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Singular Values of Multiplicative Toeplitz matrices

Titus Hilberdink
Department of Mathematics, University of Reading, Whiteknights,
PO Box 220, Reading RG6 6AX, UK; t.w.hilberdink@reading.ac.uk

Abstract

We study the asymptotic behaviour of the singular values of matrices with entries a;; =
f(i/4) if j|i and zero otherwise, with f an arithmetical function. In particular, we study the
case where f is multiplicative and F(x) := > __|f(n)? is regularly varying. Our main re-
sult is that, under quite general conditions, the singular values are, asymptotically, \/urF(n),
where {u, : 7 =1,2,3,...} are the eigenvalues of some positive Hilbert-Schmidt operator.

2010 AMS Mathematics Subject Classification: 11C20, 15A18.
Keywords and phrases: multiplicative functions, multiplicative Toeplitz matrices, singular
values.

80 Introduction — Multiplicative Toeplitz Matrices
In this article, we study the singular values of matrices of the form

£(1) 0 0 0
@ o s o 0
3 0 1 0 0

Ma(HD= | 1) f@ 0 (1) 0o | (0.1)
7n) 7(1)

where the (i, j)"-entry is zero if j does not divide 4 and a function of % if jli. Such matrices
are of number theoretic interest, in particular where the function f(-) has arithmetical proper-
ties. Their connection with multiplicative number theory derives from the simple observation that
M, (f)My(g) = My (f * g), where * denotes Dirichlet convolution; i.e. (f*g)(n) =3y, f(d)g(%).
As x is a commutative operation, it follows that such matrices commute. Also M, (f) is invertible
if and only if f(1) # 0, in which case M, (f)~! = M, (f~') where f~1! is the Dirichlet inverse of f.

As an example, Redheffer’s matrix [14], the determinant of which is related to the Riemann
Hypothesis, involves the above matrix with f =1 (see also [12]). We are particularly interested in
the behaviour of the singular values of M, (f) for large n; i.e. the square roots of the eigenvalues
of M, (f)*M,(f), where A* denotes the conjugate tranpose of A. Various authors have studied
eigenvalues of arithmetical matrices (see for example [11] and [13] to name just two, where the
asymptotic behaviour of the largest/smallest eigenvalues are considered, and upper and lower
bounds are given for other eigenvalues).

Matrices of the form (0.1) are a special case of matrices of the form

a() a(d) a() a})
a2 a(l) a(3) a})
a®) a(d) oll) o) - | 02)
a) @) a(f) i)



where the (i,7)'"-entry is a function of i/j. These (infinite) matrices (0.2) are characterised by
being constant along lines where i/j is a given positive rational. In this sense they resemble
Toeplitz matrices, which are constant on lines parallel to the diagonal; i.e. where ¢ — j is a given
integer. For this reason these matrices were called multiplicative Toeplitz matrices (see [8]).

Toeplitz matrices are most naturally studied by associating with them a function (or ‘symbol’)
whose Fourier coefficients make up the matrix (see for example, [3]). For matrices of the form
(0.2), one associates by analogy the series

> ala)d”,

qeQt

where ¢ ranges over the positive rationals. (In particular, matrices of the form (0.1) are associated
with the Dirichlet series " °. | f(n)n®.) If >_qeq+ la(q)] converges, then the matrix (0.2) induces
a bounded operator on [? (see [10]).

However, to fully exploit the connection between such matrices and their symbols requires that
these functions are bounded and continuous (since almost periodic functions are bounded and
continuous). This is turn requires that the a(g) (hence also f(n)) must be small — indeed they
must be square summable. In this paper we wish to deal with cases where " |f(n)|? diverges, and
so our methods are quite different from those employed in [4], [9]. More precisely, we deal with

the case where et
F(z) = ) |f(n)?

n<x

is regularly varying of index p (see §1.2 for the definition). This notion occurs quite naturally here,
as we show in the appendix.

