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Introduction

Egalitarianism is a paradigm of economic thought that favors the idea of equality.
Economic equality, or equity, refers to the concept of fairness in economics and under-
lies many theories of distributive justice. Since the seminal work of Rawls (1971)), eco-
nomic equality plays a central role in fundamental principles of justice and is widely
applied within several disciplines of social science. [Young (1995)) provides a rich sur-
vey on equity concepts in both theoretical and practical contexts. The interpretation
of equality, and which notions should exactly be equated, depends on the model at
hand, its characteristics, and its underlying assumptions. The leading thread of this
dissertation is constituted by the implementation and analysis of egalitarianism and
corresponding principles in models for allocation problems, in particular bankruptcy
problems with nontransferable utility and cooperative games. This contributes to a
better understanding of fair allocation rules and their properties.

A bankruptcy problem is an elementary allocation problem in which claimants
have individual claims on an insufficient estate. The question arises which of the
possible estate allocations could or should be selected. For this, bankruptcy theory
studies appropriate bankruptcy rules which prescribe for any bankruptcy problem
an efficient and feasible allocation, i.e. an estate allocation for which the individual
payoffs are bounded by the corresponding claims. Starting from O’Neill (1982), many
scientific studies are devoted to bankruptcy problems with transferable utility where
the estate and claims are of a monetary nature. We refer to [Thomson (2003) for an
extensive survey, to Thomson (2013)) for recent advances, and to |[Thomson (2015)) for
an update. An egalitarian alternative for the well-known proportional rule in this
context is the constrained equal awards rule, which divides the monetary estate as
equal as possible under the condition that no claimants are allocated more than their

corresponding claims.

11



12 Chapter 1 Introduction

The first part of this dissertation builds upon the foundations of bankruptcy pro-
blems with nontransferable utility as introduced by |Orshan, Valenciano, and Zarzuelo
(2003). There, individual payoffs are represented in a utility space and the estate is
expressed in a set of attainable utility allocations. Throughout this dissertation, we
assume that individual utility is normalized in such a way that allocating nothing
corresponds to a utility level of zero. Since claimants generally not only differ in
their claims, but also in their utility measure, the implementation of egalitarianism
in this model cannot simply boil down to equal division. Instead, it makes sense to
compare the claims in relation to the estate. Therefore, we take a solid and deli-
berate approach using the zero vector and the utopia vector as benchmarks. Since
allocating zero to all claimants generates the same well-being as the event in which
the bankruptcy problem is not solved, claimants are then comparable in terms of
minimal satisfaction and the allocation is in that sense egalitarian. Similarly, when
allocating to all claimants their corresponding utopia values, defined as the maximal
individual payoffs within the estate, claimants are comparable in terms of maximal
satisfaction and the allocation is in that sense egalitarian[] In this way, we interpret
the utopia vector as an egalitarian direction starting from the zero vector and all
payoff allocations following this direction are considered to be relatively equal. This
approach leads to an adequate definition of the constrained relative equal awards rule
for bankruptcy problems with nontransferable utility, which allocates payoffs as re-
latively equal as possible under the condition that no claimants are allocated more
than their corresponding claims. On the class of NTU-bankruptcy problems induced
by TU-bankruptcy problems, the constrained relative equal awards rule boils down
to the standard constrained equal awards rule.

Focusing on fundamental principles and structures, we study the rich model of
bankruptcy problems with nontransferable utility from several perspectives. From
an axiomatic perspective, we formulate appropriate properties for bankruptcy rules
and study their implications. Our interpretation of egalitarianism is reflected in
a property called relative symmetry, which imposes that claimants with relatively
equal claims are allocated relatively equal payoffs. Another important property is
truncation invariance, which imposes invariance of the prescribed allocation under
truncation of the claims by the corresponding utopia values. A higher claim than
the corresponding utopia value is then not considered as relevant, supported by the
fact that claimants are not allocated more than their utopia values in any feasible
estate allocation. We derive several axiomatic characterizations of the constrained
relative equal awards rule using these and other properties which are generally based
on counterparts within the theory on bankruptcy problems with transferable utility.

n the context of bargaining problems (cf. Nash (1950)), the use of utopia values as initiated
by [Raiffa (1953)) is nowadays fully embedded in the literature.
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Besides, we explore the relation of the constrained relative equal awards rule
with duality, consistency, and the relative adjustment principle. These fundamen-
tal concepts are based on duality, consistency, and the contested garment principle
for TU-bankruptcy rules which play an essential role in the seminal work of |[Aumann
and Maschler (1985) on Talmudic principles for monetary bankruptcy problems. Two
bankruptcy rules are called dual if one rule allocates awards in the same way as the
other rule allocates losses. Consistency notions are based on thought experiments in
which bankruptcy problems are reevaluated in case some claimants depart with their
allocated payoffs. The relative adjustment principle describes a standard solution
for bankruptcy problems with nontransferable utility and two claimants, merging the
properties relative symmetry and truncation invariance with minimal rights first. The
minimal rights first property requires that first allocating minimal rights, defined as
the maximal individual payoffs within the estate when all other claimants are allo-
cated their claims, and subsequently applying the bankruptcy rule to the remaining
bankruptcy problem leads to the same payoff allocation as direct application of the
bankruptcy rule to the original bankruptcy problem.

Surprisingly, while studying bankruptcy problems with nontransferable utility,
we not only encounter similarities with the theory on bankruptcy problems with
transferable utility, but also common interesting features from the theory on other
well-studied domains, e.g. cost sharing theory, bargaining theory, and game the-
ory. In particular, we show that the constrained relative equal awards rule shares
characteristics with the serial mechanism for cost sharing problems (cf. Moulin and
Shenker (1992))) by deriving a corresponding axiomatic characterization in terms of
relative symmetry and independence of larger relative claims. Moreover, we translate
several axioms from bargaining theory concerning changes in the estate or the claims
to obtain a new characterization of the constrained relative equal awards rule while
elaborating on the similarities between bankruptcy problems with nontransferable
utility and bargaining problems with claims as introduced by |(Chun and Thomson
(1992). Furthermore, we discuss the game theoretic modeling of NTU-bankruptcy
problems along the lines of (Curiel, Maschler, and Tijs (1987)) for TU-bankruptcy
problems by defining an appropriate coalitional bankruptcy game, focusing on the
structure of the core, and characterizing the class of game theoretic bankruptcy rules
using truncation invariance. Interestingly, the constrained relative equal awards rule
is a game theoretic bankruptcy rule, which means that it can be generalized to a
solution for the full class of nontransferable utility games. This is exploited in the

second part of this dissertation.



14 Chapter 1 Introduction

The second part of this dissertation focusses on the incorporation of egalitaria-
nism in transferable utility games and nontransferable utility games. A cooperative
game models an allocation problem in which players collectively gain revenues while
taking into account the possibility to act in coalitions. Following our interpretation of
egalitarianism, the interpersonal relations of utopia values form the key ingredient for
the determination of egalitarian payoff allocations. However, to allow for a coherent
comparison of egalitarian opportunities within coalitions, it is required to consistently
apply a fixed interpretation of equality. For that reason, the utopia values within the
grand coalition are used as a common benchmark for egalitarian allocations within
any subcoalition. We design an egalitarian negotiation procedure in which players
iteratively take their coalitional egalitarian opportunities into consideration. This
egalitarian procedure converges to a steady state in which each player has acquired
a claim attainable in one or more egalitarian admissible coalitions. These egalitarian
claims can be interpreted as aspiration levels for a payoff allocation within the grand
coalition. The possibly resulting infeasibility is modeled as a bankruptcy problem in
which these egalitarian claims are adopted. By solving these bankruptcy problems in
an egalitarian way following from the first part of this dissertation, a new and general
solution concept for cooperative games arises, which can be considered as a trade-off
between egalitarianism and coalitional rationality.

On the domain of transferable utility games (cf. [Von Neumann and Morgen-
stern (1944)), our interpretation of egalitarianism boils down to equal division and
the result of the egalitarian procedure is called the procedural egalitarian solution.
Remarkably, this is the first single-valued solution which exists for any transferable
utility game and coincides with the well-known egalitarian solution of |Dutta and Ray
(1989) on the class of convex games. On the class of bankruptcy games with transfe-
rable utility, the procedural egalitarian solution coincides with the constrained equal
awards rule for underlying monetary bankruptcy problems.

On the domain of nontransferable utility games (cf. Shapley and Shubik (1953)
and [Aumann and Peleg (1960)), the result of the egalitarian procedure is called the
constrained egalitarian solution. Naturally, the constrained egalitarian solution of a
nontransferable utility game induced by a transferable utility game corresponds to the
procedural egalitarian solution. On the class of bankruptcy games with nontransfera-
ble utility, the constrained egalitarian solution coincides with the constrained relative
equal awards rule for underlying bankruptcy problems. On the class of bargaining
games, the constrained egalitarian solution induces a new and interesting way to solve
bargaining problems on the basis of utopia values, as an alternative for the solutions
proposed by [Kalai and Smorodinsky (1975) and Kalai and Rosenthal (1978]).
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The third part of this dissertation is devoted to communication situations which
arise when the players of a transferable utility game are subject to cooperation re-
strictions as modeled by an undirected graph. This outlying part contains no refe-
rence to an egalitarian allocation principle. Instead, we focus on the decomposition
of network communication games into unanimity games and we introduce a general
class of network control values based on the Shapley value (cf. Shapley (1953)) for
transferable utility games. The well-studied Myerson value (cf. Myerson (1977))) and
position value (cf. Borm, Owen, and Tijs (1992)) both belong to this new class.

Overview

This dissertation is organized as follows. Chapter [2| provides an overview of prelimi-
nary notions for bankruptcy problems with transferable utility, transferable utility
games, and nontransferable utility games.

Chapter |3 analyzes bankruptcy problems with nontransferable utility following
the classical axiomatic theory of bankruptcy by formulating some appropriate pro-
perties for bankruptcy rules and studying their implications. We explore duality of
bankruptcy rules and we derive several characterizations of the proportional rule and
the constrained relative equal awards rule.

Chapter |4 continues on this axiomatic approach by examining the relation of
the proportional rule and the constrained relative equal awards rule with several
consistency notions and the relative adjustment principle.

Chapter 5| takes an axiomatic bargaining approach to bankruptcy problems with
nontransferable utility by characterizing bankruptcy rules in terms of properties from
bargaining theory. In particular, we derive new axiomatic characterizations of the
proportional rule and the constrained relative equal awards rule using properties
which concern changes in the estate or the claims.

Chapter [6|analyzes bankruptcy problems with nontransferable utility from a game
theoretic perspective by studying the core of corresponding bankruptcy games. More-
over, we derive a necessary and sufficient condition for a bankruptcy rule to be game
theoretic.

Chapter [7] introduces and analyzes the procedural egalitarian solution for transfe-
rable utility games. This new concept is based on the result of a coalitional negotiation
procedure in which egalitarian considerations play a central role.

Chapter [§] generalizes the procedural egalitarian solution to the constrained egali-
tarian solution for nontransferable utility games. We explore the new solution using
the famous examples of Roth (1980) and [Shafer (1980) and we formulate conditions
under which it leads to a core element.
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Using network control structures, Chapter [J] introduces a general class of net-
work communication games and studies their decomposition into unanimity games.
Moreover, we introduce a new class of network control values which contains both
the Myerson value and the position value. The decomposition results are used to

explicitly express these values in terms of dividends.



Preliminaries

Let N be a nonempty and finite set. An order of N is a bijection o : {1,...,|N|} —
N. The set of all orders of N is denoted by II(N). The collection of all subsets of N
is denoted by 2V = {S'| S C N}. A collection B C 2V \ {()} is a cover if Ugep S = N,
is independent if S ¢ T for all S, T € B, and is balanced if there exists a function
d: B — Ry, for which Y gcp.e50(S) =1 foralli € N.

A vector z € RY denotes © = (7;);cn, and x5 € R® denotes xg = (x;);cs for any
S € 2N, The zero vector # € RY with 2; = 0 for all i € N is denoted by Oy. For
any z,y € RV, x <y denotes z; < y; for all i € N, and x < y denotes z; < y; for all
i € N. A function f: RY — RY is increasing if f(x) < f(y) and f(x) # f(y) for all
z,y € RN for which z < y and x # y. A decreasing function is defined similarly. A

function is monotonic if it is increasing or decreasing.
Let A C ]Rf be a nonempty, closed, and bounded set. Some related notions are
— the vector of utopia values u* = (max{x; | v € A})ien;

— the convex hull

conv(A) = {x e RY

EIA’QAJA’|6NE|0:A’—>R+,Zy€A, 0(y)=1 " ZyeA, 0(y)y = x} ;
— the comprehensive hull comp(A) = {z € RY | Jyea 1 y > z};

— the strong Pareto set SP(A) = {x € A| =Fyecayzs 1 y > 2};

— the weak Pareto set WP(A) ={z € A| ~Jyeca 1y > z};

— the strong upper contour set SUC(A) = {z € RY | ~Fyeayrs 1y > z};

— the weak upper contour set WUC(A) = {z € RY | =Fyea : y > z}.

17



18 Chapter 2 Preliminaries

Note that SP(A) € WP(A) € WUC(A) and SP(A) C SUC(A) € WUC(A). The
set A C RY is nontrivial if u? € RY,, is convex if A = conv(A), is comprehensive

if A = comp(A), and is nonleveled if SP(A) = WP(A), or equivalently, SUC(A) =
WUC(A).

2.1 Bankruptcy problems with transferable utility

A bankruptcy problem with transferable utility (cf. (O’Neill (1982)) is a triple (V, e, ¢)
in which NV is a nonempty and finite set of claimants, e € R, is an estate, and ¢ € ]Rf
is a vector of claims of N on e for which ¥;cx ¢; > e. Let TUBRY denote the class of

bankruptcy problems with transferable utility and claimant set N. For convenience,
a TU-bankruptcy problem on N is denoted by (e, c) € TUBRY.

A bankruptey rule f : TUBRY — RY assigns to any (e,c) € TUBRY a payoff
allocation f(e,c) € RY for which Y,y fi(e,c) = e and f(e,c) < c.

The proportional rule Prop : TUBRY — Rﬂ is the bankruptcy rule which assigns
to any (e, c) € TUBRY the payoff allocation

Prop(e, ¢) = X\*“c,

where A\*¢ = max{t € [0,1] | X ;cn tc; = €}.
The constrained equal awards rule CEA : TUBRY — RY is the bankruptcy rule
which assigns to any (e, c) € TUBR” the payoff allocation

CEA(e, c) = (min{c;, a®“}),cn »
where a“¢ = max{t € [0, €] | Xjey min{c;, t} = e}.
The constrained equal losses rule CEL : TUBRY — Rf is the bankruptcy rule
which assigns to any (e, ¢) € TUBRY the payoff allocation

CEL(e, ¢) = (max{c; — b, 0}),c »

where b = min{t € Ry | >;cy max{c; — t,0} = e}.

2.2 Transferable utility games

A transferable utility game (cf. [Von Neumann and Morgenstern (1944))) is a pair
(N,v) in which N is a nonempty and finite set of players and v : 2V — R assigns to
each coalition S € 2V its worth v(S) € R such that v()) = 0. The number U\(sﬁ) is the
average worth of coalition S € 2V \ {0#}. Let TUY denote the class of transferable
utility games with player set N. For convenience, a TU-game on N is denoted by
v € TUY. The subgame vg € TUY of v € TUY on S € 2V \ {0} is defined by

vs(R) = v(R) for all R € 25.
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Let v € TUY. The vector M?(v) € RY corresponding to o € TI(N) is given by
o (v) =v({o(l), ... o(k)}) —v({o(l),...,o(k =1)})
for all k € {1,...,|N|}. The vector K (v) € RY is given by
Ki(v) = v(N) = v(N \ {i})

for all i € N, and the vector k(v) € RY is given by

ki(v) = max {U(S)— > Kj(v)}

v
Se2N 4es jeS\{i}

for all i € N. The core (cf. |Gillies (1959)) is given by

Clv) = {:c eRY

> xi=0v(N),Veeon 0 > ;> U(S)},

ieN i€S
the Weber set (cf. Weber (1988)) is given by
W(v) = conv ({M?(v) | o € II(N)}),

the core cover (cf. Tijs and Lipperts (1982))) is given by

CC(v) = {x e RN

in =v(N),k(v) <z < K(v)},

1EN

and the reasonable set (cf. |Gerard-Varet and Zamir (1987)) is given by

R(v) = {x cRY

> i =v(N),Vieny : min M7 (v) < z; < max MZ"(U)} :

= o€eTI(N) oelI(N)
It is known that C(v) € W(v) C R(v) and C(v) C CC(v) C R(v).
A transferable utility game v € TUY is

— monotonic if v(S) < v(T) for all S, T € 2V for which S C T}

superadditive if v(S) +v(T) < v(SUT) for all S, T € 2V for which SNT = ();

— convez (cf. Shapley (1971)) if v(S)+v(T) < v(SUT)+v(SNT) for all S, T € 2V;

balanced (cf. Bondareva (1963) and |Shapley (1967))) if > gcpd(S)v(S) < v(N)
for all balanced collections B C 2V \ {0} and any § : B — R, for which
ZSGB:iGS 5(5) =1 for all ¢ € N.



20 Chapter 2 Preliminaries

Note that convexity implies superadditivity. For any convex game v € TUY , Shapley
(1971)) showed that max,ennvy M (v) = v(N) — v(V \ {i}) and mingenn) M7 (v) =
v({i}) for all i € N, and |Tijs and Lipperts (1982) showed that k;(v) = v({i}) for all
1€ N.

Bondareva (1963) and Shapley (1967) showed that C(v) # 0 if and only if v € TUY
is balanced. [Ichiishi (1981) showed that C(v) = W(v) if and only if v € TU" is
convex. A transferable utility game v € TUY is compromise stable (cf. Quant, Borm,
Reijnierse, and Van Velzen (2005))) if C(v) = CC(v) and CC(v) # 0. This means that
both convexity and compromise stability individually imply balancedness.

We introduce the notion of reasonable stability to describe games for which the
core and the reasonable set coincide. Moreover, we show that reasonable stability is

equivalent to the combination of convexity and compromise stability.

Definition (Reasonable Stability (cf. Dietzenbacher (2018)))
A transferable utility game v € TUY is reasonable stable if C(v) = R(v).

Theorem 2.2.1
A transferable utility game is reasonable stable if and only if it is convex and com-

promise stable.

Proof. Assume that v € TU" is reasonable stable. Then C(v) = R(v) and C(v) # 0.
Since C(v) € W(v) € R(v) and C(v) C CC(v) C R(v), this means that C(v) = W(v)
and C(v) = CC(v). Hence, v € TUY is convex and compromise stable.

Assume that v € TUY is convex and compromise stable. Since v € TUY is convex,
mingenvy M7 (v) = v({i}) and max,ennv) M7 (v) = v(N) —v(N \ {i}) for all i € N.
Moreover, k;(v) = v({i}) for all ¢ € N. This means that min,ernv) M7 (v) = ki(v)
and max,cnv) M7 (v) = K;(v) for all i € N, so CC(v) = R(v). Since v € TUY
is compromise stable, this implies that C(v) = CC(v) = R(v). Hence, v € TUY is
reasonable stable. O

The bankruptcy game with transferable utility (cf. (O’Neill (1982)) v®¢ € TUY
corresponding to the bankruptcy problem (e, ¢) € TUBRY is given by

v©°(S) = max {e - > ci,O}
iEN\S
for all S € 2V. Curiel, Maschler, and Tijs (1987) showed that bankruptcy games
are convex and compromise stable. |Quant, Borm, Reijnierse, and Van Velzen (2005)
showed that convex and compromise stable games are strategically equivalent to bank-
ruptcy games. By Theorem [2.2.1] this means that bankruptcy games are reasonable
stable, and reasonable stable games are strategically equivalent to bankruptcy games.
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A solution for transferable utility games f : TUY — RY assigns to any v € TUY
a payoff allocation f(v) € RY for which 3,y fi(v) = v(N).

A solution f: TUY — R satisfies

— symmetry if fi(v) = f;(v) for all v € TUY and any i,5 € N for which
v(SU{i}) =v(SU{j}) forall S C N\ {i,j};

— dummy invariance if f;(v) = v({i}) for all v € TUY and any i € N for which
v(SU{i}) =v(S) +v({i}) for all S C N\ {i};

— strong strategic covariance if f(v) = (af;(v') + B;)ien for all v,v" € TUY and
any @ € R, and 8 € RY for which v(S) = av/(S) + X ,cq 3; for all S € 2V;

— weak strategic covariance if f(v) = (af;(v') + B)ien for all v,v' € TUY and any
a € Ry, and 8 € R for which v(S) = av/(S) + B|S] for all S € 2V;
)

— marginal monotonicity (cf. [Young (1985)) if f;(v) < f;(v') for all v,v" € TUY
and any ¢ € N for which v(SU{i})—v(S) < v'(SU{i})—2/(S) forall S C N\{i};

— coalitional monotonicity (cf. [Young (1985)) if fs(v) < fs(v') for all v,v" € TUY
and any S € 2% for which v(S) < v/(S) and v(T) = v'(T) for all T € 2V \ {S};

— aggregate monotonicity (cf. Megiddo (1974)) if f(v) < f(v') for all v,v" € TUY
for which v(N) < v/'(N) and v(S) = v/(S) for all S C N.

Note that strong strategic covariance implies weak strategic covariance, marginal
monotonicity implies coalitional monotonicity, and coalitional monotonicity implies

aggregate monotonicity.

2.3 Nontransferable utility games

A nontransferable utility game (cf. |[Shapley and Shubik (1953) and /Aumann and Pe-
leg (1960)) is a pair (N, V) in which N is a nonempty and finite set of players and
V assigns to each coalition S € 2V \ {#} a nonempty, closed, bounded, and compre-
hensive set of payoff allocations V(S) C RY. Note that V(S) is explicitly restricted
to nonnegative payoff allocations. Let NTU” denote the class of nontransferable uti-
lity games with player set N. For convenience, an NTU-game on NN is denoted by
V € NTU". The subgame Vs € NTU® of V € NTUY on S € 2V \ {0} is defined
by Vs(R) = V(R) for all R € 25\ {#}. Note that any nonnegative game v € TUY
induces the game V € NTU" given by V(S) = {z € RY | Sz < v(5)} for all
S e 2N\ {0}.
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Let V € NTUY. The strong core is given by
C3(V) = {x € V(N) | Vseavyqoy : 5 € SUC(V(S)) }
and the weak core is given by
CY(V) = {z € V(N) | Yseam\qoy : 25 € WUC(V(S))}.

Note that CS(V) C C™W(V). Moreover, C5(V) = CW(V) if V(S) is nonleveled for all
S € 2V \ {0}, as is the case for NTU-games induced by TU-games.

A nontransferable utility game V € NTUY is
— monotonic if V(S) x {0ns} C V(T) for all S,T € 2V \ {0} for which S C T}

— superadditive if V(S) x V(T) C V(SUT) for all S,T € 2V \ {0} for which
SNT =,

— ordinal convex (cf. Vilkov (1977)) if V' is superadditive, and zgur € V(SUT)
or zgnr € V(SNT) for all S, T € 2V \ {0} for which SNT # 0 and any z € RY
for which zg € V(S) and zr € V(T);

— coalitional merge convex (cf. Hendrickx, Borm, and Timmer (2002)) if V' is
superadditive, and for all R € 2V \ {#} and S, T € 2V\E\ {()} for which S C T,
and any s € WP(V(S)), t € WP(V(T)), and x € V(S U R) for which zg > s,
there exists a y € V(T'U R) for which yr >t and yr > xg;

— balanced (cf. Scarf (1967)) if for all balanced collections B C 28\ {0}, = € V/(N)
if xg € V(S) for all S € B.

Note that superadditivity implies monotonicity. Greenberg (1985), Hendrickx, Borm,
and Timmer (2002), and Scarf (1967) showed that C"V(V) # 0 if V € NTU" is ordinal

convex, coalitional merge convex, or balanced, respectively.

A solution for nontransferable utility games F : NTUY — RY assigns to any
V € NTUY a payoff allocation F(V) € WP(V(N)).
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3.1 Introduction

A bankruptcy problem is an elementary allocation problem in which claimants have
individual claims on an insufficient estate. Bankruptcy theory studies allocations
of the estate among the claimants, taking into account the corresponding claims.
In a bankruptcy problem with transferable utility (cf. |O’Neill (1982))), the estate
and claims are of a monetary nature. These problems are well-studied, both from an
axiomatic perspective and a game theoretic perspective. We refer to Thomson (2003)
for an extensive survey, to [Thomson (2013)) for recent advances, and to [Thomson
(2015) for an update.

In a bankruptcy problem with nontransferable utility, claimants have incompara-
ble claims and the estate is expressed in a set of attainable utility allocations. These
problems arise when claimants have individual utility functions over their monetary
payoffs. NTU-bankruptcy problems form a natural generalization of TU-bankruptcy
problems. [Thomson (2013)) states that, although the passage from TU to NTU is in
general fraught with difficulties, an NTU generalization is worthwhile in the search
for greater generality.

Orshan, Valenciano, and Zarzuelo (2003) analyzed NTU-bankruptcy problems
from a game theoretic perspective by showing that the intersection of the bilateral
consistent prekernel and the core is nonempty for every smooth bankruptcy game.
Estévez-Fernandez, Borm, and Fiestras-Janeiro (2014 redefined NTU-bankruptcy
games on the basis of convexity and compromise stability. This chapter, based
on [Dietzenbacher, Estévez-Fernandez, Borm, and Hendrickx (2016), analyzes NTU-
bankruptcy problems from an axiomatic perspective by formulating appropriate pro-
perties for bankruptcy rules and studying their implications.

25
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Bankruptcy problems with nontransferable utility share characteristics with bar-
gaining problems with claims (cf. |Chun and Thomson (1992)) and Nash rationing
problems (cf. |Mariotti and Villar (2005)). These models are studied on the basis of
solutions and axioms originating from bargaining theory. Instead, we aim to gene-
ralize monetary bankruptcy problems and particularly show that bankruptcy theory
can be extended by adequately reformulating the main notions and properties.

The proportional rule for bankruptcy problems prescribes the efficient allocation
which is proportional to the vector of claims. We study the proportional rule for NTU-
bankruptcy problems and extend the axiomatic characterizations of Young (1988)
and |Chun (1988) using adequate generalizations of the properties composition down,
composition up, self-duality, and path linearity.

The constrained equal awards rule for TU-bankruptcy problems divides the estate
equally such that all claimants are not allocated more than their claims. In bank-
ruptcy problems with nontransferable utility, it makes sense to compare the claims
in relation to the estate since claimants differ in their measure of utility. For that
reason, we introduce the constrained relative equal awards rule for NTU-bankruptcy
problems which takes into account the relative claims of the claimants, i.e. the claims
in relation to their utopia values. We extend the axiomatic characterizations of|Dagan
(1996)), Herrero and Villar (2002)), Yeh (2004), and [Yeh (2006]) using generalizations
of the properties symmetry, truncation invariance, conditional full compensation, and
claim monotonicity. By extending its axiomatic characterization based on symme-
try and independence of larger claims, we show that the constrained relative equal
awards rule also shares a characteristic feature with the serial mechanism for cost
sharing problems (cf. Moulin and Shenker (1992))). In those problems, agents share
a production technology and distribute the joint costs among them.

Two bankruptcy rules are called dual (cf. Aumann and Maschler (1985))) if one
rule allocates awards in the same way as the other rule allocates losses. Two properties
for bankruptcy rules are called dual (cf. [Herrero and Villar (2001))) if for any two dual
bankruptcy rules it holds that one rule satisfies one property if and only if the other
rule satisfies the other property. We generalize the notions of dual bankruptcy rules
and dual properties to the context of NTU-bankruptcy problems without explicitly
formulating dual bankruptcy problems. In particular, we exploit duality, we show
that the proportional rule is self-dual, and we adequately construct the dual of the
constrained relative equal awards rule, the constrained relative equal losses rule.

This chapter is organized in the following way. Section formally introduces
NTU-bankruptcy problems and defines basic notions for NTU-bankruptcy rules. In
Section [3.3] we explore duality and analyze dual properties. Section studies the
proportional rule and Section |3.5| analyzes the constrained relative equal awards rule.
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3.2 Bankruptcy problems

A bankruptcy problem with nontransferable utility (cf. |Orshan, Valenciano, and Zar-
zuelo (2003)) is a triple (IV, F, ¢) in which N is a nonempty and finite set of claimants,
E C ]R_]f is a nonempty, closed, bounded, comprehensive, and nonleveled estate, and
c € WUC(E) is a vector of claims of N on E. Note that Oy € E, and E is nontrivial
if and only if £ # {Oy}. The estate is expressed in a set of attainable utility allo-
cations which are assumed to be normalized in such a way that allocating nothing
corresponds to a utility level of zero. The claim vector represents the individual uti-
lity claims on the estate. Let BRY denote the class of bankruptcy problems with
nontransferable utility and claimant set N. For convenience, an NTU-bankruptcy
problem on N is denoted by (E,c) € BRY. Note that (EU E',¢), (ENE',¢) € BRY
for all (E,c),(E',c) € BR"Y. Moreover, any bankruptcy problem (e, c) € TUBR” in-
duces the bankruptcy problem (E,c) € BRY in which £ = {z € RY | Z;cn 7; < e}.

Let (E,c) € BRY be such that E # {Oy}. Throughout this chapter, scaling the
estate is an essential and fundamental operation which preserves its shape. Applying
the scaling operation to the estate allows to analyze the implications for the claimants
when their interpersonal relations remain at a constant ratio. For any ¢ € R, , the
set tE C RY is given by tE = {tz | x € E}. Note that u'* = tu” for all ¢ € Ry. Let
x € RY. The scalar 7%% € R is defined in such a way that

x € WP(rP"E).

Note that the conditions on E imply that 757 is well-defined and increasing in x. We
TE,z

have 7% < 1ifz € E, and 7%® > 1 if x ¢ E. Moreover, 715% = ——forallt e Ry,

and 75t = t757 for all t € R,. Note that (tE,z) € BRY for all ¢t € [0, 75%].
Example 3.1

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z e RY | 2 + 1225 < 36} and ¢ = (3,4). Then 77¢ =11 and 7%°F = {z € RY |
1?2 4+ 18z5 < 81}. This is illustrated as follows.
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A bankruptey rule f : BRY — RY assigns to any (E, c) € BR” a payoff allocation
f(E,c) € WP(E) for which f(E,c) < c¢. Note that f(F,c) = Oy if and only if
E ={0x}, and f(F,c) =cif and only if c € E.

Let f : BRY — RY be a bankruptcy rule, let (E,c) € BR”Y be such that F #
{On}, and let z € RY. The payoff path p?’x : [0, 757 — RY of f from Oy to x is
defined by

Py (t) = f(tE, )
for all t € [0, 7). Note that p}"* is injective.

All payoff allocations obtained from scaling the estate are represented by the
payoff path of the corresponding bankruptcy rule. The path monotonicity property
describes bankruptcy rules for which payoffs increase when the estate is enlarged by
a scaling operation.ﬂ Path monotonicity is a stronger property than path continuity,

as is the case for TU-bankruptcy rules.

Definition (Path Monotonicity)
A bankruptcy rule f : BRY — RY satisfies path monotonicity if pf’c is increasing for
all (E,c) € BRY for which E # {0y}

Definition (Path Continuity)
A bankruptcy rule f : BRY — RY satisfies path continuity if pf’c is continuous for
all (E,c) € BRY for which E # {0y}

Lemma 3.2.1
Let f : BRY — RY be a bankruptcy rule. If f satisfies path monotonicity, then f

satisfies path continuity.

Proof. Assume that f satisfies path monotonicity. Suppose that f does not satisfy
path continuity. Then there exists an (E,c¢) € BR”Y such that £ # {0y} and pf’c
is not continuous at a certain £ € [0,77¢]. Suppose that ¢ € (0,7%°). Since pf’c is
increasing,
lﬁ?p “(t) = tz%lz)p “(t) < pye(t) < it pe(t) = 1;331? “(t).

Since pf’c is not continuous at f, lim,,; pf’c(t) # pf’c(f) or p?’c(ﬂ # lim, ; p}E’c(t). This
means that sup,cp p?’c(t) + p?’c(ﬂ or p?’c(ﬂ # infyc i p.o pf’c(t). Suppose that
Supte[ot p?c( ) # EC (). Then there exists an z € RY such that sup, pf’c(t) <
x < pf °(t) and supte[Ot pf “(t) # x # p ﬂ This means that ¢ < 757 < # for all
t € [0,7). This is not possible. Similarly, p; R OF" infye(z 2. pf’c(t) is not possible.
One of these cases also applies if £ € {0, 7E}. Hence, f satisfies path continuity. [

LA stronger monotonicity property based on estate inclusion instead of estate scaling appears in
Section as estate monotonicity.
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3.3 Duality

In this section, we explore duality and analyze dual properties for bankruptcy rules.
Two rules are called dual (cf. |Aumann and Maschler (1985)) if one rule allocates
awards in the same way as the other rule allocates losses. We generalize this idea to
rules for bankruptcy problems with nontransferable utility.

Definition (Dual Bankruptcy Rules)
Two bankruptcy rules f : BRY — RY and g : BRY — RY are dual if

f(E,¢) = c—g(r?TPIE e and g(E,c) = c - f(r79PIE, )
for all (E,c) € BRY for which £ # {0x}.
Note that for any two dual bankruptcy rules f : BRY — ]RJX and g : BRY — Rﬂy ,
f(tE,¢) = c— g(r" IR, ¢)

for all (E,c) € BRY for which E # {0y} and any ¢ € [0, 77].

Following our scaling approach, a dual rule assigns the corresponding losses to
the bankruptcy problem obtained by scaling the estate in opposite direction from
the claims point such that the boundary intersects with the awards assigned by the
original rule, as illustrated by the following example.

