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Robust open-loop Nash equilibria in the noncooperative LQ
game revisited?

Jacob C. Engwerda™'

Department of Econometrics and O. R., Tilburg University, PO Box 90153, 5000 LE Tilburg, The Netherlands

SUMMARY

This paper reconsiders existence of worst-case Nash equilibria in noncooperative multi-player differential
games, this, within an open-loop information structure. We show that these equilibria can be obtained by
determining the open-loop Nash equilibria of an associated differential game with an additional initial state
constraint. For the special case of linear-quadratic differential games, we derive both necessary and sufficient
conditions for solvability of the finite planning horizon problem. In particular, we demonstrate that, unlike
in the standard linear-quadratic differential game setting, uniqueness of equilibria may fail to hold. A both
necessary and sufficient condition under which there is a unique equilibrium is provided. A sufficient exis-
tence condition for a unique equilibrium is derived in terms of a Riccati differential equation. Consequences
for control policies are demonstrated in a simple debt stabilization game. © 2016 The Authors. Optimal
Control Applications and Methods published by John Wiley & Sons, Ltd.
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1. INTRODUCTION

In the last decades, there is an increased interest in studying diverse problems in economics,
optimal control theory, and engineering using dynamic games. Particularly, the framework of linear-
quadratic differential games is often used to analyze problems because of its analytic tractability. In
environmental economics, marketing, and macroeconomic policy coordination, policy coordination
problems are frequently modeled as dynamic games (see, e.g., the books and references in [2—6]
and [7]). In optimal control theory, the derivation of robust control strategies (in particular, the H*°
control problem) can be approached using the theory of (linear-quadratic zero-sum) dynamic games
(see the seminal work of [8]). In the area of military operations, pursuit-evasion problems and, more
recently, problems of defending assets can also be approached using linear-quadratic modeling tech-
niques (see, e.g., [9—11]). Furthermore, this modeling paradigm has been used in the area of robot
formation and communication networks (see, e.g., [12, 13]).

In this note, we consider the open-loop linear-quadratic differential game. This open-loop Nash
strategy is often used as one of the benchmarks to evaluate outcomes of the game. Another bench-
mark that is often used is the state feedback strategy. Recently, Reference [14] compares both
strategies to see what the loss in performance of players may be using either one of these strategies.
For the scalar game (see the paper for precise details on the game), they find that if there is a large
number of players involved in the game, the ratio of losses for an individual player under a feedback
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and open-loop information structure ranges between 4 and +/2. This indicates, that the difference
in performance using either one of the information structures is not dramatic.

The linear-quadratic differential game problem with an open-loop information structure has been
considered by many authors and dates back to the seminal work of Starr and Ho in [15] (see, e.g.,
[16-23] and [4]). In [24], the (regular indefinite) infinite-planning horizon case for affine systems
under the assumption that every player is capable to stabilize the system by his own was stud-
ied. These results were generalized in [25] where it is just assumed that the system as a whole is
stabilizable.

References [26, 27], and [28] considered for a finite planning horizon the corresponding differen-
tial game problem for an open-loop information structure if the system is corrupted by deterministic
noise. They introduced the notion of Nash/worst-case equilibrium to model noncooperative behavior
in an uncertain environment. And showed that, under some assumptions, the problem has a solution.
Implementation of the actions is, however, quite demanding.

In this note, we will relax their equilibrium concept and reconsider the problem from scratch.
Following the standard analysis as presented, for example, in [4, Chapter 7], we will derive here
both necessary and sufficient conditions for existence of equilibria. In particular, the conditions
we obtain here allow for the formulation of sufficient conditions that can be easily implemented
using standard methods. Another consequence of our definition is that we can show that situations
occur where there exist an infinite number of Nash/worst-case equilibria. Necessary and sufficient
conditions are given under which a unique equilibrium occurs.

The outline of the paper is as follows. In Section 2, we introduce the general (nonlinear) problem,
formulate the equilibrium concept, and show that the problem can be reformulated as an associated
extended differential game with an additional initial state constraint. This result is then used in
Section 3 to study the linear-quadratic setting. Furthermore, we present an example where an infinite
number of equilibria exist. Section 4 illustrates in a numerical example which consequences the
explicit consideration of noise by players may have on policy in a multi-country debt stabilization
game. In Section 5, we discuss some obtained results in more detail and raise some issues left for
future research. Finally, in the Appendix, we present the proofs of the main results from Section 3.

2. AN EQUIVALENCE RESULT

In this paper, we consider the problem to find Nash equilibria for a differential game that is subject
to deterministic noise. With u(¢) := [ulT(t) e u%]T, this game is defined by the cost functions

T
Ji(T. xouu, w) = /0 gi(r ) — w () Rusw(t)di + gir (x(T)). )

Here, Ry,; is assumed to be positive definite (> 0), i € N§, and x(t) € R” is the solution of the
differential equation:

X(1) = f(x@).u(r)) + Dw(r). x(0) = xo. )

The function w(.) € W := L’Z‘[O, T] is an unknown disturbance. The controls u;(t) € R™i con-
sidered by player i, i € N, are assumed to be such that the control function u(.) belongs to
U:=L7I0, T1', where m = m; + --- 4+ my. Functions f and g; are such that for all admissible
u, w, and xo, the differential equation and integrals have a well-defined solution.

In this uncertain environment, every player wants to minimize his individual cost function J; by
choosing u; appropriately. Because all players interact, without making any further specifications,
the outcome of the game cannot be predicted. Preferably, every player will base his action on the
actions taken by the other players in the game and his expectations concerning the disturbance that
will occur. Therefore, depending on the information players have on the game, it is to be expected

SN :={1,...,N}
IThis set could be chosen in more general. However, this set suffices for most applications.
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that in the end, a set of actions will be chosen from which no individual player has an incentive
to deviate. That is, a so-called set of Nash equilibrium actions will be played. We will analyze
this problem here under the assumption that the game is played under an open-loop information
structure [4, 22]. That is, based on the initial state of the system and system parameters, players will
play actions that are just functions of time having the property that if played simultaneously, they
constitute a Nash equilibrium. So the reaction of players on each other’s action is enforced indirectly.
Inspired by [27], we introduce the next definition of global Nash/worst-case equilibrium.

