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Summary  We propose two new parametric tests for an unknown threshold in mod-
els with endogenous regressors. They are both based on unconventional 2SLS estimators
that use additional information about the linearity of the first stage. This information
leads to more accurate residuals and therefore tests with better size properties than
the Wald GMM test in Caner and Hansen (2004), which we show exhibits severe size
distortions in small samples pertinent to empirical applications.

We prove the bootstrap validity of our tests and evaluate their empirical relevance by
revisiting the question whether government spending multipliers are larger in recessions.
As Ramey and Zubairy (2018), we cannot rule out that they are the same in recessions
or expansions.

Keywords: 2S5LS, GMM, threshold, bootstrap, government spending

1. INTRODUCTION

Threshold models are widely used in economics to model unemployment, output, growth,
bank profits, asset prices, exchange rates, and interest rates; see Hansen (2011) for a sur-
vey of economic applications. While threshold models with exogenous regressors have
been widely studied and their asymptotic properties are well known®, the literature on
threshold models with endogenous regressors remains relatively scarce.? Nevertheless,
in many applications, the regressors are endogenous. For example, Ramey and Zubairy
(2018) (RZ henceforth) recently used a threshold model with endogenous regressors to
show that the US cumulative government spending multiplier is not necessarily larger in
recession regimes defined by high unemployment. One of the main questions of interest
in their paper is whether there are two government spending multiplier regimes defined
by the unemployment rate being below or above a threshold. This question can be an-

LSee interalia Tong (1990), Hansen (1996, 1999, 2000) and Gonzalo and Wolf (2005) for inference,
Gonzalo and Pitarakis (2002) for multiple threshold regression and model selection, Caner and Hansen
(2001) and Gonzalo and Pitarakis (2006) for threshold regression with unit roots, Seo and Linton (2007)
for smoothed estimators of threshold models, Lee et al. (2011) for testing for thresholds, and Hansen
(2016) for threshold regressions with a kink.

2For some contributions with endogenous regressors, see interalia: for time-series, Caner and Hansen
(2004), who consider exogenous threshold variables and Kourtellos et al. (2015) who consider endogenous
threshold variables; for cross-sections and (short) panels, Seo and Shin (2016) (and references therein),
Yu and Phillips (2018) and Christopoulos et al. (2019), who consider endogenous threshold variables.
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swered by testing the null hypothesis of an unknown threshold in models with endogenous
regressors, as in general, the threshold is not known to the researcher aprior:.?

Caner and Hansen (2004) (CH henceforth) proposed a Wald test for exactly this hy-
pothesis based on GMM (generalized method of moments) estimation.* This test com-
putes the GMM estimators before and after each candidate threshold values between, say,
the 15% and 85% quantiles of the threshold variable that may drive the two regimes, and
compares the two estimators by computing the maximum over the Wald tests for each of
these candidate threshold values. Unfortunately, we find in simulations that this test has
serious size distortions, with rejection frequencies up to three times the nominal size in
small samples pertinent to applications (see tables 1 and 2), and erratic behavior in our
empirical application (see figure 2). Tables 1 and 2 show that these size distortions are
already present in just-identified models with strong instruments, even with homoskedas-
tic data, and even though the test is bootstrapped under the null hypothesis. Because
they do not occur with homoskedastic variance estimators, we find that the source of size
distortions is inaccurate heteroskedasticity-robust variance estimators when using data
only at the sample edges (e.g. below the 15% quantile or above the 85% quantiles). The
Online Supplement to this paper shows that the entries of these heteroskedasticity-robust
estimators can be more than a hundred times larger that their respective limits and five
times smaller than their bootstrap equivalents in small samples.

Since the use of heteroskedasticity-robust variance estimators cannot be avoided for op-
timal GMM estimation, in this paper, we focus instead on 2SLS (two-stage least squares)
estimation. The 2SLS estimators we compute are not conventional and therefore not a
special case of the GMM estimators used in the CH Wald test, because they use addi-
tional information about the first stage being either linear or having itself a threshold,
while the GMM estimators do not use this information by construction. Using this infor-
mation results in more accurate residuals and sample variances for data at the sample
edges. Therefore, the two test statistics we propose - a 2SLS likelihood ratio test and a
2SLS Wald test - fix the small sample issues associated with the GMM test.

As for the GMM test, the null asymptotic distributions of our tests depend on the data
generating process. We propose obtaining critical values via the wild bootstrap to mimic
potential heteroskedasticity in the initial sample. We prove the asymptotic validity of the
two bootstrap test statistics proposed and show via simulations that they do not have
similar size distortions to the GMM test in small samples. Since we find no systematic
difference between the two 2SLS tests, we conclude that both are valuable diagnostics
for the existence of an unknown threshold.

Our paper is closely related to several papers in the change-point literature. Boldea
et al. (2019) study the equivalent of the two test statistics in this paper but for change-
points. They also prove bootstrap validity of their tests, however we employ different
proof techniques in this paper because the threshold variable is typically correlated with
regressors, while the change-points are not. Magnusson and Mavroeidis (2014) use infor-
mation about change-points in the first stage to improve the power of tests for moment
conditions, while we use similar information to improve the size of our tests. Antoine and

3RZ fix this threshold throughout most of their analysis at an unemployment rate of 6.5%, based on
the Federal Reserve’s use of this threshold in a policy announcement, and later do robust checks with
different fixed or time-varying thresholds.

4This is the only test that we are aware of that is specific to parametric time series threshold models
with endogenous regressors and an exogenous threshold variable.
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Boldea (2015) and Antoine and Boldea (2018) also use a full sample first stage or change
points in the first stage for more efficient estimation, while we focus on testing.

It should be noted that we allow for endogenous regressors, but not for endogenous
threshold variables. For the latter, see interalia Kourtellos et al. (2015), Yu and Phillips
(2018) and Christopoulos et al. (2019). To account for regressor endogeneity, we use
instruments for constructing parametric test statistics for thresholds. As a result, our
tests have nontrivial local power for O(T~'/?) threshold shifts, where T is the sample
size. This is in contrast to Yu and Phillips (2018), who do not use instruments, but rather
local shifts around the threshold to construct a nonparametric threshold test. As a result,
their test covers more general functional forms, at the cost of losing power in O(T~1/?)
neighborhoods. Additionally, the later paper focuses on cross-sectional models, while our
tests are applicable to both cross-sectional models and time series models.

In the empirical application, using the same data and model specification as in RZ, we
revisit the question of whether the government spending multipliers are larger in reces-
sions. Based on the tests proposed, we find evidence that the instantaneous government
spending multiplier is different in recessions, but as RZ, we cannot rule out that the
cumulative government spending multipliers are the same in recessions and expansions
due to relatively weaker instruments in the recession regime. However, we do estimate
the threshold unemployment rate to be 8.3%, rather than 6.5% as imposed in RZ (or
than the 8% which RZ employ as a robustness check.) This new threshold (but also 8%)
causes the military spending instrument constructed in RZ to become weaker for deep
recessions, suggesting that it is probably most informative at moderate unemployment
rates somewhere between 6.5% and 8.3%.

The paper is organized as follows. Section 2 describe the model and test statistics.
Section 3 describes the bootstrap. Section 4 contains the assumptions and all the boot-
strap validity results. Section 5 contains simulations and section 6 contains the empirical
application. Section 7 concludes. Appendix A contains all the tables and figures, and
Appendix B all the proofs. An Online Supplement contains additional results in support
of sections 6 and 7.

2. THRESHOLD MODEL AND TEST STATISTICS

Our framework is a linear model with a possible threshold at ~+°:

yr = (x] 09, + 20,09.) 1[gr < %] + (2] 05, + 21,69.) 1[qr > 7°] + €
= w, 09 1[q; <%+ w03 1[qe > "] + e, (1)

where y; is the scalar dependent variable, x; is a p; X 1-vector of endogenous variables, z1;
a po X l-vector of exogenous variables including the intercept and possibly lags of v, ¢
is the scalar exogenous threshold variable, 1[-] is the indicator function, w; = (z;, 2/,) "
and 09 = (697,097)T. Let 4° € T, a strict subset of the support of g;, and let p = p; +pa.

The threshold variable is assumed exogenous and it can be a function of the exogenous
regressors. As in CH, the first stage can be a linear model

Ty = HOTZt —|— U, (2)
or a threshold model:

Ty = H?th].[qt < po} + Hgthl[qt > po] + ug, (3)
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where p° € T', and z; are ¢ x 1 strong and valid instruments, including zy;, with ¢ > p;.
We assume that E((e;, ut)|F:) = 0, where Fy = {qt, Gt—15- -5 2t, Zt—1y -+ s Lt—1,- .-}, SO
that equation (1) can be estimated by either 2SLS or by GMM.

For the theory contribution, we assume that the researcher knows whether there is a
linear first stage (LF'S) or a threshold first stage (TFS), but in general this is not known
and can be determined by testing for a threshold in the first stage (see Hansen (1996))
or by using the BIC criteria in Gonzalo and Pitarakis (2002).

We are interested in testing for an unknown threshold, i.e. Hy : 69 = 69 = 6°. Such a
test is already available from CH.? They proposed a test based on GMM estimators of
9, (i = 1,2) for each v € I'. Because z; and ¢, are exogenous, the moment conditions

E(zedlg: <)) =0,  E(zelfge >1]) =0 (4)

hold for all v € T'. Based on these moment conditions, they construct the usual two-step
GMM estimators:

91’%(2) = (Nivfl;le;)ilNin;l(Tfl Zm ZYt)s

where Niy = T71Y0, wezl, Qi = T3, & uzl, S0 = ST (g <)
T ~ N ~

ZQV(') = Zt:l(')l[qt > 1], €t,(1) = Yt — w;‘gm,u)l[% <A - thHz%(Ul[lJt > 7] are

the first step GMM residuals, and 6;, (1) are consistent first-step versions of 6;, (z), for

example by replacing in with Mm =71 Dy 2z, . These estimators can be used to
construct a Wald test for each ~, and taking the maximum of this sequence of Wald tests
over v € I' yields the test in CH:

A ~ T ~ A
WGr =supWGr(y) =supT (91%(2) — 92%(2)) ij(ll) (.91%(2) — 92%(2)) , (B)
yel el
where V., (1) = Y7, Viy, 1) and Vi, 1y = (N3 Q7' N )7L

As shown in the simulation section 5, this test has serious size distortions for sample
sizes often encountered in macroeconomic data. Even though CH prove bootstrap validity
of their test in large samples, Tables 1-2 shows that the bootstrap does not replicate well
the empirical distribution of the test statistic in finite samples.

Note that both for a LFS and a TFS, the moment conditions (4) are still valid, but they
do not reflect the additional information that the instruments are equally strong over the
entire sample (for a LFS), or they change strength over the sample (for a TFS). In both
cases, it may be possible to construct more efficient GMM estimators which use this
information, however the optimal GMM estimation require the use of heteroskedasticity-
robust variance estimators before and after each -, leading precisely to the sample edge
inaccuracies in these estimators that we want to avoid.

