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CHAPTER 1

INTRODUCTION

This dissertation aims to extend the academic literature on optimal consumption and
portfolio choice over the life cycle. In particular, we analyze optimal choice under
preference specifications that incorporate loss aversion, internal habit formation and
probability weighting. Furthermore, this dissertation formalizes and analyzes a new
pension contract, a so-called personal pension plan with risk sharing (PPR), that plays
a dominant role in recent policy reform discussions in the Netherlands. This dissertation
has implications for a wide variety of real world pension contracts. We analyze (dis)saving
and investing in not only the accumulation phase but also the decumulation (payout)
phase of defined contribution (DC) pension plans. This is highly relevant as many retirees
worry about the lack of guidance and regulation on how to draw-down accumulated
wealth in retirement. This dissertation is equally relevant to analyze reform options for
defined benefit (DB) pension plans. In many countries, employers are no longer able
or willing to absorb the (investment) risks of their pension plans. We analyze pension
plans (without external risk sponsors) that aim to retain key attractive features of DB
pension plans (such as stable lifelong income streams). Adequate design of consumption
and portfolio strategies, which is the central theme of this dissertation, is thus of great

importance to many workers and retirees around the world.

Part |

The classical workhorse model for the determination of an agent’s optimal consumption
and portfolio choice is the Merton model (Merton, 1969). This model advocates to
invest a constant fraction of total wealth into risk-bearing assets, and to consume at a
constant fraction of wealth. The Merton model implies life cycle investment of financial
wealth (net of human capital); see also Bodie, Merton, and Samuelson (1992). These

results are driven by strong simplifying assumptions about preferences, labor income,
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and future investment opportunities. The first part of my dissertation (Chapters 2, 3
and 4) explores novel extensions of the classical Merton model. In particular, we focus
on deriving and studying optimal consumption and portfolio choice under alternative
preference specifications. To keep the analysis tractable and to isolate the effect of
preference specifications, we retain the assumptions of risk-free (tradable) labor income
(see, e.g., Cocco, Gomes, and Maenhout, 2005; Benzoni, Collin-Dufresne, and Goldstein,
2007, for extensions), and independent and normally distributed stock returns (see, e.g.,
Liu, 2007, for extensions). Figure 1.1 illustrates the central idea of the first part of my
dissertation: the analysis of optimal consumption and portfolio choice under alternative
preferences. By contrast, the second part of my dissertation (Chapters 5, 6 and 7)
abstains from explicit preference assumptions, and takes the consumption and portfolio

decisions as given.

Figure 1.1.

Alternative

“~ Investment

The first part of my dissertation focuses on deriving and studying optimal consumption and
portfolio decisions under alternative preference specifications.

Chapter 2 derives and analyzes the optimal consumption and portfolio choice of a loss
averse agent. His reference level, which divides consumption into gains and losses, is
endogenously updated over time. Loss aversion and reference dependence constitute
two key aspects of prospect theory (PT for short), developed by Tversky and Kahneman
(1992). While the PT literature typically considers an exogenous reference level, Chapter

2
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2 assumes that the current reference level is a function of past consumption choices,
reflecting internal habit formation." We find that, compared to the Merton model,
consumption is shifted from good to bad economic scenarios. As a result, the agent can
maintain consumption above the reference level in many economic scenarios; he only
consumes below the reference level when the economy is doing really bad. This finding
is due to loss aversion, and triggers a demand for “guarantee like” features in pension
products. We also find that consumption adjusts gradually (and not directly as in the
Merton consumption strategy) to unexpected financial shocks. This finding is due to
endogenous updating of the reference level, and justifies a mechanism for smoothing the
change in consumption due to financial shocks. The fraction of total wealth invested
in risk-bearing assets is low in economic scenarios where consumption is close to the
reference level. Indeed, the coefficient of relative risk aversion increases as consumption
approaches the reference level. As is well-known, under the Merton model, the individual
invests a constant (age independent) fraction of wealth into risk-bearing assets. Chapter
2 shows that the endogenous reference specification triggers life cycle investing, not only
in the accumulation phase but also in the decumulation phase (i.e., life cycle investment
of not only financial wealth but also total wealth). Intuitively, households with a shorter
investment horizon are less flexible in absorbing financial shocks. Hence, older households
take less investment risk and thus own smaller investment portfolios. Furthermore,
our model is consistent with two stylized facts about consumption data: hump-shaped

consumption profiles, and excess smoothness and sensitivity in consumption.

The third key aspect of PT is probability weighting. Chapter 3 analyzes the impact of
probability weighting on the agent’s optimal consumption and investment decisions. This
chapter — which extends Chapter 2 — explores a dynamic consumption and investment
choice problem featuring loss aversion, endogenous updating of the reference level, as
well as probability weighting. We show that an inverse S-shaped probability weighting
function is able to generate an endogenous floor on consumption (i.e., a “hard” guarantee

rather than a “soft” guarantee as in Chapter 2).

Our preference model implies that the elasticity of intertemporal substitution and the coefficient of
relative risk aversion are not constant (as assumed by the Merton model) but rather depend on age or
financial shocks. In particular, in the case of habit formation, the elasticity of intertemporal substitution
and the coefficient of relative risk aversion depend on the investment horizon and thus on age. With loss
aversion, the coefficient of relative risk aversion depends on financial shocks, giving rise to a dynamic
investment policy.
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In Chapter 4, we build a consumption and investment choice model that combines
the ratio model of (internal) habit formation with stochastic differential utility (i.e.,
continuous-time limit of recursive utility; see Duffie and Epstein, 1992). These two
utility models are particularly popular in the life cycle literature. We obtain closed-form
solutions by applying a linearization to the agent’s budget constraint. Our results
show that the agent gradually adjusts consumption to financial shocks. This justifies
a return smoothing mechanism. We are able to fully characterize (in terms of the
preference parameters) this return smoothing mechanism. The ratio model of habit
formation analyzed in this chapter differs from the additive model of habit formation
(analyzed in Chapters 2 and 3), in that relative risk aversion is constant. As a result, the
optimal investment strategy is state-independent, and thus easy to implement. This is
a clear advantage of the ratio model of habit formation over the additive model of habit
formation. While in the Merton model the coefficient of relative risk aversion and the
elasticity of intertemporal substitution are intimately related, this is not the case in the

model of Chapter 4.

Part 11

The pension plans proposed by Bovenberg and Nijman (2015) promise to play a new
role in the provision of retirement income in the Netherlands.” These pension plans,
which are called personal pension plans with risk pooling (PPRs), unbundle the various
functions of variable annuities. In particular, a PPR individualizes the (dis)savings and
investment functions of variable annuities, and arranges the insurance function (i.e.,
pooling of idiosyncratic longevity risk) collectively. A PPR defines property rights in
terms of a personal investment account, rather than in terms of payouts or annuity
units (as in variable annuities). Policyholders can adopt an investment approach or a
consumption approach to a PPR. The investment approach takes the investment policy,
the assumed rate of return (ARR) and the initial amount of capital as given. The

consumption stream is derived endogenously (i.e., volatility of consumption, growth rate

2At the time of completion of this dissertation, the Dutch government has proposed new regulation on
the decumulation of Dutch DC pension plans based on the PPR concept. Furthermore, the Dutch
government has announced to consider PPRs as a very important option for the reform of the current
Dutch DB pension plans (e.g., to overcome the conflicts of interest between policyholders and to clarify
property rights).
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of consumption and initial consumption). By contrast, the consumption approach takes
the consumption stream as given, and derives the investment policy, the ARR and the

initial amount of capital endogenously.

Chapter 5 explores the investment approach and the consumption approach in more
detail. This chapter also explores a collective defined contribution (CDC) and a collective
defined ambition (CDA) pension system. These collective pension systems define property
rights in terms of annuity units, rather than in terms of personal investment accounts.
A CDC and a CDA pension system feature one general investment account and thus
cannot tailor (dis)saving and investment policies to individual preferences and individual
investment beliefs. Furthermore, valuation of annuity units can be difficult as assets are
not assigned to individual policyholders. This may result in conflicts of interests between
policyholders. An advantage of a collective pension system is that non-traded risks (e.g.,

systematic longevity risk) can be shared between generations.

The pension plans considered in the second part of my dissertation can be classified
along two criteria: the definition of property rights (personal investment account versus
annuity units) and the framing of pension plans (investment frame versus consumption
frame). Figure 1.2 classifies the various sections of Chapters 5, 6 and 7 along these two
criteria. The horizontal axis shows the first criterium, while the vertical axis depicts the

second criterium.

