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CHAPTER

PREFACE

his thesis is composed of three essays on time-varying parameters and time series
networks where each essay deals with specific aspects thereof. The thesis starts with
proposing a 2SLS based test for a threshold in models with endogenous regressors in
Chapter 2. Then, Chapter 3 proposes, to my best knowledge, the first estimator for the inverse of
the long-run covariance matrix of a linear, potentially heteroskedastic stochastic process. Finally,
the thesis concludes with an empirical analysis on the robustness of financial volatility networks

with respect to the exclusion of central nodes in Chapter 4.

In Chapter 2, entitled Testing for a Threshold in Models with Endogenous Regressors and
co-authored with Otilia Boldea, we propose a testing procedure which allows applied researchers
to assess whether the data was generated from a single threshold model with endogenous regres-
sors or not. For example, such models can arise when modelling output growth or unemployment
rates. To do so, we first outline the class of permissible threshold models and then propose two
2SLS based tests, a sup LR and a sup Wald test. In addition, we derive the asymptotic null
distributions of the two tests and show that they depend on the second moment functionals of
the data and the chosen functional form of the first stage. However, critical values can easily
be simulated via the wild bootstrap. In simulations we found that our tests have empirical size
close to the nominal size. This is in sharp contrast to the existing GMM based test of Caner and
Hansen (2004) which is severly oversized in small samples. We argue that this occurs for two
reasons: First, we theoretically show that estimation via 2SLS can indeed be more efficient than
GMM which can result in more accurate empirical sizes. This gain in efficiency is due to the fact
that the 2SLS approach utilizes the full infomration contained in the first stage. Secondly, based

on our simulation results, we argue heuristically that the wild bootstrap replicates the sample
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CHAPTER 1. PREFACE

distributions of the 2SLS tests more accurately than those of the GMM test.

Chapter 3, entitled Estimating Sparse Long-Run Precision Matrices for Linear Multivariate
Time Series, proposes the first direct estimator for the inverse of the long-run covariance matrix
of a potentially heteroskedastic, multivariate linear time series under unknown sparsity con-
straints. That is, the econometrician does not know which entries of the inverse are equal to zero
and which not. Such situations naturally arise, for example, when modelling partial correlation
networks based on time series data. The proposed estimator is based on the graphical LASSO of
Friedman et al. (2008). That is, the proposed estimator minimizes the ¢1-penalized log-likelihood
function of i.i.d. multivariate normal data. At first glance this seems counterintuitive since the
data is neither i.i.d. nor necessarily normal in a time series setting. However, as I argue one can
reinterpret this likelihood function as a special case within the class of Bregman-divergences
so that the aforementioned likelihood function measures the distance between any symmetric
and positive definite matrix and the true long-run covariance matrix of the underlying process.
This interpretation allows me to free the likelihood function from distributional and dependecy
assumptions. Since the true long-run covariance matrix is unknown to the econometrician I
replace it with a suitable pre-estimator. In particular, I use the HAC estimator with the sharp
origin kernel of Phillips et al. (2007). I then show that the resulting adaptive estimator enjoys
the oracle property of Zou (2006). That is, the adaptive estimator identifies the zero and non-zero
entries with probability tending to one and has the same asymptotic distribution as the oracle
estimator. Finally, an extensive Monte Carlo study indicates that the proposed estimator performs

well in samples over a wide variety of settings.

Chapter 4, entitled Robustness of Financial Volatility Networks to the Exclusion of Sys-
temic Nodes, empirically investigates how robust two commonly applied network measures, the
From- and the To-degree, are to the exclusion of central nodes in financial volatility networks.
This question is motivated by the current empirical literature which excludes, presumably due
to convenience, certain nodes such as Lehman Brothers from their analysis. However, Chapter
3 in Kolaczyk (2017) shows, both theoretically and by simulations, that standard measures of
network characteristics are biased in unknown directions when nodes of the network are excluded.
Therefore, this chapter aims to assess to what extend the exclusion of Lehman Brothers, decidedly
an important node in the U.S. financial system, affects the aforementioned network measures
and, thereby, possibly distorts current empirical results and conclusions. To do so, I make use
of the most commonly applied network in the literature, the long-run variance decomposition
network of Diebold and Yilmaz (2014). I estimate this network based on a VAR(1)-representation
of the data, once when Lehman Brothers is excluded and once when Lehman Brothers is included
since this allows me to gauge the effects Lehman Brothers’ stock has on the From- and To-degree

network measures. I find that the To-degree is heavily affected by the exclusion of Lehman



Brothers whereas the From-degree seems to be only minorly affected. These results hold on a
firm-specific and aggregated sector level for a sparse and non-sparse VAR-representation of the
data.






CHAPTER

TESTING FOR A THRESHOLD IN MODELS WITH ENDOGENOUS
REGRESSORS

This chapter is based on the identically entitled working paper which is co-authored
with Otilia Boldea

sing 2SLS estimation, we propose two tests for a threshold in models with endogenous
regressors: a sup LR test and a sup Wald test. Here, the 2SLS estimation is not
conventional because it uses additional information about the first-stage being linear

or not. Because of this additional information, our tests can be more accurate than the
threshold test in Caner and Hansen (2004) which is based on conventional GMM estimation.
We derive the asymptotic distributions of the two tests for a linear and for a threshold
first stage. In both cases, the distributions are non-pivotal, and we propose obtaining critical
values via a fixed regressor wild bootstrap. Our simulations show that in small samples, the
GMM test of Caner and Hansen (2004) can be severely oversized under heteroskedasticity,
while both the 2SLS tests we propose are much closer to their nominal size. Therefore, we
recommend using both our tests in small samples, to avoid detecting a threshold when there

is none.



CHAPTER 2. TESTING FOR A THRESHOLD IN MODELS WITH ENDOGENOUS
REGRESSORS

2.1 Introduction

Threshold models are widely used in economics to model unemployment, output, growth, bank
profits, asset prices, exchange rates, and interest rates. See Hansen (2011) for a survey of economic
applications.

Pioneered by Howell Tong - see e.g. Tong (1990), threshold models with exogenous regressors
have been widely studied and their asymptotic theory is well known.! Even though exogeneity
is violated in many economic applications, papers on threshold regression with endogenous
regressors remain relatively scarce. They were pioneered by Caner and Hansen (2004), who show
that when regressors are endogenous but the threshold variable is exogenous, the threshold
parameter can be estimated by minimizing a two stage least squares (2SLS) criterion over values
of the threshold variable encountered in the sample.

In general, the applied researcher needs to decide whether there is a threshold to begin with.
This can be done via testing for an unknown threshold. For example, the government spending
multiplier is often conjectured to be larger in regimes where the nominal interest rate is close
to the zero lower bound - see Eggertsson (2010) and Christiano et al. (2011).2 This conjecture
can be validated by testing whether there is a threshold driven by low interest rates. Another
example is testing whether growth slows down when the debt to GDP ratio is high - see Reinhart
and Rogoff (2010) (tests for this conjecture albeit using exogenous regressors can be found in Lee
et al. (2014) and Hansen (2016) a.o.). Many more examples can be found in Hansen (2011).

In this chapter, we develop 2SLS tests for no threshold against the alternative of one unknown
threshold for models with endogenous regressors. Caner and Hansen (2004) already proposed a
GMM sup Wald test for the same hypothesis. Here, we show that this test is severely oversized in
small, heteroskedastic samples. We propose instead two 2SLS tests (a 2SLS sup LR test and a
2SLS sup Wald test), which we show have superior size properties in finite samples. The superior
size stems from how the 2SLS estimators are constructed. They are not conventional, because
they use additional information about the first stage, while the conventional GMM estimators in
Caner and Hansen (2004) do not use any information about the first stage. With this additional
information, we show that the 2SLS estimators can be more accurate than the conventional
GMM estimators, and that they lead to better sized tests in finite samples.?

The additional information we use is whether there is a threshold in the first stage. We

consider two cases: the first stage is a linear model and the first stage is a threshold model.* We

1See a.0. Hansen (1996, 1999, 2000) and Gonzalo and Wolf (2005) for inference, Gonzalo and Pitarakis (2002) for
multiple threshold regression and model selection, Caner and Hansen (2001) and Gonzalo and Pitarakis (2006) for
threshold regression with unit roots, Seo and Linton (2007) for smoothed estimators of threshold models, Lee et al.
(2011) for testing for thresholds, and Hansen (2016) for threshold regressions with a kink.

2This can happen because when the monetary policy is less effective, fiscal stimulus can quickly lower real interest
rates by raising inflation, resulting in potentially large multiplier effects.

3These unconventional 2SLS estimators were already proposed in Caner and Hansen (2004), but not for construct-
ing tests for a threshold.

4Caner and Hansen (2004) consider the same cases for estimating the threshold parameter, but not for testing for

6



2.1. INTRODUCTION

compute the 2SLS tests for each case separately, and show that their null asymptotic distributions
depend on the data and on the case considered. Nevertheless, critical values are straightforward
to compute via the wild bootstrap, so these tests are easily implemented in practice. To our
knowledge, this is the first paper to propose and analyze 2SLS tests for a threshold.

We study the properties of both tests via simulation. We generate critical values via a fixed
regressor wild bootstrap that we describe in this paper. We find that the 2SLS sup LR and the
2SLS sup Wald test are either correctly sized or slightly undersized. In contrast, the GMM sup
Wald test is correctly sized under homoskedasticity, but under heteroskedasticity, it is severely
oversized.? This holds for both linear and threshold first stages. As the sample size grows large,
both our tests approach their nominal sizes, and the GMM test does too, albeit slower than
our tests. Since we find no systematic difference between the two 2SLS tests, we conclude that
both are valuable alternative diagnostics to the GMM test for a threshold, especially under
heteroskedasticity.

The chapter is closely related to two papers in the break-point literature - Hall et al. (2012)
and Boldea et al. (2017). Both papers study the 2SLS sup LR and 2SLS sup Wald tests for a
break, the first one for a linear first stage, the second one for a first stage with a break. The
asymptotic distributions for the break-point tests are pivotal in the first paper and depend on the
break in the first stage in the second paper. In contrast, we find that the asymptotic distributions
of the threshold tests are non-pivotal in both cases, a linear or a threshold first stage. Moreover,
they are very different than the break-point distributions, and we show that they only coincide in
unrealistic threshold models.

The chapter is also related to Magnusson and Mavroeidis (2014), who use information about
break-points in the first stage (and in general break-points in the derivative of the moment
conditions) to improve efficiency of tests for moment conditions. It is also related to Antoine and
Boldea (2017) and Antoine and Boldea (2015): the first uses breaks in the Hessian of the GMM
minimand and the second uses full sample F'S information. Both papers focus on more efficient
estimation, while we focus on improved testing.

It should be noted that we allow for endogenous regressors, but not for endogenous threshold
variables. For the latter, see Kourtellos et al. (2015). Also, to account for regressor endogeneity,
we make use of instruments for constructing parametric test statistics for thresholds. As a result,
our tests have nontrivial local power for O(T~2) threshold shifts. This is in contrast with Yu
and Phillips (2014), who does not use instruments, but rather local shifts around the threshold to
construct a nonparametric threshold test. As a result, his test covers more general models, at the

cost of losing power in O(T~V2) neighborhoods.

a threshold. One can distinguish between the two cases by testing for a threshold in the first stage, using currently
available tests such as the OLS sup Wald test in Hansen (1996).

5Note that unlike the Wald test for classical hypotheses, the (heteroskedasticity-robust) sup Wald test for the
null hypothesis for an unknown threshold does not have a pivotal null distribution. That means that correcting for
heteroskedasticity (and therefore using Wald tests instead of LR tests) does not necessarily result in better size
properties for the sup Wald test compared to the sup LR test; this is indeed what we find in the simulations.

7



CHAPTER 2. TESTING FOR A THRESHOLD IN MODELS WITH ENDOGENOUS
REGRESSORS

This chapter is organized as follows. Section 2.2 introduces the threshold model. Section 2.3
defines the 2SLS and GMM estimators, and theoretically and numerically motivates the use of
2SLS estimators. Section 2.4 defines the new 2SLS test statistics and derives their asymptotic
distributions. Section 2.5 describes the existing GMM test of Caner and Hansen (2004). Section
2.6 describes the fixed regressor wild bootstrap, and illustrates the small sample properties of all
tests via simulations. Section 2.7 concludes. All the proofs are relegated to the Appendix, together

with additional notation.

2.2 Threshold Model

Our framework is a linear model with a possible threshold at y°:

—(.Tn0 . .T 0 Tp0 , T no
ye = (2 07, +21,07;) Lig,<yo + (2; 05, +x,05,) Lig,>y0) +€t

_ .., Tn0 TpO0
=Wy 91 :H'{(ItSYO} +w; 62 ]]'{qt>)/0} +€;.

Here, y; is the dependent variable, z; is a p1 x 1-vector of endogenous variables and x1; a pg x 1-
vector of exogenous variables containing the intercept, and w; = (th ,xth)T. We set p1+p2=p.
Also, q; is the exogenous threshold variable (which can be a function of the exogenous regressors)
and 1y} denotes the indicator function on the set «f. Furthermore, for i = 1,2, H?Z are pi x 1-
vectors of slope parameters associated with z;, H?x are pg x 1-vectors of the slope parameters
associated with x1; and )/O el = [YminsYmax], its compact support.6 The second equation is just a
)T

more compact way of writing the first, with w; = (th,xIt being the augmented regressors, and

9? = (H?ZT,H?;)T being p x 1-vectors of the slope parameters, for i = 1,2.
We assume that z; is endogenous (E[e;] = 0; E[z4€;] # 0) and strong instruments x; are available;
these instruments include x4, the exogenous regressors.
As in Caner and Hansen (2004), we consider two different specifications for the first stage F'S:
a linear first stage (LFS), given by

2= HOT.’X?t + Uy,

and a threshold first stage (TFS) given by

0T 0T
ZtZHl xtl{qt5p0}+n2 .’)Ct]].{qt>p0}+ut.

In both specifications for the FS, x; = (octh,acth)T is a ¢ x 1-vector with ¢ = p, ¢ = pa+q1; HO,H?
and Hg are q x pi-matrices of the FS slope parameters; p° € I'? is the FS threshold parameter,
possibly different than )/0, with the same support I'°.

As common in the threshold literature, we assume that ¢; and u; are martingale differences,

i.e. Ele|$+]1 =0 and Elu:|F:1=0, §: = 0{qi—s,%t—s,Us—5-1,€t—s—1]|5 = 0}, and (xtT,th)T is measurable

6We can allow for T = R. However, the end-points of the support of g;, even when infinite, are relevant for
simulating asymptotic p—values. Without further information, the only end-points we observe are those in the sample:
the minimum and maximum value of q;, which we call y,,;1,,Ymax; therefore, we fix I’ 0= [Ymin>Ymaxl-

8



2.3. 2SLS VERSUS GMM ESTIMATION

with respect to §;. This assumption implies that the threshold variable q; is exogenous, and so
are the instruments x;.

Next, we write the equations above in matrix form. To do so, stack all observations in the
following T'-row matrices:

Xf = (xtT]l{qzsp})t:L.. T sz = (xtT]l{tIz>p})t=1,...,T

13

W1Y= (th]l{thY})t:1,..,,T Wzyz (w;r:n'{(It>Y})t:1,,,.,T'

LetY, X, Z, W, ¢ and u be the matrices stacking observations ¢ =1,...,T. Then the LFS is:

(2.1) Z=XI’+u
and the TFS is:
0 0
(2.2) Z=X{T9+X5 ) +u.

The equation of interest - which can arise from a structural model and for lack of better terminol-

ogy is called the equation of interest (EI) - is, for a threshold parameter °:
2.3) Y =w!"62+ W) 00 +e.

If there is no EI threshold, 0(1) = 93 =09 and the EIis Y = W0° +e.

Note that we allow for the case of a threshold in the first stage without any threshold in the
equation of interest. For example, if the equation of interest is a structural model where inflation
depends endogenously on output, there can be different output regimes that do not affect the
structural parameters of the inflation model over extended periods, as shown empirically in
Antoine and Boldea (2017). Similarly, we allow for the equation of interest to have a threshold
when the first stage has none. For example, if the equation of interest is a monetary policy rule
where interest rates are targeting the endogenous inflation, we may have regime shifts in the
policy rule without the first stage equation for inflation being affected - see Antoine and Boldea
(2015). Even if there is a threshold in both the equation of interest and its first stage, the values
of the threshold need not coincide, for example, because the policy modelled in the first stage
reacts to deteriorating business conditions differently than the real economy modelled in the

second stage or equation of interest.

2.3 2SLS versus GMM estimation

In this section, we motivate the use of 2SLS estimation for constructing test statistics. We are
interested in testing for a EI threshold, the null hypothesis being Hy : 9(1) = 6(2) in (2.3). Because y°
is usually unknown and it is a nuisance parameter under the null hypothesis, a common practice
is to calculate a series of test statistics, each for a given y € I' (where I' c %), and then to take

the supremum over these quantities to obtain a single test statistic for the null of no threshold
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against the alternative of one threshold. For example, Hansen (1996) and Caner and Hansen
(2004) construct such tests.

In the presence of endogenous regressor, to test for Hg, Caner and Hansen (2004) defines
two-step GMM estimators of 6?,(i =1,2) for each y. These are conventional in the sense that by
construction, they ignore any information about the F'S. Specifically, for each y € I', where I is a
closed interval in the support I'°, bounded away from the end-points of this support, and i = 1,2:

AY _(wrY T ¥ Fret YT\ L (wrT w7 A YT
Qi,GMM_(Wi X H; oy X; Wi) (Wi X H; auuX; Y)’

with estimated long-run variances:

T T
re _m-1 A2 T re _m-1 A2 T
H) oy =T > € emm*t%s Ligi<yhs Ho gprpy (1) =T > € emm®t%s Lig>yhs
t=1 t=1

where é; gy is the " element of the T x 1 vector égprur = y— W}’éLGMM()f) - Wgéz,GMM(Y), and
éi,G um(y) are some preliminary first step GMM estimators of (2.3) for a given y and i = 1,2.7

If instead, we estimate (2.3) by 2SLS, we have no choice but to take into account the nature
of the F'S - linear model or threshold model - otherwise the resulting estimator of H? may be
inconsistent. These two cases - linear or threshold F'S - have also been considered in Caner and
Hansen (2004) for 2SLS slope estimators, but with the purpose of defining a consistent estimator
the threshold parameter y°.

For a linear FS (LFS), let:

(2.4) Z=X1,W=(Z,X1),

with X1 = (x],)e=1,..7.
For a threshold FS (TFS), first estimate the threshold parameter p as in Caner and Hansen
(2004):

(2.5) p = argmindet (4(p) " @(p)),
pel

where @(p) =2 —Xffll(p)—nglg(p) and IT;(p),TI5(p) are the OLS estimators of HO,Hg in (2.2)

for a given p:

(2.6) fl1(p) = (XfTXf)_leTZ

2.7) fla(p) = (XgTXg)_IXgTz.

With g, the TFS slope parameter estimates are I = f[l(ﬁ), Iy = ﬁg(,ﬁ).
Then:

(2.8) Z =1 x7 + 11X}

"Note that because W are already partitioned according to 1{g,<y}> We have W;YTY = WinYi.

10
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The second-stage of the 2SLS is standard. Construct W= (Z , X 1), with Z defined in (2.4) for a
LFS and (2.8) for a TFS, and the 2SLS estimators of 9?,93 for a given y eI are for i = 1,2.

2.9) o= (wy™wy) " (Wl Ty)
(2.10) 6y = (W3 "W )_1 (W) Ty ).

Next, we provide two reasons why we advocate the use of 2SLS over GMM when one is
interested in deciding whether a threshold is present in the EI or not. One is theoretical and
provides an argument that the 2SLS estimators for 03/, i = 1,2, can be more efficient than
GMM under Hy and the second is a heuristic argument based on results from our Monte Carlo
simulations where we find that the bootstrapped distributions of the 2SLS test statistics are a
better fit to the empirical distributions than in case of GMM.

Efficiency Both the 2SLS and the GMM estimators defined here are consistent under standard
assumptions, as shown in Caner and Hansen (2004). But the GMM estimators ignore potentially
valid information about the F'S. As a result, the GMM estimators can be less efficient than the
2SLS estimators which, in turn, can distort the empirical sizes of a GMM-based threshold test.

This result is formalized below.

Theorem 2.1 (2SLS versus GMM).

Assume the EI is (2.3) with the TFS (2.2), one endogenous regressor, one instrument and no
exogenous regressors (p = q = p1 = 1), and impose Hy: 92 = 9(1)2 = 982. Let p° be known and let
Assumptions 2.1-2.4 of Section 2.4.2 hold, with U? =Var(e;) and o2 = Var(e; + utGS). Then, for a
given v,

(i) For both i =1,2,

VIO -0% % H(0,V; (1) and VT 510, ~ 00 % N O,V garas ).

where Vy .(y) and V., 1,(y) are defined in Lemma 2.B.9 of the Appendix.
(ii) If 02 < 02, then {Vi*GMM(y) =V (y) for both i =1,2 simultaneously}.
(iii) If the FS is in fact linear, that is, if 11 =19, then:

(y) for both i =1,2 simultaneously}

0?’<o? = {Vi’fGMM(}/) 2V,

(iv) ViTGMM(PO) = VA*,i(PO)-

Note that Theorem 2.1 is derived under conditional homoskedasticity (imposed in Assumption
2.2) and under independence of ¢; and x; ( imposed in Assumption 2.3).8
The intuition for the results in Theorem 2.1 is as follows. If the sample {t: q; < v} is used

for both the FS and the EI to compute 2SLS estimators, and the same sample is used for

81n more general cases, it is much harder to obtain a similar result analytically.
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GMM estimators, then both these estimators are conventional. Therefore, the two-step GMM is
asymptotically more efficient than the 2SLS, and asymptotically equivalent in the just-identified
case. This is shown in Theorem 2.1(iv) where we set y = p°. However, when y # p° the 2SLS
estimators are not conventional. For example, if y < p°, in computing the 2SLS estimator over
the sample {t : q; <y}, we use information from the FS over a larger sample {t: q; < p°}. Theorem
2.1 (ii) shows that this additional information leads to more efficient estimators if the 2SLS
errors (e; + utB(Z)) have smaller variance than the GMM errors ¢;. This efficiency result also holds
if instead the FS is linear, as shown in Theorem 2.1(iii).
Theorem 2.1 is not just a theoretical result, as shown in the example below.

Example 2.1. Suppose that 110 = 1, 119 = 1.25, p® = 0.25. Let q; "¢ id

A(0,1), x; '~ A(0,1) and

€t

. 1 05 _
L% (O, [0 51 ]) Let f;(1,09) = Vi M=V (), and y < p° (if y > p°, the first plot
U . > 5

becomes the second and viceversa).

Note that in this case, 0% — 02 = (09)(1 +62). From Theorem 2.1, if 09(1+62) <0, £;(1,62) <0
and both 2SLS estimators are more efficient.? From Example 1, u° = Eliy,<p0) = 0.5981. In Figures
2.1 and 2.2 we plot f1(1,00) and f2(A,0?) as functions of 80 € [-1.5,0.5] and A = P(q; <) € (0, u°1.

The purple areas indicate parameter configurations where 2SLS is more efficient than GMM,

and these are sizable areas of the parameter space.

Figure 2.1: Plot and Contour Plot of f7(-)

0.8 --15
o 04
>
=
= 0 j
0.4 |
0.6

9As shown in the proof of Theorem 2.1, when o2 > a?, 971/ is less efficient than 971/ GMM but é; can still be more
efficient than 972/ GMM depending on the DGP.
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Figure 2.2: Plot and Contour Plot of f5(-)

0.5
0]
=X
-
2 -1
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Bootstrap Accuracy The second argument why our 2SLS tests should be preferred over the
GMM test is heuristic in nature and motivated by our findings from the simulation study in
Section 2.6. For the sake of brevity, we consider the LFS case of Section 2.6 for three cases:
homoskedasticity that is known to the researcher, homoskedasticity that is unknown to the
researcher, and heteroskedasticity. ' Figure 2.3 plots the empirical and bootstrapped distributions
of the 2SLS and GMM test statistics for these three cases.

In the first case, we know that the errors are homoskedastic and use this information both for
the bootstrap and for the construction of the test statistics, the bootstrapped distributions closely
matches the empirical distributions, so all three tests are equally well sized.

In the second case, we do not know that the errors are homoskedastic and, therefore, we use
the wild bootstrap and heteroskedasticity-robust test statistics. In this case, the bootstrapped
distribution of the GMM test no longer closely matches the empirical distribution. This is
especially pertinent in the right tail of the distributions, which is associated with the critical
values of the test statistic. In contrast, the bootstrapped distributions continue to closely match
the empirical distributions for the 2SLS tests. Therefore, the 2SLS tests provide the researcher
with more accurate decisions about the presence of a threshold in the EI than the existing GMM
test. Moreover, these results are robust to using different estimators for the heteroskedasticity
robust covariances (known as HCCMEO0-3) and to using different forms of the wild bootstrap.!!

In the third case, we have heteroskdasticity; this did not change the results of the second

10As we will discuss in Section 2.6, when we know that the errors are homoskedastic we replace the wild bootstrap
by the i.i.d. bootstrap where we re-sample the error terms from a (multivariate) normal distribution with mean
zero and variance given by the sample variance of the residuals. Moreover, we adjust all test statistics so that they
incorporate information about homoskedasticity. That is, we replace quantities of the form [E[xtxtTe%] by U?[E[xtxtT], ete.
If we do not know that the errors are homoskedastic then we use the wild bootstrap and the heteroskedasticity-robust
test statistics.

11These results are available from the authors upon request.
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case, even when varying the skedastic function and the degree of heteroskedasticity. Finally, the

same applies when we consider the TFS case.!?

Tables 2.1 - 2.4 reinforce the results discussed above for both a LFS and a TFS. They show
that the GMM test is severely oversized in small samples; at a nominal size of 5%, the empirical
sizes reach up to 15% for 100 observations; they decrease as the sample size increases, but they
are still around 6 — 10% for 1000 observations. Since many applications of threshold tests are
macroeconomic applications, where a representative sample is around 500 observations, the size
distortions of the GMM test are worrisome, as they will often lead to favor a threshold model
when the true model is linear. The same tables show that the 2SLS tests are either correctly
sized or slightly undersized, but not oversized. This motivates us to consider the 2SLS tests as

complementary threshold diagnostics.

Figure 2.3: Empirical and bootstrapped distributions of the 2SLS and GMM test statistics.

sup., LRZSLS () sup., W2SLS(5) sup,, WEMM ()

0.15

0.10 SR 0.10

0.05 E 0.05 0.05

Homoskedasticity known
Density

0.10

Homoskedasticity unknown
Density

0.20

0-10 0.10

Heteroskedasticity
Density

0.05

Realization Test Statistic Realization Test Statistic Realization Test Statistic

-+ Empirical T' = 100 --=--- Empirical T' = 250 - - = Empirical 7" = 500 —— Empirical 7" = 1000
»»»»»» Bootstrap T' = 100 - - --- Bootstrap T = 250 - - - Bootstrap T' = 500 Bootstrap T' = 1000

12These results are available from the authors upon request.
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2.4 2SLS Tests

2.4.1 Test Statistics

For a LFS, the first test statistic we propose is a sup LR test in the spirit of Davies (1977):

SSRo-SSR1(y)
(2.11) supLRZ5LS (y) = su ,
e T LESTY = SR S S R (VAT - 2p)

where SSRo and SSR;(y) are the 2SLS sum of squared residuals under the null and the

alternative hypotheses:

SSRy=(Y -W)"(Y - W),
SSRi(y) =] -W/oD) ] -WIo)H+x] -Ww)o)) v) -WwJio)),
and where 6 = (WTW) " 'WTY is the full-sample 2SLS estimator, and W,éy,é; are defined in
Section 2.3 for a LFS.
A scaled version of this test is known as the sup F test in the break-point literature - see Bai

and Perron (1998) for OLS and Hall et al. (2012) for 2SLS.
We also propose the sup Wald test:

A Av1T A A A
(2.12) iglgwﬁiﬁgss<y)=i2?T[e{ 6TVl (6] -61],

where V()f) is defined in Definition 2.2 of the Appendix, and unlike the 2SLS sup Wald test in
Hall et al. (2012), it takes into account that the 2SLS estimators 971/ and 972/ are correlated through
a full-sample first-stage.

For a TF'S, the test statistics are calculated exactly as above, but taking into account the TFS

when computing the first stage of the 2SLS estimation, as in (2.8). Therefore, sup,cr W%S%Ifs(y) is

computed with V4 (y) instead of V(y), and V4(y) is defined in Definition 2.3 of the Appendix.
2.4.2 Assumptions

Define
M1(y) = Elxex] Lig,<p]l, M = M(ymax) = Elxzx/ 1,and Ma(y) = M — M1(y)

as the second moment functionals of the instruments x;, where y € I'. We impose similar but
slightly stronger assumptions than in Caner and Hansen (2004) below, mainly for clarity of our

proofs.
Assumption 2.1.
1. Let vy = (&4, utT)T denote the compound error term. Then
Elv:1§:1=0
with §t = 0{xt—s,Vs-s-1,9¢—s|s = 0L
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2. The series (et,utT,xtT,th,qt)T is strictly stationary and ergodic with p-mixing coefficient

p(m)=0(m=4) for some A > -4 and 1<a <2. Also, for some b >a,
supE||x;[13° < 0o, supEflv;ll3” < oo,
¢ ¢
with |- |2 being the Euclidean norm, and in%' detM;(y)>0.
)/E

3. The density of vs is absolutely continuous, bounded and positive everywhere.

4. The threshold variable q; has a continuous pdf f(q) with sup|f(qs)| < oo.
t

5. The variance of the compound error term v; is given by

2 T
o z
[E[vtv;r]:zz (Z € ze,u)’
€,u u

which is positive definite.
6. Assume I1° (LFS) or HO,Hg (TFS) are full rank.

2.1.1 is needed for threshold models, and it excludes autocorrelation in the errors. However,
lagged regressors can enter both the EI and the FS. 2.1.2 is standard for time series and is
trivially satisfied for many cross-section models (note that even though we use the time series
notation with index ¢, our results equally apply to cross section models). However, it precludes
nonstationary processes. 2.1.3 is needed in the TFS case in order to make asymptotic statements
about the F'S parameters in the spirit of Chan (1993). 2.1.4 requires the support of ¢; to be
continuous; if it is discrete, the search over I' is much easier to perform. 2.1.5 allows conditional

heteroskedastic errors and finally, 2.1.6 says that x; is a strong instrument.

Assumption 2.2.

> =T
[E[vtvtTISt—ﬂ:Z:( ¢ 6’”).

Zs,u Zu

Assumption 2.2 is a conditional homoskedasticity assumption, which we only use for special

case derivations.

Assumption 2.3. The threshold variable q; and the vector of exogenous variables x; are indepen-
dent. i.e.
q: J_xt Vit = 1,2,...,T.

Assumption 2.3 is also quite strong and is only used to relate the results in this paper to those
on break-point tests, not for the main results of the paper. It doesn’t allow the threshold variable
q: to be one of the instrumental variables or exogenous regressors x;, and is quite restrictive.
However, it mimics break-point models, where the threshold is time, or more exactly, a fraction of

the sample size, ¢/T'.
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Assumption 2.4 (Identifiability). If we have a TFS as in (2.2), H(l) # Hg.

Assumption 2.4 states that if there is a TFS, the threshold effect is large. It is imposed for

simplicity.

2.4.3 Asymptotic distributions with a LFS

To write the asymptotic distributions, define the “ratios”
Ry =M(y)M',i=1,2.

Also, let
gymat,l(Y) and “Pmat

as g x (p1 + 1)-matrices where all columns are g x 1 zero mean Gaussian processes, and the
covariance kernels of ¢221(y) = vec(§ Pmat,1(y)) and 922 = vec(§ Pmat) are given by [E[(vtvtT ®
x1%) )ig,<py] and E[(v;v, ® 24 )]. Let 9P mat = 9P rmat,1(Ymax)-

Also, let

A% =, sTIT

be the augmented matrix of the F'S slope parameters, where S =[I,,,0,,xq,1, I, is the ps x p2
identity matrix and 0,4, a p2 x g1 null matrix (p2 +q1 = q). Hence, x1; = Sx; and w; = A%+,
)T

where @; = (utT,Olqu . Define the matrices

CiN=AMi(NA®T, C=Cilyma) =A’MA"T, and Cy(y)=C-Ci(y)
and the Gaussian process:
B1(Y) = A° [GPrna1(y) 02 ~ R1(NGP mat 67
where 09 = (1,097)" and 62 = (0,697)". Finally, let:
E()=C1'(B1(y) - C3' (1) Ba(y)
where Ba(y) = B — B1(y) with B = PB1(Ymax). Let
o =02+23],00+6077%,0.
With this notation, the null distributions for a LFS are stated below.

