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A NEW CLASS OF MIXED MONOTONE OPERATORS
WITH CONCAVITY AND APPLICATIONS TO FRACTIONAL
DIFFERENTIAL EQUATIONS

H. SHOJAAT! H. AFSHARI?, M. S. ASGARI!, §

ABSTRACT. In this article, we investigate a class of mixed monotone operators with
concavity on ordered Banach spaces. As applications, we utilize the main results obtained
in this paper to study for solutions of fractional differential equations. An example is
also considered to illustrate the main result.
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1. INTRODUCTION

As an important branch of nonlinear functional analysis, the nonlinear operators and
their application in nonlinear differential equations are taken into consideration
(see [7, 8, 9]). In 2015 the sum operator

Tiu+ Tou + T3(u,u) = u, (1)

has been considered by Wang and Zhang, where 77 is a decreasing operator, 715 is an
increasing sub-homogeneous operator and T3 is mixed monotone operator. In this paper
we study (1) with different conditions. As an application, we apply our main fixed point
theorem to solution of the boundary value problems via nonlinear fractional differential
equations.

Suppose (E, || . ||) be a Banach space which is partially ordered by a cone P C E, that
is, u < v if and only if v — u € P. We denote the zero element of £ by 6. Recall that a
non-empty closed convex set P C E is a cone if it satisfies (i) u € P, A > 0= \u € P;
(ii) u e P, —u € P = u = 6. A cone P is called normal if there exists a constant
N > 0 such that # < u < v implies || u ||< N || v ||, also we define the order interval
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[ur,us] = {u € Elu; <u < wug} for all uj,us € E and
P, ={u € E|3\, 1> 0 such that \bh < u < ph} for h > 6.
2. PRELIMINARIES

Definition 2.1. [2, 3] T} : P x P — P is said to be a mized monotone operator if Ty
is increasing in u and decreasing in v, i.e., u;,v; (i = 1,2) € P, up < ug,v1 > vo imply
Ty (uy,v1) < Ti(ug,v2). The element u € P is called a fixed point of Ty if Ty (u,u) = u.

Theorem 2.1. [9] Let P be a normal cone in a real Banach space E.

Assume that Ty : P x P — P is a mized monotone operator and that satisfy the following
conditions:

(1) 3 h € P with h # 0 such that T1(h,h) € Py;

(i7) for u,v € P andt € (0,1) there exists ¢(t) € (t,1] such that
1
T (tu, Ev) > ¢(t)Th (u,v).
Then

(1) T : Ph X Ph — Ph,‘
(2) 3 zo,y0 € Pp and r € (0,1) such that

ryo < zo < Yo, Zo < T1(2o,y0) < T1(yo, o) < Yo;
(3) the operator equation Ti(u,u) = u has a unique solution u* in Py;
(4) for initial values ug, vy € Py, construct

Uy =11 (un—h vn—l)

vp =T1(Vp—1,Up—1),n=1,2,...,
then u, — u* and v, — u*.
In paper [6], Sun and Zhao studied the equation
Dgrx(t) +g(t)f(t,z(t)) =0, 0<t<I,

1
£(0) = 2'(0) =0, (1) = /0 2(Ox(Q)dC.

where 2 < v <3, Dy, is the Riemann-Liouville fractional derivative.
Motivated by [6], in paper [1], Feng and Zhai considered the following form:

Dyix(t) + f(t,x(t) +g(t,z(t) =0, 0<t<1, (2)
1
2(0) = 2'(0) =0, (1) = /0 2(Oz(Q)dC,

where 2 < v < 3, Dy, is the Riemann-Liouville fractional derivative. The function q(t)
satisfies the following conditions:

—[0,00) with ¢e€ L'0,1] and

0,1]
1 1
_ v—1/1 _ — v—1
o = / 1= Og(Q)dC > 0, ws / ¢ g(Q)d¢ < 1.
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In that paper the authors obtained some alternative answers to the them main results by
using a sum operator.
In this paper we study the equation

Dgrx(s,t) + f(t, gm(s,t)) +g(t,x(s,t)) +e(t, z(s, t), 88850(3,75)) =0, (3)

0s ) 1
0<st<l a(s,0)= a0 =0, 21 = [ als (s Ode,
0

where ¢; satisfies the following:

(@) @ :[0,1] x [0,1] = [0,00) with g1 € L'([0,1] x [0,1]) and
1 1
_ v—1¢q1 _ — v—1
o = /0 1= O (s, Q)dC > 0, ws /O ¢ an(s, O)dc < 1.

