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Abstract

Let V be a vector bundle over a smooth curve C. In this paper, we study twisted Brill-
Noether loci parametrising stable bundles E of rank n and degree e with the property that
W(C,VQE)>k. We prove that, under conditions similar to those of Teixidor i Bigas
and of Mercat, the Brill-Noether loci are nonempty and in many cases have a component
which is generically smooth and of the expected dimension. Along the way, we prove the
irreducibility of certain components of both twisted and “nontwisted” Brill-Noether loci.
We describe the tangent cones to the twisted Brill-Noether loci. We end with an example
of a general bundle over a general curve having positive-dimensional twisted Brill-Noether
loci with negative expected dimension.
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1 Introduction

Let C be a smooth projective curve over an algebraically closed field K of characteristic
zero. A fundamental feature of the geometry of C and Pic?(C) is the Brill-Noether locus

W(C) = {L € Pic!(C) : B°(C,L) > r+1}. (1.1)

These objects have been much studied. The expected dimension of W)(C) is the
Brill-Noether number p(g,d,r) = g — (r + 1)(g — d + r) where g is the genus of C; every
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irreducible component has dimension > p(g,d, r), and a great deal is known about these
loci (for details, see Sect. 2).

A natural generalisation of (1.1) to vector bundles of higher rank is given as follows.
We denote by U*(n, ¢) the moduli space of stable bundles of rank n and degree ¢ over C.
This is an irreducible quasiprojective variety of dimension n*(g — 1) + 1. The generalised
Brill-Noether locus Bfl’e is defined set-theoretically by

B’,j’e ={E € U'(n,e) : I°(C,E) > k}.

(In this notation, W’(C) is written B’“ ) These loci have also been studied in much detail,
although the results for the case n = 1 do not necessarily generalise. Brill-Noether loci are
also closely related to moduli of coherent systems, that is, pairs (V, A) where V is a vector
bundle and A a subspace of H°(C, V) of a fixed dimension.

In the present work we study another generalisation of B . which to our knowledge
was first defined in [36, Sect. 2]. Fix a vector bundle V over C of rank r and degree d (not
necessarily semistable). Then the twisted Brill-Noether locus Bﬁ,e(V) is defined set-theoret-
ically by

Blf,,e(V) i= {E e Un,e) : i°(C,VQE) > k}.

The space U*(n, ¢) is an open subset of the moduli space U(n, e¢) of S-equivalence classes
of semistable bundles of rank »n and degree e. We write [E] for the S-equivalence class of a
semistable E and grE for the graded bundle associated to E; grE depends only on [E]. The
definition of Bﬁ’e(V) is extended to include semistable bundles by setting

Eﬁ!e(V) :={[E] € Un,e) : i°(C,V ® gtE) > k}.

As outlined in [35, Sect. 1], the construction of Bk in [13, Sect. 2] is easily generalised
to Bk ,(V), substituting a vector bundle V for O in the appropriate places. (In Sect. 2 we
will glve a slightly more general version of this construction.) In particular, Bk (V)isa
determinantal locus. Thus, if #°(C, V ® E) = k, then the expected dimension of B" V) at
E is given by the twisted Brill-Noether number

p’:l,e(V) :=dim U*(n,e) — k(k — y(C,V ® E))
= n*(g— 1)+ 1—=k(k—re —nd+ rn(g — 1)).

Provided that this number is less than dim U*(n, e), every irreducible component of Bl’; V)
has dimension at least equal to p* (V). If p* (V) > dim U*(n, e) then B (V) = Us(n, ¢).
In the case k = 1 with V of integral slope & = d/r, we have p}g_l_h(V) =g—1and

B} le ,(V) is expected to be a divisor ©, in the Picard variety Pict~'""(C). When O, is
a divisor, it is called a generalised theta divisor. These have been much studied; see [2]
for an overview. See also [8] for results on the singular loci of ®,,. It can also happen for
special V that B1 ,(V) fails to be a divisor; see [28, 29, 31] for some examples. If V
does not have 1ntegra1 slope, then the theta divisor of V, if it exists, belongs to U*(n, e)
for some n > 2. See [30] for a survey of results on this type of generalised theta divisor.

Note also the connection with varieties of subbundles of a vector bundle V. If we
denote by M, (V) the variety of stable subbundles of V of rank n and degree e, there is a
natural morphism M, (V) — B}ly_e(\/) given by E — E*. In particular, when n = 1 and e
is maximal, this is a question of maximal line subbundles. In the case r = 2, these have
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Nonemptiness and smoothness of twisted Brill-Noether loci 687

been studied for a long time, dating back to [19]; for more recent work and all r, see
[27]. For n > 1, see [16, 20, 32, Theorem 0.3] and [7].

When n = 1, it turns out that the basic results of classical Brill-Noether theory gen-
eralise, at least when V is a general stable bundle; for details, see Theorem 2.1. This
study was initiated in [14]. Our purpose in this article is to study the case n > 1.

In Sect. 2, we give more details on some of the background material mentioned in
the introduction. In Sect. 3, we construct the twisted Brill-Noether locus B*(V, &) asso-
ciated to a pair of families of bundles over C, with B’; ,(V) as a special case. After list-
ing some elementary properties, we develop some more tools. We construct parameter
spaces for certain “twisted coherent systems”, generalising the loci G/(C) in [1] and
the moduli spaces of a-stable coherent systems, although we do not discuss stability or
moduli.

In Sect. 4 we give two applications of the machinery set up in Sect. 3. In Theo-
rem 4.1, we generalise Theorem 2.1(5) to families of vector bundles which are general
in the sense of [35]. We also find that, for a certain range of values of k, the
Brill-Noether locus B’r" , Possesses a uniquely determined irreducible component

Bk ) (Theorem 4.3); this is interesting because very little is known in general about
PTI

1rredu01b1]1ty of Bk fork>2andr> 1

In Sect. 5, we turn to twisted Brill-Noether loci Bk V) forn>1landk > 2, which to
our knowledge remain relatively little studied. We w111 answer some of the basic ques-
tions on nonemptiness and smoothness in this case. Our first result is:

Theorem 1.1 Let C be a smooth curve of genus g > 2 and V any vector bundle of rank r
and degree d over C. Let ey and k be integers satisfying plfo (V) > 1. Then for alln > 2, for
alle > neo + 1 (resp., e > ney) and for 1 < k < nk, the thsted Brill-Noether locus Bk V)
(resp., B (V)) is nonempty.

This directly generalises both the main result and the construction of [24].

We are also interested in generically smooth components of the loci Bk (V). Our
approach turns out to require the existence of certain bundles with well- behaved rank-1
twisted Brill-Noether loci and which are generically generated. In Sect. 6 we construct
such bundles for some values of r, g and d. We then prove in Sect. 7 our main result:

Theorem 1.2 Ler C be a general curve of genus g > 2 and r, I, m integers with [ : l J

and 0 <m <[ — 1. If m =0, suppose that g #0 mod r. Write ky = | —m and let d, e, be
integers with d + rey = r(g — 2) + ky. Suppose that e and k are integers satisfying

neg+1<e<n(ey+1) and re+nd—rn(g—1) <k < nk,. (1.2)

Then, for general V € U*(r,d), the twisted Brill-Noether locus Bfl (V) has a component
Bﬁ (Vo which is generically smooth and of the expected dimension.