Definition 2.1
We define the global Nash/worst-case equilibrium in two stages. Consider u € U, then

1. ; (u) € W is the worst-case disturbance from the point of view of the i’ player against u if
Ji(u, wi (w)) = Ji(u, w)

holds foreachw e W, i € N.
2. Assume for all u € U, there exists a worst-case disturbance from the point of view of player
i. The controls (u;‘, R u}‘v) € U form a global Nash/worst-case equilibrium if for all i € N,

Ji (u*, ﬁ)i (u*)) < J; ((u,-, uf,) s UA),' (u,-, M:))
;)" and corresponding worst-case distur-

holds for each admissible control function (ui,ui
bance w; (u,-,ufi).

The aforementioned definition reflects the idea that every player wants to secure against a for him
worst-case realization of the disturbance. Matrix R,,; models his expectation about the disturbance
and can be interpreted as a risk aversion parameter. In case he expects that only a small disturbance
Dw(.) might disrupt the system, he can express this by choosing R,,; large. A Nash/worst-case
equilibrium models then a situation where every player has no incentive to change his policy given
his worst-case expectations concerning the disturbance and the actions of his opponents. Clearly,
in a situation where players can observe the realization of the disturbance and they can adapt their
actions during the game, other solution concepts like the soft-constrained feedback Nash equilibrium
(see, e.g., [4, Chapter 9]) are more appropriate.

Remark 2.2

The definition of global Nash/worst-case equilibrium differs from the definition given by Jank
et al. [27] in that our definition assumes that for all admissible controls u, a worst-case distur-
bance exists. This assumption is not made in [27]. There it is assumed that only for all controls
(u i ufi) € U from player i’s point of view, a worst-case disturbance exists.

Clearly, in case there exists a global Nash/worst-case equilibrium, it is also a Nash/worst-case
equilibrium in the sense defined by Jank et al. Of course the other way around does not necessarily
have to be the case.

Later, we show that global Nash/worst-case equilibria can be identified with open-loop Nash
equilibria of an associated extended game. This makes our definition more practicable. In particu-
lar, this relationship enhances to formulate sufficient existence conditions for the linear-quadratic
differential game, which are numerically more tractable than the conditions given by [27] and [28].
For convenience of notation, we will omit from now on the phrase ‘global’ in our definition, unless
there might be confusion with the definition provided by Jank et al.

Next, Theorem 2.3 shows that Nash/worst-case equilibria can be determined as the open-loop
Nash (OLN) equilibria of an associated extended differential game.

I(v,u_;) equals u where entry u; is replaced by v. To simplify notation, sometimes, the brackets are dropped.

© 2016 The Authors. Optimal Control Applications and Methods Optim. Control Appl. Meth. 2017; 38:795-813
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798 J. C. ENGWERDA

Theorem 2.3

u* € U with corresponding worst-case disturbances w;(u*) is a Nash/worst-case equilibrium for
(1,2) if and only if (u*, W¢(u*)) (with wéu*) := (W1 (u*), -+, Wx(u*))) is an open-loop Nash
equilibrium of the 2N -player differential game:

x1(2) S(x1(t),u) + Dwy (1)
L= : &) = (3 0).....7[(©0) = (x§ ... x7)
i () f(xn (), u) + Dwy(t)

where player i likes to minimize his cost function:

T
Ji (. w®) = /O g1 (0. u(0)) — w!'(6) Rwpwi (0)d1 + gir (5 (T)).

w.rt. u;, i € 1\7, and player i, i = N+1,...,2N, like_s to maximize f, w.r.t. w;.
Moreover, J; (u*, w(u*)) = J; (u*, wé(u™*)), i € N.

Proof

= Assume u* is a Nash/worst-case equilibrium. Then, by definition, (u],®;(u*)) constitutes
a saddle-point solution for player i if the other players, j, play u’; Consequently, (see, e.g.,
[4, Theorem 3.26]),

Ji (u*, 0 (u*)) = mue)lxn]l‘iin Ji ((ui ut;) . w) = rrlgnmue)lx Ji ((ui ut;) . w). 3)

Next, consider the minimization of fl ((ui,ufi) , zi)e(u*)) w.r.t. u;. Some elementary rewriting
shows that this is equivalent to the minimization of

T
Ji = /0 {gi (xi (@), (ui (0),u*; (1)) = D] *)(1) Rui s ) ()} dt + gir (xi(T))
subject to the system

Xi(1) = f (xi(0), (ui (1), u*; (1)) + Dw; w*)(r). with x;(0) = xo.

By (3), this minimum is attained at u; = u;.
Similarly, we have that the maximization of J; (u*, (w;, W¢; (u*))) w.r.t. w; is equivalent to the
maximization of

T
Jiim [ g @) = wl (O Ruiwi 0t + gir (5(T)
0
subject to the system

Xi (1) = f(xi (), u™ (1)) + Dw; (1), xi(0) = xo.

From (3) again, it follows that this maximum is attained at w; = w;(u*). So (u™*, W¢(u™)) is an
OLN equilibrium for the 2N player differential game.
< Let (u*, w®") be an OLN equilibrium for the 2N player differential game. Then

—i

Jiw* w) < J; ((u,-,u* ) , we*) for all admissible u;, “)
Jiw* we) = J; (u*, (w,-, wf;)) for all admissible w;. 5)
Now, consider the maximization of J; (1™, w) w.r.t. w subject to the system

X(1) = fx@),u™ (1)) + Dw(t), x(0) = xo.

© 2016 The Authors. Optimal Control Applications and Methods Optim. Control Appl. Meth. 2017; 38:795-813
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A simple elaboration of (5) shows that this maximum is attained at w = w;". So w; (u*) = w}. Now,
let (u;,u*;) be an arbitrary admissible control and 1 (u;,u*;)) a corresponding worst-case con-
trol. Then, by definition of worst-case control, J; ((u;, u*;), w(u;, u*;)) = Ji((ui, u*,), wu*)).
Therefore, in particular,

Ji ((uiuy) o0 (uiouXy)) = Ji ((wiu)  b(u*)) = mum Ji ((ui u;) (™).

From (4), it follows that this last mentioned minimum exists and is attained at u;“ That is, (u*, wl*)
is a Nash/worst-case equilibrium.

Finally, that J; (u*, w(u*)) = J;(u*, w¢w*)), i € N, follows by a direct comparison of
both functions. O

Note that in the aforementioned introduced differential game, the initial condition has a special
structure. This usually complicates the analysis.