For this reason and also because the 2SLS estimation we consider is a necessary step if
one also wants a consistent estimate of the threshold 4" under the alternative hypothesis
Hy : 69 # 69, the paper focuses on 2SLS estimation of equations (1) and (2) or (1) and

(3).°

5They only considered a model with endogenous regressors, but their results straightforwardly generalize
to the case of both endogenous and exogenous regressors.

6The only available parametric method for consistently estimating v° in (1) we are aware of was
proposed in CH and is based on 2SLS. Note that it is not known whether the implicit maximizer of
WG (v) is a consistent estimator of 9.
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The LFS (2) is estimated over the full sample:
N T —1 T .
_ T T s _A[T
II = (thl Zt24 ) thl ZTy Ty =11" z.
For the TFS (3), we first estimate the threshold p° as in CH, by multivariate least-squares:

T
5 int _1iT _1iT T]
p = arg r;lellr} race; [(xt tp2t) (T tp?t) |
where T1;, = (>, 220) 7t Dip za) for i =1,2, and I, = I1;,1[q; < p] + Tap1[g: > p).
At this threshold estimator,

1 i I T
Hi = Hiﬁ, T = Hﬁtzt.

With this notation, in both cases, the 2SLS estimators éiw of equation (1) - over all y € T
7
- are

1
. AT sTNT 5 LT .
wy = (24 ,24;) iy = ( E - Wy ) E - WYy

We now propose two tests for Hy : 69 = 69 and an unknown threshold. The first one
is a likelihood-ratio type test:

SSR() — SSRl(’)’)

LRy = sup LRp(y) = sup
R O) = SR () /T - 2)
Here, SSRy = Zthl(yt — @/ 0), with 0 = (Zle Wb )t Zthl Wy the full-sample
2SLS estimator, and SSRy(7) = 327, 2y (Yt — W, 0;)%. This test has the advantage
that the implicit maximum is achieved at 4, which is a consistent estimator of 7° in

equation (1) under the alternative H 4 : 0, = ég, as shown in CH.
The second one is a Wald-type test:

(6)

o R T . o o
Wr =supWr(7) =supT (1, — 0,) V" (81— b5 , (7)
yel’ yel’

where V., 2 V., = lim Var [T'/2(6;, — 05,)], and the explicit expression for V,, and V, can
be found in Appendix B, Definition B.1 for a LFS and Appendix B, Definition B.2 for a
TFS. Unlike the sup Wald test in Hall et al. (2012), which is the change-point counterpart
of the test here, our test - through the way Vv is defined - takes into account that the
2SLS estimators élv and HAQW are correlated through either a full-sample first-stage or
through misalignment of p® and 7.

Since the asymptotic distribution of both 2SLS tests is shown in Appendix B, Theorem
B.1 to depend on moments and parameters of the data generating process, we propose
bootstrapping these tests and prove the asymptotic validity of the bootstrap. The GMM
test was also shown to be non-pivotal in CH, and they also proposed a (variant of) boot-
strap which they showed to be asymptotically valid. All these bootstraps are described
in the next section.

"In the computation, one does not search over all possible values in I', but only consider unique values
of g¢ taken in the sample, from the 7 to the (1 —n) quantile, where typically n € [0.10,0.25].
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3. BOOTSTRAP

Motivated by the good performance of the wild bootstrap for 2SLS change-point tests
in Boldea et al. (2019), for our 2SLS tests, we propose using the fixed regressor wild
bootstrap, where the instruments and the exogenous regressors are kept fixed, and the
residuals are multiplied with the i.i.d. variable 7, described in Assumption 4.2 to preserve
the potential conditional heteroskedasticity in the data.® A bootstrap sample is computed
always under Hy : 69 = 609, as follows:

e estimate a LFS or TFS (with p fixed), and compute the full-sample 2SLS estimates
0= (T 30y ) )T 30,y das
e obtain the residuals 4; = z; — &; and & = y; — thH;
o let u? = @n; and €2 = &, where 7; ~ i.i.d.(O 1)
o let 2t =TI 2z + 0!, wl = (227, 2)7 and y? = wbd + ul.
Let ﬂi’ be computed as ﬁpt but with the bootstrap data, so either under a LF'S, in which
case 10 = (Zt Lzl ) TR ztmt , or under a TFS, in which case I1? = 1[g, <
A + 1[qt > plIIL, and 1% = (Zw 220 )" Zw 22T for i =1,2.
Let éb = (2 wg’wa) D in why?, where 20 = II'T 2, and @ = (207, 2],)7, and let
aboAbT .
(Zt Ly )T Et:l wWyYy-

Then the bootstrap equivalent of LRy = sup,cr LR7r(v) is LRy = SUp.,cr LRY(v),
where LRY ( ) is computed in the same way as LRr(y), but with SSRy replaced by
SSRO Zt 1(yt - waQb) and SSRl(’Y) by SSRZ{(’Y) = Z’L 1 szy(yt - waab ) .

The bootstrap equivalent of Wr = sup,cr Wr(v) is WT = SUD,er WT( ), where
Wh(v) = T(0%, — 65,)T(V2)~4(8h, — 65.), with V obtained as V, in Appendix B,
Definition B.1 for a LFS or Definition B.2 for a TFS, but replacing all sample estimators
by their bootstrap equivalents, except for p, which is kept fixed throughout the bootstrap
samples for a TFS.

We now describe the bootstrap in CH, to which we make two slight modifications which
have no asymptotic consequence for their test, but improve its finite sample performance
under Hy. A bootstrap sample is computed as follows:

e obtain the full-sample two-step GMM estimator
. NP oA T
6(2) = (NQ_lNT)_lNQ_l(T_l Zt:l Ztyt)u

with O = 71 Zthl ztz;éf,(l), €(1) = Yt — w;é(l), where é(l) is obtained as 9(2)
but replacing € with 7! Zthl 2z, and N = T-! Zthl w2

e obtain the two-step residuals & (o) =y — w:é(g);

o let ef =& (@)1 where 1 ~ i.i.d.(0,1);

o let 3} = w, 9(2 + ¢b.

81t is perhaps possible to design a recursive wild bootstrap method for threshold models, but as shown
in Boldea et al. (2019), it would come at the cost of stronger moment assumptions. One could also
consider a pairs bootstrap, but as shown in MacKinnon (2009), it does not necessarily outperform the
wild bootstrap in small samples.
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Note that the two changes to CH are: (1) that we bootstrap under the null rather than
the alternative, and therefore use & (1) instead of € (1) and & (o) instead of € 2y =

ye — wy (0151]q <] + 02,1[q; > 7]); (2) that we add back the conditional mean for y?
instead of writing y? = €2, for the purposes of better replicating the variation in y;. Then
the bootstrap equivalent of the GMM test is WGY. = SUP,cr WGbT, with

T .
b b b b1 b
Wer = (917 (&) 927,(2)) (V»y,(1)) (917 2 ~ 034, 2))
where 9 v (2) = = ( Ame;lj\A];)leWQ?’yfl( T7-1 > wy?), V. 1) = Zz Vil Vilfy,(l) =
( l’Y(Qg'y) 1Nljy)—1’ Qf?’y = T—l Ziy(ég,(l))zzt’zt and Et W= yt _ Te]_,y " [qt < ’Y] _

w;rﬂg%(l)l[qt > 7).
Note that this bootstrap keeps all regressors x;, z:, ¢; fixed, and only bootstraps v,
while our test also bootstraps z;; the latter cannot be avoided for 2SLS.

4. BOOTSTRAP VALIDITY

Define gy = 4 — s, hy =y — €, Mi(7) = Blzez) Uae <1l M = M(ymax) = Elzez/ ],
where T'° = [Yins Ymaz) is the support of q;, Ma(y) = M — M;(v), and v = (eg,u)T.
Let || - || be the Euclidean norm. The following assumptions are similar to CH.

ASSUMPTION 4.1.

(a) E[ve|§:] = 0 with §; = 0{zi—s,vi—s—1,q1—s|5 > 0};
(b) The series (v, gty he, qe, z¢) is strictly stationary with p-mizing coefficient p(m) =
O(m~=4) for some A

(¢) sup Bz < o0, supEllun[[*" < oo;
t t
(d) inlf0 det My, > 0, and if (3) holds, then M, is strictly increasing in v (strictly
ve

increasing here means that if v1 > 2 > 0, then My, — M, is p.d.);
(e) The threshold variable q; has a continuous pdf f(q;) with sup |f(q:)| < oo;
q: €10
(f) E[viv) | and E[(viv) ) @ (2¢2, )] are two p.d. matrices of constants;
(g9) The coefficient matrices I° (for the LFS (2)) or IIY, 1Y (for the TFS (3)) are full
rank, and 11§ — T19 # 0.

Assumption 4.1(a) is typically needed for nonlinear models, as discussed in CH. As-
sumption 4.1(b) is also needed, as the only uniform law of large numbers and functional
central limit theorem for partial sums in 1[g; < 7] that we are aware of derives from
Hansen (1996) and require strict stationarity (see Lemma B.1-B.2 in the Appendix).
This assumption is also in CH. Assumption 4.1(c) is a typical moment condition similar
to CH. Assumption 4.1(d) is slightly different than CH: they also impose that M, is p.d.
for all v, but we require that the increments in M, are p.d. in the limit. This assumption
is used to provide a self-contained proof of super-consistency of p in a TFS, and is further
discussed after Theorem 4.1. Assumptions 4.1(e) and 4.1(g) are also imposed in CH, and
Assumption 4.1(f) is needed for uniqueness of the asymptotic distributions of the test
statistics proposed.

With this assumption, we first show super-consistency of p, which allows one to treat
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the first stage threshold as if it was known in subsequent analysis. This result is also
needed for deriving the asymptotic distribution of the proposed tests and their bootstrap
versions.

THEOREM 4.1. Under Assumption 4.1 and the TFS in (3), (i) p—p° 20; (i) T(p—p°) =
Op(1); (iii) TV? vec(1l; — I19) = T2 vec(IL; 0 — I19) + 0, (1).

This theorem was also shown in Chan (1993), under different assumptions that pertain
directly to a threshold autoregressive model where z;,q; are lags of z;. CH state that
under their assumptions, the result in Theorem 4.1 holds, but they do not provide an
explicit proof. We therefore provide a self-contained proof of this theorem in Appendix
B. This proof may be of interest in its own right, as it extends proof techniques from
change point analysis to threshold models.

We require the following assumption for proving bootstrap validity.

ASSUMPTION 4.2. (a) i (0,1) with sup, E°(n}) < oo, where E®(-) is the expectation
with respect to the bootstrap probability measure; (b) sup, B||z|[*/=1) = o(T).

Assumption 4.2(a) is common for wild bootstraps (also see Boldea et al. (2019)),
and typical choices for n; are the normal distribution, the Rademacher distribution,
and the asymmetric two-point distribution in Mammen (1993). CH propose using the
normal distribution, but we use both the normal distribution and the Mammen (1993)
distribution, as the latter yields better results for the Wald GMM test. Assumption
4.2(b) is only needed for the W2 test, in particular for Vf to weakly converge to V,, in
probability under the bootstrap measure.

