l_’__l
TILBURG 0}%?%_? ¢ UNIVERSITY
l‘jf’l

Tilburg University

Consistency of the Equal Split-Off Set
Dietzenbacher, Bas; Yanovskaya, E.

Publication date:
2019

Document Version
Early version, also known as pre-print

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Dietzenbacher, B., & Yanovskaya, E. (2019). Consistency of the Equal Split-Off Set. (CentER Discussion Paper;
Vol. 2019-023). CentER, Center for Economic Research.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 06. Oct. 2022


https://research.tilburguniversity.edu/en/publications/2846ead5-71b5-4d0c-bf0b-59445287cfd1

No. 2019-023

CONSISTENCY OF THE EQUAL SPLIT-OFF SET

By

Bas Dietzenbacher, Elena Yanovskaya

11 June 2019

ISSN 0924-7815
ISSN 2213-9532

l.l

TILBURG ¢ & UNIVERSITY

l’l



Consistency of the equal split-off set

Bas Dietzenbacher*! Elena Yanovskaya*!

June 7, 2019

Abstract
This paper axiomatically studies the equal split-off set (cf. |Branzei et al. (20006))
as a solution for cooperative games with transferable utility. This solution extends the
well-known [Dutta and Ray (1989) solution for convex games to arbitrary games. By
deriving several characterizations, we explore the relation of the equal split-off set with
various consistency notions.
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1 Introduction

A solution for transferable utility games prescribes how to allocate joint revenues among
cooperating players while taking into account their economic opportunities in coalitions.
A well-known egalitarian solution for convex transferable utility games was defined in the
seminal paper of Dutta and Ray (1989). This solution can be considered as a compromise be-
tween egalitarianism and stability, where egalitarianism is formalized by Lorenz domination
and stability is modeled by core-like participation constraints. As a consequence, the |Dutta
and Ray (1989) solution assigns to any convex game the unique Lorenz dominating core
allocation. [Hougaard et al. (2001)), |Arin and Inarra (2001)), and |Arin et al. (2008]) extended
this approach to balanced games and analyzed Lorenz undominated core allocations.

In line with the ideas of [Dutta and Ray (1989), and inspired by the computational
algorithm of their solution, Branzei et al. (2006) introduced the equal split-off set as an
extension to all transferable utility games. Imagine a group of cooperating players believing
in equality as a desirable social goal and facing the problem of sharing their joint revenues.
The arbitrator proposes equal division. However, some coalitions may complain since the
members can obtain more by equal division of the corresponding coalitional worth. The
arbitrator selects one coalition with the highest complaint, equally divides the worth among
its members, and lets them leave with their assigned payoffs. The remaining players now
face a reduced game in which the worth of a coalition equals the joint marginal contribution
of its members to the leaving players in the previous game. Again, the arbitrator proposes
equal division and the process is repeated until all players have left. The equal split-off set
consists of all allocations which can be generated by this procedure. [Sanchez-Soriano et al.
(2014) showed that all equal split-off set allocations Lorenz dominate all core allocations.
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Dutta (1990) obtained two characterizations of the Dutta and Ray (1989) solution for
convex games. The main axioms in these characterizations are based on the consistency
principle. Imagine a group of cooperating players agreeing on applying a certain solution
concept for the allocation of their joint revenues. Suppose that some players leave with their
assigned payoffs and that the remaining players reevaluate their payoffs by applying the
solution to a reduced game. The solution is consistent if it prescribes for this reduced game
the same allocation as for the original game. [Thomson (2011)) provides a general introduction
to the consistency principle.

The exact interpretation of the consistency principle in cooperative games depends on
the axiomatic formulation, which is mainly determined by the specific definition of reduced
games. The results of Dutta (1990) involve the formulations proposed by Davis and Maschler
(1965) and Hart and Mas-Colell (1989), to which we refer as max-consistency and self-
consistency, respectively. [Klijn et al. (2000) obtained similar results using weak variants of
these axioms which only require consistent allocations in situations where the richest players
leave with their assigned payoffs, to which we refer as rich-restricted consistency. Moreover,
they derived a third characterization based on an alternative consistency formulation which
closely resembles the definition of the equal split-off set, to which we refer as rich-restricted
marginal-consistency.

Recently, [Llerena and Mauri (2017) introduced the class of exact partition games and
wondered whether the characterizations of Klijn et al. (2000) on convex games can be ex-
tended to this larger class. We show that the class of exact partition games is exactly the
class of games for which the equal split-off set intersects the core and we provide a full
answer to this open question. In particular, we show that the characterizations based on
max-consistency and marginal-consistency can be extended to exact partition games, but the
characterization based on self-consistency cannot. Moreover, we weaken the rather specific
rich-restricted marginal-consistency to the rich-restricted version of the well-known consis-
tency notion introduced by |[Moulin (1985)), to which we refer as complement-consistency.
Both max-consistency and complement-consistency have been used in axiomatizations of
the core, respectively by [Peleg (1986) and [Tadenuma (1992)). We show that rich-restricted
complement-consistency can also play a similar role as rich-restricted max-consistency in the
extended characterization of Klijn et al. (2000) on the class of exact partition games. As a
by-product, we provide a new characterization of the [Dutta and Ray (1989) solution on the
class of convex games.

Next to consistency notions, the properties equal division stability and feasible richness
play a key role in the results of Klijn et al. (2000)) on convex games and in our results on exact
partition games. On the class of all transferable utility games, the equal split-off set violates
equal division stability. Moreover, it violates rich-restricted max-consistency. However, the
equal split-off set does satisfy a weak form of equal division stability and rich-restricted
self-, complement-, and marginal-consistency. We show that all solutions satisfying feasible
richness, weak equal division stability, and rich-restricted self-, complement-, or marginal-
consistency on the class of all games necessarily prescribe equal split-off set allocations.

