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Abstract

This thesis explores higher order numerical methods for solving fractional differential
equations.

Firstly, we consider two approaches to construct higher order numerical methods for
solving fractional differential equations. Based on a direct discretization of the fractional
differential operator we show that, the order of convergence of the linear fractional differ-
ential equation with 0 < a < 1 is O(h3™®), where « denotes the order of the fractional
derivative. Based on discretization of the integral in the equivalent form of non-linear frac-
tional differential equations the order of convergence of the numerical method is O(h?)
for a > 1 and O(h'™®) for 0 < o < 1 for sufficiently smooth functions.

Secondly, we introduce extrapolation algorithms for accelerating the convergence order
of the two considered numerical methods. Numerical experiments are given for each
algorithm to show that the numerical results are consistent with the theoretical results.

Finally we introduce a higher order algorithm for solving two-sided space-fractional
partial differential equations. The space-fractional derivatives we consider here are left-
handed and right-handed Riemann-Liouville fractional derivatives which are expressed
by using the Hadamard finite-part integrals. We approximate the Hadamard finite-part
integrals by using piecewise quadratic interpolation polynomials and obtain a numerical
approximation of the space-fractional derivative with convergence order O(Az* %), 1 <
a < 2. A shifted implicit finite difference method is applied for solving the two-sided
space-fractional partial differential equation and we prove that the order of convergence
of the finite difference method is O(At + Az™nG=*) 1 < o < 2, B > 0, where At, Ax
denote the time and space stepsizes, respectively, and « is the order of the fractional
derivative and [ is the Lipschitz constant related to the exact solution. Numerical exam-
ples, where the solutions have varying degrees of smoothness, are presented and compared
with the exact analytical solution to compare the practical performance of the method

with the theoretical order of convergence.
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Chapter 1

Introduction

1.1 Fractional calculus

Fractional calculus deals with the study of so-called fractional order integral and deriva-
tive operators over real and complex domain and their applications. It does not mean
the calculus of fractions [76]. Neither does it mean a fraction of any calculus - differen-
tial, integral or calculus of variations. The fractional calculus is a name for the theory
of integrals and derivatives of arbitrary order, which unify and generalize the notions of
integer-order differentiation and n-fold integration.

Fractional derivatives and fractional integrals are not new in the household subject
area of mathematics. In recent years a huge interest in fractional calculus has arisen
because of its applicability to vast areas of scientific interest. In 18th and 19th centuries
many brilliant scientists motivated to focus their attention on fractional calculus [4]. For
instance, we can mention Euler(1738), Laplace (1812), Fourier (1822), Abel (1823-1826),
Liouville (1832-1873), Riemann (1847), Holmgren (1865-1867), Griinward (1867-1872),
Letnikov (1868-1872), Laurent (1884), Nekrassov (1888), Krug (1890), Hadamard (1892),
Heaviside (1892-1912), Pincherle (1902), Hardy and Littlewood (1917-1928), Weyl (1917),
Lévy (1923), Marchaud (1927), Davis (1924-1936), Zygmund (1935-1945), Love (1938-
1996), Erdelyi (1939-1965), Kober (1940), Widder (1941), Riesz (1949).

However the interest in the specific topic of fractional calculus surged only at the end of

the last century. Fractional differential equations, that is, those involving real and complex



order derivatives, have assumed an important role in modelling the anomalous dynamics
of many processes related to complex systems in the most diverse areas of science and
engineering [4]. During the last 25 years there has been a spectacular increase in the use
of fractional differential models to simulate the dynamics of many different anomalous

process, especially those involving ultra-slow diffusion. The following table is only based

on the Scopus database, but it reflects this state of affairs clearly: [4]

Words in title or abstract 1960-1980 | 1981-1990 | 1991-2000 | 2001-2010
Fractional Brownian Motion 2 38 532 1295
Anomalous Diffusion 185 261 626 1205
Anomalous Relaxation 21 23 70 61
Superdiffusion or Subdiffusion 0 22 121 521
Fractional Models, Kinetics, Dynamics 11 24 128 443
Fractional Differential Equations 1 1 74 943

Table 1.1.1: Evolution in the number of publications on fractional differential equations

and their applications.

1.2 Basic functions of fractional calculus

In fractional calculus, the gamma function and beta function are the basic mathematical
tools to understand the origin of its computational challenges. The Gamma function
generalizes the factorial n! and allows n to take also non-integer and even complex values

[76).

1.2.1 Gamma Function

The gamma function I'(z) is defined by the integral [51]

['(z) = /000 e "7 ldt, Re(z) >0 (1.2.1)

which is the Euler integral of the second kind and converges in the right half of the

complex plane Re(z) > 0. If z = = + iy, indeed we have



[(x +iy) = / e T = / e Tl gy,
0 0
:/ e "'t"~" (cos(ylog(t)) + i sin(ylog(t))) dt, (1.2.2)
0

which is convergent for any x > 0. The reduction formula of the gamma function is

I'(z+1) =2I'(2), Re(z)>0 (1.2.3)

which can be proved by integrating by parts [76], with z > 0, z € R

(z+1) = / e "dt = [—e ' + z/ e 't dt = 2T(2).
0 0
Since, I'(1) = 1, the recurrence shows that for any positive integer z [72],

Fz+1)=z2I'2)=z2(z-Dl'(z—1)=--=2(z—-1)(2—2)...2.1.T(1) = 2!

1.2.2 Beta Function

The beta function B(z,w) is defined by [76]
1
B(z,w) = / 11 —t)“"'dt, Re(z) >0, Re(w) >0, (1.2.4)
0

which is the Euler’s integral of first kind. By using Laplace transform the beta function

can be written in terms of gamma function.

B(z,w) = %, Re(z) > 0, Re(w) > 0. (1.2.5)

1.2.3 Mittag-Leffler function

The Mittag-LefHler function also plays a very important role in the research of fractional

calculus. The classical Mittag-Leffler function for one parameter is defined by [51],

1.2.
Zf‘ak+1 z € C, Re(a) > 0, (1.2.6)

k=0



In particular, when o = 1 and o = 2, we have, E)(z) = e* and E(z) = cosh(y/z).

The Mittag-Leffler type function with two parameter «, 3, is defined by the series
expansion as follows [76],

Zk
Eaﬁ(Z) = g m, (Oé > 0,6 > O)

1.3 Structure of the thesis

In Chapter 2, we will look into the basic preliminaries and fundamentals of fractional
differential equations. Some of the important solution methods of fractional calculus
are discussed in this chapter. Additionally we will present the existence and uniqueness
theorems of the solution.

In Chapter 3, we will discuss Diethelm’s numerical method for solving fractional ordi-
nary differential equations (ODEs). In [26], Diethelm considered linear fractional differ-
ential equation and used a first-degree compound quadrature formula to approximate the
Hadamard finite-part integral in the equivalent form of the considered equations and de-
fined a numerical method for solving the equations. Here we approximate the Hadamard
finite-part integral by using the second-degree compound quadrature formula and obtain
a higher order numerical method for the considered fractional differential equations.

In Chapter 4, we will discuss another numerical method, the fractional Adams-type
method (also called predictor-corrector method) for solving fractional differential equa-
tions (FDEs) which has been developed by three well-known mathematicians Kai Di-
ethelm, Neville J. Ford and Alan D. Freed. In [29], the authors approximated the equiva-
lent integral equation by using a piecewise linear interpolation polynomial and introduced
a fractional Adams method for solving fractional ODEs. We will use piecewise quadratic
interpolation polynomials to approximate the integral and introduce a high order frac-
tional Adams method for solving the fractional ODEs.

In Chapter 5, we will consider the Richardson extrapolation technique for solving
fractional differential equations. In this chapter we will also discuss the initial value
and the initial integral approximation appeared in the numerical algorithm based on the

piecewise quadratic interpolation polynomial approximations.



In Chapter 6, we will consider finite difference method for space-fractional partial
differential equations. We will examine the stability, consistency and convergence of the
proposed finite difference method. A shifted implicit finite difference method is introduced
for solving two-sided space-fractional partial differential equation and we prove that the
order of convergence of the finite difference method is O(At + Az™"G-*A) 1 < o <
2, B > 0, where At, Az denote the time and space stepsizes, respectively.

In Chapter 7, we will outline the summary of the thesis and will indicate the further

research plan.



Chapter 2

Fractional differential equations
(FDESs)

2.1 Introduction

Fractional differential equations provide an excellent mathematical tool for the descrip-
tion of memory and hereditary properties of various materials and processes [10]. These
operators are non-local which is the most significant advantage in the applications. The
standard derivative of a function includes information about the value of the function at
certain earlier time points only, while the fractional derivative encapsulates information

about the function’s behaviour from the earliest point in time up to the present.

The advantages of fractional differential equations become apparent in modelling me-
chanical and electrical properties of real materials, as well as in the description of rhe-
ological properties of rocks [10]. FDEs have been used successfully to model frequency
dependent damping behaviour of many viscoelastic materials [52], cardiac electrophysio-
logical model [8], electrochemical process [50], a radial flow problem [64]. Many papers
have also been involved in illustrating the application of FDEs in dielectric polarization

[87], control of viscoelastic structures [3].

Several analytical methods have been proposed to solve FDEs, for example Laplace

transform, Mellin transform, Fourier transform, model synthesis, eigenvector expansion



etc.. Most of these methods are only applicable to solve linear FDEs but cannot be applied

in non-linear FDEs.

Recent developments have seen a tremendous interest in approximating numerical so-
lution for FDEs which can be effectively applied to both linear and non-linear FDEs (see
Diethelm [25, 31], Lubich [55]). As pointed out by Diethelm and Freed [31], most of the
techniques of solving initial value problems (IVPs) of FDEs are equivalent to Volterra
integral equations. Therefore the numerical schemes for Volterra integral equations can
be applied to FDEs. Lubich [53, 54] took the advantage for the fact FDEs can be con-
verted into Volterra integral equations. Diethelm and Walz [33] presented an extrapolation
method for numerical solution of FDEs. This was based on the algorithm of [26] where the
application of extrapolation was justified. The algorithm used the Hadamard finite-part
integral stated in [24] to determine the weights of the numerical solution. Diethelm et al.
[29] presented a predictor-corrector numerical method for solving FDEs. It was demon-
strated that the Adam-Moulton predictor-corrector method of ODEs can be extended to
predictor-corrector method of FDEs and a detailed error analysis for fractional Adams

method was produced.

2.2 Definitions

In this section we will introduce some of the fundamental definitions of fractional deriva-
tives and integrals, such as Riemann-Liouville integral, Riemann-Liouville fractional deriva-
tives, Caputo derivative, Hadamard finite-part integral etc. We will also discuss some

theorems and facts related to fractional calculus that we will apply in our research.

2.2.1 Riemann-Liouville (R-L) fractional integral

Let n € R*. The operator J” defined on L'(a,b) by [25]

1

JrE() = W/ (t — 1)L f(r)dr, (2.2.1)

for a <t < b, is called the Riemann-Liouville fractional integral operator of order n.



For n = 0 we set J? := I, the identity operator and in this case the operator is quite

convenient for further manipulations. In fact,

n—0 n—0 [

t—T)
- ili%r /f )
— rIHOF(n%—l [ (t—a)" /f )t —1)"dT],

= 1+/f 1dr

= fla)+ f(®) f@t).

" = lim ! t — )t
lim J7f() = 1 ()/@ Y (r)dr

Thus, JOf(t) = f(t).

Moreover, in [25] the case of n > 1 it is obvious that the integral J”f(¢) exists for
every t € [a,b] because the integrand is the product of an integrable function f and the
continuous function (¢ —-)"~!. One of the most important property of Riemman-Liouville

integral is as follows.

Theorem 2.2.1. [25] Let o, 3 > 0 and f € L'(a,b).Then
JSILf = Tt (2.2.2)

holds almost everywhere on [a,b]. If additionally f € Cla,b] or a+ 8 > 1, then the

identity holds everywhere on [a, b]. Theorem 2.2.1 gives the commutative property,

JoJl = Jgoje. (2.2.3)

2.2.2 Riemann-Liouville fractional derivative

Suppose p > 0 we define the following Riemann-Liouville fractional derivative as [76]

EDPf(t) = D"[EDY " f(t)] = D"ﬁ /t(t — )P ()dr, p>0, (2.24)

where D" = dt—r; and n — 1 < p < n. Recall that D" = dt_: is the derivative part while

(DY f(t)] = Jy P f(t) is Riemann-Liouville integral part.

Example 1. Suppose f(t) = t2, find the value of ED? f(t)?



Solution: Here p = % and lies on the interval 0 < p < 1 such that n = 1. Using (2.2.4)

gives

£D} (1) = DD () = & {% /O (t - T)%TZdT} . (2.2.5)

2.2.3 Caputo fractional derivative

Suppose n — 1 < p < n and p > 0 we define the following Caputo’s fractional derivative
as [76]

SDLI() =8 DI D" 0] = s [ 4= D (226)

1
Example 2. Suppose f(t) =12, find the value of §D? f(t)?

Solution: Here p = % and lies on the interval 0 < p < 1 such that n = 1. Using (2.2.6)

gives
DCDt%f(t) ZOR Dt%—l[le(t)] = F(ll) /0 (t—71)" |:%f(7‘):| dr. (2.2.7)

Remark 3. Suppose p > 0 and n — 1 < p < n, then the relation between Riemman-

N|=

Liouville and Caputo fractional derivative can be expressed by the theorem [25] below

Theorem 2.2.2. Let p >0 and n — 1 < p < n, we have,

GDVf(t) =5 DYF(t) + FOO e

1
2.2.8
~T(-p+k+1) ( )

Proof. We only consider the case forn =1and 0 <p <1

EDLA0 = DD = | [ -]

_od v o Y eyt
- E(m—p)[ e I e f”d>

(gl )
S T /t =D iy
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Similarly, we can prove the case forn — 1 <p <n,n > 1, i.e;

n—1
R pp = DV f( thp, 2.92.
o DEF(t) = DEf(1 +§F +k+1) (229)

2.2.4 Hadamard finite -part integral

Hadamard finite-part integral is one of the most important mathematical tools in frac-
tional derivatives, integral equations and partial differential equations. Let N denote the
set of all natural numbers then, for p ¢ N, on a general interval [a, b] Hadamard finite-part

integral is defined in [24] as follows:

b
]{ (@ —a) P f(z)dz (2.2.10)

lp)—1 _
f(k) a)(b=a k+1-p b .
= Z (E@ _)1_( 1 —p))k! +/a (x —a)PR|p|-1(x, a)dx,

k=0
where

R,(z,a) := %/w(aj — ) fED () dy, (2.2.11)

and ¢ denotes the Hadamard finite-part integral. [p| denotes the largest integer not
exceeding p, where p € N.

Hadamard finite-part integral is the mathematical tool which reformulates a boundary
value problem for a partial differential equation with integer-order singularities and also
encountered the non-integer order singularities.

In particular, from [24] we can see that the Riemann-Liouville fractional derivatives
RpPf of order p > 0, p ¢ N of the function f may be expressed as a finite-part integral
according to

1

2D f(x) = =) f:(rﬂ —y) " fy)dy. (2.2.12)

2.2.5 Grunwald-Letnikov fractional derivative

Griinwald and Letnikov independently developed another non-integer derivative nearly the

same time when Riemann and Liouville developed Riemann-Liouville fractional derivative
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to solve fractional differential equations. Later on many other authors use this Griinwald-
Letnikov fractional derivative to construct numerical methods for fractional differential
equations.

The Griinwald-Letnikov fractional derivative can be expressed as follows [51]. Let

a € R*. The operator “* D¢ defined by,

m

GLpaf(t) = tim BEDM L Z £t —kh), (2.2.13)

h—0 he mh= t a, h—>0 he

for a < t < b, is called the Griinwald-Letnikov fractional derivative of order «. Here,
(A% f)(t) is a fractional formulation of backward difference. This definition holds for
arbitrary function f(¢), but the convergence of the infinite sum cannot be ensured for all

functions.

2.3 Numerical methods for solving FDEs

In this section we will briefly review some numerical methods for fractional differential
equations. There are a number of numerical and analytical methods developed for various
types of FDESs, for example, variational iterative method, fractional differential transform
method, a domain decomposition method, homotopy perturbation method and power
series method [4].

Hadamard finite-part integral is used by Diethelm[1997] [24] to obtain an approximate
algorithm for solving fractional differential equation. Podlubny [76] used the Griinwald-
Letnikov method to solve FDEs. And very recently Diethelm, Ford and Freed [29] intro-
duced a fractional Adams-type predictor-corrector method for solving FDEs. Lubich [53]
wrote the fractional differential equation in the form of an Abel-Volterra integral equation
and used the convolution quadrature method to approximate the fractional integral and
obtained an approximate solution for fractional differential equations.

In our research we are aiming to use Diethelm’s algorithm and Adams-type predictor-
corrector algorithm for higher order numerical methods for solving fractional differential
equations, the methods that are more accurate and cost effective in mathematical mod-
elling. Diethelm [26] considered a linear fractional differential equation, with 0 < o < 1,

and used a first-degree compound quadrature formula to approximate the Hadamard
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finite-part integral in the equivalent form of the considered equations and defined a nu-
merical method with order of convergence of O(h?=®),0 < «a < 1, see also [30]. Here
we are aiming to use the second-degree compound quadrature formula to approximate
the Hadamard finite-part integral for higher order convergence method. And in [29] Kai
Diethelm, Neville J. Ford and Alan D. Freed introduced Adams-type predictor-corrector
method for solving both linear and nonlinear fractional differential equations. In the
numerical algorithm the authors converted the considered equations into the Volterra
integral equation and then approximated the integral by using a piecewise linear inter-
polation polynomial and proved that the order of convergence of the numerical method
is O(h?) for 1 < a < 2 and O(h'*®) for 0 < a < 1 if {Dy(t) € C?[0,T). We will use
piecewise quadratic interpolation polynomials to approximate the integral and introduce
a high order fractional Adams method for solving the fractional differential equations and
prove that the order of convergence of our numerical method is higher than the order of

the method in [29].

2.4 Existence and uniqueness of the solution of FDEs

Existence and uniqueness of the solution are very important mathematical elements for
any differential equations. In this section we will discuss about the existence and unique-
ness of FDEs in the Riemann-Liouville sense and the initial conditions are specified accord-
ing to Caputo’s suggestions [27], thus allowing for interpretation in a physically meaningful
way.

Let us consider the initial-value problem, with m —1 < ¢ <m, m > 1

6 Diy(x) = f(a,y()), (2.4.1)

y®(0) = yk, k=0,1,2,...,m— 1. (2.4.2)

where § Diy(x) represents the Caputo fractional derivative of order ¢ > 0, with m — 1 <
q<m,

1

CDiy(x) = T —q) /Om(x — u)™ 19y M) (1) . (2.4.3)
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The existence and the uniqueness of the solution is described by Diethelm and Ford
[27] in the following two theorems that are very similar to the corresponding classical

theorems known in the case of first-order equation.

Theorem 2.4.1. (Existence) [27] Assume that D := [0, X*] X [y) — «, y§ + «] with some
X* > 0 and some a > 0, and let the function f : D — R be continuous. Furthermore,
define X := min{ X", (aﬁ}‘ﬁ:l))%}. Then there exists a function y : [0, X] — R solving the
initial value problem (2.4.1)-(2.4.2).

Theorem 2.4.2. (Uniqueness) [27] Assume that D := [0, X*] x [yJ — «, y) + o] with some
X* > 0 and some « > 0. Furthermore, let the function f : D — R be bounded on D and

fulfil a Lipschitz condition with respect to the second variable, i.e.

|f(z,y) — f(x,2)| < L]y — 2|.

with some constant L > 0 independent of x,y, and 2. Then, denoting X as in Theorem
2.4.1 there exists at most one function y : [0, X] — R solving the initial value problem

(2.4.1)-(2.4.2).
To prove the existence and uniqueness theorems we need to know the following results:

Lemma 2.4.3. [27] If the function f is continuous, then the initial value problem (2.4.1)-

(2.4.2) is equivalent to the non-linear Volterra integral equation of the second kind

['(q)

with m — 1 < ¢ < m. In other words, every solution of the Volterra equation (2.4.4) is

o) = 500+ 1 [ s 244

also a solution of our initial value problem (2.4.1)-(2.4.2), and vice-versa.

Theorem 2.4.4. [27] Let U be a nonempty closed subset of a Banach space E, and
let , > 0 for every n and such that >~ «, converges. Moreover, let the mapping

A : U — U satisty the inequality
|| A" — A™|| < al|u — 0|, (2.4.5)

for every n € N and every u,v € U. Then, A has a unique defined fixed point u*.

Furthermore, for any uy € U, the sequence (A™ug)%2, converges to this point u*.
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Proof. of Theorem 2.4.2 (Uniqueness): [27] As we identified previously, we need only

discuss the case 0 < ¢ < 1. In this situation, the Volterra equation (2.4.4) reduces to

o, 1 xm—zq_l z,y(2))dz
o) =+ [ (@ =2 ) (2.6

we thus introduce the set U = {y € C[0,X] :|| v — ¥ [|< a}. Obviously, this is a
closed subset of the Banach space of all continuous functions on [0, X], equipped with the
Chebyshev norm. Since the constant function y = vy is in U, we also see that U is not

empty. On U we define the operator A by

o, 1 zx—zq_l z2,y(2))dz
(Ae) =3+ o [ (@ =2 )i (247)

Using this operator, the equation under consideration can be rewritten as

y = Ay.

and in order to prove our desired uniqueness result, we have to show that A has a unique
fixed point. Let us therefore investigate the properties of the operator A. First we note

that, for 0 < xy <y < X,

(Ay) (1) — (Ay) (a2)]

- ﬁ‘ /0 = 2T (2 y(2))d — /0 g — 2y F(zy(2)dz| (2.4.8)
- ﬁ‘ :1 (02— 27 = (2 — 27 f(z ()= + / (22— )7 (2, y(2))dz
< Ff(J]')“ [ /0 h (02— 2 = (= 27" )z + / jm(:cg — )]

- % (2(:52 L xg>. (2.4.9)

proving that Ay is a continuous function. Moreover, for y € U and z € [0, X], we find

‘(Ay)(ilﬁ) - yg‘ = ﬁ) /Ox(x —2)7 (2, y(2))dz| < ﬁ | f lloo 2@

1 1 al(g+1)

<Tgrp 1/ =X < 5y 1 = T =@

Thus, we have shown that Ay € U if y € U; i.e., A maps the set U to itself. Then next

step is to prove that, for every n € Ny and every z € [0, X], we have
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_ Lx?
| A%y — A% [ om < — >)||y 7 lom (2.4.10)

I'(1+
This can be seen by induction. In the case n = 0, the statement is trivially true. For the

induction step n — 1 — n, we write

|| Any — Anﬂ HLOO[O,x} — || A(An—l ) A(An 1 ) “LOOOJ:]
- ﬁoiug /0 (w—2)" f(z, A"y (2)) = f(z, A" 1g(2)) dz|

In the next steps, we use the Lipschitz assumption on f and the induction hypothesis and

find

L w
H A”y—A”y HLoo[O,w} S —— sup / (w_z)qfl Anfl ( ) A 1 ‘dz
I'(q) o<w<a Jo
L x
< [ et s[4ty w) - A g
F(Q) 0 0<w<z

" *
< x— 2)0 1) gy

y(w) = glw)|dz

LTL
< su ‘/ )9 1 atn=1) g,
T+ qin=1)) 22, U
" ['(g)T (1 +q(n — 1)> "
= Tt g1 ¥ 7Y It =gy "

which is our desired result (2.4.10). As a consequence, we find, taking Chebyshev norms

on our fundamental interval [0, z],
(Lt ) .

We have now shown that the operator A fulfills the assumptions of Theorem 2.4.4

| A"y — A"y

with v, = (Lz?)"/T'(1+ gn). In order to apply that theorem, we only need to verify that

the series Y > | v, converges. This, however, is a well known result; the limit

> i = Bl

— (14 gn)

is the Mittag-LefHler function of order ¢, evaluated at Lx? (see[36, Chapter 18] for general
results on Mittag-Leffler functions or [49] for details on the role of these functions in

fractional calculus). Therefore, we may apply the fixed point theorem and deduce the

uniqueness of the solution of our differential equation.
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Remark 1. Note that Theorem 2.4.4 not only asserts that the solution is unique; it
actually gives us (at least theoretically) a means of determining this solution by Picard-

type iteration process.

Remark 2. Without the Lipschitz assumption on f the solution needs not be unique.
To see this, look at the simple one-dimensional example
Dy =y*  0<g<l,
with initial condition y(0) = 0. Consider 0 < k < 1, so that the function on the right-
hand side of the differential equation is continuous, but the Lipschitz condition is violated.
Obviously, the zero function is a solution of the initial value problem. However, setting
p;(x) = 27, we recall that

6 Dip;(x) = Lyt 1) )pij(fﬁ)

I'G+1-gq
Thus, the function y(z) = {/T'(j +1)/T(j + 1 — q)a’ with j = ¢/(1 — k) also solves the

problem, proving that the solution is not unique.

Proof. of Theorem 2.4.1 [27]: We begin by argument similar to those of the previous
proof. In particular, we use the same operator A defined in (2.4.7) and recall that it maps

the nonempty, convex, and closed set U = {y € C[0, 2] :|| y — ¥ ||oo< a} to itself.

We shall now prove that A is a continuous operator. A stronger result, (2.4.10), has
been derived above, but in that derivation we used the Lipschitz property of f which
we do not assume to hold here. Therefore, we proved differently and note that, since f
is continuous on the compact set D, it is uniformly continuous there. Thus, given an

arbitrary € > 0, we can find 6 > 0 such that
\f(z,y) — f(z,2)] < %F(q +1) whenever ly — 2| < 4. (2.4.11)
x
Now let y,y € U such that || y — 7 ||< 0. Then, in view of (2.4.11),

F (e y(@) = fla,g(@)] < —Tlg+ 1), (2:4.12)
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for all « € [0, X]. Hence,

() = (D) = F| [ o= e nl0) ~ S

qg+1 1 ex?
< 2 gy = — <
-xqru/o(“” G

proving the continuity of the operator A.

Next we look at the set of functions
AU) ={Ay:y e U}.

For z € A(U) we find that, for all z € [0, X],
1 x

o)l = A <8l + g [ @2 (e u)|d:
L'(q) Jo

1
< |9 + —— 0o X4,
which means that A(U) is bounded in a pointwise sense. Moreover, for 0 < z; < xy < X,

we have found in the proof of Theorem 2.4.2 that
| f llso
((Ay)(21) = (Ay)(z2)| <

I'(g+1)
Thus, if |22 — 21| < 6, then

S 1l

4 09 Yo — 7:.)9) < 92
(2] — 23 +2(w2 — 21)7) < T(g+ 1)

(xg — 1),

| Moo
I(g+1)

Noting that the expression on the right-hand side is independent of y, we see that the

[(Ay)(z1) — (Ay)(72)] < 2 8.

set A(U) is equicontinuous. Then, the Arzela-Ascoli theorem yields that every sequence
of functions from A(U) has got a uniformly convergent subsequence, and therefore A(U)
is relatively compact. Then, Schauder’s fixed point theorem asserts that A has a unique

fixed point. By construction, a fixed point of A is a solution of our initial value problem.

2.5 Applications of fractional differential equations

Applications come from a very wide range of science and engineering. Fractional differen-
tial equations are becoming increasingly used as a modelling tool for understanding the

many aspects of nonlocality, for example;
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e Fractional-order viscoelasticity models in blood flow [14] : The integer-order stress-
strain relation models (such as; Hook’s law for elastic solids and Newton’s law for
viscous liquids , Voigt and standard liner or Kelvin-Zener) for heterogeneous soft
tissue with complex bio-mechanical properties in blood flow, provide a reasonable
qualitative description; however, they do not satisfactorily describe the real situation
in the real world [75, 17]. On the other hand for the cell and tissue biomechanics
the fractional-order models proposed by Craiem and Armentano [16], Craiem et al
[15], and Doehring et al. [23], seem to be more adequate from both quantitative

and qualitative view points.

e Fractional-order model of neurons in biology [17]: In 1981, the neurodynamics of
the vestibulo-ocular reflex (VOR) model have been described by Robinson [78].
This model is based on direct and integrated parallel pathways to the motoneurons.
The first-order transfer functions approximate time and frequency domain data
from canal afferents, vestibular and prepositus nuclei neurons, and motoneurons.
Anastasio [1] recognized some difficulties in the classical integer-order models to
describe the behaviour of premotor neurons in the vestibulo—ocular relax system.
To overcome this problem he proposed a fractional-order model in terms of the
Laplace transform of the premotor neuron discharge rate and proved that fractional
differentiation and integrations can effectively be used to describe various aspects

of vestibulo-oculomotor dynamics.

e Fractional calculus in physics : Fractional derivatives are involved in the modelling
of electrical circuits and generalized voltage divider [17]. Le Mehaute and Crepy [59]
suggested electrical circuits may have the fractance which represents an electrical

element with fractional-order impedance.

e Fractional calculus in electrochemistry and tracer fluid flows: The fractional advection-
dispersion equation (FADE) is used in groundwater hydrology to model the trans-
port of passive tracers carried by fluid flow in a porous medium. Dispersion (or
spreading) of tracers depends strong on the scale of observation. In general, there
are three different mechanisms of dispersion [17]: molecular diffusion, variations in

the permeability field (microdispersion), and variations of the fluid velocity in a
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porous medium (microdispersion). These mechanisms take place at different scales.
At large scale, dispersion is essentially controlled by permeability heterogenetic. A
fractal structure model for heterogeneous media has been developed by Maloy et al

for details see [69].