THEOREM 4.2. (BOOTSTRAP VALIDITY) Let y; be generated by (1) and x; be generated
by the LFS (2) or by the TFS (3). Then, under Hp,

(i) sup,ep |P? (LR} — LRr| < ¢)| 2,0 under Assumptions 4.1-4.2(a);
(44) sSup.er !Pb (IWh —Wr| < )| 2,0, under Assumptions 4.1-4.2.

This theorem proves bootstrap validity of the proposed test statistics. The bootstrap
validity of WGY. was also explained in CH under their Assumption 1, Assumption 2

in Hansen (1996) and ud N(0,1), although from Hansen (1996) it is clear that the
normality assumption is not necessary for their results to go through. All of these are
comparable to our Assumptions 4.1-4.2. In the next section, we compare the three test
statistics through simulations for which both our assumptions and their assumptions are
satisfied.

5. SIMULATIONS
Consider the following data generating process (DGP) for t =1,...,T":

Y = 14+ +53; xtl[qt > ’)/O] + €, T =14 2 + 07 ztl[qt > po] + Uy,
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where z; “&dj\/'(l, 1), ¢t = zt + 1, and z;, 24, ¢ are scalars. We set oy = 0 for a LFS and
oo € {—0.5,0.5,1} for a TFS. For a TFS, p° = 1.75. Under the null, §, = 0, and under
the alternative, d, = 0.25 with ° = 2.25.9

Let 1y YN (0,1). We consider three cases. In case (a), the errors are homoskedas-
tic - ¢, = 14, we use the ii.d. bootstrap instead of the wild bootstrap, and make
two adjustments to the computation of the test statistics. First, v? “r (0, by v) With

Sy = TV Y1, @] for 2SLS. For GMM, ¢ "~ N(0,62) with 62 = T Y[ & ).

and €& (1) = yr — w, 9, where recall that 0 is the full-sample 2SLS estimator. Second,
all heteroskedasticity-robust estimators are replaced by their homoskedastic analogs. For
example E[ztzjef]l{qt < 7} is no longer estimated by 77" 37, 22 €21[g; < 7], but by

Ge(T! 21y zz{ g <))

In case (b) the errors are still homoskedastic - €, = 14, but we assume we do not know
this, and therefore use the heteroskedasticity-robust variance estimators described in sec-
tions 2 and 3. In case (c), the errors are conditional heteroskedastic - ¢; = vy - 24/ V2 with
Var(v) = Var(us) = 1 and Cov(ug, v¢) = 0.5, and we use the same heteroskedasticity-

robust variance estimators. In table 1 cases (b)—( ), the bootstrap is performed using

m N (0,1). For all other results, n; “ (0,1) with draws from the asymmetric two-

point distribution proposed by Mammen (1993). In all cases besides (a), we use the wild
bootstrap as described in section 3.

There are 500 bootstrap samples. For each simulation, we compute the 95% quantile
of the bootstrap distribution of the test statistic, and if the test in the original sample
is above this quantile, we reject, else we do not reject. v is varied between all sample
realizations of ¢; from its 15% quantile to its 85% quantile. We report the rejection
frequency of each test statistic in 1000 simulations under the null and at 5% nominal size
(tables 1 and 2), and under the alternative we plot the size-adjusted power, where the
size-adjustment is made relative to the null DGPs described above (figure 1).

Tables 1 and 2 show that our tests have in all cases close to nominal sizes, even in
small samples. Under known conditional homoskedasticity, the GMM test is also close
to its nominal size. However, as soon as we correct for (potential) heteroskedasticity, it
become oversized in small samples, with empirical sizes more than twice the nominal
size. This means that it will overreject the null of no threshold and cannot be trusted
even for sample sizes around 7" = 500, unless one truly believes the data is conditional
homoskedastic. This problem is mitigated in some cases by the use of the asymmetric
distribution in Mammen (1993) instead of the normal distribution, but the test still
displays sizes of up to 15.5% at a 5% nominal size, as shown in table 2

The size distortions of the GMM test originate from imprecise heteroskedasticity-
robust estimates in for small and moderate sample sizes pertinent to applications. In
particular, when + is close to the 15% or 85% quantiles of ¢;, there is not enough data to
precisely estimate €2;,. In the Online supplement, Section S1, we compute €;, in and
Q?W for a sample size of T' = 100 and case (c¢). We show that the entries of in can be 100
times larger than their limits in €2;, and also twice as large or five times smaller than

9Note that because of just-identification, there is no difference between the first and the second-step
GMM estimators, therefore 0(2) = 0(1) = (Zt 1wtth) Nr lzt 1 2tyt), and Bm (2) = '917 1y =

(NL)THT 505, 2eme)- Also, Vs ) = 332 Vi (1), Vin1) = (Niy @i N7 and & o) = &) =
ye — w01y (1yLae < 4] — w 0oy (1y1[ge > ).
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their bootstrap equivalents in Q?v when - is at the edges of the sample, but that the same
entries are approximately equal to their limits and close to their bootstrap equivalents
if v is equal to the median.'® This is precisely why the bootstrap does not replicate well
the empirical distribution of the GMM test in small samples.

Note that this is exactly the problem that our tests mitigate, because for « close the
edges of the sample, the 2SLS residuals are estimated using additional data from the
first stage, either from the full-sample in the case of a LFS; or from a larger sub-sample
dictated by the TFS, improving their finite sample properties.

We also assess the power of all tests. For a large threshold §, = 1, all tests have power
virtually equal to one even for sample sizes of T = 250 and therefore we do not report
these results. Figure 1 shows the power properties for a small threshold of §, = 0.25. In
small samples, the Wald tests dominates the LR test for all cases (a)-(c). Note that this
is not necessarily for classical reasons of correcting for heteroskedasticity, as all tests are
non-pivotal and bootstrapped. For the GMM test, the power is suspiciously large for a
small threshold, and it is probably due to the same inaccuracies of in at the edges of the
sample mentioned earlier. However, the power differences among all three tests vanish as
the sample size grows.

Therefore, we argue that our tests provide a reliable alternative to the GMM test in
smaller samples pertinent to macroeconomic applications.

6. APPLICATION TO GOVERNMENT SPENDING MULTIPLIERS

In this section, we revisit the question whether government spending is more effective in
recessions, and address it as in RZ, using exactly the same data and model specifications,
except that we test and estimate an unknown threshold rather than imposing it.!! For
simplicity, we first focus on the instantaneous government spending multiplier 6, ;(i =
1,2), estimated similarly to RZ from:

v = (041 90 + 21 10:1)1ar < A%+ (Og,2 90 + 21 10:.2)1[qe > 7°]) + e (8)
g9e = 11] z1gy < p°] + 115 2,1 [gr > p°] + v 9)

where y; is real GDP divided by trend GDP, ¢; is real government spending divided
by trend GDP - which is endogenous and instrumented by military spending news m; -
and the threshold variable is ¢, the first lag of the unemployment rate. The exogenous
regressors z1; are also included in z; and contain an intercept and four lags of g, y¢, m;.
Thus, z; = [2/,,m]]T.

The data is from the RZ replication package which can be found at http://econweb.
ucsd.edu/~vramey/research/Ramey_Zubairy_replication_codes.zip. For details on
the data construction, the validity of instruments, or the interpretation of 6, ;(i = 1,2)
as cumulative spending multipliers, we refer the interested reader to RZ.

10T hese size distortions persist when using other heteroskedasticity-robust variance estimators such as
the HC1-HC3 described in Davidson and MacKinnon (1993). HC1 is just a degree of freedom adjustment
that leads to exactly the same results, because the test statistics and the bootstrap critical value are
multiplied by the same constant. With the same DGP as in table 2, we obtain sizes up to 13.4% for
T = 100 and 12.5% for T' = 250 using HC2, and sizes up to 13.7% for T' = 100 and 12.5% for T' = 250
using HC3.

11 An earlier draft of this paper, Rothfelder and Boldea (2016), answered the same question but only with
more recent data. RZ explained that this data does not vary enough with the business cycles to identify
changes in government spending multipliers. We are grateful for the rich dataset they constructed and
we redid the empirical analysis in Rothfelder and Boldea (2016) using their data and approach.
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Letting 00 = (0,60, ,)" and wy = (g¢,2{,) ", the RZ estimators of 6 are exactly the

2z,

just-identified GMM (or instrumental variables, IV henceforth) estimators ém,u) defined
in Section 2, but evaluated in RZ at v = 6.5 (and ignoring the first stage which is
irrelevant for conventional IV estimators).'? The threshold v = 6.5 is chosen by RZ as
in Owyang et al. (2013), based on the US Federal Reserve use of this threshold in its
policy announcement; RZ also do a robustness check with a threshold of 8.0. Since it is
unclear why 6.5 or 8.0 would be the threshold that defines recessions versus expansions,
we do not assume that the threshold 7° is known or even that there is a threshold ~%;
we instead test for the presence of A9 first.

Our methods require first estimating p° in equation (9).!* Table 3 reports the multi-
variate threshold estimates p described in Section 2, along with the decisions of a LFS
or a TFS based on the BIC3 criterion proposed in Gonzalo and Pitarakis (2002) and on
the ordinary least-squares (OLS) versions of LR} and W2 tests described in Section 3,
which were proposed in Hansen (1996). The estimate of p" and the decisions change with
the cut-off considered. But if there is a threshold, the maximizer of the OLS version of
LR7(7) is a consistent estimator of p°. This is because the likelihood ratio test is maxi-
mized exactly at p, the minimizer of the multivariate sum of squared residuals described
in section 2, which is consistent as shown in Theorem 4.1. Therefore, we use a TFS with
p in table 3.

Given p obtained for each cut-off, we test for an unknown threshold in equation (8).
Table 4 shows that the LR test clearly rejects the null. The 2SLS Wald test does not
always reject but its values are relatively close to the critical values at certain cut-offs.
The GMM Wald test only rejects with 25% trimming, but both the test and its critical
values are very large at 10% trimming, and these may be due to its distortions around
cut-offs discussed in the simulation section and further illustrated in figure 2, where the
sample-edge erratic behavior of the test is apparent.