Recall here that for V € U(r,d) and E € U*(n,e), the Euler -characteristic
x(VQ®E)=re+nd—rn(g—1) and moreover, if k < y(V ® E), then B’;l WV)=U(n,e).
The hypotheses of Theorem 1.2 may look rather restrictive. In fact, (1.2) is analogous to
the conditions of [24, 33] for the case r = 1. However, the restriction on d + re is strong
and can probably be relaxed.

@ Springer



688 G. H. Hitching et al.

To prove that Bk (V) is generically smooth and of the expected dimension at a point E,
we have to show that the generalised trace map

HC,VRE)® H'(C,K, ® E* ® V*) - H(C,K. ® End E)

is injective (details in Sect. 3). For this type of question, Teixidor i Bigas’s generalisation
of limit linear series to vector bundles of higher rank has been applied in many situations;
for example [10, 33-35]. Although we do not use limit linear series directly, several of our
proofs rely on the main result of [35].

In Sect. 8, we consider the tangent cones of B" ,(V), which can be studied using the
same techniques as in [1, 9]. Using Theorem 1.2, we describe the tangent cones as deter-
minantal varieties and compute their degrees. We also give a geometric description of the
tangent cones for large values of W(C,VQ®E), generalising [1, VI, Theorem 1.6 (i)] on
secant varieties of canonical curves.

Finally, in Sect. 9, we describe some twisted Brill-Noether loci which are nonempty but
have negative expected dimension. These are closely connected with varieties of maximal
subbundles, and we exploit results of [27] in discussing them. This gives another motiva-
tion for studying twisted Brill-Noether loci: as these examples arise for general C and V
(with prescribed numerical properties), twisted Brill-Noether loci give a way of system-
atically obtaining determinantal varieties of larger than expected dimension. This line of
research will be further pursued in the future.

Notation We work over an algebraically closed field K of characteristic zero. We denote
a locally free sheaf and the corresponding vector bundle by the same letter. If F is an O-
module, we abbreviate H(C, F), h'(C,F) and y(C, F), respectively, to H'(F), h'(F) and
x(F). If D is a divisor on C, we denote F ® O~(D) by F(D). The fibre of a bundle V at
p € C will be denoted V|,. If V— S§X C is a family of bundles parametrised by S, we
denote the restriction V|, by V,. We suppose throughout that g > 2 and k > 1.

2 Background

In this section, we expand on the background to our paper already referred to in the intro-
duction. The fundamental results on Wd’(C) are as follows (see [1, Chapter V]):

(i)  Existence theorem: For any curve, W/(C) is nonempty if p(g,d, r) > 0.

(i) Connectedness theorem: For any curve, W/ (C) is connected if p(g,d,r) > 1.

(iii)) Dimension theorem: For a general curve, WQ(C) =@ if p(g.d,r)<0; if
0 < p(g,d,r) < g, then W)(C) has pure dimension p(g,d, r).

(iv) Smoothness theorem: For a general curve and p(g,d, ) < g, Sing(W/(C)) = W;“(C).

(v) For a general curve, W/(C) is irreducible if p(g,d, r) > 1.

Note that if p(g,d, r) > g, then W/(C) = Pic?(C).

Many of the basic questions on nonemptiness of B  were answered in [24, 33], and
more detailed results have been obtained in several cases. However, analogues of state-
ments (i)—(v) may be false in higher rank. See [13] for an overview of the theory and a sur-
vey of results and techniques. For the links between Brill-Noether theory and the moduli
of coherent systems, see [4, 5]. See also [26] for a survey of results and open problems on
coherent systems; note however that there are many more recent results in this area.
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Nonemptiness and smoothness of twisted Brill-Noether loci 689

When B’;’e(V) has the expected dimension, one has
B\(V) € Sing(Bfl,e(V)).

This containment may, however, be strict. See [9] for a detailed discussion of singular
points E € Oy, satisfying multE(GV) > h(V ® E).

As already remarked, for n = 1, analogues of several of the fundamental results for
W/(C) are also valid for sufficiently general bundles of higher rank (by “general”, we mean
stable and general in the moduli space):

Theorem 2.1 Let C be any curve of genus g > 2. Let V be a vector bundle of rank r and
degree d. Let k > 1 and e be integers.

k k :
() prlge(V) >0, then Blye(V) is nonempty.
2 pr’l‘ V) 2 1, then B’; (V) is connected.
. Vs k .
(3) Suppose C is a general curve and V a general bundle. prl’e(V) <0, then Bl’e(V) is
empty. If0 < p’l‘ (V) < g, then B’f (V) has pure dimension p’l‘ WM.
(4) Suppose C is a general curve and V a general bundle. If p’f’g(V) < g, then
. k _ pk+l
sing(B},(V)) = B (V).
(5) Suppose C is a Petri curve and V a general bundle. pr’f V) 2 1, then B’I (V) isirre-
ducible. ’ ’

Proof Statement (1) was proven in [12] for general V, and for all V in [22, (2.6)]. Part (2) is
[22, (2.7)]. Parts (3) and (4) follow from [35]. Lastly, (5) is [14, Théoreme 1.2]. O

The infinitesimal study of the Brill-Noether loci is the key to the proofs of (3) and (4).
We do not include this here because we will describe it in detail for Bﬁ,e( V) (and indeed for
families of bundles) in the next section.

3 Preliminaries on twisted Brill-Noether loci

Although generalised Brill-Noether loci are by now very familiar objects, there are fewer
sources focusing primarily on twisted Brill-Noether loci. We will therefore give a detailed
introduction to the subject with emphasis on functorial aspects.

3.1 The twisted Brill-Noether locus of a pair of families

Let V — S X C be a family of bundles of rank » and degree d, and £ - T X C a family of
bundles of rank n and degree e. Set-theoretically, we define

BV, &) :={(s,) €SXT : °V, ®E,) > k}.

Scheme-theoretically, this is a determinantal locus, as we will now show using a
standard construction. Let D be an effective divisor of large degree on C satisfying
h'(V, ® £,(D)) = 0 for all (s, 1) € S x T. We have a diagram of projections
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SxTxC C
P13 j D23
P12
SxC SxT T x C.

Then over S X T X C, we have the short exact sequence

PiV®pypt®p;0cD)

0-ptVRpiE—-piVRPi.EQp:O(D) — - —
13 23 13 23 3Yce PV PLE

Pushing down to S x T, we obtain a complex y : K° — K!of locally free sheaves satisfying
Ker(y,,) = H'(V,®&) and Coker(y,,) = H'V,®E)

for each (s,) € S x T. Then B*(V, £) is the locus defined by the (tk K® — k) x (tk K® — k)-
minors of y. In particular (see [1, Chapter 2]), the locus B*(V, ) has a natural scheme
structure and every component of it has dimension at least

dimS + dim T — k(k — re — nd + rn(g — 1)). 3.1

From the determinantal description it also follows that B1(V,€) C Sing(B*(V, €)), and
moreover that the loci B¥(V, £) define a rank stratification on S X 7. We will return to this
aspect in Sect. 3.5.

