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REGULARITY OF MAPS BETWEEN SOBOLEV SPACES

MARTINS BRUVERIS

ABSTRACT. Let F' : H4 — HY be a C*-map between Sobolev spaces, either
on R? or on a compact manifold. We show that equivariance of F under the
diffeomorphism group allows to trade regularity of F' as a nonlinear map for
regularity in the image space: for 0 < | < k, the map F : Hitl — Hatl s
well-defined and of class C*—!. This result is used to study the regularity of the
geodesic boundary value problem for Sobolev metrics on the diffeomorphism
group and the space of curves.

1. INTRODUCTION

The main result of this paper is inspired from and a generalisation of results
on the smoothness of geodesics for right-invariant Riemannian metrics on the dif-
feomorphism group. Riemannian metrics on the diffeomorphism group have been
studied since it was recognised in ﬂil] that solutions of Euler’s equations for incom-
pressible fluids correspond to geodesics on the group of volume-preserving diffeo-
morphisms with respect to a right-invariant Riemannian metric. The well-posedness
of Euler’s equation was established in ﬂﬂ] by showing that the corresponding ge-
odesic spray is a smooth vector field on the group DI (M) of volume-preserving
Hi-diffeomorphisms for ¢ > dim M/2 + 1 and M a compact manifold. A smooth
geodesic spray on a Hilbert manifold gives rise to a smooth exponential map and
because the metric is right-invariant, this exponential maps is DY | (M )-equivariant.

The right-invariance of the exponential map was used in ﬂﬂ] to show the following
result: if the initial conditions of a geodesic are of class H9T*, then so is the whole
geodesic. This property implies that smooth (C°°) initial conditions for Euler’s
equations have smooth solutions. The same property was observed for various
other right-invariant Riemannian metrics on the diffeomorphism group as well as
for reparametrisation invariant Riemannian metrics on the space of curves.

In this paper we want to prove a general version of this result, both for Sobolev
spaces on Euclidean space and for Sobolev spaces on manifolds.

Theorem. Let ¢ > 2 +1,0 <1 < k and F : HI(R%,R") — HY(R%R™) be a
D(RY)-equivariant C*-map, i.e. F(uo ) = F(u)o . Then F maps HIt! into
H* gnd F : HPY(RY, R?) — HITH(RE,R™) is a Ck~l-map.

Here and in the following we assume ¢ € R and I,k € N. The group D9(R%) is
the group of H?-diffeomorphisms; see Sect.

Previously the strongest statement was that if F': H? — H? is a D?-equivariant
C'-map, then F : H91 — Ht! is well-defined. No statement was made about the
continuity or differentiability of the resulting map. Next we state the corresponding
result for Sobolev spaces on manifolds. Let M be a compact manifold and N, P
smooth manifolds, all without boundary.
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Theorem. Let ¢ > dimM/2+1,0<1 <k and F: HI(M,N) — HYM,P) be
a DY(M)-equivariant C*-map, i.e. F(uo )= F(u)op. Then F maps H*! into
H gnd F: HY (M, N) — H™(M, P) is a C*~'-map.

In a nutshell this results states that given an equivariant map F : H? — HY we
can trade smoothness of the map to gain spatial smoothness of the image F'(u). If
F is a C*°-map, then it also induces a C*°-map between the spaces H>°.

Corollary. Let ¢ > 4 + 1 and F : HY(R?R") — HI(RR™) be a DI(R?)-
equivariant C™-map. Then F : H®(R? R") — H>(R? R™) is a C>-map.

The same can be also formulated for maps defined on compact manifolds.

Corollary. Let ¢ > dimM/2+1 and F : HY(M,N) — H?(M,P) be a DI(M)-
equivariant C°-map. Then F : C*°(M,N) — C*(M, P) is a C*°-map.

In Sect.Blwe apply this theorem to study the regularity of the geodesic boundary
value problem for right-invariant Riemannian metrics on the diffeomorphism group.
We show that if ¢ and ¢; are nonconjugate along the geodesic ¢(t), then the
whole geodesic is as smooth as ¢y and ¢1. In Sect. [0l we show the same result for
reparametrization invariant Sobolev metrics on the space of curves.