Because equations (8)-(9) control for several lags - in line with the RZ specification -
we choose the 25% cut-off results with p = 4.0636 and 4 = 8.3363, where the latter is
the 2SLS threshold estimate proposed in CH (equivalently, the implicit maximizer of the
LRr(v) quantity in this paper).!4

Our empirical illustration could conclude that the instantaneous government spending
multiplier is different in recessions, and that the threshold defining recessions is larger
than 6.5. However, we now show results that cast doubt on this conclusion and further
explain why both RZ and this paper cannot rule out that multipliers are the same in
recessions and expansions. As in RZ, we compute the cumulative government spending

12 A1l numbers referring to unemployment rates, such as 6.5, should be interpreted as percentages: 6.5%.
13RZ do not further investigate the regimes in equation (9) because they are irrelevant for the IV
estimation. For IV estimation, one can treat equation (9) as a mere projection that helps estimate 6 ;.
We treat equation (9) as the ”true specification” for testing for a threshold in instantaneous government
multipliers, although it could also be viewed as a projection, as long as it satisfies Assumption 4.1.
14The confidence sets for both these thresholds obtained by inverting the likelihood ratio tests in Hansen
(2000) and CH, or by simulating the asymptotic distribution in CH, are very tight when using the default
nonparametric kernel. However, since both estimators are close to the 25% cut-off, and increase (%) or
decrease (p) when decreasing the cut-offs used, we can only interpret these estimators as close to the
lower bounds of the true threshold values that are identified in the sample.
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multipliers 9’;1(2 = 1,2) at horizon h =0,1,..., H from the IV regression:

H H
Zh:o y?‘*h = (9;1 Zh:o Ge+h + ZIt92,1>1[Qt < 4]

H
+ (052 ), Geen 21,02 0)1ar > Al + et
where ZhH=0 Gi+p, 1s instrumented by my.1°

Tables 5 and 6 show the RZ multipliers and our multipliers for two years ahead, cal-
culated exactly as in RZ but with 4 = 8.3383. We also report classical heteroskedasticity
and autocorrelation (HAC) robust standard errors, weak instrument HAC robust con-
fidence sets, and classical and weak-instrument HAC-robust tests for the difference in
multipliers at the imposed thresholds.'® These tables show that in both cases, there is
no evidence that government spending multipliers are different in recessions, once the
possibility of weak instruments is taken into account.

We therefore plot in figure 3 a weak instrument test across horizons (the effective F-
statistic for the null hypothesis of weak instruments in each regime) for both thresholds. *7
These figures show evidence of weak instruments in both regimes at horizon h = 0, and
for both our threshold and the RZ threshold. This also holds for the effective F-statistics
for our TFS specification with p = 4.0636: they are equal to approximately —19 for
gt < 4.0636 (101 observations), and —17.5 for ¢ > 4.0636 (399 observations), so well
below zero. Therefore, the weak instrument problem hampers further conclusions about
the difference in government spending multipliers both in our paper and in RZ.

What we do learn from the analysis is that military spending news becomes a weaker
instrument for longer horizons when the threshold increases from 6.5 to 8.0 or to 8.3363,
and therefore the usefulness of this variable as an instrument for government spending is
not robust to the threshold used.'® This is also indicated in figure 4, which shows that,
except for the World War II period, the news variable does not exhibit much variation
when the unemployment rate is above 8.3363. Apart from small sample and specification
issues, the results suggest that the RZ military news instrument is more informative
for intermediate values of unemployment, so for "normal” recessions rather than ”deep”
recessions.

7. CONCLUSIONS

In this paper we proposed two new test statistics for threshold detection in linear models
with endogenous regressors and exogenous thresholds. Even though the paper is derived
for time series models, our assumptions indicate that it can also be applied to cross-
sectional models. We showed that our test statistics works better in finite samples than
an existing GMM test because they use more information available from the first stage.

1514 is unclear how to use the TFS specification (9) to obtain cumulative government spending multipliers
at h > 0, because of the misalignment between the first and the second stage threshold, and we leave
this to future research.

16Table 1 in the Online Supplement, Section S2, also shows these results with a 8.0 threshold; the results
are similar to the 4 = 8.3363 threshold, and it makes sense as the difference in the regimes amounts to
14 more observations.

17Figure 1 in the Online Appendix shows the same plot with a 8.0 threshold; the results are similar to
the 4 = 8.3363 threshold.

18The Online Supplement, figure 1, shows that this problem already occurs for a threshold of 8.0.
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Rothfelder and Boldea (2016) show in their Theorem 1 that under conditional ho-
moskedasticity and one endogenous regressor, the 25LS estimators with a LRF or a TRF
can be more efficient than the GMM estimators that ignore this information. It would
be interesting to assess when this efficiency carries over to more general settings, and
whether there exists an optimal GMM estimator that uses similar information from the
first stage as the 2SLS estimators.
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A. APPENDIX A
Table 1. Rejection frequencies under the null DGP and 5% nominal size
LFS TFS, 6 = —0.5 TFS, 6 = 0.5 TFS, o = 1

Case T LR w waG LR w waG LR w waG LR w WG
100 6.1% 5.9% 4.3% 2.8% 5.6% 2.7% 25% 3.4% 5.0% 3.8% 4.1% 5.4%

(a) 250 53% 5.5% 2.6% 2.7% 2.8% 2.7% 1.0% 2.4% 3.4% 3.8% 3.7% 3.5%
500 51% 5.3% 3.5% 2.7% 3.8% 3.1% 3.6% 4.1% 4.2% 54% 4.6% 4.4%

1000 5.5% 5.8% 4.0% 5.2% 4.5% 3.2% 4.4%  4.3% 4.4% 54% 5.1% 4.4%
100 4.6% 7.3% 11.9% 6.1% 10.0% 12.7% 3.1% 59% 12.7% 3.5% 7.7% 12.0%

() 250 4.2% 58% 122% 5.9% 7.9% 11.0% 3.6% 4.6% 9.8% 52% 5.9% 9.3%
500 4.9% 4.6% 11.1% 5.3% 6.3% 8.8% 53% 3.9% 8.4% 6.2% 5.4% 8.0%

1000 5.1% 4.8% 9.2% 5.9% 5.9% 7.4% 5.8% 5.9% 6.2% 5.8% 6.1% 5.9%
100 4.6% 73% 11.9% 6.1% 10.0% 12.7% 31% 59% 1277% 35% 7.7% 12.0%

) 250 42% 58% 122% 5.9% 7.9% 11.0% 3.6% 4.6% 9.8% 52% 5.9% 9.3%
500 4.9% 4.6% 11.1% 5.3% 6.3% 8.8% 5.3% 3.9% 8.4% 6.2%  5.4% 8.0%

1000 5.1% 4.8% 9.2% 5.9% 5.9% 7.4% 58% 5.9% 6.2% 58% 6.1% 5.9%

Here, n; ad N(0,1). LR and W refer to our tests LRy and Wr, and WG refers to the WGy test in CH
Table 2. Rejection frequencies under the null DGP and 5% nominal size
LFS TFS, 65 = —0.5 TFS, 6 = 0.5 TFS, o = 1

Case T LR w waG LR w waG LR w waG LR w WG

100 52% 6.8% 122% 24% 6.1% 12.7% 23% 51% 10.1% 3.7% 5.9% 9.9%

(b) 250 51% 58% 124% 1.7% 45% 155% 2.7% 4.6% 11.0% 3.6% 6.2% 10.8%

500 4.8% 5.4% 8.9% 3.5%  3.9% 10.0% 3.1% 4.0% 8.0% 3.9% 4.3% 7.0%

1000 4.3% 4.9% 9.5% 3.3%  4.0% 12.3% 3.6% 3.8% 8.7% 4.7%  5.0% 8.7%

100 6.2% 6.7% 10.0% 4.5% 6.1% 10.3% 3.5% 3.9% 8.8% 4.1%  5.1% 8.8%

(©) 250 4.6% 62% 104% 2.9% 4.9% 122% 4.1% 4.8% 7.9% 4.8% 5.4% 7.0%
500 4.9% 6.4% 7.8% 4.1% 4.1% 9.8% 4.2%  4.9% 6.5% 4.6% 4.9% 5.7%

1000 54% 4.6% 6.6% 51% 4.9% 9.8% 5.0% 5.5% 6.7% 4.9% 5.8% 6.3%

See table 1: test statistics are the same but 7 ud (0,1) follows the Mammen (1993) distribution.

b BIC3 LR W
10% 35264 TFS TFS LFS
15% 3.5264 TFS TFS LFS
20% 37530 LFS TFS LFS
25% 4.0636 LFS TFS LFS

Table 3. Presence of Thresholds in the First Stage

BIC3 is the BIC3 criterion in Gonzalo and Pitarakis (2002), and LR and W are the OLS bootstrap

equivalents of LRy and Wrp.
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Table 4. Presence of Thresholds in model (8)

Trim  TFS p ot LR 5%CV  Reject w 5%CV  Reject WG 5%CV Reject
10% 3.5264 11.9660 93.526 77.308 Yes 29.335 28.775 Yes 178.296 198.705 No
15% 3.5264 10.7000 78.158 60.051 Yes 27.698 28.775 No 66.523 83.339 No
20% 3.7530 9.3443 75.332 51.311 Yes 27.505 29.772 No 66.523 67.292 No
25% 4.0636 8.3363 65.719 48.726 Yes 24.365 28.352 No 66.523 66.433 Yes

?5%C.V.” display the bootstrap 5% critical values. ”Reject” indicates whether the null of no threshold in (8)
is rejected. For all cases, we use a TFS with p obtained with the same cut-offs as the column ”Trim” indicates.

Table 5. [V Multipliers with RZ threshold

State 1, g: < 6.5: 319 obs. State 2, g+ > 6.5: 181 obs.
h Mult. s.e. AR LB AR UB  Mult. s.e. ARLB AR UB p-val. AR p-val
0 1.24 0.45 -0.51 2.99 -0.61 0.98 -4.43 3.22 0.04 0.22
1 1.11 0.29 -0.02 2.24 -1.92 1.54 -7.95 4.10 0.04 0.24
2 0.89 0.19 0.13 1.64 -0.17 0.25 -1.16 0.81 0.00 0.24
3 0.71 0.14 0.15 1.28 0.22 0.16 -0.42 0.87 0.01 0.25
4 0.64 0.12 0.17 1.12 0.46 0.14 -0.09 1.01 0.26 0.39
5 0.63 0.10 0.24 1.03 0.54 0.12 0.08 1.00 0.52 0.57
6 0.62 0.09 0.26 0.99 0.59 0.11 0.17 1.01 0.81 0.82
7 0.59 0.09 0.24 0.95 0.60 0.10 0.23 0.97 0.95 0.95
8 0.59 0.09 0.23 0.95 0.62 0.09 0.29 0.95 0.82 0.82
9 0.62 0.10 0.25 1.00 0.63 0.08 0.33 0.92 0.97 0.97
10 0.66 0.10 0.27 1.05 0.64 0.07 0.37 0.91 0.87 0.87
11 0.68 0.10 0.28 1.08 0.64 0.07 0.39 0.90 0.79 0.80
12 0.68 0.11 0.27 1.10 0.65 0.06 0.41 0.90 0.81 0.82
13 0.68 0.11 0.26 1.11 0.67 0.06 0.44 0.89 0.89 0.90
14 0.68 0.11 0.24 1.13 0.68 0.05 0.47 0.89 0.99 0.99
15 0.67 0.12 0.19 1.15 0.68 0.05 0.48 0.88 0.92 0.92

”Mult.” indicates the IV estimates at each horizon, ”obs.” the number of observations, and

7s.e.” the Newey-West HAC standard errors using the Bartlett kernel and the data-dependent
bandwidth. ”AR LB (AR UB)” refer to 95% Anderson-Rubin confidence lower (upper) bounds.
”p-val.” indicate classical p-values for the t-test of no difference between the multipliers, and
” AR p-val.” indicate Anderson-Rubin p-values for the same test. All the results are computed
with RZ’s replication package code.