The pension plan considered in Chapter 6 adopts a consumption frame and defines
property rights in terms of annuity units; see also Figure 1.2. In this chapter, we assume
that annuity units respond gradually to financial shocks.Gradual absorption of financial
shocks is consistent with internal habit formation (this is formally shown in Chapter 4).
This chapter values the annuity units in a market-consistent fashion. In particular, we
show that the market-consistent discount rate includes a risk premium that rises with
the horizon and that the optimal fraction of accumulated wealth invested in risk-bearing
assets decreases as the policyholder ages. Also, we show that gradual absorption of

financial shocks leads to predictable changes in annuity units.

Chapter 7 investigates the pricing and risk management of variable annuities. We
consider an economy with three risk factors: real interest rate risk, expected inflation risk
and stock market risk (Chapters 5 and 6 only consider stock market risk). This chapter

shows that the prices of variable real annuities can be less sensitive to the nominal
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Figure 1.2.

Consumption Frame

B Chapter 5.6
g Chapter 5.4

“ Chapter 7
“ Chapter 6
Annuity Units Personal Account
' Chapter 7.6.1 & 7.6.2 Chapter 7.6.3
o . @
Chapter 5.5 o
. Chapter 7.8.2 Chapter 5.3

Chapter 7.7.5 Cha pter 7.8.1

Investment Frame

The figure classifies the sections of Chapters 5, 6 and 7 along two criteria: the definition of

property rights (horizontal axis) and the framing of pension plans (vertical axis). For example,
the pension plan considered in Chapter 6 adopts the consumption approach and defines property
rights in terms of annuity units.

interest rate than the prices of fixed nominal annuities. This finding is of key importance
to determine the optimal hedging of interest rate risk, and is driven by three factors.
First, the desired growth rate of the annuity payment may change with the interest rate
due to intertemporal substitution in consumption. Second, the desired growth rate of
the annuity payment increases with the expected inflation rate. Hence, the prices of real
annuities depend on the real rather than the nominal interest rate. In an incomplete
financial market in which expected inflation risk and real interest rate risk cannot be
hedged at the same time, insurers must trade-off hedging expected inflation risk against
hedging real interest rate risk. This reduces the nominal interest sensitivity of the annuity
factor, especially when fluctuations in the nominal interest rate are driven by changes in
the expected inflation rate rather than by changes in the real interest rate. Third, the
expected returns on risky securities tend to be less sensitive to the nominal interest rate
as compared to the returns on safe securities. Hence, the nominal interest sensitivity of

real annuities is relatively low if the policyholder takes speculative stock market risk.
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CHAPTER 2

CONSUMPTION AND PoORTFOLIO CHOICE
UNDER LLOSS AVERSION AND
ENDOGENOUS UPDATING OF THE

REFERENCE LEVEL3

This chapter explicitly derives the optimal dynamic consumption and portfolio choice of a
loss averse agent who endogenously updates his reference level. His optimal choice seeks
protection against consumption losses due to downside financial shocks. This induces a
(soft) guarantee on consumption and is due to loss aversion. Furthermore, his optimal
consumption choice gradually adjusts to financial shocks. This resembles the payout
streams of financial plans that respond sluggishly, smoothing investment returns to reduce
payout volatility, and is due to endogenous updating. The welfare losses associated with
various suboptimal consumption and portfolio strategies are also evaluated. They can be

substantial.

2.1. Introduction

The pension fund industry has grown dramatically over the past four decades: total
U.S. retirement assets rose from 369 billion dollars in 1974 to 23 trillion dollars in
2013 (Investment Company Institute, 2014). During the same period, we have seen
in particular a pronounced increase in retirement saving through personal retirement
accounts, such as IRAs and DC plans (Poterba, Venti, and Wise, 2009). More specifically,

the percentage of total U.S. retirement assets accounted for by IRAs and DC plans grew

This chapter is co-authored with Roger Laeven and Theo Nijman.
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from about 18% in 1974 to about 54% in 2013 (Investment Company Institute, 2014).
These figures highlight the importance of adequate individual consumption, savings and
investment decisions over the life cycle, and of the design of such individual financial

plans.

Since the seminal works of Merton (1969, 1971) and Samuelson (1969), a considerable
number of authors have studied optimal consumption and portfolio choice over the life
cycle in a wide variety of settings. Standard life cycle models assume that preferences
are represented by expected utility with constant relative risk aversion (CRRA); see,
e.g., Wachter (2002), Cocco et al. (2005), Liu (2007), Gomes, Kotlikoff, and Viceira
(2008), to name just a few. With such standard preferences (and without constraints),
the optimal log consumption choice is a linear function of the log state price density (see,
e.g., Karatzas and Shreve, 1998, p. 103). Furthermore, under such standard preferences,
financial shocks are directly absorbed into the optimal log consumption choice: a CRRA

agent chooses to instantaneously adjust consumption to financial shocks.

These predictions of standard life cycle models stand in sharp contrast to actual
income streams generated by financial and insurance products. Financial fiduciaries
have developed a variety of features, options and guarantees so as to make base financial
products more attractive for individuals (see, e.g., Van Rooij, Kool, and Prast, 2007;
Antolin, Payet, Whitehouse, and Yermo, 2011; Bodie and Taqqu, 2011). These include
guaranteed minimum income benefits, guaranteed minimum withdrawal benefits and
minimum rate of return guarantees. In addition, many actively traded financial derivative
securities have a nonlinear payoff structure, and provide some degree of protection against
downside risk. The popularity of these products contradicts the linearity of the standard

consumption rule.

Also, a substantial body of literature (see, e.g., Sundaresan, 1989; Constantinides,
1990) argues that agents become accustomed to a certain level of consumption. This
strand of the literature suggests that agents evaluate and adjust consumption relative to
a reference (or a habit) level. The empirical literature (see, e.g., Lupton, 2003) provides
evidence of habit persistence in consumption, with consumption being smooth relative
to wealth. Moreover, financial fiduciaries (such as life insurers and pension funds)

increasingly offer plans with payout streams that are not directly but only sluggishly

10
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linked to the performance of the underlying investment portfolio.” There have been
numerous attempts to reconcile theory and practice of life cycle consumption and portfolio
choice. However, to the best of our knowledge, the literature has not yet been able to
provide a fully satisfactory answer that accommodates these features — nonlinearity of
the consumption rule and smoothing of financial shocks — all together.

This chapter explores consumption and portfolio choice under reference-dependent
preferences. More specifically, we analyze optimal consumption and portfolio choice
under the utility (or value) function of prospect theory (Kahneman and Tversky, 1979;
Tversky and Kahneman, 1992) and adopt an endogenous updating mechanism for the
dynamics of the reference level.” The consumption and portfolio choice model we consider
is able to generate both a nonlinear consumption rule and smoothing of financial shocks
in an integrated framework. The optimal choice seeks protection against consumption
losses due to financial shocks inducing a (“soft”) guarantee on consumption. Furthermore,
the optimal consumption choice exhibits sluggish response to financial shocks.

Following prospect theory, we assume that the agent’s instantaneous utility function
is represented by the two-part power utility function. This utility function incorporates
several behavioral properties, such as reference dependence (i.e., the carriers of utility
are gains and losses rather than absolute levels of consumption), loss aversion (i.e.,
losses hurt more than gains satisfy), and diminishing sensitivity (i.e., the impact of a
marginal change in consumption decreases as the agent moves further away from the
reference level).ﬁ’7 Diminishing sensitivity implies a convex utility function below the
reference level.” The empirical literature is, however, inconclusive as to whether the
utility function is convex in the loss domain; see, e.g., Abdellaoui, Vossmann, and Weber

(2005).9 Therefore, the current chapter considers not only the case of a convex utility

‘In many European countries, but also in the US and Japan, the importance of participating (or with
profits) annuities is growing (see, e.g., Guillén, Jgrgensen, and Nielsen, 2006; Maurer, Mitchell, and
Rogalla, 2010). A key characteristic of participating annuities is that investment returns are smoothed
so as to reduce payout volatility. For example, in the Netherlands, pension funds are allowed to
gradually absorb financial shocks into pension entitlements. Also, life insurers use special smoothing
techniques in an attempt to stabilize payouts.

®We abstract away from probability weighting.

6Készegi and Rabin (2006, 2007) develop a class of reference-dependent preferences with endogenous
updating (and without probability weighting). See Section 2.4 for further details about the connection
between the class of Készegi and Rabin (2006, 2007) and our model.

7According to Wakker (2010, p. 242), “reference dependence, in combination with loss aversion, is one
of the most pronounced empirical phenomena in decision under risk and uncertainty.”

