowers_Al[TestType, SampleSize] <- mean(Powers_Al[SampleSize,,
TestType])
SDPowers_Al[TestType, SampleSize] <- sd(Powers_Al[SampleSize,,
TestType])
}
}
}

AveragePowers_Al

SDPowers_A1l

plot(n, AveragePowers_A1[1,], type="b", lty=1, xlim=c(@, 300), ylim=c(0.0, 1.0),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers Al[2,], type="b", lty=3, xlim=c(0@, 300), ylim=c(0.0, 1.0),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers_A1l[3,], type="b", 1lty=5, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.2, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")

mu_0 <- rep(9, 8)
mu_1 <- rep(9.5, 8)

Powers_A2 <- array(NA, dim=c(length(n), runs, 3), dimnames=1list(n, 1l:runs,
c("dcor.test", "HotellingsT2Test", "roast")))
AveragePowers_A2 <- matrix(NA, nrow=3, ncol=length(n))
SDPowers_A2 <- matrix(NA, nrow=3, ncol=length(n))
for (SampleSize in 1:length(n))
{
for (run in 1:runs)
{
Powers_A2[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,
DispersionMatrix_0, DispersionMatrix_1, alpha)
}
}
for (TestType in 1:3)

for (run in 1:runs)
{
for (SampleSize in 1:length(n))
{
AveragePowers_A2[TestType, SampleSize] <-
mean(Powers_A2[SampleSize,,TestType])
SDPowers_A2[TestType, SampleSize] <-
sd(Powers_A2[SampleSize,,TestType])
}
}
}

AveragePowers_A2
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SDPowers_A2

x11()

plot(n, AveragePowers_A2[1,], type="b", 1lty=1, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers_A2[2,], type="b", lty=3, xlim=c(0, 300), ylim=c(0.0, 1.90),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers_A2[3,], type="b", 1lty=5, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.2, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")

mu_0 <- rep(9, 8)
mu_1 <- c(0.5, -0.5, 0.5, -0.5, 0.5, -0.5, 0.5, -0.5)

Powers_A3 <- array(NA, dim=c(length(n), runs, 3), dimnames=list(n, 1:runs,
c("dcor.test", "HotellingsT2Test", "roast")))
AveragePowers_A3 <- matrix(NA, nrow=3, ncol=length(n))
SDPowers_A3 <- matrix(NA, nrow=3, ncol=length(n))
for (SampleSize in 1:length(n))
{
for (run in 1:runs)
{
Powers_A3[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,
DispersionMatrix_0, DispersionMatrix_1, alpha)
}
}
for (TestType in 1:3)

for (run in 1:runs)
{
for (SampleSize in 1:length(n))
{
AveragePowers_A3[TestType, SampleSize] <-
mean(Powers_A3[SampleSize,,TestType])
SDPowers_A3[TestType, SampleSize] <-
sd(Powers_A3[SampleSize,,TestType])
}
}
}

AveragePowers_A3

SDPowers_A3

x11()

plot(n, AveragePowers A3[1,], type="b", lty=1, xlim=c(@, 300), ylim=c(0.0, 1.9),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers_A3[2,], type="b", lty=3, xlim=c(9, 300), ylim=c(0.0, 1.0),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)
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plot(n, AveragePowers_A3[3,], type="b", lty=5, xlim=c(@, 300), ylim=c(0.0, 1.0),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.2, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")

Table 6.2
Means and Standard Deviations of Powers under Case 1 in the Simulation Study 11 for
Different Sample Sizes and Different Hypothesis Tests

Power
Sample Size Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.342 0.008 1.000 0.000 0.996 0.001
60 0.573 0.015 1.000 0.000 1.000 0.000
80 0.776 0.013 1.000 0.000 1.000 0.000
100 0.910 0.015 1.000 0.000 1.000 0.000
150 0.998 0.001 1.000 0.000 1.000 0.000
200 1.000 0.000 1.000 0.000 1.000 0.000
250 1.000 0.000 1.000 0.000 1.000 0.000
300 1.000 0.000 1.000 0.000 1.000 0.000
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Table 6.3
Means and Standard Deviations of Powers under Case 2 in the Simulation Study 11 for
Different Sample Sizes and Different Hypothesis Tests

Power
Sample Size Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.096 0.012 0.996 0.003 0.402 0.011
60 0.126 0.005 1.000 0.000 0.665 0.011
80 0.164 0.004 1.000 0.000 0.855 0.008
100 0.197 0.010 1.000 0.000 0.951 0.007
150 0.325 0.017 1.000 0.000 0.999 0.001
200 0.460 0.022 1.000 0.000 1.000 0.000
250 0.613 0.012 1.000 0.000 1.000 0.000
300 0.736 0.015 1.000 0.000 1.000 0.000
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Table 6.4
Means and Standard Deviations of Powers under Case 3 in the Simulation Study 11 for
Different Sample Sizes and Different Hypothesis Tests

Power
Sample Size Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.097 0.013 1.000 0.000 0.380 0.014
60 0.130 0.013 1.000 0.000 0.598 0.012
80 0.166 0.015 1.000 0.000 0.761 0.008
100 0.208 0.011 1.000 0.000 0.873 0.009
150 0.357 0.013 1.000 0.000 0.988 0.003
200 0.531 0.013 1.000 0.000 1.000 0.001
250 0.704 0.010 1.000 0.000 1.000 0.000
300 0.841 0.011 1.000 0.000 1.000 0.000
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Appendix F: R program for assessing powers in the simulation study 11

library(MASS)

library(energy)

library(clusterGeneration)
library(DescTools)

library(limma)

alpha <- 0.05

R <- 1000

runs <- 10

n <- c(40, 60, 80, 100, 150, 200, 250, 300)