This paper is organized as follows. Section [2] provides preliminary notions and notations.
Section [3| formally introduces the equal split-off set and presents some elementary results.
Section [] axiomatically characterizes the equal split-off set on the class of exact partition
games and Section [f] derives maximality results on the class of all games.



2 Preliminaries

Let N be a nonempty and finite set. Denote 2V = {S | S C N}. A partition of N is a
collection {T7,..., T} C 2V \ {0} such that |J;—, T, = N and T, N T, =  for each pair
k,¢ € {1,...,m} with k # £. An order of N is a bijection m : {1,...,|N|} — N. Let II¥
denote the set of all orders of N. An allocation 2 € RY Lorenz dominates y € RY, denoted
by x =1 y, if mingeon,|g)=k Dijcq Ti > Milgeon,|g|=k 2_;cg ¥i for each k € {1,...,|N|}, with
at least one strict inequality. For all x € RY, we define RZ = () and for each k € {1,...,|N|},

i:{ieN’VjeN\R”,gflzmjgxi} and af =uz; foralli € R\ Rf_;.

A transferable utility game is a pair (IV,v) where N is a nonempty and finite set of players
and v : 2V — R assigns to each coalition S € 2V its worth v(S) € R such that v(@) = 0. Let
Iy denote the class of all games. The subgame (T, v|r) of (N,v) € Ty on T € 2V \ {0} is
defined by v|7(S) = v(S) for all S € 2T.

A solution o on a class of games I' C T’y assigns to each (N,v) € T a set of payoff
allocations o(N,v) € RY such that Y,y 2; = v(N) for all z € o(N,v). A solution ¢ on a
class of games I' C T'yy; is a mazimal solution on I' satisfying certain properties if for each
solution ¢’ on I satisfying these properties, o’(N,v) C o(N,v) for all (N,v) € I

Throughout this paper, T" is the generic notation for a class of games, (NN, v) is the generic
notation for a game in I'; and o is the generic notation for a solution on I'.

Let (N, v) be a game. The core is given by

in =o(N),VS €2V . Zazz > v(S)}.

C(N,v) = {x cRY
iEN ies

The Weber set is given by
W(N,v) = conv ({u"(N,v) | m € v},
where p™(N,v) € RY corresponding to 7 € IT¥V is for each k € {1,...,|N|} given by
Wy (N, 0) = o({m(0) € N | £ < k}) = o({m(6) € N | £ < k).

Note that W(N,v) # (. Weber (1988)) and Derks (1992) showed that C(N,v) C W(N,v).
A game (N, ) is convez (cf. |Shapley (1971)) and [Ichiishi (1981)) if C(N,v) = W(N,v). Let
T'cony denote the class of all convex games.

3 The equal split-off set

In this section, we formally introduce the equal split-off set as a solution for all transferable
utility games and present some elementary results. The equal split-off set is based on the
computational algorithm of the egalitarian Dutta and Ray (1989) solution for convex games.
Consider an arbitrary cooperative game for which we face the problem of sharing the worth
of the grand coalition among the players. One of the coalitions with highest average worth
is selected and the members equally divide this worth and leave. The remaining players
determine the joint marginal contribution of each subgroup to the departed players in the
game. One of the subgroups with highest average contribution is selected and the members
equally divide this contribution and leave. This process continues and results in a payoff
allocation for the players. The equal split-off set consists of all allocations which can be
generated by this procedure.



Definition 1 (cf. Branzei et al. (2006]))

Let (N,v) be a game. Define Ng = N, vg = v, and Ty = 0. The equal split-off set
ESOS(N,v) consists of all payoff allocations € RY for which there exists a partition
{T1,..., T} of N such that for each k € {1,...,m},

Ty € argmax Uk () and xz; = ax vk(S)
seaviv(oy IS se2Vi\(0} |S|

for all ¢ € T,

where (Nj,vg) is the game defined by
Ng = Ni—1\Tr—1 and vx(S) = vp—1(SUTk_1) — vk—1(T—1) for all S € 2Nk,

Example 1
Let (N,v) with N = {1,2,3} be the game given by
9 if S =N;
if S =1{1,2};
o(s) = |8 i S=11.2)
5 if S={1};
0 otherwise.

The equal split-off set is ESOS(N,v) = {(5,3, 1)} corresponding to partition {{1}, {2}, {3}}
Note that ESOS(N,v) C C(N,v).

Example 2
Let (N,v) with N = {1,2,3} be the game given by

o(S) = {1 if S e {{1,2},{1,3},N};

0 otherwise.

The equal split-off set is ESOS(N,v) = {(3,%.0),(3,0,2)} corresponding to partitions
{{1,2},{3}} and {{1,3},{2}}. The core is C(N,v) = {(1,0,0)}. A

Example 3
Let (N,v) with N = {1,2,3} be the game given by

Gl o
U(S):{1 if |S] > 2;

0 otherwise.

The equal split-off set is ESOS(N,v) = {(27 5,0), (%, 0, %), (0, 1 5 2)} corresponding to par-

titions {{1,2},{3}}, {{1,3},{2}}, and {{2,3},{1}}. The core is C'(N,v) = 0. A
Note that for each x € ESOS(N,v) with corresponding {71, ...,T,,} the following holds:

o z; =z foralli,j € T, with k € {1,...,m};

o z; >xjforallieTy and j €Ty with k, € {1,...,m} and k < {;

° Zle dier, Ti = U(Uif:l Ty) for each k € {1,...,m}.
This means that for each z € ESOS(N,v),

. ZieR: z; = v(RY) for each k € {1,...,|N|};

o(RY)—v(Rf_,) .
° af = W for each k € {1,...,|N|} with Rf_; # N.



The following two punctual properties for solutions play a central role throughout this paper.

Nonemptiness

o(N,v) # 0.

Feasible richness
for each = € o(N,v), ZieRf x; < v(RY).