Example 3.2

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z e RY | 23+ 1225 < 36} and ¢ = (3,4) as in Example Let f: BRY — RY and
g:BRY — RY be two dual bankruptcy rules. Then f(E,c) =c — g(rEeHEAE ¢),
This is illustrated as follows.

X2
c
4 Py
3
5 f(E,c)
g(rFeIEIE, o
1

0o 1 2 3 4 5 6 =i A

The following example shows that, contrary to TU-bankruptcy rules, a dual NTU-
bankruptcy rule does not necessarily exist.

2Note that (75~ F(EE ¢) € BRY since 75¢~ () ¢ [0, 75¢].
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Example 3.3

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z e RY | 2} + 22 < 9} and ¢ = (4,10). Then (2,5),(1,8) € WP(E). Let t € [0, 75
be given by ¢t = %(1 + v/82) and let f: BRY — RY be a bankruptcy rule such that
f(E,c)=1(2,5) and f(tE,c) = (3,2). This is illustrated as follows.

T2

€

Suppose that there exists a dual bankruptcy rule ¢ : BRY — Rﬂ\f . Then

(27 5) = f(E7 C) =C— g<TE767f(E7C)E7 C) =C— g(TE7(2’5)E7 C) =C— g(E7 C)
and (3,2) = f(tE,c) = c — g(rP<IUEAIE ¢) = ¢ — g(rP OO E ¢) = ¢ — g(F, ¢).

This is impossible. Hence, f does not have a dual bankruptcy rule. A
To still justify the term duality, we show that a dual rule is unique.

Lemma 3.3.1
Let f : BRY — Rﬁ, g : BRY — Rﬂ\:, and h : BRY — Rﬂ\f be three bankruptcy rules.
If f and g are dual, and f and h are dual, then g = h.

Proof. Assume that f and g are dual, and that f and h are dual. Let (E,c) € BRY
be such that E # {Ox}. Then

g(E> C) =Cc— f(TE,c—g(E,c)E7 C) = h(TE’C_f(TE’Cig(E’C)E7C)E> C)
= h(rP9EIE c) =HME,c),

where the first and third equality follow from duality of f and g, the second equality
follows from duality of f and h, and the last equality follows from ¢g(F,c) € WP(E)

implying that 759(F) = 1. Hence, g = h. O

A rule is self-dual if it coincides with its dual.

Definition (Self-Dual Bankruptcy Rule)
A bankruptey rule f: BRY — RY is self-dual if f(E,c) = c — f(rB</EIE ¢) for
all (E,c) € BRY for which E # {0Ox}.
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The remainder of this section studies relations between properties of two dual
bankruptcy rules. Two properties for bankruptcy rules are dual (cf. |Herrero and
Villar (2001))) if for any two dual bankruptcy rules, one property is satisfied by one
rule if and only if the other property is satisfied by the other rule. A property for
bankruptcy rules is self-dual if any two dual bankruptcy rules either both satisfy the
property, or neither. Note that self-duality is a self-dual property. We show that

path monotonicity is a self-dual property as well.

Lemma 3.3.2

Path monotonicity is self-dual.

Proof. Let f : BRY — RY and g : BRY — RY be two dual bankruptcy rules. Assume
that f satisfies path monotonicity. Let (E,c) € BR"Y be such that E # {Oy}. Then

p?,c<t) _ f(tE, C) —c— g(TE‘,c—f(tE,c)Ev7 C) —c— ng,c(TE,cfp?’C(t))

for all t € [0,75¢], where the second equality follows from duality. Since pf’c is

E,c—p?’c(t

increasing, this means that 7 ) is decreasing in t. This implies that ng’C is

increasing, so g satisfies path monotonicity. Hence, path monotonicity is self-dual. [

Next, we study a self-dual symmetry property. The idea of equality, equity, or
symmetry underlies many theories of economic justice (cf. Rawls (1971)) and [Young
(1995)). The interpretation of symmetry depends on the underlying model. In a
bankruptcy problem with nontransferable utility, claimants not only differ in their
claims, but also differ in their measure of utility. It makes sense to compare their
claims in relation to the estate. Preserving the most important characteristics, the
maximal individual payoffs within the estate, or utopia values, form a natural bench-
mark for a symmetry property.

Definition (Relative Symmetry)
A bankruptcy rule f : BRY — Rﬂy satisfies relative symmetry if fi(E,c)uf =
fi(E,c)uf for all (E,c) € BR" and any i,j € N for which c;u? = c;uf.

Note that relative symmetry is an interpretation of equality which is covariant
under individual rescaling of utility. Moreover, for any bankruptcy problem (E,c) €
BRY in which £ = {z € RY | S;cy2i < e}, induced by a bankruptcy problem
(e,¢) € TUBRY, uf = ¢ for all i € N and relative symmetry boils down to the
standard property equal treatment of claimants with equal claims.
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Example 3.4

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z € RY | /6xy + 225 < 6} and ¢ = (4,2). Then ¥ = (6,3) and f(E,c) =
(9 — 3\/5,3 — % 5) for any bankruptcy rule f : BRY — RY satisfying relative
symmetry. This is illustrated as follows.

Lemma 3.3.3
Relative symmetry is self-dual.

Proof. Let f : BRY — RY and g : BRY — RY be two dual bankruptcy rules. Assume
that f satisfies relative symmetry. Let (E,c¢) € BRY be such that E # {0y} and
let i,j € N be such that c;uf = c;uf’. Denote d = rEe=9(Be) Then f;(dE, cudt =
fidE, c)uf? since c;uf® = c;juf®. This means that

gi(E, ol = (¢ — fildE, c))uf = cuf — fi(dE, c)uf
E

= cuy — fi(dE, cyuf = (¢; — f{(dE, c))uf = g;(E,c)uf,

where the first and last equality follow from duality, and the third equality follows
from relative symmetry. This means that ¢ satisfies relative symmetry. Hence, rela-
tive symmetry is self-dual. m

Two other interesting properties from TU-bankruptcy theory are composition
down and composition up. Composition down implies that solutions on the pay-
off path can replace the claim vector when the estate is scaled down. Composition
up implies that solutions on the payoff path can act as a new origin from which the
estate is scaled again [’

Definition (Composition Down)
A bankruptcy rule f : BRY — RY satisfies composition down if

f(tE,C) = f(tEaf(E7C))
for all (E,c) € BRY for which E # {0y} and any ¢ € [0, 1].

3 Another composition property based on estate inclusion instead of estate scaling appears in
Section as step-by-step negotiations.
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Definition (Composition Up)
A bankruptey rule f: BRY — ]Rf satisfies composition up if

f(Ec) = f(tE,c) + f(rPIEITEIE ¢ — f(tE, )
for all (E,c) € BRY for which E # {0y} and any ¢ € [0, 1].

Example 3.5
Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z € RY | 23 4+ 1225 < 36} and ¢ = (3,4) as in Example . Then

F(E ) = f (;Ec> +f (TE’f(E’c)f(éE’C)E,C _f (;Ec))

for any bankruptcy rule f : BRY — RY satisfying composition up. This is illustrated

as follows.

0o 1 2 3 4 5 6 @ A

Both composition properties are stronger than path monotonicity.

Lemma 3.3.4
Let f : BRY — RY be a bankruptcy rule.

(i) If f satisfies composition down, then f satisfies path monotonicity.
(ii) If f satisfies composition up, then f satisfies path monotonicity.
Proof. Assume that f satisfies composition down. Let (E,¢) € BRY be such that
E # {0y} and let 1,1, € [0, 7] be such that ¢; < t5. Then £ €10,1) and
p?’c(tl) = f(t1E,c) =f <2t2E,C> =f <2t2E; f(t2E7C))
= f(hE, f(E,c)) < f(bE,c)  =p}(t),

where the third equality follows from composition down and the inequality follows
from the definition of a bankruptcy rule. Moreover, pf’c(tl) + pf’c(tg) since pf’c is
injective. Hence, f satisfies path monotonicity.
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Assume that f satisfies composition up. Let (F,c) € BR”Y be such that
E # {0y} and let t1,t5 € [0,77¢] be such that t; < 5. Then 2 € [0,1) and

pfe(ta) = f(t2E, )
) ,C)— i ,C t
f( 1B, c> f <rt2Ef(t2E -t (e )tZE,c— f (;tQE,c>>
2

= f(LE,c) + f(rB/BEITMEIE ¢ — f(1, B, c))
Z f(tlEa C)
- pfzc(t1)7
where the second equality follows from composition up and the inequality follows

from the definition of a bankruptcy rule. Moreover, p?’c(tg) # p?’c(tl) since p?’c is
injective. Hence, f satisfies path monotonicity. O

Finally, we show that composition down and composition up are dual properties.

Lemma 3.3.5

Composition down and composition up are dual.
Proof. Let f: BRY — RY and g BRY — RY be two dual bankruptcy rules.

First, assume that f satisfies composition down. Then f satisfies path monoto-
nicity by Lemma [3.3.4 Then g satisfies path monotonicity by Lemma [3.3.2] Let
(E,c) € BRY be such that E # {Oy} and let t € [0,1]. If t € {0,1}, then
g(E,c) = g(tE, c)+ g(rP9E—9tEIE ¢ — g(tE, c)). Suppose that t € (0,1). Denote
d = 75¢79E¢) and denote d’ = 77 9tF<) Then d < d since g(tF,c) < g(F,c) and
g(tE,c) # g(E,c). This means that 4 € [0,1) and

9(E.c) = g(tE.c) = (c — [(dE,c)) - (c — f(d'E,c))

f(dE,¢)  f(dE.c)

J(dE.c) - [(dE, [(dE,0))

J@E.c) — (JdE.c) - g(rPI@BISUESCEN g [(dB,c)))

= g(rBIEI=IUENR « _ g(tE, ¢)),

where the first and fourth equality follow from duality, and the third equality follows
from composition down. Hence, g satisfies composition up.
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Next, assume that g satisfies composition up. Then g satisfies path monotonicity
by Lemma [3.3.4 Then f satisfies path monotonicity by Lemma [3.3.2] Let (E,c) €
BR" be such that £ # {Oy} and let t € [0,1]. If t € {0,1}, then f(tE,c) =
f(tE, f(E,c)). Suppose that t € (0,1). Denote d = 7F<7f(F¢) and denote d' =
7Ee=ftEe) Then d < d' since f(tE,c) < f(F,c) and f(tE,c) # f(E,c). This means
that £ € [0,1) and

f(tE,c) =c—g(d'FE,c)
=c— ( (dE, ) +g(TE’9(d,E’C)_9(dE’C)E c—g(dE, c)))
(E,c) = g(r2/EA-IEIE, f(E, )
(B,c) = (f(E,c) = f(rRI B ETTEORIED B, f(B,c)))
( (
(

PPAEO R (B, c))

f
f
f
fQE, f(E,¢c)),

where the first, third, fourth, and fifth equality follow from duality, the second
equality follows from composition up, and the last equality follows from f(tE,c) €
WP(tE) implying that 7%ftF¢) = ¢ Hence, f satisfies composition down. H

3.4 The proportional rule

This section introduces the proportional rule for bankruptcy problems with nontrans-

ferable utility and provides three axiomatic characterizations.

Definition (Proportional Rule)
The proportional rule Prop : BRY — Rﬂ\rf is the bankruptcy rule which assigns to any
(E,c) € BRY the payoff allocation

Prop(E, c) = A<,

where \¥¢ = max{t € [0,1] | tc € WP(E)}.

Note that if £ # {0y}, then A¥¢ = -,

MNEC = t\E< for all t € [0, 757,

and MEte — A2 g all ¢ > AEe

t
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Example 3.6
Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E

{z € RY | 2% + 1225 < 36} and ¢ = (3,4) as in Example . Then \F¢ = - =2
and Prop(E, ¢) = A¥¢c = (2,22). This is illustrated as follows.
o) oC
s 2 Prop(F, c)
2
1 E
0 1 2 3 4 5 6 @ A

The characterization of the proportional rule for TU-bankruptcy problems in
terms of composition down and self-duality (cf. Thomson (2016)), or composition
up and self-duality (cf. [Young (1988))), can be extended to NTU-bankruptcy pro-
blems.

Theorem 3.4.1

(i) The proportional rule is the unique self-dual bankruptcy rule satisfying compo-
sition down.

(i) The proportional rule is the unique self-dual bankruptcy rule satisfying compo-
sition up.

Proof. Since follows from () and Lemma m it suffices to prove only .

First, let (E,c) € BRY be such that E # {Oy}. Then

- E7C (& c
Prop(rBePropBe g o) = \T0UT B = B AN\ B — (1 _ \BeypBe By
= (1 =X  =c— N = ¢ — Prop(F, ¢).
Hence, the proportional rule is self-dual. Let ¢ € [0,1]. Then

Prop(tE, Prop(E, ¢)) = A EFPreEDProp(E, ¢) = NEA e\ Be
= \Fece = Prop(tF£, c).

Hence, the proportional rule satisfies composition down.
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Second, let f : BRY — RY be a self-dual bankruptcy rule satisfying composition
down. Then f satisfies path monotonicity by Lemma |3.3.4L Then f satisfies path
continuity by Lemma [3.2.1, Let (E,c) € BRY. If E = {0y}, then f(E,c) = Oy =
Prop(E,c). Suppose that E # {Oy}. Let z € RY. For any s € [0, Y ;cn 2], there
exists a unique ¢ € [0, 777] for which Y,y fi(tE,x) = s. Let ¢t € [0, 757]. Then

pf,x(TE,xfp?w(t)) _ f(TE,xfpf’x(t)E,x) _ f(TE,xff(tE,x)E’ :c)
=x— f(tE, x) :x—p?’x(t),

where the third equality follows from self-duality. This means that for any vector
Yy € ]Rf on the payoff path of f from Oy to x, x — y is also on the payoff path of f
from Oy to z. Let ¢ € [0,t]. Then

" W) = FEE PP () = VB, F(EB,2)) = [(VE,2) = o (),

where the third equality follows from composition down. This means that for any
vector y € Rﬂf on the payoff path of f from Oy to x, any vector on the payoff path
of f from Oy to y is also on the payoff path of f from ()N to x.
Now, let ¢ € [0,757] be such that Y,y fi(tE, 2) = 2 Y icy ;. Then f(¢tE,z) and
— f(tE, x) are both on the payoff path of f from Oy to z. Moreover,

Z( — fi(tE, x)) le Zfi(tE,x):Za:i le— le
1EN 1EN 1EN i€EN ’LGN ZEN
This means that f(tE x) = 1x SO lx is on the payoff path of f from Oy to x.

In partlcular sc is on the payoff path of f from 0 N to ¢, and 1 ¢ is on the payoff
path of f from Oy to 1 3¢, which means that 1 ic and 3 Jc are on the payoff path of f
from Oy to c. Contlnumg this reasoning, 3¢ is on the payoff path of f from Oy to
¢ for any m,n € N for which m < 2". Since f satisfies path continuity, this means
that tc is on the payoff path of f from Oy to ¢ for any ¢ € [0,1]. In other words,
f(E,c) = \P<c = Prop(E, ¢). Hence, f = Prop. O

The bankruptcy rule f : BRY — RY which assigns to any (F,c) € BR” the
payoff allocation

(min{%ci,n}), if 1c ¢ E;
(B, 0) = e
(max{%ci, ci — n})ieN if %c e F,

where n € R, is such that f(E,c) € WP(FE), is also self-dual. This means that the
proportional rule is not the unique self-dual bankruptcy rule.
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Chun (1988)) characterized the proportional rule in terms of a linearity axiom. We
extend this characterization by showing that the proportional rule is the only rule
with a linear payoff path for any bankruptcy problem.

Definition (Path Linearity)
A bankruptey rule f : BRY — RY satisfies path linearity if

fOE+(1—-0tE c)=0f(FE,c)+ (1—-60)f(tE,c)
for all (E,c) € BRY for which E # {0y}, any ¢ € [0, 7%¢], and any 6 € [0, 1].

Theorem 3.4.2

The proportional rule is the unique bankruptcy rule satisfying path linearity.

Proof. First, let (E,c) € BRY be such that E # {0y}, let t € [0,75¢], and let
0 € [0,1]. Then

Prop(QE' + (]_ _ 6))t‘E‘7 C) — /\0E+(1—6)tE,cc

_ \0+(1-0)0)Bc,.

=0+ (1—-0)t)\"<c

— OAPCe 4 (1 — O)tAP<e

= ON\Ec+ (1 — )\ Fee

= OProp(F,c) + (1 — 0)Prop(tE, c).

Hence, the proportional rule satisfies path linearity.

Second, let f : BRY — RY be a bankruptcy rule satisfying path linearity. Let
(E,c) € BRY. If E = {0y}, then f(E,c) = Oy = Prop(E,c). Suppose that
E # {0x}. Then

F(E,c) = fFONPrPeE 4 (1 — AP9)0rPeE, o)
=A% f(rEB o) /\EC) F(O0TEeE, ¢)
= )\E,Cf(TE,cE C) ) ({ON} )
— Aoy (1— AP0y
= AP
= Prop(E, ¢),

+(
+(1 -

where the second equality follows from path linearity. Hence, f = Prop. n
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3.5 The constrained relative equal awards rule

This section introduces the constrained relative equal awards rule for bankruptcy
problems with nontransferable utility and provides four axiomatic characterizations.
The constrained relative equal awards rule generalizes the constrained equal awards
rule for bankruptcy problems with transferable utility which divides the estate equally
such that all claimants are not allocated more than their claims. Following our
interpretation of equality and symmetry in bankruptcy problems with nontransferable
utility, it makes sense to define a rule which allocates payoffs relatively equal such

that all claimants are not allocated more than their claims.

Definition (Constrained Relative Equal Awards Rule)
The constrained relative equal awards rule CREA : BRY — Rf is the bankruptcy
rule which assigns to any (E,c) € BRY the payoff allocation

CREA(E,c) = (min{ci, aE’Cuf})

iEN’
where a¢ = max{t € [0,1] | (min{c;, tuf});icn € WP(E)}.

Note that for any bankruptcy problem (E,¢) € BR”Y in which E = {z ¢ RY |
Sien o < e}, induced by a bankruptcy problem (e,¢) € TUBRY, uf = e for all
1 € N and the constrained relative equal awards rule coincides with the standard

constrained equal awards rule.

Example 3.7

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z € RY | 2% + 1225 < 36} and ¢ = (3,4) as in Example 3.1l Then u* = (6,3),
af¢ =3 and CREA(E,c) = (3,21). This is illustrated as follows.

A

Throughout this section, we refer to the appendix of this chapter for derivations
of the specific properties stated for the constrained relative equal awards rule.
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Let (E,c) € BR". The vector of truncated claims ¢¥ € RY is defined by
N . B
¢ = (mln{cz,ui })ZEN.
Note that ¢¥ € WUC(E) and f(F,c) < éF for any bankruptcy rule f : BRY — RY.

Example 3.8

Let N = {1,2} and consider the bankruptcy problem (F,c) € BR” given by F =
{z e RY | 2} 4+ 1225 < 36} and ¢ = (3,4) as in Example |3.1|and Example Then
¢P = (3,3). This is illustrated as follows.

A

The truncation invariance property requires that bankruptcy rules only take the
truncated claims of the claimants into account.

Definition (Truncation Invariance)
A bankruptey rule f : BRY — RY satisfies truncation invariance if f(E,c) =
f(E,&P) for all (E,c) € BRY.

Inspired by Dagan (1996), we axiomatically characterize the constrained relative
equal awards rule using the properties relative symmetry, composition up, and trun-
cation invariance. Note that the proportional rule also satisfies relative symmetry
and composition up, but does not satisfy truncation invariance.

Theorem 3.5.1
The constrained relative equal awards rule is the unique bankruptcy rule satisfying
relative symmetry, truncation invariance, and composition up.

Proof. By Lemma [3.A.1] Lemma [3.A.2] and Lemma the constrained relative

equal awards rule satisfies relative symmetry, truncation invariance, and composition
up. Let f : BRY — RY be a bankruptcy rule satisfying relative symmetry, truncation
invariance, and composition up. Then f satisfies path monotonicity by Lemma |3.3.4
Then f satisfies path continuity by Lemma [3.2.1
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Let (E,c) € BRY be such that E # {Ox}. Suppose that f(tE,c) # CREA(tE, c)
for some ¢ € [0,77¢]. Let { = inf{t € [0,77¢] | f(tE,c) # CREA(tE,c)}. Since f
and CREA satisfy path continuity, £ € [0,77°) and f({E,c) = CREA({E, ¢). Denote
N ={1,...,n} such that 5—% <. < 5—% Let k € N be such that f;({E,c) = ¢; for
alli < k, and f;(tE,c) = tAafE’CuE < ¢ forall i > k.

Let m = min{||z|| | x € WP(E)}. Note that the conditions on E imply that
m exists. Take ¢ € (O,m(%}éﬂgc))) Since f satisfies path continuity, there exists
a 0 > 0 such that ||f(tE,c) — f(LE,c)| < ¢ for all t € (£, min{f + 6,7%¢}). Let
t € (f,min{f + 6,75°<}). Denote d = 7B/ (tE:)=f(iE:c) Then

(S EEED) o e 1080 - 108.0) = (0B e~ B, > dm,

Uy,

efillBe) ot

k

where the equality follows from composition up. This means that d <
x € Rf be defined by

0 for all : € N for which 7 < k;
T; —
uff  for all i € N for which i > k.

Then
xTr; = 0= Ci—Ci =¢C; — fl(i\E,C) = C; — CREAl(i\E,C)

for all 4 € N for which ¢ < k. Moreover,

n P tEc, E
dE E a — JutE ¢)\ g ci  tau\ g
3

uy; u; (s

=c — fafE’cuf =¢ — f;(tE,c) = ¢; — CREA(LE, ¢)
for all 2 € N for which 7 > k. Then

f(dE,c— f(tE,c)) = f(dE,z) = Ny
= CREA(dE, z) = CREA(dE,c — CREA(LE, c)),

where the first and last equality follow from truncation invariance, and the second
and third equality follow from relative symmetry. Moreover,

f(tEB,c) = f(iE,c) + f(dE.c — f(IE,c))
= CREA({E, c) + CREA(dE, c — CREA(LE, c))
= CREA(tE, ¢),

where the first and the last equality follow from composition up. This contradicts
the definition of . Hence, f(tF,c) = CREA(tE, c) for all t € [0,75<]. O
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The second axiomatic characterization is in the spirit of [Yeh (2006]), who showed
that the constrained equal awards rule for TU-bankruptcy problems is the only rule
that satisfies claim monotonicity and a property which requires that the claimants
with small enough claims are fully compensated. We generalize this idea to a con-
ditional full compensation property for NTU-bankruptcy rules based on the relative
claims and characterize the constrained relative equal awards rule in terms of claim

monotonicity and conditional full compensation.

Definition (Conditional Full Compensation)
A bankruptcy rule f : BRY — RY satisfies conditional full compensation if f;(E,c) =
¢; for all (E,c) € BRY for which E # {Oy} and any i € N for which

(mm{%,%}uf) € FE.
Ui u; JeN
Example 3.9

Let N = {1,2} and consider the bankruptcy problem (E,c¢) € BR" given by E =
{z € RY | 23 4+ 1225 < 36} and ¢ = (3,4) as in Example [3.1) and Example [3.7 Let
f:BRY — RY be a bankruptcy rule satisfying conditional full compensation, let
x € RY be given by # = (¢, min{%, %}u) = (3,15), and let y € RY be given
by y = (min{i—%,%}uf,cg) = (3,4)1. Then z € E and y ¢ E. This means that
f(E,c) = (3,21). This is illustrated as follows.

A

Definition (Claim Monotonicity)
A bankruptey rule f: BRY — RY satisfies claim monotonicity if f;(E,c) < fi(E,c)
for all (E,¢) € BR", any i € N, and any ¢ € RY for which ¢, > ¢; and gy = CN\{i}-
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Theorem 3.5.2
The constrained relative equal awards rule is the unique bankruptcy rule satisfying

conditional full compensation and claim monotonicity.

Proof. By Lemma[3.A.4and Lemma[3.A.5] the constrained relative equal awards rule
satisfies conditional full compensation and claim monotonicity. Let f : BRY — Rf
be a bankruptcy rule satisfying conditional full compensation and claim monotonicity.
Let (E,c) € BRY be such that E # {Oy}. Let i € N be such that CREA(FE, ¢) =
¢;. Then
min {CI Cj} u? < min {aE’C, C]} uf = min{c;, a”ul'} = CREA;(E, ¢)

B E N

[ J

for all j € N. Since F is comprehensive, this means that

) ¢ Cj
<mm{fE,fE}uE> e k.
ug ut |
v J JEN

Since f satisfies conditional full compensation, this implies that f;(F,c) = ;.

Suppose that f(E,c) # CREA(E,c). Since E is nonleveled, there exists a k € N
such that fi(E,c¢) < CREAL(E,c) = a®“uf < ¢. Let 2 € RY be defined by
zp = o and Ty = Cn\ (-

X2

Then f(E,c) <z < cand
min {xk x] } u]E = min {aE’C, C]} uJE = min{c;, ozE’Cqu} = CREA;(F,¢)
for all y € N. This means that

. T Tj
min { — “L Y F € F.
ul T ul |
ko7 jEN

Since f satisfies conditional full compensation, this implies that fi(E,z) = x,. Then
fu(E z) > fr(E, c), which contradicts that f satisfies claim monotonicity. Hence,
f(E,c) = CREA(E,c). O
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Next, we generalize the characterization of Herrero and Villar (2002) and Yeh
(2004) by showing that the constrained relative equal awards rule is the only rule

satisfying conditional full compensation and composition down.

Theorem 3.5.3
The constrained relative equal awards rule is the unique bankruptcy rule satisfying

conditional full compensation and composition down.

Proof. By Lemma and Lemma[3.A.6] the constrained relative equal awards rule
satisfies conditional full compensation and composition down. Let f : BRY — RY
be a bankruptcy rule satisfying conditional full compensation and composition down.
Then f satisfies path monotonicity by Lemma Then f satisfies path continuity
by Lemma |[3.2.1]

Let (E,c) € BRY be such that F # {Ox}. Let i € N be such that CREA(E, ¢) =
¢;. Then

min {Cl C]} uf < min {aE’C, C]} uf = min{c;, a”uf} = CREA;(E, ¢)

Erub ub [ 7

{ J J

for all j € N. Since F is comprehensive, this means that

e ¢
<m1n{;,jE}uE> e k.
uy ut | Y
¢ J JEN

Since f satisfies conditional full compensation, this implies that f;(F,c) = ¢;.

Suppose that f(E,c) # CREA(E,¢). Since FE is nonleveled, there exists a k € N
such that f(E,c) < CREAL(E,c) = af“uf < ¢;. Since f satisfies path monotonicity
and path continuity, there exists a t € (1,75°) such that f,(tF,c) = a®cu?.

T2

Then

— CREA;(E, ¢

~—

for all j € N.



Section 3.5 The constrained relative equal awards rule 45

Since E' is comprehensive,

(min { TeltE,c) fi(tE,c) } uE> € F.

uf u

Since f satisfies conditional full compensation, this means that fi(E, f(tE,c)) =
fx(tE, c). Since f satisfies composition down, this implies that fy(F,c) = fi(tE,c).
This is a contradiction. Hence, f(F,c) = CREA(E,¢). O

The serial mechanism for cost sharing problems is characterized by symmetry
and a property which requires that individual cost shares are independent of the cost
shares of agents with higher demands (cf. [Moulin and Shenker (1992)). Interestingly,
we can also formulate a fourth characterization of the constrained relative equal

awards rule based on relative symmetry and independence of larger relative claims.

Definition (Independence of Larger Relative Claims)

A bankruptey rule f : BRY — RY satisfies independence of larger relative claims
if fi(E,c) = fi(E,d) for all (F,c) € BRY, any i € N, and any ¢ € RY for which
c; > ¢; and ciy ;y = ey for some j € N\ {i} for which cuf > cuf.

Theorem 3.5.4
The constrained relative equal awards rule is the unique bankruptcy rule satisfying
relative symmetry and independence of larger relative claims.

Proof. By Lemma and Lemma [3.A.7] the constrained relative equal awards
rule satisfies relative symmetry and independence of larger relative claims. Let f :
BRY — RY be a bankruptcy rule satisfying relative symmetry and independence of
larger relative claims.

Let (E,c¢) € BRY be such that E # {Oy}. If ¢ € E, then f(E,c) = ¢ =
CREA(E,c¢). Suppose that ¢ ¢ E. Denote N = {1,...,n} such that 5—% <<
Let k& € N be such that CREA;(F,c) = ¢; for all © € N for which i < k, and
CREA;(E,c) = afcuf < ¢; for all i € N for which ¢ > k. Then

F(E,¢) = f,(E,CREA(E, ¢)) = CREA,(E, ¢)

for all i € N for which ¢ < k, where the first equality follows from independence of
larger relative claims. For any ¢ € N for which ¢ > k, let 2 € RY be defined by

c; for all 5 < i;

E

5 forall j >u.

Ci
u
uf



46 Chapter 3 Proportionality, Equality, and Duality

Then
fe(E ¢) = fu(B,2") = o uf = CREAL(E, 2*) = CREAL(E, ¢),

where the first and last equality follow from independence of larger relative claims,
and the second and third equality follow from relative symmetry. Next, this argument
can be applied to claimant k£ + 1, and so on. Following this reasoning, f;(E,c) =

CREA;(E,c) for all i € N for which ¢ > k. Hence, f(E,c) = CREA(FE,c). O

Finally, we explore duality in the context of the constrained relative equal awards
rule. We introduce the constrained relative equal losses rule for NTU-bankruptcy
problems which allocates losses relatively equal such that all claimants are allocated
a nonnegative payoff and show that the constrained relative equal awards rule and
the constrained relative equal losses rule are dual. By Lemma [3.3.3] Lemma
Lemma Lemma [3.A.3] and Lemma [3.A.6 this means that the constrained
relative equal losses rule also satisfies relative symmetry, composition down, and

composition up.

Definition (Constrained Relative Equal Losses Rule)
The constrained relative equal losses rule CREL : BRY — Rf is the bankruptcy rule
which assigns to any (E,c¢) € BRY for which E # {0y} the payoff allocation
_ . _ pRE.c E
CREL(E,c) = (max{(),cl B u; })iGN,
where 8¢ = min{t € R, | (max{0,¢; — tul’});icn € WP(E)}.

Note that for any bankruptcy problem (E,c) € BR" in which E = {z € RY |
Yien o; < e}, induced by a bankruptcy problem (e,c¢) € TUBRY, u¥ = ¢ for all
¢t € N and the constrained relative equal losses rule coincides with the standard
constrained equal losses rule.

Example 3.10

Let N = {1,2} and consider the bankruptcy problem (E,c) € BR" given by E =
{z e RY | /z1 4+ 22 < 2} and ¢ = (3,4). Then v = (4,2), g¥¢ = 1, and
CREL(E,c¢) = (0,2). This is illustrated as follows.

i) C
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Proposition 3.5.5
The constrained relative equal awards rule and the constrained relative equal losses

rule are dual.

Proof. Let (E,c) € BRY besuch that E # {Ox}. Denote d = 77¢~CREL(EC) - Suppose
that dadfc < %<, Then

CREA,(dE, ¢) = min{c;, a®® ¥} = ¢; — max{0, ¢; — da™®“ul’}

< ¢; — max{0, ¢; — B¥UF} = ¢; — CREL;(E, ¢)

for all 7 € N. Since E is nonleveled, this means that CREA(dE, c) = c— CREL(FE, ¢).
Similarly, da?®¢ > < leads to CREA(dE, c) = ¢ — CREL(E, ¢).
Denote d' = 77¢~CREAEC) - Quppose that d/f4 P < aP*. Then

CREL;(d'E, ¢) = max{0, ¢; — B EZ°uF} = ¢; — min{c;, d' 3% Feul}
> ¢; —min{¢;, a®“uf}  =c¢; — CREA{(E,¢)

for all i € N. Since E is nonleveled, this means that CREL(d'E, ¢) = c—CREA(FE, ¢).
Similarly, d's4%¢ > o€ leads to CREL(d'E,c¢) = ¢ — CREA(FE,c). Hence, the
constrained relative equal awards rule and the constrained relative equal losses rule

are dual. []

Future research could search for axiomatic characterizations of the constrained

relative equal losses rule for bankruptcy problems with nontransferable utility.

3.A Appendix

Lemma 3.A.1

The constrained relative equal awards rule satisfies relative symmetry.

Proof. Let (E,c) € BRY and let i, € N be such that c;uf’ = cjuf. Then

CREA,(E, c)ujE = min{¢;, ozE’Cul-E}uf
E _Ec, E E

= min{cyu; , o™ u; u;
— : . E FEc, E E
= min{c;u;", o u; u;

= min{c;, aE’Cuf}uf

= CREA,(E, c)u?’.

Hence, the constrained relative equal awards rule satisfies relative symmetry. O]
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Lemma 3.A.2

The constrained relative equal awards rule satisfies truncation invariance.
Proof. Let (E,c) € BRY. Then

CREA;(E, ") = min{e?, o™ v} = min{min{c;, u?}, o uF}

= min{c;, u?, ¢ uF} = min{c;, o uP}

for all i € N. Since E is nonleveled, this means that CREA(E, ¢) = CREA(E, ).
Hence, the constrained relative equal awards rule satisfies truncation invariance. [

Lemma 3.A.3

The constrained relative equal awards rule satisfies composition up.
Proof. Let (E,c) € BRY be such that E # {0y} and let ¢t € [0,1]. If t € {0,1}, then
CREA(E, ¢) = CREA(LE, ¢) + CREA (7 BCREAE)-CREACE B« _ CREA(tE, c)).