Note. We will write u < v, if the inequality v < Cwv holds for some constant
C > 0, that may depend on the parameters q, k, [, d, m, n and the manifolds M, N, P
involved, but is independent of the functions F,u,v. The constant may also depend
on the auxiliary functions w;, h; and X; introduced in the proofs and additional

dependencies will be stated in the text.

2. DIFFERENTIABILITY IN BANACH SPACES

For Banach spaces E, F' we denote by Efym(E, F) the space of bounded, sym-
metric, k-linear mappings F X ... x E — F. Let U C E be open. A function
f:U — Fis O, if it is Fréchet differentiable and the derivative Df : U — L(E, F)
is continuous.

The following lemma is standard and is stated without proof.

Lemma 2.1. Let E,F be Banach spaces and U C FE a convex, open set. Let
ae€C(ULE,F)). Assume that f : U — F is a mapping, such that

1
F) = 1@ + [ ale+tly =)ty —a)at,
holds for all x,y € U. Then f € CY*(U,F) and Df = a.

The next lemma shows, that if a function is differentiable on a dense subspace
of a Banach space and the derivatives can be extended to continuous maps on the
bigger space, then the function is differentiable on the bigger space.

Lemma 2.2. Let E, F,G be Banach spaces, E C F a dense subspace, f € C*(U,G)
with U =V NE and V C F open. If we can extend f and its derivatives D7 f to
Dife (VLI (F,G)) for 0 < j <k, then f € C*(V,G).

sym

Proof. We have for z,y e U, and 0 < 5 < k — 1,

1
1) Djf(y)=Djf(w)+/ D7 f(x + t(y — x)).(y — @) dt.

0
Since D7 f can be extended to D’ f € C(V,LL,,,(F,G)) and both sides in () are

continuous on V, the identity continues to hold for z,y € V.
Now we argue inductively: Since f € C(V,G) and Df can be extended to V', we
obtain by Lem. 21l that f € C'(V,G). Now we apply Lem. 21l with Df in place
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of f to conclude that Df € CY(V,L(F,G)) and so f € C?(V,G). In this way we
obtain inductively that f € C*(V,G). O

3. DY(RY)-EQUIVARIANT MAPS

The Sobolev spaces H?(RY) with ¢ € R can be defined in terms of the Fourier
transform

F1(©) = @0 [ 0 (o) o,
Rd
and consist of L?-integrable functions f with the property that (1 + |€|2)%/2Ff is
L-integrable as well. An inner product on H9(R%) is given by

(Fahme =% [ (14 €P1FHO TG e

Denote by Diff*(R%) the group of C*-diffeomorphisms of R, i.e.,
Diff!(R?) = {¢ € C*(RY,RY) : ¢ bijective, p~! € C*(RY,RY)}.

For ¢ > d/2 4+ 1 and g € R there are three equivalent ways of defining the group
D4(R?) of Sobolev diffeomorphisms:

DY(RY) = {p € ITd+HY(R% RY) : ¢ bijective, ¢~ € Id + HI(R?, R?)}

={p e Id+HY(R%RY) : ¢ e Diff'(R?)}

={p € Id+HYR% RY) : det Dp(x) > 0, Vo € R?}.
If we denote the three sets on the right by A;, As and Ag, then it is not difficult to
see the inclusions A; C Ay C Ajz. The equivalence A; = As has first been shown
in [10, Sect. 3] for the diffeomorphism group of a compact manifold; a proof for
D4(R?) can be found in [15]. Regarding the inclusion Az C Aj, it is shown in |22,
Cor. 4.3] that if ¢ € C* with det Dp(z) > 0 and limy,|—,00 |¢(2)| = oo, then ¢ is a
C!-diffeomorphism.

It follows from the Sobolev embedding theorem, that D?(R?) — Id is an open
subset of H9(R? R?%) and thus a Hilbert manifold. Since each ¢ € D?(R9) has
to decay to the identity as |z| — oo, it follows that ¢ is orientation preserving.
More importantly, D4(R"™) is a topological group, but not a Lie group, since left-
multiplication and inversion are continuous, but not smooth operations.

We will use the following two results regarding the multiplication and composi-
tion of functions in Sobolev spaces.

