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ABSTRACT 

Renewable energy sources (RES) penetration levels are increasing in the power grid. 

However, it does not have inertia as a traditional synchronous generator, causing a reduction 

in the inertia and damping in the power grid, impacting the stability during power changes in 

the grid, causing large frequency deviations. The virtual synchronous machine (VSM) 

concept has become an attractive solution to emulate the synchronous machine 

characteristics and supply the inertia and damping property in the system. It consists of 

emulating the synchronous machine’s static and dynamic properties by power electronic 

converters and energy storage systems. Nevertheless, the implementation and design of the 

VSM is a challenge since it must be flexible in the presence of load fluctuations, preventing 

the oscillations and frequency overshoot from increasing during system disturbances. Hence, 

the VSM with adaptive inertia has become a potential solution because it provides the inertia 

and damping factor to the grid according to the load variations and different RES penetration 

levels in the system. Therefore, the inertia estimation is necessary to use the special 

techniques that guarantee the balance between the power and frequency response. 

This thesis proposes a proportional-integral (PI), linear quadratic regulator (LQR), and 

model predictive control (MPC) to estimate the inertia of the VSM controller. Since the PI 

controller solves the balance problem between the power and frequency responses. 

Therefore, it uses a control law based on the cross error of the power change and the 

frequency droop in the system. The LQR solves the optimization problem between the power 

and frequency responses, accomplishing a fast response and small oscillations. The MPC 

solves the balance problem between the power and frequency response, determining an 

optimal trajectory of outputs with minimal cost of the input signals (inertia and damping 

factor). These controllers solve the balance problem between the power and frequency 

responses, fast response, and small oscillations. A comparison with a VSM with constant 

inertia is performed to validate the proposed method. For this purpose, a 200 MW/200 kV 

modular multilevel (MMC) terminal (commonly used to connect offshore wind farms with 

the power grid), with seven sub-modules, is used as a power converter. 

Time-domain simulations have been carried out in the MMC terminal, considering 

variations in the active and reactive powers to show the power and frequency responses using 

both controllers. Results show that the VSM-MPC controller presents lower frequency 



 

 

oscillations, minimum and maximum frequency, settling time, and rate of change of 

frequency (ROCOF) compared to the traditional approach and other controllers.  
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CHAPTER 1. INTRODUCTION 

The generation of electricity in power systems is performed by synchronous generators that 

work with speed governors and voltage regulators that control both system frequency and 

output voltage [1], [2]. The rotating mass of the generators provides the inertia and the 

required damping, injecting or absorbing kinetic energy to the system to mitigate frequency 

fluctuations and counteract the effect of the rate of change of frequency (ROCOF) during 

disturbances [3].  However, the rotating inertia has been decreasing in the grid due to the 

increase in the penetration levels of the renewable energy sources (RES) [4]. In 2017, 19.3% 

of the world's energy was produced by RES, where 10.2 % correspond to geothermal, solar, 

and wind power, and 9.1 % due to biomass [2], [5].  

In Colombia, 69.92% of the electricity is based on hydroelectric plants, which provide 

high inertia levels; 0.1% is based on solar energy, and 0.1% is based on wind energy [6]. 

Nevertheless, according to la Unidad de Planeación Minero Energética (UPME), the RES 

will increase by up to 13.8% by 2031 [2], [6]. Yet, RESs are fluctuating and unpredictable 

and causes the energy supply variable [7]. The use of solar and wind energy in power systems 

demand the implementation of power electronic converters, advanced control algorithms, 

filters, etc., which keep variables within permitted thresholds [8]. On the other hand, RES 

has small, or none, rotating mass to provide damping, which affects frequency stability 

during disturbances and produces large frequency deviations [9]. This could lead to events 

such as load-shedding and large-scale blackouts [2], [10], [11]. 

The concept of virtual synchronous machine (VSM) has been studied to overcome the 

issues mentioned above. It consists of a power converter, which are strategically controlled, 

emulating an inertia that injects/absorbs active power to/from the grid [12]. The VSM 

emulates the primary frequency and the voltage regulation function of the synchronous 

generators through the droop control. 

The VSM simulates the rotor swing characteristics of the synchronous generator, and 

providing –or mimic– virtual inertia and ancillary services, as synchronous generators do [2], 

[13], [14]. However, the design and implementation of the VSM have difficulties such as the 

correct selection of the inertia, damping –for stable operation of VSM–, and control in the 

presence of load fluctuations [2]. The selection of virtual inertia values has been investigated 
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in the literature [10], [15]–[18], and it has been calculated depending on the penetration levels 

of RES [13]. The selection of this inertia is based on the system dynamic performance. For 

this purpose, an extensive eigenvalues analysis is required [13]. Incorrect sensitivity analysis 

may cause an incorrect selection of the inertia and damping factor, which are used to emulate 

the VSM. This causes undesired frequency transients and power oscillations under load 

variations, affecting the stability and performance of the system under different penetration 

levels of RES [2], [14]. As an advantage, the VSM’s inertia and damping parameters can be 

variable and adjustable during load changes and different RES penetration levels. This leads 

to a VSM with adequate and fast response [13]. 

In the specialized literature, several investigations to design and implement the VSM have 

been reported [10]–[26]. However, the inertia estimation in the VSM is not a straightforward 

task because it is challenging to adapt control strategies to real-time system conditions [27]. 

Despite this, in [28], a VSM with a self-adaptive inertia algorithm was proposed to reduce 

power oscillations. However, a damping factor analysis was not presented. In [29], a self-

tuning virtual VSM was introduced to search optimal constant inertia and damping factor 

continuously, but its implementation was complicated and no carry-out damping factor 

analysis [2]. In [30], an adaptive control strategy based on “ping pong” control was proposed, 

to change the inertia between upper and lower values. However, the principle of selecting 

two values was not given in the literature [2].  

In [31],  an  adaptive  inertia  strategy  was  proposed  based on  the  power  angle  curve  

of  a  synchronous  generator.  The virtual inertia was selected to meet the requirements of 

power variations. However, choosing the initial value of inertia and the damping factor at a 

steady-state was not reported [2]. In the above-mentioned works, the presented control 

techniques to estimate the inertia was insufficient and unstable under high RES penetration. 

Other techniques in [32]–[35] was developed as fuzzy logic, artificial neural network, and 

optimal control. Nevertheless, these approaches had some limitations under load variations, 

such as the inertia estimation, high computational burden, and control complexity. In some 

of these controllers, the Bang-Bang technique was considered, which consists of switching 

inertias between a threshold band (large and small inertia constant); however, each switching 

cause power oscillations [2], [22]. 
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This thesis presents several adaptive inertia control schemes for VSM, applicable to an 

MMC. The controllers used to obtain the adaptive inertia for VSM are Proportional-Integral 

(PI) control, Linear Quadratic Regulator (LQR) control, and Model Predictive Control 

(MPC). In the first case, the adaptive inertia is calculated as the difference between the 

reference frequency, times the output active power, and the reference active power times the 

frequency estimated by the VSM. The LQR and MPC control objective is to calculate the 

inertia and damping constants, guaranteeing the balance between the fast frequency response 

and the frequency oscillations in the power system disturbances presence.  

The adaptive inertia control schemes for VSM proposed in this thesis acting on a 200 

kV/200 MW MMC inverter, with seven submodules per arm. The MMC control is divided 

into the average voltage control, the individual voltage capacitor control, and the active and 

reactive power control. The VSM is responsible for active and reactive control. In time-

domain simulations, the active and reactive power changes in the MMC are considered to 

show the performance of the VSM with adaptive inertia, estimating with proportional-

integral (PI), linear quadratic regulator (LQR), and model predictive control (MPC).  

This thesis is organized as follows: fundamentals, operating principles, and the MMC 

model used to emulate the VSM are presented in CHAPTER 2. The synchronous machine 

model used to design the VSM is introduced in CHAPTER 3. The basic description of the 

VSM concepts and the frequency and voltage drooping is presented in CHAPTER 4. The 

control schemes (PI, LQR, and MPC) used to estimate the inertia for the VSM with adaptive 

inertia are explained in CHAPTER 5. The test system and the VSM with adaptive inertia 

results are presented in CHAPTER 6. This chapter compares the virtual frequency, active 

and reactive power signals with the different control schemes. Finally, conclusions and 

remarks are given in CHAPTER 7.  
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CHAPTER 2. MODULAR MULTILEVEL CONVERTER 

2.1 General Principles 

Modular Multilevel Converters (MMC) receive considerable attention for high-voltage 

and high-power applications such as high-voltage direct current (HVDC) transmission 

system and the integration of –for instance– renewable energy sources, hydro-power plants, 

etc. Which are located far from demand centers [36], [37]. The study and number of 

applications of MMC have increased due to their well-known advantages (e.g., modularity, 

reduced voltage stress across power devices, low switching losses, asymmetric operation 

capability, better output performance, and reduce the size of output filers) over conventional 

topologies, such as the traditional VSC-HVDC [37]–[40].  

The operating principle of the MMC requires special attention due to its inherent structure. 

In this sense, advanced modulation techniques are implemented to keep both the voltage 

balance and the circulating currents below the reference values in each arm [41]–[44]. The 

latest one causes second-order harmonics that may cause capacitors voltage imbalances, 

efficiency reduction, power devices lifetime decrease, output current distortion, and oversize 

of passive components; furthermore, it may cause instability during transients unless 

controlled [45]. 