Remark 3.1 This construction is symmetric in V and &. It is functorial in the sense that if
¢ :8 - Sandy : T' — T are morphisms, then

BX((¢p x 1dp)*V, (w X Id)*€)

is defined by the (tk K® — k) x (tk K® — k)-minors of (¢ X w)*y.

Definition 3.2 Let V be a vector bundle of rank r and degree d, considered as a family
over Spec K X C. By [25, Proposition 2.4], there exists an étale cover Us(n e) > U(n,e)
(which can be taken to be the identity if ged(n,e) = 1) which carries a Poincaré family
€ - U%(n,e) X C. Then the twisted Brill-Noether locus B" (V) is defined as the image
of the moduli map BX(V,&) — U‘(n,e). Writing y = re + nd —rn(g — 1), the expected
dimension of B’;’Q(V) is the Brill-Noether number

oy (V)= pl, , i=dimU(n,e) —k(k - 2).

The following is straightforward to check:
Proposition 3.3 Ler V be any bundle of rank r and degree d over C.

@) Bﬁ (V) is a proper sublocus of U*(n, e) only if k > .

2) IfV is stable, then Bk (V) is nonempty only if re + nd > 0 or (n,e) = (r,—d). In the
latter case, B1 MW= {V* } and Bk o, is empty for k > 2.

(3) IfVis semlstable then Bk (V)is nonempty only ifre +nd > Qorre+nd =0andr > n.

(4) For any line bundle L of degree ¢, there is a canonical isomorphism
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Nonemptiness and smoothness of twisted Brill-Noether loci 691

Bk (V) —= B (VL)

n,e—nl

givenby E— L' E.
(5) Via Serre duality, the association E — E* gives an isomorphism

B (V) = B A(K-® V).

Remark 3. 4 If r =1, there are many examples of Brill-Noether loci which are empty
although p 4 = 0 (see, for example, [6, 23]). It seems to be much harder to find examples
forr > 1, but Proposmon 3.3 does provide some. Suppose that re + nd = 0 and r < n; then
B! (V) = @ by Proposition 3.3(2). On the other hand, in this case,

n.e

Prora=1@=D+1=(+rmg=-1)=nn-r(g-1)>0.

Furthermore, it was noted in [6] that, for r > 2, the locus BX is empty, but Bk # @ for
k < r. We can generalise this example to twisted Brill— Noether loci. Suppose V E Us(r,d)
is a stable bundle, n > r and re + nd = 0. Then, by Proposition 3.3(2), Bk (V)= for
all k. However, taking £ = V* @ F, where F is semistable and u(F) = ,u(E) we see that
[E] € B! (V).

3.2 The tangent spaces of B¥(V, €)

We now recall some standard facts on deformations of bundles and sections. Suppose W is
a vector bundle with /°(W) > 1. Let v € H'(End W) be a first-order infinitesimal deforma-
tion of W. By the argument in [13, Sect. 2], a section s € HO(W) is preserved by v if and
only if s Uv = 0 in H'(W). Thus the space of deformations preserving all sections of W is
exactly

Ker(uU : H'(End W) — Hom(H°(W), H'(W))).

We are interested in the case where W is of the form V @ E and v is the class of a product
of deformations b € H'(End V) and h € H'(End E) of V and E, respectively. By for exam-
ple inspecting Cech cocycles, we see that v = ¢(b, h), where

c(b,h) :=b®1d, +1d, ® h € H'(End (V ® E)). (3.2)

More generally, let us consider again the families V — S X C and £ — T X C. Suppose
(s,1) € S X T is such that °(V, ® &,) = k. We have a composed map

T,5® T,T— H'(EndV,) ® H'(End£,)— H'(End (V, ® £,))
(3.3)
= Hom(H'(V, ® £), H'(V, ® £,))

where « is the Kodaira—Spencer map.

Proposition 3.5 Suppose that °(V, @ £) =k
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692 G. H. Hitching et al.

(1) The Zariski tangent space to BX(V, ) at (s, t) is given by
T BV, €) = Ker(Uocor). (3.4)

(2) In particular, suppose that S X T is smooth at (s, t). Then BX(V, £) is smooth and of
expected dimension (3.1) at (s, t) if and only if Uocok is surjective.

Proof Since T(S’,)Bk(v, &) consists of those deformations preserving all sections of V, ® &,,
we obtain (1). By (3.1) and (1), we see that BX(V, £) is smooth of the expected dimension at
(s, ?) if and only if

dim S + dim 7 — dim Ker(Uocok) = k(k — re — nd + rn(g — 1)).

By (3.3), this is equivalent to the surjectivity of Uocoxk. a

3.3 The Petri trace map

For any vector bundle W, it is well known that, via Serre duality,
U : H'(End (W)) —» Hom(H°(W), H'(W)) is dual to the Petri multiplication map

u: HW) @ H'(K. ® W*) = H(K- ® End W).

Let us use this map to reformulate (3.4).
Firstly, some notation: for bundles V and E, there is a vector bundle map

c:(EndV)® EndE) - End(VRE)

inducing the cohomology map (3.2) considered above. We write ¢y, and ¢, for the restric-
tions to the first and second factors, respectively. Recall also that for any bundle W, the
transpose gives a canonical identification of End W and End W*, which we will use freely.
Fix a vector bundle V. If we identify End V with (End V)* by the trace pairing, a dia-
gram chase shows that the trace map tr : EndV — O, is dual to the map O, — End V
given by A — 4 -1d,.
Thus for any bundle E, tensoring tr : EndV — O, by End E, we obtain a linear map

End(V®QE) = EndV®EndE - EndE
which is dual to ¢, and an induced map
try : H' (K, ® End (V ® E)) — H°(K- ® EndE).
By Serre duality and the above discussion, try is dual to
c; : H(EndE) - H'(End (V ® E)).
Then, by linear algebra, ¢ : H'(End V) @ H'(EndE) — H'(End (V ® E)) is dual to
(try, try) : H'(K- ® End(V ® E)) — H°(K. ® EndV) ® H’(K ® End E).

We can now formulate a dual version of Proposition 3.5.
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Proposition 3.6 Suppose i°(V, ® £,) = k. The Zariski tangent space T(S’,)B"(V, &) is the
annihilator of the image of

“o(try, , trg Jou : H'OV, @ E)QH (K- ®E V) - T!S®T/T.

In particular, if S x T is smooth at (s, 1), then B(V, £) is smooth and of the expected dimen-
sion at (s, t) if and only if[KO(ter, tr‘c"'))oﬂ is injective.

The most important corollary of this proposition is:

Corollary 3.7 Let V be a bundle of rank r and degree d. Suppose E € U’(n, e) satisfies
WV ®E) = k. The twisted Brill-Noether locus Bﬁ’e(V) is smooth and of the expected
dimension at E if and only if

trpopu : H'(V®E) @ H (K, ® E* ® V*) »H (K. ® End (V ® E))

3.5
—H°(K. ® EndE) (5.3)

is injective.
Proof This follows from Proposition 3.6 applied to the family V consisting of the single
bundle V and a local universal family £ for E, together with the fact that the Kodaira—Spen-

cer map for the family £ at E is an isomorphism. a

It will be convenient to make the following definition (see also [15, Definition 2.1]).