DispersionFunction <- function(sigma, correlation)

{
ng <- length(sigma)
DispersionMatrix <- matrix(NA, nrow=ng, ncol=ng)
for (i in 1:ng)
{
for (j in i:ng)
DispersionMatrix[i, j] <- correlation[i, j]*sigma[i]*sigmal[j]

}
for (k in 1:1i)

{ if (i < ng)
DispersionMatrix[i + 1, k] <- DispersionMatrix[k, i + 1]
}
}
return(DispersionMatrix)
}
PowerSimulation <- function(n, mu_@, mu_1, DispersionMatrix_@, DispersionMatrix_1,
alpha)
{

NrejectHO_dcor <- @
NrejectHO_HotellingsT2 <- @
NrejectHO_roast <- @
ng <- length(mu_0)
X <- matrix(NA, nrow=n, ncol=ng)
Y <- matrix(NA, nrow=n, ncol=1)
for (r in 1:R)
{
Y[, 1] <- rbinom(n, size=1, prob=0.5)
for (i in 1:n)

if (Y[i, 1] == 0)

X[i,] <- mvrnorm(1l, mu_©, DispersionMatrix_0)
else

X[i,] <- mvrnorm(1, mu_1, DispersionMatrix_1)

}

if (dcor.test(X, Y, R=R)$p.value <= alpha)

{
NrejectHO_dcor <- NrejectHO_dcor + 1
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}

}

if (HotellingsT2Test(X~Y)$p.value <= alpha)
{

}

NrejectHO HotellingsT2 <- NrejectHO HotellingsT2 + 1

DesignMatrix <- cbind(Intercept=1, Group=Y)
if (roast(t(X), design=DesignMatrix, contrast=2)$p.value[[2]][4] <= alpha)
{

}
}
return(c(NrejectHO_dcor / R, NrejectHO HotellingsT2 / R, NrejectH@_roast / R))

NrejectHO_roast <- NrejectHO_roast + 1

K K oK ok ke skok sk ok sk sk sk sk ok sk sk sk skok sk sk sk sk ok sk ok skok sk ok sk sk ok sk sk sk sk ok sk ke sk sk sk sk ok skok sk ok sk ok ok sk sk sk sk ok ok skok ok ook ok skok kokok ok

#*

Same mean, different standard deviations, and different correlations *

ok ok ok ko ok ko sk sk ok ok sk ok ok sk stk sk ok ok ok sk ok ok sk sk ok ok ok kok sk ok sk sk sk ok ok sk ok ok sk sk ok koo ok sk sk stk ok ok ok ko sk sk sk ok ok ks ok ok k ok ok ok

Case 1: mu ©® = mu_1 = {0,0,...,0}

sigma_0 = {1,2,3,4,5,0.5,1.5,2.5} and sigma_1

{5,4,0.5,3,2.5,1.5,2,1} =

mu_0 <- rep(9, 8)
mu_1 <- mu_©

sigma_© <- c(1,2,3,
sigma_1 <- c(5,4,0.

4,5,0.5,1.5,2.5)
5,3,2.5,1.5,2,1)

J

set.seed(1)
CorrelationMatrix_@ <- rcorrmatrix(length(sigma_0))
CorrelationMatrix_1 <- rcorrmatrix(length(sigma_1))

DispersionMatrix_© <- DispersionFunction(sigma_©, CorrelationMatrix_0)
DispersionMatrix_1 <- DispersionFunction(sigma_1, CorrelationMatrix_1)

Powers Bl <- array(NA, dim=c(length(n), runs, 3), dimnames=1list(n, 1l:runs,
c("dcor.test", "HotellingsT2Test", "roast")))

AveragePowers_B1 <- matrix(NA, nrow=3, ncol=length(n))

SDPowers_B1 <- matrix(NA, nrow=3, ncol=length(n))

for (SampleSize in 1:length(n))

{

for (run in 1:runs)

{

Powers_Bl[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,

DispersionMatrix_0, DispersionMatrix_1, alpha)

}

}

for (TestType in 1:3)

for (run in 1:runs)

{
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for (SampleSize in 1:length(n))
{

TestType])

AveragePowers_B1l[TestType, SampleSize] <- mean(Powers_B1[SampleSize,,

SDPowers_B1[TestType, SampleSize] <- sd(Powers_Bl[SampleSize,,
TestType])
}
}
}

AveragePowers_B1

SDPowers_B1

plot(n, AveragePowers B1[1,], type="b", 1lty=1, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers B1[2,], type="b", lty=3, xlim=c(0, 300), ylim=c(0.0, 1.9),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers B1[3,], type="b", lty=5, xlim=c(0@, 300), ylim=c(0.0, 1.0),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.8, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")