3. LINEAR QUADRATIC (LQ) NASH/WORST-CASE EQUILIBRIA

In this section, we elaborate the linear-quadratic differential game. This game is defined by the
cost functions

T
ICT 0,0 1= 5 [ BT @O T O OF 0T O Rusw )i+ 537 (1) Qi (T,

i Vin - - Vawn
VI Ri Vixa -+ Viow

where M; = e RO+mx(tm) (6)

T T .
Vi Viy oo Rix

M; is assumed to be symmetric, R;; > 0 and Ry,; > 0,i € N. Note, we do not make definiteness
assumptions on matrices Q;.
Furthermore, x(z) € R” is the solution of the linear differential equation:

N
X(1) = Ax(0) + Y Biui () + Dw(r). x(0) = xo. (7
i=1
From Theorem 2.3, we immediately derive then next Corollary 3.2. In this corollary, we use the
next notation.

Notation 3.1

E N, denotes the block-column matrix containing N blocks of n x n identity matrices and E,-’ i
the block-column matrix containing i blocks of n X n zero matrices with block number matrix j
replaced by the identity matrix. Matrices I and 0 (where sometimes we use an index to indicate the
size of these matrices) denote the identity matrix and zero matrix of appropriate size, respectively.
diag(A)y denotes the N x N block diagonal matrix with diagonal entries matrix A.

. . S ~_[EL, 07", TEL o
Ay =diag(A)n. Bi=EnnBi.Di=EN,;D,c(t)=Ennc(t),M; = ot M; | “Ni .
’ 0 I, 0 I,

_ _ r ) .
Qir = En,iQiTEy; and Xo = Enpnxo.

Corollary 3.2

Assume for all u € U, there exists a worst-case disturbance from the point of view of player
i. Then, u* € U with corresponding worst-case disturbances w; (#*) is a Nash/worst-case equi-
librium for (6,7) if and only if (u*, W(u*)) is an open-loop Nash equilibrium of the 2N -player
differential game:

N N
X(0) = ANX(@) + ) Biui(t) + ) Diwi(1). ¥(0) = %o,

i=1 i=1

© 2016 The Authors. Optimal Control Applications and Methods Optim. Control Appl. Meth. 2017; 38:795-813
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800 J. C. ENGWERDA

where player i likes to minimize his cost function:
7 L T 7 12T T T T l_r 3 =
Ji= 3 (X7 (@), w' OIM;[x" (1), u” ()] — w; (O Rwpiwi(t)dt + 537 (T) Qir X(T),
0

W.It. u;, I € ]\_/, z_md player i, i = N_ + 1,...,2N, likes to maximize f, w.r.t. w;. Moreover,
Ji(w*, ww*)) = J;(u*, weu*)), i € N.
3.1. Necessary and sufficient conditions

Before we present results for the general case, for didactic reasons, we first consider the next
simplified two-player linear-quadratic differential game.

Consider the case that the system state is described as the outcome of the linear differential
equation:

X(t) = Ax(t) + Brui1(t) + Bus(t) + Dw(t), with x(0) = xo, ®)

whereas the quadratic cost functional of the two players is given by the following:

T 2
Jiui, uz,w) 1= %/ xT (1) Qix(t) + Z u]T(t)R,-juj(t) —wl (t)Ryiw(t)dt
0 j=1 ©

1
+ ExT(T)QiTx(T), i=1,2.
Using the shorthand notation S; := B; R;;' Bl , Sp, := DR} DT, S := Exn[S1 S5] — diag(Sp; ).

Q = diag(Q;), Or := diag(Q;r), QV; := [I2, Qr] and H™ for the Moore—Penrose inverse of
matrix H (see, e.g., [29]), the following theorem is proved in the Appendix.

Theorem 3.3
Consider matrix
A 0 —(S1—3Spy) -5
| o 4 —-S1 —(S2—Sp,)
M = —0; 0 AT 0 (10)
0 —0, 0 —AT

Assume next four Riccati differential equations:

Ki(t) = —ATK; (1) - Ki()A + Ki(1)Si Ki (1) — Qi, Ki(T) = Qir, i = 1,2 (1)

Li(t) = —ATLi(t) = Li(t)A + Li(t)Sp, Li(t) + Qi, Li(T) = —Qir, i = 1,2 (12)

have a symmetric solution K;(.), L;(.), respectively, on [0, T].
Then, the two-player linear-quadratic differential game (8,9) has a Nash/worst-case equilibrium
for every initial state x if and only if

with matrix H(T) := [Ian Oanle T 07, H(T)H*(T) [; ] _ [§ } . (13)

Moreover, if the aforementioned condition (13) applies, with v(¢) := eM@=T) QTzl, where 71 1=

H* |: io } +(I —H%1 H)q, q € R?" is an arbitrary vector, the set of equilibrium actions/worst-case
0

disturbances are given by the following:

u;(t) = —R;lBiTEIi+2v(t) and w; (t) = R;}DTELHU(I), i = 1,2, respectively.

© 2016 The Authors. Optimal Control Applications and Methods Optim. Control Appl. Meth. 2017; 38:795-813
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The set of equilibrium actions is unique if matrix H(7T) is invertible. In such case, the unique
equilibrium actions can be calculated either from the aforementioned equations or from the linear
two-point boundary value problem y () = My(¢), with

Py(0) + 0y(T) =[x xT 00]". (14)

Here,
D 12n 02n 3 02n 02n
P = dQ:= .
|:02n O2n:| an Q |:_QT IZn]

Denoting [yg(t), vT (1), vg(t)]T := y(t), with yo € R?",and v; € R", i = 1,2, the equilibrium
actions are the following:

u;(t) = —Ri_ilBiTv,-(t) and w; (t) = R;}DTU,-(I), i = 1,2, respectively.

It is well known that one can associate Riccati differential equations with boundary value prob-
lems of the type (14). Furthermore, solutions of these Riccati equations can be used to implement
the open-loop control as a feedback control. Below, in Theorem 3.4, we present a sufficient con-
dition in terms of existence of a solution of a Riccati differential equation for the aforementioned
boundary value problem. In fact, this condition is both necessary and sufficient for existence of the
more general problem where the term of [x({ xg ] in the initial condition of the boundary value
problem (14) is replaced by [xgw Z(T; ], where both x¢ and z¢ are arbitrary vectors. For the readers’

convenience, we included a proof of this result.