Suppose that ¢ € (0,1). Since CREA(LE, ¢) € tE, we have (min{<%, o' ul"})icy € E.
Since F is comprehensive, this means that (min{c;, ta'®“uf});cx € E. This implies
that CREA(tE,c) < CREA(E,c) < c. Denote d = 7B REA(E=CREA(EC) -~ Quppose
that do%E-<c— CREA(tE,c) < afc — tatfc. Then

CREA;(dE,c — CREA(tE,c)) =0 =¢; — ¢; = CREA;(E, ¢) — CREA,(tE, ¢)
for all i € N for which CREA,(tE, ¢) = ¢;. Moreover,

CREA;(dE,c — CREA(tE, ¢)) = min{c; — CREA,(tE, c), a P~ CREA(tE )y dEY

:min{ci—oztEc tE dOédEc CREA(tE,c) E}

< min{¢; — a'Pul? Ul — ta

= min{¢;, aE’Cuf} — atP CutE

— CREA;(E, ¢) — CREA,(tE, c)

tE,cuiE}

for all i € N for which CREA;(tF,c) = o'P<ulF. Since FE is nonleveled, this means
that

CREA(dE,c — CREA(tE, ¢)) = CREA(E, ¢) — CREA(tE, c).

Similarly, dadFc-CREACE) > gFe _ tatFe Jeads to
CREA(dE, ¢ — CREA(tE, ¢)) = CREA(E, ¢) — CREA({E, ¢).

Hence, the constrained relative equal awards rule satisfies composition up. O
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Lemma 3.A.4

The constrained relative equal awards rule satisfies conditional full compensation.

Proof. Let (E,c) € BRY be such that E # {0y} and let i € N be such that

<m1n{C;,CJE}uJE> e FE.
uf’ ut ien
Suppose that CREA;(E, ¢) = a®“uF. Then

¢ ¢ ¢
— s - B, B\ __ Ec I E : t J E
CREA;(E, ¢) = min{cj, a™“uj' } = mm{a ’uE}uj < mm{ B u.E}uj
J i

for all j € N. Since FE is nonleveled, this means that CREA;(E, ¢) = ¢;. Hence, the

constrained relative equal awards rule satisfies conditional full compensation. O]

Lemma 3.A.5

The constrained relative equal awards rule satisfies claim monotonicity.

Proof. Let (E,c) € BRY, let i € N, and let ¢ € RY be such that ¢, > ¢; and
gy = vy 1 af¢ > aPc then

CREA;(E, ) = min{c,, o®“uf} > min{c;, a®uf} = CREA;(E, ¢).
Suppose that o< < o€, For all j € N\ {i},
CREA;(E, ) = min{c], aE’C/u]E} < min{c;, o”uf’} = CREA;(E, ¢).

Since E is nonleveled, this means that CREA;(E,¢) > CREA;(E,c). Hence, the
constrained relative equal awards rule satisfies claim monotonicity. O]

Lemma 3.A.6

The constrained relative equal awards rule satisfies composition down.

Proof. Let (E,c) € BRY be such that £ # {Oy} and let t € [0,1]. If t € {0,1},
then CREA(tF,c) = CREA(tE,CREA(E,c)). Suppose that t € (0,1). Since
CREA(tE,c) € tE, we have (min{%,a'®uf}),cy € E. Since E is comprehen-
sive, this means that (min{c;, ta'®“uf});,cy € E. This implies that CREA(tE, ¢) <
CREA(E, ¢) < c. Suppose that ofFCREAE) < otFe Then
CREA,(tE,CREA(E, ¢)) = min{CREA,(E, ¢), o/ FCREAE )y tEY

< min{min{c;, a®“u’}, a'Futf}

= min{c¢;, aE’cuZE, OztE’cuﬁE}

= min{CREA,;(E, ¢), CREA;(tE,c)}

— CREA(1E, ¢)

for all 7 € N.
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This means that CREA(tE, CREA(FE,c)) < CREA(tE,c). Since E is nonleveled,
this implies that CREA(tE, CREA(FE, c)) = CREA(tFE, c). Similarly, o!#CREA(E) >

ot leads to CREA(tE, CREA(FE, ¢)) = CREA(tE, ¢). Hence, the constrained rela-
tive equal awards rule satisfies composition down. O

Lemma 3.A.7
The constrained relative equal awards rule satisfies independence of larger relative
claims.

Proof. Let (F,c) € BRY, let i € N, and let ¢ € RY be such that d; > ¢; and
gy = vy for some j € N\ {i} for which cuf > coul. If afe > afe then

CREAL(E, ) = min{c,, a®uf} > min{c;, a®ul’} = CREAL(E, ¢)

for all £ € N, which means that CREA(E, ) = CREA(FE, ¢) since E is nonleveled.
Suppose that a®¢ < o€ Then

CREAL(E, ) = min{c,, a®uF} < min{cg, a®ul’} = CREAL(E, ¢)

for all & € N\ {j}. Since E is nonleveled, this means that CREA;(E,¢) >
CREA;(E,c). Moreover, if CREA;(E,d) = CREA,(E,c), then CREA(E,d) =
CREA(E, ¢). Suppose that CREA,(E, ) > CREA;(E, c). Then min{c},aE’c/uf} >
min{c;, aE’Cuf}. Since a®¢ < o€, this means that G << o < afc. Then

i u]

' - (1 Ecd. E . Ci  Eol.E
CREA,(E,d) = min{c,,a”“u;} = min {uE’ a }uZ
i

]

= min {C];, aE’C} uf = min{c;, oa”uf} = CREA;(E,c).
U

7

Hence, the constrained relative equal awards rule satisfies independence of larger
relative claims. O



Consistency and the

Relative Adjustment Principle

4.1 Introduction

The proportional rule, the constrained equal awards rule, and the constrained equal
losses rule can be considered as the three basic bankruptcy rules for bankruptcy pro-
blems with transferable utility. [Herrero and Villar (2001)) called these bankruptcy
rules the three musketeers. Similarly, we interpret the proportional rule, the con-
strained relative equal awards rule, and the constrained relative equal losses rule as
the three basic bankruptcy rules for bankruptcy problems with nontransferable utility.
Another well-studied rule for bankruptcy problems with transferable utility, which
according to Herrero and Villar (2001) plays the role of D’Artagnan, is the so-called
Talmud rule. /Aumann and Maschler (1985) showed that the Talmud rule is the uni-
que TU-bankruptcy rule satisfying consistency and the contested garment principle.
This chapter, based on |Dietzenbacher, Borm, and Estévez-Fernandez (2017)), studies
generalizations of these two concepts to bankruptcy problems with nontransferable
utility on which a generalized Talmud rule can be based in future research.

Following Thomson (2011), the consistency principle can be stated as follows.
Consider a bankruptcy problem and the corresponding payoff allocation assigned by
a particular bankruptcy rule. Suppose that some claimants depart with their alloca-
ted payoffs and that the remaining claimants reevaluate their allocated payoffs. The
bankruptcy rule is called consistent if it prescribes for this reduced problem the same
payoffs for the involved claimants. The design of these reduced problems for NTU-
bankruptcy problems is however not straightforward, and different modeling choices
have different consequences.

51
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We examine the relation of the proportional rule, the constrained relative equal
awards rule, and the constrained relative equal losses rule with several consistency
notions. The proportional rule satisfies a multilateral consistency notion which con-
verts reduced problems into new bankruptcy problems for the remaining claimants.
This result is used to derive new axiomatic characterizations from those in the previ-
ous chapter using an elevator lemma. The constrained relative equal awards rule and
the constrained relative equal losses rule do not satisfy multilateral consistency, but
they do satisfy consistency on a restricted domain which includes NTU-bankruptcy
problems induced by TU-bankruptcy problems. Inspired by [Young (1987), we also
introduce a class of parametric bankruptcy rules which contains the three basic bank-
ruptcy rules, and we show that all parametric bankruptcy rules satisfy a consistency
notion which interprets the reduced problem as the original bankruptcy problem

where the departing claimants leave a footprint behind.

The contested garment principle for TU-bankruptcy rules describes a standard
solution for bankruptcy problems with two claimants where they first concede the mi-
nimal rights to each other and subsequently divide the remaining estate equally. To
adequately generalize this two-claimant solution to the relative adjustment principle
for NTU-bankruptcy rules, we study minimal rights in NTU-bankruptcy problems.
The minimal rights first property requires that first allocating minimal rights, the
maximal individual payoffs within the estate when all other claimants are allocated
their claims, and subsequently applying the bankruptcy rule to the remaining bank-
ruptcy problem, leads to the same payoff allocation as application of the bankruptcy
rule to the original bankruptcy problem.

The three basic bankruptcy rules do not satisfy minimal rights first. Inspired by
Thomson and Yeh (2008), we introduce the truncation operator and minimal rights
operator which ‘force’ bankruptcy rules to satisfy truncation invariance and mini-
mal rights first, respectively. The new bankruptcy rules obtained by applying both
operators to existing ones form the class of adjusted bankruptcy rules. All adjusted
counterparts of bankruptcy rules which satisfy relative symmetry coincide on the class
of bankruptcy problems with two claimants. This is called the relative adjustment
principle for NTU-bankruptcy rules which generalizes the contested garment prin-
ciple for TU-bankruptcy rules. The new principle merges the properties truncation

invariance, minimal rights first, and a restricted form of relative symmetry.

This chapter is organized in the following way. Section discusses several con-
sistency notions and introduces the class of parametric bankruptcy rules. Section
introduces the class of adjusted bankruptcy rules and studies the relative adjustment

principle.
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4.2 Consistency

Consistency requires that application of a bankruptcy rule to a reduced problem leads
to the same payoffs for the involved claimants as within the original bankruptcy pro-
blem. For TU-bankruptcy problems, the estate of such a reduced problem can simply
be defined as the original estate subtracted with the allocated payoffs to the depar-
ting claimants (cf. /Aumann and Maschler (1985)). For NTU-bankruptcy problems,
the design of such a reduced problem is not straightforward. We discuss several ways
to generalize the consistency property for TU-bankruptcy rules.

A natural option is to convert the reduced problem into a new problem for the
remaining claimants in which the estate is defined as the part of the original estate
where all departing claimants are allocated their corresponding payoffs. For this, we
need to extend the domain of bankruptcy rules to bankruptcy problems for any non-
empty subset of claimants. Formally, let BR" denote Useam\ (0} BR®. A bankruptcy
rule f on BR" assigns to any (E, c) € BR® for which S € 2¥\ {§} a payoft allocation
f(E,c) € WP(E) for which f(F,c) <ec.

Let (F,c) € BRY, let z € RY, and let S € 2\ {#}. The set of payoff allocations
E% C RS is defined by

ES = {y € ]RJSr ‘ (y,xns) € E}

Note that (Eg(E’c), cs) € BR? for any bankruptcy rule f on BR".
A rule is multilaterally consistent if it assigns to all reduced problems the same
payoffs for the remaining claimants as within the original problem.

Definition (Multilateral Consistency)
A bankruptcy rule f on BR" satisfies multilateral consistency if

fs(E,0) = f(B{" c5)
for all (E,c) € BR"Y and any S € 2V \ {0}.

The corresponding weaker property which only considers reduced problems for

two remaining claimants is called bilateral consistency.

Definition (Bilateral Consistency)
A bankruptcy rule f on BR" satisfies bilateral consistency if

fs(B,c) = F(BLP) cs)

for all (E,c) € BRY and any S € 2V for which |S| = 2.
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In other words, a rule is bilaterally consistent if it assigns to all reduced problems
with two claimants the same payoffs for the remaining claimants as within the original
problem. This principle can also be applied in reverse direction. Consider a problem
and a corresponding feasible payoff allocation. Suppose that for all reduced problems
with two claimants a rule prescribes the corresponding payoffs within this allocation.
Then the rule is called conversely consistent (cf. [Thomson (2011)) if it assigns this

payoff allocation to the original problem.

Definition (Converse Consistency)

A bankruptcy rule f on BR" satisfies converse consistency if f(F,c) = z for all
(E,c) € BRY and any € WP(E) for which 2 < c and x5 = f(E%, cg) for all S € 2V
for which |S| = 2.

If a bilateral consistent rule coincides with a conversely consistent rule on the
class of two-claimant problems, then the rules coincide for any problem. This type
of result is known as an elevator lemma (cf. Thomson (2011))).

Lemma 4.2.1 (Elevator Lemma)

Let f and g be two bankruptcy rules on BR". If f satisfies bilateral consistency, g
satisfies converse consistency, and f(E,c) = g(E,c) for all (E,c) € BR® for which
S € 2N and |S| =2, then f = g.

Proof. Let (E,c) € BRY and let x = f(F,c). Since f satisfies bilateral consistency,
x5 = f(E%, cg) for all S € 2 for which |S| = 2. This means that zg = g(E%, cg) for
all S € 2% for which |S| = 2. Since g satisfies converse consistency, this implies that
g(E,c) = x. Hence, f(F,c) =g(E,c). O

For a rule which satisfies both bilateral consistency and converse consistency, the
Elevator Lemma can be used to extend axiomatic characterizations from problems

with two claimants to problems with any number of claimants.

Theorem 4.2.2

Consider a bankruptcy rule satisfying bilateral consistency and converse consistency.
Any azxiomatic characterization for bankruptcy problems with two claimants yields an
axiomatic characterization for bankruptcy problems with any number of claimants if

bilateral consistency or converse consistency s required in addition.

Proof. Let f be a bankruptcy rule on BR" satisfying bilateral consistency and con-
verse consistency. Let g be a bankruptcy rule on BR" satisfying the properties in
the axiomatic characterization of f on the class of two-claimant bankruptcy problems
and either bilateral consistency or converse consistency. Then g(FE,c) = f(F,c) for
all (E,c) € BR® for which S € 2V and |S| = 2. Since f satisfies bilateral consistency
and converse consistency, g = f by Lemma [4.2.1] O]
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An example of a rule satisfying both bilateral consistency and converse consistency
is the proportional rule.

Lemma 4.2.3
The proportional rule satisfies multilateral consistency.

Proof. Let (E,c) € BRY and let S € 2V \ {#}. Then Propg(E,c) = A\P“cg and

P E, Prop(E,c)
Prop(ESrOp( C)’ CS) — AES ,65057

Prop(E,c)

where \F¢ € [0, 1] is such that \¥c € WP(E) and \Fs s € [0, 1] is such that
E;’rop(E,C)ycSCS c WP(Egrop(E,c))'
Since E' is comprehensive, this means that

()\Egmp(E’C)’CS cs, )\E’CCN\S> € WER(E).

Since E is nonleveled, this implies that Propg(FE,c) = Prop(EIS)mp(E’c),cs). Hence,
the proportional rule satisfies multilateral consistency. O
Lemma 4.2.4

The proportional rule satisfies converse consistency.

Proof. Let (E,c) € BR" and let z € WP(E) be such that z < ¢ and zg =
Prop(E%,cs) for all S € 2V for which |S| = 2. Then Prop(E,c) = A< and
rg = Ascscg for all S € 2V for which |S| = 2. This means that = = tc for
some t € [0,1]. Since E is nonleveled, this implies that Prop(FE,c) = x. Hence, the
proportional rule satisfies converse consistency. O

From Theorem [3.4.1) Theorem [3.4.2] Theorem [4.2.2] Lemma [4.2.3 and Lemma
we derive the following corollary.

Corollary 4.2.5

(i) The proportional Tule is the unique bankruptcy rule satisfying self-duality and
composition down on the class of bankruptcy problems with two claimants, and
bilateral consistency or converse consistency.

(ii) The proportional rule is the unique bankruptcy rule satisfying self-duality and
composition up on the class of bankruptcy problems with two claimants, and
bilateral consistency or converse consistency.

(iii) The proportional Tule is the unique bankruptcy rule satisfying path linearity on
the class of bankruptcy problems with two claimants, and bilateral consistency
or converse consistency.
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To show that the proportional rule is not the only rule satisfying multilateral
consistency, we introduce the constrained equal awards rule and the constrained equal
losses rule for bankruptcy problems with nontransferable utility. The constrained
equal awards rule CEA : BRY — ]Rf is the bankruptcy rule which assigns to any
(E,c) € BRY the payoff allocation

CEA(FE, ¢) = (min{c¢;,a}),cn »

where a € R, is such that CEA(FE,c) € WP(E). The constrained equal losses rule
CEL : BRY — RY is the bankruptcy rule which assigns to any (E,c) € BR" the

payoff allocation

CEL(E,c) = (max{c; — 0,0}),cn

where b € Ry is such that CEL(F, ¢) € WP(E). Where the constrained relative equal
awards rule and the constrained relative equal losses rule aim to allocate payoffs and
losses relatively equal among the claimants, respectively, the constrained equal awards
rule and the constrained equal losses rule aim to allocate payoffs and losses absolutely
equal among the claimants, respectively.

The constrained equal awards rule and the constrained equal losses rule satisfy
multilateral consistency. However, the following example shows that the constrained
relative equal awards rule and the constrained relative equal losses rule do not satisfy
multilateral consistency.

Example 4.1
Let N = {1,2,3} and consider the bankruptcy problem (E,c¢) € BRY given by
E={z e RY | 2% + 225+ 23 < 4} and ¢ = (2,2,2). Then v” = (2,2,2) and

Prop(E,c¢) = CREA(E,c¢) = CREL(E,¢) = (1,1, 1).
This means that

Prop(F,c CREA(E,c CREL(E,c 1,2
E{l,zl]”( ):E{1,2} ( ):E{lz} (Eye) _ {33 ERi } ‘ 224 2wy < 3},

which implies that

Prop(FE,c
PI‘Op(E{LQ%( )’ 0{172}) = (17 1, ) )

CREA(ER ™, cpa) = (5vI5 - 5v3, 45 - 1),

and CREL(EZEE) ciy) = (17248 9~ 3B, 124VE 3 - VB +4,°)

Hence, the constrained relative equal awards rule and the constrained relative equal

0o

losses rule do not satisfy multilateral consistency.
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However,

Prop(FE,c)
1)

CREA(E,c CREL(E,c 1,3

and

Prop(E{1 31?( ) ,C1,3)) = CREA(ESPEEA(E’C) c{1,3})

= CREL(E?IR?EL (E.c) C{173}>
~(1,-1).
A

As illustrated in Example [4.1] the constrained relative equal awards rule and the
constrained relative equal losses rule do satisfy consistency on the restricted domain
of reduced problems for which the ratio of utopia values is equal to the ratio of utopia
values in the original problem. We introduce the restricted consistency property to
describe these type of bankruptcy rules. Peters, Tijs, and Zarzuelo (1994) introduced
a similar property for bargaining solutions.

Definition (Restricted Consistency)
A bankruptcy rule f on BR" satisfies restricted consistency if

fs(B,c) = fF(BLP) cs)

for all (E,c) € BRY and any S € 2V \ {#}} for which u B

= tuf for some t € [0, 1].
Note that both multilateral consistency and restricted consistency generalize the

consistency notion for TU-bankruptcy rules.

Proposition 4.2.6
The constrained relative equal awards rule satisfies restricted consistency.

CREA(E c)

Proof. Let (E,c) € BRY and let S € 2V \ {0} be such that u” = tuf for
some t € [0,1]. Then CREA;(E, ¢) = min{c;, a®“uF} for all i € S and
. CREA(E,c)
CREA(ES™ ) = (minfe, o™ 5uls 0 Y)cs
= (min{¢;, taBs e Suf}ies,

CREA(E c)

where o€ € [0,1] is such that CREA(E,c) € WP(E) and o
such that

s € [0,1] is

CREA(ESREA(E ©) cs) € WP(ECREA(E c))
Since F is comprehensive, this means that

(CREA(EG™MP) cg), CREAms(E,c)) € WP(E).

Since E is nonleveled, this implies that CREAg(FE, ¢) = CREA(ESREA(E’C), cs).
Hence, the constrained relative equal awards rule satisfies restricted consistency. [
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Proposition 4.2.7
The constrained relative equal losses rule satisfies restricted consistency.

CREL(E,c)

Proof. Let (E,c) € BRY and let S € 2V\ {0} be such that u%s = tuf for some
t €[0,1]. If E = {0y}, then CRELg(E, c) = CREL(ES™™" ¢¢). Suppose that
E # {0x}. Then CREL;(F, ¢) = max{0,¢; — f¥“uF} for all i € S and

. CREL(E,c)
CREL(EgREL(E’C% CS) — (maX{O, i — /BESREL(E )’csuiES })zes
= (max{0,¢; — tﬁEgREL(E’C)’CSUiE})ieS,
where 3¢ € R, is such that CREL(E,c) € WP(E) and ﬁEgREME’C)’CS € R, is such

that
CREL(ES™F9) o) € WP(EGEUE)

Since F is comprehensive, this means that
(CREL(ES™M5 ¢5), CRELy\5(E, ¢)) € WP(E),

Since E is nonleveled, this implies that CRELg(E, ¢) = CREL(EgREL(E’C), cs). Hence,

the constrained relative equal losses rule satisfies restricted consistency. O

Converting reduced problems into new problems for the remaining claimants by
projecting on the corresponding lower dimensional space tends to lose characteristics
of the original problems. Instead, one could also interpret the reduced problem as
the original problem where the payoffs of the departing claimants are fixed. In a
sense, the original problem has already been solved for the departing claimants and
they leave a footprint behind. To formalize this approach, we first need to redefine
bankruptcy rules on the domain of footprint bankruptcy problems.

A footprint bankruptcy problem is a quintuple (N, E, ¢, x, S) in which (E, ¢) € BRY
is a bankruptcy problem, x € ]Rf is a vector of footprints, and S € 2V \ {0} is the
set of remaining claimants such that (E%,cg) € BR®. Let FBRY denote the class
of footprint bankruptcy problems with claimant set N. For convenience, a footprint
bankruptcy problem on N is denoted by (E,c¢,z,S) € FBRY, and (E,c,z,N) €
FBRY is abbreviated to (E,c) € FBR".

A bankruptcy rule f on FBRY assigns to any footprint bankruptcy problem
(E,c,z,8) € FBRY a payoff allocation f(E,c,z,S) € WP(E) for which

fS(E,C,x,S) < Cs and fN\S(EvcwxuS) = TN\S-

Note that (E, ¢, f(E,c),S) € FBRY for all (E,c) € BRY, any S € 2V \ {}}, and any
bankruptcy rule f on FBRY.
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The proportional rule Prop on FBRY is the bankruptcy rule which assigns to any
footprint bankruptcy problem (E, ¢, z,S) € FBRY the payoff allocation for which

Props(F.,5) = e,

where A\¢®5 = max{t € [0,1] | (tcs,zns) € WP(E)}.

The constrained relative equal awards rule CREA on FBR” is the bankruptcy rule
which assigns to any footprint bankruptcy problem (E,c,z,S) € FBRY the payoff
allocation for which

_ : ) E.cx,S, E
CREAg(FE,c,z,5) = (mln{cl,a u; })ieS’
where o¢*5 = max{t € [0,1] | (min{c;, tuf})ies, xns) € WP(E)}.

The constrained relative equal losses rule CREL on FBRY is the bankruptcy rule
which assigns to any footprint bankruptcy problem (E, ¢, z,S) € FBR" for which
E # {0y} the payoff allocation for which

CRELs(E,c,x,S) = (maX{O, ¢ — 5EcmSuZE}) .

where 87475 = min{t € Ry | (max{0, ¢; — tuf});cs, 2ms) € WP(E)}.

We now introduce the footprint consistency property to describe rules which pre-
scribe the same payoff allocation for the original problem as for any footprint bank-
ruptcy problem in which the departing claimants fix their allocated payoffs.

Definition (Footprint Consistency)
A bankruptcy rule f on FBRY satisfies footprint consistency if

f(E,C) - f(Eacaf(Ea C),S)
for all (E,c) € BRY and any S € 2V \ {0}.

Inspired by [Young (1987)), we introduce the class of parametric rules for which
the payoff allocated to a claimant only depends on individual characteristics within
the bankruptcy problem and a common parameter.

Definition (Parametric Bankruptcy Rule)
A bankruptcy rule f on FBRY is parametric if there exists a function rf : R? — Ry,
monotonic in its third argument, such that fs(E,c,z,S) = (r/(c;, uf, §F<%9));c5 for

all (E,c,z,S) € FBRY and some parameter #7%%5 € R, .
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Theorem 4.2.8

All parametric bankruptcy rules satisfy footprint consistency.

Proof. Let f be a parametric bankruptcy rule on FBRY, let (E,¢) € BR”, and
let S € 2V \ {@}. Then fwms(E,c) = fxms(E,c, f(E,c),S). Moreover, f;(E,c) =
rf(ci,uf,0F°) and fi(E,c, f(E,c),S) = rf(c;,uf, 05 E5) for all i € S. Since rf
is monotonic in its third argument, this means that fs(E,c) < fs(F,c, f(E, c),S)
or fs(F,c) > fs(E,c, f(E,c),S). Since E is nonleveled, this implies that f(E,c) =

f(E,c, f(E, c),S). Hence, f satisfies footprint consistency. O

Specific examples of parametric rules are the proportional rule, the constrained
relative equal awards rule, and the constrained relative equal losses rule. We have

Pro E pE.,x,S __ nE,c,Prop(E,c),S E,c,Prop(E,),S _ yE,uzS
R (R T ) =6 p(Ee)S e, 6 PES — )\ ,
CREA E pE,c,x,S\ __ : E,c,CREA(E,),S, FE E,c,CREA(E,),S __ _ FE.cux,S
r (ciyu;”, 0 ) = min{c¢;, 0 (E)Sq B, 0 (B0).8 = g ,
TCREL<Ci7 uf, QE,c,r,S) = max{0, ¢; — QE,C,CREL(E,C),SuiE} and §F-<CREL(E.)S _ gEens

for all (E,c,z,S) € FBRY and any i € S.

Corollary 4.2.9
The proportional rule, the constrained relative equal awards rule, and the constrained

relative equal losses rule satisfy footprint consistency.

Example 4.2
Let N = {1,2,3} and consider the bankruptcy problem (F,c) € BR” given by
E={x e R} |2} + 2z 423 <4} and ¢ = (2,2,2) as in Example [1.1] Then

Propg; o (E, ¢, Prop(E, ¢), {1,2}) = CREA( 5, (E, ¢, CREA(E, ¢),{1,2})
— CREL( . (E, ¢, CREL(E, ¢), {1,2})
=(1,1,-).
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4.3 The relative adjustment principle

The contested garment principle for TU-bankruptcy rules (cf. [ Aumann and Maschler
(1985)) describes a standard solution for bankruptcy problems with two claimants
where they first concede the minimal rights to each other and subsequently divide
the remaining estate equally. To adequately generalize this two-claimant solution to
the relative adjustment principle for NTU-bankruptcy rules, we first study minimal
rights in NTU-bankruptcy problems.

The minimal right of a claimant in a TU-bankruptcy problem is defined as the
remaining part of the estate when all other claimants are allocated their claims (cf.
Curiel, Maschler, and Tijs (1987)). Following Estévez-Fernandez, Borm, and Fiestras-
Janeiro (2014)), we define the minimal right of a claimant in an NTU-bankruptcy
problem as the maximal individual payoff within the estate when all other claimants

are allocated their claims.

Let (E,c) € BRY. The vector of minimal rights m(E, c) € RY is defined by

mi(E,c) _ max{a: ‘ (.T, CN\{i}) c E} if (O,CN\{Z-}) c E;
O if (O, CN\{i}) ¢ E

for all i € N. We have m(FE,c) € E and m(E, c¢) < ¢ < ¢, which means that
(B — {m(E,)})s.c — m(E,c)) € BRY.
Moreover, m(E, c) < f(E,c) < éF for any bankruptcy rule f : BRY — RY.

Example 4.3

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z € RY | % + 122, < 36} and ¢ = (3,4). Then u* = (6,3), ¢¥ = (3,3), and
m(E,c) = (0,2%). This is illustrated as follows.

4 ) 6 1 A

The following lemma derives some elementary relations between truncated claims

and minimal rights.
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Lemma 4.3.1
Let (E,c) € BRY. Then

(i) & =P

(it) m((E — {m(E,c)})+,c —m(E,c)) = On;
(iii) m(E,¢P) =m(E,c);

(iv) c—m(B.o) "M ek B ),
Proof. Let i € N. Then

~E
ek, = min{éiE, uf} = min{min{c¢;, uf ,uf} = min{¢;, uZE} = éf

Let i € N. Suppose that m;((E — {m(E,c)})y+,c—m(E,c)) > 0. Then

(mil(E = {m(E,)})1,c = m(E, ), (c = m(E, ) wny) € (B~ {m(E,c)})s.

This means that

(mi((E = {m(E, 0)})1,c = m(E,0) + mi( E, ¢), exyyy) € E.

This contradicts the definition of m;(E, ¢).

Let i € N. If ¢§\ iy = eni}, then mi(E, %) = mi(E, c). If R, 1y # enips
then (0, cn\giy) € E, so my(E, %) = 0=my(E, c).

) Let 1 € N. If mayn(E, ¢) = Onvgin, then B mEN+ _ B m;(FE, ¢) and
\{a} \{d} i i
(E—{m(E,c)})+

(c = m(E, ),

= min {Ci —m;(E,c), u(E—{m(E,c)})+}

i

= min{c; — m;(E,c), ul’ —m;(E,c)}

= min{c;, u¥} — my(E, )

=P —my(E,c).
Suppose that there exists a j € N \ {i} for which m;(E,c) > 0. Then ¢ = ¢; and
(m;(E,c),enmyy) € E. Since E is comprehensive and m(E, ¢) < ¢, this means that
(commy(E,c)) € E, so (¢; —m;(E,¢),0my) € (B —{m(E,c)})+. This implies

that (P~ mEON+ > o m;(E, c). Then

)

(E—{m(E,c)})+

(c — m(E,0)) (E—{m(EaC)})+}

= min {Ci —mi(E,c),u
=c¢ —my(E,c)

=¢F —my(E,c).

7
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The minimal rights first property requires that first allocating minimal rights and
subsequently applying the rule to the remaining problem leads to the same payoff

allocation as application of the rule to the original problem.

Definition (Minimal Rights First)
A bankruptcy rule f : BRY — RJI satisfies minimal rights first if

f(E’C) = m(E’C) + f((E - {m(E,c)})+,c - m(E,c))
for all (E,c) € BR".

The following example shows that the proportional rule, the constrained relative
equal awards rule, and the constrained relative equal losses rule do not satisfy minimal
rights first.

Example 4.4

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z € RY | 22+ 1225 < 36} and ¢ = (5,23). Then m(E,c) = (v6, ). Let f : BRY —
RY be a bankruptcy rule satisfying relative symmetry, e.g. the proportional rule, the

constrained relative equal awards rule, or the constrained relative equal losses rule.

Then f(E,c) = (3v/5 — 3,25 — 2). However,

mi(E,0) + (B = {m(B.0 N e = m(E,0) =[Sl |10

and

)+ (= (0 = m(E.0) = |l + e

This is illustrated as follows.

X2 I
|
l uf
Jp—==c------ e e
l C /’/ :
N0 ad |
2 | ST
|
B | | !
|
1 el N oo R
m(E, c)
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By Proposition [3.5.5 the constrained relative equal awards rule and the con-
strained relative equal losses rule are dual rules, and by Lemma[3.A.2] the constrained
relative equal awards rule satisfies truncation invariance. This means that minimal
rights first and truncation invariance are not dual properties, in contrast to the TU-
bankruptcy context (cf. Herrero and Villar (2001))).

Inspired by Thomson and Yeh (2008), we introduce two operators which ‘force’
rules to satisfy truncation invariance and minimal rights first. Let BR denote the
class of bankruptcy problems with an arbitrary set of claimants. A bankruptcy
rule f on BR assigns to any (E,c¢) € BRY with arbitrary N a payoff allocation
f(E,c) € WP(E) for which f(E,c) < c. Let F denote the space of all bankruptcy
rules on BR. The truncation operator T : F — JF assigns to any bankruptcy rule
f € F the bankruptcy rule 7(f) € F which assigns to any (F,c¢) € BRY with
arbitrary N the payoft allocation

T(NE.c) = f(E,E").

In particular, the truncated proportional rule T (Prop) € F assigns to any (F,c) €
BRY with arbitrary N the payoff allocation T (Prop)(E, ¢) = Prop(E, ¢¥).

Example 4.5

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{x € RY | 2% + 1225 < 36} and ¢ = (3,4) as in Example[t.3] Then A\%¢" = 2/2 — 2
and T (Prop)(E, ¢) = (6v/2 — 6,61/2 — 6). This is illustrated as follows.

Xy p----------=-=- oC
.
Jr——==c-------- ':'? ************ oyP
T (Prop) | |
2 | |
1 Eo :
0 1 2 3 4 5 6 = N

The minimal rights operator M : F — F assigns to any bankruptcy rule f € F
the bankruptcy rule M(f) € F which assigns to any (E,c) € BR" with arbitrary N
the payoff allocation

M(N)(E, ¢) = m(E,¢) + f((E = {m(E,c)})y, ¢ —m(E, ).
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A bankruptcy rule on BR satisfies a property if it satisfies that property on BRY
for all arbitrary N. Note that f € F satisfies truncation invariance if and only if
f =T(f), and f € F satisfies minimal rights first if and only if f = M(f). In
particular, this means that CREA = T(CREA) by Lemma [3.A.2]

The next theorem studies some consequences of the truncation operator and the

minimal rights operator for the properties of the rules to which they are applied.

Theorem 4.3.2
Let f € F be a bankruptcy rule.

(i) Then T (f) satisfies truncation invariance.

(i) Then M(f) satisfies minimal rights first.

(iii) If [ satisfies relative symmetry, then T (f) satisfies relative symmetry.

(iv) If f satisfies truncation invariance, then M(f) satisfies truncation invariance.

(v) If f satisfies minimal rights first, then T (f) satisfies minimal rights first.
Proof. Let (E,c) € BRY with arbitrary N. Then

T()(E, %) = f(B.GF) = [(B.6%) = T(/)(E, ),
where the second equality follows from Lemma .
Let (E,c) € BRY with arbitrary N. Then

m(E, c) + M(f)((E = {m(E,c)})+,c —m(E,c))
= m(E,c) + f(E = {m(E,c)})s, ¢ —m(E,c))
= M(/)(E,0),

where the first equality follows from Lemma [4.3.1](id).