Lemma 3.1 ([15, Lem. 2.3]). Let q,r € R with ¢ > % and 0 < r < q. Then
pointwise multiplication

HY(RLR) x H(RY,R) — H'(RLR), (f.)~ f-g,
s a bounded bilinear map.
Lemma 3.2 ([15, Thm. 1.1 and Rem. 1.5]). Let ¢ > 2 +1 and k € N. Then
H7H(RY R™) x DI(RY) — HIRLR™),  (f,0) = fop,
is a C*-map.
Now we are ready to state and prove the main theorem for R?.

Theorem 3.3. Let ¢ > % +1,0 <1<k and F : HI(R* R") — HI(R R™) be
a DY(R?)-equivariant C*-map, i.e. F(uo )= F(u)o . Then F maps H*! into
H gnd F : HHY(RY, R™) — HITY(RE,R™) is a C*~l-map.
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Proof. The proof is split into several steps.

Step 1. If FF: HY — HYis C*!, then F : HIt! — Ht1 is CV.
Let (Q;)ien be a uniformly localy finite cover of R? by open balls, (w;)ien a sub-
ordinate smooth partition of unity with uniformly (in ¢) bounded derivatives, and
hi,...,hq a basis of RZ. Then an equivalent norm for H9(R% R") is given by

d
(2) allzrs ~ ullszas + 37 3 oDy o

j=1ieN

see [24, Sect. 7.2.2].

Let ¢, = exp(t.w;.h;) be the one-parameter subgroup generated by w;.h;, i.e., ¢,
satisfies the ODE 0yt = w;.hj o ¢;. The existence of ¢, — nontrivial since D4 (R%)
is not a Lie group — is shown for example in |8, Thm. 4.4]. Then by Lem. the
map

R x HITY — HY (t,u) — uo
is C'. Now fix u € H9"! and consider the identity F(u o) = F(u) o 1. Both

sides of the identity are C' as maps R — H?~! and by differentiating at ¢t = 0 we
obtain the identity

DF(u).Du.w;hj = D (F(u)) .wih;,
We can estimate the H9-norm of the right hand side via the left hand side,
lwiD (F(w)) -l ga < |DF(u)llzima,mol|wiDu-hil ma
and hence we see using the equivalent H%-norm (2] that
3) IE @) garr S NE@)llme + [DE@)|| e, mollufl gass -

This shows that F(u) € H?" provided u € H?". Regarding continuity we can
show in the same manner the estimate

@) NF () = F@)l[gar S 1F(w) = F(0)|ma+
+ IDF(u) = DF )l (e, mo)llull moer + I1DF )l (e, may 1w — 0l o

for u,v € H%*!, from which the continuity of F: Hi*t! — H9*! follows.

Step 2. If F: H? — H?is a C*-map, then F : HitF=1 — gatk=1 is O1 and
F: Hotk o gotk is 00,
We will show this together with the explicit estimates

k
(5) 1E () = F(0)llase S D I1DIF(w) = DIF(0) ) 23 paa ) +
3=0

+ 1DV F (0)ll 25 e,y 1w = vll s

k

6)  IDF )l gezars1 mars—y S > INDIF @)l s rra ey
§=0

which are valid for u, v in a bounded H%t*-ball, using induction on k.

For k = 1 this is step 1. Now assume the statement has been shown for k
and let F': H? — HY be Ck*!. Then DF € C*(HY,L(H9, HY)) and thus also
DF € Ck(H1x HY, H?). Since HY(RY,R") x HI(R4,R") = H4I(R?, R2"), we obtain
by induction that DF € C1(H9t*=1 HatF=1) and DF € C(HITF x HItk HItF),
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We now take v,w € H9%* lying in a bounded H9"*-ball and apply (@) to obtain

||DF(’U).’LU||Hq+k 5 HDF(U).wHHqu + ||D2F(’U).w||£(Hq+k—1,Hq+k—1)
k

S IDFE@)|| z(matr—1, mate-1y + Z ID7*F ().l 25 (119, 19)
=0
k1
S D IDIF@) ] 2 ara, ) -
=0

From this we obtain
k+1

IDF @)l g(rras maesy S O ND F0)ll s (o, 119 »
=0

which completes the induction for (6.
The induction assumption (B]) applied to the C¥-map DF shows that for u, v, w €
H9%* lying in a bounded H9t*-ball,

|IDF(u).w — DF(v).wl| gra+r <

k
S DI P (u)aw — DI F ) wl 2 (a10,119)
=0
+ | D7 (u).wl 25 (e, oy |t — 0| grass
k+1 ) . .
SO D F(u) = DIF)| 2o (10,110 + |1 D' F ()| 2 (o oyl = vll a5
j=1

here we have used the module property of Sobolev spaces. Therefore DF €
C(H™* L(HITF k) with