Definition 2.2. [4, 5] The Riemann-Liouville fractional derivative for a continuous func-
tion f is defined by

v 1 d., [*  f(Q)
D f(t):m(a) /o(t—C)”_"“dC’ (n=[]+1),

where the right-hand side is point-wise defined on (0, 00).

Definition 2.3. [4, 5] Let [a,b] be an interval in R and v > 0. The Riemann-Liouville
fractional order integral of a function f € L'([a,b],R) is defined by

N B (s
B0~ 157 |, G o

whenever the integral exists.

Suppose;

G(t) C) = Gl(ta C) + G2(t7 C)a (tv C) € [07 1] X [07 1]7 (4)

where

1 U (TG L (S L | R A
Gl(t,C):F(V){ tt/—l(l_c)u—l7 0§t§<§1 (5)
and
v—1 1

Gat.0) = 1— | GilnOmc.rar (©

Lemma 2.1. [8] The function G1(t,() defined by (5) has the following properties:

11— ¢ — ¢! c1-¢"
F(l/) éGl(taC)Sﬁa taCE [071]
From [6] and Lemma 2.1, we have
wig(l— ¢! A Ol
B N

Theorem 2.2. [1] Assume (@) and

(H1) f:]0,1] x [0,00) — [0,00) is continuous and increasing with respect to the second
argument, f(t,0) # 0;
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(H2) g:0,1] x [0,00) = [0,00) is continuous and decreasing with respect to the second
argument, g(t,1) Z 0;

(Hs) for A€ (0,1), 3 ¢;(\) € (A, 1),i = 1,2 with
it x) > SN F(h ), gt ) < @1@)9“’“)

fort e (0,1),u € [0, 00).
Then the problem (2) has a unique positive solution x* in Py, where h(t) = t"~1,t € [0,1]
and for ug,vg € Pp,

1
i1 (1) = / G(t, OLF (¢ un(0)) + (¢, o (C))]dC,

1
i) = [ GO 0a(0) + 9(€ (G,
n=0,1,2,.., we have uy(t) = u*(t), v, (t) — u*(t), where G(t,() is given as (4).

Recall that T} : P — P is said to be homogeneous if T (tu) = tT} (tu) for t > 0,u € E.
T) : P — P is said to be sub-homogeneous if T} (tu) > t17(u) for all t > 0,u € E.

Theorem 2.3. [7] Let P be a normal cone in a real Banach space E, T\ : P — P
1§ an increasing sub-homogeneous operator, Ty : P — P is a decreasing operator and
T5: P x P — P is a mized monotone operator that satisfy the following conditions:

1 1
TQ(;'I}) > tThv, Ts(tu, ;v) > t'T3(u,v), te€(0,1),7€(0,1),u,v € P.

Assume that
(Z) d hg € Py, such that Thrhy € Py, Tohg € Ph,Tg(ho, ho) € Py;

(13) 3 9o > 0 with T3(u,v) > do(T1u + Tou) for u,v € P.
Then
(1) Tltph—)Ph, TQZPh—)Ph andT;g:PhXPh—)Ph;

(2) 3 zo,y0 € P, and r € (0,1) with

ryo < xo < Yo, o < T1xo + Toyo + T3(x0,%0) < Tiyo + Towo + T3(y0, o) < Yo;

(3) the operator equation Tiu + Tou + T3(u,u) = u has a unique solution u* in Py;

(4) for ug,vy € Py, construct
Uup = Thtun—1 + Tovp—1 + T3(Un—1, Vn-1)
Vp = T1vp—1 + Toup—1 + T3(Vp—1,Un-1),n =1,2,...,
then u, — u*, v, — u*.
3. MAIN RESULTS

In this section we consider the generalization of Theorem 2.3.