Theorem 2.2 (Asymptotic Distributions LFS). Let Z be generated by (2.1), Y be generated by
(2.8), and Z be calculated by (2.4). Then under Hy and Assumption 2.1,
@)

supLRZLS (y) = sup& T (NQ 1 1E(y),

yel ’ yel'
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where Q(y) = 02CI1()/) C Cz_l(Y);
(i1)

sup W2SL5 () = sup & T (nV ),
yel ’ yel

where V(y) is defined in Definition 2.2 in the Appendix, and, in general, V(y) # Q(y).

In both cases, the suprema taken are over y € I' and this deserves some explanation. For
theoretical derivations, it suffices that I is a closed interval in the support I'® and that it is
bounded away from the end-points of I'* = [Ymin>Ymax]- But in practice, searching over y includes
calculations over the subsamples {t: 1{4,<y}} and {¢: 14,5y}}, which means that the data needs to
be sorted into quantiles of g;. Therefore, in practice, I is a set that contains ordered values of
q: encountered in the sample, from a pre-defined lower quantile y to predefined upper quantile
Y, where y > ymin and ¥ < Ymax. We refer to these upper and lowe_r quantiles as “cut-offs” in the
simulatior_l section, and in practice they are chosen so that the subsamples {¢:y,in < q: <Y} and
{t : Ymax = q¢ =y} are large enough to produce reliable estimates; example cut-offs are th?a 15%
and the 85% quantiles of g;.

Both asymptotic distributions depend on second moment functionals of the data and the
parameters in the F'S. But critical values can be calculated by the bootstrap described in Section
2.6.

As shown in Corollary 2.B.1 in the Appendix, the asymptotic distributions remain nonpivotal
for both tests even when the errors are conditional homoskedastic. More importantly, because
the 2SLS estimators are not conventional, the sup Wald and sup LR tests are in general NOT
asymptotically equivalent under conditional homoskedasticity. However, they are equivalent in
the just-identified case as shown in Corollary 2.B.1. They are also equivalent in the overidentified

case, when x; and ¢; are independent, as stated below and proven in the Appendix.

Corollary 2.1 (to Theorem 2.2). Let Z be generated by (2.1), Y be generated by (2.3), and Z be
calculated by (2.4).Then, under Hy and Assumptions 2.1-2.3,

BB (V) BB, (L) BB (N)BIRB,(N)
supLR%SLLfgS(y) = sup P P sup W721 Lrs(Y) = sup P P
yel' ’ yel' ’

AeA, AM1-2) ’ AeA, AM1-2) ’

where BB () = BM p(A) — ABM (1), BM ,(-) is a p x 1-vector of independent standard Brown-
ian motions, A = Prob(q; <), Ac =[e1,1—e€2], where €1 = Prob(q; < 7_f), €9 =Prob(q; < 7).

SLS

The distribution in Corollary 2.1 is identical that of the sup F and sup Wald break-point tests
- see Andrews (1993), Bai and Perron (1998) and Hall et al. (2012) among others. This is due to
similarities between threshold and break point models; a break-point model is a special case of a

threshold model when g; = ¢/T'.13 Critical values for these distributions can be found in Andrews

13Note, however, that the asymptotics for break-point tests cannot be obtained as a special case of our results here
because in general, break-point models are not strictly stationary.
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(1993) and Bai and Perron (1998). However, x; L q; is a case rarely encountered in practice, and

we do not consider this case in our simulations.

2.4.4 Asymptotic distributions with a TFS

For this section, we assume that the FS has a threshold p° (TFS). For stating the asymptotic

distributions, similar to A® in the previous section, we define
(2.13) AV=[m,S8"" and AY=[m,ST1".
Also, let a A b = min(a, b) for generic scalars a,b, and define the matrices:
(2.14) Ca (1) =AIM1(y A DAY + A [M1(y) - Mi(y A p%)] AYT,
and Cy 9 =Cx—Cyx 1(y), where:

Ca=Ca1(Ymax) = AIM1(p")AIT + AIM5(p")ATT,
as well as, in line with Section 2.4.3, the “ratios”

R;i(y;p%) = Mi(n)M; 1 (p?).

The TFS analogs to the LFS processes B1(y) and &(y) are defined as:

Ba1(y) = AY[GPmar1(y A )82 — R1(y A p°;0°YG P 1mat 1(0)02]
+ A [(9Pmat1(1)0° — 4P a1y A p°)) 67]

(2.15) —AY [(R2(r A p%p%) = Ra(y;0°)) 4 Prmat 200 .
and

(2.16) EAY) = CLH (B~ C (1B oY)
where

Bp2y)=Ba—Baaly)

with
B = BaYmax) = AJYG Prar1(0°0)0) — 02) + AJGPrnas 2(p°)02 — 69).

The more complicated expressions in this case stem from the fact that the relative location of

y and p° influences the asymptotic distribution of our tests, as Theorem 2.3 shows.

Theorem 2.3 (Asymptotic Distributions TFS). Let Z be generated by (2.2), Y be generated by
(2.3), and Z be calculated by (2.8). Under Hy and Assumptions 2.1 and 2.4,
@)

sup LRZESs(y) = sup &4 (1)QL (N8 (),
yel ’

yel'
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where QA (y) = 020[_"11()/) Ca CA’IZ(Y);
(i1)

sup W2 (1) = sup &4 (NV, 1 (1EA (),
yel ’ yel

where V4(y) is defined in Definition 2.3 of the Appendix, and in general, Va(y) # Qa(y).

Under conditional homoskedasticity, Corollary 2.B.2 in the Appendix shows that, as for a LFS,
the sup Wald and sup LR tests are not asymptotically equivalent for a TF'S, except for the just
identified case p = q.

As in Boldea et al. (2017), in this section, the asymptotic distributions are non-pivotal, and
don’t simplify to the usual break-point distributions expressed in Corollary 2.1. This is not an
issue in practice, because critical values can still be obtained by bootstrap, as we discuss in
Section 2.6.

2.5 GMM test

In contrast to our paper, Caner and Hansen (2004) propose testing for a threshold using a GMM
sup Wald test. To calculate this test, they use the conventional two-step GMM estimators defined

in Section 2.3, with estimated variance-covariances:
~ _ T A -1 T -1
Viaum(y) = (T W XTHS G 0X] le) '
The Wald test statistic in Caner and Hansen (2004) for Hy at each v is:

Wi M) = 710} 6arn = O3, 600) Vioam )+ Va,aarn () Lo ~ 026

and the sup Wald test is sup qu MM 7).
yel’
For clarity, we reproduce below the asymptotic distribution of this test, which was already de-

rived in Caner and Hansen (2004). Assume that Hp holds, and let V; garp(y) = | N (y)H f_l()/)N iT()f) _1,
where H f(y) is defined in Definition 2.1 of the Appendix. Also, let N;(y) = A?TM i(y), and let
@1()/), be a ¢ x1 zero mean Gaussian process with covariance kernel equal to E[@l()fl)@I(yg)] =
H f()fl AY32). Let 4P = @ﬂymax) and @2()/) = @—@1()/).14 Then Caner and Hansen (2004)

show:

Theorem 2.4 (Asymptotic distribution sup Wald GMM). Let Z be generated by (2.1) or (2.2), and
Y be generated by (2.3). Under Hy and Assumptions 2.1 and 2.4,

-1 —_— -1 —_— T
sup WiMM (y) = sup [Vl,GMM(y)N1<y>H‘; (NG 2P1(y) - Vo,aum(Y)N2(y)Hy (y)ae%(y)]
vel vel

x [Viean )+ Veoun @)

Vieun(NIOHS (FZ1() - Va,aum N (HS (G251

141n Caner and Hansen (2004), 42 = limy_,oo 4P 1(y), to account for an unbounded support FO; as discussed

X

before, for all practical purposes, including calculation of critical values, it makes sense to impose o= [Ymin,Ymaxl,
treat ¥,in,Ymax as fixed values, and therefore define 42 = 9221 (ymax)-
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The proof is in Caner and Hansen (2004). Theorems 2.2-2.4 show that the 2SLS and GMM
tests have different asymptotic distributions in general, but there are two notable exceptions,
both for a LFS. First, under conditional homoskedasticity and just identification, a comparison of
Corollaries 2.B.1 and 2.B.3 in the Appendix shows that the GMM test distribution looks just like
the 2SLS distributions for a LF'S, with the difference that the Gaussian processes are generated
by €; rather than (e; + utﬁg). Second, under Assumptions 2.1-2.3 and a LFS, all the distributions
are the same, and identical to the break-point sup F and sup Wald test distributions. This latter

result is stated below and proven in the Appendix.

Corollary 2.2 (Corollary to Theorem 2.4). Let Z be generated by (2.1) and Y be generated by
(2.3). Then, under Hy, and Assumptions 2.1-2.3,

BB NBB, L)
su WGMM( )= su P P
b SAE A b S TE I

Note that for a TFS and the same assumptions, the distribution in Corollary 2.2 does not

apply.

2.6 Simulations

In this chapter, we investigate the small sample properties of the 2SLS tests and the GMM test.

We first introduce the wild fixed-regresssor bootstrap.

2.6.1 Bootstrap and DGP

Bootstrap As shown in Section 2.4, the asymptotic distributions of the proposed test statistics
are non-standard and therefore need to be either simulated or bootstrapped.

Simulating the asymptotic distributions involves, for example, simulating the Gaussian
processes &(-) and &4(-) in Theorems 2.2-2.4, while keeping x;,q; fixed. On the other hand, in
simulations, usually Q(y),V(y),Q 4(y),Va(y) are replaced with consistent estimators based on the
initial sample, Q(y), V(y),Q A(y),VA(y), and are kept fixed across simulations. Using similar argu-
ments to Hansen (1996), Theorem 2, one can show that the critical value simulated in this way
converges to the true critical value of the test. However, the randomness of Q(y), V(y), Q A, VA(y)
may affect the critical value approximation in finite samples. Therefore, we propose bootstrapping
the critical values instead.

Below, we describe the fixed regressor wild bootstrap we used for simulating critical
values. We first describe it for the 2SLS test and then for the GMM test.
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Bootstrap for 2SLS tests:

1.

based on the original sample, compute the test statistics in Section 2.4, gathered under the

generic name G:

G:sup LR o5, supLRT i (1), supWiip(y), supLRY ris ()

compute the full-sample 2SLS parameter estimates 6 = (ézT ,HAI )T for a LFS or for a TFS,

using (2.4) or (2.8), and the corresponding residuals for these estimates:
o=@ ,a0)"

for each bootstrap sample j, draw a random sample ¢ = ., T for n; such that!®

~(vV5-1)/2 with probability (v/5+ 1)/(2v/5)
(VB+1)/2  with probability (v 1)/(2v5)

and compute the wild bootstrap residuals:

() _ A
UtJ = UM

keeping x;, g fixed, calculate a new bootstrap sample (yij ),zij )

~ ()

z(tj) =112 + i, for a LFS or Zij) = f[-lrxt]l{qtsp} + ﬁ;—xt]-{qt>ﬁ} + ﬁ(tj) for a TF'S
yij) = zEJ)TH +x1t0 +é(tJ)

using the new sample (yiJ ),zt ,x:,q¢) with fixed regressors x;,q;, recalculate all 2SLS

test statistics, gathered under the generic name GV

AG 2SLS.(j) 2SLS.(j) 2SLS,(j) 2SLS.(j)
G ?/16111") LRT,LFSJ ), ?xlelll") LRT,TFSJ ), Syup Wr LFSJ (7)’ WT TFSJ )

repeat this procedure for j=1,...,J times

the 5% bootstrap critical value for each test statistic is equal to the 95% quantile from the
empirical distribution (G(l), ... ,G(J)), call it G‘o,95

. if G > Gogs we reject, else we don’t reject.

15This distribution for the bootstrap was proposed by Mammen (1993). We also tried the Rademacher-distribution
and a standard normal distribution for bootstrapping the residuals. Results do not change by much when using the
Rademacher distribution and substantially change for the GMM test when using the standard normal distribution.
In particular, this test becomes even more oversized in small samples when using the standard normal distribution.
These results are available from the authors upon request.
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Bootstrap for the GMM test:

1.

7.

based on the original sample, compute the GMM test statistic:

G= suqugMM(y)
yel

compute the full-sample two-step GMM parameter estimates éG My using the 2SLS esti-

mator 6 for a LFS as the first-step GMM estimator; calculate the corresponding residuals:
&=y —w; Oamm
for each bootstrap sample j, draw a random sample ¢ = 1,..., T for n; such that'®

—(v5-1)/2 with probability (v/5+ 1)/(2v/5)
(VB+1)/2  with probability (v5— 1)/(2v/5)

and compute the wild bootstrap residuals:

() -
& =émy

keeping z;,x:,q; fixed, calculate a new bootstrap sample yij )

7 =w] Ogym +&
using the new sample ( yf‘j ),zt,xt, q:) with fixed regressors z;,x;,q:, recalculate the GMM
test statistic GV

A _ GMM,())
G’ =supWy,
yel'

the 5% bootstrap critical value for each test statistic is equal to the 95% quantile from the
empirical distribution (GD,...,GY), call it Go 95

ifG > é0.95 we reject, else we don’t reject.

Our bootstrap is slightly different than the one suggested in Caner and Hansen (2004) for

the same test statistic. They suggested setting ygj ) = €1y, therefore computing a “pseudo-sample”

that ignores the predictable part of y; under Hg, which is (thBO). Presumably, they do so because
the value of 0° is irrelevant for the asymptotic distribution of their test statistic. However, 6°

shows up in the asymptotic distribution of our test statistics, and for the sake of comparison, we

16This distribution for the bootstrap was proposed by Mammen (1993). We also tried the Rademacher-distribution
and a standard normal distribution for bootstrapping the residuals. Results do not change by much when using the
Rademacher distribution and substantially change when using the standard normal distribution. This substantial
change is only experienced by the GMM test, which becomes even more oversized in small samples. These results are
available from the authors upon request.
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compute yij ) as suggested in Step 5. Computing y,(fj ) as we suggested is a proper wild bootstrap.
Compared to Caner and Hansen (2004), it should replicate more closely the sample null behavior
of the test.

As we already mentioned in Section 2.3, we investigate two possibilities in case the er-
rors are homoskedastic, namely, a) we know that they are homoskedastic or ) we do not know
that they are homoskedastic. In case b) we use the wild bootstrap, as explained above, and the
heteroskedasticity robust test statistics, as presented in Sections 2.4 and 2.5. In case a) we make

two adjustments to simulate the size and power properties of the tests:

¢ First, we replace the above wild bootstrap with the fixed regressor i.i.d. bootstrap That is,

we replace step 3 in the wild bootstrap such that o AU) iid g (0,%,) with 2, Zt 1 vtvt
in case of 2SLS. In case of GMM we replace step 3 in the wild bootstrap such that é ~(J ) i d.
JV(O,O’Z) with 0 = Zt 1€t

* Second, we replace second moment functionals which contain v; by their homoskedas-
ticity analogs. For example, we replace the term [E[xtxt €; 21{q; < y}], which is estimated
by T~ lzt lxtxt € 21{q; < y}, by its homoskedasticity analog 02[E[xtx 1{g; < y}l, which is
estimated by 62T 1 Zt 1%, T1{qg; < 7}. We proceed for all other such quantities in the same
way. This yields the simplified variance-covariance terms in Corollaries 2.B.1, 2.B.2 and

2.B.3 in Appendix 2.B and consequently simplified sample test statistics to compute.

Empirical Sizes and Size Adjusted Power To calculate the empirical sizes & for a nominal

significance level a, we repeat the bootstrap procedure M C times, for a certain fixed Ho DGP but

with the original sample redrawn in each simulation draw s = .,MC, and set:
MC
(2.17) = Z G:>Gogss’

where the subscript s in (A}S,CA}O_%,S refers to the s simulated value of G,Gg 95. The empirical

power is obtained analogously with the DGP under Hy:

(2.18) P =316 2 LorGoss

Setting Go.95 in (2.18) equal to the 95%-quantile of the empirical distribution of a given test

statistic yields the size adjusted power.”

17Note that the size adjusted power is defined/computed such that the considered test has empirical size exactly
equal to the required nominal size. This is guaranteed under this setting.
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DGP The Hy DGP used in the simulations for calculating empirical sizes is:

(2.19) ye=09 +200+e=w/ 0 +e

(2.20) zp= (09 1 +T09 9x) (g, <0y + (T3 | +T13 526 L, 00 + Uy

where x; iid A (1,1), gr =x:+1, and x;,2;,q; are scalars. We set:
* 09=0 =1.

o M=), Iy ,)" =(1, 1.

o Hg = (Hg,p 1'[3’2)T =(1,b)", where we allow b € {0.5,1,1.5,2,2.5}. Note that b = 1 corresponds

to a LFS, and b # 1 to a TFS.
o p0=1.75.

We consider two cases: homoskedasticity and heteroskedasticity. For homoskedasticity, €; = v;,

and for conditional heteroskedasticity, €; = v; - x;/v/2 with

)<l )

We set J =500 and M C = 1000.

Note that we chose on purpose a DGP where the parameters in the equation of interest are
just-identified rather than over-identified for a LF'S. In such a DGP, the GMM estimators are
equal to the conventional 2SLS estimators that use the same sub-sample ({¢ : q; <y}, respectively
{t : q: > y}) to estimate both the first stage and the second stage (the equation of interest).
Therefore, any difference between our LFS tests and the GMM tests should stem from the
additional information of a LFS used in the 2SLS tests.

2.6.2 Size

Known Functional Form of the First Stage In this section, for all simulations we know the
nature of the FS: LFS or TF'S, and we take it as given.

In the case of conditional homoskedastic errors, we present results for the two cases of
known and unknown homoskedasticity in Tables 2.1 and 2.2. In the first case of known ho-
moskedasticity, the results show that, in small samples, our tests tend to be slightly undersized
but stay below the nominal level, while the GMM test is correctly sized or slightly oversized. It
seems that the additional F'S information does not result in better small sample properties, and
the i.i.d. bootstrap correctly replicates all asymptotic distributions. In large samples of about
T =1000 all tests are close to their nominal size. However, in the case of unknown homoskedas-

ticity, the pattern is entirely different. That is, both of our tests are close or slightly below the
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nominal size for all considered sample sizes. This is in strong contrast to the GMM test which is
heavily oversized, with empirical sizes of up to 15% for small samples (7' = 100) and up to 10.3%

for large samples (7" = 1000).

Table 2.1: Empirical sizes for 5% nominal size, a LF'S and homoskedastic errors

2SLS 2SLS GMM
T LR s Wipps  Wrpno(y)

Homoskedasticity known

100 4.7% 3.0% 5.2%
250 4.8% 3.7% 4.0%
500 5.7% 5.3% 4.7%
1000 4.8% 4.8% 4.6%

Homoskedasticity unknown

100 4.6% 6.5% 15.0%
250 4.6% 5.9% 11.6%
500 5.1% 5.9% 11.2%
1000 5.5% 5.6% 8.5%

Finally, in case of heteroskedastic errors (Tables 2.3 and 2.4), we observe the same pattern as
in the case of unknown homoskedasticity. In particular, the GMM Wald-test is severely oversized
with empirical sizes of up to 12%. In sharp contrast to this, the 2SLS tests are more adequately
sized, with most empirical sizes ranging from about 4.5% to 5.5%, and with the largest empirical
size equal to 6.3%.

As we saw in Figure 2.3, for a LFS case, these findings are due to the fact that the wild
bootstrap, combined with heteroskedasticity robust test statistics, fails to adequately mimic
the empirical distribution of the GMM test for small sample sizes 7. Note that there is no
systematic difference between the two 2SLS tests, and because they can both be bootstrapped

under heteroskedasticity without severe size distortions, we recommend using both.

Unknown Functional Form of the First Stage For a given empirical application, we may
not know whether we have a LFS or a TFS. One way to circumvent this issue while avoiding
pre-testing or model selection in the F'S is to find a misspecification robust functional form for
the FS, such as a polynomial approximation. Tables 2.5 and 2.6 presents simulation results

for this approach!®. We find that the empirical sizes of the 2SLS tests are in general too large,

18The polynomial approximation was carried out in the following way: First, we simulate the FS as outlined in
Section 2.6.1, for both LF'S and TF'S cases with heteroskedastic errors. Then, we fit a polynomial as an approximation of
the F'S. We choose the polynomial order by minimizing the associated BIC and keep this order fixed when bootstrapping
a given simulated sample. Thus, the polynomial order can vary across simulations. Since a polynomial approximation
of the F'S is nothing else than having a LFS but with more instruments, we applied the test statistics for a LF'S to
evaluate these “robustified” tests. We did so for both the case that the true DGP has a LF'S, and the case that the true
DGP has a TFS. Note that if the true DGP has a LF'S, the optimal polynomial order equals 1.
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Table 2.2: Empirical sizes for 5% nominal size, a TF'S and homoskedastic errors

2SLS 2SLS GMM 2SLS 2SLS GMM
T LRp7Rs) Wrpps)  Wrpm B LRppps() Wrpps()  Wpm o)

Homoskedasticty known

b=0.5 b=1.5
100 2.3% 2.8% 4.7% 1.7% 2.2% 5.2%
250 2.9% 3.0% 5.1% 2.4% 2.2% 4.0%
500 2.7% 2.6% 4.6% 3.8% 3.1% 4.5%
1000 4.2% 4.0% 4.2% 3.3% 3.7% 4.3%
b=2.0 b=2.5
100 2.6% 2.4% 5.2% 3.2% 1.6% 5.5%
250 3.9% 3.1% 4.9% 4.9% 3.6% 5.1%
500 5.2% 4.1% 4.6% 5.3% 4.0% 4.7%
1000 4.5% 4.9% 4.7% 4.8% 5.0% 4.3%

Homoskedasticty unknown

b=0.5 b=1.5
100 2.4% 6.6% 14.8% 1.6% 4.6% 13.3%
250 1.7% 4.5% 12.4% 2.3% 3.9% 9.4%
500 2.9% 4.8% 13.1% 4.2% 5.1% 9.9%
1000 3.9% 4.6% 10.3% 3.5% 4.8% 7.8%
b=2.0 b=2.5
100 2.2% 6.2% 10.9% 2.4% 5.8% 9.7%
250 1.6% 4.1% 8.1% 4.4% 4.9% 7.6%
500 3.1% 4.8% 8.5% 5.4% 6.2% 9.1%
1000 3.9% 4.6% 7.3% 4.7% 5.6% 7.6%

Table 2.3: Empirical sizes for 5% nominal size, a LF'S and heteroskedastic errors

T,LFS T,LFS
100 5.5% 5.5% 9.8%
250 5.8% 5.0% 9.2%
500 4.8% 5.5% 8.5%
1000 5.2% 5.4% 7.2%

which is not surprising because there is a substantial share of simulations where z; is not well
approximated by a polynomial. The effect of the approximation error reflects more heavily on
the 2SLS Wald test, which needs estimates of second moment functionals for the instruments
interacted with the threshold variable. When these instruments are, for example, powers of x;, we
need to estimate second moment functionals of powers of x;. These estimates become increasingly
inaccurate as the order of the polynomial increases, leading to higher approximation errors for
the 2SLS Wald test than for the 2SLS LR test. Nevertheless, for small samples and a TF'S, the

2SLS test is also heavily oversized.

27



CHAPTER 2. TESTING FOR A THRESHOLD IN MODELS WITH ENDOGENOUS
REGRESSORS

Table 2.4: Empirical sizes for 5% nominal size, a TF'S and heteroskedastic errors

T LR 2SLS (Y) W’%SLS (7) WgMM(Y) LR %SLS (Y) W%SLS (Y) WgMM(Y)

T,TFS TFS

b=0.5 b=15
100 5.4% 2.8% 10.5% 4.6% 2.5% 9.1%
250 4.9% 4.4% 10.2% 4.8% 5.1% 8.1%
500 5.2% 3.5% 12.0% 5.5% 4.2% 7.0%
1000 5.6% 4.6% 8.7% 5.2% 4.4% 6.3%

b=20 b=25
100 4.4% 3.7% 8.7% 5.1% 4.3% 8.5%
250 5.6% 6.0% 7.1% 6.2% 6.3% 6.4%
500 5.9% 4.7% 6.9% 5.7% 4.6% 6.9%
1000 6.0% 5.0% 6.3% 6.0% 5.0% 6.2%

Table 2.5: Empirical Sizes for 2SLS Tests with Polynomial FS Approximation — DGP is LFS

2SLS 2SLS
T LRT,LFS WT,LFS
100 54%  21.3%
250  6.1%  25.8%
500  5.0%  24.8%
1000 52%  24.2%

Table 2.6: Empirical Sizes for 2SLS Tests with Polynomial F'S Approximation - DGP is TFS

2SLS 2SLS 2SLS 2SLS
T LR psM Wrpes) LR TRe()  Wimo(y)
b=0.5 b=1.5
100 25.4% 4.9% 24.9% 5.9%
250 19.8% 6.2% 19.9% 5.3%
500 16.7% 6.2% 15.4% 6.0%
1000 8.9% 9.2% 9.4% 8.3%
b=20 b=2.5
100 16.7% 6.6% 8.3% 8.1%
250 9.2% 8.1% 4.1% 12.5%
500 4.0% 11.8% 2.3% 30.1%
1000 2.1% 28.4% 0.8% 51.8%

Yet another possibility to robustify the F'S estimation is to use a TFS and therefore the TFS
tests regardless of whether the F'S is linear or not. This is sensible since the parameter estimates
of a LFS misspecified as a TFS are still consistent, but not efficient. In addition, it is easy to
verify that the asymptotic distributions for the TF'S case collapse to those of the LFS case. Table
2.7. presents results for this case. Both of our tests are undersized but still relatively close to

the true nominal size in this scenario, whereas the GMM test, which does not depend on the F'S,
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is oversized as discussed in the previous paragraph. Thus, when the researcher does not know
whether the FS is linear or a threshold, we recommend using the TFS 2SLS tests. Again, there is

no noticeable difference in Table 2.7 among the two tests, so we recommend using both.

Table 2.7: Empirical Sizes for both 2SLS Tests with LFS approximated as a TFS

T LR2SLS (Y) W721SLS (Y)

T,TFS ,TFS
100 3.5% 3.2%
250 2.9% 3.0%
500 3.8% 2.6%
1000 3.7% 3.2%

2.6.3 Power

In this section, we present the size adjusted power of the three tests. We slightly alter the DGP

in (2.19) while leaving everything else equal. In particular we set
(222) Yt = w;l—e(l)].{thYO} +w;reg:n.{qt>),0} + €4

with 69 =(1,1)" as before and 63 = (a,¢)" with a €{1,2}, c € {1.25,1.5,1.75,2}, and § = c — 1 the
slope threshold size. This allows us to investigate how the power varies with the threshold size,
measured by @ — 1 and 8. Finally, we set y° = 2.25.

We follow Davidson and MacKinnon (1998, Section 6) and plot size-power curves. That is, we plot
all possible sizes between 0 and 1 on the x-axis. The sizes used for size-adjusted powers are true
empirical sizes in the sense that they are computed based on (simulated) empirical critical values
and the empirical distribution function of the test statistics'®. On the y-axis we plot the size
adjusted power which is calculated using the empirical critical values. For reasons of brevity we
only plot the cases of a LFS, a TF'S with either b = 0.5 or b =2.5, sample sizes T'=250,1000 and

no change in the EI intercept. Results for the other cases are similar and available upon request.

Figures 2.4 and 2.5 show the result of this exercise when the {rue errors are homoskedastic.
In particular, Figure 2.4 plots the size adjusted power when it is known that the errors are
homoskedastic and Figure 2.5 when it is unknown. We see that the power of all three tests
increases when either the sample size is fixed and the threshold size increases or the threshold
size is fixed and the sample size increases. Furthermore, for moderate threshold sizes the tests
have very similar power.

If the true errors are indeed heteroskedastic, as is the case in Figure 2.6, then we observe the

same pattern as in the homoskedastic case.

19The empirical critical values are computed under the DGP of Section 2.6.2. Of course, other Ho-DGPs are possible
(e.g. averaging over 9(1) and Gg) but it seems natural to take that of Section 2.6.2 for easy comparison.
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Figure 2.4: Size-adjusted power curves - known homoskedasticity
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Figure 2.5: Size-adjusted power curves - unknown homoskedasticity
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Figure 2.6: Size-adjusted power curves - heteroskedasticity
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However, there are is also an interesting difference for small threshold size and/or small
sample size: across most cases, the sup Wald tests outperform the sup LR test. Of course, this
difference vanishes as the sample size and/or the threshold size increases. Moreover, it seems
that the GMM sup Wald test has better power than the 2SLS sup Wald but only in the case of
small samples and small threshold values.

Even though our simulations indicate that the sup Wald tests are better than the 2SLS sup
LR test in terms of power, we know from Caner and Hansen (2004) that under the alternative,
the y at which the supremum is obtained for the sup LR test is a consistent threshold estimator

whether we have an LFS or a TFS, so it is useful to compute the 2SLS sup LR test as well.

2.7 Conclusion

In this paper, we propose two novel threshold tests for linear models with endogenous regressors,
a sup LR and a sup Wald test. These tests are based on 2SLS estimation and explicitly account
for a possible threshold effect in the F'S. We derive the asymptotic distributions of our tests, which
are non-pivotal but whose critical values or p-values can easily be bootstrapped. Our simulation
study shows that both tests behaves well in small samples, and their size and power compare
favorably to an existing GMM based sup Wald test. We therefore recommend using both when
testing for a threshold.

Appendix 2.A Definitions

Definition 2.1 (H and H matrices).

HY (y) = Elxex] (u 0% Lig,<p)] Hy(y) = Elxex, (u 097 Lig,>p)]
HS(y) = Elxx] €21ig,<p] H(y) = Elxx] €21g,5p]

HPM(y) = Elxex; equ] 091, <y)] H™(y) = Elxex; equ] 091,511
Hi(y)= HY(y)+2H?" (y) + H(y) Hy(y) = Ha(y)+2H5" (y) + Hy (y).

Also, let H = H1(Ymax) = [E[xtxtT(et + ujeg)2] and H" = H{ (Ymax) = [E[xtxtT(utT@g)z].
Their estimators are constructed under Hy. Let Z2; and therefore w; = (é;r,xl—t)T
(2.4) for a LFS and by (2.8) for a TFS. Let tiy = z; — 2; and €; = y; — wgé, where = (WTW) W'y,

the full sample 2SLS estimator, partitioned as 0 = (0] ,0.)". The sample analogs of all H matrices

zZ27X

be calculated by

above are denoted with a hat accent H, and replace E with T‘lthzl, and ey, ut,Hg with é;, Gs,0,;

for example, Iqi(}/) =71 Z;T:l xtx;ré? Lig.<y}-
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Definition 2.2 (V(y) and V(y)). We have a LFS as in (2.1). Then:

V() = Vi(y) + Va(y) - Via(y) - Vi5(1)
Vi) = C; A | Hity) + RipH" R ()~ [HS™ () + HE (IR ()
- R{IH () + HE| AT C ), i=1,2
Vig(y) = -C71(1A° [[Hi’“m +HY()IRg (y) + Ri(H" (y) + HY (y)]
~Ri(pH"R] (y)]AOTcgl(y).

Va(y) is constructed by replacing all quantities in the definition of V(y) by their sample analogs,
denoted with a hat accent. For example, Vi(}/) = C’i_l()f)A I:Ii(y) +Ri(}/)I:I”RiT(y) - [I—AIE’u(y) +
HYMIR] () -R;(IH" () +FI§‘(y)]]AT@;1(y), with A =[I1,ST17, Ci(y) = AM;(DAT, Mi(y) =
T! Z?:Ixtxz—]'{%f)/}:

Mo(y) =T I x0x] Lig sy, M = Mi(Ymax), Ri(y) = Mi()M ™,

Definition 2.3 (V4(y) and V4 (y)). We have a TFS as in (2.2). Then:

Vay) =Va1(7)+ V4 2(y) = Va 12(y) - V,Z,m(?’)
Va1(n) = CRLAS [Hi () + Ray; 0O HY (0O (y; %) - THS () + HY (IR (y;0")
~ Ray; PO () + HE | ATTCL ()

Va2(y) = Cih(n|AY H(0%) AY+AY [H; (0 - H5 () + HY () + Ra(y; pOH (0")R] (7;0°)
+R1(y; 0" NHT" (0% - HY () - HY ()]
+LH (0 - HY (1) - HY IR (r; o1 AT | €350

Va12() = =C1 (AT THY () + HY (0 + Raly; PO )H (0%~ HY () - H{ (1)

—H )+ HY )R] (1;0%)
+R1(y;pOHY(0"OR] (3091 AT C ()

whenever y < p°.When y > p°, then

Va1 = Coh ()| ATH{(0°)AYT + ApH5(0")A3T + Aj[H (y) - Hy(IAY"
+ AR (y; p)HE (p")R (y; AT
+ASHS " (p°)R;3 (v;pM)A3"
+AJRo(y; p)H (pHATT
~ ASIHS (y) + HE(P)R, (y; p") AT
— AJRs(y; 0O HY" () + HY(IAST |C L (y)
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Vi 2(y) = Ci (A3 [ Ha(n) + Ro(y; 0 HS (0)R] (y;p°)
—[H*(p)+ HE (IR (y;0°)
— Ra(y; o) HY" () + Hy (1| AT C ()
Va1o(n) = ~CRL DA G () + HE ()1 + H5 ()RS (13 °)

+Rao(y; 0O HY (0O)R3 (y;0°)

—[H*(p)+ HE (IR (y;0°)

— Ro(y; pO)NHG" () + HE (| AJT C ().