Assume that f satisfies relative symmetry. Let (E,c) € BRY with arbitrary
N and let 7, j € N be such that c;ul’ = ¢;u. Then

efuf = min{e, uf fuf = min{cul, uful’}
= min{c;u)’, ujuf’} = min{c;,u} bul = éfu

Since f satisfies relative symmetry, this means that

T(i(E c)uy = fi B, e%)uf = fH(E,e")u = T(f);(E,c)uy.
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Assume that f satisfies truncation invariance. Let (E,c) € BRY with arbi-
trary N. Then

M(f)(Ev éE) = m(Ev éE) + f((E - {m(E’ éE)})+’ éE - m(E7 éE))
= m(E,c) + F((E — {m(E, )}, &% — m(E,c))
= (B, ) + F(E— {m(E, )}y c—m(Bro) 0
= m(E,c) + F((E = {m(E, o)}y, c — m(E,c))
— M(f)(E.0),

where the second equality follows from Lemma [4.3.1]iiz)), the third equality follows
from Lemma [4.3.1f(iv)), and the fourth equality follows from f satisfying truncation

invariance.

Assume that f satisfies minimal rights first. Let (E, ¢) € BRY with arbitrary
N. Then

(E—{m(E,c)})+

)
)+ F((B — {m(E,)})+,c — m(E,c) )
76) + f((E - {m(E7 C)})+76E - m(E,c))

where the second equality follows from Lemma [4.3.](iv]), the third equality follows
from Lemma [4.3.1][i7d), and the fourth equality follows from f satisfying minimal
rights first. [l

The purpose of Theorem [4.3.2 is twofold. First, it shows that the truncation
operator and the minimal rights operator indeed ‘force’ rules to satisfy truncation
invariance and minimal rights first, respectively. Second, it studies the preservation
of properties under the truncation operator and the minimal rights operator. Both
operators preserve truncation invariance and minimal rights first, and relative sym-
metry is preserved under the truncation operator, as is the case for TU-bankruptcy
rules. However, as illustrated by Example |4.4] relative symmetry is not preserved
under the minimal rights operator, in contrast to TU-bankruptcy rules.



Section 4.3 The relative adjustment principle 67

Let f € F. By Theorem [4.3.2] T(f) satisfies truncation invariance and M(f)
satisfies minimal rights first, which means that 7(7(f)) = T(f) and M(M(f)) =
M(f). By Theorem [4.3.2 T(M(f)) and M(T(f)) both satisfy truncation inva-
riance and minimal rights first, which means that T(M(f)) = T(M(T(f))) =
TM(M(f))) and M(T(f)) = M(T(T(f))) = M(T(M(f))). Hence, nothing
changes when one of the operators is applied more than once. However, the two
operators can be combined to obtain a rule which satisfies both truncation invariance
and minimal rights first. The following proposition shows that the order in which the
operators are applied does not matter, as is the case for TU-bankruptcy rules.

Proposition 4.3.3
Let f € F. Then T(M(f)) = M(T(f)).

Proof. Let (E,c) € BRY with arbitrary N. Then

T(M()(E. ) = M(f)(E., &)
m(E, %) + F(E — {m(E,¢")}),. " — m(E, eP))
= m(E,¢) + F((E — {m(E, &)}, ¥ — m(E, )
— (B, )+ F(E— {m(B, 0Ny c—m(Bro) 0
m(E, ) + T(F)(E — {m(E,c)})s,c — m(E, )

= M(T(/))(E,c),

where the third equality follows from Lemma and the fourth equality follows
from Lemma [4.3.1](iv]). O

The bankruptcy rule 7 (M(f)) is the adjusted counterpart of the rule f € F.
Three examples of adjusted rules are the adjusted proportional ruleﬂ T (M (Prop)),
the adjusted constrained relative equal awards rule T (M(CREA)), and the adjusted
constrained relative equal losses rule 7(M(CREL)). On the class of bankruptcy
problems with two claimants, these three adjusted rules coincide. This standard

solution is called the relative adjustment principleﬂ

Definition (Relative Adjustment Principle)
A bankruptcy rule f € F satisfies the relative adjustment principle if it assigns to
any (F,c) € BRY with arbitrary N for which |[N| = 2 the payoff allocation

f(E,c)=m(E,c)+ P (éE — m(E,c)) ,

where kF¢ = max{t € [0,1] | m(E,c) +t(é¥ —m(E,c)) € WP(E)}.

!The adjusted proportional rule for TU-bankruptcy problems was introduced by |Curiel, Maschler,
and Tijs (1987)).

“For TU-bankruptcy problems, |Aumann and Maschler (1985)) called this standard solution the
contested garment principle. Later, Thomson (2003) named it the concede-and-divide principle.
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Example 4.6

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z € RY | 2% + 1225 < 36} and ¢ = (3,4) as in Example Then f(E,c) =
(%\/5 - %, %\/3 + %) for any bankruptcy rule f € F satisfying the relative adjustment
principle. This is illustrated as follows.

A

In order to axiomatically study the relative adjustment principle, we introduce
the class of simple bankruptcy problems.

Definition (Simple Bankruptcy Problem)
A bankruptcy problem (E, c) € BRY is simple if ¢ = ¢ and m(E, c) = Oy.

Let SBR”Y denote the class of simple bankruptcy problems with claimant set N.

Lemma 4.3.4
Let (E,c) € BRY. Then (E — {m(E,c)})+,é® —m(E,c)) € SBRY.

Proof. We have

——————— (E—{m(E,0)}) _——— (E—{m(E,cP)})
(@F —m(E,¢)) T = (F —m(E,éF)) :

—~E
=cf —m(E, ")
=P —m(E,c),

where the first equality follows from Lemma [£.3.1]zz7)), the second equality follows

from Lemmal[4.3.1|(iv]), and the third equality follows from Lemma and Lemma
4.3.1(iéd). Moreover,

m((E = {m(E,c)}), " —m(E,c)) = m((E — {m(E,e")});, " —m(E,e"%)) = O,

where the first equality follows from Lemma and the second equality follows
from Lemma [4.3.1](id). O
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A rule satisfies the simple counterpart of a property if it satisfies that property
on the class of simple problems. For example, a rule f € F satisfies simple relative

symmetry if f;(E,c)uf = f;(E,c)uf for all (E,c) € SBRY with arbitrary N and
E

any 4,5 € N for which ciuf = cju;’. Note that all bankruptcy rules satisfy simple
truncation invariance and simple minimal rights first.

If a rule satisfies a property, then Lemma [4.3.4] implies that its adjusted coun-
terpart satisfies the simple counterpart of that property. For example, the adjusted
counterpart of any relatively symmetric rule satisfies simple relative symmetry. In-
spired by |Dagan (1996), we show that the relative adjustment principle is equivalent
to the combination of simple relative symmetry, truncation invariance, and minimal
rights first on the class of bankruptcy problems with two claimants. In particular,
since the adjusted counterpart of any rule satisfies truncation invariance and mini-
mal rights first, this means that the adjusted counterpart of any relatively symmetric

bankruptcy rule satisfies the relative adjustment principle.

Theorem 4.3.5
A bankruptcy rule on BR satisfies the relative adjustment principle if and only if it

satisfies simple relative symmetry, truncation invariance, and minimal rights first on
BRY for all arbitrary N for which |N| = 2.

Proof. Let f € F be a bankruptcy rule satisfying the relative adjustment principle.
Let (E,c) € SBRY with arbitrary N be such that |[N| = 2 and let i, j € N be such
that c;uf = ¢;u”. Then

fi(E, c)u;E = (mi(E, c) + kFe (éf —m;(F, c))) uf

E’CciuJE
Beeuy’
= (mj(E, c) + rkP° (éE —m;(E, c))) uf

= fj(EvC)uiE‘

= K

=K

Hence, f satisfies simple relative symmetry. Now, let (E,c) € BRY with arbitrary N
be such that |[N| = 2. Then

FE.P) = m(E,e) + k5" (7~ m(E,e))
=m(E, c) + rk"* (6E —m(FE, c))
= f(E,¢),
where the second equality follows from Lemma and Lemma . Hence,

f satisfies truncation invariance.
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Moreover,
m(E,c)+ f(E—{m(E,c)})s,c—m(E,c))
=m(FE,c)+ ke (E—Am(E0)})+,c=m(E,c) (c/_;lm(E—{m(E,C)}M)
= m(E,c) + £ (¢% = m(E, c))
= f(Ev C),

where the first equality follows from Lemma and the second equality follows
from Lemma [4.3.1f(iv]). Hence, f satisfies minimal rights first.

Let f € F be a bankruptcy rule satisfying simple relative symmetry, truncation
invariance, and minimal rights first on BR" for all arbitrary N for which |N| = 2.
Let (E,c) € BRY with arbitrary N be such that |N| = 2. Since f satisfies truncation

invariance and minimal rights first,
f(Ev C) = m(Ea C) + f((E - {m(E7 C)}>+7 éE - m(Ea C))

By Lemma [t.3.4 (B — {m(E,c)})s,é” — m(E,c)) € SBRY. Let i € N and let
j € N\ {i}. Then
"IN — max{a; |2 € (B — {m(E, 0)})+}

= max{z; | (z; + mi(E,c),m;(E,c)) € E}

_Jul = mi(E,c) i my(E,c) = 0;
a ¢ —mi(E,c) ifmi(E,c)>0
Jul —mi(Ec) if éf = uf;

B i —mi(E,c) if ef =g

=¢F —my(E,c).

B
This means that

(6 — my(B,0)) ulPmEN s _ (F _ (B, ) ufF BN
Since f satisfies simple relative symmetry, this implies that
FUE = {m(E, 0)})4,¢" = m(E,c)) = 7 (¥ —m(E, 0)) .
Then
F(B,0) = m(E,c) + F((E — {m(E, )}, —m(E,c))
=m(E, c) + kP* (éE —m(E, c)) :

Hence, f satisfies the relative adjustment principle. n
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By Theorem |4.3.5] all adjusted counterparts of rules which satisfy relative symme-
try coincide. Since the proportional rule, the constrained relative equal awards rule,
and the constrained relative equal losses rule satisfy relative symmetry, we derive the
following corollary.

Corollary 4.3.6
The adjusted proportional rule, the adjusted constrained relative equal awards rule,

and the adjusted constrained relative equal losses rule satisfy the relative adjustment
principle.

Future research could study generalizations of other bankruptcy rules which sa-
tisfy the relative adjustment principle on the class of TU-bankruptcy problems, such
as the random arrival rule (cf. (O’Neill (1982))), the minimal overlap rule (cf. |O’Neill
(1982)), and the Talmud rule (cf. |Aumann and Maschler (1985))).






Bargaining Axioms

5.1 Introduction

Bankruptcy problems with nontransferable utility share some similarities with bar-
gaining problems with claims as introduced by (Chun and Thomson (1992). In a
bargaining problem (cf. |[Nash (1950))), agents need to agree upon a surplus allo-
cation within a feasible set while taking into account their individual disagreement
payoffs. |Chun and Thomson (1992) enriched these bargaining problems with a vector
of claims. In a bankruptcy problem with nontransferable utility, the estate is of a
similar nature as the feasible set in a bargaining problem. However, in a bankruptcy
problem, it is assumed that individual utility is normalized in such a way that allo-
cating nothing corresponds to a utility level of zero. Therefore, it is convenient to
consider the zero vector as a natural benchmark for allocations within bankruptcy
problems instead of an exogenous disagreement point as within bargaining problems.

This chapter, based on Dietzenbacher and Peters (2018), takes an axiomatic bar-
gaining approach to bankruptcy problems with nontransferable utility by characteri-
zing bankruptcy rules in terms of properties from bargaining theory. We consider the
role of the claims vector within bankruptcy problems as being ‘dual’ to the role of
the disagreement point within bargaining problems. Where the disagreement point
serves as a lower bound for rational payoff allocations within a bargaining problem,
the claims vector serves as an upper bound for feasible payoff allocations within a
bankruptcy problemE]

L Although not addressed in this chapter, one could also consider the role of the minimal rights
vector within bankruptcy problems as being analogous to the role of the disagreement point within
bargaining problems. Following this approach, Herrero (1997 interpreted the minimal rights vector
of a bankruptcy problem as an endogenous disagreement point of a bargaining problem with claims.

73
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Following the classical axiomatic theory of bargaining, we formulate several pro-
perties which concern changes in the estate or the claims, where the latter ones are
based on axioms concerning changes in the disagreement point, and study their im-
plications. In particular, we translate several axioms from bargaining theory to the
domain of bankruptcy problems with nontransferable utility, study their relations,
and combine them with the properties relative symmetry and truncation invariance
from bankruptcy theory to derive new axiomatic characterizations of the proportional
rule, the truncated proportional rule, and the constrained relative equal awards rule.

Alternatively, one could also interpret solutions for bargaining problems as new
rules for bankruptcy problems, in line with the work of Dagan and Volij (1993)) for
bankruptcy problems with transferable utility. Future research allows to formalize
this reverse approach in order to further connect bankruptcy problems with bargai-

ning problems.

This chapter is organized in the following way. In Section [5.2] we introduce and
study the implications of axioms concerning changes in the estate. In Section [5.3] we
introduce and study the implications of axioms concerning changes in the claims.

5.2 Estate Axioms

In this section, we introduce and study the implications of axioms concerning changes
in the estate. Starting from the well-known independence of irrelevant alternatives
axiom introduced by Nash (1950)), several axioms concerning changes in the feasible
set of bargaining problems have been proposed in the literature. As exploited by
Roth (1977) for the independence of irrelevant alternatives axiom, in the formulation
of these properties the disagreement point is required to be fixed. We translate these
properties to the domain of bankruptcy problems with nontransferable utility in such

a way that the vector of claims is required to be fixed.

Let (E,c¢) € BRY. Throughout this chapter, the set of positive claimants is
defined by

and the truncated estate EC C ]Rf is defined by

E.={zreE|z<c}

A

Note that u? = ¢% and B, = E.».
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Example 5.1

Let N = N¢ = {1,2} and consider the bankruptcy problem (E,c) € BR" given by
E = {z cRY |2+ 12z, < 36} and ¢ = (3,4). Then E. = F;» = {z € RY |
22 + 1235 < 36,7, < 3}, uZ = (6,3), and ¢¥ = uf = (3,3). This is illustrated as
follows.

Definition (Estate Axioms)
A bankruptcy rule f : BRY — Rf satisfies

— step-by-step negotiations if f(F,c) = f(E',c)+ f(E—{f(E',c)})+,c—f(E',¢))
for all (B, c), (E',¢) € BRY for which £’ C E;

— estate monotonicity if f(E,c) > f(E',c) for all (E,c), (E',¢) € BRY for which
E' CE;

— domination if f(E,c) < f(E',c) or f(E,c) > f(E' c) for all (F,c),(E' c) €
BRN;

— independence of irrelevant alternatives if f(E,c) = f(E',c) for all (E,c) € BRY
and (E',¢) € BRY for which E' C E and f(E,c) € WP(E');

— independence of undominating alternatives if f(E,c) = f(F',c) for all (E,c) €
BRY and (E’,c) € BR" for which E' C E and f(E’,c) € WP(E);

— independence of unclaimed alternatives if f(E,c) = f(E',¢) forall (E,c) € BRY
and (E',c) € BRY for which E, = E/.

The axioms step-by-step negotiations, estate monotonicity, domination, and in-
dependence of undominating alternatives are based on bargaining axioms of Kalai
(1977), Roth (1979), and [Thomson and Myerson (1980). The independence of un-
claimed alternatives axiom, describing bankruptcy rules which only take the trunca-
ted estate into account, is used in a similar form by |Chun and Thomson (1992) and
originates from the bargaining axiom of |Peters (2010)) describing bargaining solutions
which only take the rational payoff allocations within the feasible set into account.
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The following lemma studies the relations between the estate axioms. Some of
these relations bear similarities with the results of Thomson and Myerson (1980)
on the domain of bargaining problems. Throughout this chapter, we refer to the

appendix for the derivations of properties satisfied by specific bankruptcy rules.

Lemma 5.2.1
Let f : BRY — ]Rf be a bankruptcy rule.

(i) If f satisfies step-by-step negotiations, then f satisfies estate monotonicity.
(i) Then [ satisfies estate monotonicity if and only if f satisfies domination.

(iii) If f satisfies estate monotonicity, then f satisfies independence of irrelevant
alternatives.

(v) If f satisfies estate monotonicity, then f satisfies independence of undominating
alternatives.

(v) If f satisfies independence of irrelevant alternatives, then f satisfies indepen-
dence of unclaimed alternatives.

(vi) If f satisfies independence of undominating alternatives, then f satisfies inde-
pendence of unclaimed alternatives.

Proof. Assume that f satisfies step-by-step negotiations. Let (E, ¢), (E’,c) € BRY
be such that £/ C E. Then

f(E,c) = f(E o)+ f((E = {f(E',0)})y,c = [(E',c)) = f(E ).
Hence, f satisfies estate monotonicity.

Assume that f satisfies estate monotonicity. Let (E,¢), (E,c) € BRY. Sup-
pose that f(E,c¢) € E'. Then f(E,c) € WP(ENE'), f(ENE, c) < f(E,c),
and f(ENFE c) < f(E' c¢). Since E is nonleveled, this implies that f(E,c) =
f(ENE ¢c) < f(Ec).

Now suppose that f(E,c) ¢ E’. Then f(E,c) € WP(EUE"), f(E,c) < f(EU
E' c),and f(E',c) < f(EUZE', c). Since E is nonleveled, this implies that f(F,c) =
f(EUE' ¢)> f(E' c). Hence, f satisfies domination.

Assume that f satisfies domination. Let (E,¢), (E’,¢) € BRY be such that E' C
E. Then f(E,c) < f(E',c) or f(E,c) > f(E',c). Since E is nonleveled, this implies
that f(E',¢) < f(E,c). Hence, f satisfies estate monotonicity.
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Assume that f satisfies estate monotonicity. Let (E,c), (E’,¢) € BRY be
such that £ C E and f(E,c) € WP(E'). Then f(E,c) > f(E',c). Since E is
nonleveled, this implies that f(E,c) = f(£’,¢). Hence, f satisfies independence of

irrelevant alternatives.

Assume that f satisfies estate monotonicity. Let (E,c),(E',c¢) € BRY be
such that £/ C F and f(E',c) € WP(E). Then f(E,c) > f(E',¢). Since E is
nonleveled, this implies that f(E,c¢) = f(E’,¢). Hence, f satisfies independence of

undominating alternatives.

Assume that f satisfies independence of irrelevant alternatives. Let (E,c) €
BR" and (E',¢) € BRY be such that E, = E!. Then f(E,c), f(E',c) € WP(ENE).
This implies that f(E,c) = f(ENE',¢) = f(E',c). Hence, f satisfies independence
of unclaimed alternatives.

Assume that f satisfies independence of undominating alternatives. Let
(E,c), (E',¢) € BRY be such that E, = E'. Then f(E,c), f(E',c) € WP(E U E").
This implies that f(E,c) = f(EUE',c) = f(E',c¢). Hence, f satisfies independence
of unclaimed alternatives. O

As shown by the following two rules, the axioms independence of irrelevant alter-
natives and independence of undominating alternatives are independent.

The bankruptcy rule f : BRY — RY which assigns to any (E,c) € BR" the
payoff allocation

(eF, max{z | (¢f,z) € E}) if N={1,2} and &}’ > &f;
f(E,c) = (max{z | (z,¢F) € E},éF) if N ={1,2} and &F < ¢F;
Prop(E, c) otherwise

satisfies independence of irrelevant alternatives, but does not satisfy independence of
undominating alternatives.

The bankruptcy rule f : BRY — RY which assigns to any (F,c) € BR” the
payoff allocation

(eF max{x | (¢F,z) € E}) if N ={1,2} and &F < é&%;
f(E,c) = (max{z | (v,éF) € B}, ¢F) if N ={1,2} and ¢F > ¢F;
Prop(E, c) otherwise

satisfies independence of undominating alternatives, but does not satisfy indepen-

dence of irrelevant alternatives.
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The relations of all estate axioms can be summarized by the following diagram.

step-by-step negotiations

!

estate monotonicity < domination

— T~

indep. of irrelevant alternatlves mdep of undominating alternatives

\/

independence of unclaimed alternatives

The axioms independence of irrelevant alternatives and independence of undomina-
ting alternatives are independent. However, if relative symmetry is required, then
independence of irrelevant alternatives and independence of undominating alternati-
ves become equivalent and are only satisfied by the proportional rule.

Theorem 5.2.2
The proportional rule is the unique bankruptcy rule satisfying relative symmetry and
independence of irrelevant alternatives.

Proof. By Lemma and Lemma [5.A1] the proportional rule satisfies indepen-
dence of irrelevant alternatives. Let f : BRY — RY be a bankruptcy rule satisfying
relative symmetry and independence of irrelevant alternatives. Let (F,c) € BRY.
If £ = {0y}, then f(E,c) = Oy = Prop(E,c). Suppose that E # {On}. Then
u? € RY, and N¢ # (). Denote

E
t = max {uz} and ¢ = min {Prop,(E,c)}.
€N

1ENS C;
Define
P = 1 comp (come ({(161.0m)} U{ (£ 0mi) |5 € ¥\ 0)))) U E
iENS
X2
tCQ




Section 5.2 Estate Axioms 79

Then (E',c¢) € BRY and E C E'. Moreover, uﬁ/i = teye and APe = APeo We
have ciu]E' = tcic; = cjuf' for all 7,7 € N{. Since f satisfies relative symmetry, this
means that f(E’,c) = A¥¢c = \¥¢c = Prop(E, c). Since f satisfies independence of
irrelevant alternatives, this implies that f(E,¢) = f(E’, ¢) = Prop(F, c). O

Theorem 5.2.3
The proportional rule is the unique bankruptcy rule satisfying relative symmetry and

independence of undominating alternatives.

Proof. By Lemma and Lemma [5.A.T] the proportional rule satisfies indepen-
dence of undominating alternatives. Let f : BRY — RY be a bankruptcy rule
satisfying relative symmetry and independence of undominating alternatives. Let
(E,c) € BRY. If E = {0y}, then f(E,c) = Oy = Prop(E,c). Suppose that
E # {0y}. Then u” € RY, and N¢ # (. If [N¢| = 1, then f(E,c) = Wﬁi’ON\Ni) =
Prop(E, c¢). Suppose that [N¢| > 2. Denote

_fuf
t=minq— ;.
tENS C;

ﬁ (tc; — Prop;(E,c)) forall i € N¢;
<
uf for all i € N\ NS.

)

Let € € RL be defined by
g =

Define E' = comp(conv(A; U Ay)) N E, where

A= {((Prov,(B.0) + INT\ SIey) g Ois ) | S €2V (0}
and Ay = {(Q,ON\{Z-}) ‘ 1€ N \ N_T_}

T2

tCQ

€

Then (E',c) € BRY and E' C E. Moreover, uﬁ; = teye and AFe = APeo We
have ciqu/ = tcicj = cjuf/ for all 7,7 € N{. Since f satisfies relative symmetry, this
means that f(E',c) = \F'¢c = \P¢c = Prop(E, ¢). Since f satisfies independence of

undominating alternatives, this implies that f(F,c) = f(E', ¢) = Prop(E, ¢). O
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The constrained relative equal awards rule satisfies relative symmetry, but does
not satisfy independence of unclaimed alternatives. The constrained equal awards
rule satisfies step-by-step negotiations, but does not satisfy relative symmetry. This

is summarized in the following table.

relative symmetry + +
step-by-step negotiations | + | — | +

estate monotonicity

domination

independence of irrelevant alternatives

independence of undominating alternatives

independence of unclaimed alternatives

This means that relative symmetry is independent of any estate axiom. This implies
that the properties in an axiomatic characterization of the proportional rule remain
independent if independence of irrelevant alternatives in Theorem [5.2.2] or indepen-
dence of undominating alternatives in Theorem is strengthened to domination,
estate monotonicity, or step-by-step negotiations.

The proportional rule is not the unique rule satisfying relative symmetry and
independence of unclaimed alternatives, since the truncated proportional rule also
satisfies these two properties. Nevertheless, these two properties lead to the propor-
tional rule for a large class of problems.

Lemma 5.2.4
Let f : BRY — ]R_]X be a bankruptcy rule. If f satisfies relative symmetry and

independence of unclaimed alternatives, then f(E,c) = Prop(E,c) for all (E,c) €
BRY for which ¢ < u®.

Proof. Assume that f satisfies relative symmetry and independence of unclaimed
alternatives. Let (E,c) € BRY be such that ¢ < u”. Then u” € RY, and |N¢| > 2.
Denote

E
t = max {u’} and € = min {x, | (w5, ¢5,0m\(ijy) € WP(E)} :

1,jENS

Define

E'= |J comp (CODV ({(tci,ON\{i}>} U {(5, ON\{j}) ’ jEe N\ {2}})) UE.

i€NS
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T2

tCQ

Then (E',¢) € BRY and E. = E!. Moreover, uﬁ}r = teye and A0 = APe We
have ciu]E' = teicj = cjuf' for all 7,7 € N{. Since f satisfies relative symmetry, this
means that f(FE’,c) = A¥¢c = \¥¢c = Prop(E, c). Since f satisfies independence of
unclaimed alternatives, this implies that f(F,c) = f(E’', ¢) = Prop(E, ¢). O

If we combine independence of unclaimed alternatives with the bankruptcy axi-
oms relative symmetry and truncation invariance, and the weak technical requirement
claims continuity, we derive an axiomatic characterization of the truncated propor-
tional rule by using Lemma [5.2.4}

Definition (Claims Continuity)
A bankruptcy rule f : BRY — Rf satisfies claims continuity if f(FE,c) is continuous
in ¢ for all (E,c) € BRY.

Theorem 5.2.5
The truncated proportional rule is the unique bankruptcy rule satisfying relative sym-
metry, truncation invariance, independence of unclaimed alternatives, and claims

continuity.

Proof. By Theorem [4.3.2] Lemma [5.A.2] and Lemma the truncated propor-
tional rule satisfies relative symmetry, truncation invariance, independence of unclai-
med alternatives, and claims continuity. Let f : BRY — Rf be a bankruptcy
rule satisfying relative symmetry, truncation invariance, independence of unclai-
med alternatives, and claims continuity. Let (F,c) € BRY. If E = {Oy}, then
f(E,¢) = Oy = T(Prop)(E,c). Suppose that £ # {Oy}. Then u¥ € RY, and
N¢ #0. If [INS| =1, then f(E,c) = (uﬁi,ON\Ni) = T (Prop)(E,c).
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Suppose that |[N¢| > 2. Let {z;}ren be a sequence in WUC(E) defined by
x, = 1Prop(E,¢¥) + (1 — £)é¥ for all k € N. Then z;, < v for all k € N and
limy,_,0 23 = ¢F. Since f satisfies relative symmetry and independence of unclaimed
alternatives, Lemma implies that f(E,x;) = Prop(E,z;) = Prop(E,ef) =
T (Prop)(E,c) for all k € N. Since f satisfies claims continuity, this means that
f(E,eF) =1limy o f(E, ;) = T(Prop)(E,c). Since f satisfies truncation invariance,
this implies that f(F,c) = f(E,é¥) = T (Prop)(E,c). O

To show that the properties in Theorem [5.2.5] are independent, we introduce
the restricted truncated proportional rule. The restricted truncated proportional rule
RTProp : BRY — RY is the bankruptcy rule which assigns to any (E,c) € BR" the
payoff allocation
RTProp(E. c) — Prop(E,c) if ¢ < uf;

(tuf,0ns) otherwise,
where S = {i € N | ¢; > uF} and t € [0,1] is such that RTProp(E,c) € WP(E).

The restricted truncated proportional rule satisfies relative symmetry, truncation
invariance, and independence of unclaimed alternatives, but does not satisfy claims
continuity. The constrained relative equal awards rule satisfies relative symmetry,
truncation invariance, and claims continuity, but does not satisfy independence of
unclaimed alternatives. The proportional rule satisfies relative symmetry, indepen-
dence of unclaimed alternatives, and claims continuity, but does not satisfy trunca-
tion invariance. The constrained equal awards rule satisfies truncation invariance,
independence of unclaimed alternatives, and claims continuity, but does not satisfy

relative symmetry. This is summarized in the following table.

T (Prop) | RTProp | CREA | Prop | CEA
relative symmetry + + + + _
truncation invariance + + + — +
indep. of unclaimed alternatives + + — + +
claims continuity + — 4 + +

This means that the properties in Theorem [5.2.5] are independent.

5.3 Claims Axioms

In this section, we introduce and study the implications of axioms concerning changes
in the claims. Several axioms concerning changes in the disagreement point of bargai-
ning problems have been proposed in the literature. We translate these properties to
the domain of bankruptcy problems in such a way that they concern similar changes
in the vector of claims while the estate is required to be fixed.
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Definition (Claims Axioms)
A bankruptcy rule f : BRY — RY satisfies

claims linearity if f(E,c) = f(E,0c+ (1—0)c) for all (E,¢),(E,c) € BRY for
which f(F,c) = f(F,¢) and any 6 € R for which (E,fc + (1 — 6)c’) € BR";

weak claims linearity if f(E,c) = f(E,0c+(1—0)f(E,c)) for all (E,c) € BRY
and any 6 € Ry;

claims convexity if f(F,c) = f(E,f0c+ (1 — 9)0’) for all (E,c), (E,c) € BRY
for which f(E,c) = f(E,d) and any 6 € [0, 1];

weak claims conveity if f(E,c) = f(E,f0c+(1—0)f(E,c)) for all (E,c) € BRY
and any 0 € [0, 1].

The claims linearity axiom describes bankruptcy rules for which all claim vectors

on the line connecting two claim vectors with equal outcomes lead to the same payoff

allocation. The claims convexity axiom is based on a bargaining axiom of [Livne
(1988) and (Chun and Thomson (1990). If there is uncertainty about which of the
two claim vectors with equal outcomes applies, then any expected value leads to the

same payoff allocation. The corresponding weaker axioms of claims linearity and

claims convexity, which only require that linear or convex combinations of the claim

vector and its outcome lead to the same payoff allocation, are based on bargaining
axioms of [Peters and Van Damme (1991) and |Peters (2010).

The following lemma studies the relations between the claims axioms.

Lemma 5.3.1
Let f : BRY — ]R_]X be a bankruptcy rule.

(i) If f satisfies claims linearity, then f satisfies claims convezity.

(ii) If f satisfies claims linearity, then f satisfies weak claims linearity.

(1i7) If f satisfies claims convexity, then f satisfies weak claims convezity.

(iv) If f satisfies weak claims linearity, then f satisfies weak claims convexity.

2Note that (E,fc + (1 — 0)¢’) € BRY for all (E,¢),(E,¢') € BRY for which f(E,c) = f(E,¢)
and any 6 € [0, 1].
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Proof. Assume that f satisfies claims linearity. Let (E,¢), (E,¢) € BRY be such
that f(E,c) = f(E,c¢) and let § € [0,1]. Then (E,fc+ (1 —6)c') € BRY. By claims
linearity, f(F,c) = f(E,f0c+ (1 —0)). Hence, f satisfies claims convexity.

Assume that f satisfies claims linearity. Let (E,c) € BR"Y and let € R,.
Then f(E,c) = f(E, f(E,c)) and (E,fc+(1—0)f(E,c)) € BRY. By claims linearity,
f(E,c)=f(E,0c+ (1 —-0)f(E, c)). Hence, f satisfies weak claims linearity.

Assume that f satisfies claims convexity. Let (E,c¢) € BR" and let 8 €
[0,1]. Then f(E,c) = f(E, f(E,c)). By claims convexity, f(E,c) = f(F,f0c+ (1 —
0)f(E,c)). Hence, f satisfies weak claims convexity.

Assume that f satisfies weak claims linearity. Let (E,c) € BR"Y and let
6 € [0,1]. By weak claims linearity, f(E,c) = f(E,0c+ (1 —0)f(E,c)). Hence, f
satisfies weak claims convexity. O]

As shown by the following two rules, the axioms weak claims linearity and claims
convexity are independent.

The restricted constrained relative equal awards rule RCREA : BRY — Rf, the
bankruptcy rule which assigns to any (E,c) € BRY the payoff allocation

CREA(E,¢) if ¢ <uP or ¢ > NP4

RCREA(E, ¢) —
(tu§,0ns)  otherwise,

where S = {i € N | ¢; > uF'} and ¢ € [0,1] is such that RCREA(F,c) € WP(E),
satisfies claims convexity, but does not satisfy weak claims linearity.

The bankruptey rule f : BRY — RY which assigns to any (E,c) € BRY the
payoff allocation

HE. ) = (eF min{cy, tut’}, min{cs, tuf}) if N ={1,2,3} and couf’ = czul’;
| CREA(E, ¢) otherwise,

where ¢ € [0, 1] is such that f(E,c) € WP(FE), satisfies weak claims linearity, but
does not satisfy claims convexity.

The relations of all claims axioms can be summarized by the following diagram.

claims linearity

claims convexity i weak claims linearity

~,

weak claims convexity
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The constrained relative equal awards rule is not the unique rule satisfying rela-
tive symmetry, truncation invariance, and claims convexity, since the restricted con-
strained relative equal awards rule also satisfies these three properties. However, the
constrained relative equal awards rule is the only bankruptcy rule satisfying relative

symmetry, truncation invariance, and weak claims linearity.

Theorem 5.3.2
The constrained relative equal awards rule is the unique bankruptcy rule satisfying

relative symmetry, truncation invariance, and weak claims linearity.