Continuous time random walk (CTRW) model: The CTRW models impose a ran-
dom waiting time between particle jumps [67] and the non-local CTRW model is a
good phenomenological description of the tick-by-tick dynamics, which can take into
account the pathological time evolution of financial markets. This non-local CTRW

model is very much related to the fractional calculus. For details see [63, 68].

Cardiac electrical propagation model [8] : Fractional diffusion model in electrical
propagation with heterogeneous media describe their application to cardiac muscle
as a representative case of composite biological tissue. It describes the propagation

of electrical excitation in the cable equation; for details see [8].

Fractional order dynamical systems in control theory [17] : This is the generaliza-
tion of the classical PID-controller, the concept of the PI* D#-controller, involving
fractional-order integrator and fractional order differentiator [76], which has been

found to be a more efficient control of fractional order dynamic systems.



Chapter 3

Higher order numerical method for

fractional ODEs (Diethelm’s method)

3.1 Introduction

We consider numerical methods for solving the fractional differential equation

6 Dyy(t) = fty(t), 0<t<T, (3.1.1)

yPO0) =yt k=0,1,2,...,[a] -1, (3.1.2)

where the y% may be arbitrary real numbers and a > 0. Here § D® denotes the differential

operator in the sense of Caputo, n — 1 < a < n,

a — 1 ' n—a—1, (n
OCDt y(t) = F(n——&)/o (t —u) yt )(u) du,

where n = [«] is the smallest integer > a.

Existence and uniqueness of solutions for (3.1.1) -(3.1.2) have been studied, for exam-
ple, in Podlubny [76], Diethelm and Ford [27]. Numerical methods for solving fractional
differential equations have been considered by many authors and we mention here a few
key contributions. Lubich [53] wrote the fractional differential equation in the form of
an Abel-Volterra integral equation and used the convolution quadrature method to ap-
proximate the fractional integral and obtained approximate solutions of the fractional

differential equation. Diethelm [26] wrote the fractional Riemann-Liouville derivative by

20
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using the Hadamard finite-part integral and approximated the integral by using a quadra-
ture formula and obtained an implicit numerical algorithm for solving a linear fractional
differential equation. Diethelm and Luchko [32] used the observation that a fractional dif-
ferential equation has an exact solution, which can be expressed as a Mittag-Lefler type
function. Then they used convolution quadrature and discretised operational calculus to
produce an approximation to this Mittag-Leffler function. Blank [5] applied a colloca-
tion method to approximate the fractional differential equation. Podlubny [76] used the
Grinwald and Letnikov method to approximate the fractional derivative and defined an
implicit finite difference method for solving (3.1.1)-(3.1.2) and proved that the order of
convergence is O(h), where h is the stepsize. Gorenflo [47] introduced a second order O(h?)
difference method for solving (3.1.1)-(3.1.2), but the conditions to achieve the desired ac-
curacy are restrictive. In [28], the authors converted the equations (3.1.1)-(3.1.2) into a
Volterra integral equation and then approximated the integral by using a piecewise lin-
ear interpolation polynomial and introduced a fractional Adams-type predictor-corrector
method for solving (3.1.1)-(3.1.2), proving that the order of convergence of the numerical
method is min{2,1+a} for 0 < a < 2if { DYy € C?[0, T]. Deng [18] modified the method
in [28] and introduced a new predictor-corrector method for solving (3.1.1)-(3.1.2) and
the convergence order is proved to be min{2, 1 + 2a} for @ € (0,1]. In [95], the authors
introduced a so-called Jacobi-predictor-corrector approach to solve (3.1.1)-(3.1.2) which
is based on the polynomial interpolation and the Gauss-Lobatto quadrature with respect
to some Jacobi-weight function and the computational cost is O(N), N = 1/h and any
desired convergence order can be obtained. In [9], a higher order numerical method for
solving (3.1.1)-(3.1.2) is obtained where a quadratic interpolation polynomial was used
to approximate the integral. Ford, Morgado and Rebelo recently (see [41]) used a non-
polynomial collocation method to achieve good convergence properties without assuming
any smoothness of the solution. There are also several works that are related to the fixed
memory principle and the nested memory concept for solving (3.1.1)-(3.1.2), see, e.g.,
[44, 29, 18, 19, 22].

In [26], Diethelm considered the following linear fractional differential equation, with
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0<a<l,
6 Dyy(t) = By(t) + f(t), 0<t<1, (3.1.3)
y(0) = wo, (3.1.4)

where 8 < 0, f is a given function on the interval [0, 1]. Diethelm [26] used a first-degree
compound quadrature formula to approximate the Hadamard finite-part integral in the
equivalent form of (3.1.3)-(3.1.4) and defined a numerical method for solving (3.1.3)-
(3.1.4) and proved that the order of convergence of the numerical method is O(h*~%),0 <
«a < 1. Here we approximate the Hadamard finite-part integral by using the second-degree
compound quadrature formula and obtain an asymptotic expansion of the error for solving
(3.1.3)-(3.1.4), which implies that the order of convergence of the numerical method is
O(h37*),0 < a < 1. Moreover, a high order finite difference method (O(h37%),0 < a < 2)
for approximating the Riemann-Liouville fractional derivative is given, which may be
applied to construct high order numerical methods for solving time-space-fractional partial

differential equations.

3.2 Diethelm’s method

In this section we review Diethelm’s method for solving fractional differential equations
where the Hadamard finite-part integral is approximated by piecewise linear interpolation

polynomials.

Consider, with 0 < a < 1,
6 Dfy(t) = By(t) + f(1), (3.2.1)
y(0) = o (3.2.2)
It is well-known that (3.2.1)- (3.2.2) is equivalent to, with 0 < a < 1,

CDR [y(t) —w] = By(t)+ f(t), 0<t<1, (3.2.3)

where « is the order of the derivative, f is a given function on the interval [0,1], 8 < 0 and

y is the unknown function. From the definition of Riemann-Liouville fractional derivative
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in Chapter 2, for 0 < a < 1 we get

o Diy(t) = ﬁ% /0 (t —7)"%y(r)dr. (3.2.4)

Let us recall the Diethelm’s numerical algorithm for piecewise linear interpolation poly-

nomial with the equispaced nodes. The Lemmas below will help the reader to understand

the algorithm of the numerical method for solving fractional differential equations.

Lemma 3.2.1. [35] The Hadamard finite-part integral for the Riemann-Liouville deriva-

tive (3.2.4) can be written as

1 ¢ e

m% (t — 7') ! y(T)dT
0

where 0 < a <1, ¢ represents the symbol of Hadamard finite-part integral.

FDyy(t) =

Lemma 3.2.2. [26] Assume that 0 =t < t; <ty < -+- <t < --- < t, = 11is the

partition on the interval [0,1] and 0 < a < 1, then at ¢ = {¢;,

—

J
o Df [y(ty)] = h‘“Zwkjy(tj—tk)jLﬁRj, j=1,2,3,...n.
k=0

where wy; are called the weights and R; is the remainder term given by
[Bj| < C12Nly" (4 — tjw)lloey O <w <1,
where w is the new variable [y(7) = y(¢; — t;w)] introduce in the proof, h is the time-step

size and the weights wy; satisfy

1, k=
F2—-a)uyy =9 2"+ k- +(k+D"  k=1,2,...,7—1
—(a— 1Dk + (k= 1)l — k1o k=j
The proof for this Lemma 3.2.2 is straightforward and requires a piecewise linear

Lagrange interpolation polynomial.

Proof. We have

Rpa, 1\ _ 1 b y(7) -
o) = T e

Suppose t; — 7 = t;w, then

@ Lyt —t;w)
R pa _ J Yy — b
o Diy(t;) = r<_a)}§ .




Performing another substitution such that g(w) = y(t; — t;w), we have
R o t]'_a
o Diy(ty) =

NED) jg g(w)w™ @Dy,

For every j, we replace the integral by a piecewise interpolation polynomial with equi-
spaced nodes 0,1/7,2/7,3/4,...,7/j. That is,
1 1
7{ gww * ldw = 7{ g1 (W)w ™ tdw + R;,
0 0

where g1 (w) is the piecewise linear interpolation polynomial of g(w) with the equispaced
nodes and R; is the remainder term.

Note that,

Thus,

w—" [k k-1 k
tE a9\ ) oo /|
iT g N

i
1 1

o 1o x § gl ds = Qo).

0 0

Here we observe generally that

(3.2.5)

1 1 J k
Qj(g) = 7{ g1 (W)w Iy = 7{ g1 (W)w™ I dw + Zﬁ 1 g1 (W)w™ 1T du(3.2.6)
0 0 = Ji=1

= J
Applying the Lagrange interpolation polynomial on each integral on the right hand side
of (3.2.5) gives
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We can deduce that

; 21(0) (

fﬂ' o (w)w—(l-i-oc)dw _
0

Now we consider in general:
k
J

/ g1 (w)w™ Y dw
k—1

J
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Therefore

1 1
Qi(9) = WQ (3) - WQ(O)

()

J k J
= Zakjg (-) = Zakjy(tj — tk),
k=0 77
where oy satisfy the following:
when k =0,

-1
a(l—a)j®

Oé[)j =

)

and when k = j,

o = | (1) iz ()"
” l—a\J —a \j
R AR R N

1 -« J - j

J -1 G-1

i (k=1 Pa+k—1 k—1\""
11—« 7 -« J

l-a —a (1—-a)j@ —)j e
e (l—a)— D —al— Dt (a— (G = 1)
all —a)j—@
B R e
a(l —a)j—@
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For k=1,2,3,4,...,5 — 1, we have
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l—«o
)

)
c () s 0) =0 st
n k al <k] 1>
- {—o}ja a jacoj }(“1):” P(l—;)w o)
- = 0) -=0) ]* e
- 20) e
_ (k+pt (k-1 21—
al-—a)j al-—a)j al—-a)j
= W[zkla—(/@—ml —(k:+1)1*°‘]
Thus, we get
BDt) = p s dwrf_a)[gakjyt 1)+ B)]
= S it~ 1) + SR (0
where

ala—1)j" %y =T (2—a)wg; =

Together these estimates complete the proof of Lemma 3.2.2.

Thus the solution of (3.2.3) has the form

1
toT(—
) - et

j
+y0 Y oy — Rj(g)} )
k=0

y(t) =

=2k (k=)' (k4 1),
—(a— k™ + (b — 1) — ke,

k=0
k=1,2..,j-1
k=7
O
(3.2.7)
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where
IR;(9)] < Cj**E|ly" |-

Let y; =~ y(t;) denote the approximate solution of y(¢;), j = 1,2,3,...,n, then based on

(3.2.7) we can define the following numerical method for solving (3.2.3) as

gy = S ) V05 B S RIS v (3.2.8)
( O‘)B k=1 k=0

Qoj — t;’T

We remark that Lemma 3.2.2 for 0 < o« < 1 can be extended to the case for 1 < a < 2

to yield the following weights,

—1, k=
Q, k=1,7=0
ol —a)j ay; = ¢ 2 -2, k=1,5>1

k' — (k=1 —(k+ 1), k=1,2,...,j-1,j>3
(= Dk = (k=1 + k7 k=j,j=>2

\

These weights are obtained by following the same process from Lemmas 3.2.1 and 3.2.2.

The only difference lies from the Hadamard finite-part integral.

3.2.1 Error analysis

Theorem 3.2.3. [26] Let 0 < o < 1. Assume y(t;) and y; are the exact and approximate
solutions of (3.2.7) and (3.2.8), respectively. Also, assume that the function involved is

sufficiently smooth, then there exists a constant C' = C(a, g, ), such that
y(t) =yl < CR7° Y]l J=1,2,....n.
To prove the Theorem 3.2.3, we need the following Lemma.
Lemma 3.2.4. Let 0 < o < 1 be the order of derivative and the sequence (d;) satisfy
dy =1
di =14 a(l—a)j >0, ard; .
Then, we have

1 < d; <Coj® j=12...,n

1
—a)(—aF DI (—a)T(a+D)]

where the positive constant C,, = 1
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Proof. of Theorem 3.2.3:

Assume
e = ylt;) —y;
then we have the error equation, subtracting (3.2.7) from (3.2.8),

Note that

ap; = — <0, [(-a)<0, [B<0, a4 >0.

then we have

lej| <

(Sl )
07
o(1 - a)j" (Z% sl + 5 2t2!!y”Hoo)

k=1

IN

< a(l = a)l?|y"|lee + (1 — @)j Zakj l€j-kl-
By denoting a = a(1 — a)h?||y” Hoo and assume for simplicity that eq = 0 then we get
lej] < a+a(l—a)j Zakjle] kl, Jj=12,...,n,
which implies that
le;| < ad;, j=1,2,...,n,
where

dy =1
dj =14 a(l—a)j >0 ard; &

Hence, the proof of Theorem 3.2.3 is complete.
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Next we will show that y,, — y(¢,,) has an asymptotic expansion. We have the following

Theorem.

Theorem 3.2.5. [33] Let t,, = 1 be fixed. Let y,, and y(t,) be the solutions of (3.2.8)
and (3.2.7), respectively. Then there exist coefficients C,(a) and C} () such that the

sequence {y, }possesses an asymptotic expansion of the form.

1 Mo
y(tn) = yn + Z Cula)n®* + Z C’;(a)n_z” + 0 ) for n— oo,

where M; and M, depend on the smoothness of y, and Mz = min{M; — a, 2M>}.
To prove Theorem 3.2.5, we need the following

Lemma 3.2.6. [Theorem 1.3 in [33]]
Let 0 < a < 1and let g € C™*2[0,1], m >2
Then

j—1 k+1 m+1

— / g () — gu(t Zduga “+Zd “2 L O,

where p* is the integer satisfying 2u* < m + 1 — o < 2(p* + 1), d, and d;, are certain
coefficients that depend on g. Here g;(t) is the linear interpolation polynomial of g(¢) on

0, 1].

For example, assume that g € C™72[0,1], m = 4. Then we have
Rj(g) = doj® ? + dij 2 + dsj®° 4+ dyj ™ + d5j0 70 + dyj Tt + O,
Here p* =2 ,and 2 x2 <5 —a <2(2+1).

Proof of Theorem 3.2.5. To understand the idea of the proof. We assume, e.g, that

y € C™*2[0,1], m = 4. Then we shall prove that, there exist Cy, CF, Cs, Cy, C3, such
that

y(tn) —Yn = CQna_Q + Cikn_z + égna_g + C’4Tla_4 + 6'5710‘_5 (329)

+Cin~t +0(n®7%), n — oo,



tj

tn

To prove (3.2.9), we will consider y; —y(t;), Jj — oo, for fixed ¢; such that %

co, Cp is a constant, that is n depends on j. Here ¢, = 1,t; = c.
For example, choose ¢y = %, then when j = 1 we have n = 2 and when j = 2, we have
n =4,.... We will prove that

g5 =y(t;) —y; = Con® 2 + Cfn~% + Cyn®~3 + Cyn* (3.2.10)
+Csn® 0 + C';‘n_‘l +0(n*7?), j— oo,

Then let j =n. We get (3.2.9)

By Lemma 3.2.6, we see that, for g € C™%2[0,1],m > 2, (m = 4), we have

k+1

1 kel
ro) = g § epoa= 3 47 el - g
k=0
=do® P+ dij T+ 3T A daf T+ ds T+ dh T+ O 70). (3.2.11)
Note that j = ¢yn, we can write (3.2.11) into
Ri(g9) = don® 2 + din~% + dsn® % + dyn®* + dsn®° + din* + O(n®%).  (3.2.12)
Next we will prove that

g = y(tj) —Y = C’gna72 + C’fn% + é’gnais + C~*4na*4 + C~'5n°‘75 (3213)

+Cin~t +0(n°7%), j — oo,

where
C L dpy, €=2,3,4,5
L — 0y = 4,9, %, J.
—fT(=a)B —
N 1 -
C; = d,, (=12
NGO R

67

Suppose that (3.2.13) holds, then (3.2.9) follows by replacing j by n since j =
1,2,...,n.

=
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We shall use mathematical induction to prove (3.2.13).

Step 1: When j = 0, we have gy = 0, therefore (3.2.13) is true.
Step 2: When j = 1, we have, by (3.2.7) and (3.2.8),

1
1
er=ylt1) —y = " (50[ E Qg1 — a01} + Rl[Q])-
gT'(—a)B — (i(ao—)l) k=0

That is, noting that Z;lg:o = _éj by (3.2.10),
[ 1
ala—1)
1 ~ ~ s =~ ~ ~
=~ [Ozn“‘Q + 24 Gy 4+ Oy 4 G5 + Gy~ + o(na—5)}
«
1 ~ ~ = =~ ~ ~
+ﬁ(m@)a [02"%2 + O 4 Can® 3+ Cyn® ™ - Csn® ™ + Cyn ™ + O(n“*‘r’)}
ala —
* [CZW_Q +din 4 dgn® 4 dyn® 4+ dgn® 0 + dint + O(na—5>] _

(ncy)® — CSF(—Q)B] €1

This shows that £; possesses an asymptotic expansion w.r.t powers of n, and we can

check indeed by comparing the coefficients of powers of n,
e1=Con® 2+ O 2 + Csn® 3 + Oyt 4+ Csn®° + Cyn~* + O(n* 7).

Step 3: Assume that

e =Con* 2+ Cin 2+ Csn* 3 + O+ Csn®° + Cin* +O(n®™°), (=0,1,2,...,5— 1.

Then we have, same as in Step 2,

[ﬁ(nco)o‘ — ch(—a)ﬁ] g = (i: aiEj—k + R; [9])

+ [(C’gna_Q + 2+ Csn® 3 4 O+ Csn® 0 + Cyn ™ + O(na_5)>

<zi:akj - 040;‘) + Rj[g]} :

Note that 37 _ o = —1 . we have, by (3.2.12)
[ 1
ala—1)
1r- _ _ _ 3 _
— - [cgna—? + O 4 Cyn 3 4+ Can® 4+ Csno ™ + O~ + O(na—5)}
«
1 3 _ 3 _ _ 3
+ﬁ(n00>a [ana_z + C’fn‘2 + ana_?, + C'4no‘_4 + C5no‘_5 + C'Sn_‘l + O(no‘_5)}
ala —
+ [dQna_Q +din 2 +dsn® P + dn® Tt + dsn® 0 + din Tt + O(na_5)] .

(neo)” = T (~)B] 5
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This shows that €; possesses an asymptotic expansion w.r.t powers of n, and we can check

indeed, comparing with the coefficients of powers of n,
g =0 2+ Cin 2 + O3+ O + Csn® > + Csn ™t +O(n*®), j — oo.

Thus (3.2.13) holds.

Together these estimates complete the proof of Theorem 3.2.5.

3.3 Extending Diethelm’s method

In this section we will consider a higher order numerical method for solving (3.1.3)-(3.1.4).
It is well-known that (3.1.3)-(3.1.4) is equivalent, with 0 < a < 1, to the following

problem:

o Dfly(t) —yol = By(t) + f(1), 0<t <, (3.3.1)

where [*D2y(t) denotes the Riemann-Liouville fractional derivative defined by,
with 0 < a0 < 1,
3TN p——; / (t = ) ey(r) dr. (3.3.2)
Il —a«)dt J,
The Riemann-Liouville fractional derivative *Dy(t) can be written as [26]

1
[(—a)

o Diy(t) = fg (t—7)"'"y(r)dr, (3.3.3)

where the integral § denotes the Hadamard finite-part integral.

In [26], Diethelm approximated the Hadamard finite-part integral in (3.3.3) by piece-
wise linear interpolation polynomials and defined a numerical method for solving (3.3.1).
In this section, we will approximate the Hadamard finite-part integral by using piecewise
quadratic interpolation polynomials.

Let M be a fixed positive integer and let 0 =ty <t <ty < -+ <ty <tgjp1 < -+ <
tanr = 1 be a partition of [0,1] and & the stepsize. At node ty; = 2L, the equation (3.3.1)

satisfies

RDry(ta;) — yol = By(tay) + fltay), j=1,2,..., M, (3.3.4)
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and at node ty;41 = 22, the equation (3.3.1) satisfies

oRDta[y(tsz) — o] = Py(tej11) + f(taj11), j=0,1,2,...,.M —1. (3.3.5)

Let us first consider the discretization of (3.3.4). Note that
t;ja

[(=a)

1 t2; 1
o Diy(ta;) = —]{ (toy—7) " " y(1) dr = j{ w™ Ty (ty; —tojw) dw. (3.3.6)
F(—Oz) 0 0

1 2

For every j, we replace g(w) = y(t2; — tojw) in the integral in (3.3.6) by a piecewise
2j
2_j7 Q_ja R

. We then have

quadratic interpolation polynomial with equispaced nodes 0, ;

7€ w™ g (w) dw zjg w T ge(w) dw + Ray(g), (3.3.7)

where go(w), defined by (3.3.9), is the piecewise quadratic interpolation polynomial of

g(w) with equispaced nodes 0, 2%., 2%., cee g—; and Ry;(g) is the remainder term.

Lemma 3.3.1. Let 0 < o < 1. We have

1 25
a k
]g w gy (w) dw = %O‘kgjg(z_j); (3.3.8)
where
(
27%(a+2), for I =0,
(—a)227, forl =1,

(—a)(=27%a) + £ Fy(2), forl =2,

' —Fi(k), for | =2k — 1,
(o) (—a+1)(—a+2)(2)) “aug =
k=23,...,7
L(Fy(k) + Fy(k + 1)), for | = 2k,

1F(5), for | = 27,

Fo(k) =(2k — 1)(2k) ((Qk)‘“ — 2k - 2)—a) (—a+1)(—a+2)
- ((% 1)+ %) ((21{:)‘0‘“ ~(2k— 2)—a+1) (—a)(—a +2)

+ (2R = 2k = 2)7*) (=a) (—a + 1),
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Fi(k) =(2k — 2)(2k) ((zk)*a — 2k — 2)*&) (—a+1)(—a+2)
- ((Qk —9) + Qk) ((zk)—a“ —(2k— 2)—a+l) (—a)(—a +2)

+ ((20) 72 = (2% = 2)7°"2) (—a)(~a + 1),
and

Fy(k) =(2k — 2)(2k — 1) ((%)—a 2k — 2)—a) (—a+1)(—a+2)
- ((Zk —9) + (2k — 1)) ((2/{)*&“ ~ (2k - 2)%1) (—a)(—a+2)

+ ((%)%2 2k — 2)*a+2) (—a)(—a +1).

Proof. For fixed 2j, let 0 < &£ < 2 < ... < 3—3 = 1 be a partition of [0,1]. Denote
j

2j 25
wl:%,l:0,1,2,...,2j. We then have, for k =1,2,...,7,
w — wop_1)(w — w
g2(w) = ( 1)l 2%) g(wap—2)

(w2k—2 - w2k—1)(w2k—2 - w2k;)
(0 — wag o) (W — wag)
(w2k—1 - w2k—2)(w2k—1 - wzk)
(w - w2k72>(w - w2k71>
<w2k - w2k72>(w2k — Wak—1

_|_

g(wap—1)

+

)g(wgk), for w € [w2k_2, ’wgk] . (339)

Let us now consider

1 w2 w4 w2
7{ w gy (w) dw = [% +/ +-F / ]wflfag(h(w) dw.
0 0 w2 W25 —2

By the definition of the Hadamard finite-part integral [24], we obtain

§ ) a0 = 2O [T el [P ) dy] du

- a0+ [ v ) - ) v

(3.3.10)
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By using (3.3.9), we have

jI{ Go(w)w ™" dw
0

T (o))" 2}
(2Ji <w2 — (0 4+ wy)w )g(wl) + <2;) (wz —(0+ wl)w)g(wQ)] dw
_ 2_a(06 -+ 2) 22—a .
 (ca)(—a+(-a+ N Car a2t
+ 2 e ——g(wa).

(—a+1)(—a+2)(2))
Similarly, we have, after a simple calculation,

W2k42

(—a)(—a + 1)(~a +2)(2))° / go(w)w™=* duw

W2k

= 2 Fo(R)g(wso) + (~1)Fi (Wg(uer) + 5 Fo(k)g(uwne),

where Fj(k),i =0,1,2 and k = 2,3, ..., 7 are defined as above.
Together these estimates lead to (3.3.8) and the proof of Lemma 3.3.1 is complete.

O
Next we consider the discretization of (3.3.5). At the node
tojr =24 j=1,2,...,M — 1. We have

R 1 s 1

D&y(tyj1) = —— tojr — 1) (1) d

o Di'y(t2)11) F(—a)fg (toje1 —17) y(r)dr

1 131 e o2 T e

= F(—a)/o (tojer — )~ y(7) dr + F(Zj_z)]g w Y (b4 — tojaw) dw.

(3.3.11)

Forj=1,2,...,M—1, wereplace g(w) = y(tyj+1—t2;1w) in the integral in (3.3.11) by

a piecewise quadratic interpolation polynomial with equispaced nodes 0, =— 5 +1, 2j2+1, e %
We then have, for a sufficient smooth function g(w),
23 2]
i+l —1-« A —1l—«
w Y (w) dw = W™ %ge(w) dw + Rajt1(9), (3.3.12)
0 0

where go(w) is the piecewise quadratic interpolation polynomial of g(w) with the nodes

0. L 2 2]
Y2510 25410 T 2541

and Ryjy1(g) is the remainder term.

Similarly, we can prove the following lemma.
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Lemma 3.3.2. Let 0 < o < 1. We have

2 25
5 < k )
dw — . - 3.3.13
7€ w g2(w) dw ];0 Qk,2j+19 2 +1/) ( )
where ag2j411 = a5, k= 0,1,2,...,27 and oy 9 are given in Lemma 3.3.1.

Remark 4. By direct calculation, we can show that, with 0 < a < 1,

27+ 2)
—a)(—a+ 1) (—a+2)(2j)
and oy, 2; > 0 for k > 0, k # 2. For k = 2, there exists a; € (0,1) such that ag9; > 0 for

<0, (3.3.14)

Q25 = (

0<a<ao and agg; <0 forap <a < 1.

Now solutions of (3.3.1) satisfy, with j =1,2,..., M,

2

1 «
y(ta;) = comy 15T (—a)p ty; (=) f(t2;) Zak 27 (t2j—k) + Yo ;00%,23' — Rsi(9) |,
(3.3.15)

and, with y =1,2,... ., M — 1,

2j

1
tojr1) = [ta-F—a toji1) — Og.2j toji1—
y(t2j11) Qo211 — t(QXjHF(—Oé)ﬁ 2j+1 (—a) f(t2j+1) ; k2j+1Y (2j41-k)
2j 4
+ Yo Z k2j+1 — Roj1(9) — 15541 / (tyjr — 1) y(7) dT]- (3.3.16)
k=0 0

Here o —t{'(—a)8 < 0, | = 24,25+1, which follow from (3.3.14) and I'(—a) < 0, 8 < 0
and Qp,25+1 = (p25-

Let yo; = y(to;) and yoj41 ~ y(t2;+1) denote the approximations of the exact solutions
y(ta;) and y(taj41), respectively. Assume that the starting values yy and y; are given. We

define the following numerical methods for solving (3.3.1), with j =1,2,..., M,

1
g2 — t5;1(—a)B
and, with y =1,2,... M — 1,

Yoj = [tg‘jf tQJ Z()ék 25Y25—k —|—yOZak 2ji| y (3317)

2j
1
y4 ey o [tar—aft — 057‘y',
2j+1 oz — 15, T (—a)B g1l (—a) f(t241) ; k2 +1Y2j+1—k
2j "
+ Yo Zak,2j+1 - t3j+1/ (toj1 — 1) y(7) dT] (3.3.18)
0

k=0
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Remark 5. In practice, we need to approximate fgl (taje1 — 7)1 y(7) dr. One way
is to divide the integral [0,¢;] into small intervals 0 < t} < 2 < ... < tI¥ = t; with
stepsize h < h. We first obtain yp ~ y(t)), p = 1,2,..., N by using some numerical
method for solving fractional differential equation. Then we apply a quadrature formula

to approximate the integral.

3.3.1 Error analysis

We have the following asymptotic expansion theorem.