$We note that, in our context, a convex utility function implies risk-seeking behavior.

9Etchart-Vincent (2004) investigated the sensitivity of the utility function to the magnitude of the
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function in the loss domain, but also the case of a concave utility function in the loss

.10
domain.

Our main results can be summarized as follows. First, we demonstrate that the
agent optimally chooses to divide the states of the economy into two categories: insured
states (i.e., good to intermediate economic scenarios or, equivalently, low to intermediate
state prices) and uninsured states (i.e., bad economic scenarios or high state prices). In
insured states, consumption is guaranteed to be larger than the reference level, while
in uninsured states, consumption is smaller than the reference level. If consumption is
larger (smaller) than the reference level, then the agent experiences a gain (loss). Because
of loss aversion, the agent has a strong preference to maintain consumption above the
reference level, but when the state of the economy is really bad, the (soft) guarantee on
consumption can no longer be maintained. More specifically, the optimal consumption
profile (i.e., the optimal consumption choice as a function of the log state price density)
displays a 90° rotated S-shaped pattern."” We show that when the agent becomes more
afraid of incurring losses, the probability of consumption falling below the reference level
decreases. At the same time, the agent must give up some upward potential in order to

finance this more conservative consumption profile.

Second, under our preference assumptions, the optimal consumption choice gradually
adjusts to financial shocks. Kahneman and Tversky (1979) argue that the status quo, an
expectation or an aspiration level can serve as a reference level, but do not specify how the
reference level is formed and updated over time. Following the internal habit formation
literature (see, e.g., Constantinides, 1990), we assume that the reference level depends
on the agent’s own past consumption choices. More specifically, we assume that the
reference level can be decomposed into two components: a stochastic and a deterministic

component.'? The stochastic component is given by an exponentially weighted average

underlying payoffs. She found that a larger proportion of the subjects exhibited concavity when facing
large losses than when facing small losses.
9T he literature also provides some support for the idea that agents exhibit an inverted S-shaped utility
function in the loss domain. For example, Laughhunn, Payne, and Crum (1980) found that a large
proportion of the subjects (64%) switched from risk-seeking to risk-averse behavior when facing ruinous
losses.
"The exact behavior of the agent below the reference level depends on the shape of utility function in
the loss domain.
2The reference level is characterized by three parameters: the initial reference level, an endogeneity
parameter (which measures the degree of endogeneity) and a deprecation parameter (which measures
the rate at which the agent depreciates the reference level).
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of the agent’s own past consumption choices. The specification of the reference level is
motivated by the idea that agents become accustomed to a certain level of consumption.
A main implication of the consumption and portfolio choice model we consider is that
after a financial shock, optimal consumption adjustment is sluggish (at least in the short
run). That is, a current financial shock has a larger impact on consumption in the
distant future than on consumption in the near future. Part of the financial shock will
be directly reflected into gains and losses, another part will smoothly enter through the
reference level, which is endogenously updated over time.

Third, the optimal portfolio profile displays a U-shaped pattern: the total dollar
amount invested in risk-bearing assets will be lower in intermediate economic scenarios
than in good or bad economic scenarios. As a by-product of interest in its own right, the
agent implements a life cycle investment strategy, even without taking human capital
into account."” Since the agent has less time to absorb financial shocks as he grows older,
the equity risk exposure, on average, decreases over the life cycle.

Finally, to investigate the impact of implementing suboptimal consumption and
portfolio strategies on the agent’s welfare, we conduct a welfare analysis. We compute
the welfare losses (in terms of the relative decline in certainty equivalent consumption)
associated with implementing suboptimal consumption and portfolio strategies. Because
of the endogeneity of the reference level, this requires a non-standard computation
of certainty equivalents. The results indicate that welfare losses can be substantial.
Particularly, for our realistic parameter values, we find that the welfare loss associated
with implementing the classical Merton strategy (see Merton, 1969) can be as large
as 40%. We also compute the welfare losses of suboptimal behavior due to incorrect
assumptions on the underlying agent’s preference parameters. We find that consumption
and portfolio strategies based on incorrectly assuming a constant exogenous reference
level (or only a very limited degree of endogeneity), thus implying no (or only very
limited) smoothing of financial shocks, substantially reduce welfare.

In order to solve the consumption and portfolio choice model, we first apply the

13Under CRRA utility, the agent has a constant equity risk exposure if the investment opportunity set
is assumed to be constant. Bodie et al. (1992) give a justification for adopting a life cycle investment
strategy based on human capital considerations. If human capital is risk-free, then agents implicitly
hold a risk-free asset. To offset this implicit risk-free asset holding, financial wealth should be tilted
toward risky assets. As the share of human capital in total wealth decreases from one to zero during
the working period, the optimal proportion of financial wealth invested in risk-free assets increases
over the life cycle.
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solution technique of Schroder and Skiadas (2002). This method enables us to convert
the consumption and portfolio choice model with endogenous updating into a dual
consumption and portfolio choice model without endogenous updating. The dual utility
function is time-additive and separable. This fact facilitates the derivation of the optimal
consumption and portfolio choice. Next, we solve the dual problem by using convex
duality (or martingale) techniques, and by using techniques proposed by Basak and
Shapiro (2001) and Berkelaar, Kouwenberg, and Post (2004) in order to deal with
pseudo-concavity and non-differentiability aspects of the problem. We adapt the latter
techniques to our setting with intertemporal consumption. Upon transforming our
solutions under the dual model back into the primal model, we finally arrive at explicit

closed-form solutions to our initial problem under consideration.

The remainder of this chapter is structured as follows. Section 2.2 provides a literature
review. The economy is described in Section 2.3. The agent’s instantaneous utility
function is introduced in Section 2.4. Section 2.5 derives the optimal consumption and
portfolio choice. The properties of the optimal strategies are explored in Section 2.6.
Section 2.7 considers, as a robustness check, the optimal consumption and portfolio choice
under a slightly alternative specification of the agent’s instantaneous utility function.
Finally, Section 2.8 concludes the chapter. The proofs of the theorems and propositions

and the details of the certainty equivalent computations are relegated to the Appendix.

2.2. Literature Review

In this chapter, we extend the existing life cycle literature by analyzing an alternative
preference specification that embeds two key aspects of prospect theory (Kahneman and
Tversky, 1979; Tversky and Kahneman, 1992) — loss aversion and reference dependence —
in a continuous-time framework.'* To isolate the effect of preferences, we assume risk-free
(tradable) labor income (see, e.g., Cocco et al., 2005; Benzoni et al., 2007; Lynch and
Tan, 2011, for extensions), and independent and normally distributed stock returns (see,

e.g., Liu, 2007; Buraschi, Porchia, and Trojani, 2010, for extensions). In an extension

14Prospect theory has been actively studied in the finance literature to explain the equity premium
puzzle (Benartzi and Thaler, 1995), the cross section of average returns (Barberis and Huang, 2008),
and the deposition effect (Barberis and Xiong, 2009).
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of our model, we also explore the implications of probability weighting as a third key

aspect of prospect theory (see Chapter 3).

The literature on optimal consumption and portfolio choice under prospect theory
type preferences is scarce. Berkelaar et al. (2004) examine analytically optimal portfolio
choice under the two-part power utility function. Their model differs from ours in at
least two main respects. First and foremost, we assume that the agent is concerned not
with terminal wealth, but with intertemporal consumption. This allows us to examine
how the agent’s consumption strategy evolves as time proceeds and risk resolves, which
is our prime focus. Second, in this setting with intertemporal consumption, we allow
the agent to not just stochastically but also endogenously update his reference (or habit)
level of consumption over time. Guasoni, Huberman, and Ren (2014) explore the optimal
consumption (or spending) and portfolio choice of a short fall averse agent. This paper
considers a multiplicative habit formation model in which, in contrast to the traditional
approach of Abel (1990), the habit level (or reference level) equals past peak spending.
By contrast, we assume that the agent’s preferences are characterized by the two-part
power utility function, and that the reference level is equal to a weighted average of
past consumption choices. Jin and Zhou (2008) and He and Zhou (2011, 2014) consider
optimal portfolio choice under prospect theory. They focus on the impact of probability
weighting on optimal portfolio (not consumption) choice, developing an analytic solution
method based on a quantile formulation. They do not consider endogenous updating of
the reference level. Our model specification has the attractive feature that it allows to
analyze both separately and jointly the effects on consumption and portfolio choice of loss
aversion and of endogenous updating of the reference level, which are controlled in the
model by separate parameters. Furthermore, our model nests traditional models, such as
models with internal habit formation, with an exogenous minimum level of consumption,

and with CRRA utility, as special (limiting) cases.