Theorem 3.4
Assume the four Riccati differential equations ((11) and (12)) have a solution, and the next
nonsymmetric Riccati differential equation has a solution on [0, T']:

P(t)=—AYP —PA, + PSP — Q: P(T) = Qr. (15)

Then, the two-player linear-quadratic differential game ((8) and (9)) has a Nash/worst-case equi-
librium for every initial state xo. Moreover, if the aforementioned condition applies, the unique
equilibrium actions are given by the following:

ui(t) = —R;*BI P;(1)x(¢) and w; (t) = R, DT Pi(1)X(¢), i = 1,2 respectively,

where [P (1) PZT(Z)]T := P(t), P;(t) € R™2", solve (15), and X(¢) is the solution of

X(t) = (A2 — SP(1)) %(t), with ¥(0) = Xo.
Proof
First, note that, with P(.) the solution of (15), matrix U(¢) defined as the solution of the linear
differential equation below exists and is, moreover, invertible on [0, T'].

U(t) = (A, — SP(1))U(1), U(0) = 1.

Furthermore, with V(¢) 1= P(t)U(t), W(t) := [UT(¢t) VT (¢)]7 satisfies

: i U(1)
WO=1 soua + P(t)U(t)}

_ i i AU@) — SV (1) )
~ | (AT P(t) — P(t) A2 + P(t)SP(t) — Q) U(t) + P(t)A,U(t) — P(1)SP(1)U(t)
_[ Au@m-sve 7 _
L -ovw - agviy | = MO
© 2016 The Authors. Optimal Control Applications and Methods Optim. Control Appl. Meth. 2017; 38:795-813
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whereas PW(0) + OW(T) = [ Izn 02, ]F. With W(0) = e MTW(T), spelling this last equality
yields

[I2n 020 JeMTW(T) = Loy and — QrU(T) + V(T) = 02y

Substitution of V(T) from the second into the first equation shows then that
[ 125 O2p ]e_MT QrU(T) = I, from which we conclude that H(7) must be invertible. The adver-
tized result follows then by Theorem 3.3. O

Example 3.5
In this example, we present a game that has for every initial state an infinite number of Nash/worst-
case actions. Note that numerical values presented later for Q;7 are approximations of values that
were obtained after some extensive theoretical calculations.
Consider the scalar game, with A = =3, B; = D = Q; = 1, R11 = Ry = 1, Ry1 = Ry = 1/5,
Oi1r = Q7 =1.014925,and T = 1.

The corresponding Riccati differential equations ((11) and (12)) are

ki(t) = 6k;(t) + k2(t) — 1, k;(1) = 1.014925; i = 1,2
[i(t) = 6l;(t) + 512(t) + 1, [;(1) = —1.014925; i = 1,2.
Elementary analysis shows that all four differential equations have a solution on the time interval
[0, 1].

Matrix H(T), introduced in (13), equals 2.8647 [ i i ] Consequently, HT = 0.0873 |: } } :| It

is easily verified that H(T)H *(T) |: } :| = |: } :| So, by Theorem 3.3, for every x¢, this game has
an infinite number of Nash/worst-case actions.
1

With z; 1= H+|:§g} +(1—H+H)/L=0.1745|:1:|)C0+ |:_11}u i € R, we obtain

v(t) = MDD O 1z, = Sdiag (ez(t_l),e_z(t_l) e Vo= e_‘/g(t_l)) Z2,

~1-53-v63+6 (1 —5¢)u2
|1 53-V63+6 _ | 1+ q@ua S
where § = 10 1 1 and 7, = 0.1614x, ,withg = Q17 and us € R.
1 1 1 1 0.0157x¢

So with v3(t) 1= [-e2¢~D —e=2(=1) eVo(—1) e_“/g(’_l)] and vg(z) 1= [e20D =201,
eVot -, e~ Vel ~D], equilibrium/worst-case actions are

u; (1) = —vi42(t)z2 and w; (t) = —5u; (t), respectively, i = 1,2.

Notice that using these equilibrium actions, the dynamics of the system are described by the
following:

%(1) = —3x(t) — 0.3228¢Y6C "Dy —0.0314e~ VoD x0 1+ w(r), x(0) = xo.
That is, all equilibrium actions yield the same closed-loop system.

Remark 3.6
It is easily seen that for the N -player case, Theorem 3.3 applies with

M= [fg _;—fN} and H(T) = [Iyn Onnle™™7 O1.

Here, S := Eny[Si, ..., Sn] —diag(Sp,) and OF := [Inn O]

© 2016 The Authors. Optimal Control Applications and Methods Optim. Control Appl. Meth. 2017; 38:795-813
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3.2. The general case

In this section, we consider the general linear-quadratic differential game (6) and (7).
To obtain the analogs of the previous sections, first, we rewrite the game from Corollary 3.2 into
its standard form. We consider the 2N -player differential game

N N
X(1) = AnX(@) + ) Biui(t) + ) Diwi (1), X(0) = %o,

i=1 i=1

where player i likes to minimize (w.r.t. u;) and player N +i to maximize (w.r.t. w;) the cost function

T
Ji = %/ [xT(0), u" @) wT ()] M [xT (1), u” (1) wT(t)]Tdt + %XT(T)Q_iT)E(T), i €N.
0

e .__ Mi (_) .
M; .—[0 “Ry; , 1 €N,

where Rwi is the block diagonal matrix where only block i, which equals Ry,;, differs from zero.

As a follow-up on the notation introduced in Notation 3.1, following [4][Exercise 7.5], con-
sider the next shorthand notation. Standard conventions concerning block-matrix addition and
multiplication rules are assumed.

Notation 3.7

00 0 Ry Viaz --- --- Vian
[0710---0] M, I 0--0 Vi, Rap Vazz - Vasn
G := : 0171 . :|= Do :
[OOOI]MN L0 T i V(N—I)NN
001 ] | vl - - VI Rwn

We assume throughout that this matrix G is invertible.

B:=[Bi,...,By]; BT :=diag(BY,...,BY): Z :=diag(Vi;.....Viin):
Zi:=[Vir,...,Van], i €N; Ay := Ay — BG™'Z; S := BG™'BT — diag(Sp,);
Z, Zi .
0=0-| : |G 'Z; AL =45~ : |G'BT; and M := [ A _~ST].
. . _Q _AZ
Zn Zy

In the Appendix, we show how one arrives then at corresponding results of the previous section.
Because from a computational point of view, Theorem 3.4 is the most important result from the
previous section; we state this generalization here separately.