Theorem 3.3.3. Let 0 < a < 1 and M be a positive integer. Let 0 = t; < t; <
tg < -+ <ty < tgjy1 < --- < tay = 1 be a partition of [0,1] and h the stepsize.
Let y(t2;), y(taj+1), Y2; and yo;+1 be the exact solutions and the approximate solutions of
(3.3.15) - (3.3.18), respectively. Assume that the function y € C™*2[0,1], m > 3. Further
assume that we obtain the exact starting values yo = y(0) and y; = y(¢;). Then there exist
coefficients ¢, = c,(a) and ¢}, = ¢} (a) such that the sequence {y},l = 0,1,2,...,2M

possesses an asymptotic expansion of the form

m+1 w*
Y(tanr) — Your = Z cu(2M)*H + Z CZ(ZM)_Z“ +o((2M)*™ 1) for M — oo,
pn=3 n=2
that is,
m+1 w*
Y(tanr) — Yarr = Z c ! + Z c;hQ" +o(h™ 1), for b — 0,
pn=3 n=2

where p* is the integer satisfying 2u* <m+1—a <2(p* +1), and ¢, and ¢,, are certain

coefficients that depend on y.

To prove Theorem 3.3.3, we need the following lemma for the asymptotic expansions

for the remainder terms Ryj(g) and Ry;41(g) in (3.3.7) and (3.3.12).

Lemma 3.3.4. Let 0 < a < 1 and g € C™"2[0,1], m > 3. Let Ry;(g) and Ra;11(g)
be the remainder terms in (3.3.7) and (3.3.12), respectively. Then we have, with [ =
2.3,...,24,2j +1,...,2M,

m+1

M*
Ri(g) =Y d* "+ dil™ 4 o(1*™), (3.3.19)
pn=3 n=2
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where p* is the integer satisfying 2p* <m+1—a < 2(p*+1), and d, and d;, are certain
coefficients that depend on g.

Proof. We follow the proof of Theorem 1.3 in [33] where the piecewise linear Lagrange
interpolation polynomials are used.

We first consider the case [ = 2j for j =1,2,..., M. Let 0 = wp < wy < wy < --+ <
wy; = 1wy, = 2j,l{: =0,1,2,...,27 be a partition of [0,1]. Let hy = % be the stepsize.

Let go(w) denote the piecewise quadratic Lagrange interpolation polynomial defined by

(3.3.9) on [way, wyi2],l =0,1,2,...,7 — 1. Then we have

Ras(g) = ]4 () du — f gy () du

1 2042 j—1
/ _1 a g( )_92 dw—Z/ w21+2h18 - [ (w21+2h18)

(25 — 1)(25 — 2)g(wa) — (25)(25 — 2)g(wars1) + §<2s><2s — Dglwa)) | (2h1) ds.

J

M

l

-3

By using the Taylor formula, we have

Il
| =&

g'(wa + 2h15)
1!

(—2hys)® 4+ -+ +

1!

(hl —2h18)3++

g (wy + 2hy )
1!

(2hy —2hy8)> + -+ +

g"(we + 2Ry 5)
21

(—2h1s)™ + RV,

g"(wy + 2hy )
2!

(hy — 2hys)™ + RZ), |,

g"(we + 2y s)
2!

(2hy — 2hys)™ + R,

g(wy) = g(we + 2hys) +

9" (wy + 2h4 )
+ 31

(—2h18) +

g(M)(wgl + 2hys)
m!

(hl — 2h15) +

(—2hys)?

g(war1) = g(wa + 2hy8) + (hy — 2hy5)?

g" (wey + 2Ry 5)
+ 31

g(m)(wgl + 2Ry s)
m)!

(2h1 — 2h18) +
g™ (wor + 2h4$)

g(wary2) = g(way + 2hys) + (2hy — 2h18)2

g" (wey + 2Ry 8)
+ 31

m!
(3.3.20)
where RSL)H,Z' =1, 2,3 denote the remainder terms. Thus we obtain
J—=1 e m—3
Ryj(g) =(2h1) Z (wo + 2h5) - Q[ZhH?’ (r+3)(w21 + 2hys)m,(s) | ds
1=0 /0 r=0
7j—1
+ (2hy) / (w3t + 2has) P epar(s)ds = I + 11,
1=0 0
where €,,,1(s) depends on the remainder terms R§)+1,i = 1,2,3 and m,(s) are some

functions of s.
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For I, we have

mz: r+3/ [ Jz:wgl—l—ths 1—o¢g(r+3)(wzl—|—2h18)]77'r(8)d$.
r=0 =0

Applying Theorem 3.2 in [56], we have, with w; = wsy, by = 2k,

~1
2h, Z woy 4 2hy8) " ag(T+3)<QU21 + 2hy )
1=0

7j—1
= hy Z Dy 4 hys) g (@) + hys)
1=0

m—r—3 m—r—2
= aj(s)h] + Y aoi(s)h]™" + o(hy"7),
=0 =0
with some suitable functions a;(s),j = 0,1,...,m —r — 3 and

ap(s), 7=0,1,....m—r—2 withr=0,1,2,...,m—3, m > 3.
Hence we have, noting that hy = (25)~*

’

I= h3”[ Z a;(s)h)m.(s) ds]
r=0 0 =0
m—3 1 m—r—2
+ h3+T[ Z aoj(s)hi "m.(s) ds)} + o(hi" )
r=0 0 7=0

r=0 j=0
m+1 w*

= " d2)) Y dn(25) 7+ ol(2) ), (3.3.21)
n=3 n=2

where p* is the integer satisfying 2u* < m+1—a < 2(p*+1), and d, and d;, are certain
coefficients that depend on g. We remark that the expansion does not contain any odd
integer of powers of (27) which follows from the argument in the proof of Theorem 1.3 in
[33].

For 11, we have, following the argument of the proof for Theorem 1.3 in [33],

J—l
11 =2 Z/ (wy + 2h18) 1 epin(s) ds = o((25)* ™).
0
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Thus (3.3.19) holds for | = 2j.

Next we consider the case [ = 27 + 1. Denote wy = #, Warro = 242 and hy =

2]+1 2]+1’

we have

_2j _2j

2+l —1l—« Zj+l —1l—«
Rayinle) = 7wt gwydw = 7w g o
0

1 2042 Jj—1
/ w °‘ ( ) = g2(w dw—Z/ (woy + 2hy5) 71" [ (wy + 2hy5)
w2

l

J

M

-

Following the same argument as for the case [ = 27, we show that (3.3.19) also holds for

Il
=)

(25 — 1)(25 — 2)g(war) — (25)(25 — 2)g(wnrsr) + %(23)(25 ~ Dg(waa)) | 2n) ds.

DN | —

[ =25+ 1. Together these estimates complete the proof of Lemma 3.3.4.
O

Proof of Theorem 3.3.3. We follow the proof of Theorem 2.1 in [33] where the piecewise
linear Lagrange interpolation polynomials are used to approximate the Hadamard finite-
part integral.

Let us fix t; = ¢ to be a constant for [ = 1,2,...,2M. Let ty9); = 1 be fixed. We will

investigate the difference

l
er=y(t) —wy, forl— oo, witht,=I1h= 7 =

where h = 1/(2M) is the stepsize. In other words, there is a constant ¢, independent of

M, such that
l=c-(2M), or M =1/(2c),

and consequently, we see that if e; possesses an asymptotic expansion with respect to [,
then eq)s possesses at the same time one with respect to M, and vice versa.

We shall prove

m+1 w*
e=ylt)—y = Z CM(QM)Q_M+Z CZ(QM)_2“+O((2M)O‘_’”_1), for I — oo, (3.3.22)
p=3 n=2

for some suitable constants ¢, ¢j, which we will determine later.
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Let us first consider the case [ = 2j. Subtracting (3.3.17) from (3.3.15), we have,
noting to; = (2j)h = 2L = ¢,

1
€9 = — Y g (y(t Y~ R..
Y anny — (F) T (= [ Z k2 (U(f2j—k) = Y2i-k) 2](9)]
1
= eaj-k + Raj(9)). 3.2
cT'(—a)f — apa; (; k2j€2j-k + P (9)) (3.3.23)
Note that g(-) = y(te; — ta;-) € C™2[0,1], m > 3, we have, by Lemma 3.3.4,
’I’I’L+1 ,u*
Rojg) = Y du(2§)* 7"+ di(25) 7 + o((2§)*™ "), for j — oo, (3.3.24)
/.l:3 ‘u:2

where p* is the integer satisfying 2u* < m +1—a < 2(u*+1), and d,, and d;, are certain
coefficients that depend on g.
Note that (27)/(2M) = ¢, we can write (3.3.24) into

m+1
Rojlg) =Y du(2M)*~ “+Zd* OIM) "2 4 o((2M)*~™1),  for j — co. (3.3.25)
pn=3 pn=2
Choose
1 -
= d =3,4,... 1 3.2
C,u —Car(—a)ﬂ o ]_/Oé 123 /’l’ 37 ? Jm + Y (3 3 6)
1 -
c, = d,, w=12,...,4", (3.3.27)

—cT(—a)f — 1/«
we will prove below that (3.3.22) holds for the coefficents c,, ¢, defined in (3.3.26) and
(3.3.27).
We shall use mathematical induction to prove (3.3.22). By assumption ey = 0,¢; = 0,

hence (3.3.22) holds for [ = 0,1 with the coefficients given by (3.3.26) and (3.3.27). Let

2-%(a+2)(2Mc)*

us now consider the case for [ = 2. We have, noting that ag; = oot Doty and
applying Lemma 3.3.4,
1 2
e =) ¥ = )5 g ( 2 ek T ()
1 m+1 w*
= 20 L(2M)7 4 of(2M)* 1))
ey el | OOCTCTENED DL CADA
’ pn=3 pn=2
2

: (Z Qg2 — 040,2> + R2(9)} : (3.3.28)

k=0
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27 %(a+2)(2Mc)>
—(—atD(—at2)’

Thus we get, noting that Zi:o apo = —1/a and apy = (
[ 27%(a+2)(2Mc)
(—a)(

- caF(—a)ﬁ} es

—a+1)(—a+2)
2S5 g oy
—mid (2M)*~ Zd* (2M) % + o((2M)*~ ™)

R

(3.3.29)
This shows that the sequence e, possesses an asymptotic expansion with respect to the

powers of 2M, and it is easy to check that, by comparing with the coefficients of powers

of (2M), see [33],

m+1 w*
= @M 4> e (2M) 7 4 o((2M)Tm ).
n=3 n=2

Assume that (3.3.22) holds for [ = 0,1,...,25 — 1. Then we have, following the same
argument for (3.3.29), noting szzo ap2; = —1/a and applying Lemma 3.3.4,

[( 2—)02(04 +2)2Mc)* car(_a)ﬁ} e2;

—a+1)(-a+2)
- cly [Z Cu(2M)* + Z At o((zM)a—m—l)]
_Tid(QM Zd* 2M 2”+0((2M)am 1)
<—2a>?(—aa++2£§?f ): 2) | S c@mye 3 e 2M) 2 o((2M) )

p=3 =2

(3.3.30)

This shows that the sequence ey; possesses an asymptotic expansion with respect to

the powers of 2M, and it is easy to check that, by comparing with the coefficients of
powers of (2M), see [33],

m—+1

- Z cu(2M)*7H 4 Z “2 4 o((2M)0Tm,
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Hence (3.3.22) holds for [ = 2j.
Finally we assume that (3.3.22) holds for [ = 0, 1,...,2j. Then we have, following the
same argument for (3.3.30), noting szzo Qp2j41 = szzo Qg = —1l/a, apa2ji1 = Qoaj

and applying Lemma 3.3.4,

[ 27%(a+2)(2Mc)™
(

) (—at D(—a+2) T ()8 ez

= é [Z; cu(2M)*7H + Z; C;(QM)_Q“ i 0((2M)a—m—1)]
= > du2M) T =Y L 2M) 7 o((2M)* Y

m—+1

27%a+2)(2Mc)”
(—a)(—a+1)(—a+2) [Z

Cu(2M)° 7 7 (M) 4 o((200)* )],

p=3 =2

(3.3.31)
This again shows that the sequence ey;41 possesses an asymptotic expansion with respect
to the powers of 2M, and it is easy to check that, by comparing with the coefficients of
powers of 2M, see [33],

m—+1 w*
e = 0 UMY+ D7 G 2M) - of(2M)* ),
pn=3 pn=2

Hence (3.3.22) holds also for [ = 25 + 1. Together these estimates complete the proof of
(3.3.22). Applying | = 2M in (3.3.22), we complete the proof of Theorem 3.3.3.
O

Remark 6. In Theorem 3.3.3, we assume that y; = y(¢1) exactly. In practice y; can be

approximated by using the ideas described in Remark 5.

3.4 Numerical examples
Example 7. Consider [26]

6 Dy(t) = By(t) + f(t), tel01], (3.4.1)

y(0) = o, (3.4.2)
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where yg =0,0 < a <1, 8=—1and f(t) = (426> /T (3—a))+ (> +31t3>*/T(4—)).
The exact solution is y(t) = t* + t3.

The main purpose is to check the order of convergence of the numerical method with
respect to the fractional order o.. For various choices of a € (0, 1), we computed the errors
att = 1. We choose the stepsize h =1/(5x2!),1 =1,2,...,7, i.e, we divided the interval
[0,1] into n = 1/h small intervals with nodes 0 =ty < t; < --- < t, = 1. Then we

compute the error e(t,) = y(t,) — yn. By Theorem 3.3.3, we have
le(ta)| = ly(tn) — yul < CR°, (3.4.3)

To observe the order of convergence we shall compute the error |e(t,)| at t, = 1 for
the different values of h. Denote |ey(t,)| the error at t, = 1 for the stepsize h. Let
hy=h=1/(5x2) fora fitedl =1,2,...,7. We then have

|€hz(tn)| o Ch?_a _ 93—a
|€hz+1(tn)’ Oh?—:la ’

which tmplies that the order of convergence satisfies 3 — o ~ Z0g2<M>. In Tables

ey 1 ()]

3.4.1- 3.4.2, we compute the experimentally determined orders of convergence (EOC) for

the different values of a. The numerical results are consistent with the theoretical results.

n | EOC(a=.1)| EOC(a=.2) | EOC(a=.3) | EOC (a=.4)| EOC (a=.5)
10

20 2.8885 2.7870 2.6836 2.5790 2.4732

40 2.8941 2.7935 2.6919 2.5897 24871

80 2.8972 2.7963 2.6961 2.5950 2.4937
160 2.8987 2.7985 2.6981 2.5976 2.4969
320 2.8994 2.7993 2.6991 2.5988 2.4985
640 2.9003 2.7998 2.6995 2.5994 2.4992

Table 3.4.1: Numerical results at ¢ = 1 for g = —1
and f(t) = (t* +2t(2 — ) /T(3 — a)) + (2 + 3137 /T'(4 — a))

In Figures 3.4.1 - 8.4.6, we plot the experimentally determined orders of convergence.

We have from (3.4.3)

logy(le(tn)]) < logy(C) + (3 — a)logy(h).
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n | EOC(a=.6)| EOC(a=.7) | EOC(a=.8) | EOC (a=.9)
10

20 2.3662 2.2579 2.1476 2.0351

40 2.3840 2.2804 2.1760 2.0709

80 2.3923 2.2905 2.1885 2.0861
160 2.3962 2.2954 2.1944 2.0932
320 2.3981 2.2977 2.1972 2.0967
640 2.3991 2.2989 2.1986 2.0983

Table 3.4.2: Numerical results at t =1 for f = —1
and f(t) = (2 +2t(2 — a)/T(3 — ) + (2 + 3372 /T(4 — a))

-5

-10}

15}

-0}t

log,(le())

25}

35 ‘ ‘ ‘ ‘ ‘ ‘
-10 -9 -8 -7 -6 -5 -4 -3
log(n)

Figure 3.4.1: The experimentally determined orders of convergence (“EOC ”) at t = 1 in

Example 7 with o = 0.1

Let y = logy(le(tn)|) and x = logy(h). In Figure 3.1, we plot the function y = y(z) for the
different values of x = logy(h) where h = 1/(5x2'),1=1,2,...,7. To observe the order of
convergence, we also plot the straight line y = (3—a))z, where o = 0.1,0.2,0.4,0.5,0.7,0.8.
We see that these two lines are exactly parallel which means that the order of convergence

of the numerical method is O(h3~%).
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Figure 3.4.2: The experimentally determined orders of convergence (“EOC ”) at t = 1 in

Example 7 with a = 0.2

log,(le(V))

log, )

Figure 3.4.3: The experimentally determined orders of convergence (“EOC ”) at t =1 in

Example 7 with a = 0.4
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!
©

log,,(le(®l)
! ! { | | | | |
N N N B = = N e
EN N o © o > N o

10 -9 -8 -7 -6 -5 -4 -3
log,(h)

Figure 3.4.4: The experimentally determined orders of convergence (“EOC ”) at t =1 in
Example 7 with a = 0.5

log,(le(®])
| | | | | | |
N N e e = I~ = |
N =) © o > N o ©

Figure 3.4.5: The experimentally determined orders of convergence (“EOC ”) at t =1 in
Example 7 with a = 0.7
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Figure 3.4.6: The experimentally determined orders of convergence (“EOC ”) at t =1 in
Example 7 with a = 0.8



Chapter 4

Higher order numerical method for
fractional ODEs (predictor-corrector
method)

4.1 Introduction

A predictor-corrector approximation method [29] for fractional differential equations has
been developed by the three well-known mathematicians Kai Diethelm, Neville J. Ford
and Alan D. Freed. The popularity of this method is due to its suitability for use both
for linear and for nonlinear problems and the easy implementation of a computational
algorithm.

We consider numerical methods for solving the fractional differential equations

6 Dyy(t) = f(ty(t), 0<t<T, (4.1.1)
yPO0) =y, k=0,1,2,...,[a] -1, (4.1.2)

where the y¥ may be arbitrary real numbers and o > 0. Here § D® denotes the differential

operator in the sense of Caputo denoted by, withn —1 < a <n

Cpoy(t) = —— | / (= u)" "y () du,

I'(n—a«

where n = [«| is the smallest integer > .

20
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The approach for solving the fractional differential equation (4.1.1)-(4.1.2) is based on
the discretization of the integral in the equivalent form of (4.1.1)-(4.1.2), see [28]. It is

well-known that (4.1.1)-(4.1.2) is equivalent to the Volterra integral equation

[a]—1 N 1 t .
W)= 30 0T+ g [ =0 eyt du (413

v=0

In [29], the authors approximated the integral in (4.1.3) by using a piecewise linear
interpolation polynomial and introduced a fractional Adams method for solving (4.1.1)-
(4.1.2) and proved that the order of convergence of the numerical method is O(h?) for
1 <a<2and O(h') for 0 < a < 1if §D&y(t) € C?[0,T]

We will use piecewise quadratic interpolation polynomials to approximate the integral
in (4.1.3) and introduce a high order fractional Adams method for solving (4.1.3) and prove
that the order of convergence of the numerical method is min{3, 1 + 2a} for a € (0, 2] if
§Day(t) € C3[0,T). This method has higher convergence order than the method in [29].
It is easier to implement our numerical algorithm compared with the method in [95] where
the Jacobi-Gauss-Lobatto nodes must be calculated at each time level. Our method is
simpler than the method in [9] in the sense that we are using a predictor-corrector method

and therefore we do not need to solve the nonlinear system at each time level.

4.2 Fractional Adams-type algorithm (quadratic inter-
polation polynomial)

In this section we will consider a higher order numerical method for solving (4.1.1)-(4.1.2).
For simplicity we only consider the case where 0 < a < 2 since the case a > 2 does not
seem to be of major practical interest [28].

To make sure that (4.1.1)-(4.1.2) has a unique solution, we assume that f(u, -) satisfies

a Lipschitz condition, i.e., there exists a constant L such that
Fu,z) = fuy) < Lle —yl, VaoyeR. (4.2.1)

Let m be a positive integer and let 0 = t) <) <to < -+ <ty <lgjp1 < -+ <ty =T

be a partition of [0, 7] and h the stepsize. Note that the system (4.1.1)-(4.1.2) is equivalent
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to (4.1.3). Let us now consider the discretization of (4.1.3). At node t = ty;, j =

1,2,...,m, we have

y(t2) = yo + y(()l)% + ﬁ /0 : (to; — w)* 1 f(u, y(u)) du. (4.2.2)

(The second of the initial conditions only for 1 < a < 2 of course). At node t = ty;11,j =

1,2,...,m—1, we have

toj+1
1 t2j+1 1 ’ a—
dltagon) =0+ 08"+ s [ g = 0 ()

1) l2j4+1 1 h o
=Y + y(() ) i! + m ; (tajer — w)* ' flu,y(u)) du

1 f2j1 a—1
n m/ (tajer —w)* ' fu, y(u)) du

t1

ot B s [t =0 ) do
+ ﬁ /Ot% (fay — w)* " f(u+ hoy(u + ) du (4.2.3)

We will replace f(u,y(u)) in the integral [, (to; —u)* ' f(u, y(u)) du in (4.2.2) by the
following piecewise quadratic polynomial, for to < u < t940, | =0,1,2,...,7 — 1 with
=12 ...,m,

(u - t21+1)(u — t21+2)
(t2l - t21+1)(t2l _ t2[+2) f(t2l7 y(tQZ))

(u —tor)(u — toro)

(

(tors1 — tor)(tarp1 — toryo)
(
(

)
(U — tgl) U — t2l+1)

barez, Y(tar2)). 4.2.4
(t2l+2 - t21> toryo — t2l+1)f( 2042 y( 21+2)) ( )

fu,y(u)) = Py(u) =

f(tag1, y(tas))

Similarly, we will replace f(u+h, y(u+h)) in the integral fOtQj (toj—u)* ! f(u+h,y(u+h)) du
in (4.2.3) by the following piecewise quadratic polynomial, for ty < u < too, | =
0,1,2,....5—1,j=1,2,...,m—1,

(u — topy1)(u — toi2)
t t
(t2l - t2l+1)<t2l - t2l+2>f( 20415 y( 21-}-1))

(u—to)(u — tot2)

flu+h,ylu+h)) = Qz(u) =

f(targ2, y(tars2
(tor+1 — tor) (tarp1 — toryo) (t2rs2,y(fars2))

(
)(

(u — tor)(u — torq1)
)

(torso — tor)(torre — tars1

)f<t2l+3, y(tauys)). (4.2.5)

We then have the following lemma:
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Lemma 4.2.1. Let 0 < a < 2. We have

ta; 25
/ (taj — w)* ™' Py(u) du = ch,ij(tka y(tr)), (4.2.6)
0 k=0
and
ta; 25
/ (ta; — w)* Qo (u) du = Z 2 f (tres1, Y(tes1)), (4.2.7)
0 k=0
where
1Fy(0), ifk=0,
he ) IR+ 3iR(1-1), ifk=2,1=12,..., j—1,
Ck25 =
| (- 1), ifk=2j
and

Fo(l) = afa + 1) ((2]‘ _ 2yt (2j — 21— 2)““)
+ala+2) <2(2j) 2l+1) - 20+ 2)) ((zj _ 9l —2)0tl (25— zz)a“)
+(a+ 1) (a+ 2)((2j 2l —1)(2j — 20 — 2)) ((Qj o) — (25— 20 — 2)a>,
i) = ala+1) ((2j o)t (2j — 21— 2)a+2)
+ala+2) <2(2j) —(20) — (21 + 2)) ((2j _ 9l )t (25— 2l)0‘+1>
+(a+1)(a+ 2)((2j —20)(2j — 20— 2)) ((2j oy —(2j — 20 — 2)“),
Fy(l) = ala +1) ((2j _ 21t (25 — 21 — 2)a+2)
+ala+2) (2(2]') — ) — (2 + 1)) ((2]' — 91— 2)ot (25 — 2z)a+1>

+(a+ 1) (a+ 2)((2j 20y (2j — 21 — 1)) ((Zj o)~ (2j — 20 — 2)a>,



Proof. We have

/otQj (ta; — u)* 1 Py(u)du = Ji /tm+2 (ta; — U)a_1< (0 = ot = ar.) g

(tor — torg1)(tor — togo)

(u—tor)(u — to41)
(torso — tor)(torso — torsa

(u — tor)(u — toyro)
(torr1 — tor)(tors1 — tory2)

— IZ:O: /t:# (t2j _ u)a—l (U — Zi;l))((i;;)tmﬂ) g(tzl)du

)9(t2l+2)) du

+ /t h (ty; — u)*! s t(QflL))((qi;)tmﬂ)g(QHl)du
)(

to142 (u — To)(u — t2[+1)
to - a—1 t du ).
/t (12 = u) (2h)(h tarre) U)

21

Note that,

tor42
/ (t2] — U) _1(U — t21+1)(u — t2l+2)du

torio
(ta; — w)* (u — tog) + (toj — torr)][(w — toy) + (t2 — tars)]du

2]
tor4o

) toryo
tQJ — U OH— du — / (tgj — u)a(tgj — t21+1 — t2l+2)du
t

to; 21

tar42
/ (taj — u)* (ta; — tors1)(taj — tarpo)du
= ot

<(2j — 20)°+2 — (2 — 21 — 2)+2

o+ 2
n [2.27 — (20 + 1) — (20 + 2)][(2] — 21)0‘+1 — (25 -2l — 2)a+1]
a+1
N 25 — @+ D)][25 — 20+ 2)][(25 —20)~ — (2 — 2 - 2)“])

" afa +hf>+<2a +2) (afa+ 12 - 20)°* - (25— 21 = 2]

+ala+2)[2.25 — (204 1) — (20 + 2)][(27 — 21)*** — (25 — 21 — 2)*™]

(o + 1) (o +2)(27 — 20 — 1)(25 — 20 — 2)[(25 — 20)* — (25 — 21 — 2)@)

ha+2
- B0, 1=0,1,2,3...,j—1.
ala+1)(a+2) o(d) J
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Similarly, we have,

to4o
/ (s — 1) (1 — ) (1 — torsa)

tog
tor42 )
= (to; — )™ [(u — toy) + (to; — ta))[(u — ta5) + (to; — tart2)|du
to
tory2 ) tar42
= (tgj — U)a+ du — / (tgj — U)a(2t2j — th — t21+2)du
toy to
toja2 L
+ / (t2j — U)a_ (tgj — tgl)(tgj — t2l+2)du
to;
ha+2

~ala+ D(a+2) (afa+ 125 - 20)°* = (25— 21 - 2]

+ala+2)[2.25 — 20 — (20 + 2)][(25 — 21 — 2)*+" — (25 — 21)*]

+ (a+ D) (a+2)(25 —20)(25 — 21 — 2)[(25 — 20)* — (25 — 21 — 2)“)

ha+2
- A0, 1=0,1,2,3...,(—1).
ala+1)(a+2) 1) U )

and,

to42
/ (s — 1) (1 — o) (1 — g )l

to142
(ta; — w)* H(u — toy) + (tay — tar)][(u — to;) + (tz; — tary1)]du

to
o142

) 2142
tgj a+ du — / (tgj — U)a(2t2j — th — t21+1)du

23} toy

toj42
/ (to; — w)* M (to; — tor) (ta; — to1)du
= ot

(2 2=

a+ 2
[2 25 — 20— (2l + D)][(25 — 21 — 1)‘“”L — (27 —2)*H]
a+1
i (25 —20)(25 — 2l — 1)[(2i— 20 — (25 — 21 — 1)“])
ha+2

“ale+1)(a+2) (O‘(O‘ + D25 — 20 = (25 — 21 — 1)**7]

+ala+2)[2.25 — 21 — (20 + 1)][(27 — 20 — 1)*TF — (25 — 20)*H]

+ (o + 1) (o +2)(25 — 20)(25 — 21 — 1)[(25 — 20)* — (2§ — 21 — 1)“)

ha+2
- B(l), 1=01,2,3....5—1.
alat Diarz) W J

Thus we get,
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to;
/ (tgj — U)ailpg(U)du
0

T < n iL)a(a +2) Foz(l)g(t2l>
ala + ?) (a+2) Flz( l)g (t2r41) + ala + ?) (a+2) F22( l)g “”*2))
= oot T;OHLQ) éck,zjf(tk,y(tk)),
where, ¢y, is given in (4.2.7) O

We now define a fractional Adams numerical method for solving (4.1.3). Let y; =~ y(t;)

denote the approximation of y(t;), { = 0,1,2,...,2m. The corrector formula is defined
by
ty 1
Y25 = Yo —H/( )F_‘_T( Z Ck 2]f tlmyk)_l_CQ] 2]f(t2]7 y2j)> j = 17 2a - (428)
and

1 l2j41 1 h o
Y2j+1 = Yo T yé V2L —/ (toj41 — u) L (u,y(w)) du
0

1! Ia)
e
+ m( > haif (et Ynar) + oy f (tajin, y2Pj+1)>7 Jj=12,...,m—1
k=0

(4.2.9)

The remaining problem is the determination of the predictor formula required to calcu-
late y5; and y3, . The idea is the same as the one described above: we replace f(u,y(u))
and f(u+ h,y(u + h)) of the integrals on the right-hand sides of equations (4.2.2) and
(4.2.3), respectively, by the piecewise linear interpolation polynomials and obtain

2j—1

123 1 .
Yo; = Yoty )?—1‘—(2 p2; f (th Yr) 25,0, f (ta5, Y5, )>, j=12...,m, (42.10)

and, with y =1,2,...,m —1,

)
1 t2j41 1 d

Ya+1 = Yo+ Yo T ( D kg f (b ye) + azj 01 f (ta 11, yfﬁﬂ) , (4.2.11)
' k=0
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where the weights are [28]

notl —(n—a)(n+1)*, ifk=0,

ha
ak,’n+1 - a(

at 1) (n— k42 4 (n— k) —2n—k+ 1), ifl<k<n,

1, ifk=n+1.