(7) DF(u) = DF()llg(ma+r, mat) S
Bl ‘ ‘
S Y DI F(w) = DIF()l| 23 1,119y + 1DV F ()| 23 (sra oy |2 = 0l| o
j=1

Since also F' € C*(HY, H%), by induction F' € C(H** Ht*). Now we can apply
Lem. to obtain that F € C'(H** HI**) and hence by step 1, we have F €
C(HT+k+1 [atk+1) together with the estimate,

[1E(u) = F0)llgarrss S I1F(w) = F(0) gors + [DF(u) = DF ()| g(arass, movr)
+ | DE W)l g(ratr, marey||u — vl asrsr
Now we combine the induction assumption (B) and the estimates (@) and (@) to

obtain
k+1

IF(w) = F()|lgarrsr S Y 1DIF(u) = DIF()l| 23 o, o) +
j=0
D7 E () 2 rra, oy 1w = 0l rasrss
This concludes the induction.
Step 3. If F': H? — H9is CF, then I : HIt! — HItlis CF~L
The case | = 0 is trivial and the case [ = k was proven in step 2. Now let 1 <[ < k.
We consider D/ F as a map D/ F : HY(RY, RUTDU) — H9(R? R™). Then the maps

F,DF,D?F,...,D*"'F: H* — HY are at least C".
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Thus by step 2 we have
F,DF,D?F,...,D*'F . g9t — g9t are O°

and we have the additional inequality for 0 < j7 < k — [ and wu,v in a bounded
HaH ball,

l
|D7F () = DIF(0) | o3 arost oy § 0 IDHF () = D P()| s a sy +
=0

+ ||Dl+jF(v)||LL+j(Hq,Hq)HU = 0|l gatt

which shows D/F € C(H*!, £/(H9!, HI+Y)). Thus by Lem. we obtain F €
Cr=t(Ha+! Ha+!). This concludes the proof. O

Remark 3.4. All the arguments in the proof of the theorem are local in nature,
i.e. the one-parameter subgroups exp(t.w;.h;) are only considered around ¢ = 0, the
estimates for | F'(u) — F(v)|| go+x and ||[DF (v)|| ge+x—1 are only required to hold for
u, v in bounded balls and the statement about differentiability itself is local. Hence
the theorem can also be proven for functions defined on open subsets of Sobolev
spaces.

Corollary 3.5. Let g > % +1,0<I<k, V C Hq(Rd,R") an open subset and
F:V — HYRY R™) a DI(R?)-equivariant C*-function, i.e. F(uo¢) = F(u)og
for ¢ € DI(RY), whenever u,uo@ € V. Then F maps U =V N H into HIT!
and F : U — HY(RE R™) is a C*~l-map.

4. D9(M)-EQUIVARIANT MAPS

In this section we assume that M is a d-dimensional compact manifold and N, P
are n- and m-dimensional manifolds respectively, both without boundary.

To define the spaces H?(M, N) we require g > %. A continuous map f: M —
N belongs to HY(M,N), if around each point & € M, there exists a chart x :
U - U CR?of M and a chart  : V — V C R” of N around f(z), such that
no fox~' e HIU,R"). When N = R", then H9(M,R"™) is the Sobolev space
of functions on a manifold and the condition ¢ > £ is not necessary; see [2]. In
general H4(M, N) is not a vector space, but H4(M, N) can be given the structure
of a C*°-smooth Hilbert manifold; this was done first in [12, [21] and a different but
compatible differentiable structure is described in [15].

For ¢ > % + 1 the diffeomorphism group D4(M) can be defined by
DYM) = {p € HY(M, M) : ¢ bijective, o' € HI(M, M)}
={p € HI(M,M) : ¢ € Diff} (M)},
and Diff' (M) denotes the group of C''-diffeomorphisms of M. The diffeomorphism
group is an open subset of H(M, M) and it is a topological group.

We will need the following result on the boundedness of pointwise multiplications
and the regularity of the composition map.