Theorem 3.8
Assume next Riccati differential equations
Ki(t)=—AT Ki()= Ki (1) A+ (K (0) Bi + Vard) R (B Ki (1) +Vii;) = Qi Ki(T)=Qir.i €N,
Li(t) = =ATLi(t) = Li()A + Li(©)Sp, Li(1) + Qi, Li(T) = =Qir. i €N,
have a symmetric solution K;(.), L;(.), respectively, on [0, T].
If the next nonsymmetric Riccati differential equation
P(t)y=—ALP - PA, + PSP - 0Q; P(T) = Or, (16)
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has a solution on [0, T'], the linear-quadratic differential game ((6) and (7)) has a unique Nash/worst-
case equilibrium for every initial state xg.

If PT():= [PIT ()senn, P; (.)] , P;(.) € R™"N s the solution of (16), the worst-case controls
and corresponding worst-case disturbances are given by the following:

u*(t) = =G Y(Z + BT P(1))x(¢) and ; (1) = Ry} DT Pi()X(¢), i € N.

Here, X (1) satisfies, with A¢;(7) := Ay —BG™Y(Z + BTP(1)) + diag(Sp,) P (1), the differential
equation X (1) = A (£)x(t); x(0) = Xo.
Moreover, worst-case expected costs by player i are

1 —
Ji = zxoT Ci(0)Xo, i €N,
where C;(.), i € N, is the solution of the linear matrix differential equation:

Ci(t)=—=AL O C ()~ Ci () A () ~[1. —~(Z +BTP@)TGT1M; [1. —(Z + BT Pt)"GT]"
— P (1)Sp, Pi(0),
Ci(T) = Oir.

Notice that the aforementioned expected worst-case costs will almost never realize for every
player, as only one disturbance signal w(.) will occur.

4. EXAMPLE

Consider the problem to find equilibrium strategies for the next noncooperative three-player game.
The game might be interpreted as a debt stabilization problem within a two-country setting, where
countries engaged in a monetary union. The model can be viewed as the first extension of the well-
known Tabellini model [30] to a two-country setting, including uncertainty. Within that setting, the
variables x; (¢), introduced later, can be interpreted as the government debt, scaled to the level of
national output, of country i. u; as the primary fiscal deficit, also scaled to output, whereas the
monetary financing undertaken by the central bank, measured as a fraction of aggregate output,
will be denoted by ug. It is assumed that uncertainty is caused by some outside factor that will
hit the economies of both countries in the same way. This is modeled by incorporating into the
system a disturbance variable w(¢). All parameters, below, are assumed to be positive. The welfare
loss-function of country i, i = 1,2, and central bank respectively are modeled by the following:

1 T
B () = / W3 (0) + Brad(t) — renw(0)dt, (17
0
1 T
Jo(u2()) = 3 / u3(t) + Bax3 (1) — rupw(1)dt, (18)
0
1 T
Tp@E() =5 /0 (1) + Br(@x1(1) + (1 — )00 — ropw(D)di. (19)

Here, ry; models the expectation by different players how strong the disturbance will hit the
economies. The evolution of debt in both countries over time is assumed to be described by the
differential equations:

aT=Ta o] [mo+[o]mo+ [ ]wo+ [ 2 Juso+ [ }wo. e
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b

= |:0(‘)1 0?2];31 = |:(1)}:Bzi= |:(1):|;BE :=—[§2];B:=[BleBE];D:=[i];
| B0 4, {00 — ®?  o(l-o)
Ql _[01 0]7 QZ‘_ [Oﬁz}vandQE _ﬂE|:a)(l—a)) (l_w)2i|7

this model fits then into our framework.

Now, choose x1(0) = 0.7, x2(0) = 1.5, ¢; = 0.03, 2 = 0.08, y; = 1, y» = 0.5, B; = 0.04,
B2 = 0.08, Bg = 0.04, w = 0.3 and a time horizon of T = 5. This models a case where country
2 has initially an approximately twice as higher debt than country 1. Because financial markets are
less sure whether country 2 will be able to pay its future debts than in the case of country 1, country
2 has to pay much higher interest payments on debt than country 1. The model specifies, moreover,
that country 1 is less willing to use its fiscal instrument in reducing debt than country 2. The central
bank is assumed to be concerned approximately twice as much about debt in country 2 than debt in
country 1. Furthermore, monetary instruments are twice as much effective when used in country 1
than in country 2.

To see the effect of taking into account disturbance expectations in this model, we simulated two
cases. The first case, visualized in Figure 1, models the case that players expect no serious distur-
bances will affect the economies in the nearby future. This is modeled by choosing the risk aversion
parameters ry,; large. In this experiment, we choose ry; = ryg = 10 and ry, = 15. The second
simulation, visualized in Figure 2, considers a case where fiscal players do expect disturbances will
affect their economy in the nearby future, and the central bank shares this view. The risk aversion

(a) Debt, z;, country i. (b) Fiscal and monetary policies.

Figure 1. Debt and policies for the benchmark parameters with ry,; = ryg = 10andry> = 15. That is,
almost no disturbance expected. Actual w(.) = 0.

(a) Debt, z;, country i. (b) Fiscal and monetary policies.

Figure 2. Debt and policies for the benchmark parameters with expected disturbance: ry1 = rye =
landry> = 1.5. Actual w(.) = 0.
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parameters ry,; are chosen in these experiments 7,1 = ryg = 1 and ry» = 1.5. To determine the
equilibrium strategies, we use Theorem 3.4.

The first thing we verified is whether (11) and (12) have a solution. To that end, notice that,
because Q; are semi-positive definite, (11) will always have a solution, whatever T is. So only
existence of a solution of (12) had to be checked. Next, the Nash/worst-case open-loop equilibrium
strategies for fiscal players and the central bank were calculated using Theorem 3.4. These strategies
are plotted both for the ‘almost noise-free expectations’ and the ‘noisy expectations’ scenario in
Figure 1(b) and (b), respectively. Notice that these strategies will be played, because of the assumed
open-loop information structure of the game, whatever the realization of the noise w(.) will be.
In Figures 1(a) and 2(a), we plotted the realization of debt if actually no noise occurs during the
planning horizon [0, T'] in both scenarios, that is, under the assumption that w(.) = 0.

As one might expect, fiscal instruments are much more aggressively used by country 2 than in
country 1 in order to reduce its debt. Including disturbance expectations shows that in particular,
both countries react by a more aggressive fiscal policy. Although fiscal player 2 expects less distur-
bances will hit the economy than the other players do, we observe that its response in policy terms
is much higher. This leads to a significant reduction of its final debt compared with the ‘noise-free
expectations’ case.

So including model uncertainty has a stabilizing effect in this model.