Nonemptiness requires that a solution assigns to any game at least one allocation. Feasible
richness requires that the richest players should be able to obtain their payoffs by themselvesﬂ
Clearly, the equal split-off set satisfies nonemptiness and feasible richness. The core violates
these properties in general. [Sanchez-Soriano et al. (2014]) showed that each equal split-off
set allocation Lorenz dominates each (other) core allocation.

Theorem (cf. |Sanchez-Soriano et al. (2014)))
Let (N,v) be a game. For each x € ESOS(N,v) and each y € C(N,v)\ {z}, v > y.

This result implies that the intersection of the equal split-off set and the core consists of
at most one allocation. This also follows from the results of [Llerena and Mauri (2016). We
show that the equal split-off set consists of one allocation if it intersects the core.

Lemma 1
Let (N,v) be a game. If ESOS(N,v) NC(N,v) # 0, then |[ESOS(N,v)| = 1.

Proof. Assume that ESOS(N,v) N C(N,v) # 0. Let € ESOS(N,v) N C(N,v) and let
y € ESOS(N,v). We show by induction that R} = R} for all k € {1,...,|N|}. Clearly,

& = RJ. Let k € {1,...,|N|} and assume that R} = R for all £ < k. Suppose that
R} | # N. Since z,y € ESOS(N,v),

v(SU Ri—l) - ’U(Ri—l)

(RE\Ri_1),(RJ\R]_,) € argmax

se2™\ -1\ (0 5]
i (SURF_,)—v(RE_;)

Since z € C(N,v), for all T € ATGIAX o NE L () v @ |ls| u(RE)

in = Z i — Z x; >v(TURE_)—v(RE_,) =1|Tay = Zai > le

€T i€TURY i€RT_, P <
This means that

v S U Rx —v Rm
DR =\ argmax (8 USE) ZoE)
i S|
Se2 k—1\{p}

Suppose that R # R}. Then

AN Y T\ Y T Y| Y
@, = max v(SURy) — v(Ry) > U(sz; UE/RJC) _ |Rkw\ Rk|yak — .
se2VMVEE {9} 5| | Ry, \ Ry | Ry \ Ryl

This is a contradiction. Hence, Ry = R} for all k € {1,...,|N|}. Since z,y € ESOS(N,v),
this implies that z = y. O

Klijn et al. (2000) called this the bounded mazimum payoff property and |Llerena and Mauri (2017)
called this property rich player feasibility.



The following example shows that the converse of Lemma [I] does not hold, i.e. the equal
split-off set does not necessarily intersect the core if it consists of one allocation.

Example 4
Let (N,v) with N = {1,2,3,4} be the game given by

8 if S=N;

o(8) = 6 %fS:{l,Q};
5 if S ={1,3}
0 otherwise.

The equal split-off set is ESOS(N,v) = {(3,37 , 1)} w1th corresponding {{1,2}, {3,4}}.
Clearly, |[ESOS(N,v)| = 1 and ESOS(N,v) ¢ C(N,v). We know that (3,3,1,1) Lorenz
dominates each allocation in C(N,v). A

If the equal split-off set intersects the core, then it consists of the Lorenz dominating
core allocation. Moreover, it is contained in the Weber set since the core is contained in the
Weber set. We show that the equal split-off set is contained in the Weber set in general.

Theorem 1
Let (N, v) be a game. Then ESOS(N,v) C W(N,v).

Proof. Let © € ESOS(N,v) with corresponding partition {71,...,T,}. Let k € {1,...,m}.
U’“(T’“ for all ¢ € Ty,. ThlS means that

Then T}, € argmaxgean; (g} % and z; =

S o= >0 2y ) 1) = (1)

€Ty €T ‘ | |Tk|

and for all S € 27\ {0},

Vg Tk o ’Uk(S)_U —
Soei= 3 2 S = 181G = () = i (9),

€S €S €S

0 (x;)ieT, € C(Tk,vk|Tk) This implies that (z;)ier, € W(Tk, vk|T, ), i.e. thereis wk € RJHFT’“
with Zﬂ,kEnTk ~, = 1 such that for all i € Ty, denoting P/ = {j € Ty | 7 YG) <t (@)}

n= S b Tl

TR €Tk
= > wh, (ol (P U{i}) = vglr, (B™))
= > wh (P U{i}) - o(P)
e k—1 k—1 k—1 k—1
= Y uk ((v(U T, U P u{i}) — (| T@) - (v(U T, uP™) (| T@))
7 €Tk (=1 (=1 (=1 =1
k—1
= Y wh ( UTZUP”U{Z ) — v UTzUP“)>
T €Tk =1 /=1



Define w € REN by

Tk

[T, wk  if 7= (m,...,mn) with 7y € I7* for each k € {1,...,m};
Wy = )
0 otherwise.

Then

IR DD N | £

TellN w1 €ENT1 T €ITm k=1
— 1 m
= > D wmewR
my €1171 T EINTm
= D wne ) wp,
w1 €71 T €EITm
=1.

Let i € N and let k € {1,...,m} such that ¢ € T,. Then

Yo wepf(Nov)= Y - D wpeeewl pf (N, v)

TellN m el T EIITm

_ E 1 § : k T § m

= w7'r1 wﬂ_k,ui (Tk‘vvk‘Tk)"' wwm
meldTt T €Tk T €I Tm

_ k Tk

= > wh (T, velm,)
TR €Tk

= Tj.

Hence, z € W (N, v). O

A class of games for which the equal split-off set intersects the core is the class of convex
games. For convex games, Branzei et al. (2006) showed that the equal split-off set coincides
with the Dutta and Ray (1989) solution. In the next section, we study the equal split-off set
on the full class of games for which it intersects the core.