The eigenvalues of M, (f) are uninteresting, all of them being f(1). However, instead we
consider its singular values. These are of number theoretic interest. For example, we shall see that

tr(M (£)" Mo () = > > [F(@)*.

r=1 d|r

But the trace of a matrix is also the sum its eigenvalues, so this gives us new formulas for averages
of arithmetical functions. Thus it is of interest to study these eigenvalues.

Our main result is that for f multiplicative and p > %, the singular values of matrices of the
form (0.1) behave like

prF' (1)
for large n, where 1, o, ... are the eigenvalues of some positive Hilbert-Schmidt operator. The
completely multiplicative case is in some ways simpler, so we treat this case first in §2 . The
reason for the difference between the cases is that we need to relate sums like > f(kn)f(in)
to >, ., f(n)? For f completely multiplicative this is easy, but for f multiplicative we need to
make some extra assumptions to obtain our result (in §3).

81. Preliminaries

1.1 Slow and regular variation

We shall need the notion of regular variation (see [2]). A measurable function f : (4,00) — R,
defined on some neighbourhood (A, 00) of oo, is reqularly varying of index p if it is eventually
positive and

fx) ~ A f(x)

as ¢ — oo for all A > 0. The set of regularly varying functions of index p is denoted by R,. A
slowly varying function is a regularly varying function of index zero.



Potter’s bounds. 1If f € R, and f is bounded away from 0 and oo on compact subsets of [1, o),
then for every § > 0 there exists A such that

M amas{ (1) ()}

for z,y > 1.

1.2 Singular values; Trace Class and Hilbert-Schmidt operators

Let A be a compact operator on a Hilbert space H. Then A*A is a self-adjoint compact operator
on H, whose spectrum, o(A*A), lies in [0,00). Furthermore, oc(A*A) \ {0} = {a,, : n € N} for
some decreasing sequence a,,. The n'" singular value' of A is s, (A) = \ay,. Then:

(i) A is trace-class if >0~ | sn(A) converges;
(ii) A is Hilbert-Schmidt if Y- | s,,(A)? converges.

Some relevant properties

(a) The space of all trace-class operators is a Banach algebra with norm

oo

A1 = salA).

n=1
For A trace-class, one can define tr(A), the trace of A, and det (I 4+ A).
(b) The Hilbert-Schmidt operators on H form a Hilbert space with inner product
(A, B) =tr(AB"),

and corresponding norm

[A]l2 = Vtr(AA*) =

Z sn(A)2.

n=1

We have [|A]l = s1(A), so | 4] < [[]l2 < [|A]1.
(c¢) If A and B are Hilbert-Schmidt, then AB is trace-class, and ||AB||1 < ||All2||B]l2-

(d) Suppose A has matrix representation (a;;) w.r.t. some orthonormal basis.

(i) If 32, j>1 lasj| converges, then A is trace-class. Furthermore, if A is self-adjoint and non-
negative, then A is trace-class if and only if Y ;°, a;; converges ([5], Chapter 1, §6 Theorem
5).

(ii) If A is trace-class, then with \,, denoting the eigenvalues of A, >~ |\, < Y7, sn(A) < 00,
and the familiar formulae hold (irrespective of the basis):

trd = ia“ = i)‘” and det(I +A) = ﬁ(l + An).
i=1 n=1 n=1

1More generally, for a bounded linear operator A on H, one defines
sn(A) = inf{||]A — F|| : rank F < n}.

Then A is compact if and only if s, (A) — 0 as n — oo (see [7]).



(iii) A is Hilbert-Schmidt if and only if
Z |aij|2 < 09,
ij>1
in which case the sum equals ||A||3 (again irrespective of the basis).

(e) Let A, A, be compact operators and suppose A, — A in operator norm. Then s,.(4,) —
sr(A) for every r > 1.
This follows directly from the inequality |s,(An) — s-(A)] < ||A, — A]| (see [7], Chapter VI,
Corollary 1.6). In particular, this applies to trace-class and Hilbert-Schmidt operators.

For these and more properties of these types of operators, see for example, [5], [6], [7].