2.2 Operating Principle 

Fig. 2.1 presents a traditional bidirectional MMC terminal, where two arms (upper and 

lower) form a phase. Each arm consists of N-series submodules (SM) and an inductance 

(𝐿𝑎𝑟𝑚) in series to limit the current due to voltage mismatch between the SM. Each upper 

arm is connected between the positive bus and the midpoint phase of the converter. Each 

lower arm is connected between the negative bus and the midpoint phase; thus, the dc voltage 

(𝑉𝑑𝑐) is divided by two.  
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Fig. 2.1. Modular Multilevel Converter. 

Each MMC submodule is either in a full-bridge or half-bridge configuration. The half-

bridge type is shown in Fig. 2.1 (top right), which consists of two IGBTs 𝑆1 and 𝑆2 and a 

parallel capacitor 𝐶. The possible switching states in each submodule are shown in Table 2.1. 

2.3 Equivalent Circuit 

A three-phase balanced system connected to the MMC terminal is considered for analysis 

[47]. The MMC per-phase equivalent circuit connected to a resistive load 𝑅𝑜 is presented in 

Fig. 2.2. 

TABLE 2.1 SUBMODULE SWITCHING STATES [46]. 

𝑆1 𝑆2 𝐷1  𝐷2  
Current 

Direction 

Capacitor  

State 

Output 

Voltage 

OFF ON OFF OFF 𝑖𝑎𝑟𝑚 > 0 Unchanged 0 

OFF OFF OFF ON 𝑖𝑎𝑟𝑚 < 0 Unchanged 0 

OFF OFF ON OFF 𝑖𝑎𝑟𝑚 > 0 Charging 𝑢𝐶  

ON OFF OFF OFF 𝑖𝑎𝑟𝑚 < 0 Discharging 𝑢𝐶  
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Fig. 2.2. The MMC per-phase equivalent circuit. 

The SMs are considered as two voltage sources, where 𝑢𝑠 and 𝑢𝑖 are the submodules 

output voltage of the upper and lower arm, respectively; 𝑖𝑠 and 𝑖𝑖 are the upper and lower 

arm currents, respectively; 𝑢𝑜 and 𝑖𝑜 are the output leg voltage and current, respectively.  

Based on the circuit in Fig. 2.2 and applying Kirchhoff second law, it is possible to get: 

𝑉𝑑𝑐

2
− 𝑢𝑠 − 𝐿𝑎𝑟𝑚

𝑑𝑖𝑠 

𝑑𝑡
− 𝑢𝑜 = 0 

(2.1) 
𝑉𝑑𝑐

2
− 𝑢𝑖 − 𝐿𝑎𝑟𝑚

𝑑𝑖𝑖 

𝑑𝑡
+ 𝑢𝑜 = 0 

Applying the Kirchhoff first law in Fig. 2.2 is possible to get: 

𝑖𝑠 − 𝑖𝑖 − 𝑖𝑜=0 (2.2) 

From (2.2), it is possible to get: 

𝑖𝑠 = 𝑖𝑖 + 𝑖𝑜 
(2.3) 

𝑖𝑖 = 𝑖𝑠 − 𝑖𝑜 

By taking current measurements at the MMC terminal, the differential current is obtained 

in the function of 𝑖𝑠 and 𝑖𝑖 in the following way: 

𝑖𝑑𝑖𝑓𝑓 =
𝑖𝑠 + 𝑖𝑖

2
 (2.4) 

From (2.4), it is possible to get: 

𝑖𝑠 = 2𝑖𝑑𝑖𝑓𝑓 − 𝑖𝑖 
(2.5) 

𝑖𝑖 = 2𝑖𝑑𝑖𝑓𝑓 − 𝑖𝑠 

Replacing (2.5) in (2.3), it is possible to get: 
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𝑖𝑠 = 𝑖𝑑𝑖𝑓𝑓 +
𝑖𝑜
2

 

(2.6) 

𝑖𝑖 = 𝑖𝑑𝑖𝑓𝑓 −
𝑖𝑜
2

 

From (2.1) and (2.6), it is possible to get: 

           𝑢𝑠 =
𝑉𝑑𝑐

2
−

𝐿𝑎𝑟𝑚

2

𝑑𝑖𝑑𝑖𝑓𝑓 

𝑑𝑡
− (

𝐿𝑎𝑟𝑚

4

𝑑𝑖𝑜
𝑑𝑡

+ 𝑢𝑜) = 0 

(2.7) 

           𝑢𝑖 =
𝑉𝑑𝑐

2
−

𝐿𝑎𝑟𝑚

2

𝑑𝑖𝑑𝑖𝑓𝑓 

𝑑𝑡
+ (

𝐿𝑎𝑟𝑚

4

𝑑𝑖𝑜
𝑑𝑡

+ 𝑢𝑜) = 0 

Defining the electromotive force generated by the MMC as:  

𝑒𝑜 =
𝐿𝑎𝑟𝑚

4

𝑑𝑖𝑜
𝑑𝑡

+ 𝑢𝑜 (2.8) 

And the inductor voltage due to the difference current is  

𝑣𝑚 =
𝐿𝑎𝑟𝑚 

2

𝑑𝑖𝑑𝑖𝑓𝑓

𝑑𝑡
 (2.9) 

Finally, replacing (2.8) and (2.9) in (2.7) is possible to get:  

𝑢𝑠 =
𝑉𝑑𝑐

2
− 𝑣𝑚 − 𝑒𝑜 

(2.10) 

𝑢𝑖 =
𝑉𝑑𝑐

2
− 𝑣𝑚 + 𝑒𝑜 

In (2.10), the relationship between the electromotive forcé and the upper and lower 

voltage of MMC is observed. The electromotive force is generated from the virtual 

synchronous machine is explained in CHAPTER 4.   

2.4 Modulation Strategies in the MMC 

This section studies different modulation strategies used in the MMC to generate the gate 

signal for the SM’s semiconductor devices. Based on this, the VSM control scheme is 

presented in this thesis, using the Carrier Phase Shifted modulation technique for the MMC. 

The modulation methods have been studied in the literature is Nearest Level Modulation 

(NLM), Space Vector Modulation (SVPWM), Sinusoidal PWM (SPWM), and Pulse Width 

Modulation (PWM). However, the NLM and SVPWM techniques, as MMC levels increase 

to require a high computational burden [48], [49].   

The PWM technique consists of the logic comparison between a reference signal (sine 

wave) and a carrying signal (triangular wave). When the magnitude of the reference signal is 
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higher than the carrying signal, a logic “1” is generated at the comparator’s output. For the 

modulation case to the MMC devices, the carrying number is equal to N (equal to submodules 

number per arm in the MMC). The PWM techniques proposed for the MMC are Carrier-

Disposition PWM (CD-PWM) y Carrier Phase Shifted (CPS-PWM). 

2.4.1 CD-PWM 

The CD-PWM requires N identical triangular signals in magnitude and frequency, shifting 

in the abscissa axis. Each signal is compared with the sine reference signal. The triangular 

signal layout is variable, and it is classified into Phase Disposition (PD), Phase Opposition 

Disposition (POD), and Alternate Phase Opposition Disposition (APOD). The different 

signals layout is shown in Fig. 2.3.  

2.4.2 CPS-PWM 

The CPS-PWM requires N identical triangular signals in magnitude and frequency; each 

signal is compared with the sine reference signal. With a phase shift of: 

𝛼 =
360°

𝑁
 

(2.8) 

  

(a) (b) 

 

(c) 

Fig. 2.3. Carrying signal CD-PWM with method PD (a), POD (b), and APOD (c). 
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Fig. 2.4 shows the carrying signals and reference signal of a terminal with N=6 and 

switching frequency equal to 2000 Hz. The PWM is obtained as of CPS-PWM is presented 

in Fig. 2.5.  

The disadvantages of using the CD-PWM modulation technique are the uneven voltage 

ripple distribution through the sub-module capacitors, which affects the ac side voltages 

harmonic distortion and large circulating current magnitude [39]. Therefore, the modulation 

strategy used in the proposed control scheme in this thesis is CPS-PWM. 

 

 

Fig. 2.4. The carrying and reference signal for CPS-PWM 

  

(a) (b) 

  

(c) (d) 
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(e) (f) 

Fig. 2.5. PWM for 𝑆𝑀1 (a), 𝑆𝑀2 (b), 𝑆𝑀3 (c), 𝑆𝑀4 (d), 𝑆𝑀5 (e), 𝑆𝑀6 (f). 

2.5 The Control Applied to the MMC 

The MMC control is composed of the active and reactive power controllers, the individual 

voltage control of capacitors, and the average voltage control. The MMC control based on 

the synchronous machine model for powers is developed in CHAPTER 3. The individual 

voltage control and the average voltage control are given based on [50], as shown following:  

2.5.1 Average Voltage Control 

In order to reduce the capacitor’s voltage ripple, the control scheme presented in Fig. 2.6. 

is used [51]‒[53]. The voltage that each capacitor withstand in the SM is 𝑉𝑑𝑐/𝑁, therefore, it 

is a taken as the average reference value: 

𝒗𝒄𝑴
∗ =

𝑽𝒅𝒄

𝑵
 (2.10) 

where 𝑣𝑐𝑀
̅̅ ̅̅̅ is the average capacitor voltage, and 𝑣𝑐𝑀

∗  is the average capacitor voltage 

reference, 𝑣𝑚𝑀
∗  is the command voltage, which is used in the voltage reference generation for 

PWM, and 𝑀 ∈ 𝑎, 𝑏, 𝑐. 