#= Case 2: mu©® =mu_ 1l = {0.5,-0.5,0.5,-0.5,...,-0.5}

= sigma_0 = {1,2,3,4,5,0.5,1.5,2.5} and sigma_1 =
{5,4,0.5,3,2.5,1.5,2,1} =

mu_©0 <- c(e.5, -0.5, 0.5, -0.5, 0.5, -0.5, 0.5, -0.5) #? ENTER the population
means for X|Y=0

mu_1 <- mu_© #? ENTER the population means for X|Y=1
sigma_© <- ¢(1,2,3,4,5,0.5,1.5,2.5)
sigma_1 <- c(5,4,0.5,3,2.5,1.5,2,1)

CorrelationMatrix_© <- rcorrmatrix(length(sigma_0))
CorrelationMatrix_1 <- rcorrmatrix(length(sigma_1))

DispersionMatrix_© <- DispersionFunction(sigma_0, CorrelationMatrix_0)
DispersionMatrix_1 <- DispersionFunction(sigma_1, CorrelationMatrix_1)

Powers B2 <- array(NA, dim=c(length(n), runs, 3), dimnames=list(n, 1:runs,
c("dcor.test", "HotellingsT2Test", "roast")))
AveragePowers_B2 <- matrix(NA, nrow=3, ncol=length(n))
SDPowers_B2 <- matrix(NA, nrow=3, ncol=length(n))
for (SampleSize in 1:length(n))
{
for (run in 1:runs)
{
Powers_B2[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,
DispersionMatrix_0, DispersionMatrix_1, alpha)
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}

}
for (TestType in 1:3)

for (run in 1:runs)

{
for (SampleSize in 1:length(n))
{
AveragePowers_B2[TestType, SampleSize] <- mean(Powers_B2[SampleSize,,
TestType])
SDPowers_B2[TestType, SampleSize] <- sd(Powers_B2[SampleSize,,
TestType])
}
}

}

AveragePowers_B2

SDPowers_B2

x11()

plot(n, AveragePowers B2[1,], type="b", lty=1, xlim=c(0, 300), ylim=c(0.0, 1.0),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers B2[2,], type="b", 1lty=3, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers B2[3,], type="b", 1lty=5, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.8, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")
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Table 6.5
Means and Standard Deviations of Powers under Case 1 in the Simulation Study I11 for
Different Sample Sizes and Different Hypothesis Tests

Power
Sample Size  Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.220 0.016 0.074 0.007 0.061 0.010
60 0.427 0.016 0.062 0.010 0.057 0.006
80 0.724 0.013 0.059 0.007 0.053 0.006
100 0.931 0.008 0.058 0.009 0.059 0.008
150 1.000 0.000 0.056 0.006 0.051 0.006
200 1.000 0.000 0.052 0.007 0.048 0.006
250 1.000 0.000 0.055 0.009 0.053 0.008
300 1.000 0.000 0.056 0.006 0.052 0.008
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Table 6.6
Means and Standard Deviations of Powers under Case 2 in the Simulation Study I11 for
Different Sample Sizes and Different Hypothesis Tests

Power
Sample Size  Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.225 0.012 0.068 0.010 0.060 0.010
60 0.469 0.011 0.063 0.005 0.057 0.006
80 0.777 0.009 0.062 0.010 0.054 0.006
100 0.957 0.005 0.056 0.007 0.054 0.009
150 1.000 0.000 0.058 0.003 0.056 0.009
200 1.000 0.000 0.053 0.010 0.053 0.009
250 1.000 0.000 0.054 0.006 0.056 0.006
300 1.000 0.000 0.053 0.004 0.046 0.005
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Appendix G: R program for assessing powers in the simulation study 1V

library(MASS)

library(energy)

library(clusterGeneration)
library(DescTools)

library(limma)

alpha <- 0.05

R <- 1000

runs <- 10

n <- c(40, 60, 80, 100, 150, 200, 250, 300)

DispersionMatrix <- function(sigma, correlation)

{
ng <- length(sigma)
DispersionMatrix <- matrix(NA, nrow=ng, ncol=ng)
for (i in 1:ng)
{
for (j in i:ng)
DispersionMatrix[i, j] <- correlation[i, j]*sigma[i]*sigmal[j]

}
for (k in 1:1i)

{ if (i < ng)
DispersionMatrix[i + 1, k] <- DispersionMatrix[k, i + 1]
}
}
return(DispersionMatrix)
}
PowerSimulation <- function(n, mu_@, mu_1, DispersionMatrix_@, DispersionMatrix_1,
alpha)
{

NrejectHO_dcor <- @
NrejectHO_HotellingsT2 <- @
NrejectHO_roast <- @
ng <- length(mu_0)
X <- matrix(NA, nrow=n, ncol=ng)
Y <- matrix(NA, nrow=n, ncol=1)
for (r in 1:R)
{
Y[, 1] <- rbinom(n, size=1, prob=0.5)
for (i in 1:n)

if (Y[i, 1] == 0)

X[i,] <- mvrnorm(1l, mu_©, DispersionMatrix_0)
else

X[i,] <- mvrnorm(1, mu_1, DispersionMatrix_1)

}

if (dcor.test(X, Y, R=R)$p.value <= alpha)

{
NrejectHO_dcor <- NrejectHO_dcor + 1
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}

if (HotellingsT2Test(X~Y)$p.value <= alpha)
{

}

NrejectHO HotellingsT2 <- NrejectHO HotellingsT2 + 1

DesignMatrix <- cbind(Intercept=1, Group=Y)
if (roast(t(X), design=DesignMatrix, contrast=2)$p.value[[2]][4] <= alpha)
{