Proof. By Lemma [3.A.1], Lemma [3.A.2] and Lemma [5.A.4] the constrained relative
equal awards rule satisfies relative symmetry, truncation invariance, and weak claims
linearity. Let f : BRY — RY be a bankruptcy rule satisfying relative symmetry,
truncation invariance, and weak claims linearity. Let (E,c) € BRY. If ¢ € E, then
f(E,c) =c= CREA(E,c). Suppose that ¢ ¢ E. Denote S ={i € N | fi(E,c) < ¢}.
Then S # 0. Let x = 6c+ (1 — 0)f(E,c) for some § € R, be such that zg > uf.
Then 2§ = u§ and 2]uf = ufuf = 2Fuf for all i,j € S. Since f satisfies relative
symmetry, this means that fs(E,2¥) = tuf for some t € [0,1]. Since f satisfies
truncation invariance, this implies that fs(E,z) = fs(E,2F) = tuf. Since f satisfies
weak claims linearity, fs(F,c) = fs(E,z) = tuf. Then fs(E,c) < of“uf, since
otherwise f(E,c) > CREA(E,c) and f(E,c) # CREA(FE, c¢), which contradicts that
E' is nonleveled.

Suppose that there exists an i € N \ S such that f;(F,c¢) > a®uf. Then
(B c)uf < aPulul < fi(E, c)ul forall j € S. Let y = Oc4(1—0) f(E, c) for some
6 € Ry, be such that y;u” = f;(E,c)ul for some j € S. Then yul = fi(E, c)uf =
yjuf. Since f satisfies relative symmetry, this means that f;(E,y)ul = f;(E,y)uf.
Since f satisfies weak claims linearity, this implies that f;(E,c)u} = f;(E, c)u). This
is a contradiction. Hence, f;(F,c) < min{c;,a®“uf} = CREA;(E,c) for all i € N.
Since E is nonleveled, this implies that f(F,c) = CREA(E, ¢). O

The truncated proportional rule satisfies relative symmetry and truncation in-
variance, but does not satisfy weak claims linearity. The proportional rule satisfies
relative symmetry and weak claims linearity, but does not satisfy truncation inva-
riance. The constrained equal awards rule satisfies truncation invariance and weak
claims linearity, but does not satisfy relative symmetry. This is summarized in the
following table.

H CREA H T (Prop) ‘ Prop ‘ CEA

relative symmetry + + + _
truncation invariance + + — +
weak claims linearity + - + +

This means that the properties in Theorem [5.3.2] are independent.
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The axioms concerning changes in the claims can also be combined with the
independence of unclaimed alternatives axiom. The proportional rule is not the
unique rule satisfying relative symmetry and independence of unclaimed alternatives,
since the truncated proportional rule also satisfies these two properties. However, if
weak claims linearity is required in addition, then these properties are only satisfied
by the proportional rule.

Theorem 5.3.3
The proportional rule is the unique bankruptcy rule satisfying relative symmetry, in-

dependence of unclaimed alternatives, and weak claims linearity.

Proof. By Lemma [5.2.1] Lemma[5.3.1] Lemma [5.A.T] and Lemma [5.A.5] the propor-

tional rule satisfies independence of unclaimed alternatives and weak claims linearity.
Let f: BRY — Rf be a bankruptcy rule satisfying relative symmetry, independence
of unclaimed alternatives, and weak claims linearity. Let (E,c) € BRY. If E = {0y},
then f(E,c) = Ox = Prop(E, ¢). Suppose that E # {Oy}. Then u” € RY, and N¢ #
0. If INS| =1, then f(E,c) = (uﬁi,ON\Ni) = Prop(E, ¢). Suppose that |[N§| > 2.
Let z = fc+(1—0)Prop(E, c) for some 6 € (0, 1] be such that x < uf. Since f satisfies
relative symmetry and independence of unclaimed alternatives, Lemma [5.2.4] implies
that f(E,z) = Prop(F,z) = Prop(E,c). Since f satisfies weak claims linearity, this
implies that f(E,c) = f(E, 5z + (1 —3)f(E,2)) = f(E,z) = Prop(E, c). O

To show that relative symmetry and independence of unclaimed alternatives are
independent of any claims axiom, we introduce two other rules. For any (E, c) € BRY
for which N = N¢ = {1,2}, E # {On}, and ¢ ¢ E, let {5 € WP(E) be defined such

E,c _¢E,c
that /%~ = 2= Note that £F¢ exists and is uniquely defined.

§1E’C Cl—ffj’c'

The bankruptcy rule ! : BRY — RY assigns to any (E,c) € BRY the payoff
allocation
gEe if N=N$ ={1,2}, E={x e RY | 21 + 2o < 1},
VH(E,c) = and ¢ ¢ E;
Prop(E,c) otherwise.
The bankruptcy rule ¢? : BRY — RY assigns to any (E,c) € BR” the payoff
allocation
gbe if N=N¢$ ={1,2}, E#{0n}, and ¢ ¢ E;

wQ(Ev C) -
Prop(E,c) otherwise.
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The truncated proportional rule satisfies relative symmetry and independence of
unclaimed alternatives, but does not satisfy weak claims convexity. The bankruptcy
rule ¢! satisfies relative symmetry and claims linearity, but does not satisfy indepen-
dence of unclaimed alternatives. The bankruptcy rule 1?2 satisfies independence of
unclaimed alternatives and claims linearity, but does not satisfy relative symmetry.
This is summarized in the following table.

Prop | T (Prop) | ¢! | ¢?
relative symmetry + + + | —
independence of unclaimed alternatives + + - | +

claims linearity l+ | - [+]+
weak claims linearity + — + |+
claims convexity + — T
weak claims convexity + — + |+

This means that relative symmetry and independence of unclaimed alternatives are
independent of any claims axiom. In particular, the properties in Theorem [5.3.3
are independent. Moreover, the properties in the axiomatic characterization of the
proportional rule remain independent if weak claims linearity in Theorem is
strengthened to claims linearity.

The proportional rule is not the unique rule satisfying relative symmetry, inde-
pendence of unclaimed alternatives, and claims convexity. The restricted proportional
rule RProp : BRY — Rf , the bankruptcy rule which assigns to any (E,c) € BRY
the payoff allocation

Prop(E,c) if ¢ < u®;
RProp(F,c) = p(E; )
(tcs,0n\s) otherwise,

where S = {i € N | Vjen : ¢juf < cul} and t € [0,1] is such that RProp(E, ¢) €
WP(E), also satisfies relative symmetry, independence of unclaimed alternatives, and
claims convexity. However, if positive claimants are required to get positive awards,

then these properties are only satisfied by the proportional rule.

Definition (Positive Awards)
A bankruptcy rule f: BRY — RY satisfies positive awards if fre (E,c) >0 e for all
(E,c) € BRY for which E # {0x}.
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Theorem 5.3.4
The proportional rule is the unique bankruptcy rule satisfying relative symmetry, in-

dependence of unclaimed alternatives, weak claims convexity, and positive awards.

Proof. By Lemma Lemma Lemma Lemma [5.A.5] and Lemma
[5.A.6] the proportional rule satisfies independence of unclaimed alternatives, weak

claims convexity, and positive awards. Let f : BRY — Rf be a bankruptcy rule
satisfying relative symmetry, independence of unclaimed alternatives, weak claims
convexity, and positive awards. Let (E,c) € BRY. If E = {Ox}, then f(E,c) = 0y =
Prop(E,c). Suppose that E # {Oy}. Then v € RY, and N¢ # 0. If [N¢| = 1,
then f(E,c) = (uﬁi,ON\Ni) = Prop(F, ¢). Suppose that [N¢| > 2. Since f satisfies
positive awards, there exists an z € RY with 2 = fc+(1—6) f(E, ¢) for some 6 € (0, 1]
such that © < u”. Since f satisfies relative symmetry and independence of unclaimed
alternatives, Lemma implies that f(E,z) = Prop(E,z). Since f satisfies weak
claims convexity, this implies that f(E,c) = f(E,x) = Prop(F,z) = Prop(E,c). O

The restricted proportional rule satisfies relative symmetry, independence of un-
claimed alternatives, and claims convexity, but does not satisfy positive awards. The
truncated proportional rule satisfies relative symmetry, independence of unclaimed
alternatives, and positive awards, but does not satisfy weak claims convexity. The
constrained relative equal awards rule satisfies relative symmetry, claims convexity,
and positive awards, but does not satisfy independence of unclaimed alternatives.
The constrained equal awards rule satisfies independence of unclaimed alternatives,
claims convexity, and positive awards, but does not satisfy relative symmetry. This

is summarized in the following table.

Prop | RProp | 7(Prop) | CREA | CEA
relative symmetry + + + + —
indep. of unclaimed alternatives + + + — +

“claims convexity | | R + | o+
weak claims convexity + + - + +
positive awards | ] - + | - + | o+

This means that the properties in Theorem [5.3.4]are independent. Moreover, the pro-
perties in the axiomatic characterization of the proportional rule remain independent
if weak claims convexity in Theorem [5.3.4]is strengthened to claims convexity.
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In this chapter, we derived new axiomatic characterizations of the proportional
rule, the truncated proportional rule, and the constrained relative equal awards rule
for bankruptcy problems with nontransferable utility using axioms from bargaining
theory. An overview of the corresponding properties, including the bankruptcy axi-
oms relative symmetry and truncation invariance, the axioms concerning changes in
the estate, the axioms concerning changes in the claims, and the weak technical re-
quirements claims continuity and positive awards, is provided in the following table.

The constrained equal awards rule is included for illustrative purposes.

Prop | T(Prop) | CREA | CEA
relative symmetry + + +

+

truncation invariance — + +
step-by-step negotiations | + | — | — | +

estate monotonicity

domination

independence of irrelevant alternatives

independence of undominating alternatives

independence of unclaimed alternatives

claims linearity

+

weak claims linearity + —
claims convexity +
+

weak claims convexity

positive awards + + + +

The following table provides an overview of the axiomatic characterizations derived
in this chapter.

relative symmetry * * * * * *

truncation invariance * *
Cindep. of irrelevant alt. ||« | I N N

indep. of undominating alt. *

indep. of unclaimed alt. * *

weak claims linearity * *

weak claims convexity

positive awards
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5.A Appendix

Lemma 5.A.1

The proportional rule satisfies step-by-step negotiations.

Proof. Let (E,c),(E',c) € BRY be such that E' C E. Then Prop(E, c) = Ac and
PI‘Op(E/, C) + PI‘Op((E - {PI‘Op(E/, C)})+7 c— PI‘Op(E/, C))
= A¢c + Prop((E — {\*"“c})4,c — A\"<c)
_ \Eleo g )\(E—{)\E/’Cc})+,(1—)\El’c)c<1 _ )\E',C)C

_ (/\E’,c+)\(E—{AE/’Cc})+,c) c.
Since F is nonleveled, this implies that
Prop(E, ¢) = Prop(E’, ¢) + Prop((E — {Prop(E’, ¢)})+,c — Prop(E’, ¢)).

Hence, the proportional rule satisfies step-by-step negotiations. O

Lemma 5.A.2

The truncated proportional rule satisfies independence of unclaimed alternatives.

Proof. Let (E,c), (E',c) € BRY be such that E. = E!. Then Ew = E, = £, = £/,
and ¢F = uP = uP = ¢F'. By Lemma and Lemma [5.A.1} the proportional rule

satisfies independence of unclaimed alternatives. Then
T (Prop)(E, ¢) = Prop(E, %) = Prop(E', ¢¥") = T (Prop)(E', ¢).

Hence, the truncated proportional rule satisfies independence of unclaimed alterna-
tives. O

Lemma 5.A.3
The truncated proportional rule satisfies claims continuity.

E

Proof. Let (E,c) € BRY. Then lim,_,. 2% = ef . lim,_. ABEE — (B¢ , and

: 1 SEN 15 EgE B _ s EgF . AF
ilglcT(Prop)(E,x) = igr%Prop(E,m )—glglgé/\ 27 =lm A™* lim 2

_ AE,éEéE — Prop(E, éE) = T(PI"OP)(Ea C)'

Hence, the truncated proportional rule satisfies claims continuity. O]
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Lemma 5.A .4

The constrained relative equal awards rule satisfies weak claims linearity.

Proof. Let (E,c) € BRY and let € R,. Suppose that offct(1-0)CREA(EC) > o Fic
Then
CREA;(E,0c+ (1 — 0)CREA(FE,¢))
= min{fc; + (1 — §)CREA;(E, ¢), o0t 1-0)CREAE )y B
= min{CREA;(E, ¢) + 6(c; — CREA,(E, ¢)), o fet(1-0)CREA(E ), B
> min{CREA;(E, ¢), o “ul’}
CREA,(E,c)

for all i € N. Since E is nonleveled, this implies that
CREA(FE,c) = CREA(E,f0c+ (1 — 0)CREA(FE,¢)).
Now, suppose that af0ct(1-0OCREA(Ee) < B Then
CREA; (B, 0c + (1 — 0)CREA(E, ¢))

— min{fc¢; + (1 — 6)CREA,(E, ¢), o/t -OCREA(E.)y Y

= min{CREA,(FE, ¢) + 0(¢c; — CREA(E, ¢)), a0et(1-OCREA(E ), By

< min{CREA;(FE, ¢) + 0(c; — CREA;(E, c)), o ul}
CREA;(FE,c)

for all « € N. Since E is nonleveled, this implies that
CREA(FE,c) = CREA(E,f0c+ (1 — 0)CREA(E, ¢)).
Hence, the constrained relative equal awards rule satisfies weak claims linearity. [J

Lemma 5.A.5
The proportional rule satisfies claims linearity.

Proof. Let (E,c), (E,c) € BRY be such that Prop(E, ¢) = Prop(E, ), and let # € R
be such that (E,fc+ (1 — 0)¢) € BRY. If E = {0y}, then Prop(E,c) = Oy =
Prop(E,f0c+ (1 — 0)c'). Suppose that £ # {Oy}. Then \¥¢c = A%</ and

E.c
Prop(E, fc+(1—0)c) = NEOH=0¢ (gt (1)) = A\EOe+1=0)¢ (9 +(1 - 9)A> c.

)\E,C’
Since E is nonleveled, this implies that Prop(E, ¢) = Prop(E, f0c + (1 — 6)c’). Hence,
the proportional rule satisfies claims linearity. O]
Lemma 5.A.6

The proportional rule satisfies positive awards.

Proof. Let (E,c) € BR" be such that E # {Oy} and let i € N¢. Then Prop,(F, c) =
AEee; > 0. Hence, the proportional rule satisfies positive awards. O






Bankruptcy Games

6.1 Introduction

Already in the work of (O’Neill (1982), bankruptcy problems with transferable utility
are analyzed from a game theoretic perspective by studying a corresponding bank-
ruptcy game. One model for bankruptcy games with nontransferable utility was in-
troduced by |Orshan, Valenciano, and Zarzuelo (2003)). However, Estévez-Fernandez,
Borm, and Fiestras-Janeiro (2014) pointed out that coalitions can attain payoff allo-
cations outside the estate in this game, which contradicts the original idea of |(O’Neill
(1982). They redefined NTU-bankruptcy games to stay in line with this original idea,
while focusing on convexity and compromise stability. However, their model for NTU-
bankruptcy games does not straightforwardly generalize the original TU-bankruptcy
games in the sense that NTU-bankruptcy games corresponding to NTU-bankruptcy
problems induced by TU-bankruptcy problems are different from the NTU-games
induced by TU-bankruptcy games.

This chapter, based on Dietzenbacher (2018)), introduces a slightly modified ver-
sion of the model of |Orshan, Valenciano, and Zarzuelo (2003)) for NTU-bankruptcy
games which both generalizes the model for TU-bankruptcy games and stays in line
with the idea of (O’Neill (1982). Focusing on the structure of the core, we analyze
NTU-bankruptcy games along the lines of |Curiel, Maschler, and Tijs (1987). In
particular, generalizing the core cover and the reasonable set, we define compromise
stability and reasonable stability for NTU-games. Contrary to TU-games, the ge-
neralized reasonable set does not necessarily contain the core of an NTU-game and
consequently reasonable stability does not imply compromise stability. Interestingly,
the core of an NTU-bankruptcy game still coincides with the core cover and the rea-

sonable set, which leads to a compact expression for the core of bankruptcy games.
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Besides, we show that a bankruptcy rule is game theoretic if and only if it satisfies
truncation invariance. This means that there exists a solution for NTU-games which
coincides on the class of bankruptcy games with a certain bankruptcy rule if and only

if this bankruptcy rule satisfies truncation invariance.

This chapter is organized in the following way. In Section [6.2] we generalize some
notions for transferable utility games to nontransferable utility games. Section
discusses the modeling of NTU-bankruptcy games. In Section we study the core

and some properties of a modified model for NTU-bankruptcy games.

6.2 Compromise stability and reasonable stability

Let V € NTUY be a monotonic nontransferable utility game. Similar to [Otten,
Borm, Peleg, and Tijs (1998)), we define M7 (V) € RY corresponding to o € II(N) by

MZ(V) = max {z € Ry | (MZyy(V),..., M4y (V),2) € V({o(1),...,0(k)})}

for all £ € {1,...,|N|}. Note that the conditions on V imply that this maximum
exists. As in the context of TU-games, Mg(k)(V) can be interpreted as the maximal
payoff of player o(k) € N in a certain order o € II(IN) when joining the predecessors,
which have already been allocated their contributions. For any game V € NTUY
for which V(S) = {z € R} | Ties2; < v(9)} for all S € 2V \ {0}, induced by a
nonnegative monotonic game v € TUY, M7 (V) = M?(v) for all o € TI(N).
Inspired by |Borm, Keiding, McLean, Oortwijn, and Tijs (1992), we define K (V') €
]Rf by
K;(V) = max {xl

v € V(N), 2@ € SUC(V(N\ {i}))}
for all i € N, and k(V) € RY by

k(V) = max sup o€ Ry | (v, Ko (V) € V(S))
for all i € N. Note that the conditions on V' imply that these maxima exist. As in
the context of TU-games, K;(V') can be interpreted as the maximal payoff of player
i € N within an allocation of V' (N) which is stable against a coalitional deviation of
the other players together. Moreover, k;(V') can be interpreted as the maximal payoff
of player i € N which can be obtained within some coalition S € 2V for which i € S
when each other member j € S\ {i} is allocated K;(V). For any game V € NTUY
for which V(S) = {z € R} | Yies2; < v(S)} for all S € 2%\ {0}, induced by a
nonnegative monotonic game v € TUY, K(V) = K(v) and k(V) = k(v).
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Using these notions, we can generalize the core cover and the reasonable set to the
class of nontransferable utility games. Let V € NTU” be a monotonic nontransferable
utility game. The core cover is defined by

CC(V) ={z € SP(V(N)) [ k(V) <z < K(V)},

and the reasonable set is defined by

— 2

c€II(N) ' c€ll(N)

R(V) = {a: € SP(V(N)) ‘vieN: min M(V) < 2; < max MF’(V)}.

Lemma 6.2.1
Let V € NTUY be monotonic. Then CS(V) C CC(V).

Proof. Let x € C5(V'). Then

zi < max{y; | y € C5(V)}
= max{y; | y € V(N),Vsearjoy : ys € SUC(V(S9))}
< max{y; | y € V(N),ymy € SUC(V(N \ {i}))}
= Ki(V)
for all i € N. Suppose that there exists an i € N such that z; < k;(V). Let S € 2V
be such that i € S and (k;(V), Kg\1i3(V)) € V(S). Then zg < (ki(V), Kgvi3 (V)

and xg # (ki(V), Kg\y;3(V)). This means that xg ¢ SUC(V(S)), which contradicts
that x € C5(V). Hence, k(V) <z < K(V) and x € CC(V). O

Lemma shows that the core cover indeed contains the strong core. NTU-
games for which the core cover coincides with the nonempty strong core are called
compromise stable.

Definition (Compromise Stability)
A monotonic game V € NTUY is compromise stable if C5(V) # () and C5(V) =
cc(V).

Contrary to TU-games, the following example shows that the reasonable set does
not necessarily contain the strong core of an NTU-game.

Example 6.1
Let N = {1,2,3} and consider the monotonic game V € NTU" given by

{zeRy |2t +23 < (9—a3)% a3 <9} ifS=N;
V(S)=1{z eRY | z1 + x5 < 4} if 5 ={1,2};
{0s} otherwise

for all S € 2V \ {0}.
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The vectors M?(V) € RY corresponding to all o € II(N) are presented in the
following table.

Q
=
=
=
=
=

oo o vt o w2
=

This means that the reasonable set is given by
R(V)={zeSP(V(N))|0<z; <9,0<29<9,0<z3<5}.
One can verify that (2,2,9 —2v/2) € C5(V) \ R(V). Hence, C5(V) € R(V). A

The minimal and maximal contributions can still be considered as reasonable
bounds for payoff allocations. NTU-games for which the strong core coincides with

the reasonable set are called reasonable stable.

Definition (Reasonable Stability)
A monotonic game V € NTUY is reasonable stable if C5(V') = R(V).

Note that reasonable stability is stronger than marginal convezity (cf. Hendrickx,
Borm, and Timmer (2002))), which requires that M? (V) € C5(V) for all o € II(N).

6.3 Modeling bankruptcy games

This section discusses the modeling of bankruptcy games with nontransferable utility.
Since NTU-bankruptcy problems generalize TU-bankruptcy problems, and NTU-
games generalize TU-games, an appropriate model for NTU-bankruptcy games would

generalize TU-bankruptcy games.

One model for NTU-bankruptcy games was introduced by Orshan, Valenciano,
and Zarzuelo (2003). Their bankruptcy game with nontransferable utility V¢ cor-
responding to the bankruptcy problem (E, ¢) € BR" boils down to

VE<(S) = comp ({x e RY ‘ (rs,cms) € B oor vg = Og})

for all S € 2\ {0}.
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Example 6.2

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z € RY | 22 + 123, < 36} and ¢ = (3,4). Then VE¢({1}) = {z € RY | 2; = 0},
VEe({2}) = {z € RY | 2, < 21}, and VE¢(N) = E. This is illustrated as follows.

) oC
3
2
1 VEe({2})
0 1 2 3 4 ) 6 71 A

Estévez-Fernandez, Borm, and Fiestras-Janeiro (2014)) pointed out that coalitions
can attain payoff allocations outside the estate in this game, as in Example|6.2], which
contradicts the original idea of |(O’Neill (1982). They redefined NTU-bankruptcy
games to stay in line with this original idea. Their bankruptcy game with nontrans-
ferable utility V¢ corresponding to the bankruptcy problem (E,¢) € BRY boils
down to VF¢(N) = E and

compg({x € SP(F) | x5 < cg,xms = cns})  if (0s,ems) € E;
compg({x € SP(E) | g = 0g,2ms < cvs}) if (0s,enms) € E

for all S € 2V \ {0, N}, where

VEe(S) =

compg(E) = {95 e RY ’ Jyer 1 Ys > s, Yn\s = wN\s}-

Example 6.3

Let N = {1,2} and consider the bankruptcy problem (E,c) € BRY given by E =
{z e RY | 23 + 122, < 36} and ¢ = (3,4) as in Example . Then VE<({1}) = {z €
RY | 2y = 0,22 = 3}, VEe({2}) = {z € RY | 21 = 3,25 < 21}, and VP4(N) = E.
This is illustrated as follows.

i) oC
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However, the following example shows that their model for NTU-bankruptcy
games does not straightforwardly generalize the original TU-bankruptcy games in
the sense that NTU-bankruptcy games corresponding to NTU-bankruptcy problems
induced by TU-bankruptcy problems are different from the NTU-games induced by
TU-bankruptcy games.

Example 6.4

Let N = {1,2,3} and consider the bankruptcy problem (e,c) € TUBRY given by
e =4 and ¢ = (1,2,3). The corresponding bankruptcy game v*¢ € TU" is presented
in the following table.

S|y | {23 | {3} | {12} | {1.3} | {2.3} | {1.2,3} |
ve) oot |2 |3 | 4]

This induces the game V € NTU" in which V({2,3}) = {z € Rf"g} | zy + x5 < 3}.
However, VF<({2,3}) = {z € RY | 21 = 1,29 < 2,25 + 23 < 3} in the bankruptcy
game corresponding to the induced bankruptcy problem (FE,c¢) € BR”Y in which
E={zeRY |z +zy+ 23 < 4}. A

Next, we introduce a slightly modified version of the model of |(Orshan, Valenciano,
and Zarzuelo (2003) for NTU-bankruptcy games, which generalizes TU-bankruptcy
games and simultaneously stays in line with the original idea of |O’Neill (1982).

Definition (Bankruptcy Game with Nontransferable Utility)
The bankruptcy game with nontransferable utility V"¢ € NTUY corresponding to the
bankruptcy problem (E,c¢) € BRY is given by

{z € Ri | (z,ens) € B} if (0g,en) € E;

VE(S) = .
{05} lf (OS, CN\S) ¢ E

for all S € 2\ {0}.

Note that V< is monotonic, VF¢(N) = E, and VZ<({i}) = [0, m;(E, ¢)] for all
i € N. Moreover, VF<(S) is nonleveled for all S € 2V \ {0}, which means that
CS(VE’C) — CW(VE’C).

Example 6.5

Let N = {1,2} and consider the bankruptcy problem (FE,c) € BR” given by F =
{z e RY | 2} 4 1225 < 36} and ¢ = (3,4) as in Example [6.2] and Example Then
VEe({1}) = {0}, VE<({2}) = [0,2%], and VE<¢(N) = E. A
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An interesting feature of this model is that any subgame of this new NTU-
bankruptcy game is a bankruptcy game too, as is the case for TU-bankruptcy games.

Proposition 6.3.1

All subgames of bankruptcy games are bankruptcy games.

Proof. Let (E,c¢) € BRY and let S € 2V \ {#}. Then V5¢(S) is nonempty, closed,
bounded, comprehensive, and nonleveled, and cg € WUC(VE<(S)). This means that
(VE<(S),cs) € BR®. We have

{v e RY | (z,co08) € VF(S)} i
{0r} i

Or, cs\r) € VEC(S);

VVE’C(S)765<R> _ Ny
Or, cs\r) ¢ V74(S5)

f(
f(
_ {iL‘ € Rf | (m,Cs\R,CN\s) S E} lf(

{Or} if (

{iL‘ € Rﬁ ‘ (x,cN\R) € E} if (OR7CN\R) € E;

Or, cs\r;Cn\s) € I;
Or,cs\r;Cn\s) €

{0r} if (Or,cnr) ¢ E
= VP(R)
= VSE’C(R)
for all R € 29\ {0}. Hence, VSE’C e NTU® is a bankruptcy game. H

6.4 Core structures

This section studies the relationship between the core, the core cover, and the rea-
sonable set of bankruptcy games. A useful observation for this analysis is that
NTU-bankruptcy games are invariant under claim truncation, as is the case for TU-
bankruptcy games.

Lemma 6.4.1
Let (E,c¢) € BRY. Then VEe = Ve,

Proof. Let S € 2V \ {0}. If ¢§\ g = cn\s, then VF<(S) = VEE(S). Suppose that
é]%\s # cy\s. Then there exists an ¢ € N \ S for which ¢ = uf < ¢;. This means
that (Os, cy\s) & E, so VF<(S) = {0g}. Since F is nonleveled, VF¢"(S) = {x € RY |
(z,%s) € E} = {0s} if (05,5 5) € E. Hence, V7¢(S) = VEE(S). O

The vector of truncated claims and the vector of minimal rights determine the
upper and lower bound for the core cover of bankruptcy games, respectively.
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Lemma 6.4.2
Let (E,c) € BRY. Then

(i) K(VEe) =¢F;
(ii) k(VES) =m(E,c).

Proof. By Lemma , VEe = VE g K(VEC) = K(VE), Let i € N.
Then (¢F,z) € E for all € VES(N \ {i}), so (¢F,z) € VE(N) for all x €
SP(VPe"(N \ {i})). This means that K;(V"¢") > ¢F. Suppose that K;(VF¢") >
¢F. Let & € SUC(VES" (N \ {i})) be such that (K;(V®¢"),z) € VE"(N). Since
VEE" (N is comprehensive, (¢F, z) € VE(N)\SP(VE" (N)). This means that z €
VE(N\ {i}), so x € SP(VE (N \ {i})). Moreover, since V¢ (N) is nonleveled,
this implies that (¢7,z) ¢ WP(VF¢"(N)). Then there exists a y € V¢ (N) such
that y > (¢F,x). Since VP (N) is comprehensive, (¢F, ya\ ) € VF"(N). This
means that yn\ ) € VEL (N \ {i}), which contradicts that z € SP(VES" (N \ {i})).
Hence, K;(VE<) = K;(VE") = ¢P.

Let 1 € N. Then
ki(VE) > sup {z € Ry | o € VE({i})} = max {& € VE<({i})} = mi(E, o).
Suppose that k;(VF<) > m;(E,c). Let S € 2V be such that i € S and

(k:(VE©), Koy (V) € VE(9).

Then (k;(VE<7), Eon) € VFe(S) by Lemma 6.4.1/and Lemma 6.4.2. This means
that (k;(VP),¢E 1y, ¢K\g) € E, which implies that k;(V?") € VF*({i}). This
contradicts that k;(VE") > m;(E, ¢). Hence, k;(VE) = k;(VE") = my(E,c). O

By Lemma [6.2.1) and Example [6.1] the core cover is not necessarily contained in
the reasonable set of an NTU-game. Surprisingly, for the reasonable set of an NT'U-
bankruptcy game we find the same upper bound and lower bound as for the core cover,
which means that the core cover and the reasonable set of an NTU-bankruptcy game
coincide.

Lemma 6.4.3
Let (E,c) € BRY and leti € N. Then

; Mo(VEe) =¢F-
(1) max M7(Ve) =2,

(ii) min M7 (VE<S) =m,;(FE,c).

c€ll(N)
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Proof. (i) By Lemma , VEe = VE® g

max M7 (V) = max MZ (V).

o€II(N) o€II(N)

Let & € II(N) be such that &(|N|) = 4. Then (z,¢&F) € E for all z € VE* (N \ {i}),

? ’L

SO

g

( (1) (VEC ), - -~7M?(|N\—1)(VE’6E)7@E) S VE’éE(N)-

This means that max,em(n) Mi"(VE’éE) > ¢F. Suppose that MaXe(N) Mf(VECE) >
¢F. Let 6 € TI(N) be such that M7 (VP") = max,enmy M7 (V) and let k €
{2,...,|N|} be such that (k) =i. Then

a éE ,C éE A N
(M) (VP), o My (VE)) € VB ({8(1), .. 6(R)})-
This means that
( 0(1)<VEC )y U(k (VEC )7A0E(k+1) 7é&E(|N|)) €k
Since E' is comprehensive,
& &F & BN A A
(M (VEE), o My (V) 65y, By ) € B\ SP(E).
Since F is nonleveled,
& eF LEN A ~
(Mau)(VE’ ),y Mg (k— 1)(VE ), f(k) 'JC§(|N\)) € B\ WP(E).
This means that there exists a y € E such that
& JoR & EE\ AE N
(M YVE) o My (VT ), 5y - - :C&(|N\)) :
Since E' is comprehensive,
& ek & eF o A
(Mfr(l)(VE’ )yeeos M&(kfz)(VE’ )s Yor(k—1)> C§(k), _ 7C§(|N\)) € FE.
This means that
1o eE & eE LN N
(M2 (VE), o ME ) (VE ) o) € VEC({8(1), ... 6k — 1)),

which contradicts the definition of Mg(kfl)(VEﬁE). Hence, max,cnn) M7 (VE*) =
maXgell(N) MiU(VE7éE> =é.
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Let 6 € II(N) be such that (1) = i. Then
M (VPe) = max {z € Ry | x € VE({i})} = max {x € VE({i})} = mi(E, o).
This means that min,enny M7 (V) < m;(E, c). Suppose that

M7 (VP < my(E
Dnin M ( ) <mi(E, c).
By Lemma VEBe = VB oo min e M7 (VE€) = mingem(n) MZ"(VECE) Let
& € TI(N) be such that M7 (VP¢") = minyeny M7 (V") and let k € {2,...,|N|}
be such that 6(k) = 4. Then

& eE & eE B/ a ~
(M (VES). .o My (VE), mu(E.)) ¢ VI ({6(1), ... 6(k)}).
This means that
& eF & eF ~
(Ma(l)(vE’ )7~~-7Ma(k71)(VE’ ), mi(E, C>7C<%E(k+1)7"'7 Co( |N\)) ¢ E.

Since E is comprehensive, (m;(E, c), ¢y, gy) € E by Lemma 6.4.3 “. This contradicts
that m;(F,c) € VBt ({7}). Hence, mingcmw) M7 (VE®) = minger(y) M"(VEC ) =
mZ(E, C). n

By Lemma[6.2.T, Lemma[6.4.2], and Lemma [6.4.3] the core of a bankruptcy game
is contained in the core cover and in the reasonable set. Next, we generalize the result
for TU-bankruptcy games which states that the core of a bankruptcy game coincides
with the core cover and the reasonable set.

Theorem 6.4.4

Bankruptcy games are compromise stable and reasonable stable.

Proof. Let (E,¢) € BRY. Then CC(VF®) = R(VF*) by Lemma and Lemma
[6.4.3] so it suffices to show that CC(VF<) # () and C5(VF<) = CC(VF<). By Lemma
6.4.2, cc(vEe) = {z € SP(E) | m(E,c) < x < ¢P}. Since m(E,c) € E, ¢ €
WUC(E), m(E,c) < é¥, and E is nonleveled, there exists an 2 € SP(E) for which
m(E,c) < x < ¢P. This means that CC(VE<) # ().

Let x € CC(VE*). Then x < ¢ < c. Suppose that x ¢ C5(VF¢). Then there
exists an S € 2V \ {0} such that xg ¢ SUC(VE<(S)). This means that there exists a
y € VE<(S) for which y > x5 and y # zg. Then (y,cns) € E. Since z < (y,cas)
and  # (y,cn\s), this means that z ¢ SP(E). This contradicts that € CC(VE<),
so x € CS(VE*) and CC(VE<) C ¢5(VF<). By Lemma [6.2.1) C5(VE<) C CC(VE<).
Hence, C®(VE<) = CcC(VEe). O
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Using Lemma [6.4.2] Lemma [6.4.3] Theorem [6.4.4] and using that E is nonleveled
and 2 < éF implies that 2 > m(FE, ¢) for all (E,c) € BRY and any z € SP(E), we

derive a compact expression for the core of a bankruptcy game.