 

Fig. 2.6. Average Voltage control scheme.  
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The average voltage per phase is defined as: 

𝑣𝑐𝑀̅̅ ̅̅ ̅ =
1

2𝑁
∑𝑣𝑐𝑗

2𝑁

𝑗=1

 (2.11) 

 The reference circulating current is described as:  

𝑖𝑑𝑖𝑓𝑓𝑀

∗ = 𝑘1(𝑣𝑐
∗ − 𝑣�̅�) +

𝑘2

s
(𝑣𝑐

∗ − 𝑣�̅�),  (2.12) 

The output control for average voltage control 𝑣𝑚
∗  is described by: 

𝑣𝑚𝑀
∗ = 𝑘3(𝑖𝑐𝑖𝑟𝑐

∗ − 𝑖𝑐𝑖𝑟𝑐𝑀) (2.13) 

where 𝑘1 y 𝑘3 are proportional constants, and 𝑘2 is integral constant, the sub-index 𝑀 ∈

𝐴,𝐵, 𝐶. 

2.5.2 Individual Voltage Control 

The individual voltage is responsible for control the capacitor voltage value to each SM. 

The magnitude voltage reference is given by (2.10), and the current polarities 𝑖𝑠𝑀
 and 𝑖𝑖𝑀 

provide the control signal [52], as shown in Fig. 2.7.  

where 𝑣𝑐𝑢𝑗𝑀 is the voltage measurement of each capacitor. 

The section 2.5 are generated the voltages references 𝑣𝑚𝑀
∗  and 𝑣𝑦𝑗𝑀 for the upper and 

lower arms voltage reference generation as shown in section 2.6, which are used to CPS-

PWM in MMC. 

2.6 The reference signal 

Once the active and reactive powers control, individual voltages control, and average 

voltage control have been developed, the reference signal for upper and lower arms necessary 

for the CPS-PWM is produced, as shown in Fig. 2.8. The voltage reference signals for upper 

𝑢𝑠𝑀
∗  and lower 𝑢𝑖𝑀

∗  arms are 180° offset from each other.    

 

𝒗𝒄𝑴
∗

 + 
𝒗𝒚𝒋𝑴  

𝒗𝒄𝒖𝒋𝑴 

− 
𝒔𝒈𝒏(𝒊𝒊,𝒔𝑴

) 𝒌𝟒  

 

Fig. 2.7. Individual voltage control in the capacitors. 
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Fig. 2.8. Upper (a) and lower (b) arms voltage reference generation  
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CHAPTER 3. SYNCHRONOUS MACHINE 

3.1 Basic Concepts 

A synchronous machine is an ac machine, where the speed of the rotating magnetic field 

(𝑛𝑠), is the shaft speed. The frequency of the induced armature’s voltages (𝑓𝑒) is given by: 

𝑓𝑒 =
𝑛𝑠𝑃

120
, (3.1) 

where 𝑃 is the number of poles of the machine. 

The machine parts are the stator and rotor. The stator is the stationary part where the 

induced windings are located, while the rotor is the moving part, where the inductor windings 

(field windings) and damping windings are located. The inductor winding creates the 

magnetic field, thanks to the action of dc currents flowing through it.  

According to the rotor type, there are two types of synchronous machines: the salient pole 

rotor and the non-salient (cylindrical) rotor. The salient rotor is used in multipolar machines 

that rotate at low speeds (hydroelectric plants). The non-salient rotor (with two and four 

poles) rotates at high speed and is usually used in thermal power plants. [54]. 

The synchronous generator is 90 % of power generators in conventional power plants due to 

which have dynamic proprieties allows improving the grid stability, as [15]: 

 The synchronous generator provides the possibility of adjusting active output power due 

to the dependency of the grid frequency of the rotor speed.   

 The generator excitation current change can regulate the output voltage. 

 Short-term energy supply due to the inertia. 

 Stable parallel operation with other generators. 

 Load sharing can be achieved by applying a frequency-active power-static, according to 

grid frequency. 

The above dynamic properties of synchronous generators will be reproduced from the 

converters used as an interface for the renewable energies connection, as shown in section 

4.1. To improve the stability of the system before the high penetration of these energies. 

3.2 Synchronous Machine Model 

For the analysis, some assumptions are made to get the machine model [55]: phases have 

sinusoidal current and voltage waveforms, 𝑃=2. The machine rotor is a non-salient type rotor, 
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and thus all the stator inductances are constant [56], the action of the damping windings is 

negligible. Furthermore, there is no saturation effect on the core, and the Foucault currents 

are insignificant.  

The synchronous machine model is divided in two parts: The electrical part and the 

mechanical part. 

3.2.1 Electrical part 

The cross-section of a three-phase synchronous machine with a non-salient rotor is 

presented in Fig. 3.1 [57].  

where 𝑎𝑎′, 𝑏𝑏′, 𝑐𝑐′ represent the per-phase distributed windings of the stator, that produce 

the sinusoidal  MMF, 𝑓𝑓′ represents the field winding. Dots and crosses indicate the current 

direction. 

The flux linkages of the armature Φ𝑎 , Φ𝑏 , Φ𝑐 and field windings Φ𝑓 are: 

Φ𝑎 = 𝐿𝑎𝑎𝑖𝑎 + 𝐿𝑎𝑏𝑖𝑏 + 𝐿𝑎𝑐𝑖𝑐 + 𝐿𝑎𝑓𝑖𝑓 Φ𝑐 = 𝐿𝑐𝑎𝑖𝑎 + 𝐿𝑐𝑏𝑖𝑏 + 𝐿𝑐𝑐𝑖𝑐 + 𝐿𝑐𝑓𝑖𝑓 
(3.3) 

Φ𝑏 = 𝐿𝑏𝑎𝑖𝑎 + 𝐿𝑏𝑏𝑖𝑏 + 𝐿𝑏𝑐𝑖𝑐 + 𝐿𝑏𝑓𝑖𝑓 Φ𝑓 = 𝐿𝑎𝑓𝑖𝑎 + 𝐿𝑏𝑓𝑖𝑏 + 𝐿𝑐𝑓𝑖𝑐 + 𝐿𝑓𝑓𝑖𝑓 

where 𝐿𝑎𝑎, 𝐿𝑏𝑏, 𝐿𝑐𝑐 are the stator self-inductances that produce the sinusoidal MMF, 𝐿𝑎𝑏, 

𝐿𝑏𝑐, 𝐿𝑎𝑐 are the mutual inductances between each phase windings, 𝐿𝑓𝑓 is a field self-

inductance, 𝐿𝑎𝑓, 𝐿𝑏𝑓, 𝐿𝑐𝑓 are the mutual inductances between the stator windings and field 

winding, 𝑖𝑎, 𝑖𝑏, 𝑖𝑐 are the stator phase currents and 𝑖𝑓 is the field current in the rotor. Hence, 

𝚽 = [

Φ𝑎

Φ𝑏

Φ𝑐

] 𝒊 = [

𝑖𝑎
𝑖𝑏
𝑖𝑐

] 𝐜𝐨𝐬 𝜽 =

[
 
 
 
 

cos 𝜃

cos(𝜃 −
2𝜋

3
)

cos(𝜃 −
4𝜋

3
)]
 
 
 
 

 𝐬𝐢𝐧 𝜽 =

[
 
 
 
 

sin 𝜃

sin(𝜃 −
2𝜋

3
)

sin(𝜃 −
4𝜋

3
)]
 
 
 
 

 (3.4) 

The mutual inductances are in function of the rotor angle 𝜃 as follows [58]: 

𝐿𝑎𝑓 = 𝑀𝑓 cos 𝜃 

(3.2) 𝐿𝑏𝑓 = 𝑀𝑓 cos(𝜃 −
2𝜋

3
) 

𝐿𝑐𝑓 = 𝑀𝑓 cos(𝜃 −
4𝜋

3
) 
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Fig. 3.1. Schematic of three-phase synchronous machine with a cylindrical rotor [57]. 

where 𝑀𝑓 is the mutual inductance between the field coil and the stator coil, with 𝑀𝑓  > 0. 

Therefore, the flux linkages can be written as: 

𝚽 = 𝐿𝑠𝒊 + 𝑀𝑓𝑖𝑓 𝐜𝐨𝐬 𝜽 (3.5) 

where 𝐿𝑠 = 𝐿𝑖𝑖 + 𝐿𝑖𝑗, the subscripts 𝑖 and 𝑗 represent each phase (𝑎, 𝑏, 𝑐). The flux linkage 

of the field is: 

Φ𝑓 = 𝐿𝑓𝑓𝑖𝑓 + 𝑀𝑓〈𝒊, 𝐜𝐨𝐬 𝜽〉 (3.6) 

where 〈. , . 〉 is the inner product between two vectors. 𝑀𝑓〈𝒊, 𝐜𝐨𝐬 𝜽〉 is constant if the three-

phase currents are sinusoidal and balanced. 