Similarly, to calculate yfjp and yfjil, we replace f(u,y(u)) and f(u+ h,y(u+ h)) in
the integrals on the right-hand sides of equations (4.2.2) and (4.2.3), respectively, by the

piecewise constants and obtain

2j—-1
to; 1 .
y2PjP :y0+y[()1)1_'] +m Zbk,2jf<tk7yk)7 J= 1727"'7m7 (4212)
' k=0
and
to; 1 &
Yoin = Yo+ vy Qi:rl + (o) Z br2jtr f(tey), J=1,2,...,m—1 (4.2.13)
' k=0
where the weights are [28]
hOé
mmﬂza(m+1—ma—m—kf) (4.2.14)

Our basic fractional Adams method, is completely described now by equations (4.2.8)

- (4.2.13).

Remark 8. In practice, we need to approximate the integral in (4.2.9). We shall use the

same ideas as in Remark 5.

We have thus completed the description of our numerical algorithm. Now we will

discuss the error analysis of the scheme.

4.3 Error analysis

We have the following theorem.

Theorem 4.3.1. Let 0 < o < 2 and assume that D%y € C®[0,T] for some suitable
chosen T. Let y(t;) and yi, k = 0,1,2,...,2m, ta,, = T be the solutions of (4.2.2),
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(4.2.3), (4.2.8), (4.2.9), respectively. Assume that yo = y(0) and y; = y(t1) exactly. Then
there exists a positive constant Cy > 0 such that

Cohl*2e, if 0<a <1,

max |y(ty) — yi| <
Osks2m Coh®, if 1<a<2

To prove this theorem, we need some lemmas.

Lemma 4.3.2 ( Theorem 2.4 [28]). Let 0 < a < 2. If z € C'[0,T], then there is a
constant Cf* depending only on « such that

2j—1

to,
‘/ @%—uw*amdu—Ejm%dmﬂ§Cﬁ%n
0 k=0

where by o; are the weights defined by,

hO{

E(@j—@a—@j—1—mﬂ.

br,2j =

Lemma 4.3.3 ( Theorem 2.5 [28]). Let 0 < o < 2. If z € C?[0,T], then there is a

constant C§ depending only on « such that

to; 2j
‘ / <t2j —_ u)a_lz(u) du — Z ak,QjZ(tk)’ S Cgt;}h2
0

k=0
where ayo; are the weights defined by,
(
(27 — D)ot — (25 — 1 —a)(2))*, ifk=0,
ha

%% =t D)

(27 —k+ 1)t 4 (25 — 1 — k)t —2(25 — k)>tL) if1 <k <251,

1, ifk=2j.

\

Lemma 4.3.4. Let 0 < o < 2. If z € €3]0, T], then there is a constant C' depending

only on « such that

to; 25
‘A(@-@%%@M—Zﬁmmwggﬁﬁ. (4.3.1)
k=0
and
2541 %
‘ / (t2j+1 - u)o‘_lz(u) du — Z Ck,QjZ(tk—i—l)‘ S Cgtgj+1h3, (432)
t1

k=0
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where ¢y o; are the weights defined in 4.2.7

Proof. We have

2j

I= /0 2j(t2j —u)* z(u) du — Z 2% (tk)

k=0
= /0 ; (to; — u)* '2(u) du — /0 : (to; — u)* ' Py(u) du, (4.3.3)

where P,(u) is the piecewise quadratic interpolation polynomial of z(u), defined by (4.2.4).

Thus we have

J—1 tog+2
1= [ =0 (st0) - Paw))

k=0 v 2k
J—1 tok42 Z/”

= |3 [ =0 S ) ) 0= )
k=0 v t2k :

< Hf”/HOO(2h) tQj(t o u)a—l du = Cata»h?)

iy 31 o 27 39250

which shows (4.3.1). Similarly, we can show (4.3.2).
0

Lemma 4.3.5. [28] Let 0 < a < 2 and m be a positive integer. Let ayo; and by oj, k =
0,1,2,...,24, 7 =1,2,...,m be introduced in (4.2.10) and (4.2.12), respectively. Then

we have

ag,2; > 0, bpoj =0, k=0,1,2,...,27,

and
2j 1 23 1
Zak»% < aTa, Zbk,2j < ETO‘. j=1,2,...,m.
k=0 k=0

Further, there exist constants D and D$ such that
agjo; = D3h®,  bajo; = DTR*, j=1,2,...,m.

Lemma 4.3.6. Let 0 < a < 2. Let ¢ 05,k =0,1,2,...,27, 7 =1,2,...,m be introduced
in (4.2.8). Then we have

k2 20, k=0,1,2,...,2j, (4.3.4)
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and
1 [e3
Further there exists a constant Dg such that
coj2j = D3h®, 7 =1,2,...,m. (4.3.6)
Proof. We first show that
F(l)<0, 1=0,1,2,...,5—1. (4.3.7)
It is easy to show that

Fi(l) = 2((27' — 1) (a4 2)(2) — 20)°+ — (25 — 21 — 2)°*?

—(a+2)(2j—2l—2)0‘+1>, 1=0,1,2,...,j— 1.

Further, after some direct calculations, we can show that

(Y+Dn+2)+(y+ D"+ —(n+ 2" >0, VneZt, v>0.

By putting n =2j — 2l — 2 and v = a + 1, we get (4.3.7).

Next we show
)+ FKIl-1)>0, 1=1,2,...,7j—1 (4.3.8)
It is easy to show that

Fo()+ Rl —1)=2(2j — 21 +2)*" — (a + 2)(2j — 21 + 2)*™ — 6(a + 2)(25 — 20)**!

—2(25 — 21 —2)*" — (a +2)(25 — 21 — 2)**1.
Further, after some direct calculations, we can show that

2(n+4)*t? —(a+2)(n+4)*t —6(a+2)(n+2)* —2n*T2 — (a+2)n*tt >0, VneZ'.

(4.3.9)

Hence (4.3.8) follows from (4.3.9). Finally we can also show Fy(0) > 0 and Fy(j7 —1) > 0.
Hence we prove (4.3.4).
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Further (4.3.5) follows from

2j b2 1 1 .
E Ck25 = / (tgj — u)a— du = _tgj < T
k=0 0 «Q «

For (4.3.6), we have, by Lemma 4.2.1, ¢j5; = $F5(j — 1) = Dgh®, with the suitable
constant Dg. Together these estimates complete the proof of Lemma 4.3.6.

]

Proof of Theorem 4.3.1. We first consider the case where 1 < a < 2. We will use mathe-
matical induction. Note that, by assumptions, |y(to) — vo| = 0, |y(t1) — y1| = 0. Assume
that

ly(te) — yrl < Coh?, (4.3.10)

is true for £k =0,1,2,...,27—1, j=1,2,...,m. We must prove that this also holds for
k = 2j. In fact, we have, with j =1,2,...,m,

I'(a) (?J(tzj) - y2j>

= / ’ (o — )™ flu, y(u)) du — ( Z Cr2if (b, yr) — 2525 f (b, t;))
. k=0

to;

_ / ™ {12y — )" y(u)) / (ta — u)* ' Po(u) du

to;
- / (ty; — u)* ' Py(u) du — < Z i f (b, Yr) — 252, f (Lo, t;))
0 k=0

_ ( Otzj (tay — w)* " fu, y(u)) du — /OtQj(tzj —u)* ' Py(u) du)

+ > iy (f(tk7 y(te)) — f(tr, yk)) + C2j2j (f(t2ja Y(ta;)) — f(t2y, t§j)>

k=0

== Il +[[1 +I[[1
For I;, we have, by Lemma 4.3.4,

to; to;
|| = ‘/0 (ta; — u)a_lf(u,y(u))du —/0 (to; — u)“_ng(u) du| < C’?T“h3.

For 11, we have, by Lemma 4.3.6 and the Lipschitz condition (4.2.1),

2j—1 2j—1
110 <> enail F (e y(te) = Ftun)| < erag Lly(te) — il
k=0 k=0

1
< -7 — il
< TOL max fy(te) =yl



For 111, we have, by Lemma 4.3.6 and the Lipschitz condition,
[I11| < ool f(tag, yltag)) — flta;,ys,)| < DShLly(ta;) — ys5-

Now let us consider the bound for |y(t2;) — y3;|. We have

['(a) (y(t2j) - yZ)

_ / 2 (ta; — w)*  f(u, y(u)) du — ( Z k25 f (tes Yu) — azj5 f (a5, tgf))
0

k=0

= </0t2j (o — )™ fu, y(u)) du — /Ot2j (£2; =)™ Pi(u) du)

+ Z k2 <f(tk7 y(te)) — f(tx, yk)) + ;25 <f(t2j7 y(tz;)) — f(t2y, té?))
k=0
=L+ 1L+111.

For Iy, we have, by Lemma 4.3.3,

to; to;
L] = | /0 (o — w)* " f(u, y(u)) du — /O (ta — w)* " Py(u) du| < CST*1?.

For 115, we have, by Lemma 4.3.5 and the Lipschitz condition (4.2.1),

21 251
T1) <Y anasl f (b y(te) = Fteun)] < anaily(te) — il
k=0 k=0
1
< -7 — .
< TOL max fy(te) =yl

For 1115, we have, by Lemma 4.3.5 and Lipschitz condition (4.2.1),
(11 1| < agjog| f(tag, y(te;)) — fltasya )| < DSh®Lly(ta;) — ya -

We also need to consider the bound for [y(ty;) — y3;7|. We have

2j—1

I'(a) (y(tzj) - yff) = /Otzj(%‘ —u)* ! fu, y(u)) du — Z br,2 f (t yr)

2j—1

_ /0 v (to; — u)aflf(u, y(u)) du — Z bk,ij(tka y(tr))

k=0

+ D bea; <f(tk>y(tk)) — f(tn, yk)> = [+ I1;.

62
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For I3, we have, by Lemma 4.3.2, |I3] < CPT“h.
For 113, we have, by Lemma 4.3.5 and Lipschitz condition (4.2.1),
1
(L] < =T° L max |y(tk) — -

Together these estimates, we have

1
[(a)|y(te;) — y2y|<0aTO‘h3+ 1L max |y(te) — yil

0<k<L2j—
+ Dg‘h“LF(l ) (C’O‘To‘h2 + 1TO‘L [ max ly(te) — Yl
D3N L [C"T“h n T"‘L0<1;€n<ax ly(t) — yk|]>
< [ogrops 4 DILCETN | DRDELCHTNY
. [ é —_— D?L?i?a)ha Dng(ré(Z;) Lzhga] e )l

By mathematical induction (4.3.10), we have

CgT*h® ~ D§LC§T*h>*e DngLQCf‘T“hH?a]

tay) — sl < |
i) =l = [ 7ra) Daf 7 )
1 DaLQ lTa he D& D lTa L3h2a
['a+1) ['a+ 1)) Ia+ DI («)?
(4.3.11)
We first choose T sufficiently small, see Lemma 3.1 in [28] such that ol L <3

+1)
Then we fix this value for 7" and make the sum of the remaining terms in the right hand

side of (4.3.11) smaller than €A% (for sufficiently small ) by choosing Cy sufficiently

large. Hence we obtain, for 1 < a < 2,

Co CO

[y(t;) = ol < 507+ 1% = Col”. (4.3.12)

We also need to show that if (4.3.10) is true for k = 0,1,2,...,2j with j = 1,2,...,m—



64

1, then it also holds for £ = 25 + 1. In fact, we have, with j =1,2,...,m — 1,

[(a) <y(t2j+1) - y2j+1) = /0t2j+1(t2j+1 —u)* " f(u,y(u)) du

t 2j-1
- (/ (tajr1 — w)*~ fu, y(u)) du + Z Ch2j f (b1, Yna) + 252 f (211, ZJZ'H))
0 k=0
bayin 2j—1
= / (tjp1 — w)* " fu, y(u)) du — < > i (e, Yngr) + 2y f (taj41, y5j+1)>
ty k=0
t2j41 t2j+1
= ([ = 0 ) du = [ (g~ )" Qaw) du)
t1 t1

2j—-1
- Z Ck,2j (f(tk+1, Y(trs1)) — f(trt, yk+1)> + Caj2j (f(t2j+1, Y(taj1)) — f(taju1, y§j+1)>'
k=0

Using the same arguments as proving (4.3.12), we can show
[Y(toje1) = Yojea| < Col®, j=12,....m~ 1L

Hence we complete the proof for the case where 1 < a < 2.
For the case 0 < a < 1. Note that, by the assumptions, |y(to) — yo| = 0, and
ly(t1) — y1| = 0. Assume that

ly(tr) — yi| < Coh'+2e, (4.3.13)

for k=0,1,2,...,25—1, 7 =1,2,...,m. We must prove that this also holds for k = 2j.

In fact, by using the same arguments as showing (4.3.12), we get

CaTah3 DaLcaTahQJra DaDaLZCaTah1+2a
[y(t2)) — yo;| < [ : = — ]

[(a) [(a)? (o)

1 gy, DRLPGTOR Dng(gTa)Ltha]C i

[F(Oz +1) F(a+ 1)) T(a+ 1) ()2 0 .
(4.3.14)

Asin the case for 1 < a < 2, we first choose T sufficiently small such that ﬁTO‘L <

%. Then we fix this value for 7" and make the sum of the remaining terms in the right had
side of (4.3.14) smaller than <2h'*2* (for sufficiently small h) by choosing Cj sufficiently
large.

Hence we obtain, for 0 < a < 1,

C C
‘y(tgj) — y2j| S 70h1+2a + 70h1+2a = CohlJrQa. (4315)
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Similarly, we can show that if (4.3.13) istruefor k =0,1,2,...,2j withj =1,2,...,m—
1, then it is also true for k = 25 + 1. Together these estimates complete the proof of The-

orem 4.3.1.

4.4 Numerical examples

Example 9. [28] This example deals with the nonlinear fractional differential equation
where the unknown solution y has a smooth derivative of order «. Specifically we shall

look at the equation

40320 _ F(5 + Oé/2) _ 9 3 3
C Mo 8—a 4—o/2 /2 4 3/2
Diy(t) = ———t"* =3 —————t +-I'a+1)+ (=t —t") —|y(t .

The initial conditions were chosen to be homogeneous (y(0) = 0, y'(0) = 0; the latter
only in the case 1 < a < 2). This equation has been chosen because it exhibits a difficult
(nonlinear and nonsmooth) right-hand side, and yet we are able to find its exact solution,
thus allowing us to compare the numerical results for this nontrivial case to the exact
results. Indeed, the exact solution of this initial value problem is

9

and hence

40320 o L(5+a/2) ,. 9
C Nna o 8—a 4—a/2
Diy(t) = ———t87* -3 L4 T 1
o Dy (®) 9 —a) I'(5—a/2) Fallatl),

which implies § D&y € C3[0,T] for arbitrary T > 0 and 0 < a < 2, and thus the conditions
of Theorem 4.3.1 are fulfilled.

For various choices of a € (0,2], we compute the errors at t, = 1. We choose the
stepsize h = 1/(5 x 21,1 = 1,2,...,7, i.e, we divided the interval [0,1] into n = 1/h
small subintervals with nodes 0 = ty < t; < --- < t, = 1. Then we compute the error

e(tn) = y(tn) — yn. By Theorem 4.3.1, we have

Coht+2e if 0<a <1,

max |y(tx) — yi| <
Osk=2m Coh®, if l<a<?2
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In Tables 4.4.1-4.4.2, we compute the orders of convergence for different values of .
We observe that the order of convergence is O(h'™2®) for 0 < a < 1. But the observed
order of convergence is higher than 3 for 1 < a < 2 in this ezample. For example, when

a = 1.35, the experimentally determined order is 3.5. When a = 1.65, the experimentally

determined order of convergence (EOC) is almost 4.

n | EOC (a=.35) | EOC (a = .40) | EOC ( a = .45) | EOC ( o = .50)
10

20 1.2475 1.2993 1.2965 1.2037

40 1.5302 1.6834 1.7891 1.8583

80 1.7461 1.8758 1.9787 2.0638

160 1.8293 1.9391 2.0350 2.1232

320 1.8518 1.9482 2.0391 2.1284

640 1.8478 1.9356 2.0233 2.1135

Table 4.4.1: Numerical results at ¢ = 1 in Example 9 with the different fractional order

a<l
n | EOC (a=135) | EOC (a=1.40) | EOC ( @« =1.60) | EOC ( a = 1.65)
10
20 3.4810 3.5611 3.7581 3.7921
40 3.6886 3.7438 3.8753 3.8963
80 3.7695 3.8198 3.9268 3.9414
160 3.7977 3.8517 3.9526 3.99637
320 3.7944 3.8588 3.99667 3.9772
640 3.7662 3.8355 3.9810 3.9380

Table 4.4.2: Numerical results at ¢ = 1 in Example 9 with the different fractional order

a>1

In Figure 4.4.1, we plot the order of convergence. We have

logs([e(tn)]) < logo(C) + (1 + 2a)logy(h).
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Figure 4.4.1: The experimentally determined orders of convergence (“EOC ”) at t =1 in
Example 9 with a = 0.35
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Figure 4.4.2: The experimentally determined orders of convergence (“EOC ”) at t = 1 in
Example 9 with o = 1.25

Let y = logy(le(t,)]) and x = logy(h). We plot the function y = y(x) for the different
values of x = logy(h) where h = 1/(5 x 21),1 = 1,2,...,7. To observe the order of
convergence, we also plot the straight line y = (1 + 2a)x, where o = 0.35. We see that
these two lines are almost parallel which confirms that the order of convergence of the
numerical method is O(h'*2).

In Figure 4.4.2, we will plot the order of convergence for « = 1.25. We plot the function
y = y(z) for the different values of x = logy(h) where h = 1/(5 x 21,1 =1,2,...,7. To
observe the order of convergence, we also plot the straight line y = 3x. We observe that

the order of convergence is higher than 3 ( almost 1 + 2a).



Chapter 5

Higher order numerical methods for
fractional differential equations by

extrapolation

5.1 Introduction

The aim of this chapter is to discuss convergence acceleration methods for fractional dif-
ferential equation by extrapolation procedure. We will consider Richardson extrapolation
algorithms for solving higher order fractional differential equations. Richardson extrapo-
lation is an idea which can often be used to improve the convergence order of the numerical

method: from a method of order O(h*) we can get a method of order O(h™, ko < ky).

Suppose that we want to approximate a quantity A, we have available approximation

A(h) for stepsize h > 0.

For example, we want to approximate
A= f/ (.To)
By Taylor formula,

PRTRRIN (IR (O A T
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Denote
zo+h)— f(z
Ao(h) = f( ° Z f< 0)7
we have
A:Ao(h)+a0h+(l1h2+... (511)

we note that Ay(h) is a numerical method of order O(h).

We use the stepsize %, t > 0, for example t = 2, we get the approximate AO(%) ie.,

h h I s
?)‘1’&0(?)4‘@1(?) + ... (5.1.2)

Multiplying ¢ in both sides of (5.1.2) we get

A = Ay

h h
tA:tAO(?) —|—a0h—|—a1t(?)2+.... (5.1.3)
Subtracting (5.1.1) from (5.1.3), we get

(t— 1A = [tAo(") — Ag(h)] + O(2).

t
1.e.
tAo(2) — Ay(h
t—1
Denote
tAo(2) — Ay(h
Al(h)_ O(t) 0( );
t—1
we get

A= Ay(h) + O(h?).

Thus we see that A;(h) is a numerical method of O(h?). Let t = 2 , we get the extrapo-

lation formula

Ai(h) = 24(5) ~ A(h).
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5.2 Richardson extrapolation

Let us now consider the general idea of the Richardson extrapolation. Assume that A(h)

is the approximation of a quantity A, where h is the stepsize . We also assume that

A = Ao(h) —|— aohko + alhkl + (12th —f- Ce (521)

h

with 0 < ko < by < ky <..., we use the stepsize 7

,t > 0. (for example t = 2) to get the

approximation Ag(%), i.e.

h h h h
A= AO(?) + CL()(?)]CO + G/l(?)kl + CLQ(;)]Q 4+ .... (522)
Multiplying ¢* in both sides, we get
tkOA = tkOAo(%) —f- CL()(h)kO + altk()(%)kl + agtko(%)b + P (523)

Subtracting (5.2.1) from (5.2.3), we have
R Ag(2) — Ag(h)

A= T + bihM bk 4
Denote
tho Ay (%) — Ao (h)
Al(h) = tkto 1 )
we have

A = Ay(h) + bih* + byt 4

Thus A;(h) is a numerical method of convergence order O(h¥'), we can continue this
process to construct the numerical methods of order O(h*2),O(h*3),.... Choose t = 2
we first calculate Ag(h), Ao(%), Ao(Z), Ay() which has convergence order O(h*).
We next calculate Ay (h), Ai(%), A;i(2%),... which has convergence order O(h*"). Sim-
ilarly, we can calculate As(h), As(%), As(Z),... which has convergence order O(h*?).

We proceed by setting up a triangular array ( so-called Romberg tableau) of approxi-

mation value for A of the form

Ao(h)

Ao(3)  Au(n)

Ao(Z) Ai(y) Asx(h
Ao(z5)  Ai(gs) As(5)
Ao(gr) Ailgs)  Aa(z)
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Here
20 Ao (1Y — Ag(h) he  2F0Ag(L) — Ag(L)
Aulh) = o1 )= S E—
2 AL(§) — Au(h) hy 29 A(z) — Au(3)
Ag(h) = =0 Ag(5) =

To observe the order O(h*) from Ag(h), Ag(%), Ao(2),... we can use the following

idea.

Note that,

leo(h)] = |4 — Ag(h)] < Ch.

h h h
\60(5)\ = |A - AO(E)\ < C(§)k°-
Thus
leg(h)] R K leo(h)|
~ =2 ky=log .
leo(2)] — (&)ko 2 Jeo (D))

Hence one can calculat all the values

leo(R)] leo(%)] leo(5)]
2 h\|? l g2 h ) Og2 h g e
\60(§)| |€0(2—z)| \60(2—3)\

and observe that the values should be ky approximately.

Similarly, we can calculate

el le1 ()] 0 le1(32)]
2 ) 2 ) 2 y oo
le1 ()] le1(52)] le1(55)]

and observe that the values should be k; approximately.

In this chapter we will consider two extrapolation algorithms for solving fractional
differential equations. One algorithm is for solving a linear fractional differential equation
which is based on the direct discretization of the fractional differential operator. Another
algorithm is for solving the nonlinear fractional differential equation which is based on the
discretization of the equivalent integral form of the fractional differential equation. We

also discuss in detail how to determine the starting values and the starting integrals in the
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numerical methods for quadratic interpolation polynomials. Numerical results show that
the approximate solutions of these two numerical methods have the expected asymptotic
expansions.

We consider the Richardson extrapolation algorithms for solving the following frac-

tional order differential equation

§Dfy(t) = f(ty(1), 0<t<T, (5.2.4)
y®0) =y, k=01,2...[a] -1, (5.2.5)
where the y(()k) may be arbitrary real numbers and a > 0. Here §' D denotes the differential

operator in the sense of Caputo defined by,

o — 1 ! n—a—1_(n
OCDt y(t) = m/o (t —u) Yt )(u) du,

where n = [« is the smallest integer > a.

Extrapolation can be used to accelerate the convergence of a given sequence, [6, 7, 92].
Its applicability depends on the fact that a given sequence of the approximate solutions
of the problem possesses an asymptotic expansion. Let us review some extrapolation
algorithms for solving fractional differential equations. For the linear fractional differential
equation, Diethelm [26] introduced an algorithm for solving the following linear differential

equation of fractional order, with 0 < a < 1,

6 Dy(t) = By(t) + f(t), 0<t<1, (5.2.6)

y(0) = o, (5.2.7)

where § < 0 and f is a given function on [0,1]. Diethelm and Walz [33] proved that
the approximate solution of the numerical algorithm in [26] has an asymptotic expansion.
For the general nonlinear fractional differential equation (5.2.4) -(5.2.5),Diethelm, Ford
and Freed [28] introduced a fractional Adams-type predictor-corrector method for solv-
ing (5.2.4)-(5.2.5) and numerical evidence suggests that the approximate solution of the

numerical method in [28] has also an asymptotic expansion.
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Recently, Yan, Pal and Ford [93] extended the numerical method in [26] and obtained a
high order numerical method for solving (5.2.6) - (5.2.7) and proved that the approximate

solution has an asymptotic expansion.

5.3 The linear fractional differential equation

5.3.1 The numerical method

In this section we will consider a higher order numerical method for solving (5.2.6)-(5.2.7).

It is well-known that (5.2.6)-(5.2.7) is equivalent to, with 0 < a < 1,

o Dy [y(t) —yol = By(t) + f(1), 0<t<, (5.3.1)

where ['D¢y(t) denotes the Riemann-Liouville fractional derivative defined by,

with 0 < a0 < 1,

RDoy(t) = ﬁ% /O (t — u)~*y(u) du. (5.3.2)

By using the Hadamard finite-part integral, ¥ D®y(t) can be written as

FD(H) = (ia) jé (t — u) "y (u) du. (5.3.3)

Here the integral § denotes a Hadamard finite-part integral [25].
Let M be a positive integer and let 0 =t < t; < --- < t; < --- <ty = 1 bea
partition of [0, 1]. At ¢ =t¢;, we have

S DM y(ty) — ol = By(ty) + f(t;), j=1,2,...,M.

Note that

o Diy(t;) = ﬁ }é j (t; —u) 'y (u) du = sz—a) 7€ w Tyt — tjw) dw. (5.3.4)

For every j, we denote g(w) = y(t; — t;w) and approximate 3%1 w1 (w) dw by

5501 w™%g; (w) dw, where g;(w) is the piecewise linear interpolation polynomial on the
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nodes 0, ; ?, .. % 1. We then obtain

R
F(—oz)j{ w Ty (t; — tjw) dw

)dw+R()>

$DYy(t;) =

_ V0 + R0)),
F(—Oé) (%ak,jy J k) + J(g)
where oy j, k = 0,1,2,...,j are weights and R;(g) is the remainder term. Thus (5.3.1)
satisfies, with j =1,2,..., M,
1
Qo5 — tJOT(—a)B

J J
- Z Ay (tj—k) + Yo Z ag,; — R (9)} : (5.3.5)
k=1 k=0

Let y; = y(t;) be the approximate solutions of y(¢;). We define the following finite
difference method for solving (5.2.6) - (5.2.7), with j =1,2,..., M,

y(t;) = T (=) ()

1
- £7(— } 5.3.6
Ui oy —BT(—a)B L ZO"”‘% ’“ “’”Z‘“’” (5:3.6)

Diethelm and Walz [33] proved the following asymptotic expansion theorem.

Theorem 5.3.1 (Theorem 2.1 in [33]). Let 0 < o < 1 and M be a positive integer. Let
0=ty <ty <ty <---<t; <--- <ty =1Dbea partition of [0,1] and h the stepsize. Let
y(t;) and y; be the exact and the approximate solutions of (5.3.5) and (5.3.6), respectively.
Assume that the function y € C™*2[0, 1], m > 2. Then there exist coefficients ¢, = ¢, ()
and ¢}, = c¢j(a) such that the sequence {y;},l = 0,1,2,..., M possesses an asymptotic

expansion of the form

m+1 w*
y(tar) —yn = > cu(M)* 4+ " (M)™ 4 o(M)*™"),  for M — oo,
pn=2
that is,
m+1 n*
y(tar) — ym = Z c T+ Z 4+ o(h™H1), for h — 0,
pu=2 pn=1

where p* is the integer satisfying 2u* <m+1—a <2(p* +1), and ¢, and ¢,, are certain

coefficients that depend on y.
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Yan, Pal and Ford [93] extended the numerical method in Diethelm and Walz [33] and
obtained a high order numerical method for solving (5.2.6)- (5.2.7). Let M be a fixed
positive integer and let 0 =ty < t; <ty < --- < tgj < tgjq1 < -+- < tay = 1 be a partition

of [0,1] and h the stepsize. At the nodes ty; = the equations (5.2.6)- (5.2.7) satisfy

2M’
[?Dta[y(t%)_yd :By(t2])+f(t2j)> ]:17277M7

and at the nodes #9411 = the equations (5.2.6)- (5.2.7) satisfy

2M )
oRDta[y(tsz) — o] = Py(tej11) + f(taj41), j=0,1,2,....M —1. (5.3.7)

Note that

EDy(ty;) = ;ftQJ (to;—u) "y (u) du = 2 j{l w Ty (tyj—tyw) dw. (5.3.8)
o ’ I'(—a) Jo ! I'(—a) Jy s

For every j, we denote g(w) = y(ty; — ty;w) and approximate fol w1 g(w) dw by
j;ol w"%gy(w) dw, where go(w) is the piecewise quadratic interpolation polynomials on

the nodes w; =1/25, 1 =0,1,2,...,25. More precisely, we have, for k =1,2,...,7,

(W — wag—1) (W — wag)

go(w) = (wop—2 — Wap_1) (Wop_o — w%)g(wzk—z)
(W — wag o) (W — wag)
+ (wgk_l - wgk_Q)(w%_l _ w2k)g<w2k71)

(w - w?k—Q)(w - ka—l)

+
(w% - w2k—2)(w2k - w2k—1)

g(way), for w € [wog—2, wa].