Corollary 6.4.5
Let (E,c) € BRY. Then C5(VFe) = {x € WP(E) | z < ¢}.

In other words, bankruptcy rules assign to bankruptcy problems a core element
of the corresponding bankruptcy game. This means that a solution for NTU-games
corresponds on the class of bankruptcy games to some bankruptcy rule if and only
if it assigns to any bankruptcy game a core element. The other way around, the
question arises which bankruptcy rules correspond to a solution for NTU-games on
the class of bankruptcy games. These bankruptcy rules are called game theoretic.

Definition (Game Theoretic Bankruptcy Rule)
A bankruptcy rule f : BRY — RY is game theoretic if there exists a solution F :
NTU"Y — RY such that f(E,c) = F(VE®) for all (E,c) € BR".

A necessary and sufficient condition for an NTU-bankruptcy rule to be game
theoretic is to satisfy truncation invariance, as is the case for TU-bankruptcy rules
(cf. (Curiel, Maschler, and Tijs (1987))).

Theorem 6.4.6
A bankruptcy rule is game theoretic if and only if it satisfies truncation invariance.

Proof. Let f: BRY — RJI be a game theoretic bankruptcy rule. Let (E,c) € BRY.
Then VE< = VE by Lemma and

J(E.0) = F(VE) = F(VE) = f(B,eF)
for some solution F : NTUY — RY. Hence, f satisfies truncation invariance.

Let f : BRY — RY be a bankruptcy rule satisfying truncation invariance. Let
F : NTUY — RY be a solution such that F(VE<) = f(VE¢(N), K(VE®)) for any
bankruptcy game VF¢ € NTUY. Let (E,c) € BRY. Then K(V?¢) = ¢F by Lemma
[6.4.2] and
f(E.c) = f(E,&") = f(VES(N), K(VF)) = F(VP).

Hence, f is game theoretic. m

The constrained relative equal awards rule, the truncated proportional rule, and
all adjusted bankruptcy rules are examples of game theoretic bankruptcy rules. Fu-
ture research could study the solutions for nontransferable utility games to which
they correspond in order to further extend the relation between NTU-bankruptcy
problems and NT'U-games.
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Cooperative Games






Egalitarianism in
Transferable Utility Games

7.1 Introduction

Egalitarianism is a paradigm of economic thought that favors the idea of equality.
Economic equality, or equity, refers to the concept of fairness in economics and un-
derlies many theories of distributive justice. In the seminal work of Rawls (1971)),
equality plays a central role in two fundamental principles of justice. This has inspired
scientists within several areas, e.g. social philosophy and welfare economics. Young
(1995)) provides a rich survey on equity concepts in both theoretical and practical con-
texts. This chapter, based on Dietzenbacher, Borm, and Hendrickx (2017¢)), focusses
on the role of egalitarianism in distributive justice applied to coalitional arrangements

which affect the distribution of joint revenues among cooperating participants.

Dutta and Ray (1989) introduced a concept of egalitarianism under participation
constraints for transferable utility games. A transferable utility game describes an
allocation problem for a set of cooperating players in which the economic possibilities
of all subcoalitions are taken into account. The egalitarian solution of Dutta and Ray
(1989) applies a Lorenz criterion to select a payoff allocation. Their most important
result states that their egalitarian solution selects at most one feasible allocation,
despite the partial ordering generated by the Lorenz criterion. However, existence
of their egalitarian solution is only shown to be guaranteed for the special class of

convex games.

107
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The egalitarian solution of Dutta and Ray (1989) is well-studied on the class of
convex games. [Dutta and Ray (1989) showed that the egalitarian solution of a convex
game cannot be blocked by any subcoalition, i.e. it is an element of the core. |Dutta
(1990) axiomatically characterized this solution on the class of convex games using
consistency properties for reduced games of Davis and Maschler (1965)) and Hart and
Mas-Colell (1989)). Other characterizations of this egalitarian solution on the class
of convex games are provided by Klijn, Slikker, Tijs, and Zarzuelo (2000) and |Arin,
Kuipers, and Vermeulen (2003)).

Another line of research studies egalitarian concepts similar to the egalitarian solu-
tion of |Dutta and Ray (1989) for a larger class of transferable utility games. Branzei,
Dimitrov, and Tijs (2006)) extended the corresponding computational algorithm for
convex games to superadditive games by introducing the equal split-off set. |Arin and
[narra (2001) applied an egalitarian criterion to the core of balanced games by intro-
ducing the egalitarian core which satisfies the consistency property for reduced games
of Davis and Maschler (1965]). Both the equal split-off set and the egalitarian core
coincide with the egalitarian solution of |Dutta and Ray (1989)) on the class of convex
games. The most important shortcoming of these notions is that they generally lack
the fundamental uniqueness property. To our knowledge, no appropriate egalitarian,
single-valued solution concept has been defined in the literature which coincides with
the egalitarian solution of Dutta and Ray (1989) on the class of convex games and

exists for any transferable utility game.

In this chapter, we introduce the procedural egalitarian solution as an egalitarian
solution concept for which existence and uniqueness is guaranteed for any transfera-
ble utility game. Moreover, it coincides with the egalitarian solution of Dutta and
Ray (1989)) on the class of convex games. The procedural egalitarian solution follows
from an egalitarian procedure which is inspired by ideas underlying the average rules
for cooperative TU-games of [Sugumaran, Thangaraj, and Ravindran (2013)). In a
model where utility is transferable, our interpretation of egalitarianism boils down to
equal division. However, in a coalitional game, simple equal division of the worth of
the grand coalition is not satisfactory. The egalitarian procedure models a natural
way of negotiating by members of coalitions about an egalitarian distribution of their
worth, taking into account their coalitional egalitarian externalities. This egalitarian
procedure converges to a steady state in which each player has acquired a claim at-
tainable in one or more egalitarian admissible coalitions. Using the constrained equal
awards rule, the procedural egalitarian solution allocates the worth of the grand co-
alition in an egalitarian way among the players, taking into account their claims. In
this way, the procedural egalitarian solution can be considered as a trade-off between
egalitarianism and coalitional rationality.
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Selten (1972)) showed that egalitarian allocations successfully explain outcomes of
experimental cooperative games. Experimental evidence clearly suggests that equity
considerations have a strong influence on observed payoff divisions. Coalition mem-
bers look for easily accessible cues like equitable shares in order to form aspiration
levels for their payoffs (cf. [Selten (1987))). The egalitarian procedure seamlessly con-
nects this phenomenon with transferable utility games.

This chapter is organized in the following way. Section formally introduces
the egalitarian procedure and studies its underlying structure. In Section [7.3] we
introduce the procedural egalitarian solution, derive some of its properties, and show
that it coincides with the egalitarian solution of Dutta and Ray (1989)) on the class

of convex games.

7.2 The egalitarian procedure

In this section we introduce the egalitarian procedure for transferable utility games.
This iterative procedure models negotiations between members of coalitions about the
allocation of their worth, taking into account their coalitional egalitarian externalities.

We formally define the egalitarian procedure after an illustrative example.

Example 7.1

Let N = {1,2,3} and consider the game v € TU" for which the worth of each
coalition and the egalitarian distribution in all iterations of the egalitarian procedure
are presented in the following table.

S {1y | {2y | {8 {2y | {13} | {23} [ {1,2,3}

v(9) ) 0 0 8 0 0 9
XH(S) (@,5-) | (50,5) | (50) | (4,4,-) | (0,-,0) | (-0,0) | (3,3,3)
Xv’2(s) (57'7 ) ('707 ) ( "?O) (5737') (57'7'5) ('7070) (5?272)
X"2(S) (5,5) | (3,) | (0) | (5,3,4) | (5,:-5) | (+3:-3) | (5,3,1)
XUH(S) (k= 4) | (5, | (+3,) | (1) | (5,3,9) | (5,-,1) | (,3,1) | (5,3,1)

A natural way to start negotiating about the allocation of the worth of a coalition
among its members is to divide it equally, i.e. in the first iteration, the egalitarian
distribution y”! allocates in any coalition S € 2V \ {(} the average worth ”‘(TS‘) to each
member ¢ € S. Players can only claim their highest allocated payoff if no other mem-
ber of the corresponding coalition is allocated a higher payoff in any other coalition.
All such players constitute the set of egalitarian claimants P%! with corresponding
claims v%!, and the coalitions in which they obtained their claims are contained in

the collection of egalitarian admissible coalitions A"!.
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The highest payoff allocated by x**! to player 1 is 5 in coalition {1}, which player 1
can claim since this coalition contains no other members. The highest payoff allocated
to player 2 is 4 in coalition {1,2}, which player 2 cannot claim since player 1 is
allocated a higher payoff in another coalition. The highest payoff allocated to player
3 is 3 in coalition {1,2,3}, which player 3 cannot claim since players 1 and 2 are
allocated a higher payoff in other coalitions. This means that the set of 1-egalitarian
claimants is given by P! = {1}, the corresponding vector of l-egalitarian claims
is given by 7! = (5, -, ), and the collection of 1-egalitarian admissible coalitions is
given by A»! = {{1}}.

In the next iteration, the claimants claim their egalitarian claim in any coalition of
which they are member and %2 divides the remaining worth equally among the other
members. The claimants in P"? and their corresponding claims v are constructed
similarly to the first iteration, and A2 contains the coalitions in which all members
can obtain their claims. In this way, the players continue negotiating in further
iterations. Note that, once a player has acquired an egalitarian claim, it remains
fixed in all further iterations.

In particular, the highest payoff allocated by x%? to player 2 is 3 in coalition
{1, 2}, which player 2 can claim since no other member is allocated a higher payoff in
any other coalition. The highest payoff allocated to player 3 is 2 in coalition {1, 2,3},
which player 3 cannot claim since player 2 is allocated a higher payoff in another
coalition. This means that P*? = {1,2}, v»? = (5,3,), and A"? = {{1},{1,2}}. In
the third iteration, the highest payoff allocated by x¥* to player 3 is 1 in coalition
{1,2, 3}, which player 3 can claim. This means that P"3 = {1,2,3}, 3 = (5,3, 1),
and A% = {{1},{1,2},{1,2,3}}. In all further iterations, all players are allocated
their claims in all coalitions of which they are member and the collection of egalitarian

admissible coalitions remains unchanged. A

Definition (Egalitarian Procedure)

Let v € TUY be a transferable utility game. The set of 0-egalitarian claimants is
given by P = (). Let k € N. The k-egalitarian distribution x** assigns to each
S € 2N\ {0} the payoff allocation x"*(S) € R given by

ALkl for all i € SN Puk—1

v(S)= " v,k—1 AUkt . _
‘g\sgfk_l‘ . for all i € '\ PvF=1.

X;*(S) =

The collection of k-egalitarian admissible coalitions is given by A = {S € 2NV \ {0} |
Yies XU (S) = v(S), ViesVreovicr © X\ (T) < xVF(S)}. The set of k-egalitarian
claimants P** € 2V \ {0} is given by P"* = Jgc 40k S. The vector of k-egalitarian
claims v*F € RP"™" is given by 4% = y"*(9) for all i € P"* where S € A"* and
i€ S.
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The payoff x?*(S) allocated to a player i € S\ P**~! is the average remaining
worth of S € 2V \ {0}. In the first step, the worth of each coalition is equally dis-
tributed among its members. A coalition is called admissible if all its members are
allocated their highest payoff. The players which are member of these egalitarian ad-
missible coalitions are called claimants and their allocated payoffs form their claims.
Although egalitarian admissible coalitions need not be unique, the egalitarian claims
of their members are uniquely defined. In the next iteration, the claimants are allo-
cated their claims and the other players are allocated the average remaining worth in
all coalitions. A typical observation is that the egalitarian distribution is in general
overefficient, i.e. it allocates at least the worth of a coalition.

Lemma 7.2.1
Let v € TUY and let S € 28 \ {0}. Then Y,csxV*(S) > v(S) for all k € N.
Moreover, if S € P**=1 for some k € N, then Y,cs X" (S) = v(5).

Proof. We show the statement by induction. Since P*? = (),

ieS ieS\Pv:0 ieS

Let k € N and assume that ,cq xV*(S) > v(S). If S C P**, then

STAPFHS) = oA > SO xR(S) > 0(9).

i€S i€S i€S

If S ¢ PU* then

S = X TS+ X xS

ies iesSnpv.k i€S\ Pvok
v,k

= Z 7?”1“ + Z U<S) — Z]’GSF\PWc Y

iesnpuk i€S\ Pk |5\ Pok|
v,k

— Y s po [ UL Buesome
icsnpuk 1S\ Pk

= STRAIRI 1) B S
ieSNPvk jeSmPu,k

= v(S).
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Only coalitions for which the egalitarian distribution allocates exactly the worth
among its members can be egalitarian admissible. The question arises whether ega-
litarian admissible coalitions exist in all iterations for any transferable utility game.
We show that in all iterations of the egalitarian procedure at least one additional
player becomes an egalitarian claimant as long as the collection of egalitarian ad-
missible coalitions is not a cover, which implies that egalitarian admissible coalitions

indeed always exist.

Lemma 7.2.2
Let v € TUY and let k € N. Then A"F C A**1. Moreover, if P**~1 # N, then
Pv,k—l C P“’k.

Proof. Let S € A**. Then S C P** and

SoXITHS) =20 = o (S) = w(S).

€S €S (sh

Moreover, xV*(T) < x**1(S) for all i € S and any T € 2~ for which i € T. This
means that S € AVF+1. Hence, AVF C AV*+L,

Assume that PVF~! £ N. Let S € 2 with S € P"*~! be a coalition with highest
average remaining worth. Then Y, x"(S) = v(S) by Lemma Moreover,
XF(T) < xPF(S) for all i € S and any T € 2V for which i € T. This means that
S € A”* and S C PY*. Hence, P¥*~1 C Pv*. O

Lemma not only tells us that egalitarian admissible coalitions always exist,
but also that the collection of egalitarian admissible coalitions weakly expands in
all iterations. The structure of this collection is determined by the structure of
the underlying transferable utility game. Well-known properties for TU-games have
interesting implications for the structure of the collection of egalitarian admissible
coalitions in all iterations. We derive those implications for superadditive, convex,
and balanced transferable utility games.

Proposition 7.2.3
Let v € TUY and let k € N.

(i) If v is superadditive, then SUT € A"F for all S, T € A%* for which SNT = {).

(ii) If v is convex, then SUT € A"F and SNT € AVF for all S, T € A** for which
SNT #0.

(iii) If v is balanced, then N € AVF if there exists a balanced collection B C AVk.
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Proof. ( . Assume that v is superadditive. Let S T € A”* be such that SNT = ().
Then Yicsur XVF(SUT) > v(SUT) by Lemma , and

v(SUT) >wv(S)+v(T)

= > M) + o)
€S €T

>SS UT) + S M S UT)
€S €T

= > xf(sum)
1€eSUT

>ou(SUT).

This means that ZZGSUT XFSUT)=0(SUT), x5*(SUT) = x%"(S), and
¥ (SUT) = x4 (T). Hence, SUT € A",

Assume that v is convex. Let S,T € A%* be such that SN T # (. Then

Siesur V(S UT) > 0(SUT) and Siesnr xJF(SNT) > (S N T) by Lemma [7.2.1]
and
v(SUT)+ov(SNT) > U(S) —l— U(T)
Z )+ > XM
€S €T
= Z S Dl
€S €T

= > Wt X A
€eSUT eSNT
> S APRSuUT) + Y RSN T)

1ESUT 1eSNT
>v(SUT)+ov(SNT).

This means that > ;cqur X; (S UT)=ov(SUT) and ZzeSﬂT XF(SNT) =v(SNT).
Moreover, x4 (SUT) = ~v5h and x55,(S NT) = 445, Hence, SUT € A" and
SNT e A"*.

Assume that v is balanced. Let B C AY* be a balanced collection and let § :
B — R, be such that Ygepics6(S) =1 for all i € N. Then Yy X\ (N) > v(N)

by Lemma [7.2.1} and

N) > 3 6(S)u(S) =353 =30 T SSNMS)
SeB SeB €S i€eN SeB:ieS
>3 Y SN = SARIN) YD 6(S) = Y (V) > w(N).
€N SeB:eS iEN SeRB:es iEN

This means that ;e X2 (N) = v(N) and x?*(N) = x*(S) for all i € N and any
S € B for which i € S. Hence, N € A"F. H
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The egalitarian procedure is an egalitarian bargaining model that takes partici-
pation constraints explicitly into account. The egalitarian admissible coalitions can
be considered as the coalitions in which members prefer to participate, concerning
the corresponding allocation prescribed by the egalitarian distribution. This consi-
deration suggests that the assigned allocation, consisting of the egalitarian claims for
all members, is stable against subcoalitional deviations. Indeed, the vector of egali-
tarian claims corresponding to the members of an egalitarian admissible coalition is

an element of the core of the induced subgame.

Proposition 7.2.4
Let v e TUY and let k € N. Then v5" € C(vg) for all S € A"F.

Proof. Let S € A"*. Then

7= 20X (S) = 0(S) = vs(S).

ieS i€S

Moreover, by Lemma [7.2.1]

SR = 3T 0R(8) > 3T xF(R) > w(R) = vs(R)

i€R i€R i€R
for all R € 2°. Hence, 72" € C(vg). O

The egalitarian procedure reaches a steady state when the collection of egalitarian
admissible coalitions is a cover, i.e. all players have become egalitarian claimants.
By Lemma [7.2.2] the egalitarian procedure converges to this steady state within a
number of iterations which is bounded by the number of players in the underlying

transferable utility game.

The players stop negotiating when they all have acquired an egalitarian claim.
Although this egalitarian claim is bounded from below by the individual worth of the
player, it is possibly negative. In any case, the egalitarian claims can be obtained
in one or more egalitarian admissible coalitions. They form aspiration levels for the
allocation of the worth of the grand coalition. A special situation arises when the
grand coalition is egalitarian admissible. In the next section, we further describe the
egalitarian steady state and define the procedural egalitarian solution which allocates
the worth of the grand coalition in an egalitarian way among the players, taking into
account their (generally overefficient) egalitarian claims.
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7.3 The procedural egalitarian solution

In this section, we introduce the procedural egalitarian solution for transferable utility
games. This solution is based on the egalitarian steady state to which the egalitarian
procedure converges.

Definition

Let v € TUY be a transferable utility game. The iteration n” € {1,...,|N|} is given
by n’ = min{k € N | P** = N}. The vector of egalitarian claims 7° € RY is given
by 3% = 4*"". The collection A" C 2V \ {0} is given by A” = {S € A" | Vipe gounv
S ¢ T}. The set of strong egalitarian claimants D? € 2V is given by DV = Ngeav S

Note that 3;cs 32 > v(9) for all S € 2V and A" = {S € 2N\ {0} | T;es7? = v(S)}.
Players can obtain their egalitarian claim in the egalitarian admissible coalitions of
which they are member. We only consider the inclusion-wise maximal egalitarian
admissible coalitions. Players which are member of all maximal egalitarian admissible
coalitions are called strong egalitarian claimants. The procedural egalitarian solution
assigns to the strong egalitarian claimants their claims and divides the remaining
worth of the grand coalition among the other players according to the constrained
equal awards rule, the standard concept of egalitarianism in the context of bankruptcy

problems with transferable utility.

Definition (Procedural Egalitarian Solution)
The procedural egalitarian solution T : TUY — RY is the solution which assigns to
any v € TUY the payoff allocation

£0) = (3 CBAW: (400 = 3 323000 ) )
i€Dv
Note that the procedural egalitarian solution is well-defined by extending the
domain of CEA to bankruptcy problems with negative estate or claims and allowing
0" N 2iepe W 1o take a negative value for any v € TUY.

Example 7.2
Let N = {1,2,3} and consider the game v € TU" from Example [7.1, Then n® = 3,
7 = (5,3,1), A" = {N}, and D’ = N. Hence, ['(v) = (5,3, 1). A

As in Example[7.1Jand Example[7.2] an interesting situation arises when the grand
coalition is egalitarian admissible and all players are strong egalitarian claimants.
We introduce the notion of egalitarian stability to describe these games and we show
that egalitarian stability characterizes the class of games for which the procedural

egalitarian solution is a core element.
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Definition (Egalitarian Stability)
A transferable utility game v € TUY is egalitarian stable if A* = {N}.

Theorem 7.3.1
A transferable utility game v € TUY is egalitarian stable if and only if ['(v) € C(v).

Proof. Assume that v € TUY is egalitarian stable. Then N € A*" and D' = N.
This means that I'(v) = 7% = v*"". Moreover, Proposition implies that v €
C(v). Hence, T'(v) € C(v).

Assume that ['(v) € C(v). Suppose that v is not egalitarian stable. Then
Yien 7 > v(N) and there exists an i € N \ DV such that I';(v) < 4?. This means
that

STw) < YAY = o(S)

ieS ieS
for all S € A"™ for which i € S. This contradicts that I'(v) € C(v). Hence, v is
egalitarian stable. O

Since the collection of egalitarian admissible coalitions is a cover, convexity is a
sufficient condition for egalitarian stability by Proposition [7.2.3] Examples of convex
games are bankruptcy games. Interestingly, we show that the procedural egalitarian
solution of a bankruptcy game coincides with the constrained equal awards rule of
the underlying bankruptcy problem. This illustrates the strong connection between
the procedural egalitarian solution and the constrained equal awards rule. Besides,
it justifies the use of the latter in the definition of the procedural egalitarian solution
for transferable utility games which are not egalitarian stable.

Theorem 7.3.2
Let (e,¢) € TUBRY be a bankruptcy problem. Then I'(v®¢) = CEA(e, ¢).

Proof. Since bankruptcy games are convex, bankruptcy games are egalitarian stable

by Proposition [7.2.3 Then I'(v>¢) € C(v*°) by Theorem [7.3.1] First, we show that
['(v*¢) < ¢. Suppose that there exists an ¢ € N such that I';(v¢) > ¢; > min{¢;, e}.
Then
> i) =3 L") = Ty(v™) = v*“(N) = Ty(v")
JEN\{i} JEN

< e —min{¢,e} =v*(N\ {i}).

This contradicts that I'(v°) € C(v>°). Hence, I'(v*¢) < c.
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If Y ;encj = e, then I'(v*¢) = ¢ = CEA(e,c). Suppose that >,y c; > e. We
show that ! “'(S) < a®® for all S € 2V \ {#} and any i € S. Let S € 2V \ {} and
leti€S. If X emg s > e, then YOS = S8 — 0 < goel If >jen\s ¢ < e, then

S|
1 () = v°<(9) _ = Yjems ¢ _ Ljen CEA (e, ¢) = Yjems &
1 5] 5] 5]
< ZjGS CEAJ(67 C) < ZjGS as® _ |S’ae,c — aC.
B S| 5] 5]

Hence, x!""'(S) < a®° for all S € 2V \ {} and any i € S.

Now, let H%¢ € 2V \ {#} be defined by

He¢={i e N | CEA,(e,c) = a®“}.

Then
XPE,CJ(H&C) _ Ue,C(HC,C) _ e — ZjEN\HEvC Cj _ ZjEHe*C CEA] (@7 C)
i
|He,c ’He,c‘ He,c’
B ZjEH67C ae,c B |He,c‘ae,c e
[fee] e '

for all i € H%°. This means that I';(v>) = 7°° = 4" = "N (H**) = a°¢ for
all i € H*°. Since I'(v>°) < ¢, this implies that I'y\gec(v) = cy\pgec. Hence,
['(v°) = CEA(e, ¢). O

Example 7.3

Let N = {1,2,3} and consider the bankruptcy problem (e,c¢) € TUBR” given by
e =12 and ¢ = (2,6,8). Then CEA(e,c) = (2,5,5). The worth of each coalition
in the corresponding bankruptcy game v*¢ € TUY and the egalitarian distribution
in the first two iterations of the egalitarian procedure are presented in the following
table.

S Ay | {2y | {3y | fu2y | {13} | {23} [ {123}

e

In the first iteration, A" = {{2,3}}, P*""! = {2,3}, and 4*""! = (-,5,5). In
the second iteration, A"""? = {{2,3},{1,2,3}}, P"""? = N, and 7*""2? = (2,5,5).
This means that n*"* = 2, 3*°° = (2,5,5), A" = {N}, and D" = N. Hence,
'(v*¢) = (2,5,5). A
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Although convexity is a sufficient condition for egalitarian stability, Example [7.1
shows that this condition is not necessary. Balancedness is a necessary condition
for egalitarian stability and it is sufficient if there exists a balanced collection of
egalitarian admissible coalitions by Proposition The next example shows that
balancedness is not a sufficient condition for egalitarian stability.

Example 7.4

In a glove game v € TUY, there exist L, R € 2V \ {0} such that N = L U R and
LN R = (. Players in L are each endowed with a left-hand glove and players in
R are each endowed with a right-hand glove, but only pairs of one left-hand and
one right-hand glove have value. The worth of a coalition S € 2"V can therefore be
described by v(S) = min{|L N S|,|RN S|}. In a glove game, the egalitarian steady
state is reached in the first iteration, i.e. n” = 1. Moreover, A* = {S € 2V | v(S) =
v(N),|LNS|=|RNS|} and 3¢ = § for all i € N. This means that

L if |L] < |RJ;
DY =N if|L| = |R[;
R if|L] > |R].

This means that a glove game is egalitarian stable if and only if |L| = |R|. The
procedural egalitarian solution divides a half per pair of gloves equally among the
left-hand glove players, and the other half per pair of gloves equally among the right-
hand glove players.

Let N = {1,2,3} and consider the glove game v € TUY in which L = {1} and
R = {2,3}. The worth of each coalition and the egalitarian distribution in the first
iteration of the egalitarian procedure are presented in the following table.

S|y | {2 | 8 | {2y | {13} | {23} {123}
v(S) 0 0 0 1 1 0 1

Then A" = {{1,2},{1,3}}, P*! = N, and v*! = (%, %, 1). This means that n* =1,

27272

70 =(3.4,4), A = {{1,2}.{1,3}}, and D* = {1}. Hence, '(v) = (3,1, 1).
Besides, the Shapley value (cf. Shapley (1953)) is given by (2, %, %) and the nu-

cleolus (cf. Schmeidler (1969)) is given by (1,0,0). The egalitarian solution of |[Dutta
and Ray (1989) does not exist, since the set {z € R | zy > 1,21 4+ 22+ x5 = 1} does
not have a Lorenz maximal element. Contrary to these solution concepts, the pro-
cedural egalitarian solution treats not only the players within L or R symmetrically,
but also L and R as groups symmetrically. A
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Future research could look for a characterization of the class of egalitarian stable
transferable utility games. This will contribute to a better understanding of situati-
ons in which egalitarianism and coalitional rationality do not conflict.

Next, we discuss some properties of the procedural egalitarian solution. We show
that the procedural egalitarian solution satisfies the properties symmetry, dummy
invariance, weak strategic covariance, and aggregate monotonicity. The proof is pro-
vided in the appendix.

Proposition 7.3.3

(i) The procedural egalitarian solution satisfies symmetry.

(ii) The procedural egalitarian solution satisfies dummy invariance.
(1ii) The procedural egalitarian solution satisfies weak strategic covariance.
(iv) The procedural egalitarian solution satisfies aggregate monotonicity.

Contrary to the Shapley value (cf. Shapley (1953)) and the the nucleolus (cf.
Schmeidler (1969))), the procedural egalitarian solution does not satisfy strong strate-
gic covariance. We refer to Dutta and Ray (1989) for a discussion on why egalitarian
solution concepts actually should fail to satisfy this strong property.

Megiddo (1974)) showed that the nucleolus does not satisfy aggregate monotoni-
city. [Young (1985)) showed that the Shapley value is the unique solution satisfying
symmetry and marginal monotonicity. This means that the procedural egalitarian
solution does not satisfy marginal monotonicity. The following example shows that
the procedural egalitarian does not satisfy coalitional monotonicity either.

Example 7.5

Let N = {1,2,3} and consider the game v' € TU" for which the worth of each
coalition and the egalitarian distribution in the first two iterations of the egalitarian
procedure are presented in the following table.

S| [ | e [ 2 [ (L | {23} | {123} ]
v'(S) 5 0 0 10 0 0 9

In the first iteration, AY>' = {{1},{1,2}}, P""! = {1,2}, and *"! = (5,
the second iteration, A”"? = {{1},{3},{1,2}}, P?> = N, and 4*"? = (5,5,
means that n = 2, 3% = (5,5,0), A" = {{3},{1,2}}, and DY = 0. Hence,

T(W) = (4%, 4%,0).
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Consider the game v € TUY from Example and Example We have
v({1,2}) <v'({1,2}) and v(S) = v'(S) for all S € 2% for which S # {1,2}. However,
[193(v) £ Tpigy(v'). Hence, the procedural egalitarian solution does not satisfy
coalitional monotonicity. A

Besides, contrary to both the Shapley value and the nucleolus, the procedural
egalitarian solution prescribes equal division of the worth of the grand coalition when
the grand coalition has highest average worth, i.e.

o(V) o (oY)
< N )iEN € C(v) implies that I'(v) = ( N )iEN.

Finally, we show that the procedural egalitarian solution coincides with the ega-
litarian solution of Dutta and Ray (1989) on the class of convex games.

Definition (Egalitarian Solution of Dutta and Ray (1989)))

Let v € TUY be a convex transferable utility game. Let vy = v and 7T v = (. For any
k € N, let vy assign to each S C N \ (U*Z3 T?) the worth v, (S) = vp_1(SUTY ;) —
vp_1(TY_,) and let TP € 2V \ {0} be the largest coalition having the highest average
worth in v,. Let ¢ € N and let £ € N be such that ¢ € TY. The egalitarian solution

ES is given by ES;(v) = UTﬁ’f)
k

Theorem 7.3.4
The procedural egalitarian solution coincides with the egalitarian solution of |[Dutta

and Ray (1989) on the class of conver games.

Proof. Let v € TU" be a convex transferable utility game. Since v is egalitarian
stable, '(v) = AY. First, we show by induction that vy(S) = v(S U P»*1) —
> jepuk—1 7}9”“_1 for all k € Nand any S C N \ (U"Z} 77). We have
01(S) = vo(SUTY) — vo(Ty) = v(S) —v(0) = v(S) =v(SUP?) - Y 7;-”0
jepv,o
forall S C N.

Let & € N and assume that v(S) = v(S U P 1) — 3 puk ”y}”kil for all
S C N\ (UZ TY). Then

V1 (S) = v (S UTY) — vp(T})
= U(S uTy U Pv’k_l) — Z 7;%’“_1 _ ’U(T]: U Pv,k—l) + Z ,y;;,k—l
jepvk-l jepv.k—1
v(S U P"F) —u(PYF)
=u(SUP) — N A0k

J
jepv,k

for all S C N\ (U*_, TV), where the last equality follows from Proposition m
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Hence, v,(S) = v(S U P 1) — 3 puse fy;”kfl for all £ € N and any S C
N\ (U*Z) TP). This means that 77 = P*\ P**~! for all k € N and ES;(v) = 7Y for
all i € P**. Hence, ES(v) = I'(v). O

This means that the procedural egalitarian solution for convex games is axio-
matically characterized by Dutta (1990), Klijn, Slikker, Tijs, and Zarzuelo (2000),
and |Arin, Kuipers, and Vermeulen (2003). Future research could look for properties
which extend axiomatic characterizations of the procedural egalitarian solution for

convex games to a more general class of games.

7.A Appendix

Proposition [7.3.3]

Proof. (i) Let v € TUN and let i,j € N be such that v(S U {i}) = v(S U {j}) for all
S C N\ {i,j}. First, we show by induction that x"*(S U {i}) = X;”k(S U{j}) and
RS U{i}) = xiF(SU{j}) for all k € N, any S € 2V for which i,j € S or 4,5 ¢ S,
and any h € S. Then

v(SU{i})
[SU{i}]
v(SU{j})

=T = XJHSULh = xS Ui}

Xi (SU{i}h) =X (SU{i}) =

for all S € 2V for which i,j € Sori,j ¢ S, and any h € S.

Let k € N and assume that x"(S U {i}) = Xg’k(S U {j}) and x2*(SU{i}) =
XoF(S U {5}) for all S € 2V for which i,j € S ori,j ¢ S, and any h € S. Then
Su{i} € A*" if and only if SU {j} € A"F for all S € 2V for which i,j € S or
i,j ¢ S, which means that ¢ € P** if and only if j € P**. Moreover, 4" = yf’k if
i,7 € P**. We have

v,k Lo v,k
o if 1 € P,

v,k+1 Y ¢
Xi (S U {Z}) = U(Su{i})*zpesmpmk ok £ & Pk
[(SC\PP ] if i ¢
,y?,k lfj S Pv,k;

. J
i EGE L SFEE

[SOGNVPF]
= xS U {5}
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and
if h € PvF;
v,k+1 )
Xi" (S UL su{ h- b
Datsaor 71 g g po
{ it h e PUk;
(Su{s}) apok B ok
s if h ¢ P

=" (SuU {5}

for all S € 2V for which i,j € S ori,j ¢ S, and any h € S. Hence, x"*(SU {i}) =
XF(S U {5} and xp"(S U {i}) = xp*(SU{j}) for all k € N, any S € 2V for which
i,jeSori,j¢ S, andany h € S.

Then S U {i} € A" if and only if SU {j} € A" for all S € 2" for which i,j € S
or 1,7 ¢ S, which means that ¢ € D" if and only if j € D”. Moreover, 7 = 7. This
implies that

) {ag itie D
CEA; (U(N) — 2keDr %ﬁ}]\f\m) ifi ¢ D"
- {a; it j € DY,
CEA; (U(N) — 2keDr %ﬁ}}vwv) if j ¢ D*
=I;(v).

Hence, the procedural egalitarian solution satisfies symmetry.