Definition 3.8 For fixed V, write u; for the composed map trzou in (3.5). We say that V
is Petri E-trace injective if uy is injective. If the trace map

Ho, t H'(V)® H K ® V*) — H(Kc)
is injective, we say that V is Petri trace injective.

Next, as it will be central to several proofs, let us state [35, Theorem 1.1] precisely.

Theorem 3.9 Ler C be a general curve and V a general vector bundle over C. Then for
any degree e and L € Pic®(C), the Petri trace map

s HVRLQH (K- QL™ ® V") - H'(K,)
is injective.
This motivates another definition.

Definition 3.10 A vector bundle V is Petri general if V is Petri L-trace injective for all
L € Pic(C).

Remark 3.11 A curve C is Petri in the usual sense if and only if O is a Petri general vec-
tor bundle. It is well known that the general curve C is a Petri curve.
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3.4 A partial desingularisation of B¥()), &)

Here we generalise the construction G/(C) of [1, IV.4] to twisted Brill-Noether loci.

For families V and &, let us fix the effective divisor D in Sect. 3.1 and recall the complex
7 : K® - K'. As K"is locally free, we have a Grassmannian bundle z : Gr(k,K®) — S x T.
We define

GV, &) := (A € Gr(k,K?) : y|, = 0}.

This is a parameter space for triples (V,E, A) where A is a k-dimensional subspace of
H(V ® E). It seems natural to call such a triple a “twisted coherent system”, but we do not
pursue questions of moduli or stability here. When the family V consists of a single vector
bundle V, we write also G¥(V, &).

Clearly, 7(G*(V, £)) = B5(V, £) and 7~ !(s, 1) = Gr(k, H*(V, ® £,)). Let us describe the
Zariski tangent spaces of G*(V, €) at (s, 1).

Proposition 3.12

(1) Suppose h°(V, ® &) > k. There is an exact sequence

0 — Hom (A, H'OV, ® £)/A) =Ty, GV, O~ T,S S T,T

(3.6)
—Hom(A,H'(V, ® €)))

where the last map is defined by Uocok as in (3.3), followed by restriction to A. More-
over, Im (dr) = Im (’KO(trVS,trgr)ou) .

(2) The locus G*K(V, ) is smooth and of dimension (3.1) at (s,t, A) if and only if the
restricted map

‘o(try, , trg Jop : AQ® H(K- ® & ® Vi) — H (K- @ End V,) ® H(K @ End £,)
is injective.
(3) In particular, l:ftK'o(trv\,trgl)ol.l is injective and i°(V, ® &,) > k, then GF(V,€) is a
desingularisation of B¥(V, €) in a neighbourhood of (s, t).

Proof Statements (1) and (2) are proven in the same way as [1, Proposition IV.4.1 (ii)-
(iii), p. 187], and clearly (3) follows from (2). O

3.5 A sufficient condition for the existence of good components

Note that
SXT DBV, >BW,E D - 2BV, &)

is a stratification of BX(V, £) by closed subsets. The following proposition makes use of this
stratification.

Proposition 3.13 Suppose S X T is smooth at (s, t) and for some k' > y there exists
(s,1) € BY WV, E) such that hO(VX ®¢E) =K and ’KO(trV‘_,tr&)O,u is injective. Then, for
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x <k <K, the locus B(V, £) contains a component which is generically smooth and of the
expected dimension.

Proof We prove this by descending induction on k. For k = k/, the result follows imme-
diately from Proposition 3.6. Now suppose y < k <k’ and that the proposition holds
for BM'(V,&). Then, there exists (V,E) e B**'(V,&) with 'O (V®E)=k+1 and
"ko(try, trg)ou injective. Now let A be any k-dimensional linear subspace of H(V ® E).
Then, by Proposition 3.12, G¥(V, £) is smooth of the expected dimension at (V,E, A).
Since k > y, it follows from (3.1) that every component of G*(V, £) has dimension greater
than the dimension of z='(B¥1(V, £)) at (V, E). Hence, there exists a point (Vi,E|,A)) of
G*(V, £) in the neighbourhood of (V, E, A) with i°(V, ® E,) = k and ’Ko(trv g, )ou injec-
tive. Thus B*(V, £) is smooth of the expected dimension at (V,, E,). O

This proposition illustrates a general principle that, from the existence of just one pair of
bundles with good properties, one can obtain a detailed picture of the geometry of several
of the strata. This will be used on a number of occasions later.

4 Two irreducibility results

Here we will give some applications of the machinery assembled in the previous section.

4.1 Rank one twisted Brill-Noether loci

If Cis a Petri curve, Bk = W*!(O) s irreducible whenever pl =g—k(k—e+g—-1)>1.
Let P — Pic®(C) >< C be a Pomcare bundle.

Theorem 4.1 Let V — S X C be a family of Petri general vector bundles of rank r and
degree d parametrised by a smooth irreducible base S. Assume that

p1e,d g—ktk—(d+re)+r(g—-1)>1.

Then G*(V,P) is smooth and irreducible, and B*(V,P) C S X Pic®(C) is an irreducible
variety of dimension dim S + p1 o Which is singular precisely along BV, P).

Proof The fibre of B*(V, P) over each s € S is exactly Bk (V ). Since p¥ Le > 1, by Theo-
rem 2.1(1) and (2) this fibre is nonempty and connected. As Sis 1rreduc1ble it follows that
B*(V, P) is connected. As the fibres of G¥(V, P) — B*(V, P) are Grassmannians, G*¥(V, P) is
also connected.

Furthermore, as V, is Petri general for all s, by Proposition 3.12(2) in fact G*(V, P) is
smooth. Therefore G¥(V, P) is irreducible. As B*(V, P) is the image of G*(V, P) by a mor-
phism, BX(V, P) is also irreducible.

The last statement follows from Petri generality and Proposition 3.6. |

Remark 4.2 Suppose that C is a general curve. Since, by Theorem 3.9, a general bundle

V in U*(r,d) is Petri general, in particular B’{ ,(V) is irreducible for general V. Thus we
recover [14, Théoréeme 1.2].
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4.2 Irreducibility of Petri trace injective loci
Here we give an application to “nontwisted” Brill-Noether loci.

Theorem 4.3 Suppose C is general and g > p’l‘ord =g—ktk—d+r(g—1) > 1. Then
there is a unique irreducible component B]; 4 of the Brill-Noether locus B’r‘ , contain-
</ PTI -

ing the locus

{V €B,: i A®H (K ® V') — H(K,) is injective for some A € Grik, HO(V))}
@.1)

In particular, the locus of Petri trace injective bundles in B’r‘ o Is irreducible.

Proof By [25, Proposition 2.6], there exists a smooth irreducible variety M admitting a
Poincaré family V — M X C such that every stable bundle of rank r and degree d over C
is represented in M. Throughout, we will write V for a point of M lying over V € U*(r, d).