}
}
return(c(NrejectHo_dcor / R, NrejectHO_HotellingsT2 / R, NrejectHO_roast / R))
}

K K oK ok ke sk sk ok sk sk sk sk ok sk sk sk sk sk ke sk sk ok sk ke sk skook sk sk ok sk ok sk sk ok sk ok sk sk sk sk ok sk skok sk sk ok ok sk ok ok okok ok ok

NrejectHO_roast <- NrejectHO_roast + 1

#* Same dispersion matrix, same mean, different correlations *
#*****************************************************************
mu_© <- rep(0, 8)

mu_1 <- mu_O

sigma_© <- ¢(1,2,3,4,5,0.5,1.5,2.5)

sigma_1 <- sigma_©

set.seed(1)
CorrelationMatrix_© <- rcorrmatrix(length(sigma_90))
CorrelationMatrix_1 <- rcorrmatrix(length(sigma_1))

DispersionMatrix_© <- DispersionMatrix(sigma_@, CorrelationMatrix_0)
DispersionMatrix_1 <- DispersionMatrix(sigma_1, CorrelationMatrix_1)

Powers C <- array(NA, dim=c(length(n), runs, 3), dimnames=1list(n, 1l:runs,
c("dcor.test", "HotellingsT2Test", "roast")))
AveragePowers_C <- matrix(NA, nrow=3, ncol=length(n))
SDPowers_C <- matrix(NA, nrow=3, ncol=length(n))
for (SampleSize in 1:length(n))
{
for (run in 1:runs)
{
Powers_C[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©0, mu_1,
DispersionMatrix_©, DispersionMatrix_1, alpha)
}
}
for (TestType in 1:3)

for (run in 1:runs)

{
for (SampleSize in 1:length(n))
{
AveragePowers C[TestType, SampleSize] <- mean(Powers_C[SampleSize,,
TestType])
SDPowers_C[TestType, SampleSize] <- sd(Powers_C[SampleSize,,
TestType])
}
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}

AveragePowers_C

SDPowers_C

plot(n, AveragePowers_C[1,], type="b", lty=1, xlim=c(0@, 300), ylim=c(0.0, 1.0),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers_C[2,], type="b", 1lty=3, xlim=c(@, 300), ylim=c(0.0, 1.9),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers C[3,], type="b", 1lty=5, xlim=c(0@, 300), ylim=c(0.0, 1.0),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(0@, 1, legend=c("Distance Correlation Test", "Hotelling's T Square Test",
"ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1, 2, 8),
bty="n")

Table 6.7
Means and Standard Deviations of Powers in the Simulation Study IV for Different Sample
Sizes and Different Hypothesis Tests

Power
Sample Size Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.094 0.010 0.069 0.009 0.054 0.009
60 0.122 0.010 0.058 0.008 0.048 0.007
80 0.170 0.010 0.054 0.006 0.049 0.007
100 0.240 0.012 0.055 0.007 0.051 0.007
150 0.473 0.012 0.050 0.007 0.047 0.008
200 0.791 0.014 0.050 0.006 0.049 0.007
250 0.965 0.004 0.054 0.010 0.052 0.006
300 0.998 0.001 0.056 0.005 0.053 0.007
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Appendix H: R program for assessing powers in the simulation study V

library(MASS)

library(energy)

library(clusterGeneration)
library(DescTools)

library(limma)

alpha <- 0.05

R <- 1000

runs <- 10

n <- c(40, 60, 80, 100, 150, 200, 250, 300)

DispersionMatrix <- function(sigma, correlation)

{
ng <- length(sigma)
DispersionMatrix <- matrix(NA, nrow=ng, ncol=ng)
for (i in 1:ng)
{
for (j in i:ng)
DispersionMatrix[i, j] <- correlation[i, j]*sigma[i]*sigmal[j]

for (k in 1:1i)

{ if (i < ng)
DispersionMatrix[i + 1, k] <- DispersionMatrix[k, i + 1]
}
}
return(DispersionMatrix)
}
PowerSimulation <- function(n, mu_@, mu_1, DispersionMatrix_@, DispersionMatrix_1,
alpha)
{

NrejectHO_dcor <- ©
NrejectHO HotellingsT2 <- @
NrejectHO_roast <- ©
ng <- length(mu_0)
X <- matrix(NA, nrow=n, ncol=ng)
Y <- matrix(NA, nrow=n, ncol=1)
for (r in 1:R)
{
# Generate data for X and Y
Y[, 1] <- rbinom(n, size=1, prob=0.5)
for (i in 1:n)
{
if (Y[i, 1] == @)
X[i,] <- mvrnorm(1l, mu_©, DispersionMatrix_0)
else
X[i,] <- mvrnorm(1, mu_1, DispersionMatrix_1)

}

if (dcor.test(X, Y, R=R)$p.value <= alpha)
{
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NrejectHO_dcor <- NrejectHo_dcor + 1

}
if (HotellingsT2Test(X~Y)$p.value <= alpha)
{
NrejectHO HotellingsT2 <- NrejectHO HotellingsT2 + 1
}

DesignMatrix <- cbind(Intercept=1, Group=Y)
if (roast(t(X), design=DesignMatrix, contrast=2)$p.value[[2]][4] <= alpha)
{