VA(y) is constructed by replacing all quantities in the definition of Va(y) by their sample analogs,

denoted with a hat accent. For example, CA'A,l = AlMl(y A p)AI +A2[M1(y) —Ml(y A p)]A;, Ai =
[11;,ST1" and R;(y;p) = Mi(Y)Mi_l(ﬁ).

Appendix 2.B Proofs

In what follows, we use the symbol K to denote a strictly positive constant. Whenever needed, we

use a subscript to distinguish among different constants.

For any m x 1-vector x we denote by |x|g = \/Z;n: lx% the Euclidean norm. Moreover, for any real
m x n-matrix X we denote by | X||F = \/ tr(XTX)= \/ tr(XXT) the Frobenius matrix-norm which
is submultiplicative, i.e. for two matrices A e R™*" and B € R"*! it holds that |AB|r < ||Allz |Bll#,

Rmxn

and is compatible with the Euclidean norm, i.e. for a matrix A € and a vector x € R**! it

holds that [|Ax|ls < | Allrllxll2. Also note that, for two vectors u, v € R**! it holds that |uv” ||F =
VEi vl =\ /T i X 101% = /Ei1uiPy /25101 = lullz - [vlls. Furthermore, we denote by

I,, the m x m-identity matrix and by 0,,x, an m x n-matrix of zeros.

To simplify notation, we define the following sets J1(y) = {t : Li4,<p} and Ja(y) = {: Lig,>p}
These sets partition the data according to the decision rules 14,<} and 1y4,>,, respectively, and
will be convenient to display sums.

Moreover, we define € = ¢+ (Z — 2)02 and s=¢+ ueg. Also, let @; = vec(utT,lepz)T denote the
augmented FS error. This way, we can write w; = A% + @, for a LFS. Note that & can also be

4 ; ; T N 7\’ 0 = _ Y ALY
partitioned into regimes, with €; =€, +(Z —Z2);0; and &, = ¢, +(Z — £),0;.

. . . . 4
All convergence results, if not otherwise stated, are uniformly in y. Moreover, — denotes conver-

gence in probability and = denotes weak convergence in the Skorokhod-metric.

Proofs for Section 2.4.3: 2SLS tests and a LFS

To prove Theorem 2.2, we first provide four Lemmata and their proofs.

35



CHAPTER 2. TESTING FOR A THRESHOLD IN MODELS WITH ENDOGENOUS
REGRESSORS

Lemma 2.B.1. Suppose Assumption 2.1 holds. Then
T V2vec(X] v) = 421(y)
where 421(y) is a zero-mean Gaussian Process with covariance function
Cyp(y1,72) = EIGP1(y1)9G P (y2)] = El(w,v] ® 202 )1 (g,<(y, aya0]

PROOF OF LEMMA 2.B.1. Recall that X is a T' x g-matrix and v is a T' x (1 + p1)-matrix, both
satisfying Assumption 1. Further, let v. ; denote the i-th column of the matrix v. Then, by Hansen
(1996, Theorem 1)

T-Y2X) 0, = 4P (y)

and therefore

GP1(y)
(2.23) T V2vec(X] v) = :
Y@ PAy)

By Hansen (1996, Theorem 1), ‘593()/) is a zero-mean Gaussian Process with covariance function
(2.24) Co(r1,Y2) = Elxex] v7  Lig =y nyo -
Similarly, it holds that
(2.25) Gl (r1,72) =EIG P (y1)G ] (y2)] = Elxsx) i 105, Ligi<truayan -
Combining (2.24) and (2.25),
(2.26) Cyz(y1,72) =GP 1(y1)GP ]| (y2)] = El(wevy ® 22 Mlig,<(yrnyan)-
Results (2.23) and (2.26) complete the proof. O
Lemma 2.B.2. Suppose Assumption 2.1 holds. Then
@) TWI WY 2 A%M (AT = Ca(y)
(i) T7V2W] &) = A% (9P mar 1 (00 ~ My ()M G P11 167).

PROOF OF LEMMA 2.B.2. First, we prove claim (i) and then claim (i7).
Claim (i): The F'S predicted values are

(2.27) Z=XI0
and
(2.28) TY(A-1%) = (17X X) " (T72X Tu).
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By Hansen (1996, Theorem 1), it holds uniformly in y that
(2.29) T1XT X7 &% My(y), and T7IXTX 25 M.

This implies that 7-'X "X = 0,(1). By Lemma 2.B.1, T~Y2X Tu = 6,,(1). Therefore, TV2(I1-11°) =
Op(1) and so [-11°= 0p(1). Therefore, uniformly in vy,

-15YT 5 AT (m-137T A P 0T 0
(2.30) 7217 2) =07 (177 x] XY 0 2 0T M.
Last, with S the selection matrix such that x1; = x;S, it holds that
&Y _ [ 5 _ < _vr[p _wYAT
(2.31) Wi =2] x],|=[x{n x] |=x][f s|=x]AT.
Therefore, by (2.30) and (2.31) and uniformly in v,
T W] = A(T71x]TX]) AT 2 A'My(nA°T = Ca(p).

Claim (ii): By (2.27) it follows that

(2.32) T2y e =TT VX (] + w00 - T VX X (- 11)62).
-0 -

Next, we analyze the limiting behavior of (I) and (II). Recalling that 9(2) =(1, HST)T,
I=TV2X1" (e +ul0d) =TV x) el X) T ul16?

and thus, by Lemma 2.B.1, uniformly in y:

(2.33) T2X)7 el XV 0100 = 4P 1 (1))

By (2.28), term (II) in (2.32) satisfies

(2.34) 11 =772x] X} (f1-1%0 = (771 x] " X]) (17X " x) " (772X Tu6?).

Recalling that ég = (O,HST)T,

(2.35) TV2XTup? =T712XTe.0+ T 12X 060 =T 12[X e, X 0100

So, by (2.29), (2.34)—(2.35) and Lemma 2.B.1, uniformly in v,

(2.36) T~ 27T XT(1-11°)60 = M1(y)M 1P 100100

Next, because for any a,b =0p(1), [IT(a-b)=T1"T(a - b) + 0p(1), (2.33) and (2.36) together with
(2.32) yield, uniformly in v,

(2.37) T 2277 > N7 (G Prmat 1 (102 — M1(YM G P 100162).

ast, because W - 2V XV | =XTAT (see (2.31)) it immediately follows with (2.37) that,
L b W}/ 1 1,1 1

uniformly in v,
(2.38) T 2WITe! = (y),

proving claim (i1). O
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Lemma 2.B.3. Suppose Assumption 2.1 holds and define 07 = Vec(éy,ég), and 6° = vec(6°,6°).
Then, under Hy and for a fixed y:

TY207 - 6% = 4 (0,3)
with

Vilty) Via(y)

3=
VL) Valy),

where V1(y), Va(y) and Vi2(y) are defined in Definition 2.2.

PROOF OF LEMMA 2.B.3. First, we define the following quantities

A

’)/7
0 W

W_lWIY 0

Thus, the 2SLS estimator is given by
=W W)WY =0"+W W) 'W'e
where

el +(Z-2)]6?
Y AW
e} +(Z-2)}09

<Y
€1

€9

™y

By Lemma 2.B.2,

T]./Z(é}’ —6_0) = [Cii(Y)%l(Y)] )
C5 (7)%Ba(y)
Thus, we are left to derive
- Var[CT1 (1) 21(7)] CovIC1 (NP1, C3 ()%
CovlCy (1) %Ba(y), C1 () B1(y)] Var[C;1(y)Bs(y)]

Start with Var[281(y)]. Write vtvtT ®x,5xtT as a short-cut for (vtvtT) ® (xtxtT), and égT ®A0M1(y)M‘1
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as a short-cut for 97 ® (A°M1(y)M~1). Then:

Var[ 2 (y)] = VarlA’ 9P 40 1(1)00 — A’ M1 (y)M 19 01,1601
=Var[(6°" ® A®Y9221 (1)1 + Var[(§?T © A° M1 ()M 1@ 2]
—Cov[(0°T ® A9 1(y),00T ® A°M 1 (y) M 1)422]
—Cov[(0°T ® A°M1(y)M H%22,(0°T ® A®)4 21 (7)]
=077 ® AE[(;v] ® %1% )1 (g, 102 ® A°T)
+(00T @ A°M ()M V)E[vv] ® 2] 1000 @ M1 M1 ()AT)
— (02" ® ANE[(vev] ® 202 )L, 102 @ M M1(1)A®T)

— (07" @ A°M1(y)M HE[(vsv, ®xpx) )Lig, <1102 @ AOT)
= A%ELxpx/ (e +u] 09)?1ig,<]A°T

+ ASM (M Elxx] (u] 092 IM 1M1 () AT

— AElxex] (epue] 00 +0° T wsul 01 (g, <) IM M 1(y)A°T

— A" My (p)M T E L) e 02+ 60T wiul 0014, 1A°T,

which yields the claim for Vi(y), when pre- and post-multiplied by C Il(y).

Next, we consider Var[Z%a(y)]. First, note that

Bo(y) = A’GP 112100 — A°G P 110100 — A°G P i 1(Y) + APM(Y)M 14 011602

= A%GP 0t 2(1)0° — A Moy (Y)M G PP 01162

By similar arguments as for Var[2;(y)],

VarBo()] = A°ELxex; (e; + 1] 09)211g,51A°T
+ AOMo(y)M 1 ELxsx] (w] 092 1M 1 Mp(1)A°T
— A% [xpx] (egu] 00 +00T win] 0911y, 1M Ma(y)AT

— A" Mo(n)M YL/ (eruy 02 +02 T wpu 01,5 ]AT

which yields the claim for Va(y), when pre- and post-multiplied by C;, Ly).
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Finally, we derive an expression for Cov[%1(y), Ba(y)12°:

Cov[B1(y), Bo()] = CovIA®G P 1(1)02 — A’ M1(Y)M 1 G Prnas 107,
A%G P 1ot 2(1)03 — A’ Mo ()M G P 1yat,1 671
= = Cov[A’G P 0, 1(1)02, A Mo ()M G P14,167]
— CovIA’M1(Y)M 1G4 102, A°G P 0. 2(1)0°]
+CovIA’ M1 ()M ' G Prnat 109, A" Ma()M ™G Prnat 1(1)62]
= —A%ELxx] (e 00 +00 T usu] 0011y, IM Moy AT
— A" My ()M E L] (euf 00 +02 Tupu ] 091 g,511A°T

+ AM1 ()M Elxx] (u] 092 1IM 1 Mo() AT

which yields the claim for V12(y) when pre-multiplied by C Il(y) and post-multiplied by C;, L.

Lemma 2.B.4. Suppose Assumption 2.1 holds. Under Hyg and uniformly in vy for i = 1,2,

@) Be(y) & Hey) i) Ao () 2 H ()
(iii) H(y) 2 H(y) (iv) Hi(y) 2 Hi(y)

PROOF OF LEMMA 2.B.4. Claim (i): Note that, under Ho, é; = y; — thé and start with

Hq)=T" Y xx]&

Fi(y)

=7t > xtxtT(yt—thé)2
Fi(y)

=T71 Y xx) [w] (0°-0)+e, 1
Fi(y)

=T1 Y xx) [w] @ -0P+2T71 Y xxfeqw][@°-0)+T™1 Y xpx/ €.
Ji(y) Fi(y) Fi(y)

N J N\ J O\ J

o an (I

We are left to show the limiting behavior of (I), (IT), and (III).

20Note that Covi921(y), 9P (y)] = HYL1 ()42, ()] =0.
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IDIF<T™ Y Nl [w] @°-0)Pllp

iy
<(T70 Y IwelBlw,3)10° - 01
Ti(y)
= (77 ¥ 1aI30A %, + 2,13)10° - 013
i(y)
-1

S(T 5

2 ~
el (1A llz + luels )ne"—en%
Ti(y)

——

-1 4p 4012 3 0 20 12| g0 _ 412
T lee N A™E + 2l 5 lluell2 1A ||F+||xt”2||ut”2) 107 -0l
Ti(y)

(2.39) = 0,(1)

where the last equality holds because 16°-8| =0 p(1) under Hy (follows directly from Lemma
2.B.2 by dropping y ) and the term in paranthesis is 0,(1). To see this latter claim, note that
1A = Op(1) by Assumption 2.1 and consider

Egz()nxtné supE ;|13
2.40 plr! ISk | <22 <!
(2.40a) ( %)||xt||2 1) TR, O

T;
< R <

TKy Koy

3
E Y lxlgliuclle supEllacl3lluells
-1 t
P(T Y ||xt||§||ut||2>K2)
Fi(y)

4 3/4 4 1/4
sup [Elc ] |Elluel]

Ko

4 3/4 4 1/4
sup [Elc /3] sup [Elel3]

24 <
(2.40b) < X,

and

E ()nxtu;nutu% supkE |l 21112
_ Tily t
P|T ! xel 2wl < <
3;%)|| tllglluels T, @
4 4 1/2 4 1/2 4 1/2
sup |EllxI4EIuel§] " sup [Elwld|  sup [Eluld]
(2.40¢) <t <t !

K3 K3

Now, by Assumption 2.1.2 it follows that all three terms (2.40a)—(2.40c) are 0,(1) and therefore,
(2.39) follows.
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For (II) it follows that

IDIF <T™1 Y o] w] (0°—eellr

Ti(y)
< (170 ¥ 1 31A %, + @lled]|16° - Bl
Ti(y)
<(T70 ¥ 1 I3IA mled + ezl )10° - Oz
Ti(y)
(2.41) =0, (1).

To see why this statement holds, consider

Ji(y)
TK,4 - Ky

IA

3
E 2 llxelgled  supEflacel3lel
-1 t
PlT* Y ||xt||§|et|>K4) <
Ti(y)

3/4 1/4
sup [Elxc | |Elecl]

I\

Ky

4 3/4 4 1/4
sup Ellx, 1] sup [Elel*]

(2.42a) <

Ky

2
E Y lleclizlluclzled  supEllac,|2lucelo
) Ti(y) t

PIT™" Y llxeli3luslaled] > Ks
Ti(y)

IA

=

TK5 K5

4 1/2 9 1/2
sup |El, 3] [Elucedl?]

IA

K5

1/2 1/4 1/4
sup [Elle, 3] [Elw ] [Eledl?]

IA

K5

] 1/4 ] 1/4

41/2 4 4
sup Elcl| sup [Eluell3] sup Eled

IA

2.42
(2.42b) K

Thus, the fact that 16° — éllg = 0,(1) together with (2.42a) and (2.42b) yield (2.41).
Finally, because (III) LNy ) 1(y), uniformly in y, by Hansen (1996, Lemma 1), Claim (i) follows.
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Claim (ii): Under Hy and a LFS it holds that é; = y; — thé and 4; = z; — [ x;. Therefore,

H =T Y xx/én/0,=T" Z o] [w] (00 —0) + e o] (10— 1) + ] 16,

Ti(y) Ti(y)
=Tt Y xu) x[ A%O° - )] (M0 -TDA, +T71 Z xx) x, A%0° —0)u/ 6,
Ti(y) Ti(y)
av) )
+T71 Y wxla] 00 -0)x] (MO -TDH, + T Y xex) @] (0°-0)u/ 6,
Tily) Fi(y)
VD (VID)
(2.43) +T71 > xx] €] (0 =T, + T~ Z xix) €] u, 6, .
Ti(y) Ji(y)
(VIID) (IX)

Now, it immediately follows, by similar arguments as for Claim (i), that

IOV)IE = (770 3 el §)1A%NR 1T = Tl 10° = 01210, 15
i(y)

(2.44a) = 6,(1)0,(1)0,(1)0,(1)8,(1) = 0,(1)
IVIe < (T Y lacl3ludz) 1A 1F16° - Bl 12

Fily)

(2.44b) = 0,(1)0,(1)0,(1)G,(1) = 0,(1)
ICVDIF < (T‘1 Y ||xt||§||ut||2)||r1° ~1IF10° - 0ll210; 2

Tily)

(2.44c) = 0,(1)0,(1)0,(1)G,(1) = 0,(1)
IVIDIF < (771 3 w3 lucl3)16° - 0l10. 15

Fi(y)

(2.44d) =0, ()0, (1)0,(1) = 0,(1)
IOVID e < (770 3 llxel3led)IT = 1011

Ti(y)

(2.44e) = 6,(1)0,(1)8,(1) = 0,(1).

For the last term in (2.43) it holds uniformly in y by Hansen (1996, Lemma 1), that (IX) =

T-1 % xtxt €1l T+ 0p(1)) = Z XX, etuTQO +0p,(1) LN Hi’u(y). Thus, Claim (ii) follows
gi(y) Ti(y)
together with (2.44a)—(2.44e).
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Claim (iii): As before, 6i; = z; — 1 x;. Then, under Hy, it follows that

H=T1Y xx/@[0,)?=T"" Y xu/ {{x] @°-TD+u,10,}?

i(y) Fi(y)
=T71 Y xx) [x] (M0 -TDO, P +2T71 Y wyx) ) (1° - TDO, [ 0,
L T ]
) XD)
(2.45) +T71 > xx] (] 0,)
Fi(y)
) XID ’
Next,
(2.462) I0lF < (77! Z() Il IT1° = FTIZ10.13 = 6, (10, (DO (1) = 0,(1)
Tily
(2.46b) IXDIF < (77! > el ez ITC = {1z 19213 = 6, (Do, (DO,(1) = 0,(D).
Tily

For the last term in (2.45) it holds, uniformly in y by Hansen (1996, Lemma 1), that (X) =

T1 Y xx]w]0,2=T1 ¥ xx] (] 092 +0,(1) 2 H*(y). Thus, Claim (iii) follows together
Ti(y) Fi(y)
with (2.46a) and (2.46b).

Claim (iv): This claim follows by noting that H i(y) = )ik f(y) + ZI:If’u(y) +H ;‘(y), using Claims

(i)-(iii) and the continuous mapping theorem. O

PROOF OF THEOREM 2.2.

(i) sup LR Test: This proof is done in two parts: part (A) shows that T-'SSR1(y) 2, 62 and
part (B) shows that SSRo - SSR1(y) = & (y)Ca(y)CLC1(1)&E(Y).
Part (A). The scaled sum of squared residuals of the restricted model, SSR1(y), is
T 'SSR(y) =T Y] -W/ oY) -WI o]
+ Ty - W) 01Ty, - W) 6]
=T W] ©°-07)+& 1T W] (©°-87)+e!]
+ T W) (©°-0))+&l 1T W) (0° - 8))+ &)
=T 1¢'e
+2(T L& W0 - 07) +(0° - )T (T W] T W) ©e° - 6))
+2(T L& W60 - 6) +(6° - 6T (T W) W) )6° - ).
(2.47)
Next, by Lemma 2.B.2, for i = 1,2, T‘lWinég =o0,(1) and T_IWZ’TWZ = 0p(1) uniformly in y.
This implies that

07 —6° = (W W)W e = 6,(1)0,(1) = 0,(1)
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and therefore, (2.47) simplifies to
T 'SSR1(y)=T '€ é+0,(1)
=T 'sTs+ 2T 1s" X)I1° - 116
(2.48) +62T(M° - X "X (I1° - 112 +0,,(1)
where s =¢+ uT()g, -1 = 0p(1) and T-1sTX = 0p(1) by Lemma 2.B.2, uniformly in y. Thus,
(2.48) simplifies to
T_ISSRl(y) =T 1sTs+ op(1)
=T leTe+2(T 1 WO +00 (T u"w)B? +0,(1)
LooZ+v2x] 00+60075,600 = o
uniformly in y. This proves part (i).
Part (B). We have that
SSRo-SSR(y) =Y -W!01"[Y] -W]o1-1y] -W! 611y - W]6!]
Y _WwYaTrvyY _wYh Y _WwYA1TrvY _ WAy
(2.49) +Yy =Wy 01 [Y, —W,01-1Y, —W, 0,1 [Y, —W,0,]
Now, for i = 1,2,
y/-wlery) -wle
Y] WY W=y Y] —20TW!TY) +0TW) W0
YTy Y L opY Ty _ YTy ThirY oY
-Y Y +20; W/ -0, W W0
=107 -01"W) T [2Y) - W) o - W]
=TV2[07 - 01" |27~ 2W )
l l l
—(T7 W) TWI YTV - 0%)
(2.50) —(T W TWI)T*6] - 6%)).
Next, we show the asymptotic behavior of the terms on the right hand side of (2.50) which then

concludes the proof together with Part (i), (2.49), the continuous mapping theorem and weak

convergence (uniformly in y). It holds that

_-12WTg
=T V2W] el + 772 W) e}
(2.51) =T W) TWI)(TY20) - 0%) + (T~ W) "W )\(TV2(0) - 6°))

and by Lemma 2.B.2 that, uniformly in y for i = 1,2,
14Ty P
(2.52) T'W W S Ciy).
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Define § = TV2(6 - 0°), p; = TV2() - 6°) and D;(y) = C1C;(y) (i = 1,2). Then, (2.52) can be

restated as
(2.53) B=D1(y)B1+Da(y)fs +0,(1).

Moreover, note that because D1(y)+Da(y) =1,

(2.54a) TY2(0] - 6) = p1— B =Da(y)(B1 — p2) + 0, (1)
(2.54b) TY2(0) - 0) = B2 - B=-D1(y)(B1— P2) + 0,(1)
(2.54¢) T-V2W Tl = Ci(y)fi +0p(1)

by (2.53) and Lemma 2.B.2.
So, using (2.51)—(2.54¢), quantity (2.50) can be written, for i =1, as
(B1—P2) "Dy (Y) [2C1(1)p1— C1(1B - C1(P)P1] +0,p(1)
=(B1-P2) Dy (NC1()(B1 - B)+0p(1)
(2.55) =(1 - P2) Dy (C1(D2(y)(P1— f2) + 0p(1).
Similarly, using (2.51)—(2.53) and (2.54b), and(2.54c), quantity (2.50) can be stated, for i =2, as
(2.56) (B1 - P2) D (NC2(ND1(Y)(P1 — fo) + 0,(1).

So, using (2.50), (2.55) and (2.56), quantity (2.49) can be restated as

SSRo—SSR1(y)=(f1- B2) Dy (C1(ND2(y)(B1 - f2)
+(B1 - B2) "D (NC2(D1(Y)(B1 - B2) + 0, (1)
=(B1-Po)" [, —D] (y)C1()T, — D1(y))
+D{ (Y)(C = C1(y)D1(Y)] (B1 - P2) +0,(1)
=(f1-B2)" [C1(y) - 2C1()D1(y) + D{ (y)C1(y)D1(y)
+D{ (Y)CD1(y) —D{ (1C1(ND1(P] (B1 - B2) + 0,,(1)
=(B1-P2)" [C1(y) = C1()D1(1)] (B1 = f2) + 0,(1)
(2.57) =(B1 - B2) " Co(y)D1(Y)(B1— B2) + 0,(1).

Last, by Lemma 2.B.2 it holds, uniformly in vy, that
B1—Po= W] WU AW] ) - (T WY T W) TR VR Te))
(2.58) = CT 1A’ B1(y) - C3 L (1A Baly) = &(y).
So, combining (2.57) and (2.58) yields
SSRo - SSR1(y) = 8T (1)Ca()D1(E(Y)

which in turn with Part (A), the continuous mapping theorem and weak convergence (uniformly

in y) proves the claim.
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(ii) sup Wald Test: From Equation (2.50) it follows that
(2.59) TV2@) - 0)) = ().
Moreover, from Definition 2.2,

Vi) = CoL WA | Hi () + Ri(H R ()~ [H" () + HX IR (v)
(2.602) —RiH () +HEIATC ()
and

Vis(y) = CTY A |(H () + HY IR (y) - Ri(EH S () + HY (1))
(2.60b) +RiDA R ()] AT C3 )

Now, by (2.29) and the continuous mapping theorem it immediately follows, uniformly in y, that

(2.61) Ri(y)=M,0pM ! = (171x] X)) (T‘lXTX)_l 2 MM =R;(y).

Moreover, by Lemma 2.B.2 and the continuous mapping theorem it also holds, uniformly in 7y,
that

A A A A~ ~y—1 A N
(2.62) Ci_l(y)z(T‘lwinWiy)‘lz(AMi(y)AT) L.c;\y), and A=[f1,87]T £ A°.

Finally, in Lemma 2.B.4 we derived the limits of H' “«(y), H “(y) and H f’u(y) concluding the proof
together with (2.59)—(2.62). O

Corollary 2.B.1 (to Theorem 2.2). Let Z be generated by (2.1), Y be generated by (2.3), and Z be
calculated by (2.4). Under Hg and Assumptions 2.1-2.2,
@)

supLRZLS (y) = sup&T(1Q T (E(y)

yer ’ yer

(i1)

sup W2SL5. () = sup T (VL (néy)
yer ’ yel

where V(y) = Vi(y) + Va(y) — Via(y) - Vsz(y),
Viy) = C71(y) Ag|a?1, — (0% = DR, () | Mi(pA] CTHY)
Via(y) = —C1 (y)(0? - 0 A R 1 (1) M) AT C H(y),

and (gj@mam(y) is a q x (p1 + 1)-matrix where all columns are independent q x 1 zero mean

Gaussian processes with covariance kernel>* M 1(y1 Ay2), 12 is the principal square root of

21Thuys, the only difference between the two Gaussian processes @mat,l()’) and 9% nat,1(y) lies in their covariance
functions.
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2, 8(y) = CTI(0%B1(y) - C3 () Boy), and Bi(y) = AVGP 1at 1()ZV200 — R1(7)G P 10t 2V260),
Bo(Y) = B1(Ymax) — B1(y).
(iii) If the system is just-identified, i.e. if p = q, then the two test statistics are asymptotically
equivalent with asymptotic distribution given by sup,cr J1(y), where:
1 ~ - .
J1(y) = ;(21/292>T[M;l(y)@%at,l(w — M3 ()G P mar 201"
x [Ma(p)M ™" M1(y)]
X M7 (NG P mat 1 (1)~ M3 ()G Pt 2()IZV20).

PROOF OF COROLLARY 2.B.1.

(i) sup LR-test: We only need to show &(y) = &(y) under Assumptions 2.1 and 2.2; in
other words, that 42,1 1(y) = @?’mat’l(y)zl/ 222 The covariance kernel of GP1(y) is given as
[E[‘g(@l(m)%@f(yz)] = [E[(vtvtT ® xtxtT)]l{qtsyl,%}] by Lemma 2.B.1, using the shortcut notation

vtvtT ®xtxtT = (vtvtT) ® (xtxtT). Under Assumption 2.2 this expression can be simplified to

[E[(Utv;r ®xtx;r):n-{qt5ylAyZ}] =E [[E[(Utv;r ®xtx;r)]]-{qt5()/1/\]/2)}|xt’ Qt]]
=E[Elvev; %, qe1® (o] Lig,<(rinya))]
T
=E[Z®(xx, ]]'{qu(Yl/\Yz)})]

=2 Mi(y1 Ay2).

Next, the principal square root of 2, i.e. 22 that satisfies 22312 = 3 exists since X is positive
definite by Assumption 2.1.5. Thus,

El(vsv, ® %1% )lig,<yinya)] = Z® M1(y1 AY2)
= eMi(y1 Ay))E2e1,)
(2.63) = eI I, 18 Mi(y1 AY2)(E2 1),

The covariance kernel of (ZV2& T q)(g?@l(y) = Vec(@?@matyl(y)il/ 2) is given by

E(EY? 0 1,)92 ()92 (y2)(E2 & 1,)] = (E2 @ I EGP1(y )G P | (y2)I(EV2 &1 ,)
(2.64) = eI )18 Mi(y1 Ay2)E P 8 1,)

because [E[‘gf@l(}q)‘ﬁ@q(}fz)] =1p,,+1®Mi(y1 Ay2) by definition of 9 21(y). Combining (2.63) and
(2.64) yields the desired result since Gaussian processes are uniquely defined through their mean

and covariance functions.

22We will do this by showing that their covariance functions are the same. Hence, because both processes have
mean zero, equality follows due to the fact that Gaussian processes are uniquely defined through their mean and
covariance functions.
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(ii) sup Wald-test: Conditional homoskedasticity implies that H(y) = o?M;(y), H )= 097,02 M;(y),
and H f’u(y) = (ZZMBS) M;(y). Plugging these results into the expression for V(y) in Definition 2.2
and simplifying yields the asymptotic distribution of the sup-Wald test for the overidentified case.

(iii) To show the asymptotic equivalence for p = g, define A, = 0% — Uf. Then:

V(y) = Vi(y) + Va(y) = Via(y) - V5(p)
= 02C7HY) - A CT AR (DM1(A°T CT(y)
+0%C5 (1= A C3 (MA R (M)A’ €5 (y)
+Ap CTH AR () Ma(PA’T C5 L (y)
+A;C3 (NA Ry MDA CT )
= a2(CT ) + C7 ()
+ 0 CT A R (DIMa(PAT C3 () - Mi( AT C ()]
(2.65) + 0 C3 (NA Ry IM1 (1A’ T CTHy) - Ma() AT CH ().
In general, A® € RP*9. Thus, for the just-identified case, i.e. whenever p = q, A® € RP*P. Moreover,
since I1° € R9*P1, g = py, is of full (column) rank by Assumption 2.1.6, A° is also of full rank

and thus, invertible. Denote by A% the inverse of A°. Hence, it follows that (A°M;(y)A%T)~1 =
AT M i‘l(y)Aofl. Therefore,

(2.66) M)A Co (y) - Mi(pA°TCTi(y) = 0.
By equations (2.65)-(2.66), V(y) = 0%(C1(y) + C51(y)). Finally,

CIM+C'N ™ Ciy)C1Ca(y)

S
Vo= o2 o2

which yields the asymptotic equivalence of both, sup-LR and sup-Wald tests in the just-identified
case under conditional homoskedasticity.
Note that in this setting, C Il(}/)AOM 1(y)M 1A 1y ~1 which implies that:

8(y) = CT YA (G P a1 (1)ZV200 — My (y)M 1G5 10 7 V200]
— C5 A G D it 2(1)ZV200 — Mo ()M 1G5 0 22601
= CII(Y)AO(g:@mam(Y ) 1/292 -C, 1()/)A0E4:0)’mat,2(y)21/ 292
=AY UM NG P a1 (1) — My ()G Prnar 2 (0IZV267.

Also,

Co(p)C7C1(y) = A°My () APT (AT T M(A®) LA My(1) AT
= AMo(y)M 1M (n)A"T.
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Therefore, the asymptotic distribution under conditional homoskedasticity and just-identification

is:

1 ~ - -
Ji(y) = ;(zl/zegf[M;l(y)%%at,l(y) ~ M ()G Pt 21"

x [Ma(y)M 1M1 (y)]
x M7 )G P mat1(Y) — My (1) GP a2 (7)1ZV200.

O

PROOF OF COROLLARY 2.1. First, by Assumption 2.1.4 , Prob(g; < y) is continuous in y. We
will replace the sup over the threshold parameter y by sup over an equivalent value, Prob(q; <7y) =
A. To see how this works, note first that I' c I'?. Then, Prob(q; < Ymin) =0 and Prob(q; < ymax) =1
in the sample. Suppose now, that I' can be defined in terms of a cut-off value, say the x-th quantile,
i.e. I'=[yx,Y1-«x]. Then equivalently, we have Prob(q; <y) = A for all y € I" where A is uniformly
distributed on Ay = (x;1—x), i.e A ~U(Ay).

Now, by Assumption 2.3, we have that

(2.67) M1(y1 Aye) = Elxex; Lig, <y nyot] = Elxex) JE[L{g, <y; ays)] = min{As, Ao} M.