Our first finding is that loss aversion, entailing that negative changes in consumption
are perceived more severely than equivalent positive changes in consumption, triggers a
demand for “guarantee like” features in the consumption profile that we also encounter
in many real life financial plans. This finding is consistent with the related strand of
the literature on regret aversion, driven by fears of unfavorable outcomes, initiated by

Bell (1982) and Loomes and Sugden (1982). For example, Muermann, Mitchell, and
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Volkman (2006) show, in a static portfolio choice problem, that regret aversion has a
positive impact on the willingness to pay for a rate of return guarantee on the risky
asset; see also Merton and Bodie (2005). Different from the above mentioned papers,
our paper generates this implication in a dynamic consumption-portfolio choice setting
in which guarantees take the form of a stable consumption profile at (typically) or above
(in good states of the world) the reference level of consumption, rather than, e.g., a rate
of return guarantee. Only in very bad states of the world, consumption falls below the
reference level. Traditional life cycle models (see, e.g., Merton, 1969) cannot explain the

demand for “guarantee like” features in the consumption profile.

We combine our model of loss aversion with an endogenous reference level that is
a arithmetic function of past consumption choices (Constantinides, 1990). However
different from traditional habit formation models, we allow consumption to fall below the
reference level (see also Detemple and Karatzas, 2003). Under our endogenous updating
mechanism of the reference level, consumption responds gradually to financial shocks.
Shocks are absorbed in not only the level of consumption but also future growth rates

of consumption.

Building on their earlier work, Ké&szegi and Rabin (2009) explore a model that
embeds loss aversion and reference dependence into a discrete-period model. In their
model, the agent receives utility from the difference between current consumption and
last period’s expectation of current consumption (“contemporaneous gain-loss utility”)
and from changes in expectations regarding future consumption (“prospective gain-loss
utility”). The agent is loss averse in the sense that losses loom larger than same-sized
gains. Also, a contemporaneous loss is more painful than a prospective loss. Kdszegi
and Rabin (2009) find that the agent has a first-order precautionary savings motive:
the agent increases savings to reduce the marginal utility associated with a future loss.
Furthermore, the fact that news about future consumption affects current utility less
than news about current consumption creates an immediate incentive to overconsume
relative to his optimal pre-committed consumption path. The agent of Kdészegi and

Rabin (2009) thus behaves inconsistently while our agent is time consistent.

Pagel (2012) shows that the model of Készegi and Rabin (2009) can explain a number
of stylized facts about consumption. First, she finds that the precautionary saving motive

together with the tendency to overconsume can produce a realistic hump-shaped profile
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of consumption over the lifetime. Second, she finds that the model of K&szegi and Rabin
(2009) generates excess smoothness and sensitivity in consumption (i.e., consumption
adjusts gradually to financial shocks). Intuitively, unexpected losses today are more
painful than expected losses tomorrow. Our model is also able to generate a hump-shaped
pattern of consumption as a result of two competing effects: the endogeneity of the
reference level (which causes a precautionary savings motive) and an uncertain lifetime
(which causes a tendency to consume early in life). Excess smoothness and sensitivity

in consumption are also present in our model.

2.3. The Economy

We define a continuous-time financial market following Karatzas and Shreve (1998) and
Back (2010). Let 7" > 0 be a fixed finite terminal time. The uncertainty in the economy
is represented by a filtered probability space (€2, F,F,P), on which is defined a standard
N-dimensional Brownian motion {Z,},cjo 7. Let the filtration F = {F;},ci0 be the
augmentation under P of the natural filtration generated by the standard Brownian
motion {Z;},ep,r;- Throughout, (in)equalities between random variables are meant to

hold P-almost surely.

The financial market consists of an instantaneously risk-free asset and N risky stocks,
which are traded continuously on the time horizon [0, 7]. The price of the risk-free asset,

B, evolves according to

dB
Ftt - Tt dt, BO — 1

The scalar-valued risk-free rate process, r, is assumed to be F;-progressively measurable
and uniformly bounded. The N-dimensional vector of risky stock prices, S, satisfies the

following stochastic differential equation:

ds,
?t — [’[’t dt + Ut (iZt7 SO — 1N
t

Here, 1, denotes an N-dimensional vector of all ones. The N-dimensional mean rate of

return process, p, and the (N x N)-matrix-valued volatility process, o, are both assumed
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to be F,-progressively measurable and uniformly bounded.

We assume that, for some positive e,
O o009 > €|, for all ¥ € RY. (2.3.1)

Here, T denotes the transpose sign. The strong non-degeneracy condition (2.3.1) implies
that the inverse of o, exists and is bounded. The F,-progressively measurable market

price of risk process, A, solves the following equation:
o =y — 1y

The unique positive-valued state price density process, M, can now be defined as follows:

t t 1 t
MtEeXp{—/ rsds—/ Ajdzs——/ H)\S||2ds}.
0 0 2 0

The economy is populated by a single price-taking agent endowed with initial wealth
Wy > 0. The agent’s objective is to choose an F,-progressively measurable N-dimensional
process 7, referred to as the portfolio process and representing the dollar amounts
invested in the N risky stocks, and an F,-progressively measurable process ¢, referred to
as the consumption process, so as to maximize the expectation of lifetime utﬂity.15 We
impose the following integrability conditions, which we assume throughout to be satisfied

for any consumption and portfolio process:

T T T
/ T ooy mpdt < oo, / |7rt (g — m1y) | dt < oo, E {/ e, dt] < 0.
0 0 0

The wealth process, W, associated with a consumption and portfolio strategy (c, )

satisfies the following dynamic budget constraint:
dW, = (rtWt + 7l oA — ct> dt + 7} 0, dZ,, W, > 0 given. (2.3.2)

Equation (2.3.2) reveals that the agent’s wealth equals initial wealth, plus trading gains,
minus cumulative consumption. The total dollar amount invested in the risk-free asset

at time ¢ € [0, 7] is given by W, — 7, 1. We call a consumption and portfolio strategy

®The agent’s utility function is introduced in the next section.
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admissible if the associated wealth process is uniformly bounded from below. Then the
static budget constraint is also satisfied; see, e.g., Karatzas and Shreve (1998, p. 91-92)
for further details.

2.4. The Agent’s Utility Function

This section introduces the agent’s (instantaneous) utility function u (c,;6,). Here, 6,
represents the agent’s reference level to which consumption is compared. We assume that
the agent derives utility from the difference between consumption ¢, and the reference
level 6,. Specifically, following the prospect theory literature (see, e.g., Tversky and
Kahneman, 1992), we assume that the agent’s utility function u (¢;; 0,) is represented by

the two-part power utility function:

k(0 =)™, if e <O
u(c;0,) =v(c,—0,) = (2.4.1)

(ce —0,)", if ¢; > 6,.

Here, 7 > 0 and 7, € (0,1) are curvature parameters, and x > 1 stands for the loss
aversion index. If consumption is larger (smaller) than the reference level, then the agent
experiences a gain (loss).

Figure 2.1 illustrates the two-part power utility function (2.4.1) for 7, = 1.3 (solid
line) and ; = 0.7 (dash-dotted line). The figure shows that the two-part power utility
function exhibits a kink at the reference level. The kink is due to the different treatment
of gains and losses. We note that even in the case of Kk = 1, the agent’s utility function
displays a kink at the reference level whenever v, # v,.

A simple calculation shows that the two-part power utility function (2.4.1) is convex
below the agent’s reference level if 7; < 1, and concave otherwise. Convexity corresponds
to risk-seeking behavior and concavity to risk-averse behavior.'® Tversky and Kahneman
(1992) found that the agent’s utility function is convex in the loss domain. Table 2.1

reviews the empirical literature regarding the shape of the utility function for losses. The

"®This statement is not true if probabilities are distorted (see Chateauneuf and Cohen, 1994). For
example, an S-shaped utility function and overweighting of small probabilities can together explain
the fourfold pattern of risk attitudes: risk-averse behavior when gains have large probabilities and
losses have small probabilities, and risk-seeking behavior when losses have large probabilities and
gains have small probabilities.
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Figure 2.1.
[lustration of the two-part power utility function

Consumption Choice

The figure illustrates the two-part power utility function for 7, = 1.3 (solid line) and v; = 0.7
(dash-dotted line). The agent’s reference level is set equal to 10, the loss aversion index s to
2.5 and 7, to 0.5.

table shows that the literature is inconclusive as to whether the utility function is convex
below the reference level. Among the mentioned studies, Etchart-Vincent (2004) explored
the sensitivity of the agent’s utility function to the magnitude of the underlying payoffs.
She found that a larger proportion of the subjects exhibited concavity when facing large
losses than when facing small losses. Etchart-Vincent (2004) argued that this finding
may be due to the size of the losses at stake. Therefore, the current chapter considers
not only the case of a convex utility function in the loss domain (0 < ; < 1), but also

the case of a concave utility function in the loss domain (7 > 1).