Set ¢e=0 and let P — Pic’(C) x C be a Poincaré bundle. We consider the locus
G*(V, P) > M x Pic®(C) defined in Sect. 3.4. Note that the projection map

p : G*(V,P) » M xPic’(C) - M 4.2

is surjective by Theorem 2.1(1). Define
G = {(\7, LAEGVP) : i : AQH K. @ L™ @ V) — HOK,) is injective}.

By Theorem 2.1(3), (4) and by hypothesis, this is nonempty. It is also open in G*(V, P) and
smooth of pure dimension

dim M + dim Pic%(C) — k(k — d + r(g — 1)) = dim M + o, 4.3)

by Proposition 3.12(2). _

Let t : GK(V,P) = U*(r,d) be the morphism given by #(V,L,A) = V ® L. By defini-
tion, #(G") is locus (4.1). Thus it will suffice to show that G* is irreducible.

Since the projection p of (4.2) is surjective, there is at least one irreducible component
of G* which dominates M. We claim first that this component is unique. Suppose that X,
and X, were components of G* such that p(X 1) and p(X,) are both dense in M. Let V be a
general point of p(X;) N p(X,). The fibre p~! (V) is identified with

GV, P) = {(L,A) : A € Grk, H'(V ® L))}, 4.4)

here viewing Vasa singleton family. By Theorem 3.9, we may assume V is Petri general.
Since p’l‘ orq = 1 by hypothesis, it follows from Theorem 4.1 that G*(V, P) is irreducible.
Since X, N G*(V,P) and X, n G*(V, P) are both components of G* N GK(V, P), it follows
that X, N GX(V,P) = X, N GX(V,P) and, in particular, X, N X, is nonempty. Since G* is
smooth, the only possibility is that X; = X,.

Therefore, to conclude, it will suffice to show that the restriction of p to any compo-
nent X of G* is dominant. To see this, let (\7, L, A) be a point of X. By Proposition 3.12(2)
applied to locus (4.4), we have
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dim ;0 @l (P LA ) < g = kk—d+rg= 1) = 4l
On the other hand, by (4.3), we have
dimg, o X =dim M + ), .

Thus dim(p(X)) > dim(M). As M is irreducible, p(X) is dense in M. This completes the
proof. O

5 Nonemptiness of B¢ (V)and B (V)

We now prove Theorem 1.1 using the method of [24]. This is very straightforward; the
necessary ingredients already exist by Theorem 2.1 and the results in [24] on stability of
elementary transformations. We note that Mercat’s construction was used in a similar way
in [3, Sect. 6] to show the nonemptiness of certain moduli spaces of coherent systems.

Proof of Theorem 1.1 By hypothesis and Theorem 2.1, the locus B/I"eO(V) is of positive

dimension. Thus we can find mutually nonisomorphic line bundles L,, ..., L, of degree e,
such that 2°(V ® L;) > k, for each i. Let

n
Oﬁ@Li—)E—)T—)O

i=1

be a general elementary transformation. We have the cohomology sequence

0— @HO(V®Li)—>HO(V®E)—>

i=1
s0 h°(V ® E) > nk,. If deg t > 1, then it follows easily from [24, Théoréme A.5] that E is

a stable vector bundle, and the result follows for e > ne,. If T = O then £ = @]_ L; gives an

element of B,, ne,» and the result follows also in the case e = ne,,. O

In the next sections, we will refine this statement in some cases.

6 Generatedness of Petri general bundles

To prove the existence of components of B" ,(V) which are generically smooth and of the
expected dimension, the need will emerge to show the existence of bundles W of rank r > 2
and degree d satisfying the following conditions:

(1) Wis Petri trace injective. Equivalently, K- ® W*is Petri trace injective.

Q) BW)=k>1
(3) K. ® W*is generically generated.
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Remark 6.1 Note that the above conditions give strong bounds on d and k By (1) and (2)
and Serre duality, we have k(k —d+r(g—1)) < g,sod>r(g— 1)+ k— ; Moreover, (3)
implies that (K. @ W*) = h'(W) =k — y(W) > r, sod < r(g — 2) + k. In summary,

r(g—1)+k—%§d5r(g—2)+k- 6.1)

Values of d satisfying (6.1) exist if and only if £ < %, which is in any case a necessary con-
dition for (1) and (3) to hold.

In [15], Hitching and Hoff study the geometry of B’+1 (V) for stable vector bundles of
rank r and vanishing determinant. Therefore, they also construct vector bundles with prop-
erties (1)—(3) (see [15, Prop. 2.8] and Proposition 6.5 as its generalisation).

6.1 The construction

Suppose g > r and write g = rl + ry where [, r, are integers with 0 < ry < r. Let D, be an
effective divisor of degree r, such that hi°(K-(=Dy)) = h%(K;) — ry = rl. (If ry = 0, take
Dy =0.) Set N :=K-(—=Dy) and let D, ..., D, be distinct effective divisors of degree [
such that

A0 (N(— 3 Dj)) — ON) - H = 0. 6.2)
For 1 <i<r, set M, :=N<—Zﬁ£, ) By (6.2), we have i°(M,) = KO(N) — (r — 1)l = |
for each i.

Lemma 6.2

(1) H'WN)=@;_, H'M)).
2) H'M)=H'N)=
(3) The bundles M, ..., M, are mutually nonisomorphic.

Proof

(1) We have inclusions HO(Ml-) < HO(N) for all i. It is easy to see that
H'M) n (H'M,) + - + H M) + H'(M,) + - + H'(M,)) =0

So @ITZIHO(MI-) C HO(N). Since the dimensions agree, we obtain (1).
(2) Calculating values for degrees and /°, this follows from Riemann—Roch.
(3) Suppose Mi, ~ Mi2§ that is,

Tensoring both sides with N~! (er D ) we obtain Oc(D; ) = Oc(D,). As D; # D; as

divisors, in particular hO(OC(D )) >2. But then ho(KC( D, )) >g- l +1 and
hO(M ) >2g-l+1-ry—(r-2)I= l+ 1, a contradiction. This proves 3). O
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Now write G := ;_, M. Consider elementary transformations
0-W—->G->T-0 (6.3)

where T is a torsion sheaf of degree (r — 1)/ + m with 0 < m <[ — 1. To ease notation, we
write t := (r — 1) + m. The set of such W is parametrised by the Quot scheme Quot™(G).
By for example the proof of [11, Lemma 4.2], this is an irreducible variety of dimension rt.

Lemma 6.3 For general W € Quot®(G), the map H(G) — H(T) is surjective. In par-
ticular, °(W) = 1 — m and H' (K- ® W*) =~ H (K ® G*).

Proof Since the surjectivity condition is open, it is sufficient to prove the existence of one
bundle W with the required property. Suppose first that z = 1 and let T = K, where p is a
point at which some section of G is nonzero. Then we can find a surjection G — T such
that H(G) — H(T) is surjective. Repeating this argument, we obtain the result by induc-
tion on 7. O

We want one more generality condition on W. For 1 <i <r, write (A}i = @j 4i M;,
and consider the sheaf

WnG; = Ker(W - G - M,).

Lemma 6.4 [f W is sufficiently general in Quot®™(G), then /(W n Gi) =0.