This also implies that

(2.68a) Mi(y)= M
(2.68b) C1(y) =AM (A°T =2A°MA°T = AC

(2.68c) My(y)=(1-1)M

(2.68d) Ca(y) = A°My(pA°T =(1-MAMAT =(1-2)C.
Therefore,

Via(y) = —CT (A A M1 ()M Mo A®T C5 1 (y)
=-A At aa-neca-1tet?
=-A,C7}

Vitp = A7tCo?AC - A A2CIA e !
=o?A7'C - A,C7!
Valy) =c2(1-M"tc 1 -A,C71
V() = Vi(y) + Va(y) = Via(y) = Vi5(y)
=o’A e +ofa-n7te!
= 02 c ,
A1-1)
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implying that

A1-Q) -
sup W%SLS (), supLR%SLS (y)= sup 5 ET(y)CE(y)

yel' yel' A€

Hence, in this situation, the sup Wald and sup LR-test are asymptotically equivalent, no matter
whether the system is just- or overidentified.
Next, (2.67) implies that — under Assumptions 2.2 and 2.3 — the Gaussian process ¢2?1(y) can be

restated as

GP1(y) = (Z"2 0 I))4P1(y) = (Z2 © MYA)BM 4y +1) (V)
(2.69) = GPmat,1 (1) = M Bl mat g+ HVZ M

where B4 4, +1) denotes a q(p1+1) x 1 vector of independent Brownian motions on the unit inter-
val, and B.M mat,q(p,+1)(A) is the g x (p1 + 1) matrix with vec(BM mat,q(p,+1)(A) = BAM 4(p,+1)(A).
Equation (2.69) in turn implies that %81(y) can be rewritten as 981(A). Therefore, we obtain

ET()Cay)C7IC1MEWY) = [CT Y B1(y) - C3 L (1) Ba()]T
x Ca(y)C~1C1(y)
x [CT ) B1(Y) - C3 1 (1) Ba(p)]

_ -1 _ -1 T
_/l(l—/l)[c PB1(N) - AC™ " B1(1)]

x C[C™'B1(1) - AC~ 1%, (1)]

= mw‘m%m)— AC V28,117

(2.70) x[C712%,(1) - A2C 228, (1)).

Next, we show that the term C~Y2%;(1)-AC~Y228,(1) 2 [(£V209)T &1, ILBM p(p, + 1) (N ~ABAM p(p, 1) (D],
where B.M p(p, +1)(A) collects in a vector the first p out of each g block of elements of B4 4, +1)(A).
Because of (2.68a) and (2.69) it follows that
B1(N) = APt 1 (V0] — M1(Y)M ™G P o116
= A"M Y[ BM mmat, g(p1+ 1y N ZV200 — ABM 1t q(py+ 1) (D200,

Furthermore, recall that C = A°MA°T. Thus:

C—I/Z%I(A) — (AOMAOT)_1/2A0M1/2'%-/%mat,q(p1+l)(l)zl/2ég
_ AJ(AOMAOT)71/2A0M1/2'%~/%mat,q(p1+1)(l)zl/2ég-

Note that because (A°MA°T)"V2(AOMAOTYA'MA®T)"12 is a p x p projection matrix, pre-multiplying
with (A°MAOT)~"V2400112 {5 without loss of generality equal in distribution to selecting the

first p rows of the q rows of BM ¢ 4(p,+1)(1) (this can be seen by writing down the eigenvalue
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decomposition of the projection matrix as in Hall et al. (2012), supplemental appendix, page
22-23), yielding
P _
BM mat,ppy+1)N) = (A'MA ) 2 A M2 B M a1, 451+ 1)(D)
P _
BM mat,ppr 11D = (A’ MAY VA MY Bt 10t 45, +1)(D),
where B pp,+1)(A) = vec(BAM mat,p(p,+1)(A)). From the last statement, using the fact that for
generic matrices A, B, we have vec(AB) = (B’ ® Ivec(A),
_ 2 ~ y
C2 1) = Bl mat p(py + 1YV EV202 = ABM mat, p(py 1y (DEV?6]
_ 2 ~ y
ACTV2B1(1) 2 ABM mat, p(py +1)DEV?0] ~ ABM 1t p(py 1) DEV?6]

CV2B1 (1)~ AC™V2B1(1) 2 Bl 1mat p(py 1) MEV202 — ABM 1rat p(py 1) (DEV?0)
= (220" @ I, 1 [BAM p(p, +1)(N) = ABM p(p, +1)(D)]
(2.71) =[(ZV200)T ® I,1BB p(p,+1)(N.

Using (2.71),

ET(PCANCIC1NED) 9 LEV20DT @ 1,1BB 11V} {IEV20)T @ 1,1BB 1,11/}

o2 AL - A)(V209)T (211240)
~ BB 5,41 LEPODUE2DT (20D HEV20D) 1@ 1} BB p(p,+1)
a A1—=1) '

Since F = (2 292)[(21/ 292)T(Zl/ 292)]_1(21/ 292)T is a projection matrix, as before, pre-multiplying
with F'® I, involves, without loss of generality, selecting the first p elements of B%,,,+1),
yielding 989%,(A). Therefore,

ET(CoY)CIC1YIEY) 9 BBy NBA(A)
o2 B A(1-1) ’

proving the claim. O

Proofs for Section 2.4.4: 2SLS tests and a TFS

Lemma 2.B.5. Under Assumption 2.1, T(p - p°) = G,(1), TV2([1; -T1%) = G,(1), i = 1,2 and it

holds that the distribution is as if p° was known:
T2 vee(f1;(p%) - 119) 2 #(0,S)),

where S1 = (Ipl®M1—1(p0))E[(ututT®xtxtT)]l{thpo}](Ip1®M1—1(p0)) and Sg = (I, ®M§1(po))E[(ututT®
ey Mg, 5001, ® My (p0)).

PROOF OF LEMMA 2.B.5. The results T(p - p°) = 0,(1), TV2(I1; - I1) = 0,(1), i = 1,2 di-

rectly follow from Caner and Hansen (2004), Theorems 1 and 2. We will prove the statement for
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T2 vec(I11(p°) - Hg). The proof for T2 vec(ITa(p°) — Hg) is similar and omitted for brevity.

By construction
N 0 0 0
M%) =x? ' x0)\x? " 2)
=x?Tx)xTxIM+ x0 T X g+ X0 T w)
0 0 0 0
=19+ (x? X)X W)
where the last equality holds because X f OTX go =0. Hence,
T2 vec(M11(p°) - 110) = vec ((T—leOTXfO)—1(T—1/2Xf°Tu))
= (I, o (T X X" )y YyveeTV2(X? Tu)).
Next, (T-IXfOTXfO)—l 2. M7'(0°) and by Lemma 2.B.1
TV2vee(X? u?) = 421 (p).

Note that 4¢221(p) is a zero-mean Gaussian process with covariance function 6y (p1,p2) =

El(wsu,; ®x:2; )1ig,<pi npsy]- Therefore,
T2 vec(l11(0%) - 119 = (I, ® M7 (0°)921(0°).

Because 4221(p°) denotes the Gaussian process at a particular value p° it follows that 4221 (p°) ~
N (0,Elusu) ®xix) 1iy,<p0)]) and therefore,

TV vec(M11(0%) - 1) 2 (15, ® My (0D A (0, Elusu] ®x:x; Lg <0,
which concludes the proof. O
Lemma 2.B.6. Suppose Assumption 2.1 holds. Then, under Hy,
TIWY W] 2 AIM(y A p0)ALT + AS(Mi1(y) — M1(y A pPDAYT = Ca1(y)
and
T 2W T > A [GPmat 1100 — Ri(y A p%; 0°)GPrmat, 1(0°)67)]
+ AY| (P mat, 1 (1) ~ GPmat 1y A p°NOY
~(Ro(y A p%0%) = Ro(y; p° NG P mat 2(p )07 ]
=Ba1(y)

PROOF OF LEMMA 2.B.6. This proof is done in two parts: First, we show the asymptotic
behavior of T‘lVAVly T VAV}/ and afterwards the asymptotic behavior of T~ 2VAV}/ Té’{.
Also, it will be helpful during the proofs to consider three cases: Case (a) assumes that y < p°,

Case (b) that y = p° and Case (c) that y > p°. There are two sub-cases within each case:
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e In case (a) it follows that y < p because p = p° + 0p(1) by Lemma 2.B.2 and y - p? is a fixed
strictly negative number by construction. This implies two sub-cases: (a.1) with y < p < p°

and (a.2) with y < p® < p.
e In case (b) there are two sub-cases: (b.1) with y = p® < p and (5.2) with p <y = p°

¢ In case (c) it follows that y > p because p = p° + 0p(1) by Lemma 2.B.2 and y - p is a fixed
strictly positive number by construction. This implies two sub-cases: (c.1) with p < p® <y

and (c.2) with p® < p <.

Claim (i). Starting with case (a), because y < p for both possible sub-cases, it holds uniformly in
v that

TIW) W) = AT X]TXDA]
= AT X XNAYT +0,(1)

(2.72) 2 AIM (AT

by Lemma 2.B.2.

In case (b), we first consider sub-case (b.1). Because y < p, it holds uniformly in y that
TIW) W) = AT X XDAT]
= AT XY XNAYT +0,(D)
(2.73) 2 AOM (AT
by Lemma 2.B.2. In sub-case (b.2) it follows that
1w YTy — 1170 T 1irP -1 wYTWY _ WP TP
W) W) =T""W; Wy +T (W] W] -W W)
(2.74) = A (T IXPTXO)AT + Ap(r X! T X0 - 11X TXP)AT,

because p <y = p°. By Lemma 2.B.5 we have that p = p° + @’p(T_l) and therefore,

T
~1y-0T P -1 T
TXY XT=T7") xx/ Lig,<p)
t=1
1 I T 1 I T
=T" thxt ]].{thPO}'FT_ thxt (l{qziﬁ}_ﬂ{thpo})
t=1 t=1
_ 0T 0 _
=T X0 XV +0,(T7")

2.75) =TIXP X 10, (D).
So, (2.74), (2.75) and Lemma 2.B.2 imply, uniformly in vy,
(2.76) W] W] 2 ASML(p")AYT = AdM (AT
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Last, we consider case (c). In sub-case (c.1) we have uniformly in y that
AW TWY = T WETWE o m oW TWE - WP TWE)
+ T W TWY W T
= A T IXPTX)AT + Apr1x? T X - 11X TXP)A]
+ Ay XY TXY -7 x T XPA]
(2.77) L AM(p")AYT + AYM 1 (y) - M1(p")AYT
by Lemma 2.B.2. In sub-case (c.2) it follows uniformly in y that
AW WY =7 W TWE s W TWE e T
+ T W TWY - W)
= Ay X TXOAT + Ay(r XX - x0T X)AT
+ AT X)X T IXTXDA]
(2.78) 2 AIM(00AYT + AY(M () - M1 (0°)ATT.

Finally, putting results (2.72), (2.73), (2.76)—(2.78) together yields the claim.

Claim (ii). To show this claim, we present a full proof for case (a). Since cases (b) and (c)
follow similar reasoning we only state the most important intermediate results to conclude the
claim.

Starting with sub-case (a.1) of (a) it holds that

T-V2W] el = Ayr VX))

Ay 12Xl +(2) - 2D8?)

= A [T72x)T ]+ ]I + ] - X160 |
(2.79) = A |T72x) 7S] - x] X DTV - 1)e?

By Lemma 2.B.1 it follows that T' -12x IT371’ ES ‘ﬁ(@mat,l(y)ég uniformly in y where vec(4 % mat,1(y)) =
G P1(y) with 921(y) as in Lemma 2.B.1 and 02 = (1,097)T. Moreover, uniformly in y

T x] XDV - 1980 = (11X X))@ X X)) N2 X0 T uh)e?
= M1()M; (0°)9 P mat,1 (007
Therefore, (2.79) behaves uniformly in y as
(2.80) T 2WITE! = A (4P mat 1100 — R1(y; 099 P mat,1 (0]
As in sub-case (a.1), for sub-case (a.2) it follows that

(2.81) TVW e = Ay | TXYT ) - (0 X)X DT - et
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We now have?3

A 0 (U 0 0
-1 =x? TXP )X Tu? ) +0,()

because
A 6T xrP\=1, 0T 7P
M =&x? xH)&x! zh)
AT ~rPr—1 0T & p°+0 0T o p° 0 6T P10 6T P
=X7 X)) x? XM +xP XU - XD XTIy + X7 uf)
(U 0 0 0
(2.82) =1+ (X0 X)) THXY W)+ 0,(D)

by Lemma 2.B.5. So, putting (2.81) and (2.82) together yields uniformly in y that
(2.83) T 2WITE = A (9P a1 (100 — R1(y; 099 P mat1 (0967
For case (), sub-case (b.1), it follows, as for sub-case (a.2), uniformly in y that

TW]Te] = Ay [T7V2X]Ts] - (0 x ] XDTVAT - e

with

N 0 0 0 0
-9 = (X2 TX2 ) HX? Tul ) +o,(1).

So, as for sub-case (a.2), uniformly in y
(2.84) T 2WITE! > A [4Prmat 1100 — R1(y; 0GP mar,1(00)6°],

where R1(y;p°) = I, whenever y = o°.
For sub-case (b.2) it holds uniformly in y that

TWTE] = Ay |T7V2XYT) - (XY XDyl - )oY |
+ A [TV s - x0T - Ty XY - X] T XDV, - TId)0?
(2.85) = A [9Pmat 1(1)02 — G Prmar1(7)07]

by Lemmata 2.B.1, 2.B.2 and Equation (2.75).

Last, we show the claim for case (c). In sub-case (c.1) it holds uniformly in y that
TW]Te] = Ay [T7V2XY ) - (T XY XDyl - )oY |

A~ 0 0 A A 0 0 A A N
+ Ay [T’W(Xf Tef - xPTsh) -1 ixP TX? - x0T XP)TV((1, - 19)6?

+As [T T - g T - L] XY - X)X )T VA1, - ! |
= A(l) [(g‘@mat,l(l’o)ég - gg’mat,l(po)ég]
(2.86) + A3 (9P mas 1 (102 = GPrmar 10002 = Iy = Ra(y; 009 P imar 2067,

. 0 0 0 0
23Note that in sub-case (a.1) we could also write I - H(l) = (Xf TXf )71(Xf Tui’ )+ 0p(1). However, the composi-

0 0 ST 5
tion of the 0p(1)-term is different in both cases, as illustrated in (2.82). E.g. in (2.82) also X"lJ TXf l'[g —XfTXf Hg
is included in the op(1)-term, whereas in (a.1) this term completely vanishes already in samples (rather than only
asymptotically) because of the relative locations of v, p® and p.
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(U 0 A A 0 0 ~ ~
where the middle term drops because T~ V2(X" Ts‘l) —XfTsfl)) =0,(1), T-HXY! TXf —XfTXf) =
0p(1) and TV2(IT, - 1) = 6, (1) by Lemma 2.B.5.

Last, sub-case (c.2) yields uniformly in y
12T Y _ A [mp-1250T 0° ~130°T 50°\ /21 0,40
T-2W) e =4, [T Vxl st —(rx! XVHrA(1, -1d)e?
R A A 0 0 A A 0 0 A
# Ay [T - x ] T - g XY - XY T X)L, - 19)6? |

Ao [ T72X] ST - x0T s - T x] T XY - X0 T XD TR, - )6

= A [ 4P a1, 10082 —~ G P 1,100
(2.87) + A [GPmat 1102 =GP 1mar 10202 — (L — Ro(y; 0°NG Pimat 2(0°)07 ],

where the middle term drops because T‘1/2(XfTs’; —XfoTs‘(l’o) =0,(1), T‘l(XfTXf —XfOTXfo) =
0p(1) and TV2(IT - I19) = (1) by Lemma 2.B.5.
Finally, putting (2.80), (2.83)—(2.87) together immediately yields the claim. O

Lemma 2.B.7. Suppose Assumption 2.1 holds and define 6Y = Vec(éy,ég), and 6° = vec(6°,6°).
Then, under Hy and for a fixed v,

V207 -6 = 4 (0,5})
with

VA1) Vai2(y)
Vi Vae®y)

,y:
A

where V 1(7),Va 2(y) and V4 12(y) are defined in Definition 2.3.

PROOF OF LEMMA 2.B.7. First, we define the following quantities

744 Y qY
S LA R o AP A
0o W|’ Y)| 6}

With this notation, the 2SLS estimator is

O =W W) W'y
=0+ (W'W)"'wTé

where: .
_ [ [el+@z-2)10?
€= = ~ .
&l le+Z-2))0?

Hence, by Lemma 2.B.6 it immediately follows that

CA’II(Y)@A,I(Y)

Tl/Z(é)/_éO) = |
Ca2(NBas(Y)

] ~ N (0,Z]).

57



CHAPTER 2. TESTING FOR A THRESHOLD IN MODELS WITH ENDOGENOUS
REGRESSORS

for fixed y. Thus, we are left to derive ZZ. Start with V4 1(y):

Var[Ba 1(y)] = Varl A9 P 40 1(1)02 — ASM1(y)M 1 (0°)9 Pt 1(0°)00]
=Var[(0)" ® ADGP1(y)]+ Varl(0)" @ [AIM1() M1 (p")DG21(p%)]
—Covi(8)T ® ADG 21 (1), (07T @ [AIM1 ()M (p°)421(p°)]
—Cov[(09T ® [AIM1 ()M (0" DG 21(0°), (027 © A4 21 (7)]
= (02T ® ADE[(vsv] ®x:x] )L, <102 ® AYT)
+(07T @ [AYM1 ()M (O)DEL(wsv] ® xpx] )L (y,<,0 102 @ M7 (0")M1 (DAY TD)
— (0T @ ADEI(ev] ® 2% )1g,<p)02 @ M7 (p")M1(1)AYT])
— (027 & [AIM1(PM T ODELw 0] ® 242 ) 114,210 © AJT)
= AVE[xex] (er + 1] 092114, <p1AYT
+ AYM1 (M7 (pO)ELxex] (] 09211y, < 0 M (0O M1 (DAY
— AL/ (epuy 02 +020T wpu] 011y, < M7 (0OM1 (AT
— AYM1 ()M (EO)ELxex) (eruf 02 +00 Tupu] 011, <1147
=AY [H1(y) + R1(y; o0V)HY (0")R{ (y;0°) = R1(y; p°YHT () + HY ()

(2.88) —H () + HY ()R] (r; 001 AT

which yields the claim for y < p® when pre- and post-multiplied with C;xll(y).
Next, we consider Var[284 2(y)]. First, note that
(2.89) Var[%a 2(y)]l = Var[%Ba 1+ Var[2B4 1(y)] — CovlBa, B 1(y)] — CovlBa 1(y), Bal

where Var[284 1(y)] was already derived in Equation (2.88), and %4 = %4 (Y max) = Agg@mat,l(po)e 1+
Ag%@matyz(po)el was defined right before Theorem 2.3 and e = 92 - ég =(1,0,...,0)". Because

(2.90) Var[#B4] = Var[A)9 P nat.1(00)e 1]+ VarlASG P .t 2(p%)e1]

where we used the fact that Cov[921(p?), 4 22(p")] = E[921(p°)4 2 (0°)] = E[421(p")92 1 -
[E[Eéz@l(po)%@f(po)] = 0. Equation (2.90) thus reads as

Var[%]1=(e] ® ADEI(vv] ®xpx) )11, <p0l(e1® ATT)
+(e] ® ADEL(wv] @02 )1g,5p0))(e1 ® AJT)
= AYELxsx/ €711, <p0]ATT + AJELxex/ €71 1y,5 0]A0"

(2.91) = ASHS(0)AYT + ASHS(p)AYT.
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From (2.89), we still need to derive Cov[Z84, %4 1(Y)]:

CovIBa,Ba 1] = CovlAYG P 1 1(0Ne 1 + AJG P at2(0 e,
AYGP a1 (102 — AAML (P M1 (p*)G Prnat, 1 (0]
= Cov[AY9 P a1, 1(p")e 1, AYG Prnat, 1 ()62 ]
(2.92) — CovIAYG P rmat,1(0")e1, AAM1 ()M (0°Y9 P a1 (p°)67]
where the last equality holds since y < p° implies that Cov[¢221(y), 9P (p°)] =
Cov[921(p°),9P5(p°)] = 0. Thus, Equation (2.92) can then be stated as
CoviBa,Ba (1] =(e] ® ADEL(vv] ®x:) ) 11,1100 ® AJT)
—(e] ® ADE[(v;v] ® 2020 )11y, <,0, 102 ® M7 (0))M1(1)A]T)
= AE[xex) (€ +eu) 0D 1(g,<p]AYT
— AJELx,x] (€] 09)L1g,p0 1M1 (pO)M1(nAY
(2.93) =AY [H{()+ HS () - HY" (0OR{ (y; 0N AJT.
Note that Cov[Z84 1(y), B4l = Cov[@A,%A,l(y)]T. Hence, putting (2.88), (2.89), (2.91) and (2.93)
together yields
Var[Ba o(1)] = ASHE(pN)AYT + AJHS(0")AT
+AY [H1(y) + R1(y; oY) HY (0))R{ (5 p°) = R1.(y; o )HT" () + HY (7))
—(H () + H{ DR (y;p"1 AT
~AY [HS )+ HY () - H (0")R{ (13071 AT
— A [HS(n) + HY ()~ Ray; 0HS (001 AST
= Aj Hy(p") A"
+AY [H5(0%) + Hi(y) - 2H? (y) - 2HE ()
+R1(y; 0)H(0")R] (v;0%)
+R1(y; 0O)-H () - HY (y) + H*(p")]
+[=HS () = H () + HS (pO)IR] (y; 01 AV
= AJ H(p%) AYT
+AY [HS (0% - H(y) + HY(y)
+R1(y; ) HY (0"R] (y;0%)
+R1(y; p"NHT" (o) - HS () - HY ()]
+[H (0" - HY () - HYE IR (yr; 091 AT
Pre- and post-multiplication with Cg,lz(y) then yields the claim when y < p°. Finally, we derive

an expression for:

CovlBa,1(7), Ba 2(y)]1 = CovliBa,1(y), Bal— CovlHBa 1(y), Ba1(Y)].
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Using results (2.93) and (2.88) immediately yields:
Cov(Ba,1(Y), Ba 2(y)) = Cov(Ba 1(Y), Ba) — Cov(Ba 1(Y), Ba1(Y))

= A H5 (0 + HY (1) - Ra(y; 0O H“(p)] Ay
- A [Hlm +R1(y; 0 HY(p"OR{ (y;0%) — R1(y; pO)H" () + HY (y)]
~[H{"(n) + HY (IR (7;0°01] A
= A H5 (0 + HY" (r) = Hi(p) ~ Raly; pO)LHS (0°) — HY" () = HE (1)
— Ry(y; 0OLH(0"R] (y; 0°) + [HS (y) + HE (IR ] (y;00)1| AY
=A9 [ —H{"(y) - H¥(y) = R1(y; pOLH T (0°) - HY () - HY ()]
— R1(y; 0OMH (0")R] (y; 0°) + [HS (y) + HE (IR ] (y; 01| A
= —AY[H () + HE )+ Ra(y; pOLH (%) - HS () - HY ()]
+R1(y; 0OHL(0OR] (73 0°) — [H™ () + HE IR T (y;000|AY

Pre-, respectively post-multiplication with C;ll(y), respectively Cglz(y) yields the claim for
Cov(éy,ég) when y < po.

The case y > p° is derived in a similar fashion and thus omitted for brevity. O
Lemma 2.B.8. Suppose Assumption 2.1 holds. Then, under Hy and uniformly in y and for i = 1,2,
@) B(p) 2 Hey) i) Ao () 2 H ()
(i) H(y) 2 H(y) (iv) H;(y) 2 H(y)

PROOF OF LEMMA 2.B.8. Claim (i): Let A be the one of the two matrices A(l) and Ag with

larger Frobenius-norm. Then

0 0 —
lwille = 1ATx Lig,<p0) + Agxe L, 00y + Uell2
0 0
< IATIFIxell2Lig, <0y + 1Ag NI F 22l g, 5000 + ezl

<[l Alpllxelle + luelo
Using this expression along the lines of the proof of Lemma 2.B.4 then yields the claim.
To show Claims (ii)—(iv), we consider the three cases, and their sub-cases, of Lemma 2.B.6

again.

Claim (i7): Case a: In both sub-cases we obtain

T Y xex @] 0.)=T" Y xpx] @0 - 111) " xp +u " 6,)
J1(y) J1(y)

2 H ()
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where convergence follows along the same lines as in the proof of Lemma 2.B.4.

Case b: In sub-case b.1 it holds, as for Case a, that

T Y e/ Gt 0) =T ) e/ (16,(T9 —T11) " +u,176,)
Ty T

L H ().
In sub-case 5.2 it follows that

-1 Tia ~TA -1 Tia ~TA 1 Ta ATA
T Z xpx, (640, 0,)=T Z xpx, (60, 0,)+T Z x¢x, (€:0, 05)

T1(r) F1(0) TiONT1(P)
=71 Z xtx;r(ét[(l'lg - ﬁl)Txt + ut]Téz)
F1(p)

+T71 > ] (€[S —Tlo) "oy + 1,17 6,)
T1(YN\T1(p)

b ,
2 H (),

where the second term converges to 0 in probability since the sum is of order ©,(1) and p 2, p°
implying 71(p)\ F1(p) & .

Case c: In sub-case c¢.1 it holds that

-1 Tia ~TA -1 Tia ~TA 1 Tia ATA
T Z xpx, (640, 0,)=T Z xpx, (60, 0,)+T Z xpx, (€:0, 05)

Ty J1(0) T1(0ONT1(p)
+T70 Y mxEn]6,)
T1(P\T1(p%)
=T Y xpx] @0 —111) T2, +u,176,)
T1(p)

+T70 Y xey GIMY -TIo) ' +u,170,)
F1(pO\T1(p)

+T70 Y xx (@M —Tlp) Txp +u]76,)
TiPN\T1(p%)

£ HYM (0O +HY () - HY (0" = HY" (),

where the first and third term converge by similar arguments as in the proof of Lemma 2.B.4.
The second term converges to 0 in probability since the sum is of order ©,,(1) and p 2, p° implying
T1(pO\ F1(p) L, # (this notation means that the number of elements in the set T1(eO\ T1(p) is

negligible in the limit as 7' — oc0).
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For sub-case c.2 it holds that

-1 Tia ATA -1 Tia ~TH -1 Tia ATA
T Z xexy (€40, 0,)=T Z xex, (6, 0,)+T Z xexy (€:8, 07)

J1(y) F1(p?) T1PNT1(p%)
+T1 Y xa) @] 0,)
T1YNT1(p)
=T71 Y wee] (@I~ 1Ty oy +u,170,)
T1(p%)

+T70 Y xe] G- T Ty +u,1'0,)
T1(P\T1(p%)

+T70 Y xBTS~ TIp) Ty + 1,17 6,)
T1YNT1(P)
= HY" (%) + HY" () = HY" (o) = HY (),

where the first and third term converge by similar arguments as in the proof of Lemma 2.B.4.
The second term converges to 0 in probability since the sum is of order @,(1) and p 2, p° implying
TiON\T1(p) 2 .
Claim (iii): Case a: In both sub-cases we obtain
T8 Y xx] (@02 =T"" Y xpx] (AT - 111) "oty + 176,
T J1(y)

2 HY(y)

where convergence follows along the same lines as in the proof of Lemma 2.B.4.

Case b: In sub-case b.1 it also holds, as before, that
TV Y ) @02 =T Y xpxr] (A1) —T1y) " + 176,)°
Jy) T1(y)
L Hy().
In sub-case 5.2 it follows that

5w/ @[ 0,2 =T Y xx/ @, 0.%+T1 Y xx/(@]0,)7

g1(y) J1(p) T1yN\T1(p)
=T 1Y wpe (W19 - T17) Ty + 17 0,)?
J1(p)

+T70 Y ] (0 - T19) T, + 117 6,)2
T1(y\T1(p)

= Hi(y),

where the second term converges to 0 in probability since the sum is of order ©,(1) and p 2, o°
implying 1(p%)\ F1(p) 2 @.
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Case c: In sub-case c.1 it holds that

Ty wx/ @02 =T" Y xx/ @/ 0,°+T1 Y xx/@]0,)

T TP) FiONTi(p)
+T70 Y xx @0,
T1YNT1(0°)
=71 > xtxtT([(H(l) —T0) "oy +u,170,)?
F1(p)

+ T Y w9 - Tlg) T+ 117 6,)?
T1(0O\T1(p)

+T70 Y w9 - T19) "oy + 1176,
T1(N\T1(p%)

2 HY (%) + H () - HY(0°) = Hi(y),

where the first and third term converge by similar arguments as in the proof of Lemma 2.B.4.
The second term converges to 0 in probability since the sum is of order ©,(1) and p 2, p° implying
TN TPD) L 2.

For sub-case c.2 it holds that

TP xx/@[02=T" Y xx/ @ 02+T Y xx/(@]0,)7
J1(y) T1(p%) T1(ON\T1(p%)

+T71 Y xmx/@]0,)?
T1YNT1(p)

=7! Z xtxtT([(Hg —T1) " x; +u,176,)?
T1(0%)

+T70 Y ] (MY - TT1) oy + 176,
T1PNT1(p%)

+T70 Y xa] (- T) T + 1176,
T1(p\T1(p)

£ HY (" +HY () - H{(0°) = H} (p),
where the first and third term converge by similar arguments as in the proof of Lemma 2.B.4.
The second term converges to 0 in probability since the sum is of order 6,,(1) and p 2 p0 implying
T\ T1() & .
Claim (iv): As in Lemma 2.B.4.

For i =2, the proof follows similar steps and omitted for brevity. O

PROOF OF THEOREM 2.3.
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(i) sup LR Test: The proof of this result follows the same arguments as in the LFS case. For
brevity, we will only display the major differences to the LFS case. As in the LFS case, we split
the proof into two parts: in part (i) we will show that T-1SSR1(y) 2, 62 and in part (ii) that
SSRo—-SSR1(y) = &L (7)C2(y)C 1 CA1(NEW).
Part (i). As in the LFS proof (cf. equation (2.48)) it holds uniformly in y that
T 'SSR1(y) =T Y] -W/ o[y -W] 6]
1y _WYAITIvY WY aY
+T7 1Y, —Wy 0,1 [Yy, —W,0,]
=T W/ @°-67)+e 1T W] (6°-67)+¢]]
+T7HW)(©0° - 0))+&l 1T W) (0° - )) + &)
=T '¢'e
+2ATLEWO° - 01 +0° - 0D T (T W) T W )6° - 67)
+2ATLEWO° - 0)) +0° - 0T (T~ W) TW))6° -6))
(2.94) =T 1eTé+0,(1),
where the last equality holds because, for i = 1,2, T‘lWinE‘Z =0p(1), T_IWZTWZ/ =0p(1) and
6° - é;y = (T_lWQ/TWZ/)_l(T_lWQ/Téz) =0p(1)op(1) = 0,(1) uniformly in y by Lemma 2.B.3.
Next, rewrite (2.94) as
0 0 0 0
(2.95) TISSRi()=T1& T +T1& T&5 +0,(D).
By construction
00 _ p° 0° _ 50°\ 90
€ =€ +(Z] -Z7)0;
and thus
0 0 N
0 st X7 @) -1 if p¥ < p
€ =
2+ XP MOy +0,(1) if p0>p
0 0 0
where s’l) = 6‘1’ + u‘f 69. It can be shown that:
0 0 0 0 0 0 A~
T el =777 Tsh 427712 TXP )1 - 11y)
. 0 0 N
+ (9 -1 (T T X0 - 11y)
= T_ls'(l)OTs'(l)0 +0p,(1)
because T_ls"ioTXf0 =0p(1) and T‘leOTXf0 =0,(1) and 1'[(1) —1II; = 0,(1) by Lemma 2.B.3.
Similarly, we obtain
0 0 0 0
T &b =T 1) Tsh +0,(1).
Therefore, (2.95) reads as
0 0 0 0
TISSR1()=T1s] "7 +T7s5 Ts8 +0,(1)
=T 1sTs+ 0p(1)

p
— a? + 22;92 + GSTZuHB =02,
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uniformly in y, proving part (i).

Part (ii). For this part, derivations remain as in the LF'S case (up to equation (2.43)). Utilizing
Lemma 2.B.4, expressions (2.52) and (2.53) in the LFS proof become

T_IWiYTWQ/ L.Caily)
and
B=Da1(1)P1+Das(y)Pz+0,(1)

by Lemma 2.B.3 with Dy 1(y) = Cgch,l(y) and therefore, D4 o(y) = CA]'CA,Q('}’) =1I,-Dy1(p).
Consequently, equations (2.52)—(2.54a) in the LFS proof are adjusted in this fashion as well. The

following derivations then remain the same.