Motivated by the literature on internal habit formation (see, e.g., Constantinides,
1990; Detemple and Zapatero, 1992; Detemple and Karatzas, 2003), we assume that the

agent’s reference level evolves according to:

do, = (Be, — ab,) dt, 6, > 0 given.

Here, 6, denotes the agent’s initial reference level, a > 0 corresponds to the depreciation
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Table 2.1.
Classification of the utility function for losses

Shape of the utility function for losses

Study Convex Concave Linear Mixed
Abdellaoui (2000) 42.5 20.0 25.0 12.5
Abdellaoui et al. (2005) 24.4 22.0 22.0 31.7
Abdellaoui, Bleichrodt, and Paraschiv (2007)  68.8 8.3 22.9 -
Booij and van de Kuilen (2009) 47.1 22.5 30.4 -
Etchart-Vincent (2004)* 37.1 95.7 2.7 11.4

*The reported results are for the case of large losses.

The table reviews the empirical literature regarding the shape of the utility function for losses.
Numbers are expressed as a percentage of total subjects. All the mentioned studies use the
trade-off method (see Wakker and Deneffe, 1996) to elicit the utility functions of the subjects.

(or persistence) parameter, and 8 > 0 indexes the extent to which the current reference
level responds to current consumption. The agent’s reference level exhibits a low degree
of depreciation (or a high degree of persistence) if « is low. The impact of current
consumption on the current reference level increases as 8 increases. We can explicitly

write the agent’s reference level as follows:
0, = ﬁ/ exp{—a(s —u)}c,du+exp{—a(s —t)} b, s>t>0. (2.4.2)
t

Equation (2.4.2) shows that the reference level can be decomposed into two components:
a stochastic and a deterministic component. The parameter S measures the importance
of the stochastic component relative to the deterministic component. In what follows,
we refer to [ as the endogeneity parameter. The stochastic component becomes more
important as [ increases. The first component on the right-hand side of equation (2.4.2)
is an exponentially weighted integral of the agent’s own past consumption choices (i.e.,
the reference level is backward-looking). We observe that the current reference level
depends more on consumption in the recent past than on consumption in the distant
past. The second component on the right-hand side of equation (2.4.2) is independent

of past consumption choices and decreases exponentially at a rate of a.

The two-part utility function (see equation (2.4.1)) is a member of the class of
reference-dependent preferences introduced by Készegi and Rabin (2006, 2007). They

assume that the agent’s instantaneous utility function can be decomposed into two
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components. The first component represents classical utility from consumption; that
is, utility derived from absolute levels of consumption. The second component captures
reference-dependent gain-loss utility; that is, utility derived from the difference between
classical consumption utility and the reference level of utility. Specifically, K&szegi and

Rabin (2006, 2007) consider the following agent’s utility function:

u (e b)) =m-m(c) + (1 —n)-wm(c)—m(0)). (2.4.3)

Here, m stands for the classical consumption utility function, w denotes the gain-loss
utility function and 7 € [0, 1] is a weight parameter controlling the relative importance
of the two components. The two-part utility function (2.4.1) emerges as a special case
of (2.4.3) if the gain-loss utility function w is represented by the two-part power utility
function (2.4.1), the weight parameter 7 is set equal to zero and m (¢;) = ¢,. Section
2.7 considers another special case of (2.4.3), where the weight parameter 7 is unequal to
zero. Készegi and Rabin (2006, 2007) do not assume that the agent’s reference level is
a weighted integral of past consumption choices. Instead, they assume that the agent’s
reference level represents an expectation. Both Készegi and Rabin (2006, 2007) and our

model assume that the reference level is chosen endogenously.'”

The two-part power utility function (2.4.1) displays loss aversion in the sense that
the disutility of a loss of one unit is x times larger than the utility of a gain of one
unit.'® There is, however, no agreed-upon definition of loss aversion in the literature.
According to Kahneman and Tversky (1979), loss aversion refers to the fact that losses
loom larger than same-sized gains, i.e., —w(—z) > w(x) for all x > 0. A loss aversion
index can then be defined as the mean or median value of —w(—xz)/w(z) over relevant x
(see Abdellaoui, Bleichrodt, and L'Haridon, 2008). Kébberling and Wakker (2005) define
the loss aversion index as the ratio between the left-hand and right-hand derivative of
the gain-loss utility function at the reference level. The loss aversion index x is equal to

the loss aversion index proposed by Kobberling and Wakker (2005) if v, = 7.

Finally, we note that the two-part power utility function (2.4.1) with reference level

dynamics given by (2.4.2) includes several important special (limiting) cases. The

17Yogo (2008) analyzes asset pricing implications of reference-dependent preferences, with an
exogenously given reference level.
1B Ag pointed out by Wakker (2010, p. 267), the degree of loss aversion depends on the monetary unit.
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internal habit formation model studied by Constantinides (1990) arises as a special case
if the agent is infinitely loss averse. The assumption of infinite loss aversion implies
that consumption is not allowed to fall below the reference level. If the reference level
is also assumed to be exogenous, then the two-part power utility function reduces to a
utility function with an exogenous minimum consumption level. Such a utility function
has been studied by Deelstra, Grasselli, and Koehl (2003). The constant relative risk
aversion (CRRA) utility function emerges as a special case if the reference level is equal
to zero and consumption is non-negative. The CRRA utility function has been widely

explored in the economics literature since at least Merton (1969).

2.5. The Consumption and Portfolio Choice Problem

This section derives the agent’s optimal consumption and portfolio choice. Section 2.5.1
formulates the agent’s maximization problem. To determine the optimal consumption
and portfolio choice, we transform the agent’s (primal) maximization problem into a
dual problem. The technique that solves this dual problem is outlined in Section 2.5.2.
Section 2.5.3 presents the optimal consumption choice and Section 2.5.4 gives the optimal

portfolio choice.

2.5.1. The Agent’s Maximization Problem

The agent’s dynamic consumption and portfolio choice problem of Section 2.3 with the
agent’s utility function given in Section 2.4 can, by virtue of the martingale approach
(Pliska, 1986; Karatzas, Lehoczky, and Shreve, 1987; Cox and Huang, 1989, 1991), be

transformed into the following equivalent static variational problem:

C

T
maximize E [/ exp{—dt}v(c, — 6,) dt}
0
T
subject to E {/ M,c, dt} < W, db, = (Be, — ab,) dt, (2.5.1)
0
¢, >0, —L, foralltel0T]
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Here, 6 > 0 stands for the subjective rate of time preference. We require that consumption
is not allowed to fall more than L, > 0 below the agent’s reference level 6,."” In addition,
we assume that L, only depends on time ¢ (and not on the state of nature w € Q).20 If
L, = exp{—at} 0y, then consumption is guaranteed to be non-negative. We can view

0, — L, as the agent’s minimum consumption level.

2.5.2. The Dual Technique

To derive the optimal consumption and portfolio choice in our model, we first apply the
solution technique proposed by Schroder and Skiadas (2002). These authors show that
a generic consumption and portfolio choice model with linear internal habit formation
can be mechanically transformed into a dual consumption and portfolio choice model
without linear internal habit formation.”' Hereinafter, we refer to the solution technique
considered by Schroder and Skiadas (2002) as the dual technique. This section sketches
the basic ideas underlying the dual technique. The Appendix provides more details.
The dual consumption and portfolio choice model (see (2.9.1) in the Appendix) is
solved in a dual financial market. This dual financial market is characterized by the dual
state price density ]\/4\,5, the dual (instantaneously) risk-free rate 7, the dual volatility o,

and the dual market price of risk /)\\t:

AZEMt(l"‘ﬁAt)»

o~ Tt—OéﬁAt

o, = oy,

~ 8 T

MN=EN——r—r —(a — —t)} P, W, ds.
=N | e (e = A= 0} s

Here, P,  corresponds to the time ¢ price of a default-free unit discount bond that matures

at time s > ¢ > 0, and ¥, ; stands for the time ¢ volatility of the instantaneous return

In the case of risk-seeking behavior in the loss domain, the agent’s maximization problem is ill-posed
if consumption is not bounded from below (a maximization problem is called ill-posed if its supremum
is infinite).