Let v € TUY and let i € N be such that v(S U {i}) = v(S) + v({i}) for all
S C N\ {i}. Then

v(S\{i}) =v(S) —v({i}) = > 7] —v({i}) = D7) - = Z\:{}%’ZU(S\{Z})
jes jES FES\{i

for all S € A*™" for which 7 € S. This means that 7Y = v({i}). Then

v(SU{ih) =v(S) +o{ih) =277+ = X
jeS jeSuU{i}
for all S € A*"" for which ¢ ¢ S. This means that SU {i} € A" for all S € A"™".
This implies that ¢ € DY, so I';(v) =47 = v({i}). Hence, the procedural egalitarian
solution satisfies dummy invariance.
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Let v,v' € TUY, let o € R, and let # € R be such that v(S) = av'(S)+p]9|

for all S € 2V. First, we show by induction that x**(S) = ax?*(S)+ 3 for all k € N,
any S € 2V \ {0}, and any i € S. We have

v(S) o' (S)+BIS|  v'(S)

v,1
wi(s) = 28 _ G
(5)= 5] 5]

+B8=ax!""(9)+ 5

for all S € 2V \ {0} and any i € S.

Let k € N and assume that x"*(S) = ax?*(S) + 3 for all § € 2V \ {0} and
any i € S. Then A" = A" which means that P"* = P""*. Moreover, 7** =
(ory}’l’k + B)jepvx- We have

bl o if i € PvF;
Z” (S) - ’U(S)—Z S ka’yl‘)’k . . k
Aper —— Afig PY
/,k} . . / .
avy; "+ 3 if i € PV,
) @ SHBISI-Y gnpur (@) B ,
e T
oz%p/’k + 3 if i € PY*,
B PR D o
@ %\EPSBE P48 ifig Pk

= ax{ "(S) + 8

for all S € 2¥\ {0} and any i € S. Hence, x"*(5) = ax’*(S) + 8 for all k € N, any
S € 2N\ {0}, and any i € S.
Then n* = n* and A® = /T”’, which means that D¥ = D". Moreover, 3° =

(oﬁy}-’/ + B)jen. This implies that

Ti(v) = {W nre b
CEA; (v(N) = Sjeps %, Ak pe)  if i ¢ D*

- {0@545 iti e DY,
B CEA; (OW/(N) + /8’N| - ZjeDv’ (Cﬁ}j, + B)» (Oﬁ}/ + B)jeN\Dv’) if 4 @é D"
B {o@fbrﬁ if i € DV;
| CBA; (a(v/(N) = Syepw 7)) + BIN\DY|), (03" + Bjenper) if i ¢ DY
B oY + B if i € DV';
- {aCEAi (v/(N) = Zjepv AV %'\Du/) +5 ifi¢ D”
= al;(v') + 8

for all 7« € N. Hence, the procedural egalitarian solution satisfies weak covariance.
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First, we show that x"""'(S) < x?*(S) for all v € TUY, any k € N, any
i € N\P"* and any S € 2" for whichi € S. Let v € TUY let k € N, let i € N\ P"*,
and let S € 2V be such that i € S. Then i ¢ P**~! by Lemma and

v+ v(S) — X jesnpk ’Y;’k

X’L (S) = |S\Pv’]€|
v(S) — jesnpok-1 ”Y;')’k — D jeSn(Pvik\ Pk ’Y;’k
|5\ PU|
U(S) B ZjeSmPvak—l 'Y;’k_l - ZjeSm(Pv»k\Pv»k—l) X;’k(s)
S\ P
_ISNPYENG(S) — IS0 (PR PR GH(S)
|5\ PH|

<

S\ PUERERS)
S\ P

=" (9).

Hence, x"*™(S) < x"*(S) for all v € TUY, any k € N, any i € N\ P"*, and any
S € 2N for which i € S. This also means that, for all v € TUY and any k € N,
YWP < APF for all i € PY*\ P! and any j € PU* for which i,j € S for some
S € AvF. In other words, for all v € TUY and any ¢ € N, there is a coalition

S e A" for which 47 <77 for all j € S.

Now, let v,v" € TUY be such that v(N) < v'(N) and v(S) = v/(S) for all S C N.
We show by induction that, for all k € N, 4¥'* > 3¥ if N € A"* and 7;’/7’“ =77 for
alli € PUFif N ¢ A"k If N € AY!, then

vl v, 1 v',1 U/(S) U(S> v,1
YT =X (N) =X (S) = > =Xi
() (S) 5] 5]

2

(8) = xi*(8) =" =47

for all i € N, where S € 2V and k € N are such that i € SN (P%*\ P**~!) and
S e A"F If N ¢ AV, then

wipey _ U(S) _V(S) _

_ _ V(T)

T

U(T) v 1

(5) > xi"(T) = =X

>

for all S € AY"! any i € S, and any T € 2V for which i € T, which means that
AV C AP and 47t = 4Pt = A7 for all i € PV
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Let k € N and assume that vV'* > 3% if N € A""*, and fyfl’k =AY for all i € PVF
if N ¢ Ak If N € A% then N € AV"*+! by Lemma and VAL = vk > A,
Suppose that N ¢ AY*, Then R A¥ for all i € PU"* and

v'(S) - 2 jesnpvk 7;') * v(S) — 2jesnpk f
|5\ Pk - |5\ Pk

> =

jes\{i}

72)/’]@+1 > X’U kJrl(S) —

for all i € P11\ P"F where S € A" is such that 57 < 7% for all j € S. If
N € AY"F+1 this means that 4V"%+1 > 3° If N ¢ AY#*1 then

S S YA 0(S) = v(S)
€S ieS
for all S € AY#*! which means that VR — 3 for all i € PY*1. Hence, for all
keN, 4% >3vif N e A"F and 7F = a;) for all i € PY"F if N ¢ A"
In particular, 7% = fy”/’”“, >AVitN € A”/’"UI, and 7V = 'y”/’”vl =AYif N ¢ A”/’”U/.
This means that T'(v') =A% > 4% > I'(v) if ¢’ is egalitarian stable, and

F( /) = (’YDUHCEAN\D“ (U/ Z 77, 7,}/N\Dv ))

ieDv’

= (’YDv,CEAN\Dv ( , )— Z ;}\/lv,;%{[\DU>>
€DV
< EAN\Dv <U(N) - Z %jﬁxr\m>>
€DV
=T(v

if v’ is not egalitarian stable. Hence, the procedural egalitarian solution satisfies
aggregate monotonicity. O






Egalitarianism in

Nontransferable Utility Games

8.1 Introduction

This chapter, based on |Dietzenbacher, Borm, and Hendrickx (2017h)), focusses on
egalitarianism in the context of nontransferable utility games. In a general payoff
space where utility levels are individually measured, egalitarianism cannot be applied
straightforwardly. To do so, it is necessary to impose assumptions which allow to
compare utility not only intrapersonally, but to some extent also interpersonally. In
a general allocation problem, a natural and helpful operation is normalization. In
particular, zero-normalization requires transforming individual utility in such a way
that allocating nothing corresponds to a utility level of zero. In other words, a payoff
of zero utility generates the same well-being for an involved agent as the event in
which the allocation problem is not solved. This implies that, in case of allocating
revenues, it is convenient to restrict to feasible payoff allocations that are nonnegative.

After zero-normalization, the zero vector plays a fundamental role. There, agents
are comparable in terms of well-being and the allocation is in that sense egalitarian.
The zero vector actually serves as a benchmark for egalitarian allocations. However,
in order to study efficient egalitarianism, this single point is not sufficient. For this, at
least a second reference point is necessary. The maximal individual payoffs within the
feasible allocations, or utopia values, constitute a natural candidate. There, agents
are comparable in terms of maximal satisfaction on the basis of feasible allocations
and the corresponding vector of utopia values is in that sense egalitarian. The utopia
vector relative to the zero vector can be interpreted as an egalitarian direction. It is
important to note that this direction and the subsequent results are covariant under
individual rescaling of utility.

127
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In a cooperative game, solutions focus on allocations for the grand coalition while
taking the opportunities of subcoalitions into account. To allow for an appropriate
egalitarian comparison of subcoalitions, it is required to consistently apply a fixed
interpretation of egalitarianism. Therefore, the utopia values of the grand coalition
are used as a common benchmark within any subcoalition. Applying this approach
to nontransferable utility games, we define an egalitarian procedure in which players
iteratively consider their egalitarian opportunities within subcoalitions in a similar
way as in the previous chapter. We introduce the constrained egalitarian solution
for nontransferable utility games which takes the result of this egalitarian procedure
into account to prescribe a unique egalitarian allocation for the grand coalition. The
constrained egalitarian solution generalizes the nonnegative procedural egalitarian
solution for transferable utility games.

We compare the constrained egalitarian solution with other well-known solution
concepts for nontransferable utility games like the Shapley value (cf. |[Shapley (1969)),
the Harsanyi value (cf. Harsanyi (1963))), and the monotonic solution of [Kalai and Sa-~
met (1985) using the famous examples introduced by Roth (1980)) and [Shafer (1980).
Contrary to the other solution concepts, the constrained egalitarian solution exactly
prescribes the allocation which was proposed by |[Roth (1980)). Moreover, it neatly
follows the line of reasoning stated by [Shafer (1980)).

Interestingly, we show that the constrained egalitarian solution of a bankruptcy
game corresponds to the constrained relative equal awards rule of the underlying
bankruptcy problem. This illustrates the strong connection between the constrained
egalitarian solution and the constrained relative equal awards rule. On the class of
bargaining games (cf. Nash (1950))) corresponding to bargaining problems with the
zero vector as disagreement point, the constrained egalitarian solution corresponds to
the solutions introduced by Kalai and Smorodinsky (1975)) and Kalai and Rosenthal
(1978). For bargaining games with nonzero disagreement point, it is illustrated that
the constrained egalitarian solution offers a new, interesting way to solve bargaining
problems.

This chapter is organized in the following way. Section formally introduces the
constrained egalitarian solution and the underlying egalitarian procedure. Section
studies the new solution for the Roth-Shafer examples. In Section and Section
B.5] the constrained egalitarian solution is analyzed on the class of bankruptcy games
and the class of bargaining games, respectively.
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8.2 The constrained egalitarian solution

In this section, we introduce the constrained egalitarian solution as an egalitarian so-
lution concept for nontransferable utility games. The constrained egalitarian solution
is based on an egalitarian procedure in which coalitional opportunities are explicitly
taken into account. By applying the utopia values of the grand coalition as an ega-
litarian direction in any subcoalition, the procedure starts assigning to any coalition
the maximally feasible egalitarian allocation. Players can fix their allocated payoff
in a coalition if no member is allocated a higher payoff in any other coalition. These
players would still be willing to cooperate within other coalitions provided that they
are compensated. Therefore, they claim their fixed payoff in any coalition and the
other members are assigned the maximally feasible egalitarian allocation. This itera-
tive procedure continues and eventually all players acquire a claim which is attainable

in at least one coalition.

Definition (Egalitarian Procedure)
Let V € NTU" be a nontransferable utility game such that V() is nontrivial. The
set of 0-egalitarian claimants is given by PY'0 = (. Let k € N. The k-egalitarian
distribution x"* assigns to each S € 2V \ {0} the payoff allocation x'*(S) € RY
given by

XE(S) = (vempva-n (S ug prir ) »

where A\V* assigns to each S € 2V \ {0} for which S ¢ PV*~! the scalar

max{t € Ry | (y5htems, tuline ) € WP(V(S))}
AVF(S) = if (Yo 1, O pvin1) € V(S);
0 if (’Ygﬁ};\},kfh()S\PVvk*l) ¢ V(S)

The collection of k-egalitarian admissible coalitions is given by
AVE = {8 € 28\ {0} | x"M(S) € WP(V(8)), Vies¥reavier : i (1) < x1*(S)}.
The set of k-egalitarian claimants PV'F € 2V \ {D} is given by PV*F = (Jgeavie S. The

vector of k-egalitarian claims V% € R is given by ~" = x!"*(S) for all i € PV,
where S € AVF and i € S.

Later, we show that this procedure is well-defined. First, we provide an illustrative
example.
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Example 8.1
Let N = {1,2,3} and consider the game V € NTU" given by

V{1 = {zeR{ |z <4};

v{2}) = {z eRP |z <1};

V({3}) = {z eRP |z <0};
{12})2{$€R{12}‘x1<4x2<2}
{13})2{$€R{13}‘x1<2x3<2}

2,8}) = {z e R | 20, + 5 < 4}
({1 3} = {xeRf’Q’g}‘2x1—|—2x2—|—x3§12}.

Then V™) = (6,6,12). The egalitarian distribution in all iterations of the egalitarian
procedure is presented in the following table.

S {1y | {2y | {3 {2 | {13} | {2,3) | {1,2,3}

XVJ(S) (47 ) ) (717 ) ('7'70) (2’27') (17 ’2) (’7172) (27274)

X"2(8) (4,5) ] (1) | (550) | (4,2, | (4,5,0) | (1,2) | (4,1,2)

XV,3(5') (47 ) ) (727 ) ('7'7Q) (4727') (4>'a0) ('7279) (47279)

XVk(S) (k > 4) ( ) ( 2, ) ('7 '>O) (4727 ) (47 '70) ('7270) (47270)
In the first iteration, AV = {{1}}, P! = {1}, and 4¥"! = (4,-,-). In the second

iteration, AV? = {{1},{1,2}}, P¥? = {1,2}, and v¥*? = (4,2,-). In all subsequent
iterations & > 3, A"* = {{1},{3},{1,2},{2,3},{1,2,3}}, P"*" = N, and 4"* =
(4,2,0). A

Lemma 8.2.1
Let V € NTUY be such that V(N) is nontrivial and let S € 2N\ {0}. Then xV*(S) €
WUC(V(S)) for all k € N.

Proof. We show the statement by induction. Suppose that x"*'(S) ¢ WUC(V(.9)).
Then there exists an x € V() for which x > x"*1(S). Since V(S) is comprehensive,
this means that there exists a y € V(S) with y > x"1(S) for which y = tug(N) for
some t € R,. Since PV = (), this means that ¢ > A\"!(S), which contradicts the
definition of AV"1(.S). Hence, x""1(S) € WUC(V(S)).

Let k € N and assume that x""*(S) € WUC(V(9)). If S C PV* then x""*1(9) =
e > VE(S), so xVEHL(S) € WUC(V(S)). Assume that S € PY* and suppose that
xVFL(S) ¢ WUC(V/(S)). Then there exists an x € V(S) for which z > yV*+1(S).
Since V(S) is comprehensive, this means that there exists a y € V(S) with y >
XVEFL(S) and y # xV*T(S) for which y = (7gfpvﬁk,tug\(g‘),ﬂk) for some t € R,.
This means that ¢ > A\V¥¥1(.S), which contradicts the definition of \V"*1(.S). Hence,
xVFFL(S) € WUC(V(S)). O
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Lemma [8.2.1] shows that the egalitarian distribution generally assigns an overef-
ficient allocation to each coalition. Only coalitions which are assigned an efficient
allocation can be egalitarian admissible. There, members fix their allocated payoff
and claim it in all further iterations. Efficiency can only be achieved when it is pos-
sible to allocate to the egalitarian claimants which are member of the coalition their
corresponding egalitarian claims. Formally, for all S € 2V \ {#} and any k € N,
xVE(S) € WP(V(9)) if and only if (’Y;/Ffp_‘}yk,l,OS\Pv,kfl) € V(S). In particular, this
means that the egalitarian distribution assigns in the first iteration an efficient allo-
cation to each coalition.

To an egalitarian admissible coalition, the egalitarian distribution assigns an effi-
cient allocation for which no member is allocated a higher payoff in any other coali-
tion. This suggests that the payoff allocation is an element of the core. Indeed, for
each egalitarian admissible coalition, the corresponding vector of egalitarian claims

is a core element of the induced subgame.

Proposition 8.2.2
Let Ve NTUY be such that V(N) is nontrivial and let k € N. Then v¢* € CW (V)
for all S € AVF.

Proof. Let S € AY*. Then fy‘s/’k = xV*(S) and xV*(S) € Vs(S). Suppose that
v¢* & CW(Vs). Then there exists an R € 25\ {0} for which v;* € V5(R)\WP(Vs(R)).
We have v5" = x15"(S) > xV"*(R). Since Vg(R) is comprehensive, this means that
XV*(R) € Vs(R)\WP(Vs(R)). This contradicts Lemmam Hence, 75" € CV(Vs).

[

The question arises whether egalitarian admissible coalitions and egalitarian clai-
mants exist in every nontransferable utility game. Are players always able to acquire

an egalitarian claim? The answer is affirmative.

Lemma 8.2.3
Let V€ NTUY be such that V(N) is nontrivial and let k € N. Then AVF C AVF+1,
Moreover, if PV*=1 £ N, then PV'F=1 c PV,

Proof. Let S € AV*. Then xV*(S) € WP(V(S)), S C PV*, and xVF+1(S) = 4"
x"#(S). This means that x"**1(S) € WP(V(S)) and x!* 1 (T) = 7% < /1 (9)
for all i € S and any T € 2V for which i € T, so S € AV**1. Hence, AVF C AVK+L,

Assume that PV*~1 £ N Let S € 2V with S € PV*~! and (V}q/r’f;},k—n Og\pvi-1) €
V(S) be a coalition such that AV'*(S) equals the highest A\V**(R) over all coalitions
R € 2N with R ¢ PVF~1. Then xV*(S) € WP(V(S)) and x,"(T) < x}"*(S) for all
i € S and any T € 2" for which i € T. This means that S € AY* and S C PV*,
Hence, PV'F=1 ¢ PVk, O
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Lemma shows that the collection of egalitarian admissible coalitions weakly
expands in each iteration and eventually covers all players. Interestingly, some well-
known properties for nontransferable utility games have implications for the relation

of the collections of egalitarian admissible coalitions in two subsequent iterations.

Proposition 8.2.4
Let V € NTUY be such that V(N) is nontrivial and let k € N,

(i) IfV is superadditive, then SUT € AV**L for all S, T € AV* for which SNT = ().

(ii) If V is ordinal convex, then SUT € AV ! or SNT € AV for all S, T € AVF
for which SNT # (.

(iii) If V is coalitional merge convex, then SUT € AVF*L for all S, T € AVF,
(iv) If V is balanced, then N € AV**1 if there exists a balanced collection B C AV*.

Proof. Assume that V is superadditive. Let S,T € A"* be such that SNT = 0.
Then v¢* € V(S) and 7y € V(T). Since V is superadditive, this means that
vk € V(SUT). By Lemma R.2.1] V(S UT) € WUC(V(S UT)). Since
XS UT) = A&, this implies that xV**(SUT) € WP(V(S UT)). Hence,
SUT € AVk+L,

Assume that V is ordinal convex. Let S,T € A"* be such that SNT #
0. Then ~¢* € V(S) and 47F € V(T). Since V is ordinal convex, this means
that ve € V(SUT) or v4%, € V(SNT). By Lemma m, XVHHSUT) €
WUC(V(SUT)) and x"*1(SNT) € WUC(V(SNT)). Since XV +1(SUT) = v
and xS NT) = y4%,, this implies that xV**1(SUT) € WP(V(S UT)) or
VRS NT) e WP(V(SNT)). Hence, SUT € AV 1 or SNT € AVFL.

Assume that V is coalitional merge convex. Let S, T € AY* If SNT = 0,
SCT,orT C S, then SUT € AV*+1 by and Lemma . Suppose that
SNT #0,S ¢ T,and T ¢ S. Then v¢* € V(S) and 73" € V(T). Since
V' is coalitional merge convex, there exists a y € V(S UT) for which yg > yg’k
and ypg > 7;/’\'2, ie. y > vng. Since V(S UT) is comprehensive, this means
that 7%, € V(SUT). By Lemma [R8.2.1] xV**(SUT) € WUC(V(SUT)). Since
XS UT) = A&k, this implies that xV**(SUT) € WP(V(S UT)). Hence,
SUT e AVHFHL

Assume that V is balanced. Let B C A"* be a balanced collection. Then
e e V(S) for all S € B. Since V is balanced, this means that ¥ € V(N). By
Lemma [8.2.1) xV**1(N) € WUC(V(N)). Since x"¥*1(N) = 4V*  this implies that
XVFL(N) € WP(V(N)). Hence, N € AVFFL, O
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Furthermore, Lemma [8.2.3| also shows that in each iteration of the egalitarian
procedure, at least one additional player acquires an egalitarian claim as long as
the collection of egalitarian admissible coalitions does not cover all players. The
egalitarian procedure reaches a steady state when all players are egalitarian claimants.
This means that the number of iterations needed to converge to a steady state is
bounded by the number of players. Example shows that this bound is tight.

Definition

Let V € NTUY be a nontransferable utility game such that V(N) is nontrivial. The
iteration nV € {1,...,|N|} is given by n" = mln{k € N | P¥* = N}. The vector of
egalitarian claims 3V € RY is given by 3V = . The collection AY C 2N \ {0} is

given by AV = {S € 2V \ {0} | 7Y € V(S),VT@N\{@}%/GV(T) : S ¢ T}. The set of
strong egalitarian claimants DV € 2% is given by DV = Ngeav S

The constrained egalitarian solution is a solution concept which takes both the
set of strong egalitarian claimants and the vector of egalitarian claims into account
to prescribe a payoff allocation for the grand coalition. The egalitarian claims can be
interpreted as aspiration levels for such an allocation, which are based on egalitarian
opportunities within subcoalitions. The constrained egalitarian solution first allocates
to all strong egalitarian claimants their claims and subsequently allocates to all other
players their claims. The possibly resulting infeasibility is modeled as a bankruptcy
problem in which the egalitarian claims are adopted.

Taking the egalitarian claims and the set of strong egalitarian claimants into
account, the constrained egalitarian solution for nontransferable utility games uses
the constrained relative equal awards rule to prescribe a payoff allocation for the
grand coalition. In Section [8.4] we further elaborate on the choice of this specific
bankruptcy rule.

Definition (Constrained Egalitarian Solution)
The constrained egalitarian solution T' : NTUY — RY is the solution which assigns
to any V € NTUY for which V(N) is nontrivial the payoff allocation

(35 CREA(w € B | (3hv.2) € VLAY o))
if (3pv,0nmpv) € V(N);
(CREA({z € R2" | (2,05 pv) € VIN)},A5v), 0xpv)
if Vv, 0npv) ¢ V(N).

Note that the constrained egalitarian solution is well-defined by extending the
domain of CREA to bankruptcy problems for which the estate is not necessarily
nonleveled.
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Moreover, for any NTU-game V € NTU" for which V(S) = {z € RS | Z;eq i <
v(S)} for all S € 2V \ {@}, induced by a nonnegative TU-game v € TUY for which
v(N) > 0, (V) = T'(v) if T'(v) € RY, ie. the constrained egalitarian solution
coincides with the procedural egalitarian solution if the latter is nonnegative.

Example 8.2
Let N = {1,2,3} and consider the game V € NTU" from Example . Then n" = 3,
= (4,2,0), AV = {N}, and DV = N. Hence, I'(V) = (4,2,0). A

As in Example[8.T]and Example[8.2] an interesting situation arises when the grand
coalition is egalitarian admissible. Then all players are strong egalitarian claimants,
there is no infeasibility, and the constrained egalitarian solution assigns to all players
their egalitarian claims. Moreover, by Proposition the constrained egalitarian
solution constitutes a core element. Therefore, such nontransferable utility games are
called egalitarian stable.

Definition (Egalitarian Stability)
A nontransferable utility game V' € NTU" for which V(N) is nontrivial is egalitarian
stable if A = {N}.

Egalitarian stability is a sufficient condition for nontransferable utility games to
contain the constrained egalitarian solution in the core. The following example shows

that this condition is not necessary.

Example 8.3
Let N = {1,2,3} and consider the game V € NTU" given by

V({i}
V({1,i}
V({2,3}

V({1,2,3}

Then v¥™) = (6,6,6). The egalitarian distribution in the first iteration of the
egalitarian procedure is presented in the following table.

SO | {2 | 3 [ {2y | {13 | {23 | {123}
10, TCo) TG0y [ (4d) [ @9 (00| (222 ]

In the first iteration, .AV1 = {{1, 2} {1,3}}, P¥!' = N, and 4! = (4,4,4). This
means that nV =1, ¥ = (4,4,4), AV = {{1,2},{1,3}}, and DV = {1}. Hence,

)= {IER{i}‘SL’<O} for i € N;
):{xeR{“}‘x1<4xl<4} for i € {2,3};
)= {z e RPY | 2, < 0,25 <0}
) =

{x € R:{:’Z’S} ’ T+ 20 + 23 < 6} .

I(V) = (4, CREA({z € RP¥ | 25+ 23 < 2},(-4,4))) = (4,1,1).

Note that T'(V) € CY(V). A
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In Example [8.3] the sets of payoff allocations V({1,2}) and V({1,3}) are not
nonleveled. For nontransferable utility games V€ NTU" for which V(N) is nontri-
vial and V/(S) is nonleveled for all S € 2V \ {()}, egalitarian stability is a necessary
and sufficient condition to contain the constrained egalitarian solution in the core.
The question arises which nontransferable utility games are egalitarian stable. By
Proposition [8.2.4] coalitional merge convex games are egalitarian stable. In the next
sections we show that the Roth-Shafer examples, bankruptcy games, and bargaining

games are all egalitarian stable as well.

8.3 Roth-Shafer examples

In this section, we study the constrained egalitarian solution for the examples intro-
duced by Roth (1980) and [Shafer (1980). These examples initiated an interesting
and extensive discussion on the interpretation of solutions for nontransferable utility
games. Along the lines of this discussion, we compare the constrained egalitarian so-
lution with the Shapley value (cf. Shapley (1969)), the Harsanyi value (cf. [Harsanyi
(1963)), and the monotonic solution of Kalai and Samet (1985). For more details,
we refer to Harsanyi (1980), Aumann (1985), Hart (1985), Roth (1986), and Aumann
(1986).

Example 8.4 (cf. Roth (1980))
Let N = {1,2,3} and consider the game V, € NTU" which is for all p € (0, %) given
by

V({i}) = {z eRY |z <0} forieN;
V({1,2}) = {z e RY |2y < 4,0 < 3}
V,({i,3}) = {:(: € ]Rﬂf’?’} ‘ r; <par3 <1 —p} for i € {1,2};
V,({1,2,3}) = {z e R | & € comp(conv({(}, 3,0), (p,0,1 = p), (0,p, 1 —p)})) } -

Then u'»™) = (1,11 — p). A part of the egalitarian distribution in the first two

iterations of the egalitarian procedure is presented in the following table.

S | 3y | {12} | {1,3} | {2,3} | {1,2,3}
KPS [ (0 | (55e) | 201 =p) [ (opr2p(1 = p) | A ()t
XVP’2<S) ('7'?9) (%7%7) (%7'?0) ('7%70) (%’%79)

In the first iteration, A" = {{1,2}}, P"»! = {1,2}, and 7"»! = (3,1,"). In the

second iteration, A"7? = {{3},{1,2},{1,2,3}}, P*»? = N, and +*»? = (3,3,0).
This means that n'» = 2, 3% = (3,3,0), A% = {N}, and D" = N. Hence,
L(V;) = (5:3,0).

272
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Besides, the Shapley value equals (% and the Harsanyi value and the mono-

3 3’ 3>
tonic solution both equal (5 — gp, 5 — gp, 3p). Note that, contrary to the constrained
egalitarian solution, these solutions do not belong to the core. Roth argues that the
payoff allocation (%, %, 0) is the unique outcome of this game which is consistent with
the hypothesis that the players are rational utility maximizers, since this payoff allo-
cation is strictly preferred by both players 1 and 2, and it can be achieved without

player 3. The constrained egalitarian solution perfectly matches this idea. A

Example 8.5 (cf. Shafer (1980) and |Hart and Kurz (1983)))

Let N = {1,2,3} and consider the game V. € NTU" which is for all € € [0, ) given
by

({i}) = {z e R | 2 <0} forie (1,2}
({3}) = {x € Rf’} x < 5};

Ve({i}) =
V-({3})
V-({1,2}) =
)=
) =

xER{M}‘xl—i—xg 1—5}

V=({i, 3}
V.({1,2,3}

Then v"=(N) = (1,1,1). A part of the egalitarian distribution in the first two iterations
of the egalitarian procedure is presented in the following table.

xERﬂf?’} ) x; <e,x; + w3 < 54—%6} for i € {1,2};
{l’ ER:{:’Zg} ’ T+ 20+ 23 < 1}

S H {3} {1,2} {13y | {23} | {1,2,3}
X S ’%Ev') (5?'75) ('7875> <%7%’%)
XVg S 7 1;57 ) (1;5’ . O) (,’ 1;5, 0) (155, 1;€7§)

In the first iteration, A'=! = {{1,2}}, P"*! = {1,2}, and 7"=! = (155, 55, -). In the
second iteration, A"*? = {{3},{1,2},{1,2,3}}, P"*? = N, and 7" = (15¢, 1;= ¢).
This means that n's = 2, 3% = (155,555, 9), A= = {N}, and D= = N. Hence,

2
F(‘/E) = (% - %87% - 5878)'

Besides, the Shapley value equals (— — —5, E —6, ﬁ + mét) and the Harsanyi
value and the monotonic solution both equal (f — 75 5= 75 —5) Note that, contrary
to the constrained egalitarian solution, these solutlons do not belong to the core.
Shafer states that it is unreasonable to allocate at least * ¢ to player 3, independent
of € and especially in the case ¢ = 0. The constrained egahtarlan solution seamlessly

connects with this idea. A
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8.4 Bankruptcy games

In this section, we analyze the constrained egalitarian solution on the class of bank-
ruptcy games with nontransferable utility. We show that bankruptcy games are
egalitarian stable, which means that the constrained egalitarian solution assigns to
all players their egalitarian claims without having to rely on the constrained rela-
tive equal awards rule in its definition. Interestingly, we show that the constrained
egalitarian solution of a bankruptcy game corresponds to the constrained relative
equal awards rule of the underlying bankruptcy problem. This illustrates the strong
connection between the constrained egalitarian solution and the constrained rela-
tive equal awards rule. Besides, it justifies the use of the latter in the definition of
the constrained egalitarian solution for nontransferable utility games which are not

egalitarian stable.

Theorem 8.4.1
Let (E,c) € BRY be a bankruptcy problem such that E # {Oy}. Then D'(VE<) =
CREA(E, ).

Proof. First, we show that 'AyVE’C < ¢. Suppose that there exists an i € N for which
V" > ¢;. Let k € N be such that i € PV7°%\ PV"“F~1 and let S € AV"“* be such
that i € S. Then 37" ¢ VF¢({i}) and \V""*(S) € WP(VE<(S)), so S # {i} and

(WE’C”H AR (Sl ) >€WP(VE’C(S)).

SAPVE- k-1 S\PVE’Cﬁkfl

Since F is comprehensive and nonleveled, this means that
VE’C,kfl )\VE’C,]C S VE’C(N) SP E
IYSHPVE’C»’C*“ ( )us\vaﬁC,kfﬂ CN\S S ( )
Since E' is comprehensive,

VEBe k1 VEe vE-e(N)
(PySmvavC,k—N A (S>us\(PVE»C,k—1U{i})7 Ci, CN\S> SO \ SP(E>

Since E' is nonleveled,

SnpV e k=17 S\(PVFk=10{4})

(et AT RSl ) € VE(S\ (i) \ WP(VE<(s\ {i}).

By Lemma 8.2.1] xV*“*(S\ {i}) € WUC(VE<(5\ {i})). Then

Xk (S\{i}) = AV RS {iuy, Y

S\(PVE‘Cvk—lu{i}) S\(PVEwC,k—lLJ{i})

VB k VE«C(N) _ VBek
> AT Sy ey T Xsyveesmugy ()

This contradicts that S € AV”*. Hence, 3V < c.
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Suppose that ¢ € E. Then XVE’C’”VE’C(N) < 'yVE’C’”VE’c = 7V"* < ¢. By Lemma
E,c c
8.2.1 V""" (N) € WUC(E). Since E is nonleveled, this means that 3V = ¢,
AVP® = {N}, and DV"" = N. Hence, ['(VF*) = ¢ = CREA(E, ¢).

Now suppose that ¢ ¢ E. First, we show that XVE’C’I(S) < afeuf for all S €
2V \ {(}. Suppose that there exists an S € 2V \ {§} for which y)" () > afcul
for some i € S. Then xV"1(S) € WP(VF<(S)) and

XV IONS) = WV uE > aPeull > CREAg(E, ¢).

Since E is comprehensive and nonleveled, we have (x"""'(S),cens) € WP(E),
(xV"1(S), ens) > CREA(E, ¢), and (xV"(S),cavs) # CREA(E, ¢). Since F is
nonleveled, this contradicts that CREA(E, ¢) € WP(E). Hence, YV 1(9) < aPcuf
for all S € 2V \ {0}. Next, let HE*¢ € 2V \ {(} be defined by

HPe = {ie N | CREA(E, ) = o”“uf’} .
Then xV" 1 (HP*) € WP(VE<(HF*)) and
XVE,CJ(HE,C) _ AVE’C71(HE’C)UIE_IE,C _ &E’Cugac — CREAHE,C (E, C).

This means that HE¢ e AV"*1 gEe C pV™91 and vgzil = CREAy=.(FE,c). Now,

E,c E,c
E v E v
VECn VECn

(N) <~ =3V < (CREAys.(E, ), eyyee) = CREA(E, c).

By Lemma 8.2.1) vV**" " (N) € WUC(E). Since CREA(E,c) € WP(E) and E
is nonleveled, this means that 3V = CREA(E,¢), AV"" = {N}, and DV"" = N.
Hence, I'(VE<) = CREA(E, ¢). O

8.5 Bargaining games

In this section, we analyze the constrained egalitarian solution on the class of bar-
gaining games. A bargaining problem (cf. Nash (1950)) is a triple (N, F,d) in which
N is a nonempty and finite set of bargainers, F C ]Rf is a nonempty, closed, boun-
ded, nontrivial and comprehensive feasible set, and d € F is a disagreement point.
Let BGY denote the class of all bargaining problems with bargainer set N. For
convenience, a bargaining problem on N is denoted by (F,d) € BGY.