}
}
return(c(NrejectHO_dcor / R, NrejectHO HotellingsT2 / R, NrejectH@_roast / R))
}

3k 3K 3K 3K 3k 3k 3k 3k sk >k >k 5k ok 3k sk sk sk >k 3k 3k sk sk sk sk sk 3k 3k 5k sk Sk sk sk sk 3k 5k sk sk sk sk >k >k 3k sk sk sk sk sk sk 3k 3k sk 3k 3k Sk sk 3k 3k 3k 5k sk sk sk >k 3k 5k 3k 3k sk sk sk sk sk ok sk sk sk k

NrejectHO_roast <- NrejectHO roast + 1

Different means, different standard deviations, different correlations *
sk 3k 3k 3k sk sk sk 3k 5k sk 3k sk sk sk 3k ok 3k sk sk sk ok 5k 3k 3k sk sk sk sk 5k sk 3k 3k sk sk 5k 5k 3k 3k 3k sk sk sk 3k 3k sk sk sk sk 5k 5k 3k 3k sk sk sk ok 3k 3k sk sk sk 5k 5k sk 3k k sk sk >k 5k 5k 3k ok %k >k k k
gma_@ <- c(1,2,3,4,5,0.5,1.5,2.5)
gma_1 <- c(5,4,0.5,3,2.5,1.5,2,1)

t.seed(1)
rrelationMatrix_@ <- rcorrmatrix(length(sigma_0))
rrelationMatrix_1 <- rcorrmatrix(length(sigma_1))

spersionMatrix_© <- DispersionMatrix(sigma_©, CorrelationMatrix o)
spersionMatrix_1 <- DispersionMatrix(sigma_1, CorrelationMatrix_1)

Case 1: mu_© = {0,0,...,0} and mu_1 = {1,1,...,1}

sigma_0 = {1,2,3,4,5,0.5,1.5,2.5} and sigma_1 =
,4,0.5,3,2.5,1.5,2,1} =

0 <- rep(9, 8)
1 <- rep(1, 8)

wers_D1 <- array(NA, dim=c(length(n), runs, 3), dimnames=list(n, 1:runs,
"dcor.test", "HotellingsT2Test", "roast")))

eragePowers_D1 <- matrix(NA, nrow=3, ncol=length(n))

Powers D1 <- matrix(NA, nrow=3, ncol=length(n))

r (SampleSize in 1:1length(n))

{

for (run in 1:runs)

{

Powers_D1[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,

spersionMatrix_@, DispersionMatrix_1, alpha)
}

}

r (TestType in 1:3)

{
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for (run in 1:runs)

{
for (SampleSize in 1:length(n))
{
AveragePowers_D1[TestType, SampleSize] <- mean(Powers_D1[SampleSize,,
TestType])
SDPowers_D1[TestType, SampleSize] <- sd(Powers_D1[SampleSize,,
TestType])
}
}

}

AveragePowers_D1

SDPowers_D1

plot(n, AveragePowers D1[1,], type="b", lty=1, xlim=c(0@, 300), ylim=c(0.0, 1.0),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers D1[2,], type="b", 1lty=3, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers D1[3,], type="b", 1lty=5, xlim=c(@, 300), ylim=c(@.0, 1.9),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.2, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")

= Case 2: mu_© = {0,0,...,0} and mu_1 = {0.5,0.5,...,0.5}

= sigma_ 0 = {1,2,3,4,5,0.5,1.5,2.5} and sigma_1 =
{5,4,0.5,3,2.5,1.5,2,1} =

mu_© <- rep(@, 8) #? ENTER the population means for X|Y=0
mu_1 <- rep(@.5, 8) #? ENTER the population means for X|Y=1

Powers_D2 <- array(NA, dim=c(length(n), runs, 3), dimnames=list(n, 1:runs,
c("dcor.test", "HotellingsT2Test", "roast")))
AveragePowers_D2 <- matrix(NA, nrow=3, ncol=length(n))
SDPowers_D2 <- matrix(NA, nrow=3, ncol=length(n))
for (SampleSize in 1:length(n))
{
for (run in 1:runs)
{
Powers_D2[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,
DispersionMatrix_@, DispersionMatrix_1, alpha)

}
}
for (TestType in 1:3)
{
for (run in 1:runs)
{

for (SampleSize in 1:length(n))
{
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AveragePowers_D2[TestType, SampleSize] <- mean(Powers_D2[SampleSize,,
TestType])
SDPowers_D2[TestType, SampleSize] <- sd(Powers_D2[SampleSize,,
TestType])
}
}
}

AveragePowers_D2

SDPowers_D2

x11()

plot(n, AveragePowers D2[1,], type="b", lty=1, xlim=c(@, 300), ylim=c(0.0, 1.9),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers D2[2,], type="b", lty=3, xlim=c(0@, 300), ylim=c(0.0, 1.0),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers_D2[3,], type="b", lty=5, xlim=c(@, 300), ylim=c(0.0, 1.0),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.2, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")

#= Case 3: mu_ 9@ = {0,0,...,0} and mu_1 = {0.5,-0.5,0.5,-0.5,...,-0.5}

= sigma 0 = {1,2,3,4,5,0.5,1.5,2.5} and sigma_1 =
{5,4,0.5,3,2.5,1.5,2,1} =

mu_@ <- rep(@, 8) #? ENTER the population means for X|Y=0
mu_1 <- c(0.5, -0.5, 0.5, -0.5, 0.5, -0.5, 0.5, -0.5) #? ENTER the population
means for X|Y=1