4 Exact partition games

In this section, we axiomatically study the equal split-off set on the class of exact partition
games and derive several characterizations based on various consistency notions. A game
is an exact partition game if there is a core allocation for which all richest players whose
assigned payoffs belong to the k£ highest ones can obtain their payoffs by themselves.

Definition 2 (cf. |Llerena and Mauri (2017))
A game (N,v) is an ezact partition game if there exists x € C(N,v) such that for each

kEe{l,...,|N|}, EieRiﬁ x; = v(RY}).

Let I'czp denote the class of all exact partition games. Clearly, I'cony C Dezp C Ty, We
show that the equal split-off set intersects the core of a game if and only if it is an exact
partition game.



Lemma 2
Let (N,v) be a game. Then ESOS(N,v) N C(N,v) # 0 if and only if (N,v) € Leyyp.

Proof. Assume that ESOS(N,v) N C(N,v) # (. Let x € ESOS(N,v) N C(N,v). Since
x € ESOS(N,v), Zz‘eRz z; = v(R}) for each k € {1,...,|N|}. Hence, (V,v) is an exact
partition game. '

Assume that (N,v) is an exact partition game. Let x € C(N,v) such that for each
ke {1,...,|N|}, Zz’eR;g z; = v(R}). Let k € {1,...,|N|} such that R} |, # N. Then
agzzﬁﬁﬁg%%ﬁﬁﬁ.snmexezcmwﬂo,mrauf;ezN\Rﬂa\{wh
Dies O > Dies Ti _ ZieSUle:—l T ZieRZ;l i > v(SURY_,) —v(Ry_y)

1 N 5] - 5]

This means that
v(SU Ri’fl) - U(Riﬂ)

P\ Ri_, € argmax 5]

x
SEQN\R

k=1\{0}
Hence, z € ESOS(N,v). O

The following egalitarian stability property plays a central role throughout this section.

Equal division stability

for each z € o(N,v) and each S € 2V \ {()}, there is i € S such that x; > U\(SS|)'

Equal division stability states that no coalition should be better off by equally dividing the
worth among its members. By Lemma [I[]and Lemma [2] the equal split-off set satisfies equal
division stability on the class of exact partition games since it is contained in the core.

Llerena and Mauri (2017) formulated the open question whether the characterizations
of the Dutta and Ray (1989)) solution for convex games obtained by Klijn et al. (2000)
can be extended to the class of exact partition games. Klijn et al. (2000) reformulated the
characterizations of Dutta (1990]) based on the consistency principle. Consider a cooperative
game for which we apply a certain solution to allocate the worth of the grand coalition
among the players. Some players leave with their assigned payoffs and the remaining players
reevaluate their payoffs on the basis of a reduced game. The solution is consistent if it
prescribes the same allocation for the reduced game as for the original game. |Davis and
Maschler (1965)) defined the worth of a coalition in such a reduced game as the maximal joint
surplus in cooperation with any subgroup of departed players when these departed players
are assigned their solution payoffs. [Peleg (1986)) used the corresponding consistency axiom,
to which we refer as max-consistency, in a characterization of the core. Klijn et al. (2000)
used a weaker version which only requires consistent allocations when all richest players leave,
to which we refer as rich-restricted max-consistency, in combination with feasible richness
and equal division stability to characterize the Dutta and Ray (1989) solution.

Rich-restricted max-consistency
for each z € o(N,v) with Rf # N, xy\ps € 0o(N \ RY,v5,,,), where

1> Ymax
v(N) = Xicps Ti if S =N\ RY;
Ve (S) = maxgc e {v(SUQ) — ZieQ x;} fPcCScN\RY;
0 if S=0.



Theorem (cf. Klijn et al. (2000)))
The|Dutta and Ray (1989) solution is the unique solution on Teopn, satisfying nonemptiness,
feasible richness, equal division stability, and rich-restricted max-consistency.

Llerena and Mauri (2017) showed that the equal split-off set satisfies rich-restricted max-
consistency on the class of exact partition games. We show that this characterization in
terms of nonemptiness, feasible richness, equal division stability, and rich-restricted max-
consistency can be extended to the class of exact partition games. This result is stronger
than the result of [Llerena and Mauri (2017)) in which the axiom core selection is used instead
of the weaker equal division stability axiom. The proof is provided in the Appendix.

Theorem 2
The equal split-off set is the unique solution on I'cyy, satisfying nonemptiness, feasible rich-
ness, equal division stability, and rich-restricted maz-consistency.

The empty solution, which assigns to any exact partition game the empty set, satisfies
feasible richness, equal division stability, and rich-restricted max-consistency, but violates
nonemptiness. The solution which coincides with the core for any two-player game, and co-
incides with the equal split-off set for any other exact partition game, satisfies nonemptiness,
equal division stability, and rich-restricted max-consistency, but violates feasible richness.
The equal division solution, which divides the worth of the grand coalition in any exact
partition game equally among the players, satisfies nonemptiness, feasible richness, and rich-
restricted max-consistency, but violates equal division stability. The solution which assigns
(5,4,0) to the game in Example [I} and coincides with the equal split-off set for any other
exact partition game, satisfies nonemptiness, feasible richness, and equal division stability,
but violates rich-restricted max-consistency. This means that the properties in Theorem [2]
are independent.

Hart and Mas-Colell (1989) proposed a reduced game in which the worth of a coalition is
defined as the total payoff to the members in the joint subgame with all the departed players.
Dutta (1990)) defined the corresponding consistency axiom for general multi-valued solutions,
to which we refer as self-consistency. Klijn et al. (2000) showed that the corresponding rich-
restricted version can replace rich-restricted max-consistency in their characterization of the
Dutta and Ray (1989) solution.

Rich-restricted self-consistency i
for each z € o(N,v) with Rf # N, xn\gs € U(N\R"f,vfelf) for a selector f® of o, where

vl (8) =" FE(SURY, vlsups) for all S C N \ Ry.
eSS

Theorem (cf. Klijn et al. (2000)))
The|Dutta and Ray (1989) solution is the unique solution on Teopny satisfying nonemptiness,
feasible richness, equal division stability, and rich-restricted self-consistency.