Proof Since the condition A°%(W N G,) = 0 is open, it is sufficient to find one example of an
elementary transformation (6.3) for which this property holds. For this, consider elemen-
tary transformations

0—W, -G —T-0,

where T'is as in (6.3). The same argument as for Lemma 6.3 shows that, for general W, we
have K%(W,) = max{0, —m} = 0. Now take W = W, & M.,. O

Proposition 6.5 A general elementary transformation W € Quot™ (G) is stable and Petri
trace injective and has K- @ W* generically generated.

Proof As the M, are mutually nonisomorphic by Lemma 6.2(3), by [24, Théoréme A.5] the
bundle W is stable for general 7. By Lemma 6.3, we have HO(KC R W¥) HO(KC ® G).
From Lemma 6.2(2) and since G = e_ M, it then follows that K- ® W* is generically
generated.

We describe H(K. ® W*) more explicitly. For 1<i<r, let t# be a genera-
tor of HO(KC ®Ml.‘1), and write ¢, for the image of tlf in HO(KC ® W*). Thus we obtain
a splitting HY(K, ® W*) = @,_, K-1. Therefore, we can write any element of
HW) ® HO(KC ® W*)in the form

Y o®t (6.4)
i=1
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where o; = (5;1, 5,5, .- ,5;,) is a section of G belonging to W, that is, lying in the kernel of
H°(G) — HO(T). The Petri trace is then given by

;[W(Z 0;® ti> = Z #M,(Si,i ® t;) [S HO(KC).
i=1 i=1

To analyse this, note that, by Lemma 6.2(2), the homomorphism M; — N induces an
isomorphism HY(K. @ N™!) —» HY(K. ® M~"). It follows that there is a commutative
diagram

1\ Orm;
@, H'(M;) ® H' (K¢ @ M; ') —= @_, H'(K¢)

L jm

H(N)® H(K¢c @ N—1) — 22 HO(Ke),

where the left-hand vertical map is an isomorphism by Lemma 6.2(1) and (2). Since
(K- ® N~') = 1 by Lemma 6.2(2), uy is injective. By commutativity, the composed map
@, H'(M;) @ H' (K ® M") — H°(K,) is injective.

This means that a tensor of form (6.4) has trace zero only if 5;; = 0 for all i. Thus
o; belongs to the subsheaf W N Gi. But by Lemma 6.4, for general W € Quot®(G),
(W 0 G;) = 0 and 6; = 0 for all i. This completes the proof. O

Corollary 6.6 Let g, r,l= HJ and ry be as above. For 0 < m < | — 1, there exists a Petri

trace injective bundle W of rank r and degree r(g —2) +1—m with (W) =1 —m and
such that K. @ W* is generically generated.

Corollary 6.7 Let C be a general curve of genus g. Suppose | = HJ, 0<m<l-1and
d=r(g—2)+1—m. If m =0, suppose further that g # 0 mod r. Then (Blr;;")WI is irre-
ducible and, if W is a general element 0f<Blr’_dm )pﬂ and p is a general point of C,

W) =h"(Wp) =1-m. (6.5)
Proof The irreducibility of (Blr;l’”)lm follows from Theorem 4.3. (The hypothesis

g #0 mod r is required to ensure that the numerical hypothesis of Theorem 4.3 holds.)
Property (6.5) is open. It is therefore sufficient to find one example of a bundle W with the
stated property. For this, take W as in Corollary 6.6. Statement (6.5) is then equivalent to
the injectivity of the coboundary map in the sequence

0 — H(W) - H'(W(p)) - W(p)|, > H' (W) - H'(W(p)) - 0.
By Serre duality, the coboundary map is injective if and only if the evaluation map
H(K- @ W*) > K- ® W, (6.6)

is surjective. By Corollary 6.6, this is true for general p. O

@ Springer



Nonemptiness and smoothness of twisted Brill-Noether loci 701

7 Smoothness of twisted Brill-Noether loci

In this section, we prove our main result Theorem 1.2. The major part of the section is con-
cerned with proving the following technical proposition.

Proposition 7.1 Let C be a general curve of genus g. Suppose e, and k, are integers
satisfying

k
pll,)ea,r,d =g—k0(k0—(d+reo)+r(g— 1)) >1 (71)

and furthermore that there exists a bundle W € (BI;0 g +r60> such that for general p in C
g PTI

we have lO(W) = hY(W(p)) = k,. Write e = ney + e, where 1 < e; < n. Then for general
V € U’(r,d) and for re + nd — rn(g — 1) < k < nk,, the twisted Brill-Noether locus BZ V)
has a component which is nonempty, generically smooth and of the expected dimension.

Note again that for V € U(r,d) and E € U’(n,e), the Euler characteristic
yY(VQ®E)=re+nd—rn(g — 1). We begin with a lemma which has applications to coher-
ent systems (twisted or untwisted) as well as to twisted Brill-Noether loci. For this, let V
be any bundle of rank r and degree d and consider the space G%(V, P%), where P% is a
Poincaré family on Pic®(C) X C, which parametrises pairs (L, A,) with L a line bundle of
degree e, and A, C H°(V ® L) a linear subspace of dimension k,. Suppose further that X is
an irreducible component of G5 (V, %) which is generically smooth of dimension

P, (V) =g —ko(ky — (d+reg) + (g = D) 2 1.

Let (L, A)), ....(L,.A,) be points of X, and write F := @_ L, and A := @ A, We
consider elementary transformations

0-F—->E—->7-0 (7.2)

with 7 a torsion sheaf of length e;.

Lemma 7.2 Under the above conditions, let (L, \,), ..., (L

. I\, be general points of X.
Then the restricted Petri E-trace map

Uy AQ H'(K. ® E* ® V*) - H' (K. ® End E) (7.3)
is injective.
Proof Consider first the restricted Petri F-trace map of V, given by

pr : AQ H'(K: ® F* ® V*) » H(K. ® End F). (7.4)

Noting that H'(K. ® End F) = D, HOK,® Lj" ® L,), we see that (7.4) is the direct sum
of the trace maps

by A @ (K@ L ®v) » H'(Keo L oL, (1.5)
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forl <i<nandl <j < n.Thus pp is injective if and only if p,; is injective for all Z, j.
Write

U:= {(L, Ay) € X : X smooth at (L, Ay), KV ® L) takes its minimum value},

which is a nonempty open subset of X by semicontinuity. We can assume that (L;, A;) € U
for all 7.
Now let p be a point of C. For each (L, A,) € U, we have a commutative diagram

Ao @ HY(Kc® L™t @ V*) HO(K¢)

| ok

Ao ® HY (K¢ ® L1 @ V*) 22 HO(Ko(p)),

where, in the second line, A is regarded as a subspace of HWV® L(p)) and the horizontal
arrows are trace maps. Since X is smooth at (L, A,), 4, is injective. Hence so is /4(’).
Next, let A be the direct image sheaf over U X U whose fibre at (L, Ay), (N, Ag)) is

A ®@H (K. @N™' @ V*).

Since HO(KC ® N~! ® V*) is constant on U, this is locally free. Furthermore, let B be the
direct image sheaf over U whose fibre at (L, Ay), (N, A})) is H*(K- @ N™' ® L(p)). This is
locally free of rank g.