Thus

—Q

o t2' ! I p—
0 Diy(te;) = F(_ja> fg w™ Ty (ta; — tyyw) dw

tQJ Z%

W2k —2

tQJ (Zamgy toj—k) + Ra2j(g ))

W2k

(w) du + Ry (g))
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where Ry;(g) is the remainder term and ay0;, k = 0,1,2,...,2j are weights given by
(o) (—a+ 1)(—a+2)(2)) "y

27%a+2), for 1 =0,

(—a)227, fori =1,

(—a)(—27%a) + 5Fo(2), forl=2,

_Fl(k>7 fOI‘l:2]€_1, k:2737~"7j7

L(Fy(k) + Fok+1)),  forl=2k, k=23,...,5—1,
sF5(3), for [ = 2.

Here

Fo(k) =(2k — 1)(2k) ((zk)—a — 2k - 2)—0) (—a+1)(—a+2)
- ((Qk — 1)+ 2k> ((21{;)“‘“ —(2k— 2)‘““) (—a)(—a +2)

+ ((20)72 = 2k = 27 (=a)(—a + 1),

Fy(k) =(2k — 2)(2k) ((zk)*a —(2k - 2)*&) (—a+1)(—a+2)
- ((2k —9)+ 2k:) ((2/@)*“1 — (2 — 2)%1) (—a)(—a +2)

+ ((2k)—a+2 —(2k— 2)—a+2> (—a)(—a +1),

and

Fo(k) =(2k — 2)(2k — 1) ((%)—a — (2% — 2)—a) (—a+1)(—a+2)
- <(2k: —9) + (2 — 1)) <(2k:)‘a+1 ~(2k— 2)—a+1> (—a)(—a +2)
+ ((%)*a+2 — 2k — 2)*a+2) (—a)(—a +1).
Hence (5.3.1) satisfies, with j =1,2,..., M,
X 2

2j
Wtz) = 15T (=) f (1) = > ngyltay i) + 30 > ooy — Boy(9)].
0,25 — t2;5 @) 1

k=0

(5.3.9)
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At the nodes to; 1 = 2 j=0,1,2,..., M — 1, we have

0 Diy(taj) =

T(—a) f (toj+1 — u) " (u) du

[e=]

1 i —1l—«
=T ) fg (tojs1 —u) y(u) du

27

tait AR |
— w %Y (te 1 — taiw) dw.
F(—Oé) fé y( 2j+1 25+1 )
For every j, we denote g(w) = y(t9;+1 — to;+1w) and approximate ¢, 7t wilfag(w) dw
by fom w1 %gy(w) dw, where go(w) is the piecewise quadratic interpolation polynomials

on the nodes w; = 1=0,1,2,...,27. We then get

241 g
el 1 " —l—«a
0 Diy(taji1) = m/o (tojp1 — u) " y(u) du
t2j+1 Wak
Z 75 (1) dw + Raya(s) )
Wok—2
1 tl
e / (t251 = )"y w) du
4—a
+ lﬂ(zj—ﬂ ( Z 21y (tajri-k) + Rojyi(g ))
where Ry;41(g) is the remainder term and oy ;41 = g2, £k =0,1,2,...,25. Hence
1 2
tyivy) = [tqf‘—a toiv1) — Ok 9 toivi—
y( 2]+1) 0,2j41 — t§j+1f(—&)5 2j+1 ( )f( 2]+1) ; k,2J+ly( 2j+1 k)

2j

t1
+ %o Z i1 — Rojyi(g) — 15544 / (L1 — u) " y(u) d“]- (5.3.10)
k=0 0

Here ap; — t7T(—a)f < 0, | = 24,25 + 1, which follow from I'(—a) < 0, 8 < 0 and
Qp2j4+1 = Qp,25-

Let yo; = y(t;) and yaj11 = y(t2j+1) denote the approximate solutions of y(ts;) and
Y(taj41), respectively. We define the following numerical methods for solving (5.2.6)-
(5.2.7), with j = 1,2,..., M,

1
ol (=) f(t [, Gsn
Qp2j — té“jf(—oz)ﬁ [ 2j 2] Z k,25Y25—k + Yo Z Qg 25 ( )

Y25 =
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and, with j =1,2,... M — 1,

2j
1
Y241 = o [ta‘ I'(—a)f(toj+1) — Ok 2j+1Y2j+1—k
J+1 0241 — t2j+1F(—a)ﬁ 2j+1 ( ) ( J+ ) kz:; J+1925+
2j t
+ Yo Z Q2541 — tngrl / (t2j+1 — u)_l_ay(u) du} . (5.3.12)
k=0 0

Yan, Pal and Ford [93] proved the following Theorem.

Theorem 5.3.2 (for proof see the Theorem 3.3.3). Let 0 < o < 1 and M be a positive
integer. Let 0 =t < t; <ty < -+ <ty < g1 < --- < toyy = 1 be a partition of
[0,1] and h the stepsize. Let y(t2;), y(t2j+1), y2; and y2;41 be the exact and the approx-
imate solutions of (5.3.9) - (5.3.12), respectively. Assume that y € C™*2[0,1], m > 3.
Further assume that we can approximate the starting value y; and the starting integral
(fl (t2js1 — 7)1 %y(7) dr in (5.3.12) by using some numerical methods and obtain the

required accuracy. Then there exist coefficients ¢, = c,(a) and ¢}, = ¢ () such that the

sequence {y;},1 =0,1,2,...,2M possesses an asymptotic expansion of the form
m+1 w*
Y(tans) — Yomr = Z cu(2M)* 7 + ZCZ(QM)_Q“ +o((2M)*™ 1), for M — oo,
n=3 pu=2
that is,
m+1 w*
Y(tanr) — Yorr = Z c ' + Z c;hz” + o(h™ 1), for b — 0,
pu=3 n=2

where p* is the integer satisfying 2u* <m+1—a < 2(p* +1), and ¢, and c,, are certain

coefficients that depend on y.

5.3.2 Approximating the starting values and the starting integrals

To obtain the approximate solutions y;,l = 0,1, 2, ..., 2M numerically, we need to approx-

imate the starting value y; and the initial integral [," (t2;41 — u) ™' "*y(u) du in (5.3.12).

We shall consider these issues in this subsection and follow the idea in Cao and Xu [9].
At t = t;, we have

e

[(—a)

1 38 1
o Diy(t) = m}g (tr —u) ™"y (u) du = 7€ w () — tyw) dw.
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We denote g(w) = y(t; — t;w) and approximate fol w ™ g(w) dw by §01 w gy (w) dw,

where go(w) is the quadratic interpolation polynomial on the nodes 0, %, 1 defined by

- S 20
+ <(u1) - 83&”__39(1), for w € [0, 1]. (5.3.13)
We then get
i) = s § wr gt = o (F wr do e R)
- le_(;) (w?y(h) +wyy(ty) +wiy(to) + Rél)), (5.3.14)
where

—~
—_
|

and the remainder term RS) satisfies, [26]
IRy < CHlY" .
Further we approximate the value y(t 1 ) by, [9]

)= Sylte) + Sy(t) — y(ts) + B,

¢
ul 8 1 8

1
2

where R = +h3y" (c). Hence we have

e N N A
D y(t) = ﬁ (Boy(tz) + Biy(t1) + Bay(to) + Rgl) + R§2)>, (5.3.16)
where
. 3 N 3 N 1
Bgzwf—f—gw%, Blzw(f—i—zw}, Boz—gw}

Therefore we have, at t = ¢4,

1 i . .
y(t) = By e (—a)p (tlr(_a>f(tl) — Boy(t2) — Bay(to)

2
+90Y By - RY - Rf)). (5.3.17)
k=0
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At t = t9, we have

5
(—a)
We denote g(w) = y(ta—tsw) and approximate the integral fol w7 g(w) dw by fol w1 gy (w) dw,
where go(w) is defined as in (5.3.13). We have

1 t2 1
o DRy(ts) = m]g (ty —u) "y (u) du = T fi) w Ty (ty — tyw) dw.

—Q

- pfil) (W?y(tz) +wiy(ty) + wiy(to) + R§3)>, (5.3.18)

where w},j = 0,1,2 are defined as in (5.3.15) and the remainder term RS’) satisfies, [26]
B < CHly" o

Therefore we have, at t = to,

1 3)
ty) = (tO‘F E (t E R\ >
y( 2) ’LU? — t%r(-&)ﬁ wly 2— k + Yo wl 2

(5.3.19)

Let y; = y(t;),l = 1,2, be the approximate solutions of y(¢;). We define the following

numerical methods for solving y;, 1l = 1, 2.

2
1 R . N
1= = (ti’T(—a)f(tl) — Boya — Bayo + 4o Bk), (5.3.20)
By = t9T'(—a)p kzo
1 (07
Y2 = w) — 15T (—a) B (t2F ZuﬁyQ k;+yoz ) (5.3.21)

Let e, = y(t;) — y;, 1 = 1,2, denote the errors, we then have

1 < : (1) (2)
e = —= Boey + Boeg — Ry — R ), 5.3.22
1 1_ tO‘F(— X 0€2 2€0 2 2 ( )
€y = — tO‘F < E ’LU1€2 k= ) (5.3.23)

By using Gronwall’s Lemma, we get, [9]

le2] < C|RS| < CH?,
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and
ler] < C(IRS| + |RY|) < CR.

We next consider how to approximate the starting integral f(f Htgj41 — u) Ty (u) du

in (5.3.12) with j > 1. Note that this integral is the usual integral since j > 1 and
t1 1
/ (tojr1 — u) ™ y(u) du =1 / (to; + t1w) ' y(t; — tyw) dw.
0 0

Denoting g(w) = y(t; — t;w) and approximating the integral fol (t2j +tiw) ' *g(w) dw by
f01<t2j + tyw) 1%y (w) dw, where go(w) is defined by (5.3.13), we have

/0 (tager — )y du = 1y (wly(n) +wdy(ty) +wly(to) + BD), (5.324)
where
0_ ' —l—a(w_%)<w_1)
w; = /o (tg; + tiw) 0= 10=1) dw,
1_ ! (W =0)(w—1)
w —/0 (tQJ +t11U) <%_0)(%_1> dw,
2 _ ! —1—a(w_0>(w_%)
wj —/0 (tQj‘l’t]_UJ) (1_0)(1_%> dw,

and the remainder term R;D satisfies, [26]
1
IRVY| < /0 (ta + tiw) 17 (CH}) dw < CRPt;~ < ChP~.

Further we approximate the value y(¢1) by

1
2

3 3 1
) = gulto) + Jy(t) — cults) + Ry,

¢
y( 3 1

1
2

where R{Y = Sh3y"(c). Hence we have

t1 ) . R
/ (taj41 = u) ™y (u) du =t (Bo,jy(?b) + Biyy(t) + Bagy(te) + RV + RJ(.Q)),
0
where
» 2 3 1 > 0 1
B27J:w_7+§wj’ Bl,j:w‘ + —w:; BO,j:_

We shall approximate the integral fotl(tgj_’_l —u) "y (u) du by

t1 R ) )
/ (tajer —w) " y(u) du ~ t <Bo,jy2 + Bijy1 + BQ,jy()), (5.3.25)
0
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and it is easy to show that

t1 R R R
‘ / (toj41 — w) "y (u) du — & (Bo,jy2 + By + BZ,ij)
0
2

t ( > Brjesr+ RV + Ré”) ‘ < Ct(Ch® + Ch¥) < Ch*.
k=0

After obtaining y; and y, by (5.3.20) and (5.3.21), we then use (5.3.11), (5.3.12) and
(5.3.25) to calculate ys, ya, - - -, Yons-

5.4 The nonlinear fractional differential equation

5.4.1 The numerical method

In this subsection we will introduce the fractional Adams-type predictor-corrector method
for solving (5.2.4)-(5.2.5). Note that (5.2.4)-(5.2.5) is equivalent to the integral form, with
0<a<L?,
1t 1 ' a-1
y(t) = yo + v T m/o (t —w)* f(u,y(u)) du. (5.4.1)
(The second of the initial conditions is only for 1 < av < 2 of course).
Let M be a positive integer and let 0 =ty <t} <ty <--- <t; <--- <ty =T be a

partition of [0,7] and h the stepsize. At t =t;, we have

tj
() = w0+ 382+ e [ =0 ) du (54
Approximating f(u,y(u)) in (5.4.2) by the piecewise linear interpolation polynomial Py (u)
on the nodes 0 =ty < t; < --- < t;, we obtain
" " j
[ = o sty e [ 0 ) du =30 (o)

where a;;,k =0,1,2,...,j are some weights, see [29].

Let y; ~ y(t;) denote the approximate solution of y(¢;),7 = 0,1,2,..., M. We define
the corrector formula of (5.4.2) by

j—1

t; 1 )
Yi = Yo —+ y(()l)l_Jl -+ m < Z ak,jf(tka yk) —+ Clj’jf(tj, yf)), ] = ]_7 2, R M. (543)
) k=0



83

To determine the predictor formula for y]P , we approximate f(u,y(u)) in (5.4.2) by the

piecewise constant function Pp(u) on the nodes 0 =ty < t; < t,--- < t; and obtain

/0 (b — ) f (u, y(w)) du = / (= ) P du = 3 b £ (b y(t)),

where by, j,k =0,1,2,...,j—1 are some weights, see [29]. The predictor formula is defined

by

i—1
0t 13 .
=0

The fractional Adams-type predictor-corrector method for solving (5.2.4)-(5.2.5) is com-
pletely described now by (5.4.3) and (5.4.4) with the weights a; ;, k = 0,1,2,...,j and
bij, k=0,1,2,...,j. Diethelm, Ford and Freed [29] obtained the error estimates for the
methods (5.4.3) and (5.4.4).

In [93], Yan, Pal and Ford introduced a high order fractional Adams-type predictor-
corrector method for solving (5.2.4)-(5.2.5). Let M be a positive integer and let 0 =ty <
t1 <ty < -+ <ty <tgjy1 < -+ < toy =T be a partition of [0,7] and h the stepsize.
Note that the system (5.2.4)-(5.2.5) is equivalent to (5.4.1). Let us now consider the
discretization of (5.4.1). At the nodes t = ty;, j = 1,2,..., M, we have

y(ta;) = yo + yén% + ﬁ /0 : (to; — u)* ' f(u,y(u)) du. (5.4.5)

At the nodes t = t9511,7 =0,1,2,..., M — 1, we have

1 l2j41 1 h a
Y(tajs1) = yo + yé ) i! + m/o (tojs1 —u) 1f<u7y(u)) du

1 [l act
T /tl (t2j1 — )" f(u, y(w)) du

1) l2j4+1 1 h o
=Y + y(() ) i! + m ; (tajer — w)* ' flu,y(w)) du

1 t2j o1
=0 e () (5.4.6)

We will replace f(u, f(u)) of the integral [ (t2; —u)*~" f(u, y(u)) du in (5.4.5) by the

following piecewise quadratic polynomial Py(u), toy < u < toyo, [ =0,1,2,...,j— 1 with



84

j=1,2,..., M, where

(u — top1)(u — toto)
(tar — tors1)(tor — targ2)
(u —to)(u — ty2)

Py(u) = S (b, y(tar))

+ )f(t2z+1, Y(tais1))

(tor41 — t21)2t2l+1 — tarto
s~ s e ) 84
and
f(uy(w) = Pofu) = Ry,
where

a ", yla))
= 3!

(u — tor) (u — top1) (U — toga), ta < < toyo.

Similarly, we will replace f(u + h, f(u + h)) in the integral f;zj(tzj —w)*  f(u +
h,y(u+h))du in (5.4.6) by the following piecewise quadratic polynomial Qs (u), for to <
u<tyo, 1=0,1,2,....5—1,7=1,2,...,M — 1, where
(u — torg1)(u — tora)

(tor — torg1)(tar — torso

Qa(u) =

>f(t2z+1, Y(tai1))

(U — tzl)(u — t2l+2)
toryo, y(t
(tory1 — tor)(torp1 — tors2) f(tare, y(taure))
(U — tgl)(u — t2l+1)
t ! 4.
(oo — tar) (B2 — t2l+1)f( 2143, Y (t2143)), (5.4.8)
and
flu+h,y(u+h)) —Qa(u) = Rz@)a
where

f"(di, y(di))

2 _
= 3!

(u—tor)(u — to1) (U — toya), to < d; < toyo.

We then have, with 0 < o < 2, see [93],

| = 0 Pawy du = Y s byt
0 k=0

and
27

[t =0 Quwydu = Y vt plti),
0

k=0
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where

(

%FO(O), if k=0,
o LR +1R(I-1), k=20, 1=1,2,...j—1,
Ck25 =
ala+D@+2) | _pgy k241, 12012, 1,

| IRG-1), ifk=2j

and

Fo(l) = afa + 1) ((2j o)t (2j — 21— 2)a+2)
+ala+2) (2(27) @+ 1) - (2 + 2)) ((2;’ _ 9l - 2)et (25— zz)aﬂ)
+(a+1)(a+ 2)((2j 21— 1)(2j — 20— 2)) ((2j o) —(2) — 20 — 2)@),
Fil) = ala + 1) ((2j _ 22 (25 — 2l — 2)a+2)
+ala+2) <2(2j) —(2) - (2 + 2)) ((zj — 91— 2)0t (25 — 21)0‘“)
+(a+1)(a+ 2)((2]' —21)(2j — 20 — 2)) ((2j — o) — (2j — 20 — 2)a>,
Fy(l) = afa + 1) ((Qj _ 20y (25 — 2l — 2)a+2)
+ala+2) (2(27) —(20) - (21 + 1)) ((2]’ _ 9l )t (25— 21)a+1)
+(a+1)(a+ 2)((2j —20)(2j — 20 — 1)) ((2j o) —(2) — 20 — 2)“).
Let y ~ y(t;) denote the approximate solutions of y(t,), { = 0,1,2,...,2M. We now

define a fractional Adams numerical method for solving (5.2.4)-(5.2.5). The corrector

formula is defined by, with j =1,2,..., M,

2j—1
to; 1
Y25 = Yo + ?/(()1)% + m( > Croi f (b i) + 2y f (ta;, yfj)>, (5.4.9)
’ k=0

and, with j =0,1,2,..., M — 1,

1 l2j41 1 h a—
Y241 = Yo + y(() ) i! + m ; (t2j+1 —u) 1f(ua y(u)) du

2j—1
1

+ ) ( Z Cr2j f (tkt1, Ukg1) + Coj41,2541.f (E2jt1, yfjﬂ)), (5.4.10)
k=0

The remaining problem is the determination of the predictor formula required to calcu-

late y3; and 5, . The idea is the same as the one described above: we replace f(u,y(u))
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and f(u+ h,y(u + h)) of the integrals on the right-hand sides of equations (5.4.5) and
(5.4.6), respectively, by the piecewise linear interpolation polynomials and obtain, with
j=12 ..., M,

2j—1

1) toj 1
yZ ="Yo + y(() )1_'] + m( Z (lk’gjf(tk, yk) -+ azjygjf(tgj, yQPjP)>, (5411)
’ k=0
and, with 7 =0,1,2,..., M — 1,
t 1 /&
1) t2j+1
Yaja1 = o+ iJ,r + m(Zak,Qj-i—lf(tk»ykz) + agj12j41f (t2j11, ygjil)>> (5.4.12)
' k=0

where the weights [28]

notl —(n—a)(n+1)*, ifk=0,

hOé
Ayl = of n—k+2)°" 4+ (n—k°t —2n—-k+1)*" if1<k<n,

a+1)
1, ifk=n-+1.

\

Similarly, to calculate y;”', we replace f(u,y(u)) and f(u+h,y(u+h)) in the integrals
in (5.4.5) and (5.4.6), respectively by the piecewise constants and obtain

2j—1
1) t2; 1 .
yZP:y0+y(())1_']+mZbk,2]f<tk7yk)7 J= 1727"'7M7 (5413)
k=0
and
to; "
ygil =Y + y(()l) 214;1 + m Z bk,2j+1f(tk7yk>7 .7 = 17 27 <. 7M - 17 (5414)
) k=0
where the weights [28]
hOé
bt = — <(n Y1 k) — (n— k)a). (5.4.15)

Our basic fractional Adams method, is completely described now by equations (5.4.9)
- (5.4.14). Assume that the starting value y; and the starting integral f()tl(tgj+1 —
u) 7 f(u,y(u)) du in (5.4.10) can be approximate by using some numerical methods
and satisfy the required accuracy, Yan, Pal and Ford [93] proved the error estimates for

y —y(t),l=1,2,...,2M.
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5.4.2 Approximating the starting values and the starting integrals

In this subsection we shall consider how to approximate the starting value y; and the
initial integral fgl(t2j+1 —u) 7% (u) du in (5.4.10). We will follow the idea in Cao and
Xu [9].
At t = t1, we have
mh 1 " a1
y(t1) = Yo + Yo T m/o (tr —w)* fu,y(u)) du.

Approximating g(u) = f(u,y(u)) on [0,¢;] by the following quadratic interpolation poly-

nomial
~ (u=ty)(u—t) (u—to)(u—t)
PQ(U') - (t[) . t%)(to . tl) O7y<0)) + (t% — to)(t% _ tl)f(t%ﬂl/(t%))
u—to)(u—1t1
((h — toigh — ;;)f(tlay(tl)) for u € [to, 1],
where
- L B f”/(cl) B B B
Fluy(u)) = Polu) = By (u) = == (u = 0)(u = t3)(u = 1), e € (0, 10).

Further we approximate the value f(¢ 1 y(t1)) by

1
2

ey, u(03)) = 2100, 0(00)) + 2 (1, (1)) = £ 3(02),
where
3 3 1 (2)
Fltg(ty) = (5t y(t)) + L7 (t,y(1) = S (12 y(t2) ) = R (w)

and R (u) = L " (ca)h?, ¢5 € (0,15).
We then obtain
wh 1 " ot
y(t1) = yo + Yo 1,+m i (t1 —u)* f(u, y(u)) du
= Yo+ v T +—(ZBf ti, y(t;

t1 t1
+ / (t; — u)* "R (u) du + / (t; — u)* "R (u) du, (5.4.16)
0 0
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where

R a1 u—7ti)(u—t t _ _
BD = / (tl — U)a_l ( 2)< 1) du + §/ (tl — U)a_l ((U tO u tl) du,
0 0 1

(fo—t1)(to— 1) 8

L3 M w1 (u—to)(u—1ty) h o1 (;—to u—t)
Bl = 4_1/0 (tl — U) (t% — to)(tl — t1> du +/0 (tl — U) ( . du,

2

: e a1 (u—to)(u—1ty)

1
3
Let y; =~ y(t;),l = 0, 1,2, denote the approximations of y(t;) and we define the following
numerical method for ;.
t 1 <
_ (i B: f(t:. us 5.4.17
n yO+y0 1!+F<&); zf(wyz)- ( C )

At t = t9, we have

olt) =+ )+ s [ (=0 () du

Approximating g(u) = f(u,y(u)) on [0, %] by the following quadratic interpolation poly-

nomial

1= = 0 =

S (), for e [t

where

() — Po(w) = B () = 0 b)) = 1), 5 € (1,1
We obtain

ot =+ o2+ o [ = 0 )

= o + yél)ﬁ + P(la) (zz:élf(tl, y(t;)) + /(:2 (ty — u)* RS (u) du), (5.4.18)

where

e

e [

Bo= [
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We then define the following numerical method for ys.

t 1 - - N
Y2 = Yo + y(()l)ﬁ + (o) (B(]f<t07 Yo) + Bif(t1,y1) + Baf(to, 3/2))7 (5.4.19)

Similarly, we can approximate the starting integral fotl(tzj_i_l —u)*  f(u, y(u)) du in

(5.4.10) by using the same idea as in (5.4.16) and obtain

| = gt
- (Bo,jf(toayo) + Bijf(ti,y1) + Bajf(to, y2))

t1 t1
4 [ (s = 0 R @ du+ [ (s 0 R () du
0 0

(5.4.20)
where
(u—t1)(u—t1) 3 (u — to)(u — 1) .
(t% —t)

t1 t1
B J— to: _ a—1 2 d +_/ to. _ a—1 )
" /0 (psa =) (to — t1)(to — 1) ‘T8 0 (faje — ) (t1 —to)
)
)

. 3 [h o (u—to)(u—ty) t1 4 (uw—to)(u—1ty)
B .=2 ' . a—1 ) o a—1

2

~ 1 t (u — to)(u — tl)
Boj=—= [ (tajr —u)*? .
2, 8/0 ( 2j+1 u) (t% _ t[))(tl _ tl) du

2

We now introduce the following corrector fractional Adams method.

t 1 A N .

Y1 =Y + ?J(()l)l—l, + (o) (BOf(th Yo) + Bif(t1,y1) + Baf(to, y2)>, (5.4.21)
t 1 ~ - -

Y2 = Yo + ?J(()l)l—Z, + (o) (BOf(th Yo) + Bif(t1,y1) + Baf(to, ?/2)), (5.4.22)

and, with j =1,2,... M,
2j—1

o, 1
Yoj = Yo + 3/(()1)1—,] + m( D i f (bhs yr) + 259 f (a5, yfj))v (5.4.23)
‘ k=0

and, with j =0,1,2,..., M — 1,

to; 1 N N .
Yoj+1 = Yo + yél) 21# + m <Bo,jf(t0, Yo) + B f(t1,y1) + Ba; f(ta, y2)>

2j—1
1

+ —F(a) ( Z Ch2i f (tor1s Yker) + c252i f (L)1, yfj+1)), (5.4.24)
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where the predictor terms y5; and yj ., can be obtained by (5.4.11) and (5.4.12). We

then have the following error estimates.

Theorem 5.4.1. Let 0 < o < 2 and assume that § Dy € C3[0, T for some suitable T'.
Let y(tx) and yx, k = 0,1,2,...,2M, topy = T be the solutions of (5.4.1) and (5.4.21) -
(5.4.24). Then, for sufficiently small h, there exists a positive constant Cy > 0 such that

CohH_Qa, if0 <« < 1,

max [y(t) — yx| <
Osk=2M Col?, ifl<a<2.

5.5 Numerical simulations

5.5.1 The linear fractional differential equation

In this section we will consider two examples for solving the linear differential equation
(5.2.6)-(5.2.7) by using the algorithm (5.3.11)-(5.3.12). Theorem 5.3.2 shows that the

approximate solution ys,, has the asymptotic expansion

m+1 w*
Y(tanr) — Your = Z c ™ + Z 4 oK™ as h — 0,
pn=3 n=2

where p* is the integer satisfying 2u* < m+1—a < 2(p* +1), and ¢, and c;, are certain
coefficients that depend on y.
Let A = y(tanr), tapr = 1 and assume that Ag(h) = yaps is the approximate solution of

A with stepsize h. We then have by Theorem 5.3.2, with 0 < o < 1,
A = Ay(h) + a1h™ + ash™ + ash™ + .. ., (5.5.1)

where \y =3 —a, Ao =4 —a,\3 =4,y =5 — «,.... It is obvious that the convergence

order of Ag(h) is Ay, that is
[A = Ag(h)] = O(R™).
Let Ag(h/2) denote the approximate solution of A with stepsize h/2. Then we have
A= Ag(h/2) + ar(h/2)M + az(h/2)* + az(h/2)™ + .. .. (5.5.2)
Multiplying 2* in both sides of (5.5.2), we have

2M A = 2% Ag(h/2) + 2May (h/2)™M + 22 ag(h/2)™ + 22 ag(h/2)™ + . ... (5.5.3)
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Subtracting (5.5.3) from (5.5.2), we get
A = Ay(h) + bR 4 byh™ + bsh™M + .

where

2 A (h/2) — Ag(h/2)
N M — 1 ’

Ay(h)

which implies that A;(h) is an approximation of A with the convergence order O(h*?),

that is
|A— Ai(h)] = O(h™).