As the following example shows, the equal split-off set violates rich-restricted self-consistency
on the class of exact partition games, since subgames of exact partition games are not
necessarily exact partition games. This means that the characterization of Klijn et al. (2000)
involving rich-restricted self-consistency cannot be extended to this domain.



Example 5
Let (N,v) € Teyp with N = {1,2,3} be the exact partition game from Example [1] Then

ESOS(N,v) ={(5,3,1)}, Rgs,s,l) = {1}, and for any selector f(>31) of ESOS,

(5,3,1)
vl W3 = A7V L3 vl gy,

where
5 if S={1}

0 otherwise.

U|{1,3}(S) = {

Since C({1,3},v|{1,33) = 0, we have ({1,3},v]{13}) ¢ Texp. This means that the equal
split-off set violates rich-restricted self-consistency on the class of exact partition games. A

Klijn et al. (2000) proposed a third type of reduced game in which the worth of a
coalition is defined as the joint marginal contribution to the departed players. We refer to
the corresponding consistency axiom as marginal-consistency. Klijn et al. (2000) showed that
rich-restricted marginal-consistency can replace feasible richness and rich-restricted max- or
self-consistency in the characterization of the Dutta and Ray (1989) solution.

Rich-restricted marginal-consistency
for each x € o(N,v) with Rf # N, xn\ps € 0o(N \ RY,vj,4,4), Where

marg

Vmarg(S) = v(SURT) —v(RY) for all S C N\ RY.
Theorem (cf. Klijn et al. (2000)))

The|Dutta and Ray (1989) solution is the unique solution on I eopn, satisfying nonemptiness,
equal division stability, and rich-restricted marginal-consistency.

We show that this characterization can be extended to the class of exact partition games.

Theorem 3
The equal split-off set is the unique solution on I'cyy, satisfying nonemptiness, equal division
stability, and rich-restricted marginal-consistency.

The empty solution satisfies equal division stability and rich-restricted marginal-consistency,
but violates nonemptiness. The equal division solution satisfies nonemptiness and rich-
restricted marginal-consistency, but violates equal division stability. The core satisfies non-
emptiness and equal division stability, but violates rich-restricted marginal-consistency. This
means that the properties in Theorem |3| are independent.

To our knowledge, the rather specific marginal-consistency has never been applied else-
where in the literature. We show that rich-restricted marginal-consistency is in fact stronger
than the rich-restricted variant of the well-known consistency axiom proposed by Moulin
(1985), to which we refer as complement-consistency. In the corresponding reduced game,
the worth of a coalition is defined as the joint surplus in cooperation with all departed players
when they are assigned their solution payoffs.

Rich-restricted complement-consistency
for each z € o(N,v) with Rf # N, xy\ps € o(N \ R, vZ,,,,), where

v(SURY) = 3 icpy @i if c SCN\RY;

Nt
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Lemma 3
If a solution satisfies rich-restricted marginal-consistency, then it satisfies rich-restricted
complement-consistency.

Proof. Let I' C 'y be a class of games and let o be a solution on I'. Assume that o satisfies
rich-restricted marginal-consistency. Let (N,v) € T and let « € o(N, v) such that RY # N.
By rich-restricted marginal-consistency, znx\gs € o(N \ RY,vp,,g)- For all S C N\ RY,

ch‘omp(s) S U Rz Z Zq - U(S U RT) - Z Ty — Z ZT;

1€RYT iEN iEN\RY
=0(SURY) = (v(N) = v5apg (N \ BY)) = v(SURY) = (v(N) = (v(N) — v(RY)))
= U(S U RT) - U(Rf) = U’rxnarg(s)'

This means that vg,,,, = Vnae and Ty\re € (N \ RY,vZ,,,,). Hence, o satisfies rich-
restricted complement-consistency. O

The core violates rich-restricted marginal-consistency, but satisfies complement-consistency.
Tadenuma (1992)) used complement-consistency in a characterization of the core. We de-
rive an alternative characterization of the equal split-off set on the class of exact partition
games in terms of nonemptiness, feasible richness, equal division stability, and rich-restricted
complement-consistency.

Theorem 4
The equal split-off set is the unique solution on I'cyy, satisfying nonemptiness, feasible rich-
ness, equal division stability, and rich-restricted complement-consistency.

The empty solution satisfies feasible richness, equal division stability, and rich-restricted
complement-consistency, but violates nonemptiness. The solution which coincides with the
core for any two-player game, and coincides with the equal split-off set for any other
exact partition game, satisfies nonemptiness, equal division stability, and rich-restricted
complement-consistency, but violates feasible richness. The equal division solution satis-
fies nonemptiness, feasible richness, and rich-restricted complement-consistency, but vio-
lates equal division stability. The solution which assigns (5,4,0) to the game in Exam-
ple [1, and coincides with the equal split-off set for any other exact partition game, satis-
fies nonemptiness, feasible richness, and equal division stability, but violates rich-restricted
complement-consistency. This means that the properties in Theorem [ are independent.

Since complement-reduced convex games are convex games, the result of Theorem {4 is
also valid on the class of convex games, providing a new characterization of the |Dutta and
Ray (1989)) solution.

Theorem 5
The|Dutta and Ray (1989) solution is the unique solution on [ eopn, satisfying nonemptiness,
feasible richness, equal division stability, and rich-restricted complement-consistency.

5 Arbitrary games

In this section, we study the equal split-off set on the class of all transferable utility games.
On this domain, equal division stability is incompatible with nonemptiness, which implies
that the equal split-off set violates equal division stability. However, the equal split-off set
generally does satisfy a weak form of equal division stability.