Last, equation (2.58) from the LFS case now reads as 24

B1— B2 = Cu(NBA 1Y)~ Caly(1)Ba 2(y) = E(Y).
Thus, as in the LF'S case, it follows that
SSRo-SSR1(y) = (B1— B2)"Ca2()D a 1(y)(B1 - B2) +0p(1)
= 8, (NCA 2D A1)

uniformly in y. Together with Part (i), (a.s.) continuity of the process &4(y), the continuous

mapping theorem and weak convergence (uniformly in y) it then follows that

SSRo-SSR1(y) _ E,(NCA2)CICA1(7EAY)

su su
Vet SSRIT et o2
proving the claim of the theorem. O

(ii) sup Wald Test:

PROOF. The proof follows the exact same arguments as the proof of Theorem 2.2 by replacing
the LFS quantities with the according TFS quantities. O

To write down Corollary 2.B.2 to Theorem 2.3 below, which derives the asymptotic distribu-

tions of the 2SLS tests under conditional homoskedasticity, we define the Gaussian processes
Eaty) = CL (NP1~ C1 (N Ba 2(y)
and
P11 = A3 [P a1y A pOIZ200 = Ry A 005 006 P a1 ()220 |
+ A9 [g@mat,l(y)zmég — G P a1y A pO)Zl/Zég]
= A Ra(y A p%3p%) ~ Ra(y; DG P mat 202267 |
Ba2(Y) = BAYmax)— Bai(y),

2470 i replaced with A(i), i = 1,2, absorbed in the definition of %4 1(y).
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and Sﬁ:@mat,l(y) is a ¢ x(p1 + 1) matrix where all columns are independent g x 1 zero mean

Gaussian processes with covariance kernel M(y).2> Then we have:

Corollary 2.B.2 (to Theorem 2.3). Let Z be generated by (2.2), Y be generated by (2.3), and Z be
calculated by (2.8).Then, under Hy, and Assumptions 2.1, 2.2 and 2.4,

(@)
sup LR} s (n) = sup&L (1Q ' (1éa(),
vel yel
(i1)
sup W%?T‘T‘I,‘?S(y) = sup&, (NV, ' (1a(y).
yel' yel

where Va(y) = Va 101+ Va2(¥) = Va12(y) = V[ 1,(y) and:

VA,I(Y) = CA:}]-(Y) [UzCA’l(')/) - (0'2 - U?)A(I)Rl(Y>pO)M1(Y)A(1)T] C;x,ll()/)
Va(y) = Cg,lz(y)[afCA,g(y) +(0% = a)(Cpa(y) _A(l)Rl(Y;PO)Ml(Y)A(l)T)] 02,12(}/)
Va,12(0) = ~(0 = 0D)C31 )| Caa) - ARR1r: P IML(NATT| C11)

whenever y < p°. If y > p°, then

Va1 = C340|02Ca 100+ (0% = 02)(Ca 200 - AJRa(y; PIMa(ATD| C ()
Va2()=C3l0) [U2CA,2(Y) — (0% - 0HAIR(y; pO)Mz(Y)AgT] Caom)
Va12(0) = ~(0% - 0DC34 0| Ca 21 - ASR(r; Mo (1AST | €34 (1)

Moreover, if the system is just-identified, i.e. if p = q, then the two test statistics are asymptotically

equivalent with asymptotic distribution given by

&L (Ca(NCC1(NE(y)
- :

sup
yel' g

PROOF OF COROLLARY 2.B.2: The proof follows the exact same arguments as the proof of
Corollary 2.B.1. Note that when p = ¢, &./(y) does not simplify to &(y) from the LFS, because p°
does not disappear from the definition of &,/(y). O

Proofs for Section 2.5: GMM tests

Corollary 2.B.3 (to Theorem 2.4). Let Z be generated by (2.1) and Y be generated by (2.3).Then,
under Hy, Assumptions 2.1, 2.2 and p = q,

sup WiMM (y) = sup Ja(y),
)/EF }/Er

25Thus, the only difference between the two Gaussian processes (g:@mat,l(y) and 9%y at,1(y) lies again in their
covariance functions.
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where

~ (r _ ~ (r T
Ta) = | M G250 00— M3 (G200 ()|

x [M1(y)M ™1 Ms(y)]

M (G 1))~ M5 (G0, 57

and @f@(,;i)t’i is the first row of the q x (p1 + 1) matrix ‘5:@5;2,1 defined in Corollary A2.B.1.

X

PROOF OF COROLLARY 2.B.3. Wehave H(y) = o2M;(y), Ni(y) = A°M;(y), V; guy = 02(A°M; AOT) L =
(A"T) 1M 1(y)(A®)L. The rest follows by plugging these into Theorem 2.4. O

PROOF OF COROLLARY 2.2. As for Corollary 2.1, we can equivalently write Prob(g; <y)= A
for all y € I where A is uniformly distributed on Ax = (x;1—x),i.e A ~U(Ay).
Now, by Assumption 2.3, we have that

(2.96) HE(y) = AHS, H(y)=(1-)H"
Ni(y)=AN, Na(y)=(1-A)N
-1 eIarT] L
Veum(y) =21 [NH N ]
-1 R S
Vemma(y)=(1-2) [NH N ]
NHS_INT]_I

(2.97) Vamm 1Y)+ Vamm 2(y) = P

el -1 N ¢!
Vouma (DN WHS () =A" [NHNT| NH

e -1 elaT] ! el
Ve 2Y)NoaHS () =(1— 1) [NH N] NH

Moreover, (2.96) implies that —under Assumptions 2.2 and 2.3— the Gaussian process ¢ 2?1(y) can

be restated as

GP1(y) = H " BAMN)
4% =H"BAQ)

where B.4(-) is a q x 1-vector of independent Brownian motions on the unit interval.
Thus, the term Ve 1(Y)N1(DHS (NG 1(y) ~ Vamm 2(y)No(PHS (PGP 5(y) can be restated

in terms of 1: as

(2.98) Vaum 1Y) NIPYHS  (DGP1() - Varm oY) No(HS (PGP (y)
A1 [NHe’INT] T NH B - (1 1) [NHE’INT] T NH A @B - BA D).

_ -1 _
Because [NH <'N T] NH" is half of a projection matrix, by similar arguments as for the

proof of Corollary 2.1, we obtain the desired result. O
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Proofs for Section 3: 2SLS versus GMM estimators

Note: these proofs are provided for simplicity here rather at the beginning of the Appendix because

they use results from the proofs above.

Lemma 2.B.9. Suppose Assumptions 2.1-2.4 hold and that p = q = 1. Define as in Theorem 2.1,
A=Prob(q; <), u°=Prob(q; < p°), a =W’ - /(1- 1), p=u’A, and let E(x2) = m. Then, under

Ho:

Moreover,

Va1 =1+

Vi o(1) =1

Vl*,GMM(Y) = 2

VZ*,GMM(Y) = e

2

£ if y<p°

2
Am 1'[?

g,

- if y>p°
Am [BI9+(1- AP

o2

€ . 0
T om T e V=P

€ ; 0
S EEe— 12 > p-.
=m0 fy>p

+ 2o (1-)) ify=p°
2 02 (1_1)(rr2 — 2
Am [ﬁng’;:eu—ﬁ)ngz] /12: 2[;;;1921:(((17_,;;1;;2]2( - 11::()) if y > p°
2
(1-Am [aﬂggﬂl—?ﬂgjl ’ (1-@2; (lzaﬁ;;;(j?—)a)ﬂgzp (1 B %) if y=p®
1-Vm N (1—0/1):,10}[32 ( B 11;;%) if y > p°

PROOF OF LEMMA 2.B.9. First, we show the claim for the GMM case and afterwards for

the 2SLS case.

GMM Variances: Let y < p°. Then, if Assumptions 2.1-2.4 hold, it follows that H' = [E[x?e? Lig, <yl
=E[1yg,<py ) Elx?102 = Ao2m, H{(y)(y) = Elx2€?1(g,5py] = (1=DoZm, N1(y) = Elxs2¢ Lig,<py] = Elx?1101 (g, <p] =
ATI9m, and Na(y) = Elx;2¢ 1ig,>p] = ElxTI0(L 1y, < o — Lig,eyp)] + ELZTI0 Ly, 5 poy] = (u® = D19 + (1 -
,uo)l'[gm. Plugging these results into the expressions for V; gy (y) defined just before Theorem

2.4 directly yields the claim. The case v > p° is omitted for brevity but follows similar arguments.

2SLS Variances: Let y < p°. Then, if Assumptions 2.1-2.4 hold, it follows that M1(y) = [E[xf]l{qtsy})] =
Am, Ca1(y) = MY m, and also that W1(y) = E[v,v] x2114,<] = AmZ. Hence, (00T ® ADW1 (1) ®
A(I)T) = /11‘[22 m@97x0? = AH?2m02, for example. Similar derivations apply for all the other quanti-
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ties in V4 1(y) defined in Definition 2.3. Thus, it follows that

1 02 30T 5 A0 A? 02 30T 530 A? 02 50T 340
fo,l(«y):m[m1 m0 200 + 5T mT 200 - 25 m =69
1

1 [égTzég R égTzég]

B n¥mt A po o
1 [/JOU? +2u°0% ¢, + poegzag + /192203 —2A0%07, — 2/102203
H(1)2m Ap0
_ 1 Je oo ol 14]_ o,
g (S w020 -2 1 -5) | = Vi
where 02 — 0'? = 2a€,u82 + 03(62)2, and o¢y, =2y, 03 =Z,, proving the claim for VX 1N

Next, we derive the desired result for V; ,(y). By the same arguments as above it immediately
follows that

1
[0 = DY + (1 - pO) 19 12m2
x [10T1Y MelSeq +(1- pOMY Me] Seq + ATIY m@°T £6°

Vaoly) =

A2 0T A2 0T x A2 .
+ 2 %m0 200 — 22 % ma0T 200 — 22119 MeT 260
”0 1 z z ’uo 1 z z /JO 1 1 z

+2A1Y Me] 269

1
0 - )Y + (1 - O 2m
x [1-pOnY 62 + p°nY o2 + AN o2 + 2418 000, + ATY 0% 02

A2 22 A2
+ EH‘{Z 0% 02 - 2mng’zegae,u - QFH({Z 0% 02 — 2119 02 - 2119 0%,

+2A1° 0%,

o2 MY A1 - 20920, +6%03)
T 02 N0 T 02 o0z, a2
[(u® = DI + A —uDglm  [(u° - VAT + (A - A 1Pm
proving the claim for V; ,(y). By a symmetry argument the claim follows for y > 0. O

PROOF OF THEOREM 2.1. Part (i): Limiting distributions. This follows from Caner and
Hansen (2004) and Lemma 2.B.9 for GMM and Lemma 2.B.7 and Lemma 2.B.9 for 2SLS.

Part (ii): Variance comparisons for TFS. We only analyze the case y < p%; by symmetry,
the claim for y > p° follows. From Lemma 2.B.9 it follows that:

* * 1 9 9 A
ViemmM) Va0 = BTG (o _Ue)(l - F)] )

1 m
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Hence,

Viaun 2 Vi (1) = o*<0?.

For the second subsample,

2

(o
V* ( ): €
2GMMY = 4 m [l + (1 - a)TIY 2
2 9 A1 - A )02 - 02)
g 1 0 €
Vi = c -

+ .
1-V)m [all? + 1 -] (1-)2m [al1Y +(1- a)I1) 12

From this,

Voamm) ~ V421 =0
: o?
= 0 012 02 0
A=Mm [eIl] + 1 - (1-D)m [all] +(1-a)II) ]
M A1 - 402 - 02)

- > 0.
(1-1)2m [aI1Y +(1 - )1 ]2

g

Since [aI1? + (1 - @)MY12 - [al1? + (1 - )1 ] = —a(1 - a)(? - Y2 <0,
: o:

= :
(1=Vm [all) +(1- IR~ (1-Vm [all +(1- )13

g

implying that a sufficient condition for V., (¥) =V, o(y) =0 is 02 < 02, the same condition that
is necessary and sufficient for V., (1) =V ,(y) = 0.

Part (iii). Variance comparisons for LFS. Here, H(l) = Hg =79, and because there is no
threshold in the FS, without loss of generality we let p° = y,,0x < ©° =1, and we calculate the

variances from y < p® = ¥,qx. Plugging these into the results of part (ii), we have:

(1-A)o? - 0'3)
EE———.

Viemm = Va1 (0=~ 0 >0 < o° <o
2 2 )
g o Mo —o0%)
Vs e — Vi o(r) = e _ € _ e
naMs a2z’ A-Mm % A-Vma® 1-Am 7%
2 2
1-A)m =0

Part (iv). We obtain the claim by plugging in y = p° into the variance expressions of Lemma
2.B.9. =
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CHAPTER

ESTIMATING SPARSE LONG-RUN PRECISION MATRICES FOR
LINEAR MULTIVARIATE TIME SERIES

This chapter is based on the identically entitled working paper

his chapter proposes a novel estimator for the sparse inverse of the long-run covariance

matrix (also known as long-run precision matrix) of a multivariate linear time series.

The proposed estimator minimizes the ¢1-penalized log-likelihood function of an i.i.d.
mean-zero normal random vector. This is possible by reinterpreting the likelihood as a special
case of the Bregman-divergence which measures the distance between any positive definite
and symmetric matrix and the true long-run covariance matrix of the time series.

I show that the resulting LASSO-type estimator is T?"2-consistent with 0 < b < % under
the maintained assumption that the dimension of the multivariate linear process is fixed,
a result due to the choice of the sharp origin kernel of Phillips et al. (2007). Moreover, it
is shown that the adaptive LASSO-type estimator enjoys the oracle property of Zou (2006).
That is, the adaptive LASSO estimator chooses the non-zero entries correctly with probability
tending to one and the estimates for these entries have the same distribution as the oracle
estimator. An extensive Monte Carlo study indicates that the estimator performs reasonably

well in a variety of settings, although it tends to underestimate the degree of sparsity.
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CHAPTER 3. ESTIMATING SPARSE LONG-RUN PRECISION MATRICES FOR LINEAR
MULTIVARIATE TIME SERIES

3.1 Introduction

Covariance matrices X of a random vector y; = (yl’t,...,yN’t)T eRN, ¢=1,..,T and N is fixed
as T tends to infinity, and their inverses C = X!, also called precision matrices, constitute
one of the cornerstones in statistical analysis and econometric applications can be found in
estimation (by generalized method of moments), hypotheses testing (Wald tests), linear and
quadratic discriminant analysis, and network modeling, to mention a few. Moreover, outside
statistics, these quantities are utilized in a wide range of applications such as portfolio selection
(inter alia Ledoit and Wolf, 2003; Talih, 2003), wireless communication (inter alia Li et al., 2003)
and genome analysis (inter alia Li and Gui, 2006; Segal et al., 2005). One common feature in
these applications is that some entries in C can be equal to zero, indicating that the i-th and
J-th coordinates, y; ; and y;;, of y; are conditionally uncorrelated.! I shall call such precision
matrices sparse as to indicate that they contain entries equal to zero. For example, in case of
portfolio choice problems this would imply that the returns of assets i and j do not directly affect
each other. Such problems, where the zero entries in C need to be determined are also called
covariance selection problems, a terminology dating back to Dempster (1972) who first considered
such problems for i.i.d. normal data. However, in many economic and econometric applications,
such as portfolio choice, the i.i.d. assumption on the data y; is violated and, therefore, needs
to be relaxed. Moreover, it is often the case that the objects of interest are not the short-run
covariance and precision matrices X = [E[ytytT] and C = =71 of a zero mean random vector y; but
rather the long-run counterparts 7z = Y ez I'(h), I(h) = Ely;.py/ 1 forall k€ Z, and C g = Z; f
if existing. The goal of this chapter is estimation of such long-run precision matrices Czr under
the constraint that some entries are equal to zero but the econometrician does not know which. In
particular, I propose an estimator for such long-run precision matrices generated from potentially

conditionally heteroskedastic linear time series.

Even though the focus of this chapter is on long-run precision matrix estimation for lin-
ear time series, it is instructive to first outline some recent developments on estimation of C in
the i.i.d. case. This is due to the fact that in principal, as I will show, the same methodology,
albeit with a different motivation and scope, can be employed when considering the estimation of
the long-run counterpart Crr.

As shown in Lauritzen (1996), there is a close connection between estimation of sparse C
and estimation of partial correlation networks (PCNs). In particular, if one views the coordinates
of y; as nodes in a network, then a connection between nodes i and j exists if and only if y; ;
and y;; are partially uncorrelated. This statement is equivalent to saying that a connection
between these nodes exists if and only if the (i, j)-th entry c; ;, i # j, of C does not equal zero.
Based on this interpretation, Meinshausen and Biithlmann (2006) propose an estimator for C

based on neighborhood selection. That is, for a given coordinate i of y; their approach aims to

11f y; is multivariate normal, then they also are conditionally independent.
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consistently identify the subset of all remaining nodes which gives an optimal prediction of the
value of node i. If this is done for all nodes, Meinshausen and Bithlmann (2006) then show that
C can consistently be constructed from these N individual regression results. However, this
approach is essentially a two step procedure where first the appropriate model is selected and
afterwards C is constructed. As shown in Breiman (1996) such methods are usually unstable in
the sense that small changes in the available data can alter the estimated outcomes to a large
degree and are, therefore, undesirable in practice. To remedy this issue, Yuan and Lin (2007)
and Friedman et al. (2008) propose alternative LASSO-type estimators based on normal i.i.d.
data. Their approaches aim to simultaneously do the model selection and the estimation based on
the ¢1-penalized multivariate log-likelihood function for mean zero i.i.d. normal random vectors.
By doing so, they obtain direct estimators for a potentially sparse C. Based on these initial
proposals, the literature on estimating potentially sparse precision matrices for i.i.d. random
vectors extended in different directions, cf. Banerjee et al. (2008), Fan et al. (2009), Lam and Fan
(2009), Cai et al. (2011), Ravikumar et al. (2011), Cai et al. (2012), Banerjee and Ghosal (2013),
Cai et al. (2014), Cai et al. (2016) and the references therein. For example, these authors relax
the normality assumption on the data, refine existing theoretical results or consider different
penalty terms. The interested reader is referred to these articles or the recent survey of Fan et al.

(2016) for more details about such methods for i.i.d. random vectors.

If one is, as is the case in this chapter, interested or in need of such direct estimators
when the data y; originate from a time series setting, then the available methods are scarce. In
particular, to my best knowledge, Chen et al. (2013) is the only work proposing a direct estimator
for potentially sparse C in a time series setting. However, as in the i.i.d. case, these authors
only consider estimation of the short-run precision matrix C and do not pursue an estimator
for the long-run counterpart Czr. Thereby, they neglect the autocorrelation part present in the
data. This renders their approach inapplicable in cases where the long-run precision matrix is
needed. One, and to my best knowledge the only, possible way at the moment to remedy this issue
is the recent proposal of Barigozzi and Brownlees (2017). In particular, these authors utilize a
VAR(p)-parametrization of the underlying multivariate process and use the analytic expression
of the long-run precision matrix for estimation. However, the same critique as for Meinshausen
and Bithlmann (2006) applies in this setting. That is, their approach is a two stage procedure
where first an appropriate VAR(p)-model needs to be selected and the long-run precision matrix
is computed afterwards. Moreover, due to the construction of their algorithm a computationally
costly two-dimensional grid search needs to be performed to obtain the two optimal regularization
parameters.2 Moreover, rather than estimating N(N + 1)/2 distinct covariance elements, this
parametric framework requires estimation of p N2 (for the p N x N-parameter matrices) plus

N(N +1)/2 parameters (for the precision matrix of the white noise errors).

20ne regularization parameter is for the set of VAR-parameters and the second for the precision matrix of the
resulting residuals.
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In this chapter, I propose a novel non-parametric estimation procedure for the long-run
precision matrix Crp of a linear time series y; that overcomes these computational and econo-
metric challenges when the dimension of the process N is fixed. The proposed estimator adapts
the graphical LASSO of Friedman et al. (2008) to dependent data by considering a penalized
Bregman-divergence based on the negative log-determinant of a symmetric positive definite
matrix. This specific choice for the Bregman-divergence yields the same objective function as
given by the likelihood function based on multivariate i.i.d. zero-mean normal data, akin to
Gaussian QMLE. The only difference to the i.i.d. case lies in the fact that the sample covariance
matrix is replaced by an estimator for the long-run covariance. In particular, I make use of the
HAC-estimator proposed in Phillips et al. (2007) which makes use of the sharp origin kernel
rather than the usual kernels such as the Quadratic Spectral, the Parzen or the Bartlett kernels.
Under the standard assumptions for consistent estimation of the long-run covariance matrices of
Phillips et al. (2007), I show that the obtained LASSO-type estimator is T'?’2-consistent, 0 < b < %,
and provide its asymptotic distribution. Moreover, I show that the resulting adaptive LASSO-type
estimator enjoys the oracle property of Zou (2006). That is, the adaptive LASSO-type estimator is
able to distinguish between the true zero and non-zero entries in Cyr with probability tending to
one as the sample size increases and the asymptotic distribution of the estimates of the non-zero
elements is the same as the asymptotic distribution of the oracle estimator, the estimator for
which it is known a priori which elements of Crr are zero and which not. Finally, I show in an
extensive Monte Carlo study that the proposed estimator performs reasonably well in samples.
Moreover, during the simulations, I found that pre-whitening the data is highly recommended.
If one does not pre-whiten the data, the bandwidth parameter determined in the same data
dependent fashion as in Andrews (1991) and Newey and West (1994), is highly inaccurate in
finite samples leading to highly inaccurate estimators of Czg. Finally, in the Monte Carlo study I
also found that the proposed LASSO-type estimators tend to underpenalize in small samples. In
particular, all non-zero parameters are detected correctly but parameters with true values equal
to zero are estimated to be non-zero. Nevertheless, the proposed estimators are to my knowledge
the first estimators that can detect sparsity of the long-run precision matrix. Moreover, I show
that they outperform in terms of Frobenius the naive estimator, which is obtained by inverting
the long-run covariance estimator and does not provide any help in detecting the true sparsity

structure of the long-run precision matrix.

The remainder of this chapter is organized as follows: Section 3.2 motivates and outlines the
proposed estimator and Section 3.3 states asymptotic results. Section 3.4 provides an extensive
Monte Carlo study and Section 3.5 concludes. Proofs are deferred to Appendix A and Tables to
Appendix B. Note that in the remainder of this chapter I drop the LR-subscript from Czr and

21.r for notational convenience. Thus, all covariance and precision matrices showing up from
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this point onwards should be understood as long-run versions, unless stated otherwise.
Throughout this chapter I denote matrices by bold capital letters, vectors by bold lower case
letters and scalars by lower case letters. For a N x N-matrix M I denote its Frobenius norm
by [MllF =(X; % mlz.,j)l/2 where m; ; denotes the (i, j)-th entry of M and for a N x 1-vector v its
Euclidean norm by |v]g =(; v?)l/ 2. Moreover, I denote positive definiteness of a matrix M by
M > 0. The first derivative or gradient of a function f(x) is denoted by Vf(*) where * is a generic
argument which, depending on the context, can either be a scalar, a vector or a matrix and a set
is generally depicted by calligraphic capital letter . and its complement denoted by . C. Finally,

N denotes the natural numbers without 0.

3.2 Methodology

3.2.1 Preliminaries

Networks based on Time Series Data As mentioned in the Introduction, the proposed
estimator can be used to estimate (weighted) undirected networks based on time series data.
However, before I outline how this goal can be achieved I need to briefly introduce the necessary
notions on networks and how they can be related to statistical quantities and random data. Based
on this knowledge I will then continue to construct an estimator for the problem at hand.

For the purpose of this chapter it suffices to consider undirected networks. An undirected
network or graph ¥ is defined as the tuple ¢ = (¥,&) where 7 ={1,2,..., N}, N € N, denotes the
set of nodes or vertices (individuals, firms or stock returns to give some examples) and § <7 x ¥
denotes the edge set (connections between nodes). The edge set & can also be represented by
use of an adjacency matrix A. In case of undirected networks we have that A is symmetric with
the diagonal elements being equal to one and the off-diagonal entries having non-zero value
a; j=aj,; if and only if there is an edge between nodes i and ;. If it holds that a; j=1for all i # j
then ¥ is called an unweighted undirected network. In contrast, the network is called weighted
undirected if at least two distinct non-zero entries a; ; and a; j of the adjacency matrix satisfy
a;;j#a; ; and a; ; denotes the weight of the edge between nodes i and j. Note that a; j =11is
still a possibility. Figure 3.1 illustrates such networks.

Now, one might be interested in the characteristics of the network and these can be derived
from the adjacency matrix A. However, in practice it is not always guaranteed that & or A,
which describe the network structure entirely, are known. In such cases, one of them needs to be
estimated from random data. For this chapter I follow the vast statistical literature on network
analysis and consider partial correlation networks (PCNs). To illustrate the idea, consider the
zero-mean i.i.d. random vector y; = (y14,..., yN,t)T with existing covariance matrix X. Then, in a
PCN an edge between nodes i and j exists if and only if the partial correlation coefficient p(i, ;)
between i and j is unequal to zero. Note that nodes i and j in the PCN are represented by the

i-th and j-th coordinates of y. Now, it is known that p(i, j) is proportional to ¢; j, cf. Lauritzen
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Figure 3.1: Examples of Undirected Networks

The left figure shows an unweighted undirected and the right figure a weighted undirected network as
indicated by the weights a; ; next to each edge. Note that in case of an unweighted network no weights are
displayed in the figure since they do not provide further information. Nodes are labelled with numerals
and lines correspond to edges.

aqs

(1996), where C = 271 denotes the precision matrix of y. In particular
3.1) plij) = —L

CiiCj,j
Thus, in a PCN an edge between nodes i and j exists if and only if ¢; ; # 0 and Equation (3.1)
implies that the structure of the PCN can entirely be determined from an estimate of C. Finally,
note that for unweighted PCNs we have that a; j =a;; =1if ¢; ; =c;; # 0 and in case of a
weighted PCN that a; j =a;; = p(i,j). As a consequence for PCNs it holds that & = 0 where

& ={(i,J): cij =0} denotes the index set of all zero entries in C.

In case of time series data a PCN can similarly be defined. To make this idea formal,
throughout this chapter I assume that y; € RV, t = 1...,T, is a zero-mean N x 1 dimensional
linear stochastic process - see Section 3.3 for a precise definition of a linear stochastic process and
the Assumptions I impose on this process. I denote by X the long-run covariance matrix of y;, i.e.
2 =Y pez(h) where I'(h) = [E[yt+hytT]. The PCN of interest in this case is based on C = =71 the
long-run precision matrix of y;. For example, if y; are asset returns C can be thought of as the
return-network in the long-run equilibrium which describes which assets’ stock prices directly
influence each other and, for example, how quickly shocks spread through the system. The latter
is possible since in a network with a larger number of edges each node can be reached in shorter

time since more direct paths from one node to another are present.

Why not estimating = and inverting 3? Based on the discussion above one might be
tempted to estimate C by inverting a conventional estimator for X in order to obtain the network

structure.? However, this is not advisable and I will highlight the major reason for that by means

3By either using the inverse of the sample covariance for i.i.d. data or the inverse of a HAC estimator for time
series data.
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of the following example, inspired by El Karoui (2008):

Assume that the underlying PCN is a star-network consisting of 5 nodes, 7 * ={1,2,3,4,5}. In
such a network one of the nodes, w.l.0.g. node 1, is connected to all other nodes and these edges
are the only edges within the network, i.e. §* ={(1,i):i=2,3,4,5}u{(i,1): i = 2,3,4,5}. Moreover,
I assume that ¢* = (7*,£") is weighted with edge weights equal to 0.4 for all edges. This network

is illustrated in Figure 3.2.

Figure 3.2: Star-Network ¢*

2

0.4
0.4

@:

0.4

The associated precision and covariance matrices, based on the star-network ¢*, are given by*

1 04 04 04 04

04 1 0 O0 O
(3.2) Cc=lo4 0o 1 o o],
04 0 0 1 O
04 O 0 0 1
respectively
2 _10 _10 _10 _10
9 9 9 9 9
_10 13 4 4 4
9 9 9 9 9
_|_10 4 13 4 4
(3.3) Z=l-9 5§ 9 9§ 9
10 4 4 13 4
9 9 9 9 9
_10 4 4 4 13
9 9 9 9 9

Now, if X would be known a priori there is no problem with directly inverting it, as it will yield
the correct sparsity structure .&. If, however, X is unknown it needs to be estimated and in this

case the sparsity structure . of C is completely or partially removed by the estimation error

4Note that the for i,/ = 2 the non-zero off-diagonal elements of C must satisfy c1,j=¢i1< \/ﬁ to ensure positive

definiteness of C.
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present in 2. To see why, I consider the following possible realization of an estimator £ for =°

3.16 -1.16 -1.55 -0.93 -0.82
-1.16 153 0.74 085 0.67
(3.4) $=(-155 074 167 043 0.32
-093 085 043 163 045
-0.82 0.67 032 045 124
Inverting the realized estimator £ yields
0.73 0.10 0.55 0.15 0.23
0.10 128 -0.29 -0.42 -0.40
(3.5) C=|055 -029 117 0.0 0.18
0.15 -0.42 0.10 0.90 -0.02
0.23 -0.40 0.18 -0.02 1.13

As it can be seen, the entire sparsity structure of C is lost after inverting a realized estimator
for = in samples since . = @ # .%. Thus, if one is interested in uncovering the underlying long-run
network structure of the linear process y; one is well advised to use a direct estimator for C.

Proposing such an estimator is precisely the goal of this chapter.

3.2.2 A Bregman-Divergence based Objective Function

To estimate C under some sparsity constraints I propose a direct estimator for C based on
the Bregman-divergence, cf. Bregman (1967) and also Ravikumar et al. (2011) for a similar
application to i.i.d. random vectors. The basic idea behind this approach is to match an estimator
C of the long-run precision matrix C to the long-run covariance matrix = so that they are as close
as possible. The Bregman-divergence is a suitable measure for that task because it yields convex
objective functions which can readily be minimized. For the purpose of this chapter I restrict the
analysis to a special case, the log-determinant divergence measure.

Formally, let b : .4 — R be a continuously differentiable, real valued and strictly convex
function defined on the closed convex set 4 = {M e RN : M=M", M > 0}, the set of all symmetric
and positive definite real-valued N x N -matrices. For two points P,Q € .# the Bregman-divergence

is then defined as

(3.6) Dy(P,Q)=b(P)-b(Q)-(Vd(Q),P-Q)

5For this example, in order to obtain, 2 I perturbed = by adding a random variable with a uniform distribution on
[—0.5,0.5] to each element on the upper triangle of X. The new entries are then mirrored onto the lower triangle. For
ease of exposition I rounded after the second digits. Inversion of 2 is done after rounding the entries of 2. The final
entries in € are then rounded again after the second digit. This rounding does not take away the main message that
by estimating and inverting X one loses the sparsity structure of C.
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where (-,-) denotes the Frobenius inner product and Vb(*) the gradient of 5(*). As mentioned

earlier, the function b(*) is chosen such that

—logdet(M) ifMe.#
3.7 b(M) =

00 otherwise

with Vb(M) = —M~! (see Section A.4.1 in Boyd and Vandenberghe, 2004) and it is easy to verify
that this choice for b(*) satisfies the aforementioned criteria of continuous differentiability, strict
convexity and being real valued, cf. Boyd and Vandenberghe (2004).

Next, consider the Bregman-divergence with b(x) as given in (3.7) between the two matrices
¥ and C =X !. Then, due to symmetry of C, we have that

(3.8) Dy(¥,C) = —logdet(¥) +1logdet(C) + tr(WZ - Iy)

since (Vb(C),¥ - C) = tr(—C_lT(‘I’ -0)=—-tr(Z¥Y - 1Iy).
Since D (¥,C) = 0 with equality if and only if ¥ = C, a natural estimator for C is given by

minimizing
3.9 —logdet(¥) + tr(¥VX).

wr.t. W € /. Next, since X is unknown in practice it needs to be replaced with a suitable estimator
3. Note that I will provide a suitable estimator in Section 3.2.4 and assumptions on it in Section

3.3 below. For now, given a suitable estimator 2 for = an estimator C for C is given by

(3.10) ¢=3"'- argmin —logdet(¥) +tr(¥2).
V=" ¥>0

The reader might quickly notice that the objective function in (3.9) coincides with the likeli-
hood function for multivariate i.i.d. Gaussian random vectors and wonder why I formulated it in
terms of the Bregman-divergence instead. There are several reasons for this. First, I consider
non i.i.d. data which are also allowed to be non-Gaussian. Therefore, it seems odd to me to
motivate the choice in a specific i.i.d. Gaussian setting. Second, estimation of long-run precision,
respectively covariance matrices is usually not formulated in a parametric likelihood setting but
rather in a non-parametric fashion, see the vast literature on HAC estimation. In fact, by using
the Bregman-divergence I can reformulate the i.i.d. Gaussian likelihood as a distance measure
between two matrices and, therefore, obtain a natural objective function which is free of any
distributional and dependency assumptions on the underlying data. This provides a more flexible
and intuitive way for deriving an estimator for the long-run precision matrix under a variety of
settings.