Table 6. IV Multipliers with our threshold

State 1, g+ < 8.3363: 410 obs. State 2, g > 8.3363: 90 obs.
h Mult. s.e. ARLB AR UB  Mult. s.e. ARLB AR UB p-val. AR p-val
0 1.30 0.38 -0.20 2.80 -0.93 1.36 -6.27 4.41 0.05 0.19
1 1.14 0.25 0.17 2.11 -1.68 1.37 -7.05 3.68 0.03 0.23
2 0.93 0.16 0.28 1.57 -0.55 0.48 -2.42 1.33 0.00 0.25
3 0.74 0.13 0.25 1.23 -0.02 0.20 -0.80 0.76 0.00 0.26
4 0.67 0.11 0.24 1.09 0.32 0.17 -0.36 1.00 0.07 0.31
5 0.65 0.10 0.28 1.03 0.52 0.18 -0.19 1.22 0.45 0.52
6 0.63 0.10 0.26 1.01 0.62 0.19 -0.14 1.38 0.94 0.94
7 0.60 0.09 0.24 0.96 0.66 0.20 -0.13 1.45 0.77 0.78
8 0.60 0.09 0.25 0.94 0.66 0.18 -0.04 1.37 0.71 0.73
9 0.62 0.09 0.29 0.96 0.66 0.15 0.07 1.25 0.84 0.85
10 0.65 0.09 0.31 0.10 0.66 0.13 0.14 1.18 0.96 0.96
11 0.67 0.09 0.32 1.02 0.65 0.12 0.17 1.13 0.87 0.87
12 0.67 0.09 0.32 1.03 0.64 0.12 0.17 1.11 0.85 0.85
13 0.66 0.09 0.30 1.03 0.67 0.11 0.22 1.11 0.98 0.98
14 0.65 0.10 0.27 1.03 0.70 0.11 0.28 1.11 0.75 0.76
15 0.64 0.11 0.22 1.05 0.71 0.10 0.31 1.18 0.58 0.60

See table 5 notes.
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Figure 2. Plot of LRy (), Wr(y) and WGr(7)
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Effective KP-Test Statistic

The effective F- or KP-Test statistic is the Kleibergen and Paap (2006) Wald rank test in Stata, equal to the
HAC-robust Wald significance test of the first-stage coefficient on m; in each regime, minus the Montiel-Olea and
Pflueger (2013) critical value 23.11, the 5% critical value that tolerates 10% relative bias of 2SLS compared to OLS.
The values are capped just below 40. The first two plots reproduce figure 10 in RZ.
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Figure 4. Data plots with with shaded areas ¢q; > 8.3363

a) GDP/Trend GDP b) Government Spending/Trend GDP
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B. APPENDIX B

General notation. Let || - || be the Euclidean norm for vectors, and the Frobenius
norm for matrices: ||P|| = /tr(PTP). Also, for (matrix valued) random variable P, let
|Pllo = (E||P||*)Y*, for any o > 0. Let I,,, the m x m-identity matrix, Ouxp @ a X b
vector of zeros (we use this notation only when the dimension is not obvious from the
derivations, else we use 0), and let K denote a generic constant. All convergence re-
sults, if not stated otherwise, are uniformly in v € T', and all 0,(1) terms are uniform in

. . d®
~v. “=" stands for weak convergence in Skorokhod metric, “=-" for weak convergence

b
in Skorokhod metric under the bootstrap measure, and “ 2.7 for weak convergence in
probability under the bootstrap measure. Let K be an universal constant.

LEMMA B.1. [ULLN] If (i) {a:} and {q:} are two scalar strictly stationary and p-mizing
series, with p-mizing coefficient p(m) = O(m=*) for some A > -5 and 1 < a < r;(ii)
sup; |latll146 < 00 for some § > 0; (iii) g, has a continuous distribution, with its pdf f(-)

bounded: sup,¢r | f(z)| < 0o, then sup, e ‘T‘l > o1y at — Elai{g < 'y]]’ 2.

Proof of Lemma B.1. This uniform law of large numbers (ULLN) can be proven using
the same steps as the proof of Lemma 1 in Hansen (1996), with a slight modification as
we do not assume that a; has a continuous and bounded pdf. First, note that p-mixing
implies ergodicity. Second, set in the proof of their Lemma 1 w; = (a, qt), ¢(wi) = ay,
and {w; < v} = 1lg < ~]. Follow the steps in Hansen (1996), until their equation
(15). Then note that sup, ||a¢||1+s < K by Assumption 4.1(c), and for some € > 0, set
K. = (2K /e)1+9/%_ Since ¢ is assumed to have a continuous and bounded pdf, there

2000
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exists an € such that fj:“ flx)dz < 1/K. = (¢/(2K))(1+9/3_Therefore, replace equation
(15) by the inequality below (derived using Holder’s inequality with p = 1/(1 4+ §) and

q=5/(1+9)):

Bllag v < ¢ < vera]] < llaelli+sl v < @ < verillllass)/s

Vi+1 §/(1+96) Ve41 3/(149)
—swlalies ([ swae) <k ([T swan) < K(e/eR) = o2
t ¥ v

k k

The rest of the proof is as in Hansen (1996), where only the last equation in their proof
should be replaced by:

Blf&(we) = fe x(we)| < 2E[|ac 1y < gp < ysa]] < e

LEMMA B.2. [FCLT] If the assumptions in Lemma B.1 hold but with a, being a vector
of m.d.s, and additionally (i) sup, ||at|l2r < 00; (i) Elara;lig: < v]] = Fy, a p.d. matriz
of constants, (44) infycr det F, > 0, then: T-1/2 ZM ar = J(7), a vector of Gaussian
processes with covariance function Elaia;l[q < (1 A72)]].

Proof of Lemma B.2. This functional central limit theorem (FCLT) follows directly
from Theorem 3 and then Theorem 1 in Hansen (1996). Note that only sup, ||at||2, < 00
is needed, as evident from replacing z;e; with a; in the first two equations of the proof
of Theorem 3 in Hansen (1996).

General notation continued. For a generic matrix P, with P, = E[P1[g < 9]l
and {P;}_; a matrix of random variables, we let P = Py, . = E[P)], and P, =
P — Py,,. For example, since M, = E[ztzt 1[¢: <]], we have M = E[zz/] and
My, = E[zz{1]g > 7]]. Let their sample equivalents (replacing expectations by aver-
ages and unobserved quantities with estimates) be denoted by hats, for example, for
M., its sample equivalent is Mlv =71 21y 2z, for M it is M = T 23:1 2z,
for Ho 1y = Elzz] €1]q <)), it is Hy 1y = T >y 21z €2, where & is an estimate of
the residual ¢;, and so on. When the notation Piv does not conform with this definition,
it is specifically indicated in the text. Let Gi() be a g(p1 + 1) vector of independent
zero mean Gaussian processes with covariance matrix Hi, = E[(vtvt ® 22, )1[q: < H]],
and covariance function E[G1(71)G] (72)] = E[(viv) @ 22, )1[g: < (71 A72)]. We denote
G = Q(vmam) where recall that [Ymin, Ymaz] is the support of ¢;, and Ga(y) = G — G1(7).
Let 02 = E(e; +u, 69)2, 6° = vec(1,609) and 6° = vec(0,69).

Throughout the text, quantities of the form v, ® 22, should be read as (vv,') ®
(202, ). Define & = ¢; + (z¢ — 2¢) " 62, where Ty is obtalned either w1th a LFS or a TFS
specification, depending on the context. Define C; iy =17~ Z Wb, and C= Cl»YJrCQ,W
both for a LFS and a TFS.

LINEAR FIRST STAGE

Notation specific for a LFS: Let A° = [[I°,ST]|T be the auggnented matrix of the
FS slope parameters, where S = [I,,,0p,x(q—p,)] and let A = [I[,ST]T. Hence Z1p =
Sz and w, = A% + (u),01x4,) . Define Ci, = A°M;, A" R, = MWM , Cy =
(Ol =G5, Diy = [0 1,1~ 67T @ R Dy = (877 01,1~ 00T & Riy ), Ry = 311y M,
D = Dy, + Dg,y = [1,01xp,] ® I, and Q, = C1,C7*Cy,. Also, define the Gauss1an
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processes B;(y) = A°D;, Gi(y)for i = 1,2, B = Bi(y) + Ba(y) = A°DG, as well as the
processes B(vy) = vec(Bi(7), B2(7)) and E(y) = C,B(y), whose covariance matrices Vg -

and respectively V, are defined below, along with V, used in the construction of the
sup. e Wr(y) test.

DEFINITION B.1. Denote Vg1, = A°D1,H1, D A°, Vg = A’DHDT A%, Vg 15, =
Vi Vi
A°Dy Hy, DT AT, Vi 0 = Vg +Vi 10— Vi120— Vi 12, Then Vs, = | 007 527
~ - 3 ’A’V - AVB,12,W 3 VBQ’YA
and Vy = C, Vi ,C] . Define Diy, = [0 @1,]—[0T @ R, ], where § = [1,0,] and 0 = [0,0,].
Then Vw is defined as V., but replacing Ciy with CA’W, A° with A, Di by Dy, and Hi.,
by Hiy =T~V 4] @ 22, and H by H=T"1 [, t10] @ 22, .

LEMMA B.3. Suppose Assumption 4.1 holds, y: is generated by (1), and z; is gener-
ated by the LFS (2). Then, under Hy and for i = 1,2, (i) T~} Din 21z 2 My, and

1217 Wy _’sz (i%) T-1/2 Zm v ® 2z = Gi(7), T-1/2 Zi’v Wiy = Bi(vy), and
T-1/2 VeC(Zl,Y Wi, D o, Wi€r) = B(7).

Proof of Lemma B.3. Part (i). 77! Dy W] = T71 Dy Az 2zl AT. By Assump-
tion 4.1 and standard arguments, we have that A=A+ op(l), so T7H 370, wab =
(A +o0,(1))T—1 Dy 22 (A° +0,(1)) 7. By Assumption 4.1(b),(c) and (e), the assump-
tions of Lemma B.1 are satisfied for elements of a; = ztth, so T—1 Zlv ztth R>M1,Y,
T, 2z & Moy, and T~V Y, ] =AMy AT = Ciy.

Part (ii).

T-1/2 Zw & ~1/2 Z t(er +u 0%) — Ry, T2 Zl zuy 69)

v
= ADl’y (T71/2 Zl'y 2 ® Ut),

where by Lemma B.1(i), Mlv LN M, and ME M, therefore [)17 LN D1,. By Assumption
4.1(a)-(f), the conditions of Lemma B.2 are satisfied (because ||[v;®z¢]|2, < ||v¢|ar]|2¢||ar <
K), so T—1/? 21, Ut @ 2= G1(7). Because A2 A0 p-1/2 D1, i€ = A°D1,Gi(7) =
B1(7y). Because

T ) T
T2 Zt:l Wy = ATY/? thl Zt€r = AD(T_1/2 Zt:l z @) = A"DG =B,

T-1/2 Do, Wiy = T-1/2 23:1 W& —T71/? > 1, Wi = B—Bi(y) = Ba(7), and therefore
T71/2 VeC(Zl,Y ﬁ)té, 227 zi)tgt) = B(’}/)

THEOREM B.1. (ASYMPTOTIC DISTRIBUTION LFS) Let y; be generated by (1) and xy
be generated by the LF'S (2). Then, under Hy and Assumption 4.1,

(4) Tl/z(élv - éQv) =E&(7),

(i1) sup,er LRr(7) = sup,epl€7 (1) Qy E(7)/0),

(ii1) sup,er Wr(y) = [sup,er €T (7)V, 1E(7)], where V, is in Definition B.1.