5. CONCLUDING REMARKS

In this paper, we considered the finite planning horizon open-loop differential game that is disrupted
by deterministic noise. We showed that Nash/worst-case equilibria for this game can be found by
determining the open-loop Nash equilibria of an associated extended differential game that has an
additional restriction on its initial state. More specifically, we showed that Nash/worst-case equilib-
ria can be calculated from a ‘virtual’ differential game where with every player, a ‘nature’ player is
introduced that tries to maximize the performance criterion with respect to the disturbance.

Based on this equivalence result we derived for the linear-quadratic differential game both nec-
essary and sufficient conditions for Nash/worst-case equilibria along the lines, these conditions are
obtained for the noise-free case. The only difficulty arises in the extra condition that is imposed on
the initial state of the extended system. In an example, we showed that, different from the noise-free
case, in the linear-quadratic case, multiple equilibria may occur. As a result of the analysis, we could
also easily establish both necessary and sufficient conditions for existence of a unique equilibrium.

Implementation of the equilibrium actions seems to be computationally less demanding than equi-
librium actions derived in a similar setting by Jank er al. [26-28]. In an example, we illustrated its
use. The example shows that the consideration of model uncertainty in a debt stabilization game
leads to a more active control pursued by players in the short run, which has a stabilizing effect on
closed-loop response. It supports the intuition that if players incorporate a worst-case realization of
disturbances into their policy making, they will respond by implementing a policy that is, particu-
larly in the short run, more directed to the realization of the goals expressed in the cost functional
with respect to the state variables, this, because they expect ‘nature’ will try to manipulate the state
variables as worse as possible from their cost functional point of view. So if debt stabilization is the
major issue, policy is directed more towards achieving this goal in order to mitigate the attempts by
‘nature’ to destabilize debt.

On a theoretical level, open issues that remain to be settled are how these results can be used to
arrive at both necessary and sufficient conditions for existence of Nash/worst-case equilibria for an
arbitrary planning horizon [0, 7 ¢], where ¢ ¢ ranges between 0 and 7. In the noise-free case, neces-
sary and sufficient conditions for solvability of this problem can be formulated in terms of existence
to a set of coupled Riccati differential equations. Unfortunately, due to the initial state restrictions
for the extended system, such a generalization for the disturbed game is less obvious. Clearly, as we
did here, by, for example, ignoring this restriction and assuming that the corresponding ‘noise-free’
Riccati differential equations have a solution, one easily obtains a set of sufficient conditions for
the existence to the problem. However, the question remains how far these conditions are necessary
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too. Probably, the presented conditions will also help to solve the corresponding infinite-planning
horizon problem.

From a practical applications point of view, the assumption that for all admissible controls there
exists for all players a worst-case disturbance signal is in most cases not too unrealistic. For, if
such a signal does not exist for some players for some admissible control, this probably implies
in most cases that the corresponding worst-case cost for that player is infinite. Therefore, likely,
this control will not be a Nash/worst-case equilibrium. But, one should be cautious, as maybe no
equilibrium might exist under such conditions. It seems that cases like this can be easily incorporated
within the current framework as long as no equilibrium occurs where some players have infinite
cost. Concerning the technical assumptions imposed in the theorems in Chapter 3, we recall from
[4]1[p.269] that the assumption that Riccati equations ((11) and (12)) have a solution is usually
satisfied if the game has an equilibrium. Moreover, in case the nonsymmetric Riccati equation (15)
has no solution, one can relapse to Theorem 3.4 to decide whether a solution exists and, if so, find
its solution. Similar remarks apply for the general case. Finally, the results presented here for the
linear-quadratic case may be useful too to analyze the same problem setting under the additional
assumption that the underlying system is described by a set of linear differential-algebraic equations.
Settings that often naturally occur when considering linearized models of systems.

APPENDIX

Proof of Theorem 3.3

First, notice that for a fixed u € U, the maximization of J; w.r.t. w is an affine linear-quadratic
control problem. As we assumed (12) has a solution, this control problem has a unique solution
(see, e.g., [4][Theorem 5.11]). This implies that for all u € U, there exists a unique worst-case
disturbance from the point of view of player i.

By Corollary 3.2, the two-player linear-quadratic differential game ((8)—(9)) has a Nash/worst-

case equilibrium for every initial state x¢ if and only if with x(¢) := [xl t) i| Ay = [A 0 ];

x2(t) | 04
s _ | Bl s [Pl 9] [0 5 _[00] 5. ._
Bl = |:Bi:|, Dl = |:0 }7 D2 = [Di|’ Ql = |: 0 0i|a Q2 = |:0 Q2i|, QIT =
Qir 0 ;and Qo7 1= 0 0 , the next four-player game has a Nash equilibrium for every
0 0 0 Qo1

initial state xg.

=

X(t) = Axx(t) + Biu1(t) + Baus(t) + Diwi(t) + Dow, (1), with ¥(0) = %o 1= [ig} (21)

and cost functional for the players given by the following:

1 (T - 2
Jilur uz.wi) = 5 /0 {xT(t)Qim) + > ul @) Rju; (1)
/=1 (22)
— w] () Ry wi (r)}dr + %xT(T)Qinc(T),

and Ji o (U, Uz, wi) = —Ji(uy, uz, wi), i =1,2.

Unfortunately, the initial state of this extended system cannot be arbitrarily chosen. Therefore, we
cannot use directly existing results on open-loop LQ games to derive both necessary and sufficient
existence conditions for a Nash equilibrium. However, we can follow the lines of the proof for the
standard case (see, e.g., proof of [4, Theorem 7.1]) to obtain these conditions.