Moreover, given the generality of the Bregman-divergence an estimator for the long-run pre-
cision matrix can be constructed by using different functional forms for b(*) in the hope that the

resulting estimator enjoys, for example, faster convergence rates. An example for such a different
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form of the Bregman-divergence is the Euclidean distance || vec(P)—vec(Q)||2, which is implied by
setting b(M) = || vec(M)Ilg. This is not readily possible if the estimator is motivated from the i.i.d.
Gaussian likelihood perspective. Therefore, the formulation in terms of the Bregman-divergence

also provides interesting directions for future research.

3.2.3 Two LASSO-type Estimators

From (3.10) it is apparent that C = 37! minimizes the chosen Bregman-divergence. However, as
detailed in Section 3.2.1 above this is not a desirable estimator since the sparsity structure . of
C is lost in finite samples. To rectify this issue I penalize (3.9) by an ¢1-penalty on the off-diagonal
elements v, ;, i # j, of ¥ since it is known that such a penalty enforces sparsity, if present.® That

is, after imposing an #1-penalty on v; j, i # j, I obtain the following objective function

(3.11) g% (¥) = —logdet(¥) + tr(¥2) + A7 Y lw; |

i£]
A closer inspection reveals that the obtained objective function in (3.11) coincides with the
graphical LASSO of Friedman et al. (2008). However, they developed the graphical LASSO
estimate the sparse precision matrix for i.i.d. zero mean normal random vectors. Thus, by use
of an appropriate function b(*) for the Bregman-divergence, estimating the long-run precision
matrix under sparsity constraints poses a similar problem as estimating that of i.i.d. multivariate

normal random vectors. This has the advantage that existing efficient algorithms to solve

(3.12) CL = argmin qﬁ‘(‘l’)
Y= ¥>0
can be utilized. These considerations further motivated the particular function choice for the

Bregman-divergence.

It is well known that LASSO-type estimators do not always consistently identify the true set
of the paramters with value equal to 0, cf. Zou (2006). To circumvent this issue, I follow Zou (2006)
and consider an adaptive LASSO-type estimator where the penalty term in (3.11) is augmented
by a data dependent weight for each off-diagonal element of the precision matrix. In particular, I

consider the adaptive LASSO-type objective function

(3.13) qﬁL(‘I’) = —logdet(¥) + tr(¥Z) + Ar Z M
i) |Ci, J |
where C = (¢i,7) denotes a pre-estimator for C. Note that I will provide conditions which C needs

to satisfy in Section 3.3 below. Finally, the adaptive LASSO-type estimator is given by

(3.14) C = argmin ¢4%(¥).
Y=y v>0

6Note that other appropriate penalties could be chosen at this stage. However, as it will become clear the ¢1-
penalty enables me to use efficient existing algorithms and it is not clear to what extend other penalties might improve
the estimation results.
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3.2.4 Choice of Pre-estimator for the Long-Run Covariance

As outlined in Sections 3.2.2 and 3.2.3, we are in dire need of an estimator for X in order to
determine either the LASSO-type estimator (3.12) or the adaptive LASSO-type estimator (3.14).

Throughout this chapter I make use of a particular HAC-estimator for long-run covariance

matrices
0 L E |t —s] T
(3.15) >=T Zka( T )Ytys
t=1s=1
where
a-1xDP, Ixl=<1
(3.16) kp(x) =

0 lx] >1

denotes the sharp origin kernel of Phillips et al. (2007). Note that in (3.15) the bandwidth for the
kernel is set equal to the sample size rather than being, as usual, data dependent. This choice
usually leads to inconsistent estimates for the long-run covariance matrix. However, in this
particular case, the power parameter p in (3.16) takes the role of the bandwidth. As highlighted
in Section 3.3, p is constructed such that it will grow along the sample size and the appropriate
growth rates are given in the respective asymptotic results. Thus, as p grows, the sharp origin
kernel & ,(x) gives lower weight to higher order autocorrelations and, thereby, restores consistency
of the estimator for X, cf. Phillips et al. (2007) for more details. The reason why I choose the sharp
origin kernel in (3.16) is that the proofs of the asymptotic results of the proposed LASSO-type
estimators rely on the availability of an asymptotically normal pre-estimator 2 for the long-run
covariance X and, as far as I am aware, this is the only setting for which asymptotic normality of
3 has been shown in the literature. Finally, proving such a statement for HAC-estimators with

different kernels is outside of the scope of this study.

3.3 Asymptotic Properties

In order to be able to state asymptotic results about the proposed estimator some technical
assumptions on the linear process y;, the sharp origin kernel k,(x) and the power parameter p
need to be introduced.

On the linear process y;, I impose the same assumptions as Phillips et al. (2007). These are

outlined below.

Assumption 3.1. (i) The process y; is zero-mean, fourth order stationary (i.e. its first, second,

third and fourth moments are invariant to time shifts) and linear

0o
Y= Z Bn€i-m

m=0

81



CHAPTER 3. ESTIMATING SPARSE LONG-RUN PRECISION MATRICES FOR LINEAR
MULTIVARIATE TIME SERIES

with

o0
Y mI* By, |lF <oo, for some &> 0.
m=0

where (B, € RV*N} is a sequence of parameter matrices.

(i) The errors €; satisfy

" 0,20 and Elledllt <oo

(iii) Moreover, the process y; from (i) satisfies the functional central limit theorem

[Tr]
T2Y y, = ABN(r), rel0;1]
=1
where AN =X and Bn(r) is an N-dimensional vector of independent standard Brownian

motions.

On the power parameter p the following assumption, which is similar to the bandwidth

expansion conditions found in the HAC-literature, is imposed.

Assumption 3.2. The power parameter p satisfies

1 plnT

0 T

-0 as T — oo.

Assumption 1 is standard in the literature on HAC estimation. Part (i) restricts the parameter
matrices of the linear process y; and part (ii) specifies permissible innovations €;. In particular,
part (ii) allows for conditional heteroskedastic linear processes. Together with Assumption 2,
Phillips et al. (2007) verify their Theorem 3, which is stated below as Theorem 1 for completeness.
This theorem is crucial to the results of this paper since the asymptotic results for the proposed
LASSO-type estimators require that the estimator for X is asymptotically normal.

Theorem 3.1 (Phillips et al. (2007)). Suppose that Assumptions 1 and 2 hold and that p = aT? —
oo for somea>0and 0<b < % Then

J/p(veeE —vecZ) 2 4 (0,(Iy: + Ky N)(E 8 2))

where Ky i is a N% x N2-commutation matrix that transforms vec(W) into vec(W') and Iy
denotes the N? x N? identity-matrix. That is, Ky n= Z?LIZ?LI eie;.r ® ejez.— where e; is the N x 1-
vector with i-th entry equal to one 1 and all other entries equal to zero, cf. Magnus and Neudecker
(1979).

Based on Assumptions 1 and 2, and Theorem 1 the asymptotic distribution of the LASSO-type

estimator can be derived. Proposition 1 below states the result formally.
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Theorem 3.2 (LASSO-type Estimator). Suppose Assumptions 1 and 2 hold, and that p =aT? —
oo for some a>0and 0<b < % If \JoAr — Ao =0 as T — oo, the LASSO-type estimator defined in
(3.12) satisfies

Vo€ - ) 2 argmin AL(U)
U=U"

where

AL(U) = tr(UZUZ) + tr(UN)
+ A0 )_(ujjsgnlc; j)l{c; j # 0} +lu; j|1{c; ; =0}
i£j

and N is a symmetric random N x N-matrix such that vec(N) ~ A (0,(Iy2 + Ky n)(Z ® X))

Thus, the convergence rate of the LASSO-type estimator is 7?2, 0 < b < % Note that this is

the same rate of convergence as for £ when the sharp origin kernel is used.
For the adaptive LASSO-type estimator, I derive the following result stated below.

Theorem 3.3 (Adaptive LASSO-type Estimator). Let CL pe as defined in (3.14). Moreover, let C
be a \/p-consistent pre-estimator for C, pAr — oo, \/pAr — 0 and p = aTb — oo for some a >0 and
0<b<Z2 Then

(i) CL consistently determines the index set of all zero entries in C, & = {(i, ) c;,;j =0} ie

Prob(& = %) — 1

(ii) the non-zero elements of C*L have the same limiting distribution as the oracle estimator, C°,
for which & is known. That is

VA -2 argmin  tr(UZUZ)+ tr(UN).
U=UT,u; =0V (i, j)es

In other words, Theorem 3.3 states that the adaptive LASSO-type estimator has the so-
called oracle property of Zou (2006). That is, it identifies the sparsity structure .# correctly
with probability tending to one as the sample size grows, and provides an estimator for the
non-zero elements of C with the same asymptotic distribution as the oracle estimator for which
the true sparsity structure . is known. In light of statement (i) in Theorem 3.3, the use of
the adaptive LASSO-type estimator is recommended when one is interested in recovering the
sparsity structure of C. This is further supported by the results from the Monte Carlo study in

the next section.
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3.4 Monte Carlo Simulation

In this section, an extensive Monte Carlo study is carried out to assess the small sample prop-
erties of the previously introduced estimators. The general simulation set up is as follows: The
dimensions of the long-run precision matrices are such that N € {10,20} is allowed and the sample
sizes are set such that T € {500,1000,2000,3000,4000,5000} with a separate burn-in-sample
of 1000 observations, and, finally, 1000 Monte Carlo repetitions are carried out. Moreover, two
classes of data generating processes (DGPs) are considered: a) vector autoregressive processes
and b) vector moving average processes, since their long-run precision matrices have simple
analytical solutions so that simulating data and assessing results obtained from these processes
is straightforward. In addition, such processes are commonly used in empirical work. Finally,
within each class two DGPs with specific long-run precision matrix structure are chosen. That is,
in one case the long-run precision matrix is tridiagonal (representing a chain network) and in the
second case its sparsity structure derives from the adjacency matrix of an Erdos-Rényi random
graph. The latter is introduced in order to have a more realistic sparsity structure than the
simple tridiagonal structure and is commonly used as a benchmark to evaluate the performance
of precision matrix estimators. This allows to me to investigate whether the specific non-random

tridiagonal structure affects the estimation results. More details are given below.

3.4.1 Data Generating Processes

In order to generate the long-run precision matrices, vector moving average (VMA) and autore-
gressive (VAR) processes are considered. This choice also allows to assess how different temporal

dependence structures in the data affect the proposed estimator in small samples.

Vector Moving Average The first class of data generating processes (DGPs) considered is the

class of vector moving average processes of order one:
(3.17) vi=e+Ber1, €5 4 (0,Iy)

where B € RV*N and the innovations’ unconditional covariance matrix X, is set to the N x N

identity matrix for simplicity. The long-run covariance and precision matrices are then given by

(3.18) >=A+B)I+B)'=BB’" and C=@BH'B L

Vector Autoregressive Process The second class of considered DGPs is a vector autoregres-

sion of order one:
(3.19) Vi=Ayi1te, € 5 A(0,Iy)

where A € RV*N and the innovations’ unconditional covariance matrix X, is again set to Iy for

simplicity. The long-run covariance and precision matrices are then given by

(8.20) S=[@-A)TT-A]'=[ATA]"! and C=ATA
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From expressions (3.18) and (3.20), it can easily be seen that the structure of C can be
controlled by the model parameters A, respectively B and the next two paragraphs briefly outline

how this is done for this Monte Carlo study.

Tridiagonal Precision Matrices In order to guarantee that C is tridiagonal, X is generated
such that its (i, j)-th element is given by 0;; = exp(—als; —s;|), wherea >0 and s; <sg <...<sy.In
iid U(0.5,1) for i =2,3,...,N and s1 ~ U(0.5,1). Next, according
to (3.18), B can be computed by means of the Cholesky-decomposition of = and, afterwards, the

particular, I set a =0.75, s; —s;_1

model parameters are obtained as B =B -1, in case of a VMA(1)-process.
For the VAR(1)-process the model parameters A are obtained from setting A =I— A where
A is the solution to the Cholesky decomposition of C, cf. Equation (3.20). Using the parameters

obtained in such a way, data is then generated according to (3.17), respectively, (3.19).

Erdos-Rényi Precision Matrices The second class of precision matrices is derived from an
Erdos-Rényi random graph. In particular, to keep comparability with the tridiagonal precision
matrices, the number of edges is fixed to 3N — 2 and edges are drawn uniformly randomly from
the set of possible edges. In this way, the number of zero and non-zero elements in C is constant
over all trials for a given spatial dimension N. Once the sparsity structure of C is determined,
values to the non-zero entries are assigned based on the following rule: First, all off-diagonal
non-zero elements are drawn from a uniform distribution on the interval [0.3;0.8]. Half of these
entries are then chosen at random and multiplied by -1. Afterwards, in order to guarantee that C
(and, hence, X) is positive definite the diagonal element in row i is set such that it equals the
sum of the absolute values in row i plus 0.001. This makes C diagonally dominant and together

with symmetry ensures positive definiteness, cf. Horn and Johnson (2013, Theorem 6.1.10).

Conditional Heteroskedasticity In addition to the four DGPs defined in the previous four
paragraphs I also consider cases in which the DGPs feature conditional heteroskedasticity. In
particular, I augment the above four DGPs such that their innovation terms follow an indepen-
dent ARCH(1)-structure. That is, each coordinate’s innovation term is an ARCH(1)-process and
all these ARCH(1)-processes are independent of one another. In addition, I chose the ARCH-
parameter such that the unconditional variance of the innovations equals 1 and the same long-run

precision matrices as above are obtained

(3.21) €it =Zit0¢;t

(3.22) 2id M HO,1), zig Lz Vit
2 2

(3.23) o2, =0.5+0.567,
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Table 3.1 summarizes the different DGPs’.

Table 3.1: Summary of the different DGPs

DGP1 DGP2 DGP3 DGP4
class VMA VAR VMA VAR
lag length 1 1 1 1
structure C tridiagonal tridiagonal Erdos-Rényi Erdos-Rényi
#0 3N-2 3N-2 3N-2 3N-2
X Iy Iy Iy Iy
Heterosk. No No No No
T 500, 1000, 2000, 3000, 4000, 5000
N 10, 20

DGP5 DGP6 DGP7 DGPS8
class VMA VAR VMA VAR
lag length 1 1 1 1
structure C tridiagonal tridiagonal Erdos-Rényi Erdos-Rényi
#Ft 3N-2 3N-2 3N-2 3N-2
b2 Iy Iy Iy Iy
Heterosk. Yes Yes Yes Yes
T 500, 1000, 2000, 3000, 4000, 5000
N 10, 20

3.4.2 Choice of Auxiliary Quantities

This section briefly outlines how the tuning parameter 1 and the pre-estimator for X, respectively
C in case of the adaptive LASSO are chosen.

Regularization Parameter A The regularization parameter A is usually unknown and, there-
fore, must be chosen from the data. Since the data is dependent and this dependence structure
matters for the long-run covariance matrix, and therefore also for the long-run precision matrix,
classic cross-validation is not feasible. A cross-validation like criterion such as the one proposed
in Bickel and Levina (2008) adapted to a time series setting is computationally too demanding.
Therefore, I opt to follow a different, commonly applied approach and choose the regularization

parameter by minimizing an appropriate BIC criterion, generally given by

(3.24) BIC(A) = —Indet(Cy) +tr(C, 2) + In(T)

DoF,

7Since there is no guarantee that the above procedures yield stationary processes, I checked separately that each
simulated process is in fact stationary.
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where DoF, denotes the degrees of freedom with which the likelihood function is penalized in the
BIC-criterion. An inspection of the graphical LASSO algorithm yields that the correct degrees of

freedom correction for the BIC is given by the non-sparsity:

(3.25) DoF; =Y 1{(C,);; # O}.
i.j
That is, each non-zero parameter is estimated separately and, therefore, must be penalized

individually.

Pre-Estimator for the Long-Run Covariance Matrix The pre-estimator for the long-run
covariance is given in Equation (3.15) and the kernel of choice in Equation (3.16). As mentioned in
Sections 3.2.4 and 3.3, the power parameter p tends to infinity as the sample size grows, thereby
taking over the role of the bandwidth parameter in conventional HAC-estimation. Therefore, p
preferably needs to be chosen in a data dependent manner. I will follow the suggestion of Phillips
et al. (2007) and Newey and West (1994). That is, the optimal power parameter p minimizes the

asymptotic mean square error of 2. For more details I refer to Phillips et al. (2007).

Pre-Estimator for the Adaptive LASSO Weights As mentioned in Section 3.2.3, the adap-

T2 consistent, 0 < b < %, pre-estimator to construct the

tive LASSO-type estimator needs a
weighted penalty terms. In principle ﬁ_l would do the job, as can bee seen from Theorem 3.1.
Instead of using this pre-estimator, however, I opt for using the LASSO-type estimator CL as
pre-estimator which is also a valid choice by Theorem 3.2. The rationale behind this choice is
that the LASSO-type estimator already penalizes some of the entries in C and this is information

which can be used to further improve the adaptive LASSO-type estimator.

Pre-Whitening Finally, while running the simulations, I found that the data dependent power
parameter p, chosen on the original series y;, does not provide a good estimate for the true
power parameter p. For example, this way of choosing the power parameter translates into
decreasing estimation accuracy as the sample sizes increases.® Pre-whitening the data, however,
remedied this issue. Pre-whitening is done as suggested in Andrews and Monahan (1992). That
is, first I fitted a VAR(1)-model to the original time series y;. After this has been done, I obtained
the residuals and applied the long-run covariance estimator given in (3.15) and (3.16) to those
residual series. Afterwards, the data is recolored to obtain the final pre-estimator 3, see Andrews
and Monahan (1992) for more details.

3.4.3 Computational Information

This section briefly summarizes how A is determined and, afterwards, how knowledge about the

DGP-class, respectively the sparsity structure is included in the simulations, for comparison with

8These results are not reported for brevity but available from the author upon request.

87



CHAPTER 3. ESTIMATING SPARSE LONG-RUN PRECISION MATRICES FOR LINEAR
MULTIVARIATE TIME SERIES

the methods proposed in this paper.

Solving the Graphical LASSO In order to solve problem (3.12), respectively (3.14) the graph-
ical LASSO algorithm of Friedman et al. (2008) is used. As already mentioned in Section 4.2
the regularization parameter A is unknown and, therefore, is determined as the minimizer of
the BIC criterion (3.24) based on a grid of possible values for A%. There is no advice available in
the literature on how to determine this grid in practice. Moreover, Theorems 3.2 and 3.3 only
specify that the optimal A satisfies aT?2A7 — 0 and aT?Ar — 00, a >0 and 0 < b < %, which also
does not provide much information on the choice of A7. Therefore, I propose the below described
iterated search over a grid of possible values for A.

In order to avoid spending too much computation time on parts of the grid which are far from
the BIC solution for A the first grid is set up relatively coarse to initially narrow down possible
values for A. Based on the optimal penalization parameter found on this initial grid, I construct
a second grid to find the final, optimal solution for A and, thus, for C. This procedure can be

summarized as follows:

1. Set the end points of the initial grid A? as A;ll;n — min, ;|G; ;|, and Ag;x — max; ;|6 jl

where G; ; denotes the (i, j)-th entry of b

2. Set AD — In(seq(from = exp(Airllzn),to = exp(Aggx),leng‘th =100)) where seq(s, e, #1) gener-

ates a sequence from s to e with #A points.
3. Set AV = A;el*) —argminy BIC(1) where £* denotes the position of A in A

4. Set /1(_1{ — AL

(D) 1)
b1 and A< A

k*+1

5. Update the end points of the grid as Aflin — )AL(_II and Ag)ax — )Atili
6. Repeat 2 and 3 to find the final 1.

The idea behind this approach is as follows: If there exists an unique minimizer of the BIC in
(3.24)10 then the procedure must find a point on the first grid that is closest to the minimizer in
the sense of having a small associated BIC value. Since the minimizer is usually assumed to be
unique it then also follows, that it must lie in the interval spanned by the two neighboring points
of this initially found grid-point. Thus, a second step is applied to further narrow down the true

minimizer of the BIC.

In Figure 3.3 below I plot the Monte Carlo averages of the penalization parameter A ob-

tained by the above procedure. These plots illustrate that the values of A are in line with the

9The choice of A crucially affects the results, and more research is needed to uncover the best choice of A.
10Note that the LASSO literature rarely talks about the existence of an unique BIC minimizing value for A which
satisfies the theoretical requirements. The BIC, or any other criterion for this matter, is usually applied because it
works well in simulations.
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Figure 3.3: Monte Carlo Means of Ay for the adaptive LASSO
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requirements of Theorem 3.3. That is, for all 8 DGPs A7 decreases as the sample size increases

so that \/5/17" — A9 =0 and pAp — oo are possible.

Vector Moving Average In case of a VMA(q)-process, knowledge about the DGP can be
incorporated into the estimation procedure via the pre-estimator for the long-run covariance

matrix 2 since it holds that

q
(3.26) =) T(h).
h=-q

Thus, a VMA(1)-DGP implies that the long-run covariance matrix consists of only the short-run
covariance and the autocovariance at lag order one. Thus, rather than using the HAC pre-
estimator, the pre-estimator can directly be based on a simplified expression for the long-run

covariance matrix
-

(3.27) 2—1i [+ le L+ 1Tf ;
. =T t:lytyt °oT & Yir1y: 2T & Ye+1Y:

where the factor 0.5 in the last two summands is introduced to guarantee that the resulting

estimator is positive definite!l.

1130, it coincides with the Bartlett kernel with known lag length ¢ = 1
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Vector Autoregression In case of a VAR(1)-process, knowledge about the the DGP can be

incorporated by recalling that the long-run precision matrix is given by

(3.28) C=(Iy-A)" 3. (Iy-A).

That is, the long-run precision matrix can be estimated by estimating A and 2;1, for which
reliable methods exists. Either, one can estimate A and Z;l separately by first applying an
adaptive LASSO equation-by-equation to the VAR(1)-process to obtain A, obtaining the residuals
and then applying, e.g. the graphical LASSO on the residuals to obtain ﬁ;l. Moreover, Barigozzi
and Brownlees (2017) propose to estimate A and 2;1 jointly in their nets-algorithm. For the
Monte Carlo study I opt for the first approach since the nets-algorithm involves a computationally
costly two-dimensional grid search and it is not clear how performance is improved by estimating
the quantities of interest jointly. Finally, one should note that it is not entirely clear a priori
whether this procedure indeed improves the resulting estimator for C over the proposed method
since estimation errors (especially in the sparsity structure) in both A and ﬁ;l can contaminate
the final estimator due to the multiplicative structure in (3.28) and, thereby, could worsen the

results.

Estimation of the Long-Run Precision Matrix when the Sparsity Pattern is Known
In this case the sparsity pattern is known, but not the DGP-class. This information can be
incorporated in the proposed estimation scheme in the following way. First, the pre-estimator
which is parsed to the objective functions (3.11) and (3.13) is the above HAC estimator with the
sharp origin kernel. Since the sparsity pattern is known, that is the index set . is known, a
differential penalty can be applied. That is, for all pairs of indices (i*,j*) € # a penalty of infinity
is applied, thereby forcing the associated estimated values ¢;+ j+ to be zero. On the other hand
for all indices (i*,j*) € #L the penalty parameter is set to 0 and thus, none of these entries is

penalized.

3.4.4 Results

The performance of the proposed estimator is evaluated according to three criteria. First, the
Frobenius-norm of the difference between the estimator and the true long-run precision matrix
is computed, thereby measuring the overall closeness of the estimator and the true quantity of
interest. Second, the Type I error rate (defined as the number of entries in the long-run precision
matrix which are estimated to be zero but are non-zero in reality divided by the true amount
of true non-zero elements), committed during estimation, is computed. Third, the Type I error
rates (defined as the number of entries in the precision matrix which are estimated to be non-zero
but are zero in reality divided by the amount of true zero entries) is determined. The latter two
criteria allow assessment of the covariance selection, that is the capability of differentiating

between true zero and non-zero entries, properties of the proposed estimators. Ideally, the Type I
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and I1 error rates are as close to zero as possible.

Moreover, in order to assess how having prior information about either the DGP-class or the
sparsity structure of the true long-run precision matrix affects the estimators, the following three
scenarios are considered: Firstly, the long-run precision matrix is estimated by being completely
agnostic about both the underlying DGP-class and the sparsity structure. Thus, this scenario
constitutes the most common case empirical researchers tackle. The second scenario assumes
that the underlying DGP-class is known (i.e. whether the data is generated by either a VMA(1)-
or a VAR(1)-process) but not the sparsity structure of the long-run precision matrix. Lastly, the
third scenario assumes that the sparsity structure is known, but not the underlying DGP-class
(obviously, for this case no Type I and I1 errors are reported). While discussing the results, I will

refer to the latter case as the oracle estimator since .% is known.

Below, the results of this Monte Carlo study are discussed. While doing so, I always combine
the two DGPs which are in the same column in Table 3.1. That is, both considered DGPs only
vary in one aspect, namely whether their error terms are conditionally homo- or heteroskedastic.
The results are reported in Appendix B. The tables display averages of the respective quantities
over 1000 Monte Carlo repetitions. Standard errors over these repetitions are presented in

parentheses.

DGP1 and DGP5 The results for these two VMA(1) process with a tridiagonal precision matrix
can be found in Tables B.1-B.3. In terms of the norm difference it can be seen that it decreases in
all cases when the sample size increases. Moreover, the oracle estimator performs best with lowest
norm differences overall. Plainly inverting 3 performs as well as both LASSO-type estimators
and knowing the DGP-class performs worst. Moreover, the norm differences are larger when the
dimension of C is larger. However, this comes at no surprise since more parameters need to be
estimated.

In terms of Type I error rates we observe that all of them are virtually equal to zero, except
for the case where it is known that the data follows a VMA(1)-process. However, even in this case
they quickly converge to (almost) zero.

In terms of Type I1 error rates the most striking result is probably that they increase with
the sample size when the DGP-class is known. The proposed LASSO-type estimators behave
differently. In particular, the plain LASSO estimator provides almost no penalization with a
stable Type I1 error rate of about 95%. The adaptive LASSO estimator performs much better
but still allows for a Type II error rate of about 40% for T' = 500 which decreases as the sample
size increases. However, another possible explanation is that in the case of a known VMA(1)
DGP-class the LASSO-type estimators tend to underpenalize.

Finally, there are no essential differences between the conditionally homoskedastic and

heteroskedastic cases.
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DGP2 and DGP6 In case of a VAR(1)-process with tridiagonal long-run precision matrix it can
again be observed that the norm differences decrease as the sample size increases, no matter
which dimenson of C or types of error terms are considered, see Table B.4. In this case, however,
when one knows the VAR(1) DGP-class one obtains the smallest error, followed by the infeasible
oracle estimator. Finally, the adaptive LASSO-type estimator ranks third, followed by the LASSO
and the inverse long-run covariance estimator. Note that the differences between the leading
three estimators become less pronounced when the data is conditionally heteroskedastic.

In terms of Type I error rates we again observe that they all are virtually zero in all cases,
see Table B.5. The Type I1 error rates, in contrast, can be quite substantial, see Table B.6. In
particular, the LASSO-type estimator performs worst with error rates of about 90% and they
seem to be non-decreasing in the sample size. The adaptive LASSO-type estimator is the second
best with error rates decreasing to about 12% for 7' = 5000. Finally, the parametric estimator
provides the lowest error rates which decrease from about 5% to almost 0% as the sample size
increases.

Again, differences between the conditionally homo- and heteroskedasticity cases are relatively
small. Finally, the results in this case can again be explained by underpenalization during the

proposed estimation procedures.

DGP3 and DGP7 The results for the VMA(1)-case can be found in Tables B.7-B.9. The pat-
terns do not change much compared to the VMA(1) case with a tridiagonal long-run covariance
matrix. As before, the norm differences decrease as the sample size increases and the oracle
estimator performs best, followed by the two LASSO-type estimators and inverse long-run sample
covariance. The case where the VMA(1) DGP-class is known comes in last.

For the Type I error rates we observe the already familiar pattern. For all estimators this
criterion equals virtually zero. The Type II error rates are again relatively large, but still accept-
able for the adaptive LASSO-type estimator, especially in light of the apparent underpenalization.
Note that for this estimator the error rate stays stable over the sample size. For the LASSO-type
estimators this result can also be explained by how the data is pre-whitened. As mentioned in
Section 4.2 I opted to pre-whiten by using a VAR(1) approximation. However, the fact that a
VMA(1)-process has a VAR(oco)-representation suggests that a higher order VAR-process in the
pre-whitening stage can yield better results in this case. Finally, it does not seem to matter for

the results whether the errors are homo- or heteroskedastic.

DGP4 and DGP8 The last two cases are a VAR(1)-process with an Erdos-Rényi type long-run
precision matrix. The results can be found in Tables B.10-B.12. Again, the norm differences
decrease as the sample size increases. The best performing estimator is again the case where the
DGP-class is known, followed by the oracle and adaptive LASSO-type estimator. Again, in the
case of conditionally heteroskedastic errors the adaptive LASSO-type estimator is loser to the

two leading estimators with respect to norm differences.
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Regarding the Type I error rates, they are again virtually equal to zero for all cases. The Type
I1I error rates also follow the same pattern as for DGP2 and DGP6. That is, they decrease with
the sample size increasing and are lowest for the estimator for which the DGP-class is known,
followed by the adaptive LASSO-type estimator.

Summarizing the results of this Monte Carlo study, it seems that it does not matter for
the proposed estimators whether the process is conditionally homo- or heteroskedastic. In addi-
tion, the adaptive LASSO-type estimator performs well compared to the naive estimator $hin
cases where there is no knowledge about the DGP or the sparsity structure. In case where it is
known that the true DGP is a VAR-process, it seems that a parametric estimator is favorable
over the proposed non-parametric estimators. However, the same cannot be said when the DGP
is in the VMA-class. Thus, one intends to use the highly recommended pre-whitening step, it
could favorable to determine the VAR-order in a data dependent way, for example via the BIC, to
be more robust against possible Type I errors. Finally, the tendency to underpenalize can be

tackled by examining more closely the choice of A through additional simulations.

3.5 Conclusion

In this chapter I propose a novel estimator for sparse long-run precision matrices for possibly
conditionally heteroskedastic linear time series. Under standard assumptions I show that both
LASSO-type estimator are T?2-consistent with 0 < b < %, and that the adaptive LASSO-type
estimator has the oracle property of Zou (2006), where the convergence rate of T%2 derives from
the choice of the sharp origin kernel for the pre-estimator of the long-run covariance of the time
series. Finally, I assess the small sample performance of the proposed estimator by means of
an extensive Monte Carlo study and find that it performs fairly well in small samples with a
tendency to underpenalize, but almost never sets elements to zero that are non-zero in reality.
For future research, extensions to other, commonly used kernels, such as the Quadratic
Spectral kernel might be of interest since they are expected to provide faster convergence rates.
Moreover, different penalties, such as SCAD and MCP, or different Bregman-divergences are
also a valuable choice to further improve the proposed estimator. Finally, given the ever growing
availability of data, an extension to a high-dimensional setting where N is allowed to grow might

also be of future interest.

Appendix 3.A Mathematical Proofs

The proofs of Propositions 1 and 2 closely follow those of Yuan and Lin (2007). These authors

proof a similar result to that in Proposition 1 for the LASSO-type estimator and results similar to
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that of Proposition 2 for a non-negative Garrote-type estimator'? based on i.i.d. normal random

vectors.