Theorem 3.1. Let P be a normal cone, in a real Banach space E, T1 : P — P be a
decreasing, Ty : P — P be a increasing, T3 : P X P — P be a mized monotone operators

and
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(Hy) Foru,v € P andt € (0,1), 3 ¢1(t), p2(t), p3(t) € (t,1) with

Tl(t’U) S T1’U, Tg(tu) Z (Z)Q(t)TQU

1
o1(1)
and

Ts(tu, %v) > ¢3(t)Ts(u, v);

(HQ) 3 hg € Py, such that Tihg + Thhg +T3(h0, ho) € Py.
Then
(1) 3 xo,y0 € Pp and r € (0,1) such that

Yo < zo < Yo, o < Thyo + Toxo + T3(z0,y0) < Thzo + Toyo + T3(Yo, o) < Yo;

(7i) the equation Thu + Tou + Ts(u,u) = u has a unique solution u* in Py;

(#i1) for ug,vo € Py, construct
Uup = T1vp—1 + Toup—1 + T3(Un—1,vn-1)
Vp = Tiup—1 + Tovp—1 + T3(vp—1,Up-1),n =1,2,...,
then u, — u* and v, — u*.

Proof. From (7) we obtain

Tl(%v) > 61 ()Thv,  Ta(tu) > do(t)Tou,

1
T3(tu7 g’U) > ¢3(t)T3(u7U)vt € (07 1)7U7U S
Since T1ho + Taho 4+ T5(ho, ho) € Pr, 3 A1, A2 > 0 with
AMh <Tihg + Tohg + Tg(ho, ho) < A\gh.
From hg € Py, 3ty € (0,1) such that

1
toh < hg < —h.
to

Let ¢(t) = min{¢1(t), p2(t), ¢3(t)}. Then ¢(t) € (¢,1) for t € (0,1). From (H;) and (9),

1
Tih + Toh + Ts(h, h) > Tl(t—ho) + Ta(toho) + Ta(toho, ty *ho)
0
> ¢1(to)Tiho + ¢2(to)Toho + ¢3(to)T3(ho, ho)
> ¢(to)[Thho + Taho + T3(ho, ho)]
2 )\1¢ tO)h7

D ~—

1
Tih + Toh + Ts(h, h) < Ti(tohg) + Tg(%hg) + T5(ty  ho, toho)

1 1 1
Tyho + ——Toho + ——Ty(ho, h
1(t0) o ®2(to) 210 #3(to) (o, ho)
1

[T1ho + Taho + T3(ho, ho)]

IN

<

IN

ISR

(o)
A2

(o)

IA

<

h.
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Note that A\1é(to), % > 0, we get Tih + Toh + T3(h, h) € P,

We define T'= T} + To + T3 by T(u,v) = Thv + Tou + T3(u,v), then T': P x P — Pis a
mixed monotone and T'(h, h) = Tih + Toh + T3(h, h) € Py,.
Moreover, for u,v € P and t € (0, 1), we have

T(tu,t o) = Tyt o) + To(tu) + Ts(tu, t~ o)
> ¢1(t)T1v + Pa(t) Tou + ¢3(t)T3(u, v)
> o(t)[Thv + Tou + T3(u, v)]
= ¢(t)T'(u,v).

Hence, all the conditions of Theorem 2.1 are satisfied. Application of Theorem 2.1 implies
that:
3 zg,yp € P, and r € (0,1) with

Yo < xo < Yo, Zo < T(zo,y0) < T'(yo, zo) < Yo
and T'(u,u) = u has a unique solution u* in Py; for ug, vy € Py, construct
Un = T(Un—la Un—l)
Un = T(U’n—lu Un_]_),n = 17 25 ceey
then u, — v* and v, — u*. That is,
(1) 3 zo,yo € Py and r € (0,1) with
ryo < xo < Yo, o < T1yo + Towo + T3(20,%0) < T1xo + Toyo + T3(yo, o) < Yo;

(13) equation T3(u,u) + Thu + Tou = u has a unique solution u* in Py;

(7it) for ug,vp € Py, construct
Up = T1vp—1 + Toup—1 + T3(Un—1,Vn—1)
Vp = Tiup—1 + Tovp—1 + T3(Vp—1,Un-1),n = 1,2,...,
we have u,, — v* and v, — u*.