The terminal voltage of the synchronous machine 𝒗 = [𝑣𝑎 𝑣𝑏 𝑣𝑐]𝑇are: 

𝒗 = −𝑅𝑠𝒊 −
𝑑𝚽

𝑑𝑡
= −𝑅𝑠𝒊 − 𝐿𝑠

𝑑𝒊

𝑑𝑡
+ 𝒆𝒐 

(3.7) 

where 𝐿𝑠 is the armature inductance, 𝑅𝑠 is the armature resistance, and 𝒆𝒐 =

[𝑒𝑜𝑎
𝑒𝑜𝑏

𝑒𝑜𝑐]
𝑇 is the induced voltage vector due to the action of the field winding, which 

is:  

𝒆𝒐 = 𝑀𝑓𝑖𝑓�̇� 𝐬𝐢𝐧 𝜽 (3.8) 

The electromotive force is generated by (3.8) to use for the voltage reference signal 

generation for the CPS-PWM, as shown in Fig. 2.8. 
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3.2.2 The Swing Equation 

For the study of the machine oscillation equation and the rate of the rotor speed change, it 

is assumed that the machine shaft is solid with inertia constant 𝑀, considering the machine 

rotor as rotating free-body [58]. The machine oscillation equation describes the imbalance 

effect between electromagnetic torque and mechanic torque [54], causing the acceleration or 

deceleration of the shaft. However, the rotor presents a portion of stored kinetic energy, 

which is beneficial in the torques imbalances case in the rotor [59]. The kinetic energy will 

be absorbed by the system to reduce the machine speed and the frequency deviations [59]. 

The net torque in N.m when the machine has an unbalance between its set torques is: 

𝑇𝑎 = 𝑇𝑚 − 𝑇𝑒 (3.9) 

where 𝑇𝑎 is the acceleration torque, 𝑇𝑚 is the mechanical torque and 𝑇𝑒 is the electromagnetic 

torque. The equation (3.9) is implemented for the synchronous machine operating as a 

generator and motor. 

The acceleration torque is defined as the inertia times the acceleration of the shaft; 

therefore, (3.9) can be written as:   

𝑀
𝑑𝜔𝑚

𝑑𝑡
= 𝑇𝑚 − 𝑇𝑒 (3.10) 

where, 𝜔𝑚 is the rotor angular speed in rad/s, 𝑀 is the combined moment inertia of the 

generator and turbine in kg.m2 𝜔𝑚 is the rotor angular speed in rad/s and t is the time in s. 

The inertia constant in per unit is defined as the kinetic energy in W.s to the nominal velocity 

divided by the VA base, as shown following [54]: 

𝐻 =
𝑀𝜔𝑚0

2

2𝑉𝐴𝑏𝑎𝑠𝑒
 

(3.11) 

where 𝜔𝑚0 is the nominal angular speed. The inertia moment based on the inertia constant 

is: 

𝑀 =
2𝐻

𝜔𝑚0
2
𝑉𝐴𝑏𝑎𝑠𝑒 

(3.12) 

The swing equation is expressed as: 

  

𝑀
𝑑𝜔𝑚

𝑑𝑡
= 𝑇𝑚 − 𝑇𝑒 − 𝐷𝑝∆𝜔𝑚 

(3.13) 
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where 𝐷𝑝 is the damping constant that represents the windage losses and friction losses of 

the machine, and ∆𝜔𝑚 = 𝜔𝑚 − 𝜔𝑚0.  

The electromagnetic torque is defined as the derivative of the energy that is stored in the 

machine’s magnetic field with respect to the position of the rotor [58]. 

𝑇𝑒 = −
𝜕𝐸

𝜕𝜃
  (3.14) 

with 𝑖 and 𝑖𝑓 are constants. The energy is: 

𝐸 =
1

2
〈𝑖, 𝐿𝑠𝑖〉 + 𝑀𝑓𝑖𝑓〈𝒊, 𝐜𝐨𝐬 𝜽〉 +

1

2
𝐿𝑓𝑓𝑖𝑓

2 (3.15) 

Therefore, the torque equation is: 

𝑇𝑒 = 𝑀𝑓𝑖𝑓〈𝒊, 𝐬𝐢𝐧 𝜽〉 (3.16) 

The relationship between the electromagnetic torque and the electromagnetic power 

output of a synchronous generator is: 

𝑇𝑒 =
𝑃𝑒

𝜔𝑚0
 (3.17) 

The equations described above are used in 0 to develop the frequency control loop and the 

VSM output voltage calculation used for reference signal generation for PWM of MMC. 

Besides, in CHAPTER 5, the linear model that is used to estimate the inertia is deduced based 

on the synchronous machine model described in this chapter. The linear model is used for 

the adaptive inertia estimation based on a proportional-integral, linear quadratic regulator, 

and model predictive controllers. 
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CHAPTER 4. VIRTUAL SYNCHRONOUS MACHINE 
4.1 Basic Concepts 

Providing virtual inertia in the system is a solution to compensate for the lack of inertia 

due to the RES’s growing penetration level in the grid and avoid the grid’s stability problems, 

like the increase in the rate of the change for the frequency due to disturbances in the system. 

The virtual inertia can be established for RES by using the conversion stage, the short term 

energy storage stage, and a control stage, as shown in Fig. 4.1 [2]. The virtual inertia concept 

was introduced in [24], called Virtual Synchronous Machine (VSM). It describes the control 

of the inverter that emulates the extern characteristics of the conventional synchronous 

generator.  

The idea of the VSM is based on reproducing the statics and dynamics properties of the 

real synchronous generator (as shown in CHAPTER 3), injecting/ absorbing active power 

to/from the grid [60]. The RES units will operate as a synchronous generator, exhibiting the 

inertia and damping proprieties of the grid to solve the stability problems [60]. The VSM 

contribute to voltage compensation during a short circuit. Hence, it can prevent the electricity 

grid from blackouts due to voltage instability [60]. In addition, the VSM allows controlling 

the frequency, voltage, active and reactive powers of the converters [60].  

The VSM uses advantages of compensating the lack of inertia is [61]: 

 There are no limits in the rated characteristics, as a real synchronous generator. 

 The inertia and damping coefficient of the VSM can be changed upon the system response, 

whereas these values are fixed in a real synchronous generator. 

 In the VSM, the magnetic saturation and the eddy current losses will be absent. 

 It does not generate a delay in the power converter response. 

 Since the VSM operates as a voltage source connected to the grid, it can supply fault 

currents, unbalanced and harmonic currents to non-linear loads. 
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Fig. 4.1. Virtual synchronous machine. 

In the specialized literature, several investigations as [10], [16], [62]-[64] have been 

reported, where the different synchronous machine models for implementation of the VSM 

are presenting, varying in their complexity. The high order models can give accurate and 

precise results. However, the system becomes complex when creating the algorithm that 

simulates its dynamics due to the computational burden. To focus in the application of the 

synchronous machine model, and the swing equation to emulate its external characteristics 

from a converter, the VSM is divided into four groups: Synchronverter, Inertia-emulation, 

Voltage Controlled VSM, and Current Controlled VSM [65].  

The synchronverter is proposed in [58] to emulate the external characteristics of the 

synchronous generator using the power electronics converters. It is the simplest application 

of the VSM in terms of topology and complexity. This method consist in a frequency droop 

or real power regulation (𝑃 − 𝑓) (from the swing equation) and a voltage droop or voltage 

regulation (𝑄 − 𝑣) [2].  

The topology of the inertia emulation based on the use of the swing equation to calculate 

the power reference using the frequency, and to calculate the current reference from the 

power reference and the output voltage measure of the inverter, however, this method 

requires the Phase Locked Loop (PLL) [66]. 

The voltage controlled VSM topology is the most complex model, it based on the swing 

equation model and the frequency droop for angle and power control.  It has a reactive power 

controller that consists of a virtual impedance and voltage reference, this method requires the 

cascade voltage and current controllers, but it is a complex topology due to tune the 

parameters of these controllers [17]. The current controlled VSM topology consists of a 

generalized model of the frequency droop based on the swing equation to calculate the phase 
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angle and VSM frequency. It has a reactive power controller using a virtual impedance and 

mathematical model of the synchronous machine in the cascade of the current controller. 

However, this topology needs more care in the virtual impedance design because it can affect 

the stability system [67]. 

In this work, the synchronverter method is used to control the MMC terminal due to simple 

application, and it does not require the PLL. 

4.2 Frequency Drooping 

The synchronous generator adjusts the output power by adjusting the prime-mover; 

moreover, it responds to the grid’s frequency variation to maintain system stability [2], [55]. 

Similarly, the 𝑃 − 𝑓 droop control is used to regulate an inverter output active power 

according to the grid’s frequency. It allows the generation and control of the angular position 

and the angular speed of the VSM, which are called virtual angular and virtual angular speed 

(represents the angular position and angular speed of the traditional synchronous generator), 

respectively. The frequency droop can be implemented in the VSM by comparing the virtual 

angular speed with reference to angular frequency 𝜔∗ [58]. Then, the droop control is 

expressed as [2]: 

            
𝑀

𝑑𝜔𝑚

𝑑𝑡
= 𝑇𝑚 − 𝑇𝑒 − 𝐷𝑝∆𝜔𝑚

𝜔𝑚 =
𝑑𝜃

𝑑𝑡

 (4.2) 

The parameters of 𝑃 − 𝑓 droop control are calculated as follows: 

𝐷𝑝 = −
∆𝑇

∆𝜔
 𝑀 = 𝐷𝑝𝜏𝑓 𝑇𝑚 =

𝑃0

𝜔𝑚0
 (4.3) 

where ∆𝑇 and ∆𝜔𝑚 are the variation in the total torque and the variation in the angular 

frequency, respectively, 𝜏𝑓 is time a constant of the frequency-droop loop, and 𝑃0 is the 

reference for the output active power. The 𝑃 − 𝜔 droop control based on (4.2) is illustrated 

in Fig. 4.2. 
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Fig. 4.2. The 𝑃 − 𝜔 droop control scheme. 