PROOF OF THEOREM 3.2. Let ¥ = C+ 7 where U=U" and define A (U) = ¢ (¥)- ¢ (C).
Then,

U U
ALT(U) —log|C+—|+tr (C+—) +/1TZ +cLJ
\/f_) \/_ 1#]
(3.29) +1log|C| —tr(CZ) - A7 Y lc; jl.

i£j

Let p;(M) denote the i-th largest eigenvalue of a symmetric matrix M and notice that

21/2 21/2
log|C+ E‘ —log|C| =log Iy + Tuze
NG NG
N
— Z(1+ul(21/2U21/2)/\/§)
i=1
¥ Uzt pEPuzl?) +o(p™)
i=1 VP
tr(21/2U21/2) tr(zl/ZUzuzl/Z) o
= - +o(p™)
VP p
tr(UX) tr(UXZUZ
(3.30) _ rUz) ) oo™
Ve P
and that
U\, . Uz Uz-z
(3.31) r (C+—)Z] —tr(CZ):tr(—)+tr((—)).
VP NG NG
Moreover, for sufficiently large |/p it holds that
Ar Z A1) leijl
i#j i#j
(3.32) = ﬁ ;, (u sgn(e; Lici; # 0+ lui jl1{er = 03).
Combining (3.30)—(3.32) with (3.29) directly yields
pAL 7(U) = tr(UZUZ) + tr (Uy/B(E - 2) +0(1)
(3.33) +VPAT Y (1 7sgnlei DLici j # 01+ [us 1 Liei j = 0}).

i#j

12The difference between the adaptive LASSO-type and the non-negative Garrote-type estimator lies in the penalty
term. In particular, the non-negative Garrote-type penalty is given by A1 ¥.;«;v; ;/¢; ; subject to y; ;/¢; ; = 0 whereas
the adaptive LASSO-type penalty is given by A Y. ly; jl/I€; jl.
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By Theorem 1, \/ﬁ(ﬁ — 2) converges in distribution to a multivariate zero-mean normal ran-
dom matrix N with covariance matrix as provided in Theorem 1. Moreover, Ar,/p — A9 = 0 by

assumption. Therefore,

pAL L(U) L, (UZUZ) +tr (UN)
+ Ao Z (LLi,j sgn(ci,j)]l{ci,j #£ 0} + |ui,j|]1{ci,j = 0})
i£]
(339 = AL,

Finally, pAé r(U) and Ag(U) in (3.34) are both convex functions and the latter has a unique
minimum.!3 Therefore, it follows that

(3.35) argmin pA, 7(U) = /5(€ - €) 2 argmin AL(U)
=UT U=UuT"
concluding the proof. O
PROOF OF THEOREM 3.3. As in the Proof of Theorem 3.2, one can show that
pAL(U) = tr(UZUZ) + tr (Uy/p(E - ) +o(1)

(3.36) NTYD \/5(

i£]

1,J \/ﬁ L,J L.J
Now, there are two cases to consider: a) ¢; ; #0 and b) ¢; j = 0. In case a) it holds that |¢; ;|1 RS
|ci,j|_1, \/ﬁ(lci,j +uijl\/pl— |ci,j|) — u; jsgn(c; ;) and \/pAr — 0 by assumption. So, by Slutksy’s
Theorem the penalty term in (3.36) converges to O for all (i, j) € & C.

On the other hand, in case b) it holds that \/ﬁ(lci,j +u; jl/\/pl— |Ci,j|) =|u; ;| and \/pArlé; ;171 =

pAr
lvpEi

where /pé; ; = 0,(1). Therefore, Equation (3.36) can be rewritten as

oL . lui
(3.37) pALL(U) = tr(UZUD) + tr (UVp(E - 2)) + pAr Y. +o(1).

(e 1VPEijl

Since pAr — oo by Assumption, it must be true that the minimizer of pAZLT(U) is such that
u; j =0 whenever (i, j) € # with probability tending to one. Otherwise pA, 7(U) would diverge to

infinity and this is in contradiction with Theorem 3.2.

The limiting distribution of CoL is easily dervied by noting that the pseudo ML estimator,

C°, based on the true sparsity structure € is such that

(3.38) VP -0) 2 argmin tr(U2U2)+tr(UN).
U:UT,ui,J‘:OVEVy

O

13Note that tr(UZUZ) is a term which is quadratic in U and tr(UN) is linear in U. Thus, (3.34) constitute a
parabola defined on the space of all symmetric matrices U.
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Appendix 3.B Tables

Table 3.2: VMA(1) with Tridiagonal Precision Matrix — Norm Differences

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

b 2.42 2.33 2.23 2.16 2.11 2.06
(0.16) (0.12) (0.09) (0.08) (0.07) (0.07)

L 2.43 2.35 2.24 2.17 2.11 2.07
(0.16) (0.12) (0.10) (0.08) (0.07) 0.07)

S ¢aL 2.44 2.34 2.24 2.16 2.11 2.06
g 0.18)  (0.13)  (0.10)  (0.08)  (0.07)  (0.07)
(o 1.77 1.72 1.64 1.58 1.53 1.49
(0.19) (0.14) (0.11) (0.09) (0.08) (0.07)

(ol 453 4.36 3.86 35 3.36 3.27
(0.10) (0.19) (0.28) 0.17) (0.09) (0.07)

571 460 4.40 4.20 4.07 3.96 3.87
(0.16) (0.12) (0.10) (0.08) (0.08) (0.07)

oL 4.60 4.42 4.22 4.09 3.99 3.90
0.17) (0.12) (0.10) (0.08) (0.08) 0.07)

& €L 457 4.41 4.22 4.09 3.98 3.89
. 022) (013 (01D (009 (008 (007
(o 3.52 3.41 3.23 3.11 3.01 2.92
(0.21) (0.15) (0.12) (0.09) (0.09) (0.08)

cC 7.79 7.54 6.77 6.23 5.65 5.48
(0.07) (0.18) (0.15) (0.41) (0.15) (0.08)

Conditional Heteroskedastic Errors

571 245 2.33 2.23 2.16 2.10 2.05
(0.22) (0.19) (0.15) (0.14) (0.12) (0.11)

L 2.46 2.34 2.24 2.16 2.11 2.06
(0.22) (0.19) (0.15) (0.14) (0.12) (0.11)

S ¢l 2.46 2.34 2.23 2.16 2.10 2.05
. (0.26) 0.2) (0.15) (0.14) (0.12) (0.12)
(o 1.78 1.71 1.63 1.57 1.52 1.48
(0.31) (0.25) (0.19) (0.17) (0.15) (0.14)

cC 4.46 4.23 3.75 3.46 3.33 3.24
(0.20) (0.30) (0.32) (0.19) (0.13) (0.12)

571 462 4.38 4.18 4.05 3.94 3.86
(0.22) (0.19) (0.15) (0.14) (0.13) (0.13)

oL 4.60 4.39 4.21 4.07 3.97 3.88
(0.23) (0.19) (0.15) (0.14) (0.13) (0.13)

& €L 455 4.38 4.20 4.07 3.96 3.88
é (0.26) 0.2) (0.16) (0.15) (0.13) (0.13)

Continued on next page
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Table 3.2 — continued from previous page

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

¢ 3.47 3.36 3.21 3.09 2.99 2.91
(0.33) (0.26) (0.19) (0.18) (0.16) (0.15)
cC 7.70 7.38 6.66 5.97 5.60 5.45

(0.16) (0.27) (0.35) (0.41) (0.16) (0.14)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means

of the criterion.
2 ﬁ_l denotes the inverse of the long-run covariance estimator, CL the LASSO, CoL the
adaptive LASSO, C° the oracle and €€ the known DGP-class estimator

Table 3.3: VMA(1) with Tridiagonal Precision Matrix — Type 1 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

oL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
'ﬁ' CoL 0.00 0.00 0.00 0.00 0.00 0.00
> (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
(o 0.43 0.23 0.02 0.00 0.00 0.00
(0.09) 0.17) (0.04) (0.01) (0.00) (0.00)

¢L 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
? CoL 0.00 0.00 0.00 0 0.00 0.00
> (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
(o 0.45 0.23 0.02 0.01 0.00 0.00
(0.05) (0.11) (0.02) (0.01) (0.00) (0.00)

Conditional Heteroskedastic Errors

¢cL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
T oL 0.00 0.00 0.00 0.00 0.00 0.00
> (0.02) (0.00) (0.00) (0.00) (0.00) (0.00)
(o 0.38 0.16 0.02 0.00 0.00 0.00
(0.13) (0.15) (0.03) (0.01) (0.00) (0.00)

L 0.00 0.00 0.00 0.00 0.00 0.00

o . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
? oL 0.00 0.00 0.00 0.00 0.00 0.00
> (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
c¢ 0.41 0.17 0.02 0.00 0.00 0.00

(0.08) 0.11) (0.02) (0.01) (0.00) (0.00)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 ¢L denotes the LASSO, €L the adaptive LASSO and €C the known DGP-class estimator
when it is known that the data is generated by a VMA(1)-process.

3 This table reports the error rates as fractions between committed Type I errors and the
amount of true entries unequal to zero on the lower triangle of the matrix.
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Table 3.4: VMA(1) with Tridiagonal Precision Matrix — Type 2 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

oL 0.92 0.93 0.95 0.96 0.96 0.96

o . (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
T ol 0.46 0.46 0.52 0.54 0.53 0.52
> (0.11) (0.10) (0.10) (0.08) (0.07) (0.07)
¢c 0.00 0.02 0.15 0.25 0.26 0.26
(0.02) (0.07) (0.16) (0.10) (0.07) (0.07)

ﬁ71 0.93 0.93 0.92 0.91 0.90 0.89

- . (0.05) (0.02) (0.02) (0.02) (0.02) (0.03)
? QoL 0.44 0.37 0.31 0.28 0.28 0.28
> (0.07) (0.04) (0.03) (0.03) (0.04) (0.04)
cc 0.00 0.00 0.01 0.10 0.20 0.19
(0.00) (0.00) (0.03) (0.12) (0.04) (0.03)

Conditional Heteroskedastic Errors

ﬁ_l 0.92 0.93 0.95 0.96 0.96 0.96

s . (0.05) (0.04) (0.04) (0.03) (0.03) (0.03)
T oL 0.46 0.47 0.52 0.53 0.52 0.52
> (0.12) (0.10) (0.10) (0.08) (0.07) (0.07)
c¢ 0.01 0.05 0.17 0.25 0.26 0.26
(0.06) (0.12) (0.15) (0.10) (0.08) (0.07)

i_l 0.92 0.92 0.91 0.90 0.89 0.90

o . (0.04) (0.02) (0.02) (0.02) (0.03) (0.04)
Cnl QoL 0.40 0.35 0.29 0.27 0.27 0.29
= (0.06) (0.04) (0.04) (0.04) (0.04) (0.05)
¢c 0.00 0.00 0.04 0.16 0.20 0.18

(0.00) (0.00) (0.09) (0.10) (0.04) (0.03)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 ¢L denotes the LASSO, €L the adaptive LASSO and €€ the known DGP-class estimator
when it is known that the data is generated by a VMA(1)-process.

3 This table reports the error rates as fractions between committed Type I1 errors and the
amount of true entries equal to zero on the lower triangle of the matrix.
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Table 3.5: VAR(1) with Tridiagonal Precision Matrix — Norm Differences

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

b2 1.27 0.91 0.68 0.59 0.53 0.49
(0.17) (0.12) (0.08) (0.07) (0.06) (0.06)

cL 1.16 0.87 0.66 0.56 0.51 0.47

- . (0.17) (0.11) (0.09) (0.07) (0.07) (0.06)
‘I‘l' QoL 0.94 0.69 0.51 0.43 0.39 0.36
> X (0.17) (0.12) (0.09) (0.08) (0.07) (0.07)
Ce 0.72 0.55 0.42 0.36 0.33 0.30
(0.15) (0.12) (0.08) (0.08) (0.07) (0.06)

cC 0.52 0.36 0.25 0.20 0.18 0.16
(0.11) (0.08) (0.06) (0.04) (0.04) (0.03)

2_1 3.07 2.30 1.84 1.63 1.50 1.40
(0.24) (0.17) (0.12) (0.11) (0.10) (0.10)

¢cL 2.59 2.08 1.75 1.55 1.42 1.32

- . (0.23) (0.19) (0.12) (0.11) (0.10) (0.10)
‘? CaoL 1.98 1.61 1.34 1.17 1.06 0.97
> A (0.23) (0.18) (0.14) (0.13) (0.12) (0.11)
Ce 1.37 1.09 0.90 0.81 0.74 0.69
(0.20) (0.15) (0.12) (0.11) (0.10) (0.10)

ec 0.76 0.51 0.36 0.29 0.25 0.23
(0.12) (0.08) (0.06) (0.05) (0.04) (0.04)

Conditional Heteroskedastic Errors

ﬁ71 1.67 1.21 0.88 0.74 0.67 0.62
(0.28) (0.20) (0.15) (0.14) (0.13) (0.13)

cL 1.56 1.15 0.85 0.71 0.65 0.59

- . 0.27) (0.21) (0.15) (0.14) (0.13) (0.14)
‘I‘l' CoL 1.35 0.99 0.73 0.61 0.55 0.51
= . (0.28) (0.22) 0.17) (0.16) (0.14) (0.15)
C° 1.22 0.92 0.69 0.58 0.52 0.48
(0.29) (0.23) 0.17) (0.16) (0.14) (0.14)

(o 1.08 0.79 0.57 0.48 0.42 0.38
(0.26) (0.21) (0.15) (0.14) (0.12) (0.13)

2_1 3.54 2.60 2.03 1.78 1.62 1.52
(0.34) (0.22) 0.17) (0.15) (0.14) (0.14)

oL 3.15 2.42 1.92 1.69 1.53 1.44

o . (0.37) (0.22) 0.17) (0.16) (0.15) (0.15)
? GaL 2.53 1.95 1.53 1.33 1.19 1.12
> . (0.35) (0.25) (0.21) (0.20) (0.18) (0.18)
Ce 1.96 1.51 1.20 1.06 0.95 0.89
(0.33) (0.27) (0.22) (0.21) (0.18) (0.18)

[ 1.66 1.20 0.88 0.72 0.63 0.57

(0.29) (0.24) (0.18) (0.16) (0.13) (0.14)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 ﬁ_l denotes the inverse of the long-run covariance estimator, CL the LASSO, CeL the
adaptive LASSO, C° the oracle and €€ the known DGP-class estimator
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Table 3.6: VAR(1) with Tridiagonal Precision Matrix — Type 1 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

¢cL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
T Gl 0.00 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

¢ 0.0 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

CcL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
? ¢l 0.00 0.00 0.00 0.00 0.00 0.00
= (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
¢c 0.00 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

Conditional Heteroskedastic Errors

CcL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
T ¢l 0.00 0.00 0.00 0.00 0.00 0.00
= (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
cc 0.00 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

CcL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
? ¢l 0.00 0.00 0.00 0.00 0.00 0.00
= (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
cc 0.00 0.00 0.00 0.00 0.00 0.00

(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 CL denotes the LASSO, C%L the adaptive LASSO and €€ the known DGP-class estimator
when it is known that the data is generated by a VAR(1)-process.

3 This table reports the error rates as fractions between committed Type I errors and the

amount of true entries unequal to zero on the lower triangle of the matrix.
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Table 3.7: VAR(1) with Tridiagonal Precision Matrix — Type 2 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000
Conditional Homoskedastic Errors

¢cL 0.89 0.91 0.91 0.90 0.89 0.89

- . (0.07) (0.05) (0.05) (0.05) (0.06) (0.06)
T Cal 0.33 0.32 0.24 0.18 0.15 0.13
> (0.15) (0.13) (0.11) (0.09) (0.09) (0.08)
cC 0.04 0.02 0.01 0.00 0.00 0.00
(0.05) (0.04) (0.03) (0.01) (0.01) (0.00)

¢cL 0.86 0.89 0.94 0.94 0.93 0.93

- . (0.04) (0.05) (0.02) (0.02) (0.02) (0.02)
? Cal 0.27 0.29 0.36 0.31 0.27 0.24
> (0.08) (0.13) (0.06) (0.05) (0.05) (0.05)
(o 0.02 0.01 0.00 0 0.00 0.00
(0.02) (0.01) (0.01) (0.00) (0.00) (0.00)

Conditional Heteroskedastic Errors

¢cL 0.90 0.91 0.90 0.89 0.89 0.88
o . (0.06) (0.06) (0.06) (0.06) (0.06) (0.06)
T Cal 0.37 0.31 0.23 0.17 0.15 0.12
> (0.14) (0.13) (0.11) (0.09) (0.09) (0.08)
(o 0.05 0.03 0.01 0.00 0.00 0.00
(0.06) (0.04) (0.03) (0.02) (0.01) (0.01)

¢cL 0.90 0.92 0.93 0.93 0.93 0.92
s . (0.05) (0.04) (0.02) (0.02) (0.02) (0.02)
? Cal 0.37 0.36 0.34 0.29 0.26 0.24
> (0.12) (0.11) (0.06) (0.06) (0.05) (0.05)
(o 0.02 0.01 0.00 0.00 0.00 0.00
(0.02) (0.01) (0.01) (0.01) (0.00) (0.00)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means

of the criterion.

2 ¢L denotes the LASSO, €L the adaptive LASSO and €€ the known DGP-class estimator
when it is known that the data is generated by a VAR(1)-process.

3 This table reports the error rates as fractions between committed Type I1 errors and the

amount of true entries equal to zero on the lower triangle of the matrix.
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Table 3.8: VMA(1) with Erdos-Rényi Precision Matrix — Norm Differences

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

b2 1.32 1.13 0.99 0.92 0.86 0.83
(0.16) (0.13) (0.10) (0.09) (0.08) (0.08)

cL 1.33 1.14 0.99 0.92 0.86 0.83

- . (0.16) (0.13) (0.10) (0.09) (0.08) (0.08)
'ﬂ‘ QoL 1.31 1.11 0.96 0.88 0.82 0.79
> X (0.20) (0.15) (0.11) (0.10) (0.09) (0.09)
Cce 0.91 0.78 0.68 0.62 0.58 0.56
0.17) (0.13) (0.10) (0.09) (0.08) (0.08)

¢ 3.07 2.48 1.92 1.75 1.66 1.59
(0.34) 0.37) (0.20) (0.11) (0.09) (0.10)

i_l 2.33 1.96 1.69 1.56 1.46 1.40
(0.15) (0.12) (0.10) (0.09) (0.09) (0.08)

cL 2.36 1.96 1.69 1.56 1.47 1.41

o . (0.18) (0.14) (0.10) (0.09) (0.09) (0.08)
? CoL 2.39 1.84 1.54 1.42 1.33 1.28
= (0.53) (0.26) (0.12) (0.10) (0.10) (0.09)
ce 1.31 1.13 0.97 0.89 0.82 0.79
0.17) (0.14) (0.11) (0.09) (0.09) (0.08)

cc 4.01 3.25 2.46 2.04 1.89 1.80
(0.43) (0.36) (0.38) (0.18) (0.12) (0.11)

Conditional Heteroskedastic Errors

271 1.43 1.21 1.05 0.95 0.89 0.85
(0.24) (0.21) (0.19) (0.16) (0.15) (0.14)

cL 1.43 1.21 1.05 0.96 0.90 0.85

s . (0.25) (0.21) (0.19) (0.16) (0.15) (0.14)
'ﬂ‘ CeL 1.39 1.18 1.01 0.92 0.86 0.81
= (0.30) (0.23) (0.20) 0.17) (0.16) (0.15)
Cce 1.01 0.87 0.74 0.67 0.62 0.59
(0.26) (0.23) (0.19) 0.17) (0.16) (0.15)

(oY 2.93 2.41 1.94 1.76 1.65 1.58
0.47) (0.45) (0.29) (0.19) (0.18) (0.17)

i_l 2.49 2.04 1.74 1.59 1.49 1.42
(0.20) (0.16) (0.15) (0.13) (0.12) (0.11)

¢L 2.46 2.03 1.73 1.59 1.49 1.42

o 0.21) 0.17) (0.15) (0.13) (0.12) (0.11)
‘? QoL 2.35 1.87 1.58 1.44 1.36 1.30
> X (0.48) (0.26) (0.18) (0.15) (0.13) (0.12)
ce 1.43 1.22 1.04 0.93 0.86 0.82
(0.25) 0.21) (0.19) (0.16) (0.14) (0.13)

cc 3.81 3.12 2.38 2.04 1.89 1.80

(0.58) (0.47) (0.41) (0.31) (0.19) (0.17)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 ﬁ_l denotes the inverse of the long-run covariance estimator, CL the LASSO, CeL the
adaptive LASSO, C° the oracle and €€ the known DGP-class estimator
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Table 3.9: VMA(1) with Erdos-Rényi Precision Matrix Precision Matrix — Type 1 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000
Conditional Homoskedastic Errors

¢cL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
T Cal 0.00 0.00 0.00 0.00 0.00 0.00
> (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
cC 0.13 0.04 0.00 0.00 0.00 0.00
(0.09) (0.03) (0.01) (0.00) (0.00) (0.00)

¢cL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
? Cal 0.03 0.00 0.00 0.00 0.00 0.00
> (0.04) (0.01) (0.00) (0.00) (0.00) (0.00)
(o 0.09 0.05 0.01 0.00 0.00 0.00
(0.03) (0.03) (0.02) (0.00) (0.00) (0.00)

Conditional Heteroskedastic Errors

¢cL 0.00 0.00 0.00 0.00 0.00 0.00
o . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
T Cal 0.00 0.00 0.00 0.00 0.00 0.00
> (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
(o 0.11 0.03 0.00 0.00 0.00 0.00
(0.09) (0.04) (0.02) (0.00) (0.00) (0.00)

¢cL 0.00 0.00 0.00 0.00 0.00 0.00
s . (0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
? Cal 0.02 0.00 0.00 0.00 0.00 0.00
> (0.03) (0.01) (0.00) (0.00) (0.00) (0.00)
(o 0.08 0.04 0.01 0.00 0.00 0.00
(0.04) (0.03) (0.02) (0.00) (0.00) (0.00)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means

of the criterion.

2 ¢L denotes the LASSO, €L the adaptive LASSO and €€ the known DGP-class estimator

when it is known that the data is generated by a VMA(1)-process.
3 This table reports the error rates as fractions between committed Type I errors and the
amount of true entries unequal to zero on the lower triangle of the matrix.
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Table 3.10: VMA(1) with Erdés-Rényi Precision Matrix — Type 2 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

¢cL 0.96 0.97 0.98 0.98 0.98 0.98

s . (0.04) (0.03) (0.02) (0.02) (0.02) (0.02)
T Gl 0.52 0.50 0.52 0.48 0.46 0.43
(0.15) (0.16) (0.12) (0.11) (0.11) (0.11)

cC 0.04 0.16 0.29 0.27 0.26 0.27
(0.11) (0.20) (0.12) (0.09) (0.09) (0.11)

CcL 0.86 0.95 0.96 0.96 0.96 0.97

- . 0.17) (0.08) (0.01) (0.02) (0.02) (0.02)
?1 ¢l 0.37 0.43 0.38 0.35 0.35 0.41
= (0.24) (0.10) (0.05) (0.07) (0.10) (0.12)
¢c 0.03 0.05 0.20 0.27 0.23 0.21
(0.05) (0.08) (0.16) (0.06) (0.04) (0.04)

Conditional Heteroskedastic Errors

CcL 0.97 0.97 0.98 0.98 0.98 0.98

s . (0.04) (0.03) (0.02) (0.02) (0.02) (0.02)
T ¢l 0.53 0.51 0.51 0.47 0.45 0.43
= (0.15) (0.15) (0.12) (0.11) (0.11) (0.11)
cc 0.08 0.18 0.28 0.27 0.27 0.28
(0.16) (0.19) (0.13) (0.10) (0.11) (0.11)

CcL 0.90 0.95 0.96 0.96 0.96 0.97

- . (0.14) (0.06) (0.02) (0.02) (0.02) (0.02)
? ¢l 0.42 0.43 0.37 0.35 0.37 0.42
= (0.19) (0.09) (0.06) (0.09) (0.12) (0.12)
cc 0.06 0.10 0.23 0.26 0.23 0.21

(0.12) (0.15) (0.14) (0.06) (0.04) (0.04)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 CL denotes the LASSO, C%L the adaptive LASSO and €€ the known DGP-class estimator
when it is known that the data is generated by a VMA(1)-process.

3 This table reports the error rates as fractions between committed Type I errors and the

amount of true entries equal to zero on the lower triangle of the matrix.
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Table 3.11: VAR(1) with Erdés-Rényi Precision Matrix Structure — Norm Differences

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

b2 0.90 0.66 0.51 0.45 0.42 0.40
(0.12) (0.08) (0.07) (0.06) (0.06) (0.05)

cL 0.88 0.66 0.51 0.45 0.42 0.40

- . (0.11) (0.09) (0.07) (0.06) (0.06) (0.06)
‘I‘l' QoL 0.79 0.60 0.46 0.41 0.38 0.36
> X (0.12) (0.10) (0.08) 0.07) (0.06) (0.06)
Ce 0.59 0.47 0.38 0.35 0.33 0.31
(0.12) (0.10) (0.08) (0.07) (0.07) (0.06)

cC 0.52 0.36 0.26 0.21 0.18 0.16
(0.10) (0.07) (0.05) (0.04) (0.04) (0.04)

2_1 1.93 1.30 0.95 0.81 0.73 0.68
(0.17) (0.10) (0.07) (0.05) (0.05) (0.04)

¢cL 1.69 1.16 0.87 0.77 0.71 0.67

- . (0.14) (0.08) (0.07) (0.06) (0.05) (0.04)
‘? CaoL 1.17 0.83 0.65 0.59 0.54 0.5
> A (0.13) (0.09) (0.07) (0.06) (0.05) (0.05)
Ce 0.86 0.67 0.54 0.48 0.45 0.43
(0.13) (0.09) (0.07) (0.06) (0.05) (0.05)

ec 0.88 0.62 0.43 0.35 0.30 0.27
(0.11) (0.07) (0.05) (0.04) (0.03) (0.03)

Conditional Heteroskedastic Errors

ﬁ71 1.14 0.83 0.63 0.54 0.49 0.46
(0.19) (0.14) (0.13) (0.11) (0.10) (0.10)

cL 1.12 0.82 0.62 0.54 0.49 0.46

- . (0.19) (0.14) (0.13) (0.11) (0.10) (0.11)
‘I‘l' CoL 1.00 0.74 0.56 0.48 0.44 0.42
= (0.20) (0.17) (0.15) (0.12) (0.12) (0.12)
C° 0.82 0.63 0.49 0.43 0.40 0.37
(0.20) (0.17) (0.15) (0.12) (0.12) (0.12)

(o 0.85 0.62 0.45 0.37 0.33 0.30
(0.21) (0.16) (0.13) (0.10) (0.10) (0.10)

ﬁ_l 2.33 1.57 1.12 0.95 0.85 0.79
(0.28) 0.17) (0.12) (0.11) (0.09) (0.09)

oL 2.06 1.42 1.05 0.92 0.82 0.77

o . (0.27) (0.18) (0.13) (0.11) (0.09) (0.09)
? GaL 1.52 1.08 0.83 0.72 0.65 0.61
> . (0.26) (0.20) (0.15) (0.12) (0.11) (0.11)
Ce 1.17 0.90 0.69 0.60 0.55 0.52
(0.22) (0.18) (0.14) (0.12) (0.10) (0.10)

[ 1.36 0.98 0.71 0.58 0.51 0.46

(0.23) (0.19) (0.14) (0.12) (0.10) (0.10)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 ﬁ_l denotes the inverse of the long-run covariance estimator, CL the LASSO, CeL the
adaptive LASSO, C° the oracle and €€ the known DGP-class estimator
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Table 3.12: VAR(1) with Erdés-Rényi Precision Matrix — Type 1 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000

Conditional Homoskedastic Errors

¢cL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
T Gl 0.00 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

¢ 0.0 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

CcL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
? ¢l 0.00 0.00 0.00 0.00 0.00 0.00
= (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
¢c 0.00 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

Conditional Heteroskedastic Errors

CcL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
T ¢l 0.00 0.00 0.00 0.00 0.00 0.00
= (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
cc 0.00 0.00 0.00 0.00 0.00 0.00
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

CcL 0.00 0.00 0.00 0.00 0.00 0.00

- . (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
? ¢l 0.00 0.00 0.00 0.00 0.00 0.00
= (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
cc 0.00 0.00 0.00 0.00 0.00 0.00

(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means
of the criterion.

2 CL denotes the LASSO, C%L the adaptive LASSO and €€ the known DGP-class estimator
when it is known that the data is generated by a VAR(1)-process.

3 This table reports the error rates as fractions between committed Type I errors and the

amount of true entries unequal to zero on the lower triangle of the matrix.
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Table 3.13: VAR(1) with Erdés-Rényi Precision Matrix — Type 2 Error Rates

T=500 T=1000 T=2000 T=3000 T=4000 T =5000
Conditional Homoskedastic Errors
¢cL 0.95 0.97 0.97 0.97 0.97 0.96
o . (0.04) (0.03) (0.02) (0.03) (0.03) (0.03)
T Cal 0.45 0.44 0.38 0.31 0.26 0.23
> (0.15) (0.15) (0.10) (0.10) (0.09) (0.09)
cc 0.13 0.11 0.11 0.10 0.10 0.09
(0.06) (0.05) (0.04) (0.03) (0.03) (0.03)
¢cL 0.94 0.93 0.92 0.95 0.97 0.97
- . (0.02) (0.02) (0.03) (0.04) (0.02) (0.01)
? Cal 0.41 0.31 0.25 0.30 0.35 0.32
> (0.05) (0.05) (0.09) (0.12) (0.06) (0.04)
(o 0.22 0.22 0.23 0.24 0.24 0.25
(0.05) (0.04) (0.03) (0.03) (0.03) (0.03)
Conditional Heteroskedastic Errors
¢cL 0.96 0.97 0.97 0.97 0.96 0.96
- . (0.04) (0.03) (0.03) (0.02) (0.03) (0.03)
T Cal 0.48 0.44 0.37 0.31 0.26 0.23
> (0.15) (0.14) (0.11) (0.1) (0.09) (0.09)
(o 0.14 0.12 0.11 0.10 0.10 0.10
(0.07) (0.05) (0.04) (0.03) (0.03) (0.03)
¢cL 0.94 0.94 0.94 0.96 0.97 0.97
- . (0.02) (0.03) (0.03) (0.03) (0.02) (0.01)
? Cal 0.41 0.33 0.31 0.34 0.34 0.32
> (0.08) (0.09) (0.12) (0.10) (0.06) (0.05)
(o 0.22 0.23 0.24 0.24 0.25 0.25
(0.05) (0.04) (0.04) (0.03) (0.03) (0.03)

1 Monte Carlo standard errors are presented in parantheses below the Monte Carlo means

of the criterion.

2 ¢L denotes the LASSO, €L the adaptive LASSO and €€ the known DGP-class estimator
when it is known that the data is generated by a VAR(1)-process.

3 This table reports the error rates as fractions between committed Type I1 errors and the

amount of true entries equal to zero on the lower triangle of the matrix.
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CHAPTER

ROBUSTNESS OF FINANCIAL VOLATILITY NETWORKS TO THE
EXCLUSION OF SYSTEMIC NODES

This chapter is based on the identically entitled working paper

n recent years, network analysis has become and increasingly popular tool to analyse

large panels of time series. In particular, there is an evergrowing literature which

utilizes network analysis to gauge systemicness of firms and sectors in financial markets,
especially during the Financial Crisis of 2007-2010. A common feature in this literature is that
Lehman Brothers is excluded from the sampled data due to its bankruptcy in mid-September
2008. However, it is well known that omitting central nodes in the analysis of networks
induces bias in network measures. Using this as a starting point, I empirically assess how
the exclusion of Lehman Brothers’ stock from the sample affects estimation outcomes for
volatility networks by estimating the widely applied long-run variance decomposition network
of Diebold and Yilmaz (2014) based on a commonly used panel of 101 major U.S. firms’ stock
price volatilities where I explicitly in- and exclude Lehman Brothers. This allows me to
gauge the effects Lehman Brothers’ stock has on the commonly used From- and To-degree
network measures. I find that the To-degree is heavily affected by the exclusion of Lehman
Brothers whereas the From-degree seems to be only minorly affected. These results hold on a
firm-specific and aggregated sector level for a sparse and non-sparse VAR-representation of
the data.
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CHAPTER 4. ROBUSTNESS OF FINANCIAL VOLATILITY NETWORKS TO THE EXCLUSION
OF SYSTEMIC NODES

4.1 Introduction

Arbitrage pricing theory and capital asset pricing models suggest that volatility, like returns, are
governed by a systematic and an idiosyncratic part. The systematic part is assumed to be directly
quantifiable by common, observed factors (such as the market return in the classic capital asset
pricing model), whereas the idiosyncratic part is unobserved. Moreover, classic financial theory
suggests that the systematic part is non-diversifiable. That is, it has to be taken as given and one
can not protect oneself against it. In contrast, the idiosyncratic part is commonly assumed to be
perfectly diversifiable as more and more assets are considered, cf. Chamberlain and Rothschild
(1983). In particular, it is argued that different assets offset their idiosyncratic risks. However,
recent studies suggest that the idiosyncratic part is not diversifiable (see, inter alia, Gabaix,
2011; Acemoglu et al., 2012) and, therefore, even if an increasing number of assets is considered,
the idiosyncratic part is non-negligible. Thus, if the idiosyncratic part is assumed to be perfectly
diversifiable, the true risk propagation mechanism is neglected. In addition, the actual risk in
the financial system is erroneously assessed, which can have severe economic consequences. For
example, market regulations would not target the actual risk and, as a consequence, are not able
to mitigate the effects of a crisis.