Powers D3 <- array(NA, dim=c(length(n), runs, 3), dimnames=1list(n, 1l:runs,
c("dcor.test", "HotellingsT2Test", "roast")))
AveragePowers_D3 <- matrix(NA, nrow=3, ncol=length(n))
SDPowers_D3 <- matrix(NA, nrow=3, ncol=length(n))
for (SampleSize in 1:length(n))
{
for (run in 1:runs)
{
Powers_D3[SampleSize, run,] <- PowerSimulation(n[SampleSize], mu_©, mu_1,
DispersionMatrix_©, DispersionMatrix_1, alpha)
}
}
for (TestType in 1:3)

for (run in 1:runs)

{
for (SampleSize in 1:length(n))

{

AveragePowers D3[TestType, SampleSize] <- mean(Powers_D3[SampleSize,,
TestType])
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SDPowers_D3[TestType, SampleSize] <- sd(Powers_D3[SampleSize,,
TestType])

}
}
}

AveragePowers_D3

SDPowers_D3

x11()

plot(n, AveragePowers D3[1,], type="b", lty=1, xlim=c(0@, 300), ylim=c(0.0, 1.0),
pch=1, xlab="Sample Size", ylab="Average Power", col="red")

par(new=T)

plot(n, AveragePowers D3[2,], type="b", 1lty=3, xlim=c(@, 300), ylim=c(0.0, 1.90),
pch=2, xlab="", ylab="", axes=F, col="blue")

par(new=T)

plot(n, AveragePowers D3[3,], type="b", lty=5, xlim=c(9, 300), ylim=c(0.0, 1.0),
pch=8, xlab="", ylab="", axes=F, col="darkgreen")

legend(150, 0.2, legend=c("Distance Correlation Test", "Hotelling's T Square
Test", "ROAST Test"), col=c("red", "blue", "darkgreen"), lty=c(1, 3, 5), pch=c(1,
2, 8), bty="n")
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Table 6.8
Means and Standard Deviations of Powers under Case 1 in the Simulation Study V for
Different Sample Sizes and Different hypothesis Tests

Power
Sample Size  Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.749 0.014 0.751 0.014 0.769 0.016
60 0.971 0.004 0.943 0.009 0.937 0.007
80 0.999 0.001 0.990 0.004 0.986 0.003
100 1.000 0.000 0.999 0.001 0.997 0.002
150 1.000 0.000 1.000 0.000 1.000 0.000
200 1.000 0.000 1.000 0.000 1.000 0.000
250 1.000 0.000 1.000 0.000 1.000 0.000
300 1.000 0.000 1.000 0.000 1.000 0.000
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Table 6.9
Means and Standard Deviations of Powers under Case 2 in the Simulation Study V for
Different Sample Sizes and Different hypothesis Tests

Power
Sample Size  Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.370 0.021 0.233 0.019 0.228 0.015
60 0.678 0.016 0.354 0.020 0.341 0.017
80 0.911 0.008 0.471 0.013 0.445 0.016
100 0.993 0.003 0.594 0.012 0.558 0.014
150 1.000 0.000 0.808 0.011 0.767 0.018
200 1.000 0.000 0.956 0.005 0.889 0.012
250 1.000 0.000 0.977 0.005 0.953 0.006
300 1.000 0.000 0.994 0.002 0.982 0.002
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Table 6.10
Means and Standard Deviations of Powers under Case 3 in the Simulation Study V for
Different Sample Sizes and Different Hypothesis Tests

Power
Sample Size  Distance Correlation Hotelling’s T? ROAST
M SD M SD M SD
40 0.389 0.011 0.299 0.014 0.225 0.011
60 0.711 0.008 0.467 0.015 0.332 0.017
80 0.933 0.005 0.610 0.016 0.445 0.018
100 0.994 0.003 0.743 0.013 0.556 0.007
150 1.000 0.000 0.921 0.007 0.788 0.008
200 1.000 0.000 0.982 0.004 0.911 0.008
250 1.000 0.000 0.996 0.001 0.969 0.005
300 1.000 0.000 0.999 0.001 0.992 0.003
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Appendix I: R program for the first real data application

library(energy)
library(DescTools)
library(limma)
library(moments)

# The original dataset is preprocessed to cancer_dataA.csv
CancerData <- read.csv("cancer_dataA.csv", header=F)

n <- nrow(CancerData)
p <- ncol(CancerData) - 1

Y <- rep(NA, n)
for (i in 1:n)

{
}

X <- CancerData[, 2:715]
total <- colSums(X)
logX <- log(X + 1)

ifelse (CancerData[i, 1] == "N", Y[i] <- @, Y[i] <- 1)

threshold <- seq(from=40, to=129000, by=20)

I <- length(threshold)