  

4.3 Voltage Drooping 

The VSM reactive power and voltage control (𝑄 − 𝑣 droop) are similar to the control 

method of a synchronous generator, which regulates the output voltage using an Automatic 

Regulation Voltage (AVR) [2], [55].  

Therefore, the AVR system in the VSG is expressed as the difference between the 

amplitude of the reference voltage v0 and the amplitude of the grid voltage vg, multiplied by 

a voltage drooping constant 𝐷𝑞. The 𝑄 − 𝑣 droop control regulates the voltage by control the 

field excitation 𝑀𝑓𝑖𝑓, which is proportional to the amplitude of the voltage generate [68], as 

shown in (3.8). Then, the droop control can be expressed as [2]: 

  

𝑀𝑓𝑖𝑓 =
1

𝐾𝑠
((𝑄0 − 𝑄) + 𝐷𝑞(v0 − vg)) (4.4) 

  

where  𝑀𝑓 is the magnitude of the mutual inductance between the field and the stator 

windings, 𝑖𝑓 is the field excitation current, 𝑄0 is the reactive power reference,  𝐾 is a reactive 

controller gain,  𝐷𝑞 is the voltage droop control, 𝑄  is the VSM reactive power. The 𝐷𝑞 and 

𝑄 are calculated as:  

   𝑄 = −𝜃𝑀𝑓𝑖𝑓〈𝒊, 𝐜𝐨𝐬 𝜽〉̇  

(4.5) 
𝐷𝑞 = −

∆𝑄

∆𝑣
 

1

s
 

1

ωm0

 

ωm0  

θ ωm  
1
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- 
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where 𝜃 is the angle between the rotor axis and one of the stator windings phases, ∆𝑄 is the 

reactive power variation, and ∆𝑣 is the voltage variation. 

The relationship between 𝐾 and the constant time 𝜏𝑣 is expressed by: 

𝐾 = 𝐷𝑞𝜏𝑣𝜔𝑚0 (4.6) 

To obtain the grid voltage amplitude is used the amplitude detector, as shown in Fig. 4.3. 

Assume the grid’s phase voltage as: 

𝑣𝑎 = vg sin 𝜃 

(4.7) 𝑣𝑏 = vg sin (𝜃 −
2𝜋

3
) 

𝑣𝑐 = vg sin (𝜃 +
2𝜋

3
) 

Then, 

𝑣𝑎𝑣𝑏 + 𝑣𝑏𝑣𝑐 + 𝑣𝑐𝑣𝑎 = vg
2 sin 𝜃 sin (𝜃 −

2𝜋

3
)+vg

2 sin (𝜃 −
2𝜋

3
) sin (𝜃 +

2𝜋

3
) + vg

2 sin (𝜃 +
2𝜋

3
) sin 𝜃 

(4.8) 

Applying the following trigonometric identity: 

sin 𝑥 sin 𝑦 =
1

2
(cos(𝑥 − 𝑦) − cos(𝑥 + 𝑦)) (4.9) 

It is possible to get: 

𝑣𝑎𝑣𝑏 + 𝑣𝑏𝑣𝑐 + 𝑣𝑐𝑣𝑎

= −
3

4
vg

2 −
1

2
vg

2 (cos (2𝜃 −
2𝜋

3
) + cos(2𝜃) + cos (2𝜃 +

2𝜋

3
)) 

(4.10) 

Applying the following trigonometric identity: 

cos 𝑥 cos 𝑦 = 2 cos (
𝑥 + 𝑦

2
) cos (

𝑥 − 𝑦

2
) (4.11) 

It is possible to get: 

             vg = −
4

3
√𝑣𝑎𝑣𝑏 + 𝑣𝑏𝑣𝑐 + 𝑣𝑐𝑣𝑎 (4.12) 

The 𝑄 − 𝑣 droop control based on (4.4) is illustrated in Fig. 4.3. 
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Fig. 4.3.  The 𝑄 − 𝑣 droop control scheme. 
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CHAPTER 5. ADAPTIVE INERTIA FOR A VIRTUAL 

SYNCHRONOUS MACHINE APPLICABLE TO A 

MODULAR MULTILEVEL CONVERTER 

5.1 Linear Model for Inertia Estimation 

Based on the linear model described in (4.2), 𝜔𝑚 and 𝜃 are the state variables, and 𝑀 and 

𝐷𝑝 are the control variables, which are estimated based on PI, LQR, and MPC controllers 

[2]. Hence, the model is considered a nonlinear model.  

By linearizing (4.2), it is possible to get [2]:     

∆𝜔𝑚
̇ = −

𝑃0

𝑀0
2 ∆𝑀 −

𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
∆𝜔𝑚 −

𝜔𝑚0𝑀𝑓𝑖𝑓0⟨𝒊,𝐜𝐨𝐬 𝜽𝟎⟩

𝑀0
∆𝜃

+
𝜔𝑚0𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
2 ∆𝑀 −

𝐷𝑝0

𝑀0
∆𝜔𝑚 −

𝜔𝑚0

𝑀0
∆𝐷𝑝 +

𝐷𝑝0
𝜔𝑚0

𝑀0
2 ∆𝑀 

(5.2) 

∆�̇� = ∆𝜔𝑚  

where 𝑀0, 𝑀𝑓𝑖𝑓0
, 𝜔𝑚0, 𝜃0, 𝐷𝑝0

 are the initial conditions of the linear system.  

Considering (5.2), the state-space model is represented as [2]: 

𝐴 = [(−
𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
−

𝐷𝑝0

𝑀0
) −

𝜔𝑚0𝑀𝑓𝑖𝑓0⟨𝒊,𝐜𝐨𝐬 𝜽𝟎⟩

𝑀0

1 0

] 

(5.3) 
𝐵 = [(−

𝑃0

𝑀0
2 +

𝜔𝑚0𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
2 +

𝐷𝑝0
𝜔𝑚0

𝑀0
2 ) −

𝜔𝑚0

𝑀0

0 0

] 

𝐶 = [
1 0
0 1

]                             𝐷 = [
0 0
0 0

] 

 

The input and state vectors are defined as:  

𝑢 = [∆𝑀 ∆𝐷𝑝]
𝑇
 

(5.4) 
𝑥 = [∆𝜔𝑚 ∆𝜃]𝑇 

 

The inertia and damping factor are estimated using PI, LQR, and MPC controllers, 

considering the state-space model in (5.3), as shown in sections 5.2, 5.3, and 5.4. 
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5.2 Adaptive Inertia using a PI Controller 

In the VSM concept, large virtual inertia requires large energy storage systems (e.g., 

inductors and capacitors) in the converter. On the other hand, reduced virtual inertia has less 

energy storage requirements but operates faster; however, this may not be adequate to recover 

the frequency within thresholds after a disturbance [69]. In this sub-section a Virtual 

Synchronous Machine with an adaptive inertia (VSM-PI) is proposed. The adaptive inertia 

∆𝑀  is calculated as follows: 

∆𝑀 = 𝑘𝑝𝑒 + 𝑘𝑖𝑒 
(5.6) 

𝑒 = 𝜔𝑚0 ∗ 𝑇𝑒 − 𝜔𝑚 ∗ 𝑇𝑚 

where 𝑘𝑝 and 𝑘𝑖 are proportional and integral constants, respectively, 𝑒 is the error calculated 

as the cross error of the active power and the VSM frequency. This control aims to minimize 

the power oscillations and frequency droop in the system with a fast response. 

The virtual inertia is calculated as follows: 

𝑀 = {
𝑀0, |∆𝜔| ≤ 𝐾

𝑀0 + |∆𝑀|, |∆𝜔| > 𝐾
 (5.7) 

where 𝐾 is the deviation frequency threshold,  which equals to 0.0005 pu according to the 

dead-band for the Colombian power system. The VSM-PI controller based on (5.6) is 

illustrated in Fig. 5.1. 

5.3 Adaptive Inertia using Linear Quadratic Regulator (LQR) Controller 

The VSM-LQR controller objective is to calculate the inertia and damping constants, 

guaranteeing the optimal balance between the fast frequency response and the frequency 

oscillations in the power system disturbances presence [2].  

𝑻𝒆 

𝝎𝒎𝟎 
 

× 

𝟏

𝝎𝒎𝟎
 

𝑷𝟎 
 

− 
+ 

PI
∆𝑴  

𝝎𝒎 
 

× 

𝒆 

𝑻𝒎  

 
 

Fig. 5.1. The VSM-PI controller scheme. 
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Considering that ∆𝑀 = 𝑀 − 𝑀0, and ∆𝐷𝑝 = 𝐷𝑝 − 𝐷𝑝0
, the virtual inertia and damping 

coefficient are calculated as follows [69]: 

[
𝑀
𝐷𝑝

] = [
𝑀0

𝐷𝑝0

] + [
∆𝑀
∆𝐷𝑝

] (5.7) 

where ∆𝐷𝑝 is the adaptive damping coefficient, which is computed using the LQR control 

theory as follows [2]: 

[
∆𝑀
∆𝐷𝑝

] = − [
𝐿𝑀 𝐿𝑀

𝐿𝐷 𝐿𝐷
] [

∆𝜔
∆𝜃

] (5.8) 

where 𝕃 is the feedback matrix gain. 