Write ji : A — B for the globalised Petri trace map whose restriction to ((L, Ag), (N, /\ )
is the trace map

Ay @H (K- @N' @ V*) » H (K- @ N™' ® L(p)).

As [l a1, cOIncides with H, above, fi is injective on a nonempty open subset U’ of
U x U. We can suppose that ((L;, A), (L;, A)) € U’ for all i, j, so that ﬁ|((L’_,A,_)’(Lj’Aj)) is injec-
tive for all £, j. As ji| . AL factors through the trace map (7.5), the latter is also injec-

tive. This completes the proof that y is injective.
To see that up is injective, we note that K- ® E* @ V* C K- ® F* @ V* and consider
the diagram of cohomology spaces

ARHY Kc®@E*®V*) == A® H(Kc ® E* @ V*)

AQ HYKc ® F*@V*) HY (K¢ ® E* @ F)—2%— H(Kc ® End E)

"’Fy \ f£

A® H(Kc ® EndF) —— @, ; H'(Kc ® L} @ Ly).

We have already seen that y is injective. Hence first b, then c, then uy = doc are all injec-
tive. |
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Proof of Proposition 7.1 Suppose that the hypotheses of Proposition 7.1 hold and
let V € U’(r,d) be general. By Proposition 3.13, it suffices to exhibit a stable bundle
E € U’(n,e) with h°(V ® E) = nk, and such that V is Petri E-trace injective. For this, we
use the construction of (7.2), where we now assume that this elementary transformation is
general and the bundles L, are all distinct. It then follows from [24, Théor¢me A.5] that E
is stable.
Note next that, since h°(W(p)) =k, we must have ko> d+rey—r(g—1),

p1 o V)y<g. By Theorem 2.1, it follows that the locus B ko (V) is nonempty and 1rredu01ble

of dimension pl" (V) > 1(by (7.1)), and
WV ® L) = k, for general L € BY", (V). (7.6)

By Theorem 3.9, we may assume also that V is Petri general. By Theorem 4.3,V ® L is a

general point of (Bf“d rey . It now follows from the hypotheses of Proposition 7.1 that
E PTI

for general p € C we have
WV @ L(p)) = k. (1.7)

Now let Ly, ..., L, be general points of B];‘?eO(V), and write F := @, L,. We can assume
that W%V ® L,) = k, for all i, so that h°(V ® F) = nk,. Now note that the condition
h°(V ® E) = nk, is an open condition, so it is sufficient to exhibit a single elementary
transformation (7.2) satisfying this condition. In fact, by (7.7), for general p; € C, we can

take
= (@ Li(pi)> 87} ( @ Li)'
i=1 i=e +1

Finally, we note that B ko (V) is irreducible of the expected dimension by Theorem 2.1, and
moreover B kot (V) is of the expected dimension. It follows that G*o(V, P%) is also irreduci-

ble of the expected dimension. Now apply Lemma 7.2 with X = G%(V,P%) and
A; = HY(V ® L,) for all i. It follows that V is Petri E-trace injective. O

Now we can prove our main result on smoothness and dimension of twisted
Brill-Noether loci.

Proof of Theorem 1.2 A straightforward computation shows that the numerical hypotheses
and Corollary 6.7 imply that the hypotheses of Proposition 7.1 are satisfied. O

Remark 7.3

(1) According to [32, Theorem 0.3],if0 < p LWV < n*(g — 1) + 1, then every component
of B1 , has dimension p (V). The authors do not require the more stringent numerical
Condltlons of our Theorem 1.2. Our result can be seen as a partial generalisation of
[32, Theorem 0.3], although we do not show that every component of B’; ,(V) has the
expected dimension. ’

(2) It seems reasonable to conjecture that the hypotheses of Proposition 7.1 are satisfied
in more cases than those covered in Theorem 1.2. The main obstacle to generalising
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the theorem is to show the generic generatedness of a general bundle in (Br”d re )
o/ PTI

in more cases. (Theoretical bounds can be deduced from (6.1).)

Remark 7.4 For general C, the bundle O is Petri general and Petri trace injective. More-
over, when r = 1, Corollary 6.7 holds without the restrictive numerical conditions. The
above proofs are therefore valid, and we recover [10, Theorem 1.1] (see also [33]).

8 Tangent cones of twisted Brill-Noether loci

Suppose Y C X are varieties, and let x € Y be a smooth point of X. Recall that the tangent
cone T.Y to Y at x, set-theoretically, is

{v € T.X : vistangent to a smooth arc in Y'}.

Generalising theorems of Kempf [18] and Laszlo [21], in [9] the theory of determinan-
tal varieties is used to describe the tangent cones to B" at points where the appropriate
Petri maps are injective. In [9, Remark 2.8], it is noted that the same approach can be used
to describe TEB" (V), which is a subvariety of T,U*(n,e) = H'(EndE). In the follow-
ing proposition, we follow up this remark and use Theorem 1.2 to give some situations in
which it applies.

Proposition 8.1 LerV € U(r,d) and suppose that E € Bfw(V) withk> y := y(VQE)
and uy, injective.

(1) The tangent cone TEB" (V) is Cohen—Macaulay, reduced and normal.

@) Ifsps-- s Spwer and tl, -+ s Iner) are bases for H°(V®E) and H' (K ® E* ® V*)
s respeczzvely, then the ldeal of '[FEB" (V) is generated by the minors of size
WVRE) —k+ )XW (VRE)—k+ 1) of the matrix whose (i, j)th entry is

up(s; ® fj),
an element ofHO(KC ® EndE) = H/(End E)*.
(3) The degree of'ﬂ'EBfl’e(V) is
ﬁ (h'(V®E)+h)! - h!
s (VR E)—k+h)!-(k+h— x(VQE)!

4) Asaset, 'I]'EB’; (V) is the union

(A ® H'(K- ® E* ® V*))* C H'(EndE).
AEGr(k,H'(VQE))

Proof 1f k = y, then T;B* (V) = H'(End E), and the various parts of the proposition fol-
low easily. (In particular, the formula in (3) yields the required degree 1.) Thus, in what
follows, we will assume k > . -

As before, let £ — Us(n,e) X C bq_zidPoincaré bundle, where Us(n,e) — U*(n,e) is
a suitable étale cover. Fix a point in U*(n, e) lying over E, and, abusing notation, denote
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it again by E. Recall the map 7 : G*(V,&) = Gk V)= Us (n e). By hypothesis,
Ml ARH(K®E @V*) is injective for all A € Gr(k HO(V ® E)) By Proposition 3.12(2), there-
fore, G¥ (V) is smooth and of dimension p* (V) in a neighbourhood of z~!(E), and ™! (E)
is a smooth scheme. Moreover by Proposmon 3.13 the component of B" ,(V) containing
E also has dimension p (V). As the fibres of 7 are connected, being Grassmanmans 7 is
birational in a nelghbourhood of 77 1(E).