0

If in Theorem 3.1, we put ¢1(t) = ¢o(t) = t and ¢3(t) = t7, then we can obtain the
following result.

Corollary 3.1. Let P be a normal cone in a real Banach space E, Ty : P — P be a
decreasing operator, Ty : P — P be a sub-homogeneous operator, T3 : P X P — P be a
mized monotone operators and v € (0, 1), that satisfies the following conditions:

(Hy) Foru,v € P andt € (0,1)
1 1
Ty(5v) > 1o, Ty(tu, 7v) > OT5(u,0); (10)

(HQ) d hg € Py, such that Tihg + Tohg + Tg(ho, ho) € Py.
Then
(1) 3 zo,yo € P, and r € (0,1) such that

ryo < 2o < Yo, o < T1yo + Toxo + T3(x0,y0) < T120 + Toyo + T3(y0, o) < yo;

(17) equation Tiu + Tou + T3(u,u) = u has a unique solution u* in Py;
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(#i1) for ug,vg € Py, construct

Up, = T1vp—1 + Totp—1 + T3(tup—1,vn—-1)

U = Thup—1 + Tovp—1 + T3(vp—1,Uup—1),n =1,2,...,
then u, — u* and v, — u*.

Lemma 3.1. Assume (Q) holds. Let v € C([0,1] x [0,1]),2 < v < 3, then the problem
Diix(s,t) +v(s, t) =0, (11)
0<s,t<1,2(s,0) = gtx(s,O) =0, xz(s,1)= /01 q1(s,Q)x(s,€)dC,

has the solution

) = [ G060
where G(t,() is given as (4).
Proof. We reduce problem (11) to an equivalent integral equation
z(s,t) = =1l v(s,t) + et !+ ot 2 + s’ T,

for some ¢y, ¢, c3 € R. Consequently the general solution of the problem (11) is

t _ ~yw—1
z(s,t) = —/0 (tr(cy))u(s, O)dC 4 et ot 4 etV .

By I(Sa 0) = %CE(S, O) =0, I(Sa 1) = f[)l q1 (S) C)I‘(S7 Q)dC7 we have

1 _ M\w—1 1
a=a=0 o= [ BEdu0dr [ nt.0us 0

Hence the unique solution of (11) is

- t (t _ g)z/—lv ) E 1 B V—l,v )
o(s.0) == [ Ei—vte Qe+ 5 [ (0= 07u(s.0ac

1
w71 [ Quts. ¢
1 1
:/ Gl(t,C)v(s,C)dC—i-t”l/ q1(s, Q)u(s, C)dC.
0 0
Therefore
1 1 1
/Oql(s,t)x(s,t)dt:/o ql(s,t)(/o G1(t,Q)v(s,)d¢)dt
1 1
+ [an0et [ s Ous. 0d0d

1 1
- / ( / a1(s, )G (1, )t )o(s, ) dC
0 0
1 1
+( / g (s, £)de) / a1(s, Q) (s, €)dC),
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1
/0 015, Q)(s, €)dC = / / G (t, O)qi (5. 1) dt (s, €)dC

1—w1

_ / / G1(7,Q)ar (s, 7)dr)o(s, ().

1—(.«)1

We have

v—1 1 1
£(s.1) / G (£, (s, O)dC + - / ( / G (7, Q) (s, 7)drYo(s, C)dC

1—(;.)2

/Gltc dC+/G2tC(C)C

_ /0 G(t, C)o(s, C)dC.