Continuing these processes, we obtain the high order approximations As(h), Az(h),...
of A. In Table 5.5.1, we proceed by setting up a triangle array ( a so-called Romberg

tableau) of approximate values for A.

Ao(h)
Ao(h/2) | Au(h)
Ao(h/2?%) | Ai(h/2) | Ax(h)
Ao(h/2%) | Ai(h/2?) | As(R/2) | As(h)

Table 5.5.1: Romberg tableau of approximate solutions

The convergence order of the approximate solution Ag(h) is A\gr1, & = 1,2,.... To
obtain the experimentally determined order of convergence (“EOC”) we will calculate the

following ratios

[A— Au(h/29] _ O((h/2) 1)

~ ONk+1 — —

A= Au(h/250)] — O((h/25 1)) 2, k=0,1,2,..., 1=0,12,...,

which implies that
~ |A — Ap(h/21)]

Aot ~ log, <|A_Ak(h/2l+1)|>, k=012, .. .. (5.5.4)

Example 10. Consider, [26]
3,
6 Dyy(t) +y(t) = t* + mt‘* , telo1], (5.5.5)

y(0) =0, (5.5.6)
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whose exact solution is given by y(t) = t3.

Choose the stepsize h = 1/10. In Table 5.5.2, we display the errors of the algorithms
(5.3.11)-(5.3.12) at t = 1 and of the first two extrapolation steps in the Romberg tableau
with o« = 0.3. In Table 5.5.3, we display the experimentally determined orders of con-
vergence (“EOC ”) at t = 1. We observe that the first column (the errors of the basic
algorithm without extrapolation) converges as h*~®. The second column (errors using
one extrapolation step)converges as h*=®, and the last column (two extrapolation steps)
converges as h*. In Tables 5.5.4-5.5.5, we display the errors and the experimentally deter-
mined order of convergence ( “EOC ”) with o = 0.5. In Tables 5.5.6-5.5.7, we display the
errors and the experimentally determined order of convergence (“EOC ) with o = 0.9.

In all cases of o under consideration, we observe that the first column converges as h3~.

The second column converges as h*~® and the last column converges as h*.

Step size | Error of the method | 1st extra. error | 2nd extra. error
1/10 3.3237e-004
1/20 5.1939e-005 9.3242e-007
1/40 8.0506e-006 6.8029e-008 4.0268e-009
1/80 1.2432e-006 5.0402e-009 2.1066e-010
1/160 1.9164e-007 3.7765e-010 1.1023e-011
1/320 2.9516e-008 2.8511e-011 5.9381e-013

Table 5.5.2: Errors for equations (5.5.5)-(5.5.6) with o = 0.3, taken at ¢ = 1.

Step size | The method | 1st extrapolation | 2nd extrapolation
1/10
1/20 2.68
1/40 2.69 3.78
1/80 2.70 3.75 4.26
1/160 2.70 3.74 4.26
1/320 2.70 3.73 4.21

Table 5.5.3: Orders (“EOC ”) for equations (5.5.5)-(5.5.6) with o = 0.3, taken at ¢ = 1.



Step size | Error of the method | 1st extra. error | 2nd extra. error
1/10 1.1296e-003
1/20 2.0412e-004 5.3779e-006
1/40 3.6454e-005 4.5025e-007 2.7527e-008
1/80 6.4759¢-006 3.8539¢-008 1.3800e-009
1/160 1.1475e-006 3.3431e-009 6.9354e-011
1/320 2.0310e-007 2.9225e-010 3.5604e-012

Table 5.5.4: Errors for equations (5.5.5)-(5.5.6) with o = 0.5, taken at ¢ = 1.

Step size | The method | 1st extrapolation | 2nd extrapolation
1/10
1/20 2.46
1/40 2.49 3.58
1/80 2.49 3.55 4.32
1/160 2.5 3.53 4.31
1/320 2.5 3.52 4.28

Table 5.5.5: Orders (“EOC ") for equations (5.5.5)-(5.5.6) with o = 0.5, taken at ¢ = 1.

Step size | Error of the method | 1st extra. error | 2nd extra. error
1/10 7.6048e-003
1/20 1.8568e-003 1.0809e-004
1/40 4.4205e-004 1.1665e-005 1.0659e-006
1/80 1.0412e-004 1.3139e-006 5.2739e-008
1/160 2.4402e-005 1.5070e-007 2.8748e-009
1/320 5.7054e-006 1.7432e-008 1.6257e-010

C Nna
o Di'y

Example 11. Consider, [33]

(t) +yt) =t" - %tg “Td—a)

t3—0¢ +

24

Y

(5~ a)

Table 5.5.6: Errors for equations (5.5.5)-(5.5.6) with o = 0.9, taken at ¢ = 1.

t€0,1],
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Step size | The method | 1st extrapolation | 2nd extrapolation
1/10
1/20 2.03
1/40 2.07 3.21
1/80 2.09 3.15 4.34
1/160 2.09 3.12 4.20
1/320 2.10 3.11 4.14

Table 5.5.7: Orders (“EOC ") for equations (5.5.5)-(5.5.6) with o = 0.9, taken at ¢ = 1.

whose exact solution is given by y(t) = t* — L7,

Choose the stepsize h = 1/10. In Tables 5.5.8 - 5.5.13, we display the errors of the
algorithms (5.3.11)-(5.3.12) at t = 1 and of the first two extrapolation steps in the Romberg
tableau with o = 0.3,0.5,0.9. In all cases of a under consideration, we observe that the
first column converges as h3~®. The second column converges as h*~ and the last column
converges as h*. We observe that when o is close to 1, the convergence seems to be even

a bit faster. But when « is close to 0, the convergence is a bit slower than expected.

Step size | Error of the method | 1st extra. error | 2nd extra. error
1/10 1.4571e-004
1/20 2.3118e-005 8.2097e-007
1/40 3.6127e-006 6.5021e-008 2.0039e-009
1/80 5.6030e-007 5.1186e-009 1.2514e-010
1/160 8.6565e-008 4.0106e-010 7.8051e-012
1/320 1.3348e-008 3.1315e-011 4.9268¢e-013

Table 5.5.8: Errors for equations (5.5.7)-(5.5.8) with o = 0.3, taken at ¢ = 1.



Step size | The method | 1st extrapolation | 2nd extrapolation
1/10
1/20 2.66
1/40 2.68 3.66
1/80 2.69 3.67 4.00
1/160 2.70 3.67 4.00
1/320 2.70 3.68 3.98

95

Table 5.5.9: Orders (“EOC ") for equations (5.5.7)-(5.5.8) with o = 0.3, taken at ¢ = 1.

Step size | Error of the method | 1st extra. error | 2nd extra. error
1/10 5.0921e-004
1/20 9.2881e-005 3.4801e-006
1/40 1.6676e-005 3.1186e-007 4.6709e-009
1/80 2.9708e-006 2.7831e-008 2.9143e-010
1/160 5.2721e-007 2.4764e-009 1.8053e-011
1/320 9.3380e-008 2.1991e-010 1.1328e-012

Table 5.5.10: Errors for equations (5.5.7)-(5.5.8) with o = 0.5, taken at t = 1.

Step size | The method | 1st extrapolation | 2nd extrapolation
1/10
1/20 2.45
1/40 2.48 3.48
1/80 2.49 3.49 4.00
1/160 2.50 3.49 4.01
1/320 2.50 3.50 3.99

Table 5.5.11: Orders (“EOC ”) for equations (5.5.7)-(5.5.8) with o = 0.5, taken at t = 1.

5.5.2 The nonlinear fractional differential equation

In this subsection we will consider one example for solving (5.2.4)-(5.2.5) by using the

algorithm (5.4.9)-(5.4.14). We will numerically check that, with 1 < a < 2,

y(tarr) — your = a;hM + a2h’\2 +ash™ + ... ,



Step size | Error of the method | 1st extra. error | 2nd extra. error
1/10 3.5534e-003
1/20 8.5873e-004 3.8951e-005
1/40 2.0381e-004 4.5703e-006 3.1078e-008
1/80 4.7950e-005 5.3459e-007 1.7728e-009
1/160 1.1233e-005 6.2442e-008 1.0563e-010
1/320 2.6257e-006 7.2882¢-009 6.3909e-012

Table 5.5.12: Errors for equations (5.5.7)-(5.5.8) with av = 0.9, taken at ¢t = 1.

Step size | The method | 1st extrapolation | 2nd extrapolation
1/10
1/20 2.05
1/40 2.08 3.09
1/80 2.09 3.10 4.13
1/160 2.10 3.10 4.07
1/320 2.10 3.10 4.05

Table 5.5.13: Orders (“EOC ) for equations (5.5.7)-(5.5.8) with a = 0.9, taken at ¢t = 1.

where \{ =24+ a, o =4, \3=3+a,....
Example 12. Consider, with 1 < o <2, [28]

CDyy(t) = %t“— %t‘l_aﬂ—kgf(oﬂrl)nL(gto‘/Q—t“)g—[y(t)]?’/Q. (5.5.9)

The initial conditions were chosen to be homogeneous, i.e., y(0) = 0, y'(0) = 0. This
equation has been chosen because it exhibits a difficult (nonlinear and nonsmooth) right-
hand side, and yet we are able to find its exact solution, thus allowing us to compare the
numerical results for this nontrivial case to the exact results. Indeed, the exact solution

of this initial value problem is

9

Choose the stepsize h = 1/10. In Tables 5.5.14-5.5.19, we display the errors of the
algorithms (5.4.9) -(5.4.14) at t = 1 and of the first two extrapolation steps in the Romberg
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tableau with o = 1.3,1.5,1.9. In all cases of a under consideration, we observe that the
first column converges as h**®. The second column converges as h* and the last column
converges as h>™. We also observe that when « is close to 2, the convergence seems to be

even a bit faster. But when « is close to 1, the convergence is a bit slower than expected.

Step size | Error of the method | 1st extra. error | 2nd extra. error | 3rd extra error
1/10 7.1066e-004
1/20 6.8623e-005 3.9303e-006
1/40 5.6000e-006 1.5219e-006 1.3613e-006
1/80 4.3070e-007 1.5346e-007 6.2236¢-008 7.2391e-009
1/160 3.2640e-008 1.2343e-008 2.9345e-009 2.3700e-010
1/320 2.5021e-009 9.0367e-010 1.4107e-010 8.3232e-012

Table 5.5.14: Errors for equation (5.5.9) with a = 1.3, taken at t = 1.

Step size | The method | 1st extrapolation | 2nd extrapolation | 3rd extrapolation
1/10
1/20 3.37
1/40 3.62 1.39
1/80 3.70 3.31 4.45
1/160 3.72 3.64 4.41 4.93
1/320 3.71 3.77 4.38 4.83

Table 5.5.15: Orders (“EOC ”) for equation (5.5.9) with v = 1.3, taken at ¢t = 1.
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Step size | Error of the method | 1st extra. error | 2nd extra. error | 3rd extra error
1/10 1.3107e-003
1/20 1.0256e-004 1.4581e-005
1/40 7.2525e-006 1.9886e-006 1.1491e-006
1/80 4.9046e-007 1.6518e-007 4.3614e-008 7.5021e-009
1/160 3.2450e-008 1.1957e-008 1.7426e-009 1.9344e-010
1/320 2.1236e-009 8.1682e-010 7.4128e-011 3.0170e-012

Table 5.5.16: Errors for equation (5.5.9) with a = 1.5, taken at t = 1.

Step size | The method | 1st extrapolation | 2nd extrapolation | 3rd extrapolation
1/10
1/20 3.68
1/40 3.82 2.87
1/80 3.89 3.59 4.72
1/160 3.92 3.79 4.65 5.28
1/320 3.93 3.87 4.56 6.00

Table 5.5.17: Orders (“EOC ) for equation (5.5.9) with a = 1.5, taken at t = 1.

Step size | Error of the method | 1st extra. error | 2nd extra. error | 3rd extra error
1/10 1.9057e-003
1/20 1.2585e-004 1.9355e-006
1/40 8.0391e-006 4.1927e-007 3.1819e-007
1/80 5.0764e-007 3.3082e-008 7.3362e-009 3.4360e-009
1/160 3.1910e-008 2.2452e-009 1.8944e-010 5.8225e-011
1/320 2.0046e-009 1.4248e-010 2.2910e-012 4.1943e-012

Table 5.5.18: Errors for equation (5.5.9) with a = 1.9, taken at t = 1.
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Step size | The method | 1st extrapolation | 2nd extrapolation | 3rd extrapolation
1/10
1/20 3.92
1/40 3.97 2.21
1/80 3.99 3.66 5.44
1/160 3.99 3.88 5.28 5.88
1/320 3.99 3.98 6.36 3.80

Table 5.5.19: Orders (“EOC ) for equation (5.5.9) with a = 1.9, taken at t = 1.



Chapter 6

Finite difference method (FDM) for

space-fractional PDEs

6.1 Introduction

Space fractional derivatives are used to model anomalous diffusion or dispersion, a phe-
nomenon observed in many problems, where particles spread faster than the classical
models predict. When a fractional derivative replaces the second derivative in a diffusion
or dispersion model, it leads to enhanced diffusion (also called superdiffusion), see Meer-
schaert and Tadjeran [66]. Space-fractional diffusion equations have been investigated
by West and Seshadri [91] and Gorenflo and Mainardi [48] and Gorenflo [47] . A linear
interpolation polynomial was used to approximate the Hadamard integral generated by
fractional derivative and the rate of the convergence of the proposed numerical method
is O(h*~%) [26].

In this chapter we will discuss a finite difference method for solving space-fractional
partial differential equation. The space-fractional derivatives are the left-handed and
right-handed Riemann-Liouville fractional derivatives which can be expressed by using
the Hadamard finite-part integrals.

We will examine the stability, consistency and convergence of the proposed finite dif-
ference method. The Hadamard finite-part integrals are approximated by using piecewise
quadratic interpolation polynomials and a numerical approximation scheme of the space-

fractional derivative with convergence order O(Az37%) (1 < a < 2) is obtained. A shifted

100
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implicit finite difference method is introduced for solving two-sided space-fractional partial
differential equations and we prove that the order of convergence of the finite difference
method is O(At + Ax™nG-28)) 1 < o < 2, 8 > 0, where At, Az denote the time and

space stepsizes, respectively, and [ is related to the smoothness of the exact solution wu.

6.2 Brief reviews of FDM for solving space-fractional
PDEs

Consider the following two-sided space-fractional partial differential equation, with 1 <

a<2,t>0,
w(t,z) = Co(t,x) FD%u(t, ), +C_(t,x) EDu(t, z) + f(t,x), O0<x <1, (6.2.1)
u(t,0) = p1(t), u(t,1) = @a(t), (6.2.2)
u(0,2) =up(x), 0<x<Ll (6.2.3)

Here the function f(¢, ) is a source/sink term. The functions Cy (¢, z) > 0 and C_(t,z) >

0 may be interpreted as transport related coefficients. The addition of a classical advective

Ou(t,z)
oz

term —v(t,x) in (6.2.1) does not impact the analysis performed in this chapter,
and has been omitted to simplify the notation. The left-handed fractional derivative
D2 f(z) and right-handed fractional derivative D% f(z) in (6.2.1) are Riemann-Liouville

fractional derivatives of order ar defined by, with 1 < a < 2,

N el G (624
and
DY f(x) = ﬁ%/x (& — ) f(€) de. (6.2.5)

There are several ways to approximate the Riemann- Liouville fractional derivative.
Let 0 =20 <z < -+ <xj <--- <xpy =1 be a partition of [0,1] and Az the stepsize.
Based on the definition of the Griinwald-Letnikov derivative, one can approximate the

left-handed and right-handed Riemann-Liouville fractional derivatives by see [66])

005 f(x5) = Ae Y " wy f(ajy) + O(Aw), (6.2.6)
k=0
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and
EDef( z Z wk f(xjir) + O(Ax), (6.2.7)

where w,(ca) are some weights and the order of convergence in (6.2.6) or (6.2.7) is O(Ax)

for any a > 0. Meerschaert and Tadjeran [64] proposed finite difference approximations
for fractional advection-dispersion flow equations. They used the Griinwald method to
approximate the space-fractional derivative and proved that the standard finite difference
method is unconditionally unstable, but the shifted finite difference method is uncondi-
tionally stable.

Lubich [53] obtained approximations of order 2 - 6 in the form of (6.2.6), where the
coefficients w,(ga) are just the coefficients of the Taylor series expansions of some generating

functions wl(a)(z), [ =2,3,4,5,6. The L2 scheme and its modification L2C' scheme are
introduced in Oldham and Spanier [72], Lynch, et al. [62] as follows. Note that, with

1l <a<?2,
a flao)(wj —mo)™ | f'(wo) (2 — 20)'
o D) =i T e —a
Il gy
+ Qiaz/@ st f"(z; — s) ds.

=0

fl@j—z)—2f(zj—zit1)+f(@;—T142)

On each interval [z, z;41], f"(x; — s) is approximated by A0 :

then the so-called L2 scheme is obtained and the convergence order is O(Az). Similarly,
one can obtain L2C' scheme. Diethelm [25, 26] expressed the Riemann-Liouville fractional
derivative into the equivalent Hadamard finite-part integral and then approximated the
Hadamard finite-part integral by piecewise linear interpolation polynomials to obtain an
approximation scheme to the fractional derivative for 0 < o < 1. More precisely, Diethelm
[26] obtained, with 0 < o < 1,

o Dg f(x;) = ﬁ% /Oxj(%' — &) " d¢ = F(ia) jng(xj —&)Tf(E) de

J
= Az “ Z wy; f(xj-1) + O(Az*™%),
k=0

where foxj denotes the Hadamard finite-part integral and wy, ; are some weights.
Odibat [70, 71] introduced a computational algorithm for approximating the Caputo

fractional derivative and the convergence order is O(Az?), see also Sousa [84]. The idea
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is as follows. Note that, with 1 < a < 2,

FD(w) = e | =0
o e O I CEGIAGLS

1=0 V¥

On each subinterval [x;, x;11], one approximates the integral by using the linear interpo-

lation polynomial Py (€) = S=2L f/(g)) 4+ $=2L_ £7(4 1) and obtains, with some weights

T —Ti41 Ti+1—2]

wk,jak:071a27"'7j7

1 =

e ) IR RO > wns (o)

=0 Y%

D2 f(x;) ~

Further, Odibat [70] approximated f”(x;) by £ ($k+1)_2§z§)+f (#:-1) and obtained a second

order approximation scheme to § D¢ f(x;). More recently, Dimitrov [34] obtained a second
and third order approximations for the Griinwald and shifted Griinwald formulae with
weighted averages of Caputo derivatives.

Let us review some numerical methods for solving space-fractional partial differen-
tial equations. There are many different numerical methods for solving space-fractional
partial differential equations in literature: Choi at al. [12] applied the backward Euler fi-
nite difference method with the right-shifted Griinward formula for the Riemann-Liouville
space fractional derivative term and proved the existence using Leray-Schauder fixed point
theorem and finally the convergence order O(Axz + At) are considered. By using shifted
Griinwald-Letnikov formulae (6.2.6) and (6.2.7), Meerschaert and Tadjeran [66] intro-
duced a finite difference method for solving two-sided space-fractional partial differential
equations (6.2.1)- (6.2.3) and proved that the convergence order of spatial discretization is
O(Az). Meerschaert and Tadjeran (2004) [64] also considered the finite difference method

for solving the 1D fractional advection-dispersion equation, with 1 < o < 2,

Ju(t, x) Ju(t, x)

B 0%u(t, x)
o V(@) Ox

oz

+d() + f(t, x),

by using the shifted Griinwald-Letnikov formula on a finite domain and they proved that
the convergence order of spatial discretization is O(Az). Tadjeran, Meerschaert and
Scheffler [88] and Tadjeran and Meerschaert [89] applied the shifted Griinwald-Letnikov

formula and extrapolation techniques to fractional diffusion equations in 1D and 2D and
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obtained a second-order accurate finite difference method. Liu et al. [61] transformed
the fractional advection-dispersion equation into a system of ordinary differential equa-
tions, which was then solved using backward difference formulae. Chen and Liu [11]
used a technique combining the alternating direction implicit-Euler method with Richard-
son extrapolation to establish an unconditionally stable second-order accuracy difference
method to approximate a 2D fractional advection-dispersion equation with variable co-
efficients on a finite domain. Podlubny et al. [77] developed a matrix approach to dis-
cretize fractional diffusion equations with various combinations of time-space-fractional
derivatives. Shen et al. [79, 80] presented explicit and implicit difference approxima-
tions for the Riesz fractional advection-dispersion equations and the space-time Riesz-
Caputo fractional advection-dispersion equations. Shen et al. [81] considered a novel
numerical approximation for the space fractional advection-dispersion equation. See also
[2, 13, 60, 65, 82, 83, 85, 94, 86].

There are other numerical methods for solving space-fractional partial differential
equations: the finite element methods, see [20, 21, 38, 39, 37, 40] and the spectral methods
[57, 58].

In this chapter, we will use the idea in Diethelm [26] to define a finite difference
method for solving (6.2.1)- (6.2.3), see recent works for this method [93, 43, 45, 46]. We
first express the fractional derivative by using the Hadamard finite-part integral, i.e., with

l<a<?2,

1 [ l—a 1 rx_ —a-1
T ), E Ok = s - @ de

Then we approximate f(§) by using piecewise quadratic interpolation polynomials and

0 DY f(x) =

obtain an approximation scheme of Riemann-Liouville fractional derivative. Similarly,
we can approximate the right-handed Riemann-Liouville fractional derivative ®D¢ f(x).
Based on these approximation schemes, we define a shifted finite difference method for
solving (6.2.1)-(6.2.3). We proved that the convergence order of the numerical method is
O(At + AgminG-af)) 1 <o < 2,8 > 0.
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6.3 FDM based on linear interpolation

In this section, we will introduce a finite difference method for solving (6.2.1)-(6.2.3) by
using the idea in Diethelm [25]. For simplicity, we assume C, (t,z) = C_(t,z) = 1 and
©1(t) = pa(t) = 0. Recall that the Riemann-Liouville fractional derivative has the form,

with 1 < a < 2,

EDef () = 75 oo f () de, (6.3.1)

I'(-a)
where ¢ (z — &)~ f(£) d¢ denotes the Hadamard finite-part integral [25].
Let 0 =20 <21 <x3 < ---<x; <---<xpy =1 be a partition of [0,1] and Az the

stepsize. We then have, at v = z;, j =1,2,..., M,

1021 = 1t j{xj(xj—f)‘l‘af(i)&: fico st ) do

x_(; Z% Slmaf(r ) dw (6.3.2)

Denoting g(w) = f(z; — z;w) and substituting g(w) in (6.3.2) by the following linear

interpolation polynomial P;(w) on [l;—l, %],l =1,2,...,7,

J
FDf(x)) = A= wyf (i) + O(Az*™), (6.3.3)
where
(
L, for k =0,
217 — 2, for k =1,
I'2—-a)w,; =

(k+ 1)t =2kt + (k-1 fork=2,3,...,5—1,

G- D - (a- D, fork =
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Remark 13. The coefficients wy, ; in (6.3.3) can also be written

p

bo, for k =0,

bl — bg, for k = 1,
I'2—-ao)w,; =

bk_bkfly fOI'/{ZZQ,:’),...,j—l,

Bj — bj—h for k = j,

\

where b, = (k+ 1) — k7>, 0 <k <j—1, b = (1 —a)j® These are the same
coefficients as in the L2 scheme defined in [72, 61].

Lemma 6.3.1. Let 1 < a < 2. The coefficients wy, ; in (6.3.3) satisty

w17j<0, and wk7j>0,k7é1,k::0,2,3,...,j,
J

['2-a) Zwm =bj=(1—-a)j'"™<0.
k=0

Proof. From the properties of wy; it is obvious that w;; < 0 and wy; > 0 We can show

that the sum of coefficients wy; are always negative. For example, Let, j=3 we have,

(

b07 k= 07
by — by, k=1,
['(2 — a)wgs = o
by — by, k=2,
L b_3 - an k= 37
Therefore,

3
Zwk:s = bo+ (b1 —bo) + (ba —b1) + (b_3—b2)
k=0
= b3=(1-0a)37*<0. (6.3.4)

In general, we have

J
Zwkj = bo + (bl — bo) + (bz — b1> + -+ (bj — bj—l) + (bj—l—l — b])
k=0

= ba=(1—-a)j+1)*<0. (6.3.5)

Further, we have, when 7 — oo

J
E Wr; = 0.
k=0
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]

Similarly, we can obtain an approximation scheme for the right-handed Riemann-
Liouville fractional derivative D¢ f(z). We have

M—j
BDSf(ay) = De™ Y " war—if (wjpr) + O(A2*™), j=0,1,2,...,M —1, (6.3.6)

k=0
where wy p—j, k=0,1,2,...,M —j, j=0,1,2,..., M — 1 are defined as in (6.3.3).
Discretizing u;(t,,, z;) by using forward Euler method at ¢,, and discretizing §D%u(t,, z;)
and FD{u(t,, z;) by using (6.3.3) and (6.3.6) at x; respectively, we get, with u} =

U(tn,l'j), f]n - f(tnaxj)7

J M—j
At‘l(u’;*l —uj) — (Az)™® ( Z Wy U + Z wk,M_ju;er)
k=0 k=0
= fr+7 (6.3.7)

where the truncation error 7' = O(At 4 Az*~*) [25], [26].

Let Ul ~ u(t,,r;) be the approximate solution of u(t,,z;) at the node (t,,z;).
We define an explicit finite difference method for solving (6.2.1) - (6.2.3), with j =
1,2, M—1,

J M—j
AU = Up) = A (S U+ 3 w5 U + £ (6.3.8)
k=0 k=0

with Uy = Uy = 0, and U) = ug(z;),j = 0,1,2,...,M — 1. Here the weights wy; and

Wy M—j, are given in (6.3.3).
Lemma 6.3.2. The explicit finite difference method (6.3.8) is unconditionally unstable

Proof. Let n =0. With A = At/Azx®, (6.3.8) can be written as, j =1,2,..., M — 1,

M—j

S Wi Ul + AL, (6.3.9)
k=1

J
Ul = (14 woi A+ woar—pA) U+ A wi U + A
k=1
Assume that we have some errors in the starting values U JQ, ie.,

UJQ:U]Q—i—e?, 7=0,1,2,..., M.
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To consider the stability, we assume that only the term U?, for some fixed 7, has the error,

and other terms have no errors, i.e.,
0 . . .
€ =0, j#i

Then we have

i M—i
U = (1 4wk + wo -y M) U + A Z Wi U, + A Z wi iUy + Atf7. (6.3.10)
k=1 k=1

Subtracting (6.3.9) from (6.3.10) , we obtain
ez1 = (1 + we A + w07(M,i))e?.

That is, the error is amplified by the factor p; = 1 + weA + wo (vr—;) when the finite

difference equation is advanced by one time step. After n time steps, one may write
EZT'L = (1 + w0i>\ + UJ07(M_»L‘))”€?.

Note that, by Lemma 6.3.1, wo; = 1/T'(2 — ) > 0, and wo, - = 1/T'(2 — ) > 0 we
have 1 4 wo; A + wo (v—s) > 1. Thus |€}| = oo as n — oo, which implies that the method
is unstable.

]

Next we consider an implicit Euler method for solving (6.2.1)-(6.2.3), we define an

implicit finite difference method for solving (6.2.1) - (6.2.3), with j =1,2,..., M — 1,

J M—j
AU - Ur) = Az ( > w U+ Y wk,M,jU;f;) + i (6.3.11)
k=0 k=0
with Uy = Uy = 0, and U) = ug(z;),j = 0,1,2,...,M — 1. Here the weights wy; and
Wy M—j, are given in (6.3.3).
Lemma 6.3.3. The implicit finite difference method (6.3.11) is unconditionally unstable

Proof. We have, with A = At/Ax®,

J M—j
(1= wosA—wo sy MU = UP+ A wigUrt 40y " wp UL+ AL (6.3.12)

k=1 k=1
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Although this is an implicit Euler method, the problem can be solved explicitly by a
left-to -right sweep across the x domain due to the Dirichlet boundary condition at the
left boundary. For example, the value U; can be explicitly determined by U}, Ui, Uy and
UJ. Now let us consider the stability. Let € = U? — U?, j =0,1,2,..., M be the error
generated by U). Assume that €} = 0, j # 4, that is U is the only term that has an error

for fixed i. Let n =0, we have

i M—i
Uil - 1 — wg; A 1— Wo,M—iA io_i_l — WA 1— Wo, M—iA ()\ 1 wkiUilﬁk_F)\ ; wk’M*iUilJrk—i_Atfil)’
) (6.3.13)
and
0l — ! 004 L ()\ Z wkUlkH%wk aaiU- +Af.1).
t 1 —wod —wopr—iA " 1 —weA — wo pr—iA p L p ATk !
(6.3.14)

Denote e} = U} — U}, we get, subtracting (6.3.13) from (6.3.14),

1 0
= €.
1 — woA — wO,Mfi)\ ‘

1
€

After n time steps, we may write

n ( 1 )” 0

’ 1 —woA —wopr—i A/ "
Note that, by Lemma 6.3.1, wq; > 0, and wg a7—; > 0 which implies that 1—wyA—wo ar—; <
1 and therefore

1
1 — weA — Wo,M—i

> 1.