20ne could argue that L, should also depend on the agent’s past consumption choices. However, this
would complicate the agent’s maximization problem considerably. We leave it for future research to
explore the impact of an endogenous L, on the agent’s optimal consumption and portfolio choice.

*The consumption and portfolio choice model considered in the current chapter features a utility
specification that incorporates linear internal habit formation.
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on such a bond (both in the primal financial market). We can view A, > 0 as the time

t price of a bond paying a continuous coupon:

AEi
M,

[/ Myexp{—(a—B)(s—t)}ds

In case the investment opportunity set is constant, A, only depends on time t. As a
consequence, the optimal portfolio choice can be computed explicitly in this case (see
Section 2.5.4).

Dual wealth Wt is subject to the following dynamic equation:

sz(AWJrATA)\ —A>dt+ATAdZ, W, — 0 Zo%.
t Wy T Ty Oy — G Ty Op A4y 0 1+ BA,

(2.5.2)
Here, ¢, = ¢, — 0, stands for the agent’s surplus consumption choice and 7, denotes the
dual portfolio choice. Dual wealth /MZ is equal to the discounted value of future surplus
consumption choices. Hence, we can view Wt as wealth needed to finance future gains
and losses. In what follows, we refer to Wt as surplus wealth.

The condition of consumption being bounded from below in (2.5.1) implies that the
agent’s initial wealth W, must be sufficiently large to ensure the existence of an optimal

consumption strategy. Specifically, we require

The right-hand side of equation (2.5.3) corresponds to initial wealth that is required

W, > -E — BAGE + Ayb,. (2.5.3)

to finance the minimum consumption stream {6, — Lt}te[o 7)- We note that W, is also

required to be non-negative; see equation (2.3.2).

2.5.3. The Optimal Consumption Choice

This section derives the optimal consumption choice. We obtain the optimal consumption
choice as follows. First, the agent’s maximization problem (2.5.1) is converted into its
dual problem (Section 2.5.2). The dual utility function is time-additive and separable.
This fact facilitates the derivation of the optimal consumption and portfolio choice.
Second, the dual problem is solved using martingale techniques and by adapting to our

setting with intertemporal consumption the solution technique as described by Basak
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and Shapiro (2001) and Berkelaar et al. (2004). The central idea of the latter solution
technique is to split the agent’s (dual, in our case) problem into two maximization
problems: a gain part problem and a loss part problem. The optimal solution to each
problem represents a local maximum of the dual problem. The global maximum of the
dual problem is determined by comparing, in a particular way, the two local maxima.
Finally, the optimal surplus consumption choice ¢;" is translated back into the agent’s
optimal consumption choice ¢;. Theorem 1 below presents the optimal consumption
choice ¢;. We note that the theorem distinguishes between risk-averse and risk-seeking
behavior in the loss domain. Indeed, in the case of risk-averse behavior in the loss
domain, the utility function is concave below the reference level, whereas in the case of

risk-seeking behavior in the loss domain, the utility function is convex in the loss domain.

Theorem 1. Consider an agent with the two-part power utility function (2.4.1) and
reference level dynamics (2.4.2) who solves the consumption and portfolio choice problem
(2.5.1). Let 6" be the agent’s optimal reference level implied by substituting the (past)
optimal consumption choice in (2.4.2) and let y be the Lagrange multiplier associated

with the static budget constraint in (2.5.1). Define

_yep{oth g g, = et
V2 RY1

ke
Then:
o If the agent is risk-averse in the loss domain, the optimal consumption choice c;
at time t € [0, T is given by
—_ % —_~
0; + (ktMt> s if My < &;

0; — {(lt]\/jlt)hl_l A Lt} ) Zf]\/it > &

c; =
The threshold &, is determined in such a way that f (&) = 0 where the function f
1s defined as follows:

flw) = exp {=0t} (1= ) (ki) =T + mexp {—at} (L) A L]
) (2.5.4)
—yx |(Lx)""T AL .
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o If the agent is risk-seeking in the loss domain, the optimal consumption choice c;

at time t € [0, T is given by

1

o+ (kM) =, i M, <&

*
Ct:

9: - Lt? Zf Mt > ét‘

The threshold &, is determined in such a way that g (&) = 0 where the function g

1s defined as follows:

g(x) = exp{—dt} (1 — 7,) (kta:)Tzl + rkexp{—dt} L* — yxL,. (2.5.5)

The Lagrange multiplier y is chosen such that the static budget constraint holds with
equality.

Theorem 1 demonstrates that the agent optimally chooses to divide the states of the
economy into two categories: insured states (good to intermediate economic scenarios
or, equivalently, low to intermediate state prices) and uninsured states (bad economic
scenarios or high state prices). In insured states, consumption is guaranteed to be larger
than the reference level, while in uninsured states, consumption is smaller than the
reference level. The optimal consumption choice is, however, never equal to the reference

level. Section 2.6 further explores the properties of the optimal consumption choice.

2.5.3.1. Comparative Statics

The threshold & and the Lagrange multiplier y depend on the preference parameters.
Proposition 1 summarizes the impact of an increase in the agent’s preference parameters

on the threshold ¢, and the Lagrange multiplier y, ceteris paribus.

Proposition 1. Consider an agent with the two-part power utility function (2.4.1) and
reference level dynamics (2.4.2) who solves the consumption and portfolio choice problem

(2.5.1). Then:

o All else being equal, if the loss aversion index K increases, then both the threshold

& and the Lagrange multiplier y increase.
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o All else being equal, if the agent’s initial reference level 0, increases, then the

threshold &, decreases and the Lagrange multiplier y increases.
Suppose that initial surplus wealth /WO 18 non-negative.

o All else being equal, if the depreciation parameter o increases, then the threshold

& increases and the Lagrange multiplier y decreases.

o All else being equal, if the endogeneity parameter B increases, then the threshold &,

decreases and the Lagrange multiplier y increases.

Proposition 1 shows that when the agent becomes more afraid of incurring losses, the
probability of consumption falling below the reference level decreases. At the same
time, the agent must give up some upward potential to finance the new consumption
profile. When the agent’s initial reference level increases (or the depreciation parameter
a decreases or the endogeneity parameter 5 increases), more wealth is required to finance

future reference levels. As a consequence, the probability of incurring a loss increases.
2.5.4. The Optimal Portfolio Choice

To derive the optimal portfolio choice, we first need to derive the agent’s optimal wealth
W;". As pointed out in the Appendix (see Proposition 4), the agent’s optimal wealth W'

can be decomposed as follows:

Here, Wt* denotes optimal surplus wealth, and Wt* stands for wealth required to finance
future optimal reference levels. We refer to Wt* as optimal required wealth. Optimal

surplus wealth ﬁ/\t* and optimal required wealth Wt* can be further decomposed as follows:

Wy =W + W and Wy = BAW, + A0 (2.5.7)

Here, WtG* denotes wealth required to finance future optimal gains, WtL* corresponds to
wealth required to finance future optimal losses, BAtWt* stands for wealth required to

finance the stochastic part of future optimal reference levels, and A,0; represents wealth
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required to finance the deterministic part of future optimal reference levels. Figure 2.2

illustrates the decomposition of the agent’s optimal wealth W;".

Figure 2.2.
Decomposition of the agent’s optimal wealth W}*

[ Optimal wealth W' ]

|

Optimal surplus wealth Wt* ] [ Optimal required wealth W; ]

The figure illustrates the decomposition of the agent’s optimal wealth W;".

Proposition 2 below presents /WtG* and /WtL* for the case of a constant investment
opportunity set (i.e., r, = r, 0, = 0 and A\, = \). The general expressions for ﬁ/\f*

and W/* are given in the Appendix.

Proposition 2. Consider an agent with the two-part power utility function (2.4.1) and
reference level dynamics (2.4.2) who solves the consumption and portfolio choice problem
(2.5.1) assuming a constant investment opportunity set. Let N denote the cumulative
distribution function of a standard normal random variable. Define Ty, 11,,, dy(x), dy(z)

and ds(z) as follows:

0 — Yo, 1 0 — T, 1
r = fYQTu__ V2 2”)\“2’ ) — ’eru__ T

REEEL . P T S
— 2 (1—) N (1—-mn)

o) = [bg(x) ~tog (32) + [ Fudu = JIIPGs - 1)
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dy () :dl(x)—l—%\/s—t, ds(x) =dy(z) + ———
Then:

e [f the agent is risk-averse in the loss domain, we find

W = (k30) ™ [ e {- [roag v e
t t

W= (1) ™ [ e = [ man} Vi 6 v - Vi € as

_ /tT exp {_ /ts 7, du} LN [—dy (¢, V &,)] ds.