This completes the proof. ]

In this section we consider the Banach space E as the follows,

B = {y(s.0) € (10,1 x [0, 1] 5-v(s1) € O(10,1) % [0,1])}
with the norm

0
lyll = max{ max {|y(s,¢)|, max |-~

s, t
5,t€[0,1] t€[0,1] 9s 7\ I

also let E' be endowed with an order relation g y(s ) < asy '(s,t)) if y(s,t) < y'(s,t). let

P={yeE:y(st), %y(s,t)) >0, s,te[0,1]}. (12)

It’s easy to see that, P is a normal cone and P, C E.
We can obtain the following consequences.

Theorem 3.2. Assume (Q) and

(H1) f:]0,1] x [0,00) — [0,00) is continuous and decreasing with respect to the second
argument, f(t,1) Z 0;

(Hz) ¢:[0,1] x [0,00) — [0,00) is continuous and increasing with respect to the second
argument, g(t,0) Z 0;

(H3) e:[0,1] x[0,00) X [0,00) = [0,00) is continuous and increasing with respect to the
second arqument, also decreasing with respect to the third argument, e(t,0,1) Z 0;

(Hy) for A€ (0,1), 3 ¢i(N) € (A\,1),i =1,2,3 such that

Flt50) 2 NS (0), gt 2 S (), elt hu 1) 2 da(Nelt u,0)

1
#2(N)
fort e (0,1),u,v € [0,00).
Then (2) has a solution x* in Py, where h(t) =t*~1,t € [0,1] and for ug € Py, construct

1
tria(5,8) = [ GO 5L 0m(5:€0) 4 905,15, €0) 4 eyt v, D,

(5,0 = [ GO 55,0+ 905, e (556)) + el s tn(s . 5,1

n=0,1,2,..., and up(s,t) = u*(s,t), vn(s,t) = u*(s,t) where G(t,s) is given as (4).
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Proof. From Lemma (3.1) we know that problem (3) has an integral formulation given by

1 0 0
(5.0) = [ GO 5005 0) + 8(C0(5,0) +els,2(5, 0. vl I
Define, 71 : P —- P, T : P —- Pand 13: P x P — P by

1 1
Tyl = [ GOAC (s, OMe, Taals.0) = [ 616.0(C.n(5. 0

1
0
Ta(a(s ) y(s,t)) = [ Gt el a(s.0). a5, O
Then u is the solution of problem (3) if and only if
u = Tiu+ Tou + Ts(u, u).

Ty is decreasing, T5 is increasing. We show that T3 is increasing operator respect to the
second argument, also decreasing respect to third argument. For (z,y),(2/,y') € P x P
with # > 2/ and y < 3/, we have

! 0
Ta(a(s.):9(5.0) = | GUEOFC(5.0). a5, O)iC

1
21 [ G055, 5 (5.
= T5(2'(s,1),y'(s,1)).

We can prove that T7,T» and T35 are satisfies (7) and (13). So we only need to prove that
Tih +Thh + Tg(h, h) € Py. From Hi, Hy, H3 and 2.1,

Tyh(t) + Toh(t) + Ta(h(t), / Gt O 0) + 9(6, ¢ ) + oG, ¢, 0)]dc

tl/—l

1
S(l_m)m)/o (1=¢)"f(C,0)+g(¢, 1) +e(¢,1,0)]d¢,

Tyh(t) + Toh(t) + Ts(h(t), / G, OLF(C.0) + (¢, ") + e(C. ¢, 0)]de
w tV 1 1/
> s [ =) + ol 0) el 0, Dlc

From (H3) and (H;) we have

f(€,0) + (¢, 1) +e(¢, 1,0) > £(¢, 1) +9(¢,0) +e(¢,0,1) > 0.
Note that v — 1 > 0 and f(¢,1) + g(¢,0) +e(¢,0,1) # 0, we get

1
/0 (1= O U F(6,0) + g(C 1) + (. 1,0)]dc

1
>, /0 CL— O A(C 1) + 9(C.0) + e(C, 0, 1)]dC > 0.
Let

- / ¢ ¢ 1)+ (¢, 0) + e(¢, 0, ]dC > 0,

1—OJ2

ly = (1= )" [f(¢,0) +g(¢, 1) +e(¢, 1,0)]d¢ > 0.