R <- 1000

DesignMatrix <- cbind(Intercept=1, Group=Y)

p_values_temp <- matrix(NA, nrow=I, ncol=3, dimnames = list(threshold,
c("NumberOfGenes", "dcor", "ROAST")))

set.seed(1)
for (i in 1:I)
{
index_t <- total > threshold[i]
XData <- logX[, index_t]
p_values_temp[i, 1] <- ncol(XData)
p_values_temp[i, 2] <- dcor.test(XData, Y, R=R)$p.value
p_values_temp[i, 3] <- roast(t(XData), design=DesignMatrix,
contrast=2)$p.value[[2]][4]
}
index_p <- rep(NA, I)
index_p[1] =T
for (j in 1:(I - 1))
{
index_p[j + 1] <- p_values_temp[j, 1] > p_values_temp[]j + 1, 1]

p_values <- p_values_temp[index_p, ]

hist(p_values[,2], breaks=4, xlim=c(@, 0.035), ylim=c(@,150), xlab="p-value",
ylab="Frequency", main=NULL, col="green")

par(new=T)

hist(p_values[,3], nclass=20, xlim=c(@, 0.035), ylim=c(0,150), xlab="p-value",
ylab="Frequency", main=NULL, col="lightblue")
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legend(0.02, 150, legend=c("Distance Correlation Test", "ROAST Test"),
col=c("green", "lightblue"), pch=c(15, 15),bty="n")
box ()

x11()

plot(threshold, p_values_temp[, 1], pch=20, ylim=c(0,500), xlab="Threshold",
ylab="Number of Genes", type="1", main=NULL)

x11()

NumberofGenes <- hist(total[total>=0 & total<120000], breaks=seq(from=0,
t0=120000, by=12000), xlab="Threshold", ylab="Number of Genes", main=NULL)
box ()

NumberofGenes$counts

NumberofGenes$breaks

NumberofGenes$mids

max(p_values[,2])
min(p_values[,2])
mean(p_values[,2])
sd(p_values[,2])

max(p_values[,3])
min(p_values[,3])
mean(p_values[,3])
sd(p_values[,3])

x11()

MeanDifference <- hist((colMeans(logX[!Y,])-colMeans(logX[as.logical(Y),])),
breaks=seq(-4, 4, by=0.5), xlab="Mean Difference", main=NULL, col="lightblue")
box()

xfit <- seq(-4, 4, length=60)

yfit <- dnorm(xfit, mean(colMeans(logX[!Y,])-colMeans(logX[as.logical(Y),])),
sd(colMeans(logX[!Y, ])-colMeans(logX[as.logical(Y),])))

yfit <- yfit*diff(MeanDifference$mids[1:2])*1length(colMeans(logX[!Y,])-
colMeans(logX[as.logical(Y),]))

lines(xfit, yfit, col="red")

legend(0.5, 250, legend=c("Histogram of Mean Differences", "Normal Curve"),
col=c("lightblue", "red"), pch=c(15, 15),bty="n", cex=0.95)

skewness((colMeans(logX[!Y,])-colMeans(logX[as.logical(Y),])))
MeanDifference$counts

sum(MeanDifference$counts)

sum(colMeans(logX[!Y, ])-colMeans(logX[as.logical(Y),])==0)
which(colMeans(logX[!Y,])-colMeans(logX[as.logical(Y),])==0)
MeanDifference$breaks

MeanDifference$mids

x11()

Ratio_SD <- hist(apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2, sd),
breaks=seq(0,5, by=0.4), xlab="Ratio of Standard Deviations", main=NULL)
box ()

Ratio_SD$counts

sum(Ratio_SD$counts)

sum(apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2, sd)==0)
logX[!Y,which(apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2, sd)==0)]
sum(apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2, sd)==Inf)
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logX[as.logical(Y),which(apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2,
sd)==Inf)]

Ratio_ SD$breaks

Ratio SD$mids

counts <- matrix(NA, nrow=6, ncol=1, dimnames=list(c("(X@bar-Xlbar)<e", "(Xebar-
Xlbar)=0", "(X@bar-Xlbar)>0", "(s@/sl)<1", "(s@/s1)=0", "(s@/sl)>1"), "counts"))
counts[1, 1] <- sum((colMeans(logX[!Y,])-colMeans(logX[as.logical(Y),])) < ©)
counts[2, 1] <- sum((colMeans(logX[!Y,])-colMeans(logX[as.logical(Y),])) == 0)
counts[3, 1] <- sum((colMeans(logX[!Y,])-colMeans(logX[as.logical(Y),])) > @)
counts[4, 1] <- sum((apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2, sd))
< 1)

counts[5, 1] <- sum((apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2, sd))
== 1)

counts[6,1] <- sum((apply(logX[!Y,], 2, sd)/apply(logX[as.logical(Y),], 2, sd)) >
1)

counts
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Appendix J: R program for the second real data application

library(energy)
library(DescTools)
library(limma)
library(moments)

Metadata <- read.table("Metadata.tab", header=T)

HITChip <- read.table("HITChip.tab", sep="\t", row.names=1, header=T)
dim(HITChip)

max (HITChip)

min(HITChip)

n <- nrow(HITChip)
p <- ncol(HITChip)

ColumnNumberOfMetadata <- c(2, 3, 4, 8)

index <- matrix(NA, nrow=n, ncol=4,dimnames=1ist(NULL, c("Age", "Sex",
"Nationality", "BMI")))

for (j in 1:length(ColumnNumberOfMetadata))

{
for (i in 1:n)
{
index[i, j] <- !is.na(Metadata[i, ColumnNumberOfMetadatal[j]])
}
}

n <- matrix(NA, nrow=4, ncol=1, dimnames=list(c("Age", "Sex", "Nationality",
"BMI"), "Sample Size"))
for (i in 1:length(ColumnNumberOfMetadata))