11



Weak equal division stability
for each x € o(N,v), there are T' € argmaxgeon (g} % and ¢ € T such that z; > U|(TT|)'

Weak equal division stability states that there should be a coalition with maximal average
worth which is not better off by equally dividing the worth among its members. Clearly, the
equal split-off set satisfies weak equal division stability on the class of all games.

In fact, all characterizations on the class of exact partition games in the previous section
can be strengthened by weakening equal division stability to weak equal division stability.
This does not imply that these stronger characterizations are also valid on the class of all
games. As the following example shows, the equal split-off set violates rich-restricted max-
consistency on the class of all games.

Example 6
Let (N,v) € Tuy with N = {1,2,3,4} be the game from Example {4 Then ESOS(N,v) =
{(3,3,1, 1)}, R*™Y = {1,2}, and

o331 (8 = {2 if §'€ {{3},{3,4}}

max .
0 otherwise.

This means that ESOS({3,4},v{5"1) = {(2,0)}, so (1,1) ¢ ESOS({3,4},viestY).
Hence, the equal split-off set violates rich-restricted max-consistency on the class of all
games. A

Surprisingly, in contrast to the class of exact partition games, the equal split-off set does
satisfy rich-restricted self-consistency on the class of all games. Moreover, we show that all
solutions satisfying feasible richness, weak equal division stability, and rich-restricted self-
consistency necessarily prescribe equal split-off set allocations. To our knowledge, this is the
first axiomatic result of a multi-valued solution involving self-consistency.

Lemma 4
The equal split-off set satisfies rich-restricted self-consistency on Ty .

Proof. Let (N,v) € Ty and let x € ESOS(N,v) such that Rf # N. Then ZieRf T =

v(RY) and RY € argmaxpeon (gy % Let S € N\ Rf. Then

vlsury (T)

RI
1 € argmax 7|

Te25° T\ {0}

This means that there is a selector f* of ESOS such that f(S U R{,v|sugs) = x; for all
1 € RY. Let f* be such a selector of £SOS. Then

x

vl (9) =" fE(SURE, vlsury)

€S

= Y FE(SURvlsury) — Y. FH(SURY, vlsury)
iESURiJ ’ieRf

=v(SURY) - Z Z;

iER?
=v(SURY) —v(RY).
This means that zy\r= € ESOS(N \ Rf,vlef). Hence, the equal split-off set satisfies

rich-restricted self-consistency on I'y;. O
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Theorem 6
The equal split-off set is the mazximal solution on Uy satisfying feasible richness, weak equal
division stability, and rich-restricted self-consistency.

The solution which coincides with the core for any game with at most two players, and
coincides with the empty set for any other game, satisfies equal division stability and rich-
restricted self-consistency, but violates feasible richness. The equal division solution satisfies
feasible richness and rich-restricted self-consistency, but violates weak equal division stability.
The solution which assigns (5,4,0) to the game in Example [I} and coincides with the equal
split-off set for any other game, satisfies feasible richness and weak equal division stability,
but violates rich-restricted self-consistency. This means that the properties in Theorem [f]
are independent.

Whereas max-consistency and complement-consistency played symmetric roles in the
characterizations on the class of exact partition games, the equal split-off set satisfies rich-
restricted complement-consistency on the class of all games although it violates rich-restricted
max-consistency. Moreover, all solutions satisfying feasible richness, weak equal division
stability, and rich-restricted complement-consistency necessarily select from the equal split-
off set.

Theorem 7
The equal split-off set is the mazximal solution on U4y satisfying feasible richness, weak equal
division stability, and rich-restricted complement-consistency.

The core satisfies equal division stability and rich-restricted complement-consistency,
but violates feasible richness. The equal division solution satisfies feasible richness and rich-
restricted complement-consistency, but violates weak equal division stability. The solution
which assigns (5,4,0) to the game in Example [I} and coincides with the equal split-off set
for any other game, satisfies feasible richness and weak equal division stability, but violates
rich-restricted complement-consistency. This means that the properties in Theorem [7] are
independent.

Similar to the results in the previous section, rich-restricted marginal-consistency can
replace feasible richness and rich-restricted complement-consistency in the characterization
of the equal split-off set.

Theorem 8
The equal split-off set is the mazimal solution on Ty satisfying weak equal division stability
and rich-restricted marginal-consistency.

The equal division solution satisfies rich-restricted marginal-consistency, but violates
weak equal division stability. The core satisfies equal division stability, but violates rich-
restricted marginal-consistency. This means that the properties in Theorem [§| are indepen-
dent.

The equal split-off set of Branzei et al. (2006) can be considered as a marginal-reduced
equal split-off set which coincides with the complement-reduced equal split-off set in the fa-
mily of reduced equal split-off sets described by |Llerena and Mauri (2016]). Future research
could characterize this full family or axiomatically compare the original equal split-off set
with other equal split-off sets in this family, in particular the max-reduced equal split-off
set.
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Appendix

Theorem [2]
The equal split-off set is the unique solution on I'cyy, satisfying nonemptiness, feasible rich-
ness, equal division stability, and rich-restricted maz-consistency.

Proof. Clearly, the equal split-off set satisfies nonemptiness and feasible richness on I'cyyp.
By Lemma |1 and Lemma [2} the equal split-off set satisfies equal division stability on I'cyp.
Llerena and Mauri (2017) showed that the equal split-off set satisfies rich-restricted max-
consistency on I'cyp.