Here, (s = exp{0s} kL 'y~ ", The threshold &, is determined in such a way
that f (&) = 0 where the function f is given by equation (2.5.4).

e [f the agent is risk-seeking in the loss domain, we find

we = (138) / Lo {— / T, du}N ds ()] ds,

Wk = /T exp {— /S Tu du} LN [—d, (&)]ds.

The threshold &, is determined in such a way that g (&) = 0 where the function g

is given by equation (2.5.5).

When the dual state price density tends to zero (so that the probability of the dual state
price density ]\/4\S being smaller than the threshold &, approaches one), optimal surplus
wealth ﬁ/\t* converges to the optimal wealth of an agent with CRRA utility. Hence, in
good economic scenarios, the agent behaves like a CRRA agent.

The optimal dual portfolio choice can be constructed using hedging arguments. We
explicitly determine the optimal dual portfolio choice for the case of a constant investment
opportunity set. To this end, it is convenient to express 171/:* as a function of time ¢ and
the dual state price density ]\/Zt; that is, /I/I?t* =h (t, ]\Z) for some (regular) function h.

Straightforward application of It6’s Lemma to the function h yields

Oh _ Oh 5 1 R
ot oM, ' 20M2

— Oh -~
MAIN?| dt — =M\ dZ,. 2.5.8
l ||] o M ; ( )

t

d/Wt* -
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Comparing the diffusion part of the dynamic budget constraint (2.5.2) with the diffusion
part of equation (2.5.8) yields the dual optimal portfolio choice:

Oh =
OM,

t

(2.5.9)

The agent’s optimal (primal) portfolio choice follows from Schroder and Skiadas (2002):

T =7 + BATT. (2.5.10)

The optimal dual portfolio choice 7; can be further decomposed as follows:

=R w
Here, 77* denotes the optimal dual portfolio choice that finances gains, and 7" is the
optimal dual portfolio choice that finances losses. Theorem 2 below presents /ﬁtG * and
7E* for the case of a constant investment opportunity set. This theorem follows from
application of equation (2.5.9). The optimal primal portfolio choice then follows from

equation (2.5.10).

Theorem 2. Consider an agent with the two-part power utility function (2.4.1) and
reference level dynamics (2.4.2) who solves the consumption and portfolio choice problem
(2.5.1) assuming a constant investment opportunity set. Let ¢ denote the standard

normal probability density function. Then:

e [f the agent is risk-averse in the loss domain, we find

/\G
W,

A=A
L=

()™ [eo - [ F 0]
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- 1 (= ’ ’
/ﬂ\_tL* _ ATb\_fl [’Y — (WtL* + / exp {—/ ?u dU} LSN [_dl (Cs \4 és)] dS)
1 t t

N (ME) o1 /tTeXp{_/tS Hudu} ¢ [dy (CsH\;ﬁs\)/]S—__(Ijt[% &)l 4,

[l frafutiterea]

e [f the agent is risk-seeking in the loss domain, we find

~ 1

) [l ]

A N5 4 L ¢ [—dy ()]
=)0 /t exp{—/t Tudu}Ls—”)\H —s—tds

Theorem 2 reveals that in good economic scenarios, the optimal dual portfolio strategy

WtG *

7; can be approximated by N /(1 —s) /I/I?t*. In these economic scenarios, the agent
behaves like a CRRA agent and invests a constant proportion of surplus wealth in

risk-bearing assets.

2.6. Analysis of the Solution

With the analytical solutions and comparative statics to the general consumption and
portfolio choice problem provided in Section 2.5 (and the Appendix), we proceed in this
section to their numerical analysis. Section 2.6.1 introduces the underlying assumptions
and discusses the key parameter values used in the numerical analysis. Section 2.6.2
illustrates the agent’s optimal consumption and portfolio choice. Finally, Section 2.6.3

conducts a welfare analysis.

2.6.1. Assumptions and Key Parameter Values

We allow the agent to invest his wealth in a risk-free asset and a single risky stock. The
investment opportunity set is assumed to be constant (i.e., r, = r, o, = 0 and \, = \).

The equity premium o\ = pu — r is set at 4%. The risk-free rate r is set at 1%, and the
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volatility of innovations to the risky stock price o is set at 20%. These estimates coincide
with the estimates reported by Gomes et al. (2008).

The terminal time 7' equals 20 years. We view T as the total number of years
of retirement. Initial wealth W, can be viewed as total pension wealth at the age of
retirement.”* For the ease of illustration, we assume that the agent retires at 65.

The loss aversion index « is set equal to 2.5. The estimates of the median loss aversion
index reported in the literature vary from 1 to 5 (see, e.g., Abdellaoui et al., 2008). The
degree of loss aversion largely differs among individuals, and typically depends on the
model. In the welfare analysis, we consider, among other things, the impact of a change
in the loss aversion index k on the agent’s welfare. Finally, the subjective rate of time

preference 4 is set equal to 1%.

2.6.2. The Optimal Consumption and Portfolio Choice

2.6.2.1. Loss Aversion Only

This section illustrates the optimal consumption and portfolio choice of a loss averse
agent without endogenous updating of the agent’s reference level (i.e., the endogeneity
parameter [ is set equal to zero). In addition, we assume that the agent’s reference
level is constant (i.e., the depreciation parameter « is also set equal to zero). Inspired
by Barberis, Huang, and Santos (2001), the agent’s constant reference level §, = 0 is
assumed to be equal to the level of consumption that would be obtained if the agent’s
initial wealth W, was kept in the money market account for the entire retirement phase.””
The assumption here is that the agent is likely to be disappointed if consumption is less
than the payment he would receive from a fixed annuity. The agent’s constant reference

level 6 solves the following equation:
T
W, = e/ exp {—rt} dt = 0A,, (2.6.1)
0

Simple algebra yields 6 = 5.5% - Wj,; that is, the annuity factor A, = fOT exp {—rt}dt
is equal to 1/5.5% ~ 18 < T' = 20. Equation (2.6.1) implies that initial surplus wealth

*In the analysis, W, equals 500 (x1,000 dollars) units, and we report our results relative to Wj,.

**Barberis et al. (2001) argue that the risk-free interest rate serves as a natural benchmark for evaluating
gains and losses. In our context, this assumption implies that the agent is likely to be disappointed if
consumption is less than the payment he would receive from a fixed annuity.
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WO = /V[70G — /WOL is equal to zero. This assertion follows from equations (2.5.6) and
(2.5.7) with o = 8 = 0%. Put differently, initial wealth required to finance future gains
/WOG is equal to initial wealth required to finance future losses WOL . We note that /WOG

and /WOL are not equal to zero unless the agent is infinitely loss averse.

Figure 2.3 illustrates the optimal consumption choice (expressed as a percentage of the
agent’s initial wealth W;) at age 70 (i.e., t = 5) as a function of the then-current log state
price density for the case of risk-averse behavior in the loss domain. Here, consumption is
constrained to be non-negative; that is, L = 6. Under the optimal choice, the loss averse
agent seeks protection against consumption losses due to financial shocks, thus inducing
a (soft) guarantee on consumption. The agent optimally desires to maintain consumption
above the reference level, but under really adverse circumstances this (soft) guarantee on
consumption cannot be maintained. As a direct consequence, we can divide the states of
the economy into two categories: good to intermediate states (i.e., log M, < log¢,) and
bad states (i.e., log M, > log&,). In good to intermediate states, optimal consumption is
guaranteed to be larger than the reference level, while in bad states, optimal consumption
is smaller than the reference level. The dotted line shows the probability density function
(PDF) of the then-current log state price density conditional upon information available
at the age of retirement. The probability of consumption being smaller than the reference
level can be controlled by choosing appropriate values for the preference parameters. We
observe that the optimal consumption profile displays a 90° rotated S-shaped pattern
with a discontinuity at the point log M, = log¢&,. Hence, optimal consumption is never
equal to the reference level. The dash-dotted line illustrates the consumption choice of
an agent with CRRA utility. The relative risk aversion coefficient « is set equal to two.
The (log) consumption choice of a CRRA agent varies linearly with the (log) state price
density. As a consequence, for typical values of the relative risk aversion coefficient =,
a CRRA agent incurs more frequently a loss than a loss averse agent (where we define

gains and losses relative to the reference level).