Thus the hypotheses of [1, II, Lemma 1.1 and Corollary, p. 66] are met, with X being a
suitable neighbourhood of #~!(E). Hence 'ITEB" (V) =dn(N), where N := N, i, /GE_(V) is
the normal bundle of the fibre z~'(E) in G (V). '

Next, by Proposition 3.12(1) we have an exact sequence

0 = T\Gr(k, H'(V®E)) — TG, (V) = T.U(n, e)
and
m (dzlpp) = #e(A®H K. ® E* @ V)" C H'(EndE).
Thus the total space of the normal bundle N can be identified with
{(A,v) € Gr(k, H'(V ® E)) X H'(EndE) : vU g (A ® H'(Kc ® E* ® V*)) = 0}.

Moreover, via this identification, dx is projection to the second factor.

This completes the proof of (4) and shows that the hypotheses of [1, Lemma p. 242]
apply to N (with I =N, w=k, A= HV ® E) and ¢ = ). Therefore, statements (1-3)
are, respectively, (i—iii) of [1, Lemma p. 242]. a

Remark 8.2 1f the hypotheses of Theorem 1.2 apply, the conclusions of Proposition 8.1
hold for general V and general E € B’< (V). In particular, we can describe some tangent

cones of generalised theta divisors at Well behaved singular points. Suppose g > r? and
_ . r . d
1<d<r-1. Thenr > r, so we may set k, = d. We write /' := P and d’ : = e

and set e, = g — 2. Then for any positive integer A, the values
n=A"' and e=Arey+A(r —d)=A-(F(g-2)+7 -d)

satisfy both the hypotheses of Theorem 1.2 and the equation re + nd = rn(g — 1). (Here
e, :=e—ne, = A-(r' —d'). Note also that necessarily n > 2).

By Theorem 1.2, for 1 < k < nk, there exists a component X, of Bk W) c Bl (V) upon
which the Petri maps pj are injective for general E € X,. By Proposmon 8. 1(3) for each
such E we have multEBrll’e(V) WV QE).

Geometry of the tangent cones We end this section with an observation generalising [9,
Theorem 5.2] (see also [1, p. 232]). Firstly, we recall from [17, Sect. 3] that, generalising
the canonical curve in |K|*, for any vector bundle E there is a map

PENdE - |Opr,gpnar(DI* = PH (K- @ End E)* = PH'(End E). 8.1)

We write A for the closed sublocus PE* X PE of rank one maps in PEnd E. Suppose
L TN qbp are points of A supported over distinct points x, ... 5 X, of C.Forl <i<p,letg;
be the point corresponding to ¢; via the identification
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EndE|, — (EndE)x)|, — H°((End E)x)l, )

which is canonical up to nonzero scalar. We observe that for any vector bundle W, the ele-
ment ¢, defines a map

WQE|, - W®EX),. (8.2)

This will be used later.

Now write D = x; + -+ +x,. Unwinding the definition of map (8.1), we see that the
secant ¢y, ..., ¢, in PH 1(End E) is the span of the images of the ¢ by the coboundary map
in the sequence

0 — H%EndE) —» H(End E)(D)) — H°((End E)(D)|,) . H'(EndE).

The following is valid without any injectivity assumption on .

Proposition 8.3 Let m be the rank of the subbundle V., of V generated by the evalua-
tion map E* @ H*(V ® E) — V. Suppose h°(V ® E) > pm + k. Then Sec’ A is contained in
the projectivised tangent cone IPTEB’; V).

Proof (Compare with [9, Theorem 5.2]) A tangent vector v € H'(EndE) belongs to
TTEBﬁ,e(V) if and only if

Ker(-uv : HH(V®E) > H'(VQ®E))

has dimension at least k. Now clearly it suffices to show that a general point of Sec’A
belongs to the tangent cone. So let v = d(4, qb,, s A qb ) where the qb and D are as above,
and the 4; are nonzero scalars. The cup product map by v factorises
0 vy A en
H(V®E) — PVSE, et @V@E(xn L H(V®E),

i=1 i=1

where ev, is the evaluation map, (El- is as in (8.2), and 0’ is the coboundary map of the coho-
mology sequence of

0-VQ®E—->VQED) - VQED)|p— 0.

Now Im (ev,,) is contained in @ ggen ®E |X_. In view of (8.2), moreover,
Im ((}»1$1, s ¢~7p)°eVD> @ ggen ® IM (¢~’i)~

Since by hypothesis dim Im (51») = 1, the last space has dimension mp. It follows that
dimKer(- uv) > h%(V Q E) —mp > k.

The proposition follows. a

The study of Petri-trace injective vector bundles leads naturally to the geometry of
twisted Brill-Noether loci. We remark that a construction of Petri-trace injective bundles
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which are furthermore globally generated (similar as in Sect. 6) was used in [15] to prove
the generic injectivity of the theta map.

9 A nonempty twisted Brill-Noether locus with negative expected
dimension

It is well known that higher-rank Brill-Noether loci B’,‘l,e can exhibit more complicated
behaviour than their rank one counterparts. Here we give an example of a nonempty
twisted Brill-Noether locus with negative Brill-Noether number, where the curve C and
the bundle V are general. Firstly, we recall some facts about maximal line subbundles of
vector bundles (see [27] for more general and detailed information):

Let C be a general curve of genus g > 3. Suppose r|(g — 1), and set ¢, := (r — l)g !
Let V be a general bundle of rank r and degree zero over C. A computation shows that
p1 “ (V) =0. As Vis general, by Theorem 2.1 (3) the locus B1 (V) is of dimension zero.

Furthermore for e < ¢y or k; > 1 we check that p 10 (V) <O. Hence for all L € Bl (V)

we have h(V ® L) = 1and L~!is a line subbundle of maximal degree in V. By [27, Propo-
sition 1.4 and Lemma 2.2], B} e“(V) consists of 78 points (of multiplicity 1).

Proposition 9.1 Let C, r, g and e, be as above, and let V be a general bundle of rank
r>2 and degree 0. Let n be an integer satisfying r <n < r8. Then the twisted Brill-
Noether locus Bn ne, a has negative expected dimension n(r —n) + 1 but contains a
component of dzmenston at least 1.

Remark 9.2 The construction below does not require C and V to be general. The hypoth-
esis of generality is made so that the “expected dimension” makes sense.

Proof By the previous paragraph we can choose mutually nonisomorphic
Ly,....L, € B], (V). Let

n
O—)@Li—)E—)KP—)O
i=1
be a general elementary transformation, where IS, is the skyscraper sheaf of degree 1 sup-
ported at p € C. Then E is stable by [24, Théoréme A.5], and WV ® E) > n. The Quot
scheme parametrising the elementary transformations E has dimension n; after acting by
Aut(@f . ,) we see that there is precisely one stable E for any given p. Thus

dim B’;g +1(V) = L On the other hand, we compute easily that

nne +1(V)_ 1= n(n—r).

Since by hypothesis n > r > 2, this is negative. The result follows. a

In exactly the same way, one can prove

Proposition 9.3 Ler C be a general curve and V a bundle of rank r > 2 and degree d
over C. Suppose k, > 1 and e, are integers satisfying pl“ (V) = 0. Assume that
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#(BY, (1) > ko

kO
,ne,

Then for rky < n < #(B]IOZO(V)), the twisted Brill-Noether locus BZ ) (V) is nonempty

and has negative expected dimension 1 — n(n — rky).

This example shows that even for general C and general stable V, the twisted
Brill-Noether loci can exhibit pathologies.
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