§2 Singular values of M,(f), f completely multiplicative
The singular values of M, (f) are the square-roots of the eigenvalues of M, (f)*M,(f). More
generally, consider M, (f)* M, (g). We have (with [i, j] denoting the lem of i and j)

= 1(2)e()

J

<Mn<f>*Mn<g>>iji(MAf)%(Mn(g))m > #(5)e(5)

¢|r and j|r mg[:ﬂ

by putting = m[i, j]. Using the fact that [¢, j](¢,j) = ij, we have proved:

Proposition 2.1
Let f,g be arithmetical functions. Then

In particular, (Mp(f)*Mn(9))ii = X< a f(m)g(m) , so that

tr(My (f)* Mn(g)) = Z fm)g(m) = ng(d)-

i

IN
I3
.
Il
—
Y
=N

Notation For f,g: N — C, let F} 4, denote the function

Frg(x) =) f(n)g(n).

n<z

In the case f = g, we write Fy(x), or if no confusion is likely, just F'(x).

From Proposition 2.1, we see that (M, (f)*M,(9))i = Frq(%). If Fyg4(x) — 00 as x — oo,
then of course each of these entries also tends to infinity. However, if Fy 4 is reqularly varying, say
of index p, then

n
Fro() |, 1, (1.1)
Fyg(n) g
The notion of regular variation is natural here, given we want some kind of convergence of the
above form (see the appendix).
What about the behaviour for large n of the other entries? In general this may be difficult to
answer, but in the case that f and g are completely multiplicative, this can be done quite easily.

For in this case, if Fy, € R,, then

! * ,A_f((i{j))g(ﬁ)Ffvg([iZ]) f((ifj))g((ifj))
From) i) Mnl9))is = Fro(n) R




as n — oo; i.e. denoting the left-hand and right-hand sides by el(;)

egl) — €;5. To be able to say something about the traces and determinants, we need to have a

stronger form of convergence, namely norm convergence.

Let E,, = (61(;))17an and let E denote the operator induced by the infinite matrix (e;;); j>1.

and e;; respectively, we have

Theorem 2.2
Let f,g be two completely multiplicative functions, such that Fy 4(-) is reqularly varying of index p
and bounded away from zero. Then

(a) E is a Hilbert-Schmidt operator if and only if p > % and Y07, If(")‘i% converges.
(b) E is trace-class if p>1 and Y, w converges.

(c) If p> % and 307, I Hg) converges for some n > 0, then E, — E in Hilbert-Schmidt

n2p—n
norm; i.e. |E, — Ell2 = 0 as n — 0.

(d) Ifp>1and >, w converges for some n > 0, then E, — E in trace-class norm;
i.e. |Ep,—FE|1—0asn— .

To get information on the singular values of M, (f), take ¢ = f, in which case Ff, becomes
F(z) = <, [f(n)]*. Now, if F(-) is regularly varying of index p, then ¢ | [f(n)[*n™* con-
verges for ®s > p, so that if p > 0, the sum Y7, |f(n)|?*n"2 converges for some n > 0. This
gives:

Corollary 2.3
Let f be completely multiplicative, and suppose that F(-) is reqularly varying of index p. Then

. . . . . 1
(a) E, — E in Hilbert-Schmidt norm if and only if p > 35;
(b) E, — E in trace-class norm if and only if p > 1.

Denote the singular values of My (f) by Arn (r=1,...,0) such that M1 s, > Aoy > -+ > A\pp, and
let the eigenvalues of E be {i,}r>1 where g > po > ---. Then for p > % and any fized r,

)\%m ~ urF(n)  asn— oo.

Proof of Theorem 2.2. (a) By (d)(iii) from §1.2, F is Hilbert-Schmidt if and only if

Z leij|? < o0.

4,521

But, on writing (i,j) = d, i = md, j = nd (so that (m,n) = 1), this sum is

f 1,7 n m 2 n 2 m 2
Z (5 [Z) Z ) ‘f((nz;qé)p) —ce) Y |/ ( &'n%p )l
=t BRI o

The RHS is less than ((2p) 307, ‘f(n)‘z > %, but greater than both ((2p) > -, MO

n2e m=1 m n2e
and ¢(2p) >0, |g7(1+2\2' Hence E is Hilbert-Schmidt if and only if p > 1 and both these sums are
convergent.