Proof of Theorem B.1. Part (i). By Lemma B.3, we have that T-/2(6;, — °) =
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CHr-1/? D iy WeE) = C;lBi('y), SO

iy

T'/? (él’v - éQ’y) [C_

1v >

_02_71] vec(Biy, Bay) = Cy B(7y) = E(7).

Part (ii). Since § = C—1(T—! Et:l Wey), CO = Zle CinBiry, 50 6 = 2?21 C1Ci 0y +
op(1), and therefore él,y —0= C*lcm(éh - 9/\27) + 0,(1) and ég,y —0= 071C17(é2—y -
f1) + 0,(1) . Hence,

SSRo = SSRa(1) = Y [0, o = 0] 0)* = (1 — 0 01,)?]
= ijl(éiv - é)T |:2 Zi’y 'UA)tEt - Zi'y wtw:(é — 90) _ Zi,y wtw;r(éyy _ 00)
— Zjﬂ 724, — )7 (T‘1 Zm wtth) TG, — )T

= T1/2<é17 - éQ'y)[CQ'yC_lclvc_lczy + 0170_102VC_101’7]T1/2(§17 - é27) + Op(l)]
TPl — )Gy T35y ) + o),

where the last line follows because C = Z?:l Civ, therefore C_lCM =1, - C_ngA,,
ClryC 1027 (C 027)0_1(0—017) = C—ClV—CQV—i-CQVC_lCl,Y = 0270_1017, and
SO CQ,YC C’MC CQ,Y + CMC_lCQA,C_lCM = 0270_10176'_1027 + 0170_1027(117 —
C1Cy) = Qy4(Coy C~1C1 —C1 O Co ) O~ Cory = Q.. Since T~ 1/2(01—ba,) = E(),
SSRo — SSRi(7) = €7 (1)Q (7).

Now SSR;(7)/(T —2p) = T~'SSR; () + 0,(1), since show below T-'SSR; () 2 o2

2 N 2 N
THSSR) =) Ty (=0l 0m)? =3 Ty (&~ (0 —6°))°
_ -1 2 1 0
oy aeay zw U
+ 21‘:1 iy — 6% (Tt Z wtwt Oiy — 6°).
By Lemma B.3, T~! D iy Wi, 2> Ciyy and T—1 Dy &) = 0,(1). Since 0, —0° = 0,(1),
T-'SSRy(vy 12 (e +ug 00 — 27 (I —T1°)82)2 + 0, (1) (10)
T
=7! thl(et +u 69)% + 60T (IT — 11°)T Z ziz (I —11°)0°
T
—27 YT e+ u 0)(TT = T1°)62 + 0,(1)
T
=71 thl(et +uf 02)2 + 0,(1),
where the last equality used Lemma B.3(ii) and IT — HO = 0,(1). We now apply Lemma
B.1 to a; = (e + u/) 02)2. First, E(e; + u, 0%)? = 2. Second, by Assumption 4.1(b),
ay is strictly stationary with p-mixing coefficients Satlsfymg condition (i) in Lemma B.1.
Third, by Minkowski’s inequality, ||(e; +u, 09)%|la < [|€2||2+ (|69 usu, 6212 +2|| €] 60 |2
Note that ||e?|| = (E|e}|)'/? < K by Assumption 4.1(c). By the same assumption and

Holder and Minkowksi inequalities, letting 927 ; be the §t element of 62, we have:

1637 weu 0312 < | Z ot ez < m%XI(?‘O 02 k| pillue3 < K,
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and similarly, |e;u, 02| < K. Therefore, by Lemma B.1, 7! Zt e +ul 09?2 02
completing the proof of part (ii).

Part (iii). We are left to show Vw 2, V.. Since CA'Z-A, 2, Civ, A2 A0 9, 209 and therefore
Di'y &Dm, to show that V &Vw it suffices to show that ﬁi,y = Var(T T-1/2 Z U ®
z1) 2 Hy,y for i = 1,2. We show H, 1, = T Din BtZy T H, 1, = Elzz E1q <Al
the rest of the proof is similar.

1 —1 6) ~1
Hyin=T" E ztzt = E ztzt [e; +w, (8° — E ztzt €

+ 7 12 2z [(0° — 0) Twpw, (00 — 0)] 4 27~ 12 22 | —G)thet].

First, by Assumption 4.1(b),(c) and (e), and Lemma B.1, T~ 37 2z €2 2 Hy 1. Sec-
ond, T~ 21 22, [(0° — 0) Twew] (0° — )] = (I, ® (6° —0)Tr! 21y 22 @wpw, [I; ®
(0° — 6)]. We know that §° — § = O,(T~'/2). Also, it can be shown that for typical
element & = z; ;2 jwy gwey, with 4,5 = 1,...,¢ and k,l = 1,...p, we have: ||&], <
K max; ||21,i||l4r < 00, by Assumption 4.1(c), where r > 1. Therefore, by Assumption
4. l(b)—( ) and Lemma B.1, T~} > iy 22 @wpw, = Op(1) uniformly in 4. It follows that

-1 D1y 22 T1(0° = 0)Twyw] (0° — 6)] = 0p(1). Similarly, T-! DO 202 (00 — 0)Twye, =
op( ), therefore Ha)h, LN a,1v, S0 by similar arguments, H 2 LN a,2v, completing the
proof of part (ii).

BOOTSTRAP VALIDITY LFS

LEMMA B.4. Let Assumptions 4.1-4.2 hold, y; is genemted by (1), and x; is genemted by
the LFS (2). Then, under Ho, (i) T—! Dy Ve @2t =0 b(1); (m) T-! Dy zez e = 05(1);

b A
(iii) T~V2 3, v ® 25 Gi(y); (v) T™ 1/22 v ® ztégi( ); (v) TY2(IIP — 1I) =
N b
TV - 11%) + ob(1); (vi) T7' Y, Agwgﬁ_@w, (vii) T2, @bel S Bi(y) and
vec(T—1/? 21y wbel, 712 >0y wPed) =>B( ), where & = y? —wl7h.
Proof of Lemma B.4. We will show Lemma B.4 for ¢ = 1; for i = 2, the proof is similar

and omitted for brevity.
Part (i). By Markov’s inequality and Assumptions 4.1(c) and 4.2(a), P*(||T~! Doy U @

a2l > 0) < BT vem@z | = ¢ HIT T 3, i@z || < T HK(ITT Y, ve®
2t|| = 0p(1), where the last equality follows from Lemma B.3(ii). Therefore, 7! D iy VR ®

z = ob(1).
Part (). |71 5y, 5l < |77 5, sl = Mo + |07 5, . Fist,
P77 300 (22 = Musmell > ¢) < mKE [ne| T4 300 (2] — My = op(1),

where the last equality follows from Lemma B. 3(1) By Assumptions 4. 1( ), 4. 2 and
Lemma B.1, it can be shown that T~ 1217 ne = ob(1), therefore ||My,T~! Sl <

My [ T=1 35 mel = 0p(1), s0 T30, 2oz e = 02(1)
b
Part (iii). To show T~1/2 D1 Ve ® 2 Lgp (7), we apply Lemma B.2 (FCLT) and

verify that Var®(T—1/2 D1y VN @ ) 2, Hy,. First, E*(vsn; ® 2:) = 0. Conditions (ii)
and (iil) in Lemma B.2 are satisfied by Assumption 4.1(b),(c), (¢) and Assumption 4.2(a).
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Condition (i) is satisfied because E°(||lvyn; @ z[|?7)Y 1) < (E|ny|>" )Y/ @) |lupz4|| = O, (1)
by Assumptions 4.1(c) and 4.2. Finally, Var®(T—1/2 S v ®z) =T 1Y, vy ®

22 &Hh, where the last statement follows by applying Lemma B.1(ULLN). There-

b
fore, by Lemma B.2, T—1/2 217 Vi & 2t %gl(’Y)

Part (iv). Since @, =z, — & = u; — (11— T1%) T 2,

—1/2 b _ p—1/2 N
T Zl’y U @z =T Zm U @ 2¢
—1/2 _(PY2(fT _ 10T —1
T Z UM X z¢ (T (H II ) X Iq) (T Zl 2t X Zt)
=T 1/22 wne @ z¢ + Op(1) x vec(T 12 ztztm
=T~ 1/2 Zl’y UM X Zt + Op(l)'
b
Similarly, 7-1/2 DOEW bz =T /2 21y e @z+0b (1), therefore T-1/2 >y vl @z La (7).
Part (v). Since v; = (et,utT)T7 from part (iv) and Lemma B.3(ii), TY/?(II® — II) =

M(T2 5y ) = M(TV2 Sy 2ol 0p(1)) = TH2( = T10) + o} (1),
Part (vi). T~ 1217 Wit = AT 1217 27y )AbT, Where Ab = [11,8T]T. From part

A b
(v), TV2(ITP—11°) = 05(1), so Hb—>H0,theref0re Ab 2, AO and T~ 1217 Wbl s .
Part (vii). By part (iv) and (v) and Lemma B.3(i)-(ii), and recalling that D;, =
[0 ®1I,] — [0 ® R1,] 2 Dy, we have:

T-1/2 Z wbel = AP (T‘1/2 ZM 2u(e) + (w) — wt)Ta))
_ ( 1/22 (T 0,) =TV TV~ 1D, )

= A°Dy, (T —1/22171)?@%)+o§1(1)=AODm(T_mZMUf@Zt)+02(1)£’Bl(’y>~

b
Similarly, 7-1/2 Doy wheb 4 Ba(7), so vec(T /2 >y wbel, T1/2 PP 71)?%?) 4 B(v).

Proof of Theorem 4.2. Part (i).

2 N A~

SSRY — SSRY(y) = Zizl [Zm(yf _ VT — (yf — T 9%)2]

2 ~ N N
= ZM(‘)% —gn)T [2 ape =Y apalT (0" —0) - apayT (0} 0)}

2 ~ ~
X (65, )
—Z 208, — 6" T C; Z TY2(07, — 6°) + o (1)
=T”2<9’1’w— 05)TQ, T (0 m—927>+op<1>, (11)

where the second to last line follows by Lemma B.4(vi), and the last line by similar
calculations as in the first two paragraphs of the Proof of Theorem B.1(ii). By Lemma



Manuscript submitted to the Econometrics Journal 25

B.4(vi) and (vii),
T1/2(éb —05.) =TY2(0%, — ) — T'/*(8}, — é)
-1 Z Ab bT 1T71/2 Z ”LZ)bng 71 Z wbwa 1T 1/2 Z wbg?T
4 Cr/Bi(y) — Cy' Ba(v) = E(y). (12)

Using (12) into (11), we have: SSR} — SSRS (v )i;ST( )Q~ E(7). It remains to show
that SSRS(7)/(T — 2p) —>02 or, equivalently, that T~1SSR} (v )—>0’2

2 2 ~
T*lsSRl{(,y): 1T 12 _ AbTGb) _ 1T 12 _ AbT ob 9))2
T
2 ~
=771y (@) -2y T Z —0)
=1

t
2

£ - 12 BT, — 0).