Kalai and Smorodinsky (1975) introduced the solution KS : BGY — RY assigning
to any bargaining problem (F,d) € BG" the payoff allocation

KS(F,d) = d + ™ (uFd - d) :

where Fy = {z € F | 2 > d} and £ = max{t € [0,1] | d + t(u"* — d) € WP(F)}.
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Kalai and Rosenthal (1978) introduced the solution KR : BGY — RY assigning
to any bargaining problem (F,d) € BGY the payoff allocation

KR(F,d) = d + 5 ¢ (uf = d),
where r5® = max{t € [0,1] | d + t(uF — d) € WP(F)}.

The bargaining game V% € NTUY corresponding to the bargaining problem
(F,d) € BGY is given by

F for S = N;

VS = .
{x eRY |z <dg} forall Se2™\ {0 N}

The core of a bargaining game is given by CV (V) = {z € WP(F) | > d}. Note
that bargaining games are coalitional merge convex, which implies that bargaining
games are egalitarian stable and that the constrained egalitarian solution constitutes

a core element.

Theorem 8.5.1
Let (F,d) € BG" be a bargaining problem such that d = Oy. Then T(VFd) =
KS(F,d) = KR(F, d).

Proof. Since d = Oy, Fy = F and KS(F,d) = x"u’ = k5 “u" = KR(F,d). In the
first iteration of the egalitarian procedure,

AV NYUF for S = N;

XNS) =
O for all S € 2V \ {0, N},

where AV"1(N) € [0,1] is such that \Y""!(N)u¥ € WP(F). This means that
N e AV™5L pvYiil — N and 4V7% = AVTUL(N)uf, which implies that nV"™ = 1,
SV vEd] F Avid yvEd Fd vEdy F
AV = AT (N, AV = {N},and DY = N. Hence, I'(V54) = AV H(N)u”.
Moreover, the assumptions on F imply that /\VF’d’l(N ) = K" = Ky, Hence,
[(VFd) = KS(F,d) = KR(F, d). 0

Theorem shows that the constrained egalitarian solution of a bargaining
game corresponds to the solutions of Kalai and Smorodinsky (1975) and Kalai and
Rosenthal (1978)) of the underlying bargaining problem if the disagreement point
equals the zero vector. In general, the constrained egalitarian solution assigns to any
bargaining problem (F,d) € BG" the payoff allocation

N(vEd) = (max{di, OzF’dulF})

ieN’

where af*? = max{t € [0,1] | (max{d;, tul'})ieny € WP(F)}.
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The following two examples illustrate the nature of the constrained egalitarian

solution for bargaining problems with nonzero disagreement point.

Example 8.6
Let N = {1,2} and consider the bargaining problem (F,d) € BG" given by F =
{z € RY | 23 + 122, < 36} and d = (0,1}). Then v/ = (6,3) and u* = (5,3).

712

This means that KS(F,d) = (2v/56 — 2, 2./5 — 1) (»), KR(F,d) = (31,22) (+), and

2024 8 30427
I(VF4) = (3v/5—3,3y/5—2) (w). This is illustrated as follows.

T2
Fy F
3 777777777777777777:?*1{/;3/",“
2 SO
F o
]_l —————————————————————— ‘ |
d l
0 1 2 3 4 5 6 0 A

Example 8.7

Let N = {1,2} and consider the bargaining problem (F,d) € BG" given by F =
{r e RY | 2] + 1225 < 36} and d = (0,2). Then u” = (6,3) and uf* = (3,3). This
means that KS(F,d) = (2v/5— 2,25+ 2) (»), KR(F,d) = (3V17 -2, 217+ %)
(#), and D(VF4) = (3,21) (w). This is illustrated as follows.

)

A

Future research could further study the interpretation and axiomatic significance
of this new egalitarian solution concept for bargaining problems.
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Communication Situations






Decomposition of Network

Communication Games

9.1 Introduction

In a cooperative game with communication structure, the players of a transfera-
ble utility game are subject to cooperation restrictions. Myerson (1977) introduced
communication situations in which these cooperation restrictions are modeled by an
undirected graph. Nodes of the undirected graph represent the players of the game
and there is a link between two nodes if and only if the corresponding players are
able to communicate directly. A coalition can attain its worth if its members are able
to communicate, i.e. if their corresponding nodes induce a connected subgraph.

Myerson (1977)) introduced the graph-restricted game corresponding to a commu-
nication situation in which each coalition of nodes is assigned the sum of the worths of
the components in its induced subgraph. We refer to this game as the corresponding
node game. |(Owen (1986) studied the decomposition into unanimity games of these
node games for the special case that the communication network is cycle-free. The
Myerson value of a communication situation is defined as the Shapley value of the
corresponding node game.

Borm, Owen, and Tijs (1992) introduced a game on the links corresponding to a
communication situation in which each coalition of links is assigned the sum of the
worths of the components in its induced subgraph. We refer to this game as the cor-
responding link game. Borm, Owen, and Tijs (1992) also studied the decomposition
into unanimity games of these link games for the special case that the communication
network is cycle-free. The position value of a communication situation assigns to each
player half of the payoffs allocated to the incident links by the Shapley value of the
corresponding link game.

143
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This chapter, which is based on |Dietzenbacher, Borm, and Hendrickx (2017al), in-
troduces a general class of network communication games and a corresponding class
of network control values for communication situations. A network communication
game is a transferable utility game integrating the features of a communication situ-
ation and a network control structure on a communication network. Here, a network
control structure models the way in which the nodes and links of the graph con-
trol the communication network. Where [Myerson (1977) considered the nodes and
Borm, Owen, and Tijs (1992)) considered the links as controllers of the network, a
network control structure allows both the nodes and links to control the network in
any way. In the corresponding network communication game, each coalition of nodes
and links is assigned the sum of the worths of the components in the subgraph which
the members control together.

Focusing on the decomposition into unanimity games of network communication
games, communication situations with an underlying unanimity game induce simple
network communication games for any network control structure. The minimal win-
ning coalitions in this game play a central role in its decomposition. We obtain a
relation between the dividends in the network communication game and in the under-
lying transferable utility game, which depends on the structure of the communication
network. This relation extends the results of|(Owen (1986)) and Borm, Owen, and Tijs
(1992)) for cycle-free networks to all undirected graphs.

For any network control structure, the corresponding network control value of a
communication situation assigns to each player the payoff allocated by the Shapley
value of the corresponding network communication game to its corresponding node
and half of the payoff allocated to the incident links. The Myerson value and the
position value are network control values which correspond to specific network control
structures. We derive an explicit expression for any network control value in terms
of the dividends in the underlying transferable utility game.

The main aim of this chapter is to develop the decomposition theory for network
communication games as a mathematical tool which can be used to derive any net-
work control value for communication situations in a structured way. Future research

could study further interpretations and applications of this new framework.

This chapter is organized in the following way. Section|9.2|provides an overview of
basic game theoretic and graph theoretic notions and notations. Section formally
introduces network control structures, network communication games, and network
control values, and studies the decomposition into unanimity games. Section
discusses the Myerson value and the position value, and the decomposition of their
corresponding node games and link games. Section illustrates how the decompo-
sition theory can be extended to more general communication structures.
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9.2 Preliminaries

A transferable utility game v € TU" is simple if v is monotonic, v(S) € {0,1} for
all S € 2V, and v(N) = 1. Let SI™ denote the class of simple games with player set
N. A coalition S € 2V is winning in v € SI" if v(S) = 1 and losing in v € SIV if
v(S) = 0. The collection of minimal winning coalitions in v € SI™ is given by

M) ={S €2V | v(S) =1,¥res : v(R) = 0} . (9.1)

The mazimum game max{v | v € V} € TUY of a nonempty and finite set of transfe-
rable utility games V C TUY is given by max{v | v € V}(S) = max{v(S) | v € V} for
all S € 2¥. The minimum game is defined similarly. Note that both the maximum
game and the minimum game of a nonempty set of simple games are simple.

The unanimity game up € SIV on R € 2V \ {@} is given by

) 1 ifRCS;
u =
" 0 ifRZS

for all S € 2V. We have v € SIV and M(v) = B if and only if B C 2V \ {#} is
independent and v = max{ur | R € B}.

A TU-game v € TUY can be uniquely decomposed into unanimity games,

v="Y_  A(S)us, (9.2)
Se2N\{(}
where A : 2V\ {(}} — R assigns to each nonempty coalition S € 2V \ {0} its dividend
(cf. Harsanyi (1959))
AY(S) = 3 (=1)FFly(R). (9.3)
RCS

The Shapley value (cf. [Shapley (1953)) ® : TUY — RY assigns to any v € TUY

the payoff allocation given by

o)=Y AYS) (9.4

Se2N e S ‘S|

for all 1 € N.

Let L C {S € 2V | |S| = 2} be a set of unordered pairs of players. The pair
(N, L) represents an undirected graph in which N is the set of nodes and L is the set
of links. We denote L; ={l € L|i€l} forallie N, L[S]={le L|lC S} for all
S €2V and N[T] = Uer! for all T € 2%,
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A pair (S,T) is a subgraph of (N,L) if S € 2V T € 2L and N[T] C S. The
collection of all subgraphs of (N, L) is denoted by GN:£. Let N[H] denote the set of
nodes and let L[H] denote the set of links of a subgraph H € G respectively. The
subgraph of (N, L) induced by S € 2V is (S, L[S]). The subgraph of (N, L) induced
by T € 2L is (N[T],T).

A path in (S,T) € GNF from i; € S to i, € S is a sequence (ig)}_; of n > 2
distinct nodes in S such that {iy, i1} € T for all k € {1,...,n — 1}. A subgraph
H € GV connects R € 2N\ {0} if for any 4,5 € R, i # j, there exists a path in H
from i to j. A coalition C' € 2V \ {0} is a component in H € GN'F if H connects C
and H does not connect any R € 2V \ {0} for which C C R. The collection of all
components in H € GNF is denoted by K(H). A subgraph (S,T) € GM1 is connected
if it connects S. A connected subgraph (S,T) € GN! is cycle-free if for any 4,j € S,
i # j, there exists a unique path in (5,7 from i to j.

A subgraph (S, L[S]) € G is a minimal R-connecting node-induced subgraph if it
connects R € 2V \ {P} and any (S, L[S']) for which S’ C S does not connect R. The
collection of coalitions of nodes that induce a minimal R-connecting node-induced
subgraph of (N, L) is denoted by N7 C 2V \ {0}. A subgraph (N[T],T) € ¢! is
a minimal R-connecting link-induced subgraph if it connects R € 2V \ {0} and any
(N[T"],T") for which T" C T does not connect R. The collection of coalitions of links
that induce a minimal R-connecting link-induced subgraph of (N, L) is denoted by
£ c ot (0},

Example 9.1

Let N = {1,2,3,4}, let L = {{1,2},{1,3},{2,4},{3,4}}, and consider the graph
(N, L). This is illustrated as follows.

Then

N2 = L2, 3}
and L% :{{{1,2},{1,3}},{{1,2},{2,4},{3,4}},{{1,3},{2,4},{3,4}}}.

A
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A communication situation (cf. Myerson (1977)) is a triple (N, v, L) in which v €
TUY is a transferable utility game such that v({i}) = 0 for alli € N, and (N, L) is a
connected undirected graph representing the communication possibilities between the
players. Let CS™'* denote the class of communication situations with communication
network (N, L). For convenience, a communication situation on (N, L) is denoted by
v e CSNE
any communication situation v € CSM¥ a payoff allocation f (v) € RY for which

Yien fi(v) = v(N).

A solution for communication situations f : CS™* — RN assigns to

The node game wy € TUY corresponding to v € CSM (cf. Myerson (1977)) is
given by

wi(S) = >, v(C)

CeK(S,L[S))

for all S € 2¥. The Myerson value p : CS™ — RV assigns to any v € CS™ the
payoff allocation given by

p(v) = ®(wy).
The link game w, € TUY corresponding to v € CS™* (c¢f. Borm, Owen, and Tijs
(1992)) is given by
wy(T) = > v(0)

CEeK(N[T),T)

for all T € 2~. The position value © : CSM — RN assigns to any v € CS™* the
payoff allocation given by

1 v
mi(v) = 2 Z Dy (wy)
leL;
for all 1 € N.

Example 9.2
Let N = {1,2,3}, let L = {{1,2},{2,3}}, and consider the graph (N, L). This is

illustrated as follows.
(o
O——®)

Consider the communication situation w3y € CS™ME. Then

u u
w, M =uy and  wy = up.

Hence,
111 111
py) = (5.35) 4 weos) = (357)
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9.3 Network communication games

In this section, we introduce network communication games and study their decompo-
sition into unanimity games. The corresponding network control structure explicitly

models the control of the nodes and links in the underlying communication network.

Definition (Network Control Structure)

A network control structure is a triple (N, L,G) in which (N, L) is an undirected
graph and G : 2¥YF — GNE assigns to each coalition of nodes and links a subgraph
of (N, L) such that G(0) = (0,0), GINUL) = (N, L), and N[G(Z)] C N[G(Z')] and

LIG(2)] C LIG(Z")] for all Z,Z" € 2NYE for which Z C 7.

Let NCS™! denote the class of network control structures on (N, L). For conve-
nience, a network control structure on (N, L) is denoted by G € NCS™~,

Example 9.3

Let N ={1,2,3}, let L = {{1, 2},{2, 3}}, and consider the network control structure
G € NCS™* given by G(Z) = ((ZNN)UN[ZNL], (ZNL)UL[ZNN]) for all Z € 2VVE,
This means that each node is controlled by itself and its incident links. Moreover,
each link is controlled by itself and its two endpoints together. This is presented in
the following table.

A G(Z)
0 ©,90)
{1} ({1}, 0)
{2} ({2},90)
{3} ({3},9)
{12}, {{1, 23}, {1, {1, 23}, {2, {1, 23}, {1,2. {1,2}} ({1,2}, {{1,2}})
{1, 3} ({1,3},0)
{2,3},{{2,3}}.{2.42,3}}, {3.{2,3}}. {2,3,{2,3}} (2.3}, {{2.3}})
1,{2, 3} 1 3.{2,3} ({1,2,3}, {{2,3}})
§3 {1, 2} 1,3,{1, 2} ({1,2,3},?{1,2}{)
{12}, 42,33} {1,2,3}, {1,2.42,3} . {2.3,{1,2}} | ({1,283}, {{1,2},{2,3}})
{1.{41,2},{2,3}}, {2, {1 2} {2,3}}, {3, {1 2},{2,3}} | ({1,2,3},{{1,2},{2,3}})
{1,2,{1,2},{2,3}},{2,3,{1,2}, {2, 3}} ({1,2,3},{{1,2},{2,3}})
{1,3,{1,2},{2,3}} ({1,2,3},{{1,2},{2,3} })
{1,2,3,{1,2}},{1,2,3,{2,3}}, {1,2,3,{1,2}, {2,3}} | ({1,2,3},{{1,2}.{2.3}})

A
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A network communication game integrates the features of a network control struc-

ture G € NCS™ and a communication situation v € CSM*

into a transferable utility
game on N U L in which the worth of a coalition of nodes and links equals the sum of

the worths of the components in the subgraph which the members control together.

Definition (Network Communication Game)
Let G € NCS™ be a network control structure and let v € CSV* be a communication
situation. In the corresponding network communication game w¢ € TUNYE, the
worth of each coalition of nodes and links Z € 2VY! is given by
w(2)= Y u(0). (9.5)
CeK(G(2))

For any network control structure, the network control value of a communication
situation assigns to each player the payoff allocated by the Shapley value of the
corresponding network communication game to the corresponding node and half of
the payoff allocated to the incident links.

Definition (Network Control Value)
Let G € NCS™M be a network control structure. The corresponding network control
value ¢¢ : CSMF — RN is the solution which assigns to any communication situation

v € CSML the payoff allocation given by

1
590) = Bilw) + 5 3 Wit (9.6
leL;
for all 7 € N.

We focus on the decomposition of network communication games into unani-
mity games. For any network control structure, a communication situation with an
underlying unanimity game induces a simple network communication game. The cor-
responding collection of minimal winning coalitions is given by MZ& C 28U\ {(},
the collection of coalitions of nodes and links Z € 2VY% for which G(Z) connects
R € 2N\ {0} and any G(Z') for which Z’ C Z does not connect R for any G € NCS™,

Lemma 9.3.1
Let G € NCS™E and let R € 2V \ {0}. Then wit € SIVYY and M(wir) = ME.

Proof. Since for any coalition of nodes and links Z € 2VYL there is at most one

component C' € K(G(Z)) for which R C C,
Wi (2) S uR(C) —|{C ek(G(2) | RC CY

CeK(G(2))
1 if Jeex@zy :RCC; 1 it G(Z) connects R;

0 if Veex@zy : REL C 0 if G(Z) does not connect R

for all Z € 2NVE,
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Since (N, L) is connected, G(N U L) = (N, L) connects R, so ws(N UL) = 1.
If G(Z) connects R for some Z € 2NVYE then G(Z') connects R for all Z' € 2NVVE
for which Z C 7', so wiR(Z) < wegh(Z') for all Z, 7' € 2NYL for which Z C Z'.
This means that w¢f(Z) € {0,1} for all Z € 2VVE wiR(N U L) = 1, and wif(Z) <
wek (Z') for all Z, 7' € 2NYT for which Z C Z'. Hence, wi € SIVYE. Moreover,
M(weF) = ME is a direct consequence of (9.1)). O

The following lemma presents the decomposition of simple games into unanimity

games.
Lemma 9.3.2
Let v € SIV. Then
v= > (—1)|B‘+IUUREBR. (9.7)
BCM(v):B#0
Moreover,
AS) =Y (e (9.

BEM():J ey R=S

for all S € 2N\ {0}.

Proof. Since is a direct consequence of (9.7)), it suffices to show (9.7). We first
show that

min{v,up} = > AV (R)upup (9.9)
Re2N\{0}
for all v € SIV and for any R € 2V \ {#}. Let v' € SIV and let S € 2V, Let
R € 2V \ {0} and suppose that R' ¢ S. Then up(S) =0 and RU R ¢ S for any
R € 2V \ {0}, which means that ug,r(S) = 0 for any R € 2V \ {P}. This implies
that,

min{v’, ur }S) = min{v'(S), ur (S)} = min{v'(S),0}
=0 = Z AUI(R)URU]{/(S).
Re2N\{0}

Next, suppose that R C S. Then ug/(S) =1, and RUR C S if and only if R C S
for any R € 2V \ {0}, which means that up,r/(S) = ug(S) for any R € 2V \ {0}.
This implies that

min{v’, ur HS) = min{v'(S), ur (S)} = min{v'(S),1} = v'(S)
S OAYRuAS) = Y A (Rupor(S).
Re2N\{0} Re2N\{0}

Hence, holds.
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Next, we prove (9.7) by induction on |[M(v)|. Suppose that |[M(v)] = 1 and
denote M(v) = {R;}. Then

v =max{ug | R € M(v)} = max{up,} =up, = Y (—1)|B‘+1uU

ReB
BCM (v):B#£0

Let k € N and assume that v/ = EBCM(U’):B#(B(_U‘BHIUUR , i for any simple game
- S

v € SIV for which |[M(v)| = k. Suppose that [M(v)] = k + 1. Denote M(v) =

{Rl, R ,Rk+1}. Then

v =max{ug | R € M(v)}

= max{ug,, ..., UR,,, }

= max{max{ug,,...,Ur, }, UR,,, }

= max{ug,,...,Ug, } + URy,, — min{max{ug,, ... 7uRk}7uRk+1}

_ B|+1 Bl+1

— Z (_1)| | UUR65R+uRk+1 - Z (—1)‘ | uUReBRURk+1
BC{Ry,.... R }:B£D BC{Ry,....Ry,}:B£D

- 3 (—1)/BH+ 1y

BC{R1,....Ris1 }:B#A0

— Z (_1)|BI+1UUR65R’

BCM (v):B#0

ReB

where the fifth equality follows from (9.9)). m

Example 9.4
Let N = {1,2,3}, let L = {{1, 2},42, 3}}, and consider the network control structure

G € NCS™F given by G(Z) = ((ZmN)uN[ZmL], (ZmL)uL[ZmN]) for all Z € 2NVE
as in Example [9.3] Then

MED {2} 2 2} (20,02 {002 2.

Note that (N, L) is cycle-free and ./\/l{G1 #} contains multiple elements. Consider the
communication situation w3y € CS™ as in Example . By Lemma and
Lemma [9.3.2

U{l

we? = upagy +up2esy T s 2+ U(L2)28)
— U{1,2,3,{2,3}} — U{1,2,3,{1,2}} — U{1,2,3,{1,2},{2,3}}
— U{1,2,3{1,2},{2,3}} — U{1,2,{1,2},{2,3}} — U{2,3,{1,2},{2,3}}
T Uf1,2,3,41,2},42,3} T U{1,2,3{1,2}.{2,3}} T U{1,2,3,{1,2},{2,3}} T U{1,2,3,{1,2},{2,3}}
— U{1,2,3{1,2},{2,3}}
= U123} T U,2,{2,3}} T U{2,3,{1,2}} T U{{1,2},{2,3}} — U{1,2,3,{1,2}} — U{1,2,3,{2,3}}

— U{1,2,{1,2},{2,3}} — U{2,3,{1,2},{2,3}} + Uf1,2,3,{1,2},{2,3}}-
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The corresponding network control value is given by

31 58 3l
G _ (2L 2% 91
0" (ups) (120’ 1207 120)

A
For any network control structure, the dividends in a general network communi-
cation game can be derived from the dividends in the underlying transferable utility

game and the dividends in network communication games with an underlying unani-

mity game.

Lemma 9.3.3
Let G € NCSME et v € CSME | and let Z € 2NV°0\ {@}. Then

AYe(Z)= 3 AY(R)AY(Z). (9.10)
Re2N\{0}

Proof. We have

AVS(Z . Z DA e (2)
7'cz

= PIC PG
Z'CZ Cek(G(Z'))
92 DD ( > A”<R>UR<0>)
Z'CZ CeK(G(Z")) \Re2N\{0}
= > AUR) (=P ug(0)
Re2N\{0} Z'CZ CeK(G(Z"))
=Y Aa® Y ) e 2)
Re2N\{0} z'CZ
£ v Avm)avE(2).
Re2N\{0}

]

Using Lemma [9.3.3] we can extend the decomposition results for network com-
munication games with an underlying unanimity game to general network commu-
nication games for any network control structure. Moreover, we derive an explicit
expression for any network control value in terms of the dividends in the underlying
transferable utility game.
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Theorem 9.3.4
Let G € NCSM! be a network control structure and let v € CS™* be a communication

situation. Then

we = Y. AYR) > (—1)‘B‘+1uUZ€BZ.

Re2N\{0} BCME:B#)

Proof. By Lemma [9.3.1] Lemma [9.3.2, and Lemma [9.3.3]

We; S AY(Z)uy

Ze2NUL\ {(}

= ( 3 AU(R)AwZR(Z)uZ)
Ze2NUL\{p} \Re2N\{0}

= > A®R) Y A (Z)ug
Re2N\{0} Ze2NVIN\{0}

=Y AR

Re2N\{0}

(K| v

=Y AR Y ()
Re2N\{0} BCME:B#)

O]
Theorem 9.3.5

Let G € NCSML be a network control structure, let v € CS™L be a communication

situation, and let © € N be a player. Then

E) = T |Z N {i}| + 5|2 N L]

Z€2NUL |Z|

>oAar > (e

Re2N\ {0} BEME 1oy 2'=2

Proof. By Lemma [9.3.1 Lemma [9.3.2] and Lemma [9.3.3],

69(0) B () + 5 Y Bi(wp)

leL;
" 1 w? 1 1 w?
Zec2NVliicz leL; Ze2NVLl ez
ZNn{i HZnL .
_ Z | {Z}|+2| |AwG<Z)
ZEZNUL ‘Z|
() 1Z 0 {i}| + 312 0 Li v wiR
LA |Z|2 S AY(R)AY"(Z)
Ze2NuL Re2N\{0}
|P Z |Zﬂ{2}|+%|ZﬂLll Z Av(R) Z (_1)|B|+1.
ZeaNUE 2] Re2N\{0} BEME e 2/=7
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9.4 Network control values

In this section, we discuss the Myerson value, the position value, and the decompo-
sition of their corresponding node games and link games. Moreover, we focus on the

special case that the underlying communication network is cycle-free.

From the viewpoint of Myerson (1977)), the nodes of the graph control the network
in such a way that each node controls itself and each link is controlled by its two end-
points together. In other words, each coalition of nodes controls its induced subgraph.
This can be described by the network control structure G € NCS™¥ given by
G(Z) = (ZNN,L[ZNN]) for all Z € 2NYL. Then ME = M(wi?) = M(wi?) = NE
for any R € 2V \ {0} and the corresponding network control value for communication
situations coincides with the Myerson value.

From the viewpoint of [Borm, Owen, and Tijs (1992), the links of the graph
control the network in such a way that each link controls itself and both its end-
points. In other words, each coalition of links controls its induced subgraph. This
can be described by the network control structure G € NCS™* given by G(Z) =
(N[ZNL,,ZNL) for all Z € 2YYE. Then ME = M(wi?) = M(wi) = LE for
any R € 2V \ {0} and the corresponding network control value for communication

situations coincides with the position value.

Using Theorem [9.3.4] we find the decomposition into unanimity games of node
games and link games in terms of the dividends in the transferable utility game

underlying the corresponding communication situation.

Theorem 9.4.1

Let v € CS™ME be a communication situation. Then

wj = Y A"R) > (—1)|B‘+1uU

Re2M\ {0} BCNF-BA) Sep
and wiy = Y. AY(R) ) (—1)|B‘+1uUTB
Re2N\{0} BCLE:B#D ©

Using Theorem [9.3.5] we obtain alternative expressions for the Myerson value and
the position value in terms of the dividends in the transferable utility game underlying

the corresponding communication situation.
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Theorem 9.4.2

Let v € CS™M be a communication situation and let i € N be a player. Then

1

)= 3 e X AYR) > (=peE
SeaNies Re2N\{0} BN Ugrc5'=5
TNL;
and Wi(v): Zl M z| Z A%R) Z (_1)|B|+1.
Teal 2|T| Re2N\{0} Bgzg:UT,GBT/:T

If the underlying communication network is cycle-free, then it contains for any
R € 2V for which |R| > 2, a unique minimal R-connecting node-induced subgraph
and a unique minimal R-connecting link-induced subgraph, which both coincide. This
means that any node game or link game for which a unanimity game underlies the
corresponding communication situation is a unanimity game as well.

If (N, L) is cycle-free, for any R € 2 for which |R| > 2, let SF € 2\ {0} denote
the unique coalition of nodes for which SF € Nf'. Then Nf' = {SE} and LE =
{L[SE]}. Moreover, w;? = usr and wyf* = uygr). Combining these observations

with Lemma [9.3.3 we obtain the following relations.

Corollary 9.4.3

Let v € CSM be a communication situation. If (N, L) is cycle-free, then

A¥E(S) 3 AY(R) for all S € 2V \ {0}

Re2N\{p}:SR=5

and AUN(T) = > AY(R) for all T € 2"\ {0}.
Re2N\{P}:L[SE|=T

Corollary offers results which were also found by Owen (1986) and Borm,
Owen, and Tijs (1992)). The following results are derived from Theorem and
Theorem [9.4.2] respectively.

Corollary 9.4.4
Let v € CSM be a communication situation. If (N, L) is cycle-free, then

wyp =" > A"(Rugn
Re2N\{0}

and wi = > A*(R)uggn).
Re2N\{0}

!This relation even holds if (N, L) is cycle-complete, i.e. if each cycle in (IV, L) induces a complete
subgraph.
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Corollary 9.4.5
Let v € CSM be a communication situation and let i € N be a player. If (N,L) is
cycle-free, then
=t Y g a)
Re2N\{p}:icsk WL
|L[SE] N Li]
2|L[ST]]

(9.11)
and m(v)= Y

Re2N\{0}

A"(R).

Example 9.5
Let N ={1,2,3,4}, let L = {{1, 2}, {2, 3}, {2,4}}, and consider the cycle-free graph
(N, L). This is illustrated as follows.

@@

Consider the communication situation v € CSM given by
v = QU{LQ} + 3U{173} — 3U{1’2,3} + 516{1,374} + 7U{1,273,4}.
By Corollary (9.4.4],

wy, = 2uq1 2y + 3uqi23) — uqr23) + U 234) + TU{2,34)
= 2uy19)y + 12ug1 234y

and

Wy = 2uqqi2y + 3ug2),(28)) — 3U((L21 {231 T 512 (230 2.4)) T TU{1,2),{28), 1241}
= 2uqqizp + 12uq12p, 231240

By Corollary [9.4.5]

u() = (1+3,14+3,3,3) = (4,4,3,3)
and 7(v)=(142,146,2,2)=(3,7,2,2).

A

The uniqueness relation in cycle-free communication networks not only holds for
the Myerson value and the position value, but also for other network control values
with a specific type of network control structure. In particular, for the network
control structure G € NCS™* given by G(Z) = (Z NN[ZNL,ZNL[ZnN N]) for
all Z € 2VYLin which each node and each link only controls itself. Then /\/lg =
{N[T]UT | T € LE} for any R € 2~ for which |R| > 2. If (N, L) is cycle-free,
ME = {STUL[SE]} and w&" = ugr s for any R € 27 for which [R| > 2.
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Example 9.6
Let N = {1,2,3}, let L = {{1,2}, {2,3}}, and consider the cycle-free graph (N, L)
as in Example . Then S£1’3} =N,

Ufq G 3 4 3
w" =uyur, and ¢ (upz) = (10’ 10’ 10) ‘

Note that ¢G(U{173}) = %M(U{Lg}) + %7[’(’&{173}). JAN

The value (bé was introduced by Borm, Van den Nouweland, and Tijs (1994)). In
Example , we observe that the value ¢“ is a specific convex combination of the
Myerson value p and the position value 7. This holds for any communication situation

with an underlying unanimity game and a cycle-free communication network.

Theorem 9.4.6
Let R € 2V be such that |R| > 2. If (N, L) is cycle-free, then
|SE|

6 (un) = gzt —phlun) +

|SEl—1
21

Proof. Assume that (N, L) is cycle-free and let + € N. If i ¢ ST, then | ¢ L[ST] for
alll € Ly, so ¢§ (ur) = wi(ug) = m;(ug) = 0 and the statement follows. Suppose that

i € SE. By Corollary and |L[SE]| =|SE| -1,

60 (ur) = @) + 5 3 @)

leL;

> ATy x> )

ZeoNUL.jc7 ‘Z‘ leL; ZeaNVliez ’Z’
B 1 |LISF] N L]
T SFULISH T 2(SFULISE]
1 [LISE] 0 Li]

TSR —1 " 4|SE[—2
|SE] ( 1 >+ SE| —1 <|L[S§]nLi|>

~ 2SR —1 \|SE[) T 21— 1\ 2|L[SE]]
g [SPl ISEI -1
BRI T RO

O

The value ¢“ is not necessarily a convex combination of the values p and 7 in
communication situations for which the underlying game is not a unanimity game or

the underlying communication network is not cycle-free.
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Example 9.7
Let N = {1,2,3,4}, let L = {{1,2},{1,3},{2,4},{3,4}}, and consider the graph
(N, L) as in Example 0.1} Then

Uf1,2,3
wL{ }

= U{1,2,3},
Wy = w18y + U120 (240, (3.4)) F U(L3) (241 (3.4)) — 2L,
and w-"*Y = Uf1,2,3,{1,21{1,3}} T UNU{{1,2},42,4} {3,4}} T UNU{{1,3}.{2,4} {3,4}} — 2UNUL-

This means that

111
pluposy) = (3, 37370) ;

4 3 3 2
m(ug23)) = (12, 1 12 12) )
= 23 21 21 5
and ¢G(U{1,2,3}) = (70, 70 70’ 70) .

Note that ¢5(u{17273}) is not a convex combination of ji(uf123) and w(up23y). A

In general, a network control value is not necessarily a convex combination of the
Myerson value and the position value, even if the underlying game is a unanimity
game and the underlying communication network is cycle-free.

9.5 Future extensions

We conclude this chapter with two examples of possible extensions of the decompo-
sition theory to more general communication networks: undirected multigraphs and
hypergraphs. Hypergraph communication structures were introduced by Myerson
(1980) and further studied by [Van den Nouweland, Borm, and Tijs (1992). For con-
venience, we restrict ourselves to an outline of the link game and the corresponding

position value in these examples.

Example 9.8
Let {1, 2,3} be the set of nodes and let {a, b, ¢, d} be the set of links of the multigraph

illustrated as follows.
c
O OWBO

Consider the communication structure with underlying game u; 3;. The collection
of coalitions of links which induce a minimal {1, 3}-connecting link-induced subgraph

is given by {{b, c}, {b, d}} The corresponding link game can be written as wg o +
Up,d} —U{b,c,ay- The position value of this communication structure is given by (%, %, é)

A
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Example 9.9
Let {1,2,3,4} be the set of nodes and let {{1,2},{2,3},{2,3,4}} be the set of
(hyper)links of the hypergraph illustrated as follows.

PN

&> o
@

Consider the communication structure with underlying game wuy; 33. The collection of

coalitions of links which induce a minimal {1, 3}-connecting link-induced subgraph is
given by {{{1, 2},4{2, 3}}, {{1,2}, {2,3,4}}}. The corresponding link game can be
written as UL{1,2},{2,3}) T U{{1,2),{2,3,4}} — U{{1,2},{2,3},{2,3,4}} The position value of this

communication structure is given by (%, %, %, %) A

Future research could formalize these or other extensions to more general com-
munication structures (cf. Bilbao (2000)). Moreover, one could aim to axiomatically
characterize the class of network control values or a specific network control value for

communication situations.
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