Lemma 4.1 ([15, Lem. 2.13 and Sect. 3]). Let ¢, € R with ¢ > % and 0 < r <gq.
Then pointwise multiplication

HI(M,R) x H"(M,R) — H"(M,R), (f,9) = f-g,

18 a bounded bilinear map.

Lemma 4.2 ([15, Thm. 1.2 and Rem. 1.5]). Let ¢ > ¢ +1 and k € N. Then
HOF(M,N) x DYM) — H(M,N),  (f,¢) = foop,

is a C*-map.
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Now we can state the analogue of Thm. for Sobolev spaces on manifolds and
D1(M)-equivariant maps.
Theorem 4.3. Let ¢ > 4 +1,0<1<k and F : HY(M,N) — HY(M,P) be a
DI(M)-equivariant C*-map, i.e. F(uo ) = F(u)o . Then F maps HI*' into
H* gnd F: H™Y (M, N) — H?Y(M, P) is a C*~'-map.
Proof. Step 1. Reduction to N = R™ and P = R™.
Using Whitney’s embedding theorem we can embed N and P into Euclidean space.
Let Ny € R™ be a tubular neighborhood of N in R™ and denote by ¢y : N — Ny
and ry : Ny — N the inclusion and retraction maps. Similarly we introduce the

tubular neighborhood Py C R0 of P and the maps tp and rp. Then we extend F
to the map Fy : HY(M, No) — H1(M, Py) via the following commutative diagram

HY(M,N)—2~ Hi(M, P)

uHTNouT \Lu»—npou

H?(M, No) —— H(M, P)
0

The extension Fy is again D?(M )-equivariant, since
Fo(uop)=tpoF(ryouop)=tpoF(ryou)op=Fy(u)op.
We note that H?(M, Ny) and H%(M, Fy) are open subsets of HI(M,R™) and
H(M,R™) respectively. If the theorem is proven in the case, when N and
P are the Euclidean space, then together with Rem. [£4] this shows that Fy :
HI (M, No) — HIT(M, Py) is C*~1. Now we write
F(u)=rpowpoF(ryowvou)=rpoFy(tnou).

Since composition from the left with C*°-functions rp, ty are C'°°-maps on Sobolev
spaces, it follows that F': HIT!{(M, N) — HI (M, P) is C*~L.

For the rest of the proof we will assume that N = R™ and P = R™.

Step 2. If F: H? — H9is C!, then F : Hit! — Ht! is CV.
Choose smooth vector fields X1,..., X4 € X(M) such that

span{Xi(z),...,Xa(x)} = T, M,

for all € M. Then an equivalent norm for H4(M,R"™) is given by

A

el e~ Nl gra-s + Y 17w X ras -
j=1

Let ¢y = exp(t.X;), where exp denotes the Lie group exponential on DI(M).
Then ¢ — 1), is a one-parameter subgroup and the map

R x HITY — HY,  (t,u) = uoy

is C1. Now fix u € H?"! and consider the identity F(u o) = F(u) o). Both
sides of the identity are C' as maps R — H9~! and by differentiating at t = 0 we
obtain the identity

DF(u).(Tu.X;) =T (F(u)) .X;,
We can estimate the H?-norm of the right hand side via the left hand side,
1T (F(w) - Xl e < | DF )l ceae,mol|Tw Xl e,
and hence we see using the H9%-norm from above that

IE (@)l gaer S NE @)l e + [ DF (W)l (e, m9) -lull o
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This shows that F(u) € HI*! provided u € H?!. Regarding continuity we can
show in the same manner the estimate

1F(u) = F(u)l|gaer S [F(u) = F(0)l[ga+
+IDF(u) = DF ()l cae,mollull o + [1DF )l e o)l — vl o

for u,v € H%*!, from which the continuity of F: HI*t! — H9*! follows.
The rest of the proof follows in the same way as steps 2 and 3 of the proof of
Thm. 33 ([

Remark 4.4. As in the previous section, all the arguments in the proof of the
theorem are local in nature, i.e. the one-parameter subgroups exp(t.w;.h;) are
only considered around ¢ = 0 and the statement about differentiability itself is
local. Hence the theorem continues to hold for functions defined on open subsets
of Sobolev spaces and because the local version is used implicitely in the proof we
state it below.