Thus |€!'| — 0o as n — 0o, which means that the method is unconditionally unstable.

]

We now introduce the shifted Diethelm’s FDM for space-fractional PDEs. At the node

(tn41,;), we may write the equation (6.2.1) into the shifted form, with j =1,2,..., M —1,

U (tngr, T5) — ((?Dgu(tn-&-b‘rj-&-l) + ED{u(tnga, 933'—1)) = f}Hl + 0?+1> (6.3.15)
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where [ = f(tn41,2;) and
oyt = —<5€D§U(tn+1v 1) — o Dyultn, %‘)) - (fD'fU(th, zi1)— FDYu(t g, %’))-

Discretizing u(t,41, ;) at t,11 by using the backward Euler method and discretizing
FD%u(tyi1,2541) and ED%u(t,41,2-1) by using (6.3.3) and (6.3.6) at x;41 and z;_4

respectively, we get, with u} = u(t,,z;), f} = f(ta, ),

J+1
-1/ n+1 n n+
At (uj — ( g wkg+1uj+1 et E Wi, M—(j—1)Uj— 1+k)

_ prn+l n+1 n+1
= fj —+ o'j —+ Tj , (6316)

where the truncation error 7' = O(At + Az?~*) [25, 26].

Let U =~ u(t,, ;) be the approximate solution of u(t,,r;) at the node (t,,r;). We
define an implicit shifted finite difference method for solving (6.2.1) - (6.2.3), with j =
1,2, M—1,

Jj+1 M—(j-1)

AU U = A (}:wmﬂ +1ﬁ—§: war U )+ (6.3.17)

with Ul = ULt = 0, and U]Q = up(z;),j =0,1,2,..., M — 1. Here the weights wy, ;11

and wg a—(j—1), are given in (6.3.3).
Theorem 6.3.4. The shifted implicit method (6.3.17) is unconditionally stable.

Proof. With A = At/Ax®, (6.3.17) can be written as, j =1,2,..., M — 1,

( /\w0j+1_/\w2M (j— 1>U]nf11 < /\w1g+1—/\w1M (j— 1>Un+1

j+1 M—(j-1)
_A<Zwka+1 +1 kT W, M—(j— 1)Ufj11+k) = U;‘+Atf]ﬁ+1, (6-3-18)
k=2
Uttt = Uyt =0, (6.3.19)

or in the matrix form,

AU = U™ 4 AtF
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where
1— )\11)12 — )\wlM —)\’wog — )\UJQM ce _Awal,M
—AWa3z — Awo pr—1 1 — Awiz — Awy -y e —AWpr—2,M—1
A= ,
—AWsy —AWay — )\wo,M—Q e —)\”LUM—?,,M—Q
—ANWp—1, M —ANWpr—2 M —Awg p — Awpo 1 — Awypr — Awga
and
U1n+1 U{L {1+1
n+1 n+1
Un+1 U2 Un _ Ug Fn+1 2
Y 9 .
1 1
U]’r\?;l U]T\i[fl ]?;;1
T
. L2 . .
Let p denote an eigenvalue of A and & = ' # 0 the corresponding eigenvector,
Thpm—1
that is,
AE = pé.
Denote

|z;| = max{|z;|, 7=1,2,...,M — 1},
j
we have, for fixed i,

M-1
E ;T = Uy,
=1

or

M—1
Lj

H= Qi + E i~
j=ti#i "
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Note that
Qi1 = _)\wi,i+1> vy Qg2 = _)\wS,i+1:
Aii—1 = _>\w27i+1 - )\wO,Mf(ifl)a a; =1— )\wl,i-i-l - Awl,Mf(ifl)a
Qi 41 = —)\wo,z‘+1 - /\w2,M—(i—1)7
Qg i42 = _)\w?),M—(i—l); ceey Ay M1 = _AwM—(i—l)—l,M—(i—l)a
we have

Tit1 Ti—1 Ty
p=1- )\<w0,i+1 + Wi + Woip1 T T Wi
Tiq Tit1 TM-1

+ Wi, M—(i—1) T W2, M—(i-1) + Wi (1) .

% A X

- A <w0,M7(i71)

ince = < 1,7 ¢ and, by Lemma 6.3.1, w41 > 0, an i: Whir1 <
Since 2 < 1 d, by L 6.3.1, wy, 0,k # 1 and 0wy
Sy wein = (1= a)(i+1)7 < 0, and Y05 ™ war o < 05T wer-on =

(1—a)(M—(i—1))"* <0, we have

1 Ti-1 T1
+ W1 + Waip +o Wi —
Ti-1 Tit1 Tprr—1
+ W1, M—(i—1) T W2 M—(i—1) + o Wi M —(i-1)
T 3 3

< (wo,z’+1 + W1 +Wo4q1 + 0+ wi,i+1>

Lit

Wo,i+1

+ Wo, M—(i—1)

+ (wo,M—(i—l) + Wi M—(i—1) T W2 M—(i—1) T -+ wi,M—(i—I)) <0,

which implies that p© > 1.
Since all the eigenvalues p of matrix A satisfy |u| > 1, the matrix A is invertible and

all eigenvalues of A~! are less than 1. Hence there exists a matrix norm || - || such that

|A~1] <1 and

[U"H| = [JATH U™ + k"] < U]+ B F
n+1
<< U R DIF

j=1

SN + tnsa max | (#)]] < C,

which implies that the numerical method is stable.
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We may use the Gershgorin lemma to simplify the proof above. In fact, we have,

noting that wy; <0, wy; >0, k#1, k=0,2,3,...,,

M-1

r; = Z laik| = Mwo,ig1 + waip1 +wsip1 + -+ -+ Wiig1)
k=1,k£i

+ Mwo,pr—(i—1) + Wo,p—(i—1) + W3 p—(i—1) + -+ + War—i M—(i—1))

fori=1,2,...,M — 1.

Since Qi = 1-— )‘wl,i-l-l - )‘wl,M—i-‘rlv 1= 1, 2, .. ,M — ]., we have

ai — i =1 — Mwoip1 + W1 + Waigr + - + Wiig1)

— MW, m—(i—1) + Wi, M—(i—1) + Wo,M—(i—1) + ** + War—i M—(i—1))s
which implies that, by Lemma 6.3.1,
a;—ri>1, 1=12,.... M —1.
By Gershgorin lemma, all the eigenvalues y of A satisfy

1<aii—n<,u<aii+ri.

Thus all the eigenvalues of A are larger than or equal to 1, which implies that the matrix

A is invertible and there exists a matrix norm || - || such that ||[A7!|] < 1. Hence the

numerical method (6.3.17) is unconditionally stable.

The proof of the Theorem 6.3.4 is complete.

]

We now consider the error estimates of the shifted finite difference method (6.3.17).

Theorem 6.3.5. Let u(ty41,2;) and U be the solutions of (6.3.15) and (6.3.17), re-

spectively. Assume that wu(t, z) satisfies the Lipschitz conditions, with some 5 > 0,

|EDgu(t, @) = £D3u(t, )| < Calz — oI,

EDtult, @) — EDYult,y)| < Calw — gl
Then we have

max |u(ty1, 2;) — U] < (At + Ag™n(F:2-e)),
J

(6.3.20)

(6.3.21)
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Proof. Let €™ = u(t,41,2;) — U, Subtracting (6.3.17) from (6.3.16), we obtain the

following error equation,

Jj+1 M—(5-1)

-1/ n+l n-+
At (ej (E wk,;+1€]+1 kT E Wk, M—(j—-1)€5— 1+k>

n+1 n+1
=0y + 7.

With A = At/Az®, we have

(1= Aw g = Awiar—-n)ej

= Mwo €l +wa e+ Fwinel™ +wi e
— Mwonr—-1)€jT) +wa - nefl + o war oy m-G-nerr )
= e} + Ata}”l + AtT;‘H.
Using Lemma 6.3.1 and assumptions (6.3.20)- (6.3.21), we have, with R = (At+Az™nZ=af),

et = SUP ’€1| = le/| < le |< — Mwo41 + wigs1 + -+ Wig1441)

— Mwo,p—@-1) + Wi p—q—1) + -+ + wM—(l—l),M—(l—l)))

= leg| = Mworler | = Awale] =+ = Ao grale|
— Awonr—-vler| = Mwi—-ple| = = Awnr—g-na-a-yler|
< ey | = Mworpalep | = Awnaler| = - = Mwpgr g leg]
- /\wo,M—(1—1)|€zl_1| - )\wl,M—(l—l)lell| - )\wM—(l—l),M—(l—l)|€}\4|
<lej — )\wo,l+1€ll+1 — MWy 41€] — 0 — AW 4160
- )\wo,M—(z—1)611,1 - /\wl,M—(l—l)ell — )\wM—(l—l),M—(l—l)e}\ﬂ

= |e? + Ato} + Atr}|

< |e)| + AtR.
Further, for simplicity, we assume that ¢ = 0. Then we have
et < ALR.
Similarly, we can show that

le?|o < lej| + AtR < toR,
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and in general, with 0 <¢,, < T,
"0 < taR < C(At 4+ Agmn@-o)),

The proof of Theorem 6.3.5 is now complete.

6.4 FDM based on quadratic interpolation

In this section, we will introduce a new finite difference method for solving (6.2.1)- (6.2.3).
For simplicity, we assume C(t,x) = C_(t,z) = 1 and @1 (t) = pa(t) = 0.
The Riemann-Liouville fractional derivative D% f(x) can be written as [26]

IDL @) = s f =7 (6.4.1)

Here the integral § denotes the Hadamard finite-part integral.

Let m be a fixed positive integer and M =2m. Let 0 = 2p < 21 < 29 < -+ < @95 <
Toji1 < -+ < To, = 1 be a partition of [0, 1] and Az the stepsize.

At the nodes zy; = %,j =1,2,...,m, we have

—
1 Lo

mfg (w2j = &) f(§) dE = T(—a) ]g w22 — moyw) dw.
(6.4.2)

(])%Dgf(ﬁzj) =

For every j, we replace g(w) = f(x9; — x9;w) in the integral in (6.4.2) by piecewise
quadratic interpolation polynomials with the equispaced nodes 0, 2%., 2%,, ce g—j We then

have

7g w™ g (w) dw zjg w™ T Py(w) dw + Ra;(g), (6.4.3)

where P,(w) is the piecewise quadratic interpolation polynomial of g(w) defined on the

equispaced nodes 0, 2%, 2%., c % and Ry;j(g) is the remainder term.
At the node z9j11 = %, j=1,2,...,m—1 we have
R N« 1 Fart —1l—-«
o Dy f(x2j41) = o) (w2j+1 — &) f(€) d§
1 [m s
= m/ (@41 — &) F(E) d€
0
T A
¢ 25+1
+ 1_‘(21—2) \%) w_l_af(l‘gj_H - x2j+1w) dw. (644)
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For every j, j = 1,2,...,m — 1, we replace g(w) = f(x2j41 — :1:2]-+1w) by a piecewise
quadratic interpolation polynomial with the equispaced nodes 0, 5— 5 +1’ 2311, ey % and
obtain

23 2j
AR T a
w " g(w) dw = w Q2 (w) dw + Rajia(g), (6.4.5)
0 0

where @Q2(w) is the piecewise quadratic interpolation polynomial of g(w) defined on the

2 27
) 2;+1’ 25417 241

We have,

nodes 0 and Ry;41(g) is the remainder term.

Lemma 6.4.1. [93]. Let 1 < a < 2 and let M = 2m where m is a fixed positive integer.

Let 0 =29 < 21 < 29 < -+ < Tgj < Tgjp1 < --- < xp = 1 be a partition of [0, 1]. Assume

that f(x) is a sufficiently smooth function. Then we have, with j = 1,2,...,m,
x5
e (Zal (w2 +R2](f)>
T=T2;
Zwl 25 f(x25-1) ( )RQJ(f) (6.4.6)

and, with y =1,2,...,m—1,

- /0x1(952j+1 — &) p () de

v (=)

—a 27
€T
+ <2 (Zoémmf(%szl) + sz+1(f)>
=0

o D3 f(2)

['(—a)
— | € e+ A g S i) & 2 Ry ()
_1—‘<_a) o 27+1 o 1,25+1 2j+1-1 F(—Oz) 2j+1 s

(6.4.7)
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27%(a+2), for 1 =0,
(—a)227, forl =1,
(—a)(—27%) + $Fy(2), forl=2,

—Fi(k), foril=2k—-1, k=2.3,...,7,

L(Fy(k) + Fok +1)),  forl=2k, k=23,...,5—1,
1
2

FQ(j)7 fOI‘l:2j,

\

Fo(k) =(2k — 1)(2k)((2k) " = (2(k — 1))") (—a + 1)(-a +2)
= ((2k = 1) +2k) ((2k) """ = (2(k = 1)) ") (—a)(—a + 2)
+((2k) 7" = 2k = 1)) (—a) (—a + 1),

Fi(k) =2k — 2)(2k) ((2k)™* — (2k — 2) ) (—a + 1)(—a +2)
— ((2k = 2) + 2k) ((2k) """ = (2k — 2)" ") (—a)(—a + 2)
+ (k)" = (2k — 2)**) (—a)(—a + 1),

Fy(k) =(2k — 2)(2k — 1) ((2k)™ = (2k — 2) ) (—a + 1)(—a +2)
— ((2k = 2) + (2k — 1)) ((2k) ™' = (2k — 2)"*"") (—a)(—a + 2)
+ ((2k)7*" = (2k — 2) ") (—a)(—a + 1).

Further we have, with [ =0,1,2,...,27,
I3 — wiz; = (=) (—a+ 1)(—a+2)(25)"
and
ap2j4+1 = 125, Wi2j41 = Wi 2.
The remainder term R;(f) satisfies, for every f € C3(0,1),

|Ri(f)] < CAZ* | f" |0, | =2,3,4,..., M, with M = 2m.
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Proof. By the relationship between Riemann-Liouville and Hadamard finite-part integral,

for fixed 27, let 0 < % < % << g—j = 1 be a partition of [0,1]. We then have

25

Lo 5 [ T,
]{ w % (w)dw = [j{ +/ —I—---—i—/ Jw™ " g(w)dw.
0 0 % 2]’2;2

Here the integral denotes the Hadamard finite-part integral [3]. We approximate g(w) on

[0,1] by the quadratic interpolation polynomials g(w), where
(w—=25w=3) 2k—2

92w) = = SRvE= 9(—-—) (6.4.8)
(2k2j2_2kzj1)(2l;j2_§_lj) 2]
(w— 2572w — 55) g<2kz—1>
2h— — — -
( k2j1_2k2j2)(2];j1_§_l;) 2]
(w—2572)(w— 27 o 2k — 2 2k
+ i J_ g(_)7 fOT w € [ 7_]7 :1a27' )
(5 =255 55 % 272

Let us now find the values of
]{ w’lfagg(w)dw = [j{ +/ —|—~~~—|—/ ]wil*agg(w)dw,
0 0 = 2-2

2j
l.
where the integral §* go(w)w ™' *dw is a Hadamard finite-part integral. By the definition

of the Hadamard finite-part integral, we get

qu;j gl = MJr/jw1“[/Owgé(y)dy]dw (6.4.9)

ot
(—)(2j |

- %(“’2 -0+ z%)“)g(i-) @01 g2 de
_ 27%(a +2)
= Cacat Dicar )0
22—« 1

Cat a2 42

—27% 2

CatD—at2)@) "%

_|_

)

_|_
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Similarly, we have

where F;(k),i =0,1,2 and k =1,2,3,...,j are defined as above.

Together these estimates complete the proof of Lemma 6.4.1. O

The weights w; o; have some special properties which are summarized in the following

Lemma 6.4.2 .

Lemma 6.4.2. Let 1 < o < 2. The coefficients w; o; in (6.4.6) satisfy

Wi,25 < 0, (6410)

wz; >0, 1#1,1=0,2,3,...,2j (6.4.11)
J

T(3—a)) wp; <0. (6.4.12)

Proof. 1t is easy to show that wg2; > 0 and w25 < 0. We now prove that wy; > 0, k =
2,3,...,25. We first show that

Wy—12; >0, 1=2,3,...,7J.
Note that
T(3 — a)wy_1; = 2(<2z ) (zz)—a”) +2(—a+2) ((2[ _gyatl (2z)—a+l).
Let m = 2[. Tt is sufficient to show that, with m =4,6,...,
I(m) = (m—2)"""? —m " 4 (—a+2)(m —2)"*" + (—a+2)m " > 0.
In fact, we have, by using binomial expansion,

Jat? 4 (- a+2>(1_%)a+ll)

I(m) =m=( 1+ (- a+2)1 (- -

2
m
_ma+2<(—a—|—2) —a+1)( < 23 22>

L (at2)(- a+m14)( 9iza-1) (Z_T_%TZ
+ (—a+2)(—a+1)(-a)(—a—1) (_25 : ) +>

mp 5! +E




120

Note that the sequence a,, = % is decreasing. Hence we see that, with 1 < a < 2,

I(m) > 0.

We next prove that

Wy >0, 1=1,2,...,j—1
Note that, with [ =2,3,...,5 — 1,

D(3 — a)wa; = —3(—a +2)(20) ™+ + ((25 o)t (9] — 2)—a+2)

- %(—04 +2) ((21 +2)7 ot (20 - 2)70‘“).

Let m = 2[. Tt is sufficient to show that, with m = 4,6, ...,

I(m) = —6(—a +2)m ** + (=2)(m — 2)**?

+ (=D (=a+2)(m —2)7" 4 2(m +2)7" + (=1)(~a + 2)(m +2) 7! > 0.

In fact, we have, by using binomial expansion,

Tm) =77+ (-2)(1 = 2) ¥ 4 () (e +2)(1 - 2) L

+2(1 + %)0‘” + (=) (—a+2)(1 + %)“Hi)

_ ma+2<2<—a +2)(=a +1)(~a)(~a —1)(~a ~2) (- 22 2_2>
" TN
L 2Azat2)(zat 1)(—504)(—04 —D(=a-2) <255" 2 _ i_?)
N 2(—a+2)(—a+ 1)(—;)4)(—04 —1)(—a—2) (277; 2 2_?) L )
1 2(—a+2)(—a+1)(—a) 232 22 | |
B m1+0‘< mo ( 3 5)
2(—a+2)(—a+1)(a)(—a - 1)(-a —2) (2"’ 2 2_4)
m2 50 4l

2(—a+2)(—a+ 1) (—a)(—a—1)(—a—2)(—a—3)(—a —4)

27.2 26 "
e &) =)

Note that

2n .2 on—1 on—1 (2-2 1) <0.n>4
p— pu— - n .
n! m=1! (m=1!\n - T
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Hence we get

1+a _ _ _ 3 2
I(m) > 21+ 1 [2( a+2)(—a+1)( a)<2 2 _2_>
mlite 21+« m0 3! 2!
2—a+2)(—a+ 1) (—a)(—a—1)(—a—2) 252 21
* 22 < ST Z)
2(—a+2)(—a+ 1) (—a)(—a —1)(—a —2)(—a —3)(—a—4) /27-2 2°
* 24 ( ™ 6)
21+a
= 212, m=234....
It is easy to show that, with 1 < a < 2,
1(2) = 27+? <3a 64276+ a)) > 0.
Thus we get
I(m) >0, m=2,3,4,....
Similarly, we can show that ws;9; > 0.
Finally we shall prove T'(3 — a) 32 w;9; < 0. We have
—a + 2) A —a+1 N—at2 | X T 2. —a+1 : —a+2
r(3—a Zwlzj = — (@) = (2) T ()T (24 2)

Let m = 25 + 2, it is sufficient to show that, with m =4,6,8, ...,
I(m) = —3(—a +2)(m — 2)~* — 2(m — 2)"*2 4 (a — 2)m ! + 2. M=+ < 0,

In fact, by using binomial expansion, we have

I(m) :m_a+2<(3a —6)(1— %)—QH% 2(1 — ;) o+2 (- 2)% n 2)
ot DCak ) O 0y
ot DCat DalCa D) (Bt DY
Note that
oy N oy _
oy 4 Sn+l,
- ( n!) <(_3) + n + 1) - (n+1)! (=2)",
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which implies that
I(m) <0,m=4,6,8,....

Together these estimates complete the proof of Lemma 6.4.2.

]

Similarly, we can consider the approximation of right-handed fractional derivative

ED¢f(x) at @ = ;,1 = 0,1,2,...,2m — 2. Using the same argument as for the approxi-
mation of D%f(x) at x = x;, we can show that, with j =0,1,2,...,m — 1,
M—25
DY@ Z Wi f (@241) + F( )sz(f) (6.4.13)
r=x j

and, with 7 =0,1,2,...,m — 2,

1 TM
RDa xXr = / — Lo —l-a d
x lf( ) —— F(—Oé) . (§ 2j+1> f(ﬁ) 5
M—(2j+1)-1 o
+Az Z Wiy —(2j+1).f (T2j4141) + ﬁRZjJrl(f)- (6.4.14)

1=0
Let U3y ~ u(tn,v2;) and Uz, ~ u(tn,r2j41) denote the approximate solutions of
u(ty, r2j) and u(t,, Taj41), respectively. We define the following explicit numerical method

for solving (6.2.1) - (6.2.3).

M—2j

At’l(Ungrl Uzj = (Zwm] 2j—k T Z Wi, M~ 23“2]+k>

+ i =12 m—1, (6.4.15)
2j+1 M—2j—1

At Uzt — Usj) = A“"iCM( Z W2j4+1Us5 41 f + Z Wi, M—2j-1 2”j+1+k>
k=0 k=0
+.f;]+1+Qg]7 j:07172a7m_17 (6416)

where Q3; is defined as in (6.4.24) below.

Lemma 6.4.3. The standard explicit numerical method (6.4.15) - (6.4.16) is uncondi-

tionally unstable.
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Proof. Let n = 0. We have, with A = At/Az®,
2
U21j = (1 + wo2;A + +w0,M72j>\) USj +A Z wk,QJ'UZOjfk

k=1
M—2j

+ )\ Z wk’M_ngngrk + Atfgj + Athj, (6417)
k=1
2j

T 0 0
Ugji1 = (1 + wo2j41A + wO,Mijfl)\) Ugji1 T A E W 2j+1Us54 1
k=1
M—2j—1

+A Z wk,M—2j—1Ugj+1+k + At.fgj+17 (6.4.18)
k=1

where

1

Faje1 = fojen + m/o (2541 — &)™ u(€, tas) dE.

Assume that we have some errors in the starting values U}, i.e.,

U =U0+¢, 1=0,1,2,...,2,2j+1,...,2m.

To consider the stability, we assume that only the term UY. | for some fixed jy, has the

2j0>

error, and other terms have no errors. That is
O . .
g =0, [#2j.

Then we have

2jo0 M—2j,
U21j0 = (1+w072j0)‘+w07M*2j0>‘)Ugjo+)‘Zwk,2j0U20jofk+)‘ Z wk,M*2j0U20j07k’+Atf20jg‘
k=1 k=1

(6.4.19)

Subtracting (6.4.17) from (6.4.19), we obtain

1 _ ) ) 0
€2j0 = (1 + wO,QJO/\ + w(]’MfQJO)\)EQjO.

That is, the error is amplified by the factor pgj, = 1+ w2, A + wo, 725, A when the finite
difference equation is advanced by one time step. After n time steps, one may write
Egjo = (1 —+ wovgjo)\ + woyM,QjO)\)nEgjO.

Note that wgz2j, = 1/I'(3 — ) > 0, and +wor—2;, = 1/T'(3 —a) > 0 we have 1 +
Wo,2j, A + wo,nr—2j,A > 1. Thus |e3; | — 0o as n — oo, which implies that the method is

unstable. O
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Similarly, we can introduce the standard implicit numerical method and show that the
standard implicit numerical method is also unconditionally unstable.

We now introduce the shifted Diethelm FDM for space-fractional PDEs. Let 0 =ty <
ty <ty <---<t, <...be the time partition and At the time stepsize. At the nodes

Toj; = 2m,j =1,2,...,m — 1, we have, by (6.2.1),

Ut (tnt1, T25) — (é%D?U(anaxsz) + fD?U(th’%jfl)) foit + oyt (6.4.20)

and at the nodes xg;j 1 = 2%—:11,3' =1,2,....,m—1,

Up(tnt1, Toji1) — (ORD;u(tn-i-l?ij-l-Z) + f’D?U(th,l’zj)) foih + ol (6.4.21)
where

o5t = <§D§u(tn+1,x2j+1) - (?Dﬁu(tmhxzj))
- (fD?u(th, Z2j-1) = o Diultusr, $2j)> :
oyt = ((})%D?U(tnﬂ, Toj42) — 6 Dyu(tnga, $2j+1)>
- <§D?U(tn+1, 22;) = & Diu(tusr, $2j+1))-
Discretizing u; (t, 11, 2;) by using the backward Euler method and discretizing ¥D%u(t,, 1, 1;)

and BD%u(t, 1, 7;) by using (6.4.6) - (6.4.7) and (6.4.13) - (6.4.14), respectively, we get,
with u} = u(tn, v;), f7 = f(tn, 7;)

2 M—(2j—1)—1

— n+1 n _ —a n+1 n+1
At (Uzj - Uzj) = Az < E W25 +1Ugj 41— + E wk:M*(ijl)UijlJrk)
k=0 k=0
n—l—l n+1 n+1 n+1 s
+ foi "+ QY + 19 J=1,2,...,m—1, (6.4.22)
2j+2 M—2j
—1 n+1 n . -« n+1 n+1
At (U23+1 U2j+1) = Az ( E Wh2j4+2Ug5 40 T E wk:M*21u2j+k>
k=0 k=0
n+1 n+1 n+1 .
+ o oy 1, =0,1,2,...,m — 1, (6.4.23)

where the truncation errors 7" = O(At + Az®~*),1=1,2,..., M — 1 [25], [26] and

Quit = F(ia) /0 1($2j+1 — &) 7 (€, tpyr) dE + F(ia) / ) (€ = @2j41) 7 (€, tosa) dE.

(6.4.24)
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Let U3y ~ u(tn,v2;) and Uy, ~ u(tn,¥2j41) denote the approximate solutions of
u(ty, r2;) and u(t,, x2j41), respectively. We define the following implicit shifted numerical

method for solving (6.2.1) - (6.2.3).

23 M—(2j—-1)-1
At! (Uan—i-l — Ugj) =Azx™“ ( Z wk,ngU;ﬁll_k + Z th,(gj,l)ug;__ll_*_k)
k=0 k=0
+ QT =12, m—1, (6.4.25)
2j+2 M—2j
At (Ughy = Ugja) = Ax”( > wajeUsfh o+ ) wk:M*QjUgﬁlk)
k=0 k=0
+f;lj_:117 j:Oa1727"'7m_17 (6426)

where Q55 ! is defined below in (6.4.24).

Lemma 6.4.4. The shifted implicit method (6.4.25)- (6.4.26) is unconditionally stable.

Proof. For simplicity, we only consider the left-hand Riemman-Liouville fractional deriva-
tive for stability analysis. With A = At/Az® we write (6.4.25)-(6.4.26) into one equation,
withl=1,2,...,25,2j+1,...,2m — 1,

I+1
—)\’LUOJ+1U;:_J51 + (1 - )\U}Ll+1>Uln+1 - A Z U)klerlUlT_l:El_k = Uln + /{ZF}n+1, (6427)
k=2

with the boundary conditions UJ"! = Uyt = 0, where

e Y 1=24=1,2,...,m,
el

fanrlJ l:2j+17]:17277m_17

and ﬁ”“ is defined as follows:

1
[(=a)

Pt =
J

/0 1(9521+1 — &)Ul ) A€+ f3

Further we write (6.4.27) into the following linear system with 2m — 1 equations and

2m — 1 unknowns.

AU = U™ + kF™H
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where
1— )\’U)12 _)\w02
A= —)\wgg 1-— )\’LU13 —/\wgg ,
_)\w2m71,2m _/\w2m72,2m e 1— )\w1,2m
and
vpt U Fyt
+1 +1
Un+1 — U2n Un — UQR FnJrl — FQn
ULy -1 ot
Ty
. 2 . .
Let p be an eigenvalue of A. Let & = _ # 0 be the corresponding eigenvector.
Tom—1

Then we have
A€ = pé.
Denote
|z;| = mjax{|xj|, j=1,2,...,2m — 1}.