Let o be a solution on I'c,, satisfying nonemptiness, feasible richness, equal division
stability, and rich-restricted max-consistency. We show by induction on the number of
players that o(IV,v) consists of one uniquely defined allocation for all (N,v) € T'ezp. By
nonemptiness, o(N,v) = {v(N)} for all (N,v) € T'eyp, with |[N| = 1. Let k¥ € N and assume
that o(N,v) consists of one uniquely defined allocation for all (N, v) € Ty, with |[N| < k.
Let (N,v) € Tegp with [N| = k+1. By nonemptiness, there is z € o(N, v). By equal division
stability, ai > maxgean (o} % By feasible richness,

_|RY|af ZiGR”f ay ZieRf L < v(RY) v(S)

z — —

a® = = = < max —=.
IRy |R| [RE| = [RY| ~ se2M\{o} |S]

This means that af = maxgean (o} % and R € argmaxgeon 19} %

Denote U? = |Jargmaxgeon (g} UI(TS‘) Since (N,v) is an exact partition game, Lemma
and Lemma [2| imply that UY € argmaxgeon py % Suppose that RY # U". By rich-

restricted max-consistency, zy\gs € o(N \ Rf,vy,,,). By equal division stability, there is
i € UV \ R} such that

o Uhae(ARD WU = Nicns @i UClaf — |RYlef _|U\ Rflaf _
CCTNUNRIT T 0\ EAV VIRV R

This is a contradiction, so Rf = U". If Rf = U = N, then o(V, v) consists of one uniquely
defined allocation x. Suppose that R = U" # N. By rich-restricted max-consistency,
ry\ge € 0(N\ RY,v},.,), where o(N \ R, vy,,,) consists of one uniquely defined allocation
since |N \ Rf| < k. Hence, o(N,v) consists of one uniquely defined allocation. O

Theorem [3]
The equal split-off set is the unique solution on I'cyy satisfying nonemptiness, equal division
stability, and rich-restricted marginal-consistency.

Proof. Clearly, the equal split-off set satisfies nonemptiness and rich-restricted marginal-
consistency on I'cy,. By Lemma (1] and Lemma the equal split-off set satisfies equal
division stability on I'cgyp.

Let o be a solution on I'c;, satisfying nonemptiness, equal division stability, and rich-
restricted marginal-consistency. We show by induction on the number of players that o (N, v)
consists of one uniquely defined allocation for all (N, v) € I'¢y,. By nonemptiness, o(N,v) =
{v(N)} for all (N,v) € T'zyp, with |[N| = 1. Let &k € N and assume that o(NN,v) consists of
one uniquely defined allocation for all (N, v) € T'eyp, with [N| < k. Let (N, v) € T'eyp, with
IN| =k + 1. By nonemptiness, there is x € o(N,v).
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By equal division stability, af > maxgean fp} % If R = N, then

o INlaf Tieval  Tieww vV o(S)

= < max ——=.
Y [N V] IN| ~ se2¥\{o} |S]
By rich-restricted marginal-consistency, if RY # N, then

— |R{ |af ZieR“f af ZieRf i ZiGN T ZieN\RT i

x

a; = = = . = -
bRy |Rf| |Rfl |R{|
o U(N) - Ug;mrg(N \ R.{l) _ ’U(R%) < max U(S) )
| R |Rf|  ~ se2x\{o} |S]
This means that af = maxgecan fp} % and Ry € argmaxgeon (9} vl(TS‘)

Denote U = UargmaxS@N\{@} % Since (N,v) is an exact partition game, Lemma

and Lemma |2 imply that U” € argmaxgeon 1o} % Suppose that RY # U". By rich-
restricted marginal-consistency, zn\rs € o(N\ R, vp,,,)- By equal division stability, there
is ¢ € UY \ R} such that

Umarg UM\ BY) _ w(UY) —v(RY) _ |U’laf —|Rflaf _ |U"\ Rf|ai _ o
— |UP\ R [Uv\ Ry [Uv\ Rf| [Uv\ Ry

Li

This is a contradiction, so Rf = U". If Rf = UY = N, then o(V, v) consists of one uniquely
defined allocation x. Suppose that RY = U" # N. By rich-restricted marginal-consistency,

Tn\ge € 0(N\RY,v54,4), where o(N\ R, vy, ,,.,) consists of one uniquely defined allocation
since |N \ R7| < k. Hence, o(N, v) consists of one uniquely defined allocation. O
Theorem [

The equal split-off set is the unique solution on I'cyp satisfying nonemptiness, feasible rich-
ness, equal division stability, and rich-restricted complement-consistency.

Proof. Clearly, the equal split-off set satisfies nonemptiness and feasible richness. By Lemma
and Lemma[2] the equal split-off set satisfies equal division stability on I'c;,. By Lemma
the equal split-off set satisfies rich-restricted complement-consistency on I'c,), since it satisfies
rich-restricted marginal-consistency.

Let o be a solution on I'cy, satisfying nonemptiness, feasible richness, equal division
stability, and rich-restricted complement-consistency. We show by induction on the number
of players that o(N, v) consists of one uniquely defined allocation for all (N,v) € I'eyp. By
nonemptiness, o(N,v) = {v(N)} for all (N,v) € T'eyp with |[N| = 1. Let k € N and assume
that o(N,v) consists of one uniquely defined allocation for all (N, v) € T'eyp with |N| < k.
Let (N,v) € T'ezp with [N| = k+1. By nonemptiness, there is ¢ € o(N, v). By equal division

stability, a{ > maxgecon 19} % By feasible richness,
o= |Bilad _ Zier @ Xiem® _w(BRY) _ o u(S)
b Rql | By [RY] T IRfl T se2M\{oy |S]

This means that ai = maxgean (g} % and RY € argmaxgeon (g} %
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Denote UY = |Jargmaxgeon (g3 % Since (N,v) is an exact partition game, Lemma
and Lemma |2| imply that U" € argmaxgeon oy UI(SS‘) Suppose that RY # U". By rich-

restricted complement-consistency, zy\gs € o(N \ Rf,v%,,,,). By equal division stability,
there is ¢ € UY \ R{ such that

o Vhmp(UP AR vU) = Yieng @ |UVlaf — |[Rilat _ [U°\ Rflay _
VR U\ R GOV oNR

This is a contradiction, so R} = U". If Rf = U” = N, then o(N,v) consists of one
uniquely defined allocation x. Suppose that Rf = U" # N. By rich-restricted complement-

consistency, zx\rs € (N \ RY COmp) where (N \ Rf,vz,,,,) consists of one uniquely

defined allocation since |N \ R“”| < k. Hence, o(N,v) consists of one uniquely defined
allocation. O
Theorem

The equal split-off set is the mazximal solution on Uy satisfying feasible richness, weak equal
division stability, and rich-restricted self-consistency.