Suppose that (u}(.),w;(.)) is a Nash equilibrium. Then, by the maximum principle, the
Hamiltonian
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1, 7~ _
H; = 3 (xT Q:i% + uf Riyuy + ud Riouz — w; (t)Ryiw; (1))
+ 1//iT (/Iz)_C + Blul + Bzuz + D_lwl + D_zwz)

is minimized by playeri w.r.t. u;,i = 1,2, and

|
Hiir = 2 (—xT Qix — ul Riyuy —ul Rizus + wf () Rwiw; (1))
+ %7:,_2 (A2X 4+ Byuy + Byuz + Dywy + Dowy)
is minimized by playeri + 2 w.r.t. w;, i = 1, 2. This yields the necessary conditions
u (1) = —Ry;' Bl ¥i(t) and wi'(t) = =Ry} Df Yita(1), i = 1.2,
where the 2n-dimensional vectors ; (¢) satisfy
Vi) = —0i%(t) — A7y (). Y1 (T) = Qir X(T).
Vira(t) = Qi%(6) — AT Yia(1), Yiya(T) = —QirX(T), i = 1,2,

and

X(t) = A2x(t) — Sy (1) — Savra(t) — Sp, V3 (1) — Sp,va (),

= s Si Si| & Sp, 0 5 0 0
T — T ,.T R [ - D, —

with x* (0) = [xo Xp ] Here, S; = S S ,Sp, = 0 0 ,and Sp, = 0 SD2:|'

In other words, if the problem has an open-loop Nash equilibrium, then, with y(¢) :=

[xT@). vl @)..... ¢4T(t)]T, the differential equation

Ay =81 =S —Sp, —Sp,
_ -0: —-4AF o 0 0
Yoy =|-0> 0 —A7 0 0 |F0) (23)
01 0 0 -4AT o0
0, 0 0 0 -—AT
with boundary conditions X7 (0) = [xgw x({ ], Vi(T) — O17X(T) = 0, Yo (T) — Q27x(T) =
0, ¥3(T) + O17X(T) = 0, and Y4(T) + Q»rX(T) = 0 has a solution. Next, split Y] =:
[wg; W,‘E ] Some detailed inspection of (23) shows that Y1, = Y21 = Y3 = Yu1 = 0, Y31 =
—r11 and Y42 = —Ya5. So we conclude that if the problem has an open-loop Nash equilibrium, then
with y7(¢) := [xlT () x{ () 1,//1T1 () 1//27"2 (1) ], the next linear two-point boundary value problem
has a solution for every xg.

$(1) = My (1), with Py(0) + Qy(T) = [T 00]" . (24)

Some elementary rewriting shows that the aforementioned two-point boundary value problem (24)
has a solution for every initial state x if and only if

(P + QeMTyy©) =[x 00]",
or, equivalently,
(Pe™T 1 0)eMTy(0) = [xI xL 00]7, (25)

is solvable for every xg.
Denoting z := eMTy(0) and [W; W, ] = [12,, (P ] e MT | the question whether (25) is
solvable for every x is equivalent with the question whether

wy W X
1 2 7 = 0 (26)
- Q T I2n 0
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has a solution for every xo. An elementary analysis shows that (26) has a solution for every xg if
and only if, with H(T) = [ Lon 0o ]e™™7 [ Iy 07 ]".

H(T)z1 = Xo 27)
has a solution for every xg. This last problem is equivalent with the problem under which conditions
the matrix equation H(T)X = [ u has a solution X . From this, one directly obtains condition (13)

1
(see, e.g., [29, Exercise 10.49]).
If (13) holds, all solutions of (27) are

721 = HV %o+ (I — H" H)q, where q is an arbitrary vector.
From (26), it follows that the set of points z yielding a consistent initial boundary value problem are
z2=[ln 0121

The z corresponding consistent initial state of the boundary value problem is yo = e ™7 z. The
solution of the initial boundary value problem is then

y([) == eMtyO = €M(t_T)Z = eM(t_T) |: 12” i| Z1.

Or

Using the definition of y(¢) in terms of the state and co-state variables yields then the corresponding
equilibrium controls:

15 i _ 1 pT 7 -1y | Ion
ui(t) = —R;'Bf [&;gﬂ = —R;;' Bl ¥ii(t) = —R;;' Bl E{; ,eM™ D |: QZT } z1(t)and
(28)

AT [ Vit - LT A 1 .
wi(t)=—Rw}D,.Tw;z;%]=Rw}DTwii(t)=Rw}DTE{,.+2eM<t D |:Q2;]Z1(l), i=1,2.
(29)

"< part" By assumption, the Riccati differential equations ((11) and (12)) have a solution on
[0, T']. Because H(T') satisfies (13), it is clear from the ‘= part’ of the proof that the two-point
boundary value problem (14) has for every x a consistent initial value y¢ yielding a unique solution
for the boundary value problem. Assume yg is with a x( consistent initial value of the bound-
ary value problem. Denote the solution y(¢) of this two-point boundary value problem (14) by

[xlT(t), xZT (1), ¥11(t), ¥22(2) ]T, where the dimension of x; and v; is n. Now, consider

m;(t) := i (t) — Ki (£)x; (t) and m; 42(t) := =i (t) — Li(t)x; (), i = 1,2.
Then, m; (T') = 0. Furthermore, differentiation of m(¢) gives
(1) =y1(t) — K1 (0)x1(0)— K1 (0)x1(t) =—Q1x1(1) — AT Y1 (6) — [-AT K1 (1) — K1(1)A
+ Ki1(0)S1K1(t) — O1]x1(t) = K1 () [Ax1(t) — S1¥11(t) — Saaa(t) + Sp, ¥11(1)]
=—A"m\ (1) — Ki(0)S1K1(0)x1 (1) + K1 (0)S1[m1 (1) + K1 ()x1 (2)]
+ K1 (1) S2[ma(t) + K2(t)x2(1)] + K1(t)Sp, [m3(t) + L1(2)x1(2)]
=—ATm () + Ki(t)[S1mi(t) + Samat) + Sp ms(t)] + Ki(t)[S2 K2 (1) x2(t) + Sp, L1(t)x1(1)).-
Next, consider
uf(t) = —R;;'BI(K;(t)x;(t) + m;(t)) and w}(t) = =R} DT (L (t)x; (t) + mi12(t)) i = 1,2.