We have, for fixed 1,

2m—1

E Q55 = s,
j=1

ie.,
2m—1
Ly
= a; + E —.
J=15#1
Note that Qi = 1-— )\wl,iﬂ, Qii4+1 = _)\wO,H»l’ Aji—1 = —>\UJ271’+1, ey Qi1 = —)\wiﬂ-ﬂ. We
have

i1
Tit1 Zj
p=(1—Awyit1) — Awo,it1 o A E Wimjlitl >

7 A

J=1

Lit1 Li—1 L1
=1- )\<w0,i+1_ + Wi i1 + Woi ot Wi ).

7 7 7
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Note that i—z <1, j#iand w41 >0, k # 1 and, by Lemma 6.3.1, Z;;lo W,i+1 < 0, we

have

Tit1 Ti—1 T
+ Wy i1 + W iq1 +o T Wi —

[ X i

Wo,i+1

< Woir1 T Wripr +woip1 + w1 < 0.

Hence

Tit+1 Ti—1 T
+ W41 + Waiq1 +---+ Wiit1 > 1.

p=1-— )\<w0,i+1

Since all the eigenvalues p of matrix A satisfy |u| > 1, the matrix A is invertible and all
eigenvalues of A1 are less than 1, which implies that there exists a matrix norm || - ||

such that ||[A7!| <1 and

[T = AT U™ + kE™ | < U+ E[F|

n+1
<...<||U° 3| < ||U° <
<o W+ RIS U+ b gm0 < C.
J:

which means that the numerical method is stable.

We may also use the following lemma to prove the stability.

Lemma 6.4.5. The eigenvalues of the matrix A lie in the disks centered at a;; with radius
i =D g ikl
By using Lemma 6.4.5, we shall prove all the eigenvalues of A are larger than or equal

to 1. In fact, we have

2m—1

r, = Z |azk’ = )\(w07i+1 + W2 i+1 + W3,i+1 N wi,iJrl)-
k=1,k#i

We have, with a; =1 — Awy 41,
@i — i =1 = MWoit1 + Wi i1 + Waip1 + 00+ Wiig1).

By Lemma 3.4.2 we have wg ;11 + w41 + Wait1 + -+ + w41 < 0, which implies that

a; —r; > 1 and therefore all the eigenvalues p of A satisfy

1<aii—ri<,u<al-l-+ri.
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6.4.1 Initial integral approximation

To approximate the integral ﬁ Jo @i — &) (b, €) d€ in (6.4.24), we denote
9(&) = u(tys1, &) and approximate g(€) on [0, z41] by the following quadratic interpolation
polynomials, [9],

 E=r)E - 1) ., N (- ) —m) N
0= (xo — f%)(% — 1) a1, o) + (35% - 930)(35% — 1) e %)
§—0)(§ — 21
(il — IO;E% — ;3)u<tn+laxl)7 for & € [xo, 1],
where

Wltrn,€) — Po(e) = RO(e) = U)o ey

3! )€ —21), a1 € (0,21).

Further we approximate the value wu(t, 41, 1 ) by

3 1
u(tn-i-la 330) + Zu(tn—i-la 371) - gu(tn-i-la x2)7

co| w

u(tn—i—la ,T% ) ~
where

3 3 1
U(tn+1,$%) — (gu(tnﬂ,%o) + Zlu(thrl; T1) — gu(tnﬂ,%z)) = R?)(f)?

and R{? () = 16U (tas1, c2)h?, co € (0, 22).

We then have

2

1 o1 . B R
(=) /0 (T2j41 — &) “ultns1,€) d§ = ZZ; Biu(tni1, ;) + R,
where
O R (s 2 (e 3" e [ m)(E—m)
BO_/O e (xo_xé)($o—$1)d§+8/o (1 =4) (x1 — o) (w1 — 1)
5 3 [ e (E-m)(E—m) T e (E—an)E—a)
Big) T e, 9

Bg _ _1 /Oml(fl . 5)0(_1( (5 - 1’0)(5 - 931) de,

T1— xo)(x% — 1)

and

1

Ry = / (g — O RY () de + / (22501 — &) TR (€) dé.
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It is easy to show that

1

|Ry| < /0 (g1 — €)1 RD(E)] de + /0 (w251 — &)1 RP (6| de

< / (941 — TITC AL dE < CAZPAx™ = C Az,
0

Hence, we have
/ (Toj41 — &) “ultnyr, €) dE — Z Bl = O(Az379).
0 i=0
Similarly, we have, for some suitable weights B;,i=0,1,2,

T M M ~
/ (& = waj41) " Uty §) dE — BUM = O(Az*?).

TM—1 i=M—2

Based on the analysis above, we approximate ngl in (6.4.25) by

2
1 A 1 -
n+l __ n+1 n+1
Spil = S BU. B ve > B (6.4.28)

=0 i=M-2

6.4.2 Error estimates of the shifted Diethelm FDMs

Theorem 6.4.6. Let 1 < a < 2 and let u(t,;1,2;) and U1 = 1,2,...,M — 1 be
the solutions of (6.4.22)- (6.4.23) and (6.4.25)-(6.4.26), respectively. Assume that u (¢, z)

satisfies the Lipschitz conditions, with some 3 > 0,

|EDgu(t, @) — $Dgut,y)| < Cale — yl?, (6.4.29)
2 DYu(t, x) — FDju(t, y)‘ < Colz —yl’. (6.4.30)
We have

1;;%%(71 ‘U<tn+17 xl) - Uanrll < C(At 4 Axmin(ﬁ,?)—a)).
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Proof of Theorem 6.4.6. Let €)™ = u(t,y1,7;) — U, 1 =1,2,..., M — 1. Subtracting
(6.4.22) - (6.4.23) from (6.4.25)-(6.4.26), We obtain the following error equation, for I =
25,7 =1,2...,m— 1, with R = (At 4+ Ag™nG-af)),

2j M—(2j-1)—1
At_l (63;1 — eg].) — Az~ ( Z wk,2j+1€g]++11—k + Z wk7M_(2j_1)6;L;r_11+k> + R,
k=0 k=0
and, for [ =25+1,7=0,1,2...,m—1,
2j+2 M-2j
At <€3f+11 - €3j+1> - Affa( D Wkt Y wk,Mfzjegfo + R.
k=0 k=0

With A = At/Ax®, we have, for | =2j,7=1,2...,m — 1,

(1 — Awy 2541 — )\wl,M—(%—l))eng

n+1 n+1 n+1
- )\(wo,zj+1€2j+1 + W2,2j+1€9, 1 T+ W 254164 )
n+1 n+1 n+1
— /\(wO,M—(Qj—l)ezj_l + W M—(2j-1)€9541 T T wM—(2j—1)—1,M—(2j—1)€M_1)
. on
= ey; + AtR,

and, for [ =2j+1,j=0,1,2...,m — 1,

(1 — )\w1’2j+2 - >\w1,M—2j)eg;—11
- )\(wo,zﬁzegﬁg + w2,2j+2€3f1 + o Wajga 24260 )
— )\(wO,M,Qj(ig;rl + U)27M,2j€g;r_|_12 + -+ wM,%M,QjeKjl)
= eng + AtR.
Assume that |e!|., = sup,|e}| = |ea| for some k, we get, by Lemma 6.4.2, with

R = (At + AgminB-a.8)),
|€1\oo = Sl;P |€gl| = |€§k| < |€§k| (1 - )\(’wo,zkﬂ + Wi o1 + - -w2k,2k+1)

— Mwo,m—(2k—1) + W1, p—(2k—1) + -+ F wM—(Qk—l)—l,M—(Qk—l)))

< e — /\w0,2k+1|e%k+1| — Awy gk legy] = -+ — Awag ok fer]
— Mo, nr—(2k-1)lear—1| = Morar—e-lea] =+ = Aoar—@r-n-1,m-@e-1) ey |
< legp] — Mwo ks ey 1| — Awraraalege] — - — Awak grsa]e]]
- )\wo,M—(2k—1)|65k_1| - /\wl,M—(zk—1)|€%k| - )\wM—(2k—1)—1,M—(2k—1)|€JI\/1_1|

< |eY + AtR.
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Assume that |e!| = sup,|e}| = |eant1] for some k, we get, by Lemma 6.4.2, with

R = (At + Agmin@=o)).

|€1|oo = sup |€zl| = |e§k+1| < |€§k+1| (1 — Mwo 2k+2 + Wi k42 + - - - Wokt2.26+2)
!

— Mwo p—2k + Wi -2k + - - + wM72k,M72k))

= |€§k+1| - /\w0,2k+2|e%k+2| - /\w1,2k+2|e%k+1| - /\w2k+2,2k+2|eé|

— Awo,nr—ak| €3] — )\wl,M72k|€%k+1’ + - — Mon—ak—2i) €]

< legppn| — Aworialesyr| — Awrgeraleg | = - — AMwaria 242l
- )\wo,M—2k|€%k| - /\wl,M—2k|e%k+1| - /\UJM—%,M—%’@}\A

< legpi| + AtR.
Hence we obtain
sgp lef| < 31l1p lef| + AtR.
Further, for simplicity, we assume that e = 0. Then we have
letoe < AtR.
Similarly, we can show that
€’ < le'|oo + AtR < R,
and in general, with 0 <t, < T,
€"]oe < t,R < C(At 4+ AgminG-af)),

The proof of Theorem 6.4.6 is now complete.

6.5 Numerical simulations

In this section, we will give some numerical examples. Let us consider the following

space-fractional partial differential equation with nonhomogeneous Dirichlet boundary
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conditions, with 1 < o < 2,

a“gt’ D) Rpeut ) — f(ha), O<w<1,t>0, (6.5.1)
u(t,0) = pa(t), u(t,1) = (), (6.5.2)
u(0, ) = up(x), (6.5.3)

where (1), p2(t) are some suitable functions of ¢ and wug(z) is the initial condition.

Let us recall the numerical method introduced in the previous section. Let m be a
positive integer and let 0 = xy < 27 < 9 < -+ < T3, = 1 be a space partition of [0, 1]
and Ax the space stepsize. Let 0 =ty < t; <ty < --- < xy = 1 be a time partition of
[0,1] and At the time stepsize.

At x =x,t =1t,, we have, with [ =1,2,...,2m —1,and n=1,2,..., N,

ou(t, )

— ¢DSu(t = f(t 5.4

825 r=x,t=tn 0 mU( 71:) r=x;,t=tn f( 71:) x:ml,t:tn7 (6 5 )
u(tm O) = Qpl(tn)a u(tna 1) = (;02(tn)7 (655)
w(0, z;) = ug(xy), (6.5.6)

To get a stable finite difference scheme for this time-dependent problem, we need to

consider the following shifted equation, that is,

oul(t
ult,2) ~ BDRu(t,) — f(t2) £ pult), (6.7
(925 r=x,t=1tn =24 1,t=tn r=x],t=1tn
W(tn,0) = p1(tn), ultn,1) = walts), (6.5.8)
w(0,x;) = up(zy), (6.5.9)
where

pulta) = —(FDgu(t, @) —& D3u(t, ) ).
=24 1,t=tn r=x,t=tn
Note that,
ou(t, ) w(tn, ) — u(t,_1,x;)
) — ) ) O At
825 r=x,t=ty At + ( )7
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and, with 1 = 27,5 =1,2,...,m — 1,

é%Dgu(t’ :L‘) - 7{1:2j+1 (x2j+1 - €>7liau(t"’ 'f) dg

T=x)41,t=tn F(—Oé)

/ (o541 — &) ulty, £) d€
25

+ Ar—¢ Z wk72j+1U/(tn7 x2j+1—k) + O(A:L‘3_O‘)7
k=0

and, with { =2j+1,7=0,1,2,...,m — 1,

1 il —1l—a
T=T141,t=1n a F(_Oé) A (x2j+2 N 6) u(tna 5) d§

2542

= Ax™¢ Z wk’2j+2u(tn, I2j+2_k> + O(Al’s_a),
k=0

o-Dou(t, x)

where wy 941, Wk 2512 are defined as in (6.4.6) and (6.4.7).
Denote UJ' =~ u(t,, ;). We define the following backward Euler method for solving
(6.5.1)-(6.5.3),

Us; — UQ"{1 . 2 . §
A Az Z Wi 2j41Usi 11 = f(225,10) + p3;
1k:0 m —l-a .
+F(—oz)/0 (22541 =€) uw(&, ty,)dg, j=1,2,...,m—1,
n n—1 2j+2
W — Ax™® Z Wr2j+2Usjro k = f(T2501,t0) + Py
! k:ogc1 N |
+F(_O‘)/0 ($2j+1_f) uw(&,t,)de, 7=0,1,2,....,m—1,

: _ At
or, with A = &5,

2j
UQTL] - A Z wk,gj“Ungfk = Uanil + Atf(l‘gj, tn> + Atpgj

k=0
€1
+At]_—‘(_a,) / (x2j+1 _g)_l_au<§7tn) d& ] - 1,2,...,m— 17
0
(6.5.10)
2j+2
Ugir =AY WiajpaUsyo = US4+ Atf (a1, 8) + Atphyy, 5=0,1,2,..., M — 1.
k=0

(6.5.11)
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The numerical methods (6.5.10) - (6.5.11) can be written into the following matrix

form

AU™ = U™t + AtF™ + Atp™ + AtI" + B + BY,

where
A [ ) ~(§D3u(ws ) -
Up f(2.t,) ~(Epzulas, ta) -
Ut = Uy , B = f(xs,tn) , ph= - (ﬁDg‘u(m,tn) —
U1 | i f(Tam—1,tn) | —<§D§u(:p2m,tn)
and
_ . i}
F(ia) Jo (s — &) u(tn, §) d€
I" = 0 :
F(la) Jo (@2m—1 = )7 " u(ty, §) d€
L 0 i
| Aws 2u(ty,, To) ]
0 | 0 ]
Awy gu(ty,, o) 0
B = 0 , B" = :
0
0 I AWg 2mU(tp, Tom) |
AWay 2mU(ty,, To)
and - )
[ 1 — Aw; o —Awp 2 0 0
—Awsy 3 1—Aw s —Awps 0
A=
—AMU2m-—22m—1 —AWm—32m-1 1 — Awi 2m—1
—AW2p—1,2m —AW2p—22m —AW3 21,

_)\w0,2m—1

1— )\wl’gm
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Here B and B]' are determined by the Dirichlet boundary conditions w(t,,z,) and
U(tn, Tam). We then use MATLAB to obtain all the approximate solutions U™, n =
1,2,...,N.

Example 14. Consider [12]

w(t,x) = EDu(t, ) + f(t,x), 0<z<2 t>0 (6.5.12)
u(t,0) =0, wu(t,2)=0, (6.5.13)
u(0,2) =42*(2 —2)?, 0<ux <1, (6.5.14)
where
_ _ r'e2+1 _
_ _ t2(09 2 tfqp__—\ ="V -/ 22—«
f(t,x) = —de "2*(2 — x)° — 4de <4F(2—a—|—1)x
L3+1) 5 L4+1) 4,
_ 4— (03 N (0%
TB—a+1) Td—a+1) )

The exact solution is u(t,x) = 4e '2*(2 — x)>.

By Theorem 6.4.6, we have

1€Moo = |UN —u(tn)|oo < C(At + Az”), with v = min(3 — a, B),

where |eV|,, denotes the L>-norm of the error at time ¢y = 1. In our numerical example,
we know the exact solution wu, so we can exactly calculate p"”. In general, we may need
to approximate p" by using the computed solutions U™ with some higher order numerical
methods.

To observe the convergence order with respect to Az, we choose At = 2710 sufficiently
small and the different space stepsizes by = Ax = 27!, [ = 3,4,5,6,7. Hence the error
will be dominated by Az?. Now let |e]¥| = |UY — u(ty)|s denote the L>®-norm at

tn = 1 obtained by using the space stepsize h;. For the fixed space stepsize h; = 27!, [ =
3,4,5,6,7, we have

e |oo = Chy, (6.5.15)

which implies that

el

|€{Y+1 ’oo h7+1

— .
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Hence the convergence order satisfies

~ 10g2( oo ) (6.5.16)

In Table 6.5.1, we obtain the experimentally determined orders of convergence (EOC) for
the different o = 1.2,1.4,1.6,1.8. We see that the convergence order is almost 3 —a which
is consistent with our theoretical convergence order v = min(3 — a, ). The order 3 — «
term dominates the convergence order in this example. Here and below we will call our
numerical method “the Shifted Diethelm method ”.

In Figures 6.5.1- 6.5.2, we plot the convergence orders with o = 1.20 and o = 1.80,
respectively. The convergence order is O(Az3~%) as produced in the Table 6.5.1.

At | Az |la=12a=14|a=16|a=1.8

9—10 | 9—3
27101 274 1.5009 | 1.5203 | 1.4714 | 1.5419
27101 2751 1.5813 | 1.4978 | 1.3432 | 1.3221
27101 2761 1.7058 | 1.5597 | 1.3262 | 1.2168
27101 277 | 1.8136 | 1.6285 | 1.3504 | 1.1905

Table 6.5.1: The experimentally determined orders of convergence (EOC) at ¢ = 1 in
Example 14 by using the shifted Diethelm method

In [66], the shifted Grinwald difference operator
A3 () = Z o ule — (k — p)Aa)
approximates the Riemann-Liouville fractional derivative uniformly with first order accu-
racy, i.e.,
Aj u(x) = R _D%u(x) + O(Ax),

where p is a positive integer and g,(f) = (—=1)*(¢). Considering a well defined function
u(z) on a bounded interval [a,b] if u(a) = 0 or u(b) = 0, the function u(z) can be
zero extended for x < a or x > b. And then the o order left and right Riemann-

Liouville fractional derivatives of u(z) at each point x can be approximated by the shifted
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Convergence order, the reference line has slope $3-a$
0 . . . . . . . .

log2(error)

-5 -4.5 -4 -3.5 -3 -2.5 -2 -15 -1
log2(A x)

Figure 6.5.1: The experimentally determined orders of convergence (“EOC ”) at t = 1 in
Example 14 with @ = 1.20

Convergence order, the reference line has slope $3-0$
1 T T T T T T T

log2(error)

-5 -4.5 -4 -35 -3 -2.5 -2 -15 -1
log2(A x)

Figure 6.5.2: The experimentally determined orders of convergence (“EOC ”) at t =1 in
Example 14 with o = 1.80



138

Griinwald difference operator Ay ju(r). In [90], the authors introduced a weighted and
shifted Griinwald difference operator which has second order accuracy to approximate
the Riemann-Liouville fractional derivative. However the approximation of the left or
right Riemann-Liouville fractional derivatives in [66, 90] by using the shifted Griinwald
difference operator on finite interval [a, b] requires that u(a) = 0 or u(b) = 0 respectively.
In Table 6.5.2, we obtain the experimentally determined orders of convergence (EOC) for
the different o = 1.2,1.4,1.6,1.8 by using the Griinwand difference method in [66]. We

only observe the first order convergence.

At | Az |la=12a=14|a=16|a=1.8

2710 273
27101 2741 0.8970 | 0.9660 | 1.1971 | 1.7665
271012751 .0.9304 | 0.9997 | 1.0878 | 1.4690
271012761 0.9571 | 1.0004 | 1.0340 | 1.1946
271012771 0.9792 | 1.0033 | 1.0166 | 1.0674

Table 6.5.2: The experimentally determined orders of convergence (EOC) at ¢ = 1 in
Example 14 by using the shifted Griinwald method

Example 15. We consider the same equation as in Example 14, but with the nonhomo-

geneous Dirichlet boundary condition,

w(t,x) = EDu(t,x) + f(t,x), 0<z<2 t>0 (6.5.17)

u(t,0) =5, wu(t,2) =05, (6.5.18)

u(0,7) =42*(2—2)*+5, 0<wz<l1, (6.5.19)
where

F(Z + 1) 2—a 4 F(?) + 1) x3fa

ft, ) = —4e7a*(2 = 2)" — de™ <4r(2 —at+ 1) T(3—a+1)
Fa+1) 4. ra
Tra—ar ) Tt )

The ezact solution is u(t,z) = 4e~'x?(2 — x)* + 5.
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We use the same notations as in Example 14. In Table 6.5.3, we obtain the experimen-
tally determined orders of convergence (EOC) for the different o = 1.2,1.4,1.6,1.8. We
see that the convergence order is less than 3 — .. This is because of the nonhomogeneous
boundary conditions.

The approximation of the Riemann-Liouville fractional derivative by using the Griinwald
difference operator on [a, b] in Meerschaert and Tadjeran [66] requires that the function
has the zero extension for x < a and x > b. Hence we require that the function should have
zero boundary conditions on the finite interval in order to get good approximation of the
fractional derivative of such function by using the Griinwald difference operator. In this
example, since the Dirichlet boundary conditions are not homogeneous, we observe that
in Table 6.5.4 the convergence order of the algorithm by using the Griinwald difference
method is rather low. However the shifted Diethelm method works well for the nonhomo-
geneous Dirichlet boundary conditions and the convergence order is approximately equal
to 1 in this example. This is another advantage of using the shifted Diethelm’s method

compared with the Grilnwald difference method in Meerschaert and Tadjeran [66].

At | Az |la=12|a=14|a=16|a=1.8

2710 | 93
2710 | 274 | 14510 | 1.4687 | 1.5479 | 1.6511
2710 | 275 | 14388 | 1.2005 | 1.2426 | 1.2030
2710 | 276 | 1.3686 | 1.1039 | 0.9791 | 1.0037
2710 | 2=7 | 1.0667 | 0.8199 | 0.7011 | 0.7089

Table 6.5.3: The experimentally determined orders of convergence (EOC) at ¢ = 1 in
Example 15 by using the shifted Diethelm method

Example 16. Consider [12]

w(t,z) = FD%u(t,x) + f(t,z), O0<wz<1,t>0 (6.5.20)
u(t,0) =0, wu(t,1)=e", (6.5.21)

u(0,z) =2, 0<az<l, (6.5.22)
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27101 2711 0.7821 | 0.3548 | 0.6070 | 1.1859
27101 2751 0.5424 | 0.2148 | 0.2738 | 0.5377
27101 2761 0.4045 | 0.2604 | 0.2348 | 0.2664
271012771 0.3801 | 0.3191 | 0.2580 | 0.1939

Table 6.5.4: The experimentally determined orders of convergence (EOC) at t = 1 in
Example 15 by using the shifted Griinwald method

where

INGTEY
Moy +1—a)

flt,r) = —etz™ — et G«

The exact solution is u(t, ) = e 'x*'. In our numerical simulations, we first consider

the nonsmooth solutions with oy = . we then consider the smooth solutions with oy = 3.

For the case a; = «a, we have

EDo (21 = D2<52Dg_2> (z*) = D? ! ] / (z — 1) dr = CD*(2*) = C,
0

['2 -«
for some constant C', which implies that the following Lipschitz condition holds for any

8> 0,
EDu(t, ) — §Du(t,y)| =0 < Clz —y|°.

In Table 6.5.5, we obtain the experimentally determined orders of convergence (EOC)
for the different a = 1.2,1.4,1.6,1.8. We see that the convergence order is less than 3 —a.
This is because the exact solution wu is not sufficiently smooth in this case.

For the case oy = 3, we obtain, in Table 6.5.6, the experimentally determined orders
of convergence (EOC) for the different o = 1.2,1.4,1.6,1.8. We see that the convergence

order is almost 3 — «.
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At | Az |a=12, 01 =12 |a=14,a=14 |a=16,a01=16 | a=18, a; =1.8

2710 | 2—4 1.2981 1.1479 1.0375 0.9583
2710 | 275 1.4639 1.3352 1.1884 1.0637
2710 | 276 1.4405 1.4178 1.2836 1.1379
2710 | 27 1.2192 1.4118 1.3292 1.1831

Table 6.5.5: The experimentally determined orders of convergence (EOC) at t = 1 in

Example 16 for a; =

At | Az |a=12, ;=3 | a=14,a01=3|a=16,y=3|a=18,a; =3

2710 273

2710 =4 1.3625 1.2416 1.1532 1.0745
2710 | 275 1.5740 1.3951 1.2398 1.1111
27101 96 1.7143 1.5008 1.3099 1.1440
2710 1 977 1.8557 1.5754 1.3585 1.1690

Table 6.5.6: The experimentally determined orders of convergence (EOC) at ¢ = 1 in
Example 16 for ay = 3

Example 17. Consider the same equation as in Example 16, but with nonhomogeneous

boundary conditions.

w(t,z) = FD%u(t,x) + f(t,z), O0<wz<1,t>0 (6.5.23)
u(t,0) =1, wu(t,1)=e"+1, (6.5.24)
uw(0,z) =2 +1, 0<z<l, (6.5.25)
where
I 1
flt,z) = —e 2™ — et (@41 aa

Mo +1—a)
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The exact solution is u(t,x) = e 'z™ + 1. In our numerical simulations, we consider

the smooth solution with o = 3.

In Table 6.5.7, we obtain the experimentally determined orders of convergence (EOC)
for the different o = 1.2,1.4,1.6,1.8. We see that the convergence order is almost 3 — «

even under the nonhomogeneous boundary conditions.

At | Az |a=12, ;=3 | a=14,a01=3|a=16,a3=3|a=18,a; =3
2710 273

2710 | o4 1.3961 1.2732 1.1686 1.0791
2710 | 2-5 1.5847 1.4090 1.2514 1.1165
2710 276 1.7003 1.5015 1.3149 1.1474
2710 | 97 1.7823 1.5581 1.3562 1.1698

Table 6.5.7: The experimentally determined orders of convergence (EOC) at ¢t = 1 in

Example 17 for oy = 3

Example 18. Consider the following two-sided space-fractional partial differential equa-

tion, [66]

uy(t, z) = cy (t, ) ¥Du(t, z) + c_(t,x) ED%u(t, x) + f(t,z), 0<x <2, t>0

(6.5.26)
u(t,0) = u(t,2) =0, (6.5.27)
u(0,7) =422 - 2)?, 0<ux<2, (6.5.28)

where

ci(t,z) =T(1.2)z"° and c_(t,z) =T(1.2)(2 —2)'*®

Flt o) = —82e (2 + (2 - 2)? — 25(° + (2~ 2)°) + %(gf* +@-a)).

The exact solution is u(t,z) = 4e~tx?(2 — x)%
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We use the same notations as in Example 14. In Table 6.5.8, we obtain the experi-
mentally determined orders of convergence (EOC) for the different o = 1.2,1.4,1.6,1.8.
We see that the convergence order is almost 3 — a. The order 3 — o term dominates the

convergence order in this example.

At | Az |la=12|a=14|a=16|a=1.8
2—10 2—3

27101 974 1.3872 | 1.2531 | 1.1841 | 1.1424
27101 275 | 1.5540 | 1.2676 | 1.1884 | 1.1425
27101 276 11,6878 | 1.4151 | 1.2607 | 1.1280
2710 1 2771 1.7892 | 1.4580 | 1.1861 | 1.1961

Table 6.5.8: The experimentally determined orders of convergence (EOC) at ¢ = 1 in
Example 18 by using the shifted Diethelm method



Chapter 7

Conclusions and possibilities for

further work

This thesis has extended the existing numerical methods (Diethelm’s numerical method
and Fractional Adams-type method) to obtain higher orders convergence in the solution
to fractional order differential equations.

Applying quadratic interpolation polynomial to discretize Hadamard finite-part inte-
gral in Diethelm’s method the convergence order is O(h*~®) when, 0 < a < 1, whereas,
the existing order of convergence is O(h*~®) when, 0 < a < 1. And in the Adams-type
approximation method we have found the convergence order is O(h'*2®) for 0 < a < 1
and O(h3) for 1 < a < 2 which are higher than the existing results. The advantage of
the method is we can solve non-linear fractional differential equations as well as linear
fractional differential equations and we can avoid non-linear calculations in the Newton
iteration process.

In Chapter 5 the Richardson extrapolation algorithm was discussed as a tool to accel-
erate the order of convergence for our considered numerical methods. The extrapolation
algorithm is applicable if the sequence of the approximate solutions of the problem pos-
sesses an asymptotic expansion and it was proved that the two approximate methods that
we considered possess an asymptotic expansion. We also discussed how to approximate
the initial value and the initial integrals of the proposed numerical methods.

Finally, we consider the finite difference method for solving space-fractional partial

differential equations. We proved that both the standard explicit finite difference method

144



145

and implicit finite difference methods are unconditionally unstable. To find a stable
finite difference method we introduce implicit shifted Diethelm finite difference method
for solving two-sided space-fractional partial differential equations. We proved that, the
method is unconditionally stable and the order of convergence of the finite difference
method is O(At 4+ Az™rG-28)) 1 < o < 2, f > 0, where At, Az denote the time and
space stepsizes, respectively.

The importance of research into fractional order differential equations and their signif-
icance to future applications warrant continued study. We propose some possible research

topics in this active research area:

e Higher order numerical methods for solving fractional differential equation with

variable steps.
e Higher order numerical methods for solving time-fractional PDEs.

e Higher order numerical methods for solving time-space-fractional PDEs.
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