The state-space model that is used for the controller is presented in (5.3), and the quadratic 

cost function is [69] as shown following: 

𝑚𝑖𝑛 ∫
1

2
(𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢)

∞

0

 𝑑𝑡  

𝑠. 𝑡 {
�̇� = 𝐴𝑥 + 𝐵∆𝑢

∆𝑢 = −𝐿𝑥
   

(5.9) 

where 𝑥 is the state variables, 𝑢 is the input variables, as shown in (5.4), 𝑄 is the error penalty 

factor, and 𝑅 is the control signal penalty factor. Optimizing (5.9) yields into the optimal 

feedback control gains, as follows [2]: 

𝐾𝑖
∗ = 𝑅−1𝐵𝑇𝑃 (5.10) 

where P is the solution to  the algebraic Riccati equation [69]: 

𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0 (5.11) 

The VSM controller parameters are realized through a state feedback control scheme, as 

shown in Fig. 5.2. 

𝑴 

𝟏 

𝟏

𝒔
 

∆𝑴 

𝟏

𝝎𝒎𝟎
 

𝑫𝒑 

𝑴𝟎  

∆𝑫𝒑 

𝑫𝒑𝟎
 

∆𝝎𝒎 𝝎𝒎𝟎 

𝝎𝒎 
𝑷𝟎 

+ 

𝑻𝒆 

+ 
− 

− 
+ 

𝑻𝒎 

∆𝜽 

+ 

+ 
+ 

𝕃 

+ 

𝟏

𝒔
 

× 

÷ 

× 

 

Fig. 5.2. The VSM-LQR controller schematic. 
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5.4 Adaptive Inertia using Model Predictive Control (MPC) Controller 

The MPC is an optimal control technique widely used in industrial process applications. 

The main objective of MPC is to determine an optimal trajectory of outputs 𝑦 with minimal 

cost of the input signals 𝑢. This control technique has some advantages over other techniques 

such as the management of multiple variables, the introduction of restrictions in the design 

process, and the intrinsic compensation in the dead times [70]. However, the algorithm’s 

complexity increases the computational burden as well as the need to implement an 

optimization algorithm.  

A discrete linear dynamic system is described as: 

𝑥𝑚(𝑘 + 1) = 𝐴𝑚𝑥𝑚(𝑘) + 𝐵𝑚𝑢(𝑘) 
(5.12) 

𝑦(𝑘) = 𝐶𝑚𝑥𝑚(𝑘), 

where 𝑥𝑚(𝑘), 𝑢(𝑘), and 𝑦(𝑘) are the state, inputs, and outputs vectors of the system at the 

sample k, respectively. Matrices 𝐴𝑚, 𝐵𝑚, and 𝐶𝑚 are the state-space matrices. Defining the 

incremental variables as:  

∆𝑥𝑚(𝑘 + 1) = 𝑥𝑚(𝑘 + 1) − 𝑥𝑚(𝑘)  

(5.13) 𝑢(𝑘 + 1) = 𝑢(𝑘) − 𝑢(𝑘 − 1). 

By replacing (5.13) in (5.12) is possible to get:  

∆𝑥𝑚(𝑘 + 1) = 𝐴𝑚(𝑥𝑚(𝑘) − 𝑥𝑚(𝑘 − 1)) + 𝐵𝑚(𝑢(𝑘) − 𝑢(𝑘 − 1))

= 𝐴𝑚∆𝑥𝑚(𝑘) + 𝐵𝑚∆𝑢(𝑘) 
(5.14) 

To link ∆𝑥𝑚(𝑘) to the output 𝑦(𝑘), a new state vector is created as: 

𝑥(𝑘) = [
∆𝑥𝑚(𝑘)𝑇

𝑦(𝑘)
] (5.15) 

Therefore, the output of the system is described as: 

𝑦(𝑘 + 1) − 𝑦(𝑘) = 𝐶𝑚(𝑥𝑚(𝑘 + 1) − 𝑥𝑚(𝑘))

= 𝐶𝑚∆𝑥𝑚(𝑘 + 1) = 𝐶𝑚𝐴𝑚∆𝑥𝑚(𝑘) + 𝐶𝑚𝐵𝑚∆𝑢(𝑘) 
(5.16) 

Substituting (5.14) in (5.13) the following state-space model is obtained: 

𝑥(𝑘 + 1) = 𝐴𝑎𝑥(𝑘) + 𝐵𝑎∆𝑢(𝑘) 

(5.17) 
𝑦(𝑘) = 𝐶𝑎 [

∆𝑥𝑚(𝑘)

𝑦(𝑘)
], 

with, 
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𝐴𝑎 = [
𝐴𝑚 0

𝐶𝑚𝐴𝑚 1
]    𝐵𝑎 = [

𝐵𝑚

𝐶𝑚𝐵𝑚
]    𝐶𝑎 = [0 1] (5.18) 

 The state predictions are: 

                    𝑥(𝑘𝑖 + 1|𝑘𝑖) = 𝐴𝑎𝑥(𝑘𝑖) + 𝐵𝑎∆𝑢(𝑘𝑖) 

(5.19) 

𝑥(𝑘𝑖 + 2|𝑘𝑖) = 𝐴𝑎𝑥(𝑘𝑖 + 1|𝑘𝑖) + 𝐵𝑎∆𝑢(𝑘𝑖 + 1) 

𝑥(𝑘𝑖 + 𝑁𝑝|𝑘𝑖) = 𝐴𝑎

𝑁𝑝𝑥(𝑘𝑖) + 𝐴𝑎

𝑁𝑝−1
𝐵∆𝑢(𝑘𝑖) + 𝐴𝑎

𝑁𝑝−2
𝐵∆𝑢(𝑘𝑖 + 1) + ⋯

+ 𝐴𝑎

𝑁𝑝−𝑁𝑐𝐵∆𝑢(𝑘𝑖 + 𝑁𝑐 − 1) 

The state prediction is increased to reach a prediction horizon 𝑁𝑝, with control 

horizont 𝑁𝑐, where 𝑁𝑐 < 𝑁𝑝. In the prediction of the output: 

              𝑦(𝑘𝑖 + 1|𝑘𝑖) = 𝐶𝐴𝑎𝑥(𝑘𝑖) + 𝐶𝑎𝐵𝑎∆𝑢(𝑘𝑖) 

(5.20) 

𝑦(𝑘𝑖 + 2|𝑘𝑖) = 𝐶𝐴2𝑥(𝑘𝑖) + 𝐶𝐴𝐵∆𝑢(𝑘𝑖) + 𝐶𝐵∆𝑢(𝑘𝑖 + 1) 

𝑦(𝑘𝑖 + 𝑁𝑝|𝑘𝑖) = 𝐶𝑎𝐴𝑎 𝑁𝑝𝑥(𝑘𝑖) + 𝐶𝑎𝐴𝑎 𝑁𝑝−1𝐵𝑎∆𝑢(𝑘𝑖)

+ 𝐶𝑎𝐴𝑎
𝑁𝑝−2𝐵𝑎∆𝑢(𝑘𝑖 + 1) + ⋯+ 𝐴𝑎

𝑁𝑝−𝑁𝑐𝐵∆𝑢(𝑘𝑖 + 𝑁𝑐 − 1) 

All predictions are formulated in terms of actual state variables 𝑥(𝑘𝑖) and future control 

signals ∆𝑢(𝑘𝑖 + 𝑗), where 𝑗 = 0, 1, …𝑁𝑐 − 1. Therefore, the vectors are defined as: 

𝑌 = [𝑦(𝑘𝑖 + 1|𝑘𝑖) 𝑦(𝑘𝑖 + 2|𝑘𝑖) … 𝑦(𝑘𝑖 + 𝑁𝑝|𝑘𝑖)]
𝑇
 

(5.21) 
∆𝑈 = [∆𝑢(𝑘𝑖) ∆𝑢(𝑘𝑖) … ∆𝑢(𝑘𝑖 + 𝑁𝑐 − 1)]𝑇, 

where 𝑌 is the output vector prediction, and ∆𝑈 is the vector of future control signals. The 

predictions of the output are calculated as: 

 

𝑌 = 𝐹𝑥(𝑘𝑖) + 𝐺∆𝑈 

(5.22) 

𝐹 =

[
 
 
 
 

𝐶𝑎𝐴𝑎

𝐶𝑎 𝐴𝑎
2

𝐶𝑎𝐴𝑎
3

⋮
𝐶𝑎𝐴𝑎 𝑁𝑝]

 
 
 
 

 