Corollary 4.5. Let q > % +1,0<1<k,VCHYM,N) an open subset and F :
V — H9(M, P) a DI(M)-equivariant C*-map, i.e. F(uo )= F(u)o ¢, whenever
u,uo @ € V. Then F maps U =V N HI into HIT and F : U — HIYY(M, P) is
a CFomap.

5. GEODESIC BOUNDARY VALUE PROBLEM ON THE DIFFEOMORPHISM GROUP

In this section we assume that M is R? or a compact manifold without boundary
of dimension d and ¢ € R with ¢ > % + 1.

The group D?(M) introduced in the previous sections is a smooth Hilbert mani-
fold and a topological group. Let G be a smooth right-invariant metric on D?(M),
ie.

Go(X,Y)=(Xop ", Yop™),
for some fixed inner product (-,-) on X9(M) and X,Y € T,D?(M). Note that
(-,-) does not necessarily have to induce the Sobolev topology on X?(M). If the
geodesic spray of the metric is a smooth vector field on TD?(M), then it admits an
exponential map

Exp: TDY M) DU — DY(M),
defined on an open neighborhood U of the zero section. Because the metric is right-
invariant, the geodesic spray and the exponential map are D?(M )-equivariant, i.e.

Exp(X o) = Exp(X) o4,

holds for X, X oy € U.

Because DY(M) is not a Lie group — in particular the inverse map ¢ — ¢! is
continuous but not differentiable — not every inner product (-, -) leads to a smooth
right-invariant metric G. Similarly, because the topology induced by the metric
can be weaker than the manifold topology, not every smooth metric admits an
exponential map. Hence the assumption, that G is a smooth metric with a smooth
exponential map, are nontrivial.

5.1. Metrics with smooth sprays. At this point we should give examples of
metrics to which this discussion applies.

Let (M, g) be a compact Riemannian manifold and du the induced volume form.
It is shown in [14] that the geodesic spray of the H!-metric

(u,v) = /Mg(u,v) + g(Vu, Vo) dp

is smooth on D?(M). In [20] the smoothness of the spray is shown for a more general
family of H'-metrics, defined using the Hodge decomposition of vector fields.
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Ifn> % + 1 is an integer and
A= (Id+A") or A= (Id+A)",

where Au = (§du’ + ddu’)* is the positive definite Hodge Laplacian or some other
combination of intrinsically defined differential operators with smooth coefficient
functions, such that A is positive and elliptic, then the metric induced by the inner
product

(o) = [ glauv)da.

is smooth on D™(M); see |[11] and [19] for details.
Let M = R? and A be a Fourier multiplier of order 2s > 1 with s € R, i.e.

F (Au) (§) = a(§) Fu(§),

for some function a(§) satisfying certain asymptotic and ellipticity conditions, then
the metric induced by the inner product

(u, v) :/ Au-vdz,
Rd

is smooth on D4(R?) provided ¢ > s and ¢ > ¢ + 1. The same is true for metrics
defined by Fourier multipliers on D9(S!); see [4] and [13].

5.2. Initial value problem. The smoothness and equivariance of the exponential
map together imply via Thm. that for £ > 0 the map

Exp : U NTDTF(M) — DITF(M)

is also smooth. To see that we can apply the theorem note that TH%(M, M) =
HY(M,TM) and hence TDY(M) C HY(M,TM) is an open subset. This also holds
in the smooth category (k = oo) and the map

Exp : U N T Diff oo (M) — Diff oo (M)

is smooth. When M is compact Diff g (M) = Diff(M) is the group of smooth
diffeomorphisms; for M = R? it is the intersection Diff e (R?) = ﬂk>%+1 DI(RY).
This can be interpreted as a “no loss of regularity”-result for the geodesic equa-
tion on DI(M). If the initial conditions ¢, Xo of a geodesic are of class HIt*
with & > 0, then the whole geodesic op(t) = Exp(t.X) is also of class HIt*. In
other words, the geodesic is at least as smooth as its initial conditions. Because
the geodesic equation can be solved forward and backward in time we also have a
version of a “no loss of regularity”-result: if for some time ¢ > 0, both ¢(¢) and
Orp(t) are of class H1tF | then the initial conditions (g, Xy must already be of class
Hatk

The property of the exponential map to preserve smoothness was first observed
n |11]; for a detailed exposition see |13]. However, for the proofs in the above
references one needs to know a priori that for a given metric the geodesic spray is
smooth on all groups DI+¥(M) with & € N. One advantage of Thm. is that
the smoothness of the spray on D%(M) alone already implies its smoothness on
DItk (M) for all k > 0.