(b) The proof that E is trace-class if p > 1 and both Y 7, ‘fr(ﬁ)‘, S WT(L—Z)I converge is

n=1
identical to the above. In this case, we use the fact that E is trace-class if ), i>1 lei;| converges.




(¢) By the same methods as in (a) (with p replaced by p — §), it follows from the extra
assumptions that
> leis i, g1
5,521
converges for all § > 0 sufficiently small.
We must show that
Z |€§jn) — 6@"2 —0
i,52>1
asn — oo. Now egl) =0for [i,j] >n,and 3, o, le;j|* — 0 with n on account of the convergence
of Zi’jzl le;j|?. Furthermore, for each A,

S el —eil* >0
ij<A
(n)
ij
Write Fy g(x) = xPl(x) where [(-) is slowly-varying. Then el(;b) = el-jl([f—j])/l(n). By Potter’s
bounds, given § > 0, there exists K > 1 such that

’z( n )/l(n)

(¢, 7]

as n — 00, since e;;’ — e;;. There remains the range [i, j] < n such that max{i, j} > A.

< K[i, j]°

whenever [i, j] < n. (For this we required to condition that F 4(-)) be bounded away from 0.)
Hence, taking i, 7 over the remaining range, we have

2
n n
S el X kel i1 )
— — (i, J]
max{i,j}>A max{i,j}>A
2
n
<2 %l (14 (i) )| )
max{i,j}>A »J
<4K*? Z leijli, 417
max{i,j}>A

But for all § sufficiently small, the above sum converges. Hence we can choose A so large that the
RHS is less than any given € > 0. The result follows.

The proof for (d) is analogous, this time requiring =, ., |el(-;L) —ei;] — 0.
d

Proof of Corollary 2.3. Parts (a) and (b) follow immediately from Theorem 2.2 and, for (b) the
reverse implication comes from 1.2(d)(i). For the final part, if p > 1, then E, — E in Hilbert-
2 2

Schmidt norm. But the eigenvalues of F,, are ;(n) so by 1.2(e), % — [y a8 M — 0.
O

83. The multiplicative case

In the above we considered the case where f (and g) is completely multiplicative. For our applica-
tions, we wish to generalize this to multiplicative functions. To obtain convergence of the entries
as in Theorem 2.2 and Corollary 2.3, we require estimates for sums of the form

> fkn)g(in),

n<x



for f, g multiplicative functions and k, [ coprime integers, given that we know the behaviour of the
case k = = 1. As we are interested in the singular values of M,,(f) we shall consider the special
case when g = f. The more general case can be treated similarly. Let

F(z)=>_[f()]* and  Fyy(x) =Y f(kn)f(in)
n<x n<lz
Theorem 3.1
Let f be multiplicative, and suppose that F(x) is reqularly varying of index p. Let k,l be coprime
integers. Suppose that for every prime p|kl, the series Y —_ | f(p™)|*p™™* converges for Rs > p—4
(some 6 > 0) and is non-zero on the line Rs = p. Then

Fi () o
}’;éx) — ME)X()

as x — oo where, for k = Hp‘kpa,

def 77 [ Lm0 [T f(pm)p~™
A =TI S o }

plk

Proof. For p|kl, let

Zu )22

The assumptions imply that this power series has a radius of convergence larger than p~” and that
hp(z) # 0 for |z| = p~P. This in turn implies there exists n > 0 such that h,(z) # 0 in the annulus

A={zeC:pP—n<|z|<p?+n}
The power series

> FEmTfm)em
m=0

has a radius of convergence at least as large as that for h,(z), and hence converges for |z| < p=?+.
Thus (1/hy(2)) Yoo f(™F7) f(p™)z™ is analytic in A and has a Laurent series:

- Y o

m:O n=—00

o0

f 1n+r

Replacing z by p~*, this implies that there exists ' > 0 such that
fm) _ o @
= Z anb forp—n' <Rs<p+n. (3.1)

1
Z [

Similarly for ﬁ Yoo o F(™) f(pmtT)pT™s. Let

Fo =S U@E s = 5 LT @)

These series are absolutely convergent for s > p since

1/2
|Fy (e <(Z|f kn)|? Y |f(in)) ) < F(kx)F(lz) ~ (kI)"/*F(z).

n<x n<x



As f(n) is multiplicative, we have the Euler products

HZ'f POE e =11

p m=0 p m=0

R VT

(Recall k& = ][, p* and | = lelpﬂ.) If p /Kl then o = 8 = 0, and f(p™*)f(p™*+P) becomes
|f(p™)|?. Splitting the product for F ;(s) into those primes for which p divides kI and those that
do not, and cancelling the p fkl terms with those in the denominator gives

Futo) = [T 32 0737 1 3
plkl m=0 p fkl m=0

But if p|k then 8 = 0, while if p|l then o = 0, since (k,1) = 1. Hence

DI V1 o Ve { Vi iV
Frals) = [ =55 s H % TP

F(s),

plk

for p < Rs < p+1n'. But each term in the product (with p|k and p|l respectively) is a series of the
form > B,p~" as in (3.1). Now for n = pi* ... p%m (with a; > 1) let

Sn:{plfl...pf:}f ck1y .o km € Z}.
Thus

IO (Gl T il y DONY 0 ViV e e
H oo [F ()P H S (™) 2p- = - (3.2)

qESk1
for some coefficients 7,, where the series converges absolutely for p — n” < Rs < p + 7", some
n” > 0. Note that from (3.2) we have
EL

QESkl

=

Let

q € Sp
q< =z

From (3.2) it follows that for s € (p — 0", p +0"), we have |[A(2)| < 2°3 ., [ylg™® = O(2?).
Hence for some ¢’ > 0, -

f O@rtY) forxz<1
Alz) = { O(zP=0"y  foraz>1

From above

Fual) = (2 2)76)

g€ Sk

for p<Rs < p+n". Fixc e (p,p+1n'). If we ignore questions of convergence we should have

i. fk,l(s)xsdszi (Z 7q>]'—() 25 ds = Z,Yq(l/ f(s)(x>sds>
2 Jioy S 270 Je el q° S 2mi Jioy s \q

qESk1

However, interchanging the sum and integral cannot be justified (at least easily) since, although
the series converges uniformly and boundedly, the integral does not converge absolutely. To get
round this let

G(l’) = A$ F(t) dt and Gkvl(t’r) = /OI FkJ(t) dt.



Note that since F(z) = F([z]) and F ;(z) = F)([z]), we have
Gz +96) — G(x) Gri(x+96) — G (x)
1) 1)
for all 6 > 0 sufficiently small. Also we have the Mellin transforms

1 F(s)

=F(z) and = Fj(x)

1
"t ds  and  Gyy(z) = —/ 7}-}“[(5) 2T ds
2mi Jiey (s +1)

for every ¢ > 1 and = > 0. These integrals have the advantage that they converge absolutely. Thus
by uniform and absolute convergence we can interchange sum and integral to give

— i Fr,i(s) s+l g, L/ Yq F(s) s+1 g z
Cral) = 2mi /(C) s(s + 1)x ds = 210 J (o) Z q° ) s(s+ 1)x ds = Z qqu<q)’

qESk1 qESk1

Writing F*(z) for Z%gx f(n) where the / indicates the last term is to be halved if + € N and

Fy () analogously, this gives
* * x
Fiy(x)= Y 7F (5)

qESkK
From this we can deduce that "
Fra(@) = 3 1F(3): (33)
qESk1 q

To see this, first note that the righthand side of (3.3) converges absolutely: by Potter’s bounds,

Fz/q)
F(x)

< Amax{qg~"7°%,¢7 "},

for z,¢ > 1 and any given 6 > 0 and some A = A(J), while >__|y,|/¢’~" converges for |n|
sufficiently small.