Proof. Clearly, the equal split-off set satisfies feasible richness and weak equal stability on
Tau. By Lemma[d] the equal split-off set satisfies self-consistency on T'yy.

Let o be a solution on I'y; satisfying feasible richness, weak equal division stability,
and rich-restricted self-consistency. We show by induction on the number of players that
o(N,v) C ESOS(N,v) for all (N,v) € T'yy. For all (N,v) € Ty with |[N| =1, o(N,v) =10
or o(N,v) = {v(N)}, so o(N,v) C ESOS(N,v) = {v(N)}. Let k € N and assume that
o(N,v) C ESOS(N,v) for all (N,v) € Ty with |[N| < k. Let (N,v) € T'py with |[N| =k+1.
If o(N,v) = 0, then o(N,v) C ESOS(N,v). Suppose that o(N,v) # 0 and let z € (N, v).
By equal division stability, af > maxgean (o} | S‘ By feasible richness,
|Rflaf _ Lieny 01 Xiery T _ w(RY) _ v($)

xr __ J— —

a; = = = max o ——.
Y |RY |R?| [Rf|  ~ |RY| ~ se2v\{n} |S]

This means that af = maxgeon fg} % and R{ € argmaxgcon qp} % If RY =

then o(N,v) C ESOS(N,v). Suppose that R # N. By rich-restricted self- consistency,

TN\Rr € o(N\RZ,v! ) for aselector f of o, where o(N \ R¥, v Self) C ESOS(N\Rf,v Self)
O

self

since |[N \ R7| < k. Hence a(N,v) C ESOS(N v).

Theorem
The equal split-off set is the mazximal solution on Ty satisfying feasible richness, weak equal
division stability, and rich-restricted complement-consistency.

Proof. Clearly, the equal split-off set satisfies feasible richness and weak equal stability on
Tou. By Lemma 3] the equal split-off set satisfies rich-restricted complement-consistency on
T",y; since it satisfies rich-restricted marginal-consistency.

Let o be a solution on I'y; satisfying feasible richness, weak equal division stability, and
rich-restricted complement-consistency. We show by induction on the number of players that
o(N,v) C ESOS(N,v) for all (N,v) € T'gy. For all (N,v) € Ty with |[N| =1, a(N,v) =10
or o(N,v) = {v(N)}, so o(N,v) C ESOS(N,v) = {v(N)}. Let k € N and assume that
o(N,v) C ESOS(N,v) for all (N,v) € Ty with |[N| < k. Let (N,v) € Ty with |[N| = k+1.
If o(N,v) =0, then o(N,v) C ESOS(N,v). Suppose that o(N,v) # 0 and let = € o(N,v).
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)

By equal division stability, af > maxgean fp} |(S‘ By feasible richness,

|Rf|af ZieRf af ZieRf Zi _ v(RY) v(S)

T __ —

a®t = = = < max —==.
' IRy | R | [Rf|  ~ |RF| T sex¥\{oy |S

This means that a7 = maxgeon (g} |S|) and Ry € argmaxgeon (g} |SS\ If Rf = N, then

o(N,v) C ESOS(N,v). Suppose that R} # N. By rich-restricted complement-consistency,
TN\Rs € o(N\RY,vg,,,,), where cr(N\Rl, Veomp) © ESOS(N\RT,vZ,,,,) since [IN\RT| < k.
Hence, o(N,v) C ESOS(N,v). O

Theorem
The equal split-off set is the mazimal solution on Ty satisfying weak equal division stability
and rich-restricted marginal-consistency.

Proof. Clearly, the equal split-off set satisfies weak equal division stability and rich-restricted
marginal-consistency on I'y;.

Let o be a solution on I'yj; satisfying weak equal division stability and rich-restricted
marginal-consistency. We show by induction on the number of players that o(N,v) C
ESOS(N,v) for all (N,v) € Tay. For all (N,v) € Ty with |[N| = 1, o(N,v) = 0 or
o(N,v) = {v(N)}, so o(N,v) C ESOS(N,v) = {v(N)}. Let k& € N and assume that
o(N,v) C ESOS(N,v) for all (N,v) € Ty with |[N| < k. Let (N,v) € T'py with |[N| =k+1.
If o(N,v) = 0, then o(N,v) C ESOS(N,v). Suppose that o(N,v) # 0 and let z € (N, v).
By weak equal division stability, ai > maxgean (o} ‘S‘ If R = N, then

oF — |Nla Dien 01 _ ienTi _ v(N) < v(S)

= = = < max .
L] V] N IN| ~ se2¥\{o} |9
By rich-restricted marginal-consistency, if R} # N, then

|R7|af ZieR{ af ZieRf Ti DlienTi— ZieN\Rf Li

T __

a7y = = = =
bRy |RY| |RY| |RY|
N) — N kS z
0N vy (V\RD) _w(R) _ o u(S)
|RY| |Rf| ~ se2n\{o} [S]

This means that a] = maxgean\ (g} |S| ) and R € argmaxgeon (g3 |SS\ If RY = N, then

o(N,v) € ESOS(N,v). Suppose that Rf # N. By rich-restricted marginal-consistency,
rn\ge € 0(N\RY, v}, 0,,), Where o(N\RY, v}, .g) € ESOS(N\RY, v}, 4,.) since [IN\RT| < k.
Hence, o(N,v) C ESOS(N v). O
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