(1—w2)P(>/o
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Then I > [ > 0 and thus llh(t) < Tlh(t) + Tgh(t) + Tg(h(t),h(t)) < lzh(t),t S [0, 1],
hence T1h(t) + Toh(t) + T3(h(t), h(t)) € Py.

Finally, by Theorem 3.1, Tyu 4+ Tou + T3(u,u) = u has a unique solution z* € p; for
ug, vg € Pp, construct

Up, = T1vp—1 + Toup—1 + T3(tup—1,vn-1)
Vp = Tiup—1 + Tovy—1 + T3(Vp—1,Upn-1),n =1,2,...,

then u,, — x* and v, — z*. That is, problem (3) has a unique positive solution z* € Py,
where h(t) = t"~1,t € [0,1] and for ug, vy € P, construct

0

1
wna(svt) = [ GO, 50u(:00)+ 905 0a(5,0) + el (5, 0, S0a(s, OV,

! 0 0
n=0,1,2,.., then u,(s,t) = x*(s,t), vy(s,t) = x*(s,1). O
From the previous theorem and Corollary 3.1, we obtain the following result.

Corollary 3.2. Assume (Q) and

(H1) f:]0,1] x [0,00) — [0,00) is continuous and decreasing with respect to the second
argument, f(t,1) #Z 0;

(H2) ¢ :[0,1] x [0,00) — [0,00) is continuous and increasing with respect to the second
argument, g(t,0) # 0;

(H3) e:1]0,1] x [0,00) X [0,00) — [0,00) is continuous and increasing with respect to the
second argument, also decreasing with respect to the third argument, e(t,0,1) # 0;

(Hy4) there exists A € (0,1) such that

Flt50) 2 A1), gt M) <
fort,y € (0,1),u,v € [0, 00).

Then the problem (2) has a unique positive solution x* in Py, where h(t) =t"~1,t € [0,1]
and for xg € Py, construct

1
glt,u), e(t, X, 30) 2 Ne(t,u,v)

>| =

1
i (5.0) = [ GO, 1 0n(5,0) 1051 0) + el a5: ). 3 05, NI,

0s
n=0,1,2,..., then uy(s,t) — x*(s,t), vu(s,t) = x*(s,t) where G(t,s) is given as (4).

1
s (5:8) = [ GO (5, 1n(50)) 4 905, 505 €0) + e, (€l N,

Example 3.1. Consider

1 ( x(s,t)

2.6 ¢
—— + (s, t) + )Vt +a=0, (13)
2e(s:1) Fo(s:t)

DZSa(s,t) +
1
0<s<g, 0<t<l

1
x(s,0) = gtm(s,O) =0, xz(s,1)= /0 q1(s,Q)x(s, €)dC,



132 TWMS J. APP. AND ENG. MATH. V.11, N.1, 2021

where a > 0. In this example, q1(s,t) = (s +1t)%. Then q : [0,1] x [0,1] — [0,00) with
g1 € LM[0,1] x [0,1]), wi = [ ¢*0(1 = O)(¢ + )%d¢ > 0 and wa = [ ¢HO(¢ + 5)2d¢ < 1.
Take 0 < b<a and f,g:1]0,1] x (0,00) x (0,00) = [0,00) defined by:

1
f(tv U) = ;: g(tau) =u+b, e(t,u,v) = (%)2.66t+a_b'

f is decreasing respect to the second argument, g is increasing respect to the second ar-
gument and e is increasing with respect to the second argument, also decreasing respect
to third argument, f(t,1) > 0, g(t,0) =b > 0 and e(t,0,1) = a—b > 0 for A € (0,1),
te€ (0,1), u,v € (0,00), also

1

Flt50) Z A (60) gt ) 2 Ag(tw)

1
e(t, \u, Xv) > X2S¢(t,u,v).

So the conditions of corollary 3.2 are satisfied. Hence problem (13) has a solution in Py,
where h(t,s) = (t+s)16,0<s <1 and0<t<1.
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