By [4, Theorem 5.11], the minimization w.r.t. uq of Jy (uq,u3, wi, w}) :=

1 T _T = T *T * *T * 1—T I by

3 {x () Qix(t)+uy(t)Ruuy () +uy (t)Ripus(t)—wy (I)Rwlwl(f)}dt"‘ix (T)Qirx(T),
0
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where % (1) = A2%(t) + Biuy (1) + Boud (1) + Y1, Diw} (1), with ¥(0) = %o = [xJ, x717, has
a unique solution. This solution is #1 (1) = — Ry} BIT(KI (t)x(t) + m(t)), where K; () solves the
Riccati differential equation:

Iél([) = —ATKi(t) — Ki(t) A2 + K1 (1)S1 K1 (t) — O, with K{(T) = Q11

and m (¢) solves the linear differential equation:

2
mi(t) = (K1(t)S1 — A3 )m1(t) — K1 (t)(Bou3 (t) + ZDiw;*(t)), m(T) =0. (30)

i=1

Ki(@) 0
0 0

solves (11). Using this in (30) shows that 7121 (¢) = |:m10(t) j|, where 711 (t) solves the differential

equation

It is easily verified that K (¢) := |: i| solves the Riccati differential equation, where K (¢)

i (t) = (Ki(t)S1 — AT )iy (t) — K1(t)(Baui(t) + Dwi (1)), iy (T) = 0. (31

Consequently, #1 () = —Ry|! BIT (K1(¢)x1(¢) +m1(¢)), where X1 (¢) is the optimal control implied
solution of the differential equation:

);Cl(l) =(A—-S81K)x1(t)— Sim(¢) + BzM;(f) + Du)]k(t) with X1 (0) = xo. 32)
Substitution of u3(¢) and w7 (¢) into (31) and (32) shows that the variables 772; and X satisfy

iy (t) = (K1(t)S1 — AT)mi (1) + K1 (1)(S2(Ka(t)x2(t) + ma(t))
+ Sp, (L1()x1(2) + m3(t))), mi(T) =0,

X1(1) = (A= S1 K1 (1) X1 (t) — S2(Ka(1)x2(t) + ma (1))
= Sp, (L1(@®)x1(?) + m3(1)) — S1m1(t), x1(0) = xo.

It is easily verified that a solution of this set of differential equations is given by m11(¢) = m(¢) and
X1(¢) = x1(t). Because its solution is unique, this implies that i (f) = u] (¢) or stated differently,

* * * * * * *
Ji (ui w3 wi i wy) < Jy (g, w3 wi,wy), for all uy.

Similarly, it can be shown that the corresponding inequalities for the cost functions for the other
players apply, which shows that (u},u3, w},w3) is a Nash equilibrium for the extended game.
So by Corollary 3.2, these strategies yield a Nash/worst-case equilibrium. Notice, v;;(f) =
Ki(t)xi(t) + mij(t) = —(L;i(t)x;(t) + m;42(¢)). This observation directly yields the stated
equilibrium strategies.

Finally, the fact that equilibrium strategies are unique if H(7') is invertible follows directly from
(27) as the set of all equilibrium strategies satisfy (28) and (29).
Outline Proof Theorem 3.8

Here, we sketch the main points in arriving at the generalization of Theorems 3.3 and 3.4. Fol-
lowing [4][Exercise 7.5], consider the next shorthand notation. Standard conventions concerning
block-matrix addition and multiplication rules are assumed again.

00 ---0 Ri1 Vi Vian 0
e e I 0 - 0 T . .
[070---0] M | VI,
Ge = . 0 ] . = . )
- o ; , ViN-D(N-1)N
[00--- 011 M5y L0 Vi VN(N—I)N RNN 0
_()... 0 [_ i 0 0 Rw_
© 2016 The Authors. Optimal Control Applications and Methods Optim. Control Appl. Meth. 2017; 38:795-813

published by John Wiley & Sons, Ltd. DOI: 10.1002/oca



ROBUST OPEN-LOOP NASH EQUILIBRIA 811

where R,, = diag(Ry;). We assume that this matrix G¢ is invertible.

B®:=[B,,...,By,Dy,....DyJ: Be" ::diag(élT,...,EIT,,DIT,...,DI(,);

B¢" := block-column i of EeT;

[070---0] M¢ (I) ' ’ .
7¢.— : =|:d1ag(V111,...,VN1N)j|_
: — e ONkxNn '
0--01Mgy ||
_ 0 i 0(i—l)ann O(i—l)nxm
zZi=[1 O"'O]Mie|:1i|— Vin Vitn  Onxm JIEN, Zign:=—Z;, i €N;
O(N—iynxNn ON—iynxm
~ — _ -1 . ~ . . ~ ~,T ~, 71T
Q7= EN,,-QiEAT,,i —Z{G® Z° ieN; Qf y:=—0f{, i eN; 0°:= [Qi EN] ;
~ -1 ~,T =~ [ ~,T ~ T
Se= e BTS¢ =[St Sey ]
~ - -1 ~,T - Zi —1 ~,T
A¢:= Ay - B°G® Z° and AS,, :=Al,,—| : |G B°.
Zin

Then, with

- Ae S
Me = ~ ~ T ,
o]

along the lines of [4][Exercise 7.5] and the aforementioned proof of Theorem 3.3, we have that the
general linear-quadratic differential game ((6) and (7)) has a solution iff the next generalization of
the two-point boundary value problem (23) has a solution:

. - - - T
Fe) = Me5e), where 5¢ = [+ g5y

with boundary conditions x(0) = Xy, xﬁf(T) — Qirx(T) =0, i € Nand &f(T) + 0irX(T) =

. e «T T 4T 717 e pel1~e .
0,i =N+1,...,2N.Moreover, G liul Uy W Wy 1 = —[Z°¢ B¢ ]y¢(t). A spelling
of this two-point boundary value problem shows then, along the lines of the proof of Theorem 3.3,
that it has a solution iff the next two-point boundary value problem has a solution:

J(t) = Mj(t), where j = [xT &f&g]t
with boundary conditions X (0) = Xy, Vi(T) — Qi7X(T) = 0, i € N. Furthermore,

e *T... *T *T... *T T—— Z ET v
G [ul Uy Wy wN] - |:0 —dlag(DT) y(t)

From this, the generalization of Theorem 3.3 readily follows.

Following the lines of the proof of Theorem 3.4, one arrives then directly at the results presented
in Theorem 3.8.

The corresponding worst-case cost advertized in this Theorem results by direct substitution of the
worst-case actions into J;. To illustrate this, we elaborate later the case for J;. Using the advertized
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differential equations for C;(¢), it follows that

—

[ I NN

NelecREN o)

10.

11.

13.
14.

15.

17.
18.
19.
20.
21.
22.
23.
24.

25.

T
2J: Z/ [T @) u OIM[FT () u” ()] — wi (O)Rwrwi(0)dt + X7 (T) Q173 (T)
0

T
= / Tl —(Z+BT"P@) G TIM(I, —(Z+ BT P@t)TGT|"
0
—P[(©)Sp, PL(0)] (0)dt + XT(T) Q17 %(T)

T
= /0 (@) [-AL(OC1 (1) — C1() A (t) — C1(0) | X()dt + T (T) Q17 X(T)

T
= _/0 % T Ci(0)x@)} dt + 3T (T)017%(T) = X7 (0)C1(0)%(0).
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