 𝐶𝑎𝐵𝑎 0 0 … 0 

 𝐶𝑎𝐴𝑎𝐵𝑎 𝐶𝑎𝐵𝑎 0 … 0 

 𝐺 = 𝐶𝑎𝐴𝑎
2𝐵𝑎   𝐶𝑎𝐴𝑎𝐵𝑎  𝐶𝑎𝐵𝑏 … 0 

 ⋮ ⋮ ⋮ ⋱ ⋮ 

 𝐶𝑎𝐴 𝑎
𝑁𝑝−1𝐵𝑎 𝐶𝑎𝐴𝑎

𝑁𝑝−2𝐵𝑎 𝐶𝑎𝐴𝑎
𝑁𝑝−3𝐵𝑎 … 𝐶𝑎𝐴𝑎

𝑁𝑝−𝑁𝑐𝐵𝑎 
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The vector with the optimal parameters ∆𝑈, at the time 𝑘𝑖, is found using: 

∆𝑈 = (𝐺𝑇𝐺 + �̅�)−1(𝐺𝑇𝑅𝑠 − 𝐺𝑇𝐹𝑥(𝑘𝑖)) (5.23) 

where (𝐺𝑇𝐺 + �̅�)−1𝐺𝑇𝑅𝑠 is the set-point change, (𝐺𝑇𝐺 + �̅�)−1𝐺𝑇𝐹𝑥(𝑘𝑖) is the state 

feedback control of predictive control, �̅� = 𝑟𝐼. 𝐼 is the identity matrix and 𝑟 ≥ 0 is a control 

gain that affects the control [71]. 𝑅𝑠 is the reference vector. The set-point change and the 

state feedback control depend on the system parameters and the constant matrices are 

invariant over time. The first element of ∆𝑈 at time 𝑘𝑖 is: 

∆𝑢(𝑘𝑖) = [1 0⋯0 𝑁𝑐](𝐺
𝑇𝐺 + �̅�)−1(𝐺𝑇�̅�𝑠𝑟(𝑘𝑖) − 𝐺𝑇𝐹𝑥(𝑘𝑖))

= 𝑘𝑦𝑟(𝑘𝑖) − 𝑘𝑚𝑝𝑐𝑥(𝑘𝑖) 

(5.24) 

where 𝑁𝑐 is the horizon control, 𝑘𝑦 is the first element of  (𝐺𝑇𝐺 + �̅�)−1𝐺𝑇�̅�𝑠, 𝑘𝑚𝑝𝑐 is the 

first row of (𝐺𝑇𝐺 + �̅�)−1𝐺𝑇𝐹. 

 Applying the MPC to the model presented in (5.3), the augmented matrices 𝐴𝑎, 𝐵𝑎. 𝐶𝑎 

are: 

 

𝐴𝑎 =

[
 
 
 
 
 
 (−

𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
−

𝐷𝑝0

𝑀0
) −

𝜔𝑚0
𝑀𝑓𝑖𝑓0⟨𝒊,𝐜𝐨𝐬 𝜽𝟎⟩

𝑀0
0 0

1 0 0 0

(−
𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
−

𝐷𝑝0

𝑀0
) −

𝜔𝑚0
𝑀𝑓𝑖𝑓0⟨𝒊,𝐜𝐨𝐬 𝜽𝟎⟩

𝑀0
1 0

1 0 0 1

   

]
 
 
 
 
 
 

 

(5.25) 

𝐵𝑎 =

[
 
 
 
 
 
 (−

𝑃0

𝑀0
2 +

𝜔𝑚0
𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
2 +

𝐷𝑝0
𝜔𝑚0

𝑀0
2 ) −

𝜔𝑚0

𝑀0

0 0

(−
𝑃0

𝑀0
2 +

𝜔𝑚0
𝑀𝑓𝑖𝑓0⟨𝒊,𝐬𝐢𝐧𝜽𝟎⟩

𝑀0
2 +

𝐷𝑝0
𝜔𝑚0

𝑀0
2 ) −

𝜔𝑚0

𝑀0

0 0 ]
 
 
 
 
 
 

 

𝐶𝑎 = [
0 0 1 0
0 0 0 1

] 

 

Based on the augmented matrices (5.25) and the vector with the optimal parameters ∆𝑈 

(5.23) is predicted the control signals ∆𝑀 and ∆𝐷𝑝 to calculate the inertia and damping 

coefficient according to (5.7). 
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CHAPTER 6. SIMULATIONS AND RESULTS 

The adaptive inertia control scheme proposed in CHAPTER 5 has been validated through 

simulations on the MMC terminal illustrated in Fig. 2.1, which parameters are listed in Table 

6.1. The MMC control scheme is presented in Fig. 6.1, whereas the initial conditions of the 

linear model to estimate the inertia are listed in Table 6.2. Extensive time-domain simulations 

to evaluate the performance of the VSM (constant inertia), VSM-PI, VSM-LQR, and the 

VSM-MPC control schemes (CHAPTER 5), are carry out in Matlab/Simulink with a 

simulation time of 1500 ms. For the experiment, changes in the active and reactive powers 

are made to evaluate the controllers’ performance. The variables to be controlled are the 

output active and reactive powers, and the VSM frequency.  

𝒗𝒎𝑴
∗  

𝒗𝒄𝑴
̅̅ ̅̅ ̅ 

𝑴 

𝒗𝒚𝒋𝑴 

𝒗𝒄𝒖𝒋𝑴 

𝒗𝒄𝑴
∗  

𝝎𝒎  

𝒊𝒂,𝒃,𝒄 

𝒊𝒂,𝒃,𝒄 𝒗𝒂,𝒃,𝒄 

𝐯𝐠 

𝝎𝟎𝒎
 

𝜽 

𝑷𝟎 𝒆𝒐𝒂,𝒃,𝒄
 

𝒗𝒈𝒓𝒊𝒅 

𝑳𝒈 

FREQUENCY

DROOPING
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TERMINAL

MMC

VOLTAGE

DROOPING

INDIVIDUAL 

VOLTAGE 

CONTROL

AVERAGE 

VOLTAGE 

CONTROL

REFERENCE

GENERATION

𝑷𝒆  

𝑸𝟎 

𝑴𝒇𝒊𝒇  

EQUATIONS

(3.8), (3.16), (4.1)

𝑸  

AMPLITUDE

DETECTOR

𝒗𝒂,𝒃,𝒄 

ADAPTIVE 

INERTIA

𝒗𝒄𝑴
∗  𝒗𝒔𝑴

∗  

𝒗𝒊𝑴
∗  

 

Fig. 6.1. MMC controller schematic. 
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TABLE 6.1. SYSTEM PARAMETERS 

Parameter Symbol Value 

dc Voltage 𝑉𝑑𝑐 200 kV 

ac Voltage 𝑉𝑎𝑐 115 kV 

Arm Inductance 𝐿𝑎 7 mH 

Arm Resistance 𝑅𝑎 0.1 Ω 

No. of Arm’s 

Submodules 
𝑁 7 

Submodule 

Capacitance 
𝐶 2000 µF 

Grid Inductance 𝐿𝑔 28 mH 

Grid Resistance 𝑅𝑔 0.79 Ω 

Base Power 𝑆𝑏𝑎𝑠𝑒 200 MVA 

Base Inductance  𝐿𝑏𝑎𝑠𝑒 0.18 H 

Base Impedance 𝑍𝑏𝑎𝑠𝑒   66.13 Ω 

Switching Frequency 𝑓𝑠𝑤 2 kHz 

Fundamental 

Frequency 
𝑓1 60 Hz 

 

TABLE 6.2. LINEAR SYSTEM: INITIAL CONDITIONS 
Parameter Symbol Value (pu) 

Initial Inertia 

 Constant 
𝑀0 0.1  

Initial Damping 

 Coefficient 
𝐷𝑝0

 100  

Initial Field  

Excitation Z 
𝑀𝑓𝑖𝑓0

 1 

Initial Angular  

Speed 
𝜔𝑚0 1  

Initial Angle 𝜃0 0 

 

6.1 The MMC output active power  

The measured active power at the MMC output, and the one calculated by the VSM with 

constant inertia controller, are illustrated in Fig. 6.2. Notice that the VSM approach has a 

good performance to control the active power without overshoot, the settling time is 180 ms, 

and the steady-state error is 5.914 %. In addition, in steady-state, the active power oscillates 
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around the reference with 24 MW amplitude for the VSM (constant inertia). After 500 ms, 

the power oscillations increase to 45 MW due to the reactive power reference variation.  

The active power at the MMC output calculated by the VSM-PI, the VSM-LQR, and using 

the VSM-MPC controller is illustrated in Fig. 6.3. Notice that the three controllers control 

the active power without overshoot, and the settling time is decreased to 160 ms with VSM-

PI; 130 ms with the VSM-LQR and VSM-MPC compare to VSM (constant inertia). The 

steady-state error is reduced to 4.927 %, 4.668 %, and 3.660 %, respectively, compare to 

VSM (constant inertia). Besides, in steady-state, the active power oscillations around the 

reference is reduced to 19 MW with VSM-PI, 10 MW with VSM-LQR, and VSM-MPC, 

compare to VSM. After 500 ms, the power oscillations increase to 33 MW for VSM-PI, 

VSM-LQR, and 30 MW for VSM-MPC due to the reactive power reference variation.  

The active power oscillations increase due to reactive power reference variation because 

the active power loop and reactive power loop has a dependency between them because the 

reactive power loop estimates the 𝑀𝑓𝑖𝑓 parameter necessary for calculating the VSM 

electrical torque and the VSM active power that are part of the active power control. 

Notice that the VSM-MPC approach has a better performance by reducing the oscillations 

in steady-state and the steady-state error. Moreover, the VSM-LQR and VSM-MPC present 

less settling time than VSM with constant inertia and the VSM-PI.    