5.3. Boundary value problem. Of interest is the following inverse problem:
given a geodesic, is the initial velocity at least as smooth as the boundary dif-
feomorphisms?

If (t) is a geodesic in DI(M) and ¢(0), (1) € DIT*(M) for some k > 0, does
it follow that ¢(t) € DIt*(M) for 0 < t < 1?7 Note that this is different from the
“no loss of regularity”-result above, which required both ¢(1) and d;¢(1) to be of
class H7tk. We provide an affirmative answer under the assumption that ¢(0) and
(1) are nonconjugate along ¢(t).
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A first answer was given in [16] for H*-metrics (k > 1 on DI(S! x St) with ¢
sufficiently large, provided the geodesic remains in a sufficiently small neighborhood
around the identity. The following application of Thm. [£3] allows us to extend this
result to a wider class of metrics on compact manifolds with fewer restrictions on
the order and the geodesic.

Proposition 5.4. Let G be a smooth right-invariant metric on DI(M) with a
smooth exponential map Exp : TDI(M) D U — DUM) and po, o1 € DI(M),
X € T,,DY(M). If o1 = Exp(X) and o, p1 € DIT*(M) for some k > 0 and
Tpa(ary X Exp : TDYM) — DI(M) x DI(M) is locally invertible around X, then
X € TDI+R(M).
Proof. We have Tpany X Exp(X) = (o, ¢1). Let
LOg Vo X V) — TDq(M)
be the local inverse of mpa(ary X Exp with V; C DY (M) an open neighborhood of
®i- Because Exp and mpq(ar) are DY (M)-equivariant, so is Log,
Log(no o v, m o) = Log(no,m) 1),
for n; € V; and ¢ € DI(M) such that n; o1 € V;. Now we apply Thm. 3] note
that Log is a C'°°-function — to conclude that
Log : (Vo N DI*(M)) x (Vi N DTTH(M)) — TDIHF(M)
is also a C°°-function. Since g, o1 € DIT*(M), we obtain that X = Log(yo, ¢1) €
TP+ (M), O

For a C'°°-smooth exponential map we can also make a statement about the group
Diff (M) of C*°-smooth diffeomorphisms. If M = R%, then we have to consider the
group Diff g (RY) = N D4(R?) of diffeomorphisms that decay to Id like an
He°-function.

>4+1

Corollary 5.5. Let G be a smooth right-invariant metric on DY(M) with a smooth
exponential map. If po, 1 € Diff (M) (or Diff oo (R?) for M = R?) are nonconju-
gate along the geodesic ¢(t), then o(t) € Diff (M) for all t € [0, 1].

Proof. The geodesic is given by ¢(t) = Exp(t0:»(0)) and Prop. 5.4 shows that
0¢p(0) € T, Diff(M). Hence ¢(t) € Diff (M) as well. O

6. GEODESIC BOUNDARY VALUE PROBLEM ON Imm(S*, R9)

We can apply the same idea to show a result about the regularity of the geodesic
boundary value problem on the space of curves. Let d > 2. We consider the space

Imm(S",R?Y) = {c € C=(S",RY) : £(0) #0, V9 € S'}

of immersions or smooth regular curves and for ¢ > 3/2 also the space of Sobolev
curves

798" RY) = {ce H'(S",RY) : ¢(0) £0, Vo € S'} |
together with the family of reparametrization invariant Sobolev metrics

Gc<h,k):/ a0l k) -+ ay (D", DY) ds;
Sl

here Dsh = ﬁh' and ds = |¢/| df denote differentiation and integration with re-
spect to arc-length respectively. The coefficients a; > 0 are assumed to be constant
with ag, a, > 0, n is the order of the metric and h, k € T, Imm(S*, Rd) are tangent
vectors at c.

The space Imm(S!,R%) is an open set in the Fréchet space C°°(S!,R?) with
respect to the C*-topology and Z¢(S*, R%) is open in H9(S',R%). As open subsets
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of vector spaces the tangent bundles of the spaces Imm(S1, R%) and Z9(S1, R?) are
trivial,

TTImm(S', RY) = Imm(S, R?Y) x C°(S1, RY)
TT9(S', RY) = 79(S', RY) x HY(S', RY).