m

Now for ¢ = ™ with m,n coprime, write [|q|| = max{m,n}. Let § € (0,1). We have

Gru(z +0) — Gra(z) G((z +0)/q) — G(z/q)
kel ) ki(T) _ Z %,( o )

qESk
Let § — 0. For every N,

3 vq<G((x+6)é%_G($/q)>—> T qu(g)-

q €S q €S
llall < N llall < N

For ||q|| > N, using G(a + b) — G(a) < bF(a +b) for a > 0, we have

3 ﬁyq(G((x—ké)QC/]i]—G(x/Q)) < ¥ mw(mjl)

q € Sy, qe S
llall > N llall >N

This is independent of §. By the absolute convergence of the series it tends to 0 as N — oco. Hence
(3.3) follows. But

> qu(E) =Y %Y, f= > 1fm)

qESkL q qESk n<z/q n €N, q € Sy
ng < x
%) oo r
=Y i) Y =Y fmA(S). (3.4)
n=1 qg S?l n=1



The right-hand side of (3.4) is just a Mellin-Stieltjes transform; i.e. Fy (z) = [J° A(z/t)dF(t).
The conditions of Theorem 4.4.2 from [2] (with U = F and k = A) are satisfied and can be applied

to give
Fia(e) ~ (o /O ﬁ%dt)F(x).

o = im (B0 S8 [ Laaw) -
_[T1 B VYo T
= /O A = 4 = A,

qESk1

But

O

Remarks. (i) The condition that > °_, [ f(p™)|*p~™* be non-zero on the line Rs = p is sufficient
for the limit to exist, but not necessary. For example, let f be the multiplicative function

1 if n is odd
f(n)=< V2 if n=2m with m odd
0 ifdn

Then F(z) =, -, |f(n)[* = z+0(1) which is regularly varying of index 1, and an easy calculation

shows that Fy;(z)/F(x) — pg,; where

if k,1 both odd

if £ = 2m with m odd and [ odd, or vice versa
if k,1 = 2m,2n with m,n odd

if 4|k or 4]l

il =

o HE‘»—‘ —_

But > °_ | f(2™)]?27™¢ = 1 + 2!7% which has zeros on the line Rs = 1.

(ii) The condition that S"°°_, | f(p™)|>p~™(*~9) converges for some § > 0 is also not necessary,
even with § = 0. For example, let f be the (non-completely) multiplicative function

f(n) = f(2"r) =2"2(m + 1)
if n = 2™y with m > 0 and r odd. Then (with m > 0 and r odd)
x z(log z)3

F(z)= Y [f@™)P=>Y_ 2’”(m+1)2(2m+1 +0(1)) ™ B(log2)®’

2mr<g 2m <z

which is regularly varying of index 1. An easy calculation shows that

Fui(2) ot (mn)
F(x)

for k = 2™r and | = 2"s with r, s odd. But Y -, |f(2™)[*2™™ diverges.

It is conceivable that no extra condition is required as in the completely multiplicative case,
but this is apparently not easy to prove — if indeed it is true.

(iii) It would be nice to use a Tauberian theorem directly, say Theorem 4.9.1 from [2], but this
requires a continuous kernel k.

10



Now we apply this to generalize Corollary 2.3 to multiplicative f. Let E, = (61(',?))1‘,an and
FE = (eij)i7j21 where

o) = COIM DN ey < 0L ) 1

and A(-) is as in Theorem 3.1. Note that with &k = ﬁ and | = 55 (so (k,1) = 1), we have

m _ Fei(Ey)

“ = T F(n)

— €ij,
for every ¢,7 > 1, under the conditions of Theorem 3.1.

Theorem 3.2

Let f be multiplicative, and suppose that F(z) is reqularly varying of index p. Suppose further that
for every prime p, the series Y o _ | f(p™)[*p~™*, converges for Rs > p—§& (some § > 0, possibly
depending on p), and is non-zero for Rs = p. Then

(a) E is trace-class if and only if p > 1;

(b) E is Hilbert-Schmidt if and only if p > % and Zp M) converges.

p2P

2
Furthermore, suppose p > %, > "\éf,)‘n converges for some n > 0, and for all € > 0,

Fy 1 (z) < (KD)F|N(KD)|F (z) whenever ?k, l)=1. Then E, — E in Hilbert-Schmidt norm.