 

Fig. 6.2. Comparison of the output active power of the MMC with the power estimated 

by the VSM controller. 
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(a) 

 

(b) 

 

(c) 

Fig. 6.3. Comparison of the output active power of the MMC with the power estimated 

by the VSM-PI (a), VSM-LQR (b) and VSM-MPC (c) controllers. 

6.2 The MMC output reactive power 

The reactive power at the MMC output calculated using the VSM with constant inertia 

controller is illustrated in Fig. 6.4. As shown, the reactive power does not present the 
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overshoot. The settling time is 250 m, and the steady-state error is 0.115 %. In steady-state, 

the reactive power oscillates around the reference with an amplitude of 25 MW.  

Notice in the figure that the reactive power at the output of the MMC is smaller than the 

reactive power estimated by the VSM controller because of the action of the filter. 

The reactive power at the output of the MMC calculated with the VSM-PI, the VSM-LQR, 

and the VSM-MPC controller, are illustrated in Fig. 6.5.  As shown, the reactive power signal 

does not present overshoot, as in the case of VSM with constant inertia. The settling time is 

250 ms with the three controllers. The steady-state error is reduced to 4.927 % for VSM-PI, 

3.519 % for VSM-LQR, and 3.660 % for VSM-MPC. 

In steady-state, the reactive power oscillates around the reference with an amplitude of 25 

MW for VSM-PI and VSM-LQR controllers, and 23 MVAr for VSM-MPC controller.  

Note in the Fig. 6.5 that the reactive power at the output of the MMC is smaller than the 

reactive power estimated by the VSM controller because of the action of the filter. Moreover, 

VSM-PI, VSM-LQR, and VSM-MPC present less settling time and steady-state error than 

VSM with constant inertia. The VSM-MPC presents less reactive power oscillates than VSM 

with constant inertia, VSM-PI, and VSM-LQR. 

 

Fig. 6.4. Comparison of the output reactive power of the MMC with the power estimated 

by the VSM controller. 
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(a) 

 

(b) 

 

(c) 

Fig. 6.5. Comparison of the output reactive power of the MMC with the power estimated 

by the VSM-PI (a), VSM-LQR (b) and VSM-MPC (c) controllers. 
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6.3 VSM dynamic frequency response 

Fig. 6.6 illustrates the VSM frequency signal with constant inertia. The variations in the 

power reference generate frequency disturbances with a maximum value of 60.267 Hz and a 

minimum value of 59.754 Hz with a settling time of 150 ms. In steady-state, the frequency 

oscillates around the reference with an amplitude of 0.042 Hz. After 500 ms, the oscillations 

increase to 0.072 Hz due to reactive power reference variation. 

Finally, the rate change of the frequency (ROCOF) with VSM (constant inertia) is 3.424 

Hz/s. 

Fig. 6.7 illustrates the VSM frequency signal with the estimated inertia using PI, LQR, 

and MPC controllers (described in CHAPTER 5). The frequency disturbances due to changes 

in the power references are reduced with three controllers. The maximum frequency is 

decreased to 60.180 Hz for VSM-PI; 60.177 Hz for VSM-LQR and VSM-MPC. The 

minimum frequency is reduced to 59.833 Hz, 59.842 Hz, and 59.844 Hz, respectively. In 

steady-state, the frequency oscillation is 0.035 Hz, 0.024 Hz, and 0.022 Hz for the VSM-PI, 

VSM-LQR, and VSM-MPC, respectively, and the settling time is 150 ms for VSM-PI and 

80 ms for VSM-LQR and VSM-MPC.  The oscillations increase to 0.060 Hz, 0.046 Hz, and 

0.023 Hz after 500 ms, due to reactive power variation. 

Notice that the VSM-LQR and VSM-MPC have presented similar maximum values and 

the settling time. But, the VSM-MPC approach has a better performance by reducing the 

minimum frequency value.  

On the other hand, the VSM frequency with VSM-PI, VSMP-LQR, and VSM-MPC has 

a ROCOF of 2.096 Hz/s, 3.672 Hz/s, and 2.692 Hz/s, respectively. 

 

  Fig. 6.6. The frequency of the VSM with constant inertia. 
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(a) 

 

(b) 

 

(c) 

Fig. 6.7. The VSM frequency with the estimated inertia using PI (a), 

 LQR (b), and MPC (c) controllers. 

6.4 Analysis of the results 

The summary of the results is listed in Table 6.3. Notice that the VSM-MPC approach has 

a better performance than other controllers; this is it reduces the steady-state error of 
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frequency, active power, and reactive power, reducing the frequency ROCOF.  The VSM-

MPC values of settling time, minimum, and maximum frequency are similar to the VSM-

LQR. Nevertheless, the settling time is 70 ms less than VSM-PI.  

The VSM-MPC has less ROCOF than VSM-LQR. However, it has greater ROCOF than 

VSM-PI, which indicates that by decreasing the settling time and steady-state error 

significantly, the rate change of frequency increases, despite the minimum and maximum 

frequency reduction compared to VSM-PI. 

In Fig. 6.8, the frequency errors are presented. This error is calculated by subtracting from 

the estimated frequency by VSM, the desired reference. Notice that the VSM-LQR and VSM-

MPC have less error in Hz that other controllers. In t=500 ms, the disturbance due to reactive 

power variation is presented, but the frequency error for all controllers is less than 1 % of the 

base frequency (60 Hz). 

TABLE 6.3. THE RESULTS SUMMARY. 

Variable Parameter VSM 
VSM- 

PI 

VSM-

LQR 

VSM-

MPC 

Frequency 

Minimum  59.754 Hz 59.833 Hz 59.842 Hz 59.844 Hz 

Maximum  60.267 Hz 60.189 Hz 60.177 Hz 60.177 Hz 

Settling Time 150 ms 150 ms 80 ms 80 ms 

ROCOF 3.424 Hz/s 2.096 Hz/s 3.672 Hz/s 2.692 Hz/s 

 Steady-State 

Error 
0.030 % 0.020 % 0.014 % 0.007% 

Active  

Power 

Settling Time 180 ms 160 ms 130 ms 130 ms 

Steady-State  

Error 
5.914 % 4.927 % 4.668 % 3.660 % 

Reactive 

Power 

Settling Time 250 ms 250 ms 250 ms 250 ms 

Steady-Time 

Error 
9.115 % 8.621 % 8.278 % 8.268 % 
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Fig. 6.8. The frequency error.  
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CHAPTER 7. CONCLUSIONS 

This research work presented the simulation and evaluation of the VSM with constant 

inertia and adaptive inertia applied to a HVDC-MMC inverter emulating a VSM. The active 

and reactive powers of the MMC and the VSM frequency were the control variables. To 

compare the operation during active and reactive power changes, four techniques were used: 

VSM with the constant inertia, VSM-PI, VSM-LQR, and VSM-MPC. 

The steady-state error, settling time, and overshoot of the control variables were 

considered to evaluate the controllers’ performance. The LQR and MPC control schemes 

presented a better performance to reduce the frequency overshoots for active power 

variations, as shown in section 6.1. The minimum and maximum overshoot frequency with 

LQR and MPC control techniques to estimate inertia was 60.177 Hz and 59.82 Hz, 

respectively. The minimum and maximum values with constant inertia and PI control were 

60.267 Hz-59.754 Hz, and 60.189 Hz-59.833. Thus, the LQR and MPC reduced the 

overshoots frequency by 0.15 % compared to constant inertia, and by 0.02 % compared with 

a PI controller. In addition, the LQR and MPC control presented a similar reduction in the 

settling time of 70 ms in the frequency signal compared to PI and constant inertia. However, 

it is observed that PI shows a decrease of ROCOF in 1.328 Hz/s, 1.576 Hz/s, and 0.596 Hz/s 

compared with other control techniques for VSM inertia estimate. Nevertheless, the value of 

frequency oscillations with MPC is attenuated by 60.44 %, 37.14, and % 8.33 % in contrast 

with VSM, VSM-PI, VSM-LQR, respectively. Allowing conclude that the VSM-MPC 

presents better behavior when estimating inertia, as shown in the decrease of frequency 

oscillations, as presented in CHAPTER 6.   

 In terms of power, the VSM-LQR and VSM-MPC have decreased the active power 

settling time by 50 ms compared with the constant inertia controller, and 30 ms compared 

with VSM-PI. The VSM-MPC controller presented less steady-state error with a value of 

3.66 %, reducing by 38.11 %, 13.54 %, and 25.60 % compared to the VSM, VSM-PI, and 

VSM-LQR. In conclusion, the MPC used to estimate the inertia had a high impact on 

reducing the steady-state error of the active power, which indicates that the frequency 

variation had effects on the active power loop. Finally, the controllers had the same 

performance in the reactive power settling time. However, the VSM-MPC reduced the 

steady-state error to 9.29 %, 4.1 %, and 0.12 % compared to other controllers. Therefore, the 
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inertia estimation with the MPC has an impact on reducing the steady-state error in the 

reactive power. Nevertheless, this reduction was not significant, as shown in the active power 

results.   

Finally, the MPC controller to estimate the inertia of VSM was presented less steady-state 

error, oscillations, and settling time in frequency and active power signals. However, in terms 

of the reactive power signal, the performance is the same concerning settling time. The 

steady-state error is reduced when the MPC controller is used. 
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