By Lemma B.4(vi) and (vii), T3, wbabT 2 Cw» and T~' Y2, &l = Oh(T~1/2).
From above,

0b, — =051 =db(1). (13)
TherAefore, T 1SSRb(y) = T~ Zt (&) +0b(1) =T Zthl(e? +ubTh, — 2] (I —
) 70,)% +ob(1) =T thl(et +ulT0%)2 + b( ), where the last equality used Lemma
B.4(v), which implies IT* — IT = 0,(1). We now show that 7! Zt (€& +ulTe9)2 2 02
which then would complete the proof of part (i).
Since T—1 Zthl(eg—i—u;’TOg)Q =0T (1! ZtT:1 0,0, 1?)0°, we analyze T~ Zthl 00 2.
First consider 71 Zthl €2n?, the first element of this matrix. We have:

TN, =T Y (el (0= 0 =T YD

+(0— 6% T AT Z 212 n2) AT (0 — 0°) — IZ ez n2)AYT (6 —0°)

T
= T_l Zt €t77t + Op -1 Z tht nt Op — -1 ZEtZt 77t Op(1>. (14)
t=1

First, we show that 7! Z?:l €2n? LI E(¢?). Note that E*(T—* 23;1 en?)=T"1 Zthl €2,
Also, letting K* = E(n), E*(T~! ZtT=1 eEnA) =172 2:{:1 GFK*+ T2 ZZSZL#S €2e2.
By Assumption 4.1(b)-(c), €} satisfies Lemma B.1, so 7! Zf Lt 2 B(e}), and there-
fore T2 Zthl e} K* = 0p(1). Also, note that T~ 2Zt a1 t#ef e = (1! Zthl €2)? —
T2 % e BB Hence, BT ¥,y (0 ~ 1)) = 0, and E°(T" 35, ef(nf —
1))2 = 0,(1), so, by Markov’s inequality, P°(|T~! Zthl en? — €2 > 1) 20, therefore

1T p°
T30 e — E(€).
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Second, we show that T~! Zthl 2z nE = Og(l). We have E(z2, n?) = 22, . Also,

[(vec(T™* Z 22 m?)) vee(T ™! Z z2) 2]
_ 2 _ .
=T Zt:l(ztzt ® 2ty )K + (T Zt:l 2t Q@ Zt Z 2t ® Zt
T
_ =2 T T
T thl 22 ® 2%y

By Assumption 4.1(b)-(c) and Lemma B.1, T2 Zle(ztz: ® 22y ) = op(1). Also, by
Lemma B.3(a), T—* th L2t ® 2z = vec M vec M. So, E¥vec(T~! ZtT Lz n?) =
2 ® 2, and Var®(vec(T 1 Zt L2l M — ztzt 1)) =0. Therefore by Markov’s inequality,

T-1 Zthl 22 P — 2z = op( ), hence T~ thl 2zl mP = T71 thl 2z + op(l) =
M +0b(1) = O}(1).
Third, we show that & = T~ 3] ez = ob(1). Note that E*(T~! S ezn?) =

etzt, and, by similar arguments as before, E?(&£) 20, so, by Markov’s mequahty7

§t—>0 Substituting these results into (14), it follows that 7', é2n? —>E(et)
Next,

T ~
T‘lz atajnf = 12 (ug + 2z, (I1 — T1°)) (g + 2] (1T — 11°)) T2
=7 Z Ut“t n; + (H -0t thl ZtZtTUtQ(ﬂ — %) + [T Z utzt i ( H - 11%)]

b
12 Utzt 77t H HO)] —’E(Utuz—)7

b b

by similar arguments as for 71 EtT 1 f?nf Y. E(e2). Similarly, T_j Zthl ﬂtérﬂf 2, B(user).
Therefore, 7= S (2 +ulT09)2 = 0T (T2 ST ovd) 72)0° = 0°T Evv,10°+05(1) =
o+ op(l), completing the proof of part (i).

Part (ii). Let D2 = [0*T ® I,] — [0*T ® R;,], where 6° = [1,6%] and 6 = [0,6"].

o o b R b

From (12), T1/2(911’,Y = 937) g><S’('y), so it remains to show that V,f YLV, We will just
show that V8, = A°DY, At DY AT 240 Dy Hyy DL AT = Vi, where 1, =
T-1%, . 000 ® 22] the rest follows by similar arguments. Since A” 2— AO Dﬁ-’v 2, Dy,

. . . p _ A~
and the proof for Hl,y — Hlv is similar to Ha’1V — Hg 1, where Ha,m =71 le(ef)%tzt—r,

b
2 P
we only show Hg’w — Hgy 1.

H, 1v =71! Zztzt waéi’v)z =7! Zztzt & +uwl (668 )]
=7! Zztzt 247t Z 2z, [wlT (6 — 0b Zyor? Zztzt [bwlT (6 — éll’,y)]
=7! Z 22, (€2)? ((9 Hb yTAY] (17! Z 2z ® zzy ) [T, ® (AT (6 — éll’v))]

+2[1, ((9 9b TA 1Zztzt & ® z).
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We already showed that 77137, 22 @ 22 = O,(1), 0 — é?y = OY(T~1/?), and A =
A® 4 0b(1). Therefore,
Hg gy = =T 217 2z €7 + OZ(T_l/Q)(T_l Zw z2 € @ z) + 02(1)
= Lb + L%+ ob(1). (15)

LYy =171 Z 2z EnF =T7! Z 2z (e —w] (0 —0°))2n2 =171 Z 22 €n?
+I; ® ((é — 0N TAY (77! Z 2z @ 22 nf) (1, (AOT(G 6°))]
—2[; ® ((é — %) T AN (T Zlv 2z ® €zyn);)

=7! le zzf En? + 0, (T~Y2) (T} 217 2] ® 22 02 )0y (T1/2)
3
+O,(TY?) (T Zn 22 @ ezn?) = Z Ly, (16)

For any element & of 27 @227, EY&?| = [ EY(12) = & So, T 50, EVéun?]| <
7Tt do1,16tl) = T7*0p(1) = 0p(1). Therefore, by Markov’s inequality (for the
bootstrap probability measure), T-1=¢ Elv 2z ® zmzlnE = 02(1), for any a > 0,
so T30 22 @ 22/ 7 = Of(T*). Therefore, L} , = O,(T~/2)(T~! Sz ®
22 m? )O (T—/%) = Ob(T*~*) = 0b(1), choosing o < 1. Similarly, it can be shown that
Lby=o0 ( ). Also, Eb(Ll{ =T >y 22 €2. Recalling that E°(n}) = K*, noting that
vec(ztz;r) = 2; ® 24, and using Var(a) = E(aa") — E(a)E(a") for a vector a,

Varb(vecLli1 vecLl{Tl) =72 E » 22 @ 212, €, K*

T T

+T77 thl Zszl s#t ZtZtT ® 252’;6?6§1[qt < 7]1[% < 'Y}

— (7! ZM 2 @ z67)( IZ zt ®zt €?) 22 Zt2y ®ztthef(K* -1).
By Holder’s inequality applied for p = r/r — 1 and ¢ = r, and Assumption 4.2(b),

Bllzz ® 2z || < (Ellzez @ 2z |7/ D)0 (Bl || *) 47
< sup, (E||z |4/ (r=D)(r=D/U40) g = o(T).

Therefore, by Markov’s inequality, 72 Zl 22 @22 €(K*—1) = 0,(1). From Cheby-
shev’s inequality, it follows that L} ; =71 21y z2) € = 0,(1). By Assumption 4.1(b),(c)

b b
-1 T2P b P b P
and (e) and Lemma B.1, T4 37, 212y € — Hg 1+, therefore L7 | = Hg 14,80 L] — Hg 1.
We now analyze Ly = O (T 1/2) (T~ Y2, 22 €] @ ).

71 Zztzg—e? ® 2z = 71! Zztz;r&mt @z =T7" ZZtZtT ® z(er — wt‘r(é - 90))77t
1y

=7 Z 2z ® zemy — Z 2z @ 2z me) [y ® AT (6 — 0%
1y 1y

=71 ZZtZtT ® zpegmy — (T71 Zztth ® 2e2, ) Op(T~Y).
1v 1~
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For any element & of 22, ® zpe;, EP|T17 >y mel < T-(T~! 214 &) sup, Ebn| =
T-20,(1)0(1) = op( ), give any « > 0. Therefore, T—* 21y 22 @zpeny = ob(T™). Sim-
llarly, T=' 32, 22 @22/ 1 = 0 (T“) Choose a < 1/2; then L} = Ob(T~1/2)ob(T*) =

ob(1). Substituting this and L% £ H, 1, into (15), it follows that H? LN 4,1~ COM-
pleting the proof.

THRESHOLD FIRST STAGE

Wilog, assume that p < p° (the proofs for p > p° are similar and omitted for simplicity).
Proof of Theorem 4.1. Part (1)
Let Q(Alm p)=T"" EtT 1a;rat =T Zz 1 Em( 2 Hiﬁ)(xt - ﬁ;l;szt), and dy =
ut — uy. Then, by definition, Q( ips P ) = 1Zt 1(ut + dt) (ug + dy) < QMY p°) =
-1 Zt L uf ug. This implies that 277! Zt L dy+T71 Zt L d] d; < 0. We now prove
con51stency in two steps. In part (il), we show that 7! thl d d; = Op(1) and that
TS uldy = 0,(1), implying plim(T- S0 d d;) < 0,50 T3 dld; 0. In
part (i2), we show that if p 4 p°, then, with positive probability, 7! Z;‘ll dldy > K
for some K > 0, contradicting 7! Ethl d) d; 2,0, and therefore yielding p = p°.
Part (i1). For random variables s, let >\ s; = 23;1 s¢1[p < q; < pY]. Then, for any
p < p¥ instead of just p, and using vec(ABC) = (CT ® A) vec(B), we have:

T
Tflzi u) dy = 12 T 1) 2+ T 12 u (119 — Tly,) " 2
+ T IZ ut H0 ng 2zt = ( IZ 2t @ uy) vec(Hl—Hlp)

-1 ZA 2 @ uyg) ! vee(IlY — Tly,) + (T 2200 2 @ uy) " vec(T9 — Ta,).

By standard arguments, 1) —TT;, = 0, (1), TT9 —ﬂgp = 0,(1), and 119 — TT,, = O,(1). By
Lemma B.3(ii), 71 21, %t ® ur = 0p(1). Therefore, T-! Ethl ul dy = 0,(1) (uniformly
in p). Similarly, 7! Ethl dld; = Op(1). Because these results hold uniformly over
p, we have o,(1) + T~! Zthl d]d; < 0 uniformly over p, and therefore also at p, so
T dld 0.