Sobolev metrics on curves were first introduced in |9, 18, 23]. They were gener-
alized to immersed higher-dimensional manifolds in [3]. See [3] for an overview of
their properties and how they relate to other metrics used in shape analysis.

For n > 2 the metric G of order n can be extended to a smooth Riemannian
metric on Z"(S', R%); then (Z"(S',R%), Q) is a strong Riemannian manifold and
G is D"(S!)-invariant. This was first observed in [7, p. 3.2].

A D"(S')-invariant metric has a D™ (S!)-invariant spray and therefore the ex-
ponential map

Exp: 7"(S',R?) x H"(S',RY) — 7"(S', RY)

is D" (S')-equivariant. It is shown in |7, Thm. 5.5] and [6, Thm. 4.3] that the
manifold (Z"(S*, R?), Q) is geodesically complete and hence Exp is defined globally.
Thus Thm. 3] implies the following.

Proposition 6.1. Let n > 2 and G be a Sobolev metric of order n with constant
coefficients. Then for all k > 0,

Exp : Z"tF (ST RY) x H"PF(ST RY) — 7R (ST RY)
is a C®-map. In particular, if co € I"T*(SY,RY) and u € H"F(SY R?), then
Exp(co,u) € Z"HF (ST RY).

The proposition also holds for smooth curves, i.e. k= co.

This proposition has been proven directly in |4, Thm. 3.7.] and under slightly
stronger assumptions in [17, Thm. 4.3.]. Informally it states that the geodesic with
respect to a Sobolev metric is at least as smooth as the initial curve and initial
velocity. We are interested in the reverse implication: is the initial velocity of a
geodesic at least as smooth as both endpoints? While we cannot give an uncondi-

tionally affirmative answer, we can do so under the assumption that the endpoints
are non-conjugate along the given geodesic.

Proposition 6.2. Let n > 2 and G be a Sobolev metric of order n with constant
coefficients. If ¢ = Exp(co,u) and co,c; € I"F(SY,RY) for some k > 0 and
D, Exp(co,u) : ToyZ™ — To, I™ is invertible, then u € H"T*(S1 R?).

Proof. The Riemannian metric G is D" (S!)-invariant and so its exponential map
Exp : TZ"(S',RY) — 7(S*, R?)

is D"(S1)-equivariant,
Exp(cop,vop) =Exp(c,v)op,

for v € T.Z"(S',R?) and ¢ € D*(S'). Since D, Exp(co,u) is assumed to be
invertible, it follows that the map Idz» x Exp : Z™ x H™ — I™ x I™ is locally
invertible around (cg, u). Let

Log : Uy x Uy — T"(S*,RY) x H™(S',RY)

be the local inverse, with ¢4; € Z"(S',R?) an open neighborhood of ¢;. Because
Exp and Idz» are D"(S%)-equivariant, so is Log,

Log(co o, c1 0 ) = Log(co, c1) o v,
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for ¢; € U; and p € D™(S?) such that ¢; o ¢ € U;. Now we apply Thm. &3] — note
that Log is a C'°°-function — to conclude that

Log : (U NZ"F(SY,RY)) x (U NZI"HF(S', RY)) — IT"HF (ST, RY) x HTHF(S!, R

is also a C*°-function. Since we assumed that cg, c; € Z"*(S?, R?), we obtain that
u = 7 o Log(co, c1) € H"F(S1 RY). O

If ¢g € Z"TF(SY,RY) and uw € H"T*(S1,RY), then the D"(S!)-invariance of the
exponential map implies that the whole geodesic c(t) = Exp(co, t.u) is H"F-regular
as well. Furthermore the above proposition remains valid for k = cc.

Corollary 6.3. Let n > 2 and let G be a Sobolev metric of order n with constant
coefficients. If co,c; € Imm(S, RY) are non-conjugate along the geodesic c(t) in
7(SY,RY), then c(t) € Tmm(S*,R?) for all t.

It was shown in [6, Thm. 5.2.] that any two curves in the same connected com-
ponent of Z"(S!,R%) can be joined by a minimizing geodesic. The above corollary
shows that in the space Imm(S!, R?) of smooth curves minimizing geodesics exist
at least on an open neighborhood of the diagonal in Imm(S!, R?) x Imm(S*, R9).
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