To better gauge the risk transmission channels in large financial systems, network! analysis
has become a widely applied tool to measure the inherent idiosyncratic risk, cf. the pioneering
work of Diebold and Yilmaz (2009, 2011, 2012, 2014). These authors analyze the idiosyncratic
risk of return and volatility series by constructing a network based on the Wold-representation of
the underlying data. In particular, the network is constructed based on the variance decomposi-
tion scheme of Pesaran and Shin (1998). Inspired by this work, Billio et al. (2012) investigate
idiosyncratic risk in the finance and insurance sector in monthly return series of hedge funds,
banks, brokers and insurance companies. Moreover, Demirer et al. (2015) analyze idiosyncratic
risk in global bank networks and Bostanci and Yilmaz (2015) analyze idiosyncratic risk in global
sovereign credit risk networks. More recently, Barigozzi and Brownlees (2017) proposed a method-
ology for quantifying the idiosyncratic risk in high dimensional financial series based on the
Generalized Dynamic Factor Model (GDFM) of Forni et al. (2015, 2017).

However, all of this work considers sub-samples of the true underlying financial networks.
In particular, usually 100 U.S. stocks with the majority taken from the S&P 100 are sampled.
Moreover, while assessing systemic risk during the Financial Crisis of 2007-2010, these stud-
ies drop Lehman Brothers from their sample, presumably because Lehman Brothers filed for

bankruptecy on September, 15

2008 and the stock stopped being traded two days later. But doing
so implies a major problem to the analysis of financial networks and networks in general. In

particular, Kolaczyk (2017, Chapter 3) provides simulation results and theoretical considerations

LA network consists of nodes (e.g. firms) and edges (connections amongst the nodes). Thus, edges can be seen as
transmission channels and nodes with many edges can be regarded as important roles in transmitting the idiosyncratic
risk
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which show that omitting nodes while sampling a network induces a bias on the estimates of
basic network measures such as the overall and the node specific degrees. Moreover, it is also
shown that the implied biases depend on a multitude of factors, for example the topology of the
network, the sampling scheme and the chosen measure itself. Based on this, this study looks into
the effects of Lehman Brothers’ omission from the sample has on results currently put forward in
the empirical literature on financial networks.

Following Diebold and Yilmaz (2014), this work is based on volatility series rather than
return series. This is due to the fact that volatilities are sensitive to crisis periods and that
volatilities are often regarded as a tracking device for investor fear. Thus, volatilities are a
suitable candidate to track and quantify risk transmission channels. I consider a panel of daily
stock prices of 100 U.S. firms plus those of Lehman Brothers, which is observed from 01.01.2007
up to and including 17.09.2008, and I compute for these stock prices their latent volatility series
with the range measure of Parkinson (1980). That is, the volatility of a firm’s stock is calculated
as a scaled difference between the highest and lowest log-price of the asset on any given day
in the sample. Following Barigozzi and Brownlees (2017), the systematic part is then, similar
to the classic capital asset pricing model, approximated by a linear function of the market and
SPDR sector volatilities.?> Thus, the idiosyncratic risk is represented by the residual series of
these regressions and is the main object of interest for the analysis. In order to quantify the
idiosyncratic risk and its transmission channels, the Long Run Variance Decomposition Network
(LVDN) of Diebold and Yilmaz (2014) is used. The LVDN is based on the forecast error variation
of variable i due to shocks to variable j. Thus, the network is completely defined by a VMA(co)
representation of the panel of residual series.

I find that omitting Lehman Brothers from the sample does not alter the qualitative prop-
erties of the network. In particular, the financial sector is still the most influential sector in
the network. However, quantitative results change to some extend. In particular, the results
suggest that the From- and To-degrees associated with firms in the financial sector tend to be
underestimated whereas the effects of non-financial firms tend to be overestimated. The first
finding is most likely due to the fact an important financial institution is deleted from the sample
and the latter due to the fact that non-financial firms pick up some of the connections originally
originating from Lehman Brothers.

The remainder of this chapter is structured as follows. Section 4.2 introduces basic terminology
used in the analysis of networks and introduces the LVDN based on the VMA(co)-representation
of a second-order stationary stochastic process. Section 4.3 outlines a simple approach to model
volatility LVDNs and Section 4.4 describes the estimation approach. Section 4.5 discusses the

empirical findings and Section 4.6 concludes.

2Market and sector volatilities are also computed by the high-low range measure of Parkinson (1980). Moreover,
each firm is assigned to one of the nine SPDR sectors (the Real Estate sector is excluded due to data availability).

3Note that Barigozzi and Brownlees (2017) use the GDFM to first estimate volatilities and subsequently apply
the GDFM again to extract the observed systematic factors. For simplicity, I stick to the usual measure of volatility
described above.
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4.2 The Long-Run Variance Decomposition Network

Networks based on Time Series Data For the purpose of this chapter it suffices to consider
directed networks. A directed network or graph % is defined as the tuple ¥ = (7,&) where
¥V =1{1,2,...,N}, N €N, denotes the set of nodes or vertices (individuals, firms or stock returns to
give some examples) and & €7 x 7 denotes the edge set (connections between nodes). The edge
set & can also be represented by use of an adjacency matrix A. In case of directed networks A
is not symmetric, the diagonal elements are equal to one and the off-diagonal entries having
non-zero value a; ; if and only if there is an edge from node j and i. If it holds that a; j = 1 for
all i # j then ¥ is called an unweighted directed network. In contrast, the network is called
weighted directed if at least two distinct non-zero entries a; ; and a;/ j» of the adjacency matrix
satisfy a; j # a;/ j and a; ; denotes the weight of the edge from node j and i. Note that a; ; =1 is
still a possibility and that it can be that a; j#0andaj; =0ora; j#0anda;; #0 witha; j #a; ;.

Figure 4.1 illustrates such networks.

Figure 4.1: Examples of Directed Networks

The left figure shows an unweighted directed and the right figure a weighted directed network as
indicated by the weights a; ; next to each edge. In case where connections go from node i to node j and
vice versa, both weights are depicted. Note that in case of an unweighted network no weights are
displayed in the figure since they do not provide further information. Nodes are labelled with numerals
and lines correspond to edges.

For a given network ¢, one might be interested in identifying important nodes or the average
connectedness, i.e. average amount of (weighted) edges per node in the network. A basic, yet
important measure to answer such questions is the degree of a node i which measures the amount
of edges attached to it. Obviously, for an undirected network there are two such measures: a) the
From-degree (or In-degree) summing all (weighted) edges ending in node i and b) the To-degree
(or Out-degree) summing all (weighted) edges leaving node i. That is, the From-degree measures
how strongly node i is directly influenced by all other nodes in the network and the To-degree
measures how strongly other nodes in the network are directly influenced by node i. Finally,

the Total-degree measures the average amount of (weighted) edges per node in the network by
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4.2. THE LONG-RUN VARIANCE DECOMPOSITION NETWORK

averaging either over all From- or all To-degrees?. A network is said to be more connected than
another if its Total-degree is larger. Note that these concepts are measures of systemic risk as in
Diebold and Yilmaz (2014) and Barigozzi and Hallin (2017) amongst others, and their definition
will be formalized in the next section after the particular network - LVDN - is introduced in the

section below.

4.2.1 Construction of the LVDN

In order to measure interconnectedness within economic systems such as financial markets,
Diebold and Yilmaz (2014) propose the usage of the LVDN which is based on the second-order

stationary VMA(oo)-representation of a random process yy,

o0
4.1) Vi = Z On;,;, m;~w.n.(0,Z,),
=0

which summarizes all aspects of connectedness. In particular, X, and @ contain all contempora-
neous effects, and {@1,09,...} all dynamic aspects of connectedness.
Based on (4.1), Diebold and Yilmaz (2014) propose to compute the adjacency matrix of the

LVDN based on the generalized variance decomposition of Pesaran and Shin (1998),

. Hlog 2
L i L (€ OnZqe))
4.2) d -

ij=

b

H-1
hgo(ej@)hz,,@,fei)

where e; is a N x 1-vector with 1 on the i—th entry, and zeros everywhere else, H is the forecast
horizon and 64,;; denotes the (j, j)-th entry of X, 1 Since the innovations in (4.1) are not neces-
sarily orthogonal, sums of forecast error variance contributions do not necessarily sum to one,
making direct interpretation of the entries difficult. To circumvent this, the adjacency matrix of
the LVDN, WX | has (i, j)-th entry

H
(4.3) wi, =100 —F——
) H
ZJ':ldi,j

where the scaling by 100 is used to express percentages. Note that in practice the LVDN depends
on the forecast horizon H and there is no reason why the LVDN should be the same for different
H. Equation (4.3) also implies that the LVDN is a weighted, directed network.

Since I use the LVDN to identify important nodes and sectors, appropriate measures need to
be defined in order identify such nodes. For that, I will make use of the commonly applied To-

and the From-degree. Formally, these two measures are defined as

N N

(4.4) 67°=Y wi,j=1,.,N and 6;""=Y w/l, i=1,.,N.
i=1 =1
iZ£] J#i

40f course, both averages are equal since any edge leaving one node (and, therefore, contributing to the To-degree
of this node) must end at another node (and, therefore, contributing to the From-degree of this second node).
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Note that a node with a high To-degree influences other nodes to a high degree, whereas a
node with a high From-degree is influenced by other nodes to a high degree. A node for which
both, the in- and out-degree are large, is greatly influenced by other nodes and also greatly

influences other nodes as well. This naturally leads to the following definition of systemic nodes.

Definition 4.1. A node i in the LVDN, defined by the adjacency matrix WX with (i, j)-th entry
given by (4.3), is said to be systemic if its From- or To-degrees are relatively large compared to the

same degrees of the other nodes.

Based on this definition, I will call a node systemic when either of its two degree measures is
large relative to the degree measures of the other nodes. Moreover, one note about this definition
is of order. Of course, the term large has different meaning to each individual researcher. However,
under this definition it still prevails that the nodes with the highest From- and To-degrees are
central to the system in spreading and attracting shocks quicker than other nodes since there
are more/stronger connections associated with that node. Also worth mentioning at this point
is that Brownlees and Mesters (2017) recently proposed a different measure for systemicness
of a node based on whether the node is granular or not. However, this approach is not pursued
in this study since most current work on volatility networks uses the notion of systemicness in
Definition 4.1.

4.3 A Factor Approach for Volatility

Since this chapter focuses on identifying systemic nodes in the financial market and how such
results might change under inclusion/exclusion of nodes, the systematic risk exposure needs to
be extracted before the systemic risk can be assessed. Following Barigozzi and Brownlees (2017),
I approximate the systematic part by the market, respectively sector volatilities. Based on this, I

model the log-volatility, denoted by In 0'? ;» of stock 7 on day ¢ as
(4.5) Ino?,=a;+pilnos,  +yilnos, ,+eiy, i€{l,.,N}hte{l,.,T)

where O'%n’t and O'?i,t denote the volatility of the S&P500 index, respectively the volatility of the
SPDR sectoral index of the S&P500° to which firm i belongs. Consequently, the systemic risk,
associated with the financial market, is captured by the error-terms ¢; ;, which will be the subject
of the forthcoming analysis.

Computing the (partial) autocorrelation function of the residual series {¢; ;: 1 =1,...,N, t =
1,...,T} indicates that there is still autocorrelation present. Therefore, I approximate the residual

series by a stationary VAR(1)-process®. which directly links to the VMA(co)-representation needed

5The SPDR sectors are: Materials (XLB), Utilities (XLU), Energy (XLE), Industrials (XLI), Technology (XLK),
Consumer Staples (XLP), Health Care (XLV), Financials (XLF) and Consumer Discretionary (XLY).

6As will become apparent in Section 5, my samples consists of 431 observations. Thus, fitting higher order
VAR-processes is unreliable in such small samples.
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for constructing the LVDN. Denote €; = (el,t,....,eN,t)T and let B be a N x N-matrix satisfying
det(Iny —Bz) # 0 for any z € C such that |z| < 1. The residual series is then approximated by

4.6) Et:BEt_]_ +uy, t= 1,T

where u; is assumed to be a white-noise error term with full rank covariance matrix X, which is
not necessarily diagonal in general. After netting out the market and sector volatilities, most
interdependencies among the entries in €; are expected to vanish. Therefore, I assume that
max; YN 1{(B);; # 0} = o(N), max; ¥ | 1{(B); ; # 0} = o(N) and max; ¥ | T{(E;1); ; # 0} = o(N).
Hence, estimating (4.6) by some regularization technique, like the adaptive LASSO, is appropriate
to enforce this (unknown) sparsity structure.

Since (4.6) is assumed to be a second order stationary VAR(1)-model, it possesses a VMA(o0)-
representation as in (4.1) and, consequently, the adjacency matrix of a LVDN can be computed
as described in (4.2) by inverting the VAR(1)-processes. Hence, based on this representation the

subsequent analysis will be carried out.

4.4 Estimation

4.4.1 Measuring Volatility via Realized Range and Extraction of the
Residual Series

Since the aim of this chapter is to estimate volatility networks and volatility is an unobserved
quantity, it needs to be estimated. To do so, I follow Diebold and Yilmaz (2015) and Barigozzi
and Brownlees (2017) and utilize the high-low range volatility measure of Parkinson (1980) to

quantify firm i’s stock price volatility on day ¢,

o (nH;, —lnLi,t)2

@D it aln2

where H; ;, respectively L; ; denotes the highest, respectively lowest price of firm i’s stock on day
t’. Note that Parkinson (1980) derives this volatility measure under the assumption that the
stock-price of firm i follows a geometric Brownian motion.

Even though the above high-low volatility measure is simple in its nature and more advanced
measures have been proposed in the literature (see, inter alia, Andersen et al., 2003; Barndorft-
Nielsen et al., 2008, 2011), several studies show that it performs well in terms of small bias and
variance (see, inter alia, Bali and Weinbaum, 2005; Martens and van Dijk, 2007; Brownlees and
Gallo, 2010).

Moreover, note that this volatility measure does not distinguish between the diffusion and
the jump part of volatility. This is due to the following reasons. First, the scope of the present

study is to assess how the exclusion of central nodes affects currently available results. To be

70f course, this approach is also used to compute the market and sector volatilities.
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able to compare the results to the literature, I follow Diebold and Yilmaz (2015) and Barigozzi
and Brownlees (2017) and use the above. Second, if one is interested in central nodes and sectors
only, then disentangling them is not necessary since only the overall volatility of each firm is of
interest. If, however, one wants to see which part of the volatility matters most, then one is well
advised trying to disentangle them.

Finally, (4.5) is estimated by least squares and the residual series €; is obtained in the usual

way.

4.4.2 Estimation of the LVDN

In line with the literature, I estimate the VAR(1)-process in (4.6) by OLS and use the sample
covariance, T~! ZtﬁtﬁtT, which is based on the least squares residuals of (4.6) as an estimator
for the covariance matrix X, of the errors u; in (4.6). However, given the dimensionality and the
number of observations in the used sample these estimates can be unreliable. To circumvent this
issue I will also consider a sparse representation of the VAR(1)-process in (4.6). In particular, I

estimate Equation (4.6) by minimizing the penalized quadratic loss

R .9 NN byl
(4.8) mAnZ lé;—Béi1lz+AB ) t=1,..T
t=1

- b
i=1;=11bijl

where Ag = 0 is the penalization parameter and b; j a pre-estimator (an initial LASSO estimator
in this case) for the (i, j)-th entry of B. The above minimization problem is solved via the adaptive
LASSO of Zou (2006). I choose the adaptive LASSO over the classic LASSO of Tibshirani (1996)
because it is able to perform consistent model selection, cf. Zou (2006). Furthermore, I choose the
penalization parameter by minimizing the BIC over a grid of possible values. Note that I also
carry out the analysis when B is assumed to not be sparse for comparison reasons.

Lastly, an estimator for 2, is needed. Given the VAR-parameters, obtained in the previous
step, the residuals @; can be computed as @; = €; —é;.1Bfor ¢t =1,..,T and their inverse covariance
matrix is inferred via the space-algorithm of Peng et al. (2009). This algorithm estimates N
single regressions by means of LASSO from which the partial correlations, p; ;, between #; and
i ; are computed and afterwards their inverse covariance matrix. This is possible due to the fact
that the (i, j)-th entry of the inverse covariance matrix is proportional, in a known fashion, to the

partial correlation between @; and #:

(4.9) b; ; Tty

Pij=——"F77— )
V0u,ii04,jj

see Lauritzen (1996). Here, G4 ;; denotes the (i, j)-th entry of ﬁf_ll. Note that the space-algorithm

provides estimates for p; j and 64,;, i,/ =1,...,N.
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4.5 Empirical Analysis

In this section, empirical results will be presented. Before doing so, I will briefly discuss the data

set used for this empirical study.

4.5.1 Data Description

The data in this empirical study consists of 101 U.S. stocks taken from the S&P500 index (a list
of the included series and their tickers can be found in Table 4.5). The majority of these stocks
are listed in the S&P100.% The data is sampled on a daily frequency from January, 15 2007 up
to and including September, 17, 2008, resulting in 431 observations over time for each series
and was downloaded from Yahoo-Finance and from the Wharton Research Data Base in case of
Lehman Brothers. Note that September, 17, 2008 is the last day on which prices for Lehman
Brothers are observed after the company filed for bankruptcy.

Two remarks about the used data set are of order at this point. First, I explicitly include
Lehman Brothers. The inclusion of Lehman Brothers is crucial since all current studies on
volatility networks exclude it, thereby missing a probably important node in their data set.
As mentioned in the Introduction, exclusion of nodes induces sampling error in the network
estimates and, consequently, in the network To- and From-degree measures. Thus, this allows
me to gauge to what extend the currently prevailing results in the empirical volatility network
might be contaminated by omission of key nodes. Second, and closely connected to this issue is
the fact that I, as the majority of the current literature (see, inter alia, Barigozzi and Brownlees,
2017; Brownlees and Mesters, 2017; Barigozzi and Brownlees, 2017, and references therein),
consider such a data set. One can argue that only using these 101 stocks one still misses 399
stocks to obtain the full S&P500. Therefore, one still has the problem of biased network measures.
However, the S&P100’s market capitalization makes up about 50% of the market capitalization in
the U.S. equity market. Therefore, it seems plausible to argue that the remaining firms, which are
left out from the data set, play a minor role and that their bias effect on the estimated network

does not alter the results by too much.

4.5.2 Results

In this Section, results will be presented. First, I am going to discuss how the omission of Lehman
Brothers’ stock affects individual network measures and, afterwards, how aggregate measures
such as From- and To-degrees of firms aggregated in sectors are affected. Note that throughout

this section I set the forecast horizon to H = 10.°

8Note that due to the way the S&P100 is constructed. In fact firms can enter and leave the S&P100 on a regular
basis since a panel of experts decides which firms are listed. Therefore, not all of the firms in the considered data set
were permanent constituents of the S&P100. However, 90 of the considered firms were permanent constituents of the
S&P100 during the sampling period.

9H =10 is chosen since the current Basel accord requires a 10-day value at risk assessment. Moreover, given the
construction of the LVDN, it can be expected that exclusion of Lehman Brothers from the sample does not alter the
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Effect of Lehman Brothers on Firm-Specific Network Measures The results for the
sample including Lehman Brothers are presented in Table 4.1. Table 4.2 displays results for the

same sample exluding Lehman Brothers. First, we can note that in both cases when Lehman

Table 4.1: 10 Largest Network Measures for Table 4.2: 10 Largest Network Measures for

Firms, including Lehman Brothers Firms, excluding Lehman Brothers
To-Degree From-Degree To-Degree From-Degree
Non-Sparse VAR Non-Sparse VAR
Ticker Sector Degree ‘ Ticker Sector Degree Ticker Sector Degree ‘ Ticker Sector Degree
SPG XLF 58.84 GS XLF 9.72 SPG XLF 54.44 GS XLF 9.72
LEH XLF 54.36 GE XLI 9.69 AIG XLF 45.21 GE XLI 9.59
AIG XLF 45.33 MS XLF 9.40 C XLF 40.00 MSFT XLK 9.34
C XLF 42.69 MSFT XLK 9.35 MS XLF 28.75 MS XLF 9.32
MS XLF 26.30 ABT XLV 9.32 NEM XLB 18.25 ABT XLV 9.22
NEM XLB 17.03 BK XLF 9.20 DVN XLE 14.55 NOV XLE 9.20
DVN XLE 13.18 NOv XLE 9.19 COF XLF 14.11 BK XLF 9.15
COF XLF 11.84 HPQ XLK 9.18 GE XLI 13.78 HPQ XLK 9.15
GS XLF 11.10 COP XLE 9.06 PG XLP 12.03 COP XLE 9.06
PG XLP 11.06 MDT XLV 9.00 ABT XLV 11.42 MDT XLV 8.96
Sparse VAR Sparse VAR
Ticker Sector Degree ‘ Ticker Sector Degree Ticker Sector Degree ‘ Ticker Sector Degree
LEH XLF 36.87 GS XLF 9.58 AIG XLF 36.99 GE XLI 9.25
SPG XLF 30.28 MS XLF 9.33 MS XLF 23.74 GS XLF 9.20
AIG XLF 28.68 GE XLI 9.19 SPG XLF 22.27 MS XLF 8.94
C XLF 28.06 ABT XLV 8.65 C XLF 16.70 MSFT XLK 8.74
MS XLF 14.70 HPQ XLK 8.60 COF XLF 10.34 NEM XLB 8.60
GE XLI 11.09 MSFT XLK 8.51 USB XLF 10.12 HPQ XLK 8.52
DVN XLE 10.24 NEM XLB 8.47 GS XLF 9.94 ABT XLV 8.46
LMT XLI 8.99 AIG XLF 8.45 ABT XLV 9.94 NOV XLE 8.20
COF XLF 8.73 NOV XLE 8.29 GE XLI 9.69 AEP XLU 8.11
GS XLF 8.57 AEP XLU 8.25 LMT XLI 9.29 AIG XLF 8.10
1 Sector abbreviations are: Materials (XLB), Energy (XLE), 1 Sector abbreviations are: Materials (XLB), Energy (XLE),
Financials (XLF), Industrials (XLI), Technology (XLK), Financials (XLF), Industrials (XLI), Technology (XLK),
Consumer Staples (XLP), Utilities (XLU), Health Care Consumer Staples (XLP), Utilities (XLU), Health Care
(XLV) and Consumer Discretionaries (XLY). (XLV) and Consumer Discretionaries (XLY)
2 The firm tickers can be found in Table 4.5 in Appendix 2The firm tickers can be found in Table 4.5 in Appendix
4.A. 4.A.

Brothers is omitted or not the financial sector plays a dominant role in propagating shocks since
in either case the top 10 From-degrees are filled with financial firms. In terms of attracting shocks,
the picture is somewhat different since the top 10 firms come from a variety of sectors with no
clear pattern. However, the financial sector still has the most firms in the top 10 To-degrees. Note
that the top 25 firms with the highest From-degrees all have a From-degree measure of 8.5 or
higher and include several financial firms. Moreover, Lehman Brothers plays a major role in
distributing shock through the network by being ranked in the top 2 most “To-connected” firms.

A closer look at the top 10 firms of the To-degree in the sample from which Lehman Brothers
is excluded reveals that the majority of firms stays in the top 10 for both the sparse and the

effects for other forecast horizons H.
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non-sparse VAR setting. However, their ranking shuffles. Moreover, General Electric (GE) and
Abbott Laboratories enter the top 10 in both VAR settings once Lehman Brothers is excluded.
In case of the non-sparse VAR setting Goldman Sachs (GS) leaves the top 10 and for the sparse
VAR-setting, Devon Newport (DVN) leaves and USB enters the top 10. Thus, there is some
movement in the top 10 due to the exclusion of Lehman Brothers from the sample.

Focusing now on the actual To-degrees themselves one quickly notices that they change by a
large margin after the deletion of Lehman Brothers from the sample. All financial firms which
stay within the top 10 have larger changes in their To-degrees than non-financial firms. Moreover,
the changes are by far larger in case of the sparse VAR-setting. For example, Citigroup’s To-degree
decreases by about 11 percentage points in case of a sparse VAR but only by about 2.7 percentage
points in case of a non-sparse VAR-setting. These findings suggest that the exclusion of Lehman
Brothers from the data has substantial effects on the estimated To-degrees, irrespective of the
used VAR-setting and the changes are most striking for financial firms. This is most likely due
to the fact that these firms pick up effects which are originally attributed to Lehman Brothers.
Finally, there is no clear direction in which the changes occurr since both increases and decreases
can be observed.

When the From-degrees are considered, the picture changes. In particular, the composition
of the top 10 firms remains the same, only the ordering of the firms changes. The actual From-
degrees themselves change by less than 0.1 percentage point in case of a non-sparse VAR. For
the sparse VAR setting, however, there some larger changes but still not as pronounced as for
the To-degrees. In particular, the financial firms’ From-degrees change at most by 0.5 percentage
points and the non-financial firms’ degrees by less than 0.1 percentage points with the exception
of American Electric Power (AEP). Thus, it seems that the exclusion of Lehman Brothers does
not affect the From-degrees as much as the To-degrees. But given the fact that the From-degree
of Lehman Brothers is relatively small (they are not in the top 10) there is also not much which

can carry over after exclusion.

Effect of Lehman Brothers on Sector Measures In this Section I consider the nine SPDR
sectors and their associated degree measures. Similar to the From- and To-degrees for individual
nodes we can also compute From- and To-degrees on a sector level. That is, we collect all nodes
which belong to the same SPDR sectors and take the average of their From- and To-degrees,
respectively. The results for this exercise can be found in Tables 4.3 for the data set which includes
Lehman Brothers and in Table 4.4 for the data set excluding Lehman Brothers.

Starting with the To-degree measure of the nine sectors, one can see that the financial sector
clearly dominates the other sectors by having a To-degree two to three times as large as the
second ranked sector. Moreover, we can observe that the the To-degree decreases by about 2
percentage points in case of a non-sparse VAR specification and by about 1 percentage point for
the sparse VAR specification. For all other sectors the To-degree changes by at most 1 percentage

point. In particular, the materials and the health care sectors have both similar changes. All
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other sectors’ To-degrees change by even less than 0.5 percentage points. However, even these

small changes shuffle the sector orderings after Lehman Brothers got deleted. Concluding,

Table 4.3: SPDR Sectors ranked
by degree measures, Lehman

Table 4.4: SPDR Sectors ranked
by degree measures, Lehman

Brothers included Brothers excluded
To-Degree From-Degree To-Degree From-Degree
Non-Sparse VAR Non-Sparse VAR
Sector Degree | Sector Degree Sector Degree | Sector Degree
XLF 20.28 XLF 8.52 XLF 18.05 XLF 8.45
XLI 6.53 XLV 8.21 XLB 7.49 XLV 8.14
XLB 6.47 XLU 8.10 XLV 7.17 XLU 8.10
XLV 6.33 XLE 8.06 XLI 6.92 XLE 8.02
XLE 5.88 XLB 8.01 XLE 6.11 XLB 7.95
XLU 5.76 XLK 7.89 XLU 5.97 XLK 7.89
XLK 5.33 XLI 7.80 XLK 5.72 XLI 7.80
XLP 4.93 XLP 7.48 XLP 5.27 XLP 7.43
XLY 4.76 XLY 6.97 XLY 5.12 XLY 6.93
Sparse VAR Sparse VAR
Sector  Degree ‘ Sector  Degree Sector Degree ‘ Sector  Degree
XLF 13.77 XLF 7.49 XLF 12.56 XLF 7.53
XLI 5.70 XLU 6.80 XLI 6.18 XLU 6.75
XLU 5.30 XLE 6.56 XLB 5.81 XLE 6.47
XLB 5.05 XLV 6.24 XLU 5.55 XLV 6.45
XLK 4.88 XLB 6.21 XLV 5.33 XLB 6.36
XLE 4.88 XLI 6.17 XLY 4.82 XLK 6.23
XLY 4.54 XLK 6.03 XLK 4.79 XLI 6.23
XLV 4.33 XLY 5.05 XLP 4.75 XLY 5.15
XLP 4.13 XLP 4.84 XLE 4.69 XLP 4.88
1 Sector abbreviations are: Materials 1 Sector abbreviations are: Materials

(XLB), Energy (XLE), Financials (XLF),
Industrials (XLI), Technology (XLK),
Consumer Staples (XLP), Utilities
(XLU), Health Care (XLV) and Con-
sumer Discretionaries (XLY)

(XLB), Energy (XLE), Financials (XLF),
Industrials (XLI), Technology (XLK),
Consumer Staples (XLP), Utilities
(XLU), Health Care (XLV) and Con-
sumer Discretionaries (XLY)

these findings suggest that results on financial networks reported in the current literature are
trustworthy in a qualitative sense. That is, in agreement with intuition the financial sector
plays the key role in propagating and attracting shocks in the U.S. financial system. However,
quantitative statements about their effects might be in err given my findings. In particular, the
above results suggest that reported findings might be biased downwards for the financial sector

and upwards for the remaining sectors.
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4.6 Conclusions

In this chapter I investigated to what extend the omission of Lehman Brothers from a sample
of 101 U.S. firms’ stock price volatilities affects results in the widely applied LVDN based on
a VAR(1) representation of the data. I find that the central role of the financial sector and its
constituents remains unaltered when Lehman Brothers is deleted from the sample. However,
I also find that the estimated To-degree measure can change to a large extend. For example,
Citigroup’s To-degree decreases by about eleven percentage points after Lehman Brothers is
excluded from the sample. Moreover, the results suggest that the From-degree measures are
less affected by the exclusion of Lehman Brothers. Nevertheless, they do indeed change as well.
Thus, the exclusion of important firms, such as Lehman Brothers, from the analysis can yield

misleading findings in empirical studies, both on a firm-specific and on an aggregated sector-level.

Appendix 4.A Tables

Table 4.5: Data Description

Ticker Company Name Ticker  Company Name
XLB XLU
DD Du Pont AEP American Electric Power
DOW Dow Chemicals EXC Exelon
FCX Freeport-McMoran IDA IdaCorp.
MON Monsanto MGEE MGE Energy
MLM Martin Marietta Materials PNW Pinnacle West Capital Corp.
NEM Newmont Mining Corp. SO Southern Company
SEE Sealed Air Corp. WR Westar Energy
VMC Vulcan Materials Company XEL Xcel Energy
XLI XLK
BA Boeing Company AAPL  Apple
CAT Caterpillar ACN Accenture plc
EMR Emerson Electric CSCO Cisco Systems
FDX FedEx EBAY eBay
GD General Dynamics EMC EMC
GE General Electric HPQ Hewlett-Packard
HON Honeywell Intl. IBM IBM
LMT Lockheed Martin INTC Intel
MMM 3M Company MSFT  Microsoft
NSC Norfolk Southern ORCL  Oracle
RTN Raytheon QCOM QUALCOMM
UNP Union Pacific TXN Texas Instruments
UPS United Parcel Service T AT&T

Continued on next page
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Table 4.5 — continued from previous page

Ticker Company Name Ticker = Company Name
UTX United technologies VZ Verizon

XLE XLP
APA Apache CL Colgate-Palmolive
APC Anadarko Petroleum COST Costco
COP ConocoPhillips CVS CVS Caremark
CVX Chevron KO The Coca Cola Company
DVN Devon Energy MDLZ  Mondelez International
HAL Halliburton MO Altria
NOV National Oilwell Varco Pep PepsiCo
OXY Occidental Petroleum PG Procter & Gamble
SLB Schlumberger Ltd. WMT Wal-Mart Stores
XOM Exxon Mobile - -

XLY XLV
AMZN Amazon.com ABT Abbott Laboratories
CMCSA Comcast AMGN Amgen
DIS Walt Disney BAX Baxter International
F Ford Motor BMY Bristol-Myers Squibb
FOXA Twenty-First Century Fox GILD Gilead Sciences
HD Home Depot JNJ Johnson & Johnson
LOW Lowes LLY Lilly (Eli) & Co.
MCD McDonalds MDT Medtronic
NKE Nike MRK Merck & Co.
SBUX Starbucks PFE Pfizer
TGT Target UNH United Health
TWX Time Warner - -

XLF

AIG AIG JPM JPMorgan Chase
ALL Allstate LEH Lehman Brothers
AXP American Express Co. MET MetLife
BAC Bank of America MS Morgan Stanley
BK Bank of New York SPG Simon Property
C Citigroup USB U.S. Bankcorp.
COF Capital One Financial WFC Wells Fargo
GS Goldman Sachs

1 The sector abbreviations are: Materials (XLB), Energy (XLE), Financials (XLF), Industri-
als (XLI), Technology (XLK), Consumer Staples (XLP), Utilities (XLU), Health Care (XLV)

and Consumer Discretionary (XLY)
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