Consequently, with A, denoting the ' singular value of M, (f) and p, the r'" eigenvalue
of E, we have

Ain ~ prF(n).

Proof. (a) As E is self-adjoint, it is trace class if and only if )", e;; converges, by 1.2d(i). But
ei; = 1 ”, so the condition holds if and only if p > 1.
(b) E is Hilbert-Schmidt if and only if 3=, ;- |eij|* converges. But this sum is

2

oy S D@PRmP

(nm)?

>

ij>1

? > A(n)A(m
> T [
d=1 m,n>1 m,n > 1

(m,n) =1 (m,n) =1

A<(ifj))k<(i{j>)[i’jrp

2
The RHS is less than ((2p) (ZOO M) but greater than ((2p)> - DO Hence E is

n=1 n2e n=1 n2e

2
Hilbert-Schmidt if and only if p > 1 and >7° | I/\T(LZP)I converges. But A(+) is multiplicative, so this
is equivalent to the convergence of

e by k|2
Sy ROOE,

p k=1 p

However,

> _ | Do S @™ P S S ETPPTT
| om0 [f (™) Ppmem 2 = S o [f(om)Ppmem =

and therefore >° -, IA(p¥)[2p~2k° converges. It follows that F is Hilbert-Schmidt if and only if
p> % and o IA(p)|?p~2 converges.

@)
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For the final part, if p > 5 L and > nzf)l, converges for some 7 > 0 then, as in the proof of
Theorem 2.2,

Z lei;)?[i,4]"  converges for some (possibly different) 1 > 0.
i5>1
We must show that 3, ., |e(.T.L) —e;j|* = 0 as n — oco. Again, for each A Y i<a |e§?) —e;ij[* =0

(n)

as n — 00, since €;j — €ij Further, the convergence of e;:|% implies
J* i,7>1 J

> ey’ <e(4)
max{i,j}>A
where €(A) — 0 as A — oo. There remains the sum

ST R

max{i,j}>A

But, with k = -4~ and [ = L+, we have
(@.5) (@,9)°

|(n)‘7 Fri(g5)l [Fra(gp)l F(G5

)@ (kD)EIAKD) @
| ) IARY)T
Fn) F(&)  Fln) =~ 0

< Aseli, 517 eg]

R O 1

for all §,¢ > 0 and some constant A;. (i) by the assumption and Potter’s bounds and (ii) since
kl < [i, j]. Choosing ¢ and € sufficiently small so that d+¢ < 1/2, we see that 3 -, . c; 154 |eE;) > <
€(A) — 0 as A — oo. The result follows.

O
84. Some examples

(a) In [10], the largest singular value of M, (f) was discussed and its close connection to the
largest eigenvalue of the n x n matrix (f (#))mén in case f is completely multiplicative.

The particular case f(n) = n~* was dealt with in [9] with estimates obtained for the various
ranges of a.. Denoting the largest singular value of M,,(f) by A1, (denoted by B, (n) in [9]),
it was shown that for o < § one has

1_
)\l,n =n2"%

Note that in this case, F(z) = >_, ., [f(n )\2 “”1_ which is regularly varying of index

—2a

p =1—2a. Observe that p > % when « < . As such, we can apply Corollary 2.3. Thus

paer) 1 1
Al ~ 20"’ ¢ (a< ), (4.1)

where p1 (@) is the largest eigenvalue of the Hilbert-Schmidt operator Eo = ((¢5)*/[¢, j])i,j>1-
Furthermore, the 7" singular value of M,,(f), say A, satisfies

NT(O‘) nlfa

>\ ~ 2
o 1 -2«

as n — 0o,
where 1,.() is the rt! eigenvalue of E,,.