Part (i2). By the continuity assumption 4.1(e), there exist an € > 0 such that with
positive probability, ¢, € [P0 — €, p° 4 €. If p 4 p°, because p < p°, p < p° — €. Because
II5; is the multivariate LS estimator in the sample ¢, > ,00 — €, the residuals evaluated

over the sub-sample q; € [p® — ¢, p° + €] will also be evaluated at f[g,; = Il,. However, the
true parameter values are I19 for ¢, € [p° — €, p°], and I3 for ¢; € (p°, p° +¢€]. Let 3, =

%ﬂl[qt el =6, Xp=>21a € (0% p° + €], and 3", 5 =D 1 g € [p° — €, p° +€]].

T-1 Z d:dt =71 ZAB(-Tt — ﬁgTZt)T(xt - ﬁgzt)
= (H0 )" (r? Z zezy )19 — Toy) + (I — 11 -1 Z ziz )(I19 — TI,)

ZHH?—H2|| 177 2oz ||+ (103 — o P77 12 22 |
= |10 = L[| M0 — My, po || + [[T13 — Tha| ||| Ma, o1 — szol\ +0p(1).
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Let the minimum eigenvalues of (M0 — M; y0_.) and (My o4 — Mopo) be 11 and 7o
respectively. By Assumption 4.1(d), n = min(#ny, n2) > 0. Therefore,

1Zdet>T 12de > (|| — Ty |2 4 ||TTS — 11y |?)
t=1

+op(1) = |0 = T03|*n/2 + 0p(1) > K + 0,(1),

where for the second to last inequality, we used the fact that for any vectors a,b,c of
the same length, (a —b) " (a —b) + (c—b)"(c —b) > (a — ¢) " (a — ¢)/2. This means that
plim 71 27;:1 d] d; > K with positive probability, reaching a contradiction.

Part (ii). For p = p°, the proof is obvious. Therefore, we consider the case p® — p > 0,

and let p° — p < €, now for a chosen small € > 0, as we know p = p°. Let V.(C) =
{p:0<p’—p<eT(p’ —p) > C} for some chosen large enough C. For the rest of
the proof of part (ii) of this theorem, we write p instead of p for simplicity. Let S; be
the multivariate sum of squared residuals in (2) evaluated at p and parameterb I, 11,,
Sz be the multivariate sum of of squared residuals evaluated at p° with parameters
I, 005 Hzpo, and let S3 be the multivariate sum of squared residuals when regressmg Ty

on z g < p], 2:1[p < q¢ < p°], and 2;1[q; > p°], evaluated at parameters Hlp,HA,Hzp ,

where TIa = (35 2024) "' S A 262} Then, by definition, S(lo 25 < 0, We will now show
that T‘Sglpjf;) = 0,(1), therefore plim = (50 52) <0. We also show that if p € V.(C), then,

for sufficiently large C' and small enough e, plim -

T( 5 p) > K, for some positive constant
K, reaching a contradiction and establishing that T'(p° — p)A <C.

Note that S; — Sy = (S1 — S3) — (S2 — S3). Letting Qa = ﬁEA 2z and
Mp=T"1 > A 2zt2) , by Bai and Perron (1998), pp. 70,

TS(IPO__S;) = trace[(ﬂgpo - ﬁA)T(QA - QAMQ_/JlMA)(ﬂzpo _ ﬁA)]
j:g(QpO__S;) = trace[(ﬂlp — 1) " (Qa — QAprlMA)(ﬁlp —IIA)].

By standard arguments, ﬁgpo = II3 + 0,(1), A = 19 + 0,(1), and by Lemma B.3,
II,, = II1 +0p(1). Therefore, ].C.[QpO*f.[A =T19—110+0,(1) = O,(1), and T1;,—TTa = 0,(1).
For C large enough, Qa = 0,(1) and Mip = 0,(1) for i = 1,2. On the other hand,

0 1/2
1Mall = [|Elzez (1a: < p°) = Lge < p)] + 0p(D)]] < (B[] </ f(w)dHU)

0

) 1/2
+op(1) < M (/0 f(a:)da:) +0p(1) = M f(b)e + 0p(1) < Op(e),
pO—e

where the last equality holds by continuity and boundedness of f(z)(Assumption 4.1(e))
and for some b € [p° — ¢, p°]. Therefore, Qa — Qa M, AQ_leA = Qa + Op(€) = O,(1). This
implies that % = Op(1), and that TS(2OS3) = 0p(1), therefore TS(r = 0,(1),
which completes the first part of the proof.

It also follows that the asymptotically dominant term in 1592 is Ny = trace[(IT9 —

T(p°—p)
19) T M (M9 — I9)]. For p € V.(C), and C large enough, Ma = M=t 0p(1), and

pO—p
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because M0 — M, is p.d. by Assumption 4.1(d), it follows that TS(1 - S2 = N1+0p(e) >
K > 0, for some positive constant K. This completes the second part of the proof of (i),

because it contradicts plim - < 0. Therefore, p € Ve(C), and so there is a C' for
which |T(p° — p)| < C.

T(“)

Part (iii). Since any partlal sum in the expression of I1; differs by the partial sum in the
expression of II; 20 by |T(p°—p)| < C terms, which are uniformly bounded by Assumption

4.1(c), it follows that T/2 vec(IT; — I19) = T"/2 vec(Il;,0 — I19) + 0,(1), for i = 1,2. The
rest of the proof follows standard arguments.

By Theorem 4.1 and its proof, wlog, we treat below p as if it was equal to p°.

Notation specific for a TFS. Let A? = [119,ST]" be the augmented matrices of
the FS slope parameters, where S = [IPQ,OPZ.qu]7 1 = q—ps, and A; = [[1;,57]T.
Hence, z1; = Sz, and w;, = Alztl[qt <% + A%z1[ge > p°] + (u) ,01xq,) . Let AY =
Afg < p°] + Af1fgr > p°], A = Ailg; < I O] + Aolfg > p°], Ty = T§1[g, < p°) +
Mo1[ge > p°], Ty = T 1[ge < p°] + a1 g > ).

Let A and V define the minimum and maximum operators. Let C1, = AV M, 0 MA?T +
AO(MM Ml poAW)AOT and Coy = AY (M pov, — MM)AO + AJ M, povA/A2 Also, Cy =
[Crt,—Cl], € = Cuy + Cayy Riy = Miy M,k for i = 1,2, D = [1,015,,] ® I, and
Qy = C1,C71Cy,. Let Fy, = [éOT ® Ry and Dy = [0°T ® I,] — F;y. Also define the
Gaussian processes:

B ('Y) — A?(Dl"f gl('}/) - Fl»y(g1(,00) - gl('y)), v < pO
1 B— AY(Day Go(7) — Fay(G1(7) — G (5") 7> 0,

where B = Z?:l A? D G;(p°).

DEFINITION B.2. Let Vis =7 A’ D H;, DT A?,

A?[Dlﬂ/Hlfy + Fl’Y(HLpO — Hlfy)]DTAcl)T, ’y S pO7

VB,1y = A DHlpoDA(l) + AY[(D + Foy)(Hiy — Hypo)(D + FQ,Y)T
+(D = Day)Hay (D — Do) TAST, v > p°
VB oy = A(l)[Dl’yHlv — Fl'y(Hl,pO — Hlv)] D—l—fl(l)—r — VB,lva Yy S pO
" | ASU(D — Do) Hay Doy + (D + Far )(Hiy — Hypo) 3 JAST 5> o0,

and Vg oy = Ve + V14 — V12,4 — VBT,1277' Then Vi .~ = {‘Zil;y ‘%6122»7} , and Vy =
C\VAC .

Let Fiy = 07 @ Riy] and Dy = [07 ® 1] — Fi.y, where 7 = [1,0,] and 6 = |0, éT]
where § = [1,0,] and § = [0,6,]. Then V. is defined as V, but replacmg Ciy with Cyr),
A9 with A;, D, by Diw ~ by Fiy, Hiy by Hw =T Zw AN AN

With this new notation, we now reprove Lemmas B.3-B.4 and Theorem /.2,
for z; generated by the TFS (3) instead of the LFS (2).
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Proof of Lemma B.3. Part (i). 7! Z 2t24 I i~ still holds, as the result is not
specific to a LFS or TFS. So,

- 217 i) = Ay Zl,po ZtZy A + A2 r- Z 2z — T Zl,pﬂm a2 )A

2 AYMy o0, AYT + AO(MM — M, pOM)A 9" =Cy
—1 Z W) = Ay (T71 21 . —7! Z ztzt VAT + AT Z%Ow 22y Ag
2y AY(M,y oy — MM)A?T + AQMQPOWA2 = Cys.
Part (ii). The result 7-1/2 > iy Ut @ z¢ = G;() still holds. But now,
& = et (Br—we) 00 = ertu] 09 —1[g, < p%)[z] (T —T19)60) — 1, > p°][z (TT>—T15)67).
Therefore, for v < po,

Tﬁl/QZ W€y = 1/22 6t+ut 09) — MM 1/22 Ztut
1y

= AY([0° ® 1) Gi (v )— [90®le]g1( %)) = AY(D1, G (v )—Fm(gl( )—gl( ))
:Bl(’Y)-

For v > p°,

T71/2 Zl'y wtgt == T71/2 Zj:l ’(I)tgt - T71/2 227 ’lz)tgt
= A} D G1(p°) + A3 DGs(p") — AS([0° ® 1,)Ga () — FarGa(p°))
=B — A3(Day G2(7) — Fary (G1(7) = G1(p°)) = Ba(7)-

Because T~V/2 S inyé; = AY D Gy (p°) + AY DGa(p°), T—1/2 Do W€ = AY D Gy (p°) +
A(Sl))gz(po) — Bi(7) = B—Bi(y) = Ba(7), and vec(T~2 3", &, T2 3, iné) =
B(v).

Proof of Theorem 4.2. Part (i). Because T*I/Q(@l,y - 927) = CA’fvlel/2 D1 Wi —
C'Q_Wl T-1/2 227 W€, the desired result follows directly from Lemma B.3.

Part (ii). Follows the same steps as for the LFS proof until equation (10). Then note
that because II; — II? = 0,(1),

T *SSRy(y -1 Zl ) (Zz e 4 ug 09)% — 22 (er +u 0%)z] (I1; — 119)6°
+Z 6T (11, — 11%) T T~ 12 2z (10 —H?)Gg) =02 +0,(1),

following the same arguments as in the LFS proof.

Part (ii). It can be shown by similar arguments to the LFS, but now separately for
cases v < p® and v > p°, and taking to account the different parameter estimates in
different regimes, that V, 2 V.. Because of part (i) of this theorem, the desired result
follows.

Proof of Lemma B.4 and Theorem 4.2. As evident from the proof of Theorem
B.1 for a TFS, besides replacing II with f[i, and II° with f[i?, and re-deriving the terms
involving these, there are no essential differences between the proofs for a LFS and a
TFS, and for brevity we omit these proofs.
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