{
}

n

n[i] <- sum(index[, i])

Y <- list(rep(NA, n[1, 1]), rep(NA, n[2, 1]), rep(NA, n[3, 1]), rep(NA, n[4, 1]))
for (i in 1:n[1, 1])
{

}

Aged <- sum(!Y[[1]])
Age0
Agel <- sum(Y[[1]])
Agel

ifelse (Metadata[index[, 1], 2][i] <= 40, Y[[1]][i] <- o, Y[[1]]1[i] <- 1)

Conditions <- c("male", "US", "lean")
for (j in 2:length(ColumnNumberOfMetadata))
{
for (i in 1:n[j, 1])
{
ifelse (Metadata[index[, j], ColumnNumberOfMetadata[j]][i] ==
Conditions[j - 1], Y[[jI1[i] <- @, Y[[3]11[i] <- 1)
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}

Sex@ <- sum(!'Y[[2]])
Sexo
Sex1 <- sum(Y[[2]])
Sex1

Nationality® <- sum(!Y[[3]])
Nationality®
Nationalityl <- sum(Y[[3]])
Nationalityl

BMIO <- sum(!Y[[4]])
BMIO
BMI1 <- sum(Y[[4]])
BMI1

X <- list(log(HITChip[index[, 1],]), log(HITChip[index[, 2],]1),
log(HITChip[index[, 3]1,1), log(HITChip[index[, 4],1))

set.seed(1)
p_values <- matrix(NA, nrow=4, ncol=3, dimnames=list(c("Age", "Sex",
"Nationality", "BMI"), c("dcor", "Hotteling's T2", "ROAST")))
R <- 1000
for (i in 1:length(ColumnNumberOfMetadata))
{
p_values[i, 1] <- dcor.test(X[[i]], Y[[i]], R=R)$p.value
p_values[i, 2] <-
HotellingsT2Test(as.matrix(X[[i]])~as.matrix(Y[[i]]))%p.value
DesignMatrix <- cbind(Intercept=1, Group=Y[[i]])
p_values[i, 3] <- roast(t(X[[i]]), design=DesignMatrix,
contrast=2)$p.value[[2]][4]
}

p_values

labels <- c("Age", "Sex", "Nationality", "BMI")
counts <- matrix(NA, nrow=6, ncol=4, dimnames=list(c("(X@bar-Xlbar)<e", "(X@bar-
Xlbar)=0", "(X@bar-Xlbar)>e", "(s0/sl)<1", "(s@/sl)=1", "(s@/s1l)>1"), c("Age",
"Sex", "Nationality", "BMI")))
Skewness <- matrix(NA, nrow=2, ncol=4, dimnames=1list(c("MeanDifference", "SD
Ratio"), c("Age", "Sex", "Nationality", "BMI")))
for (i in 1:length(ColumnNumberOfMetadata))
{

x11(width=14.125,height=7.0625)

par(mfrow=c(1, 2))

histogram <- hist((colMeans(X[[i]]1['Y[[i]1]1,1)-
colMeans(X[[i]][as.logical(Y[[i]]),])), breaks=seq(-1.5, 1, by=0.1), ylim=c(@,
90), main=labels[i], xlab="Mean Difference")

Skewness[1, i] <- skewness((colMeans(X[[i]]1['Y[[i]1],1)-
colMeans(X[[i]][as.logical(Y[[iI]),1)))

box ()

#xfit <- seq(-1.5, 1, length=60)

#yNel <- dnorm(xfit, @, 1)

#yfit <- yNol1*diff(histogram$mids[1:2])*sum(histogram$counts)

#lines(xfit, yfit, col="red")
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hist(apply(X[[i]1[!Y[[1i1],1, 2, sd)/apply(X[[i]][as.logical(Y[[i]]),], 2, sd),
breaks=seq(0, 4, by=0.15), ylim=c(@, 90), main=labels[i], xlab="Ratio of Standard
Deviations")

Skewness[2, i] <- skewness(apply(X[[il1[!'Y[[ill,1, 2,
sd)/apply(X[[i]][as.logical(Y[[i]]),], 2, sd))

box ()

counts[1, i] <- sum((colMeans(X[[i]]1['Y[[i]1]1,1)-
colMeans(X[[i]][as.logical(Y[[i]]),])) < @)

counts[2, i] <- sum((colMeans(X[[i]]['Y[[i]1]1,1)-
colMeans(X[[i]][as-logical(Y[[i]]),])) == @)

counts[3, i] <- sum((colMeans(X[[i]]I[!Y[[ill,])-
colMeans(X[[i]][as.logical(Y[[i]l]),])) > @)

counts[4, i] <- sum(apply(X[[i]][!'Y[[i]],], 2,
sd)/apply(X[[i]][as.logical(Y[[i]]),], 2, sd) < 1)

counts[5, i] <- sum(apply(X[[i1][!'Y[[i]1,]1, 2,
sd)/apply(X[[i]][as.logical(Y[[i]]),], 2, sd) == 1)

counts[6, i] <- sum(apply(X[[i]][!'Y[[i]],], 2,
sd)/apply(X[[i]][as.logical(Y[[i]]),], 2, sd) > 1)

}

counts
Skewness
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