The special case a = 0 was discussed recently in [13] and [1]. Mattila and Haukkanen [13]
conjectured and Altinisik and Biyiikkése [1] proved that Aq ,, increases with n, and further

12



proved that /\% > n. The above tells us that \2 n ~ H1n and more generally that )\, n ™~ e
where g, is the r*® eigenvalue of the Hilbert-Schmidt operator (m) G>1-

It is natural to ask what happens for § < a < 3. As p1(@) = ||E,| — the operator norm of
E, — could (4.1) remain true for all a < 17 Thlb follows if we can show E, is bounded in
this range and ||(Eo)n — Eql] > 0 as n — oo

‘,L,172cx
C@(1-20)
a < %, which is regularly varying of index p = 1 — 2a. Again p > 5 if and only if o < i. In
this case one finds that

p(k)

)‘(k) = W7

(b) Take f(n) = 1) which is multiplicative, but not completely. Then F(z) ~ for

na?

n=1 n2,-3%

(k,1) = 1 and, using [p(mn)| < |u(m)|[u(n)], we have

where o_1(n) = > 4, 1. The series ) > MW erefore converges for a < 252. Also for

[Ee e I—Z'“k” o '“kl'Z'nza = o (K AGKD| P (2) < (R IARDIF(2)

n<z n<z

for all € > 0, so the conditions of Theorem 3.2 are satisfied. Hence, for a < i, the rth

singular value of M, (f) is asymptotic to , / mn%_a, where v, is the r*! eigenvalue of
the Hilbert-Schmidt operator

Ga:( G

) (04)°
i J)[ 1)1'7321'

Again for o = 0, this was discubsed in [13] and [1]. Note that M, (1) = M, (1), so M, (u)

has singular values S L — )\— (in decreasing order) where Aq p,- -+, Ay, are the singular
values of M, (1). Mattila and Haukkanen [13] conjectured and Altinigik and Biiyiikkose
1 €(2)

[1] proved that X, , decreases with n, and further proved that A7 , < o "~ n where
Q(n) =>""_, u(r)?. The above (with o = 0) shows that in fact
1 Uy

~ n asn— oo (r=1,2,3,...)
%—T-Q—Ln C(Q)

A

where v, is the " eigenvalue of Gy.
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Appendix

Proposition A1l
Let (an)nen be a non-negative sequence of reals, not identically zero, and let A(x) = > . an.
Then the limit Aln/k B

lim (n/k)

n—oo  A(n) (+)

exists for every k € N and is non-zero if and only if A(-) is regularly varying.

Proof. If A(-) is regularly varying, then the limit in (%) exists and is of the form k~* for some
p=0.

For the converse, we first show that the limit in (%) must be of the form k= for some p > 0.
For, denoting the limit by h(k), we find that h(-) is completely multiplicative, non-negative, and
decreasing.

Let p be a prime number. For each k € N, 2™ < p* < 2™*! for some m € N. Indeed,

m= [klg;gzp ]. Since h is decreasing and completely multiplicative, we have

h(2)™ > h(p)* > h(2)" .

klog h(p)

It follows that m = | Tos 7 (3)

] +0 or 1, and hence

logh(2) log2

log h(p) _ logp 0(1).
k

Letting k£ — oo gives h(p) = p~*, where p = —108h(2) Hence h(n) =n=* for all n € N.

log 2
Next we show that A(-) is regularly varying of index p. For m € N, we have A(z) = A(%F) ~
m~PA(mz), so that A(mx) ~ m”A(x). Hence, for rationals ¢ = ™ (m,n € N), we have

m

Aqz) = A(%x) ~ m”A(%) ~ (E)pA(x) = ¢’ A(x).

Finally, for A > 0, there exist sequences (p,), (¢,) of rationals such that p, /A and ¢, N\, A. As
A(+) is increasing, we have
AO) _ Alpaa)
Alx) = Alz)

= Phs
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and
A(\x) < A(gnx) g

Alz) = Alx) "
These are true for all n, so that A(Az) ~ A\ A(x) follows, and A(-) is regularly varying.
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