Next, Figure 2.4 displays the optimal consumption choice (expressed as a percentage
of the agent’s initial wealth 1)) at age 70 as a function of the then-current log state price
density for the case of risk-seeking behavior in the loss domain. Here, consumption is
allowed to fall 2% point below the (normalized) reference level 8/W,,. We observe again

that, because of loss aversion, the agent has a strong preference to maintain consumption
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Figure 2.3.
Consumption profile for the case of risk-averse behavior in the loss domain
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The figure shows the optimal consumption choice (expressed as a percentage of the agent’s
initial wealth T,) at age 70 as a function of the then-current log state price density. The
curvature parameter 7y; (72) is set equal to 1.2 (0.7). Consumption is constrained to be
non-negative by taking L = 6. The dashed line corresponds to the agent’s reference level
(expressed as a percentage of W;). The dotted line shows the probability density function
(PDF) of the then-current log state price density conditional upon information available at
the age of retirement. The dash-dotted line illustrates the consumption choice (expressed as a
percentage of W) of an agent with CRRA utility. The relative risk aversion coefficient ~ is set
equal to two.

above the reference level. As in the case of risk-averse behavior in the loss domain, we
can divide the states of the economy into two categories: good to intermediate states
(i.e., log M, < log&,) and bad states (i.e., log M, > log&,). In good to intermediate
states, optimal consumption is guaranteed to be larger than the reference level, while
in bad states, optimal consumption is equal to the minimum consumption level 6§ — L.
We also observe that at the threshold log M, = log¢&,, optimal consumption jumps to
the lower bound ¢ — L. This behavior can be explained by the fact that the agent is

risk-seeking in the loss domain.

Figure 2.5 shows the optimal portfolio choice (i.e., the total dollar amount invested
in the risky stock) at age 70 as a function of the then-current log state price density

for the case of risk-averse behavior in the loss domain. The optimal portfolio choice
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Figure 2.4.
Consumption profile for the case of risk-seeking behavior in the loss domain
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The figure shows the optimal consumption choice (expressed as a percentage of the agent’s
initial wealth T,) at age 70 as a function of the then-current log state price density. The
curvature parameter y; () is set equal to 0.8 (0.6). Consumption is allowed to fall 2% point
below the (normalized) reference level /W,. The dashed line corresponds to the agent’s
reference level (expressed as a percentage of Wy). The dotted line shows the probability
density function (PDF) of the then-current log state price density conditional upon information
available at the age of retirement. The dash-dotted line illustrates the consumption choice
(expressed as a percentage of W) of an agent with CRRA utility. The relative risk aversion
coefficient ~y is set equal to two.

is expressed as a percentage of the agent’s initial wealth W,. We observe that the
optimal portfolio profile displays a U-shaped pattern: the total dollar amount invested
in the risky stock will be lower in intermediate economic scenarios than in good or bad
economic scenarios. When the (non-log) state price density tends to zero, the fraction of
surplus wealth ;" invested in the risky stock converges to the constant Ao (1 =)
Hence, in good economic scenarios, the optimal portfolio choice behaves in a similar
fashion as the portfolio choice of a CRRA agent.”* We note that W, — /Wt* = A0 is
fully invested in the money market account. When the state price density is relatively

high, the fraction of surplus wealth invested in the risky stock can be approximated by

*4This is not directly visible in Figure 2.5, where the portfolio choice of the CRRA agent does not match
the portfolio choice of the loss averse agent in good (or bad) states, because the relative risk aversion
coefficient v (CRRA agent) differs from its counterpart 1 — ; (loss averse agent) specified by the
curvature parameters ;, ¢ = 1,2, and because total wealth differs from surplus wealth.
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the constant A/ [0 (1 — ;)] < 0.*” Not only in good but also in bad economic scenarios,
a loss averse agent behaves like a CRRA agent. In intermediate economic scenarios, the

total dollar amount invested in the risky stock is relatively small.

Figure 2.5.
Portfolio profile for the case of risk-averse behavior in the loss domain

100

——Optimal Strategy
— = CRRA Strategy

a ~
o o

Portfolio Choice (as a % of W)

bl 05 0 05 1
<= Good States Bad States —

The figure shows the optimal portfolio choice (i.e., the total dollar amount invested in the risky
stock) at age 70 as a function of the then-current log state price density. The portfolio choice
is expressed as a percentage of the agent’s initial wealth W,. The curvature parameter v; (7ys)
is set equal to 1.2 (0.7). Consumption is constrained to be non-negative; that is, L = 6. The
dash-dotted line illustrates the portfolio choice (expressed as a percentage of W;)) of an agent
with CRRA utility. The relative risk aversion coefficient v is set equal to two. The increasing
dotted line represents 7" /W, while the decreasing dotted line corresponds to %tG *IW.

Figure 2.6 shows the optimal portfolio choice (i.e., the total dollar amount invested in
the risky stock) at age 70 as a function of the then-current log state price density for
the case of risk-seeking behavior in the loss domain. The portfolio choice is expressed as
a percentage of the agent’s initial wealth W,,. As in the case of risk-averse behavior in
the loss domain, the optimal portfolio profile displays (primarily) a U-shaped pattern.
When the state price density tends to zero, the fraction of surplus wealth invested in the
risky stock converges to the constant A/ [0 (1 — ~,)]. Hence, in good economic scenarios,

the portfolio choice of a loss averse agent behaves in a similar fashion as the portfolio

%We note that in bad states (i.e., high state prices), surplus wealth is negative.
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choice of a CRRA agent. When the state price density tends to infinity, the fraction of
surplus wealth invested in the risky stock ultimately converges to zero. Indeed, in bad

economic scenarios, the minimum consumption level § — L must be guaranteed.

Figure 2.6.
Portfolio profile for the case of risk-seeking behavior in the loss domain
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The figure shows the optimal portfolio choice (i.e., the total dollar amount invested in the risky
stock) at age 70 as a function of the then-current log state price density. The portfolio choice is
expressed as a percentage of the agent’s initial wealth ;. The curvature parameter v, () is
set equal to 0.8 (0.6). Consumption is allowed to fall 2% point below the (normalized) reference
level 6/W,. The dash-dotted line illustrates the portfolio choice (expressed as a percentage of
W,) of an agent with CRRA utility. The relative risk aversion coefficient v is set equal to two.
Téle increasing dotted line represents %tL * /W, while the decreasing dotted line corresponds to
7 /W,

Figure 2.7 shows the optimal portfolio choice measured as a fraction of total wealth
invested in the risky stock at age 70 as a function of the then-current log state price
density. We recall that Figures 2.5 and 2.6 show the optimal portfolio choice measured
as a fraction of initial wealth invested in the risky stock. We observe that the optimal
portfolio profile still displays (primarily) a U-shaped pattern. The portfolio choice of a
CRRA agent is no longer a decreasing line but a straight line: a CRRA agent always
invests a constant fraction A/ (o) of total wealth in the risky stock, irrespective of the

state of the economy.
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Figure 2.7.
Fraction of total wealth invested in the risky stock

100
——Optimal Strategy ——Optimal Strategy
- - CRRA Strategy

3
s
1

--- CRRA Strategy

<
o
T
~
o
T

@
3

Portfolio Choice (as a % of W}")

o
&
T

Portfolio Choice (as a % of W}")
T

1 05 0 05 ] et 05 0 05
<= Good States Bad States = <= Good States Bad States =

(a) 1 = 1.2 and 7, = 0.7 (b) 7, = 0.8 and v, = 0.6

The figure shows the optimal portfolio choice measured as a fraction of total wealth invested
in the risky stock at age 70 as a function of the then-current log state price density. Panel (a)
displays the case of risk-averse behavior in the loss domain (taking, as before, v = 1.2 and
vo = 0.7), while panel (b) displays the case of risk-seeking behavior in the loss domain (taking,
as before, 7, = 0.8 and 7, = 0.6). The dash-dotted line illustrates the portfolio choice of a
CRRA agent. The relative risk aversion coefficient ~ is set equal to two.

2.6.2.2. Loss Aversion and Endogenous Updating

This section considers the case where the loss averse agent endogenously updates his
reference level over time. We assume that the endogeneity parameter 3 as well as the
depreciation parameter a are equal to 20%. Also, we assume that the initial reference
level 6, equals 5.5% of initial wealth W;, and L, equals the initial reference level (i.e.,

L, = L =0,). These parameter values imply that initial surplus wealth W\o equals zero.

Figure 2.8 illustrates the impact of a positive shock in initial wealth on median
consumption for the case of risk-averse behavior in the loss domain. The left panel
applies to the case in which the loss averse agent endogenously updates his reference level
over time (i.e., « = 3 = 20%), while the right panel displays the case of no endogenous
updating (i.e., « = 8 = 0%). The dash-dotted lines in both panels represent the agent’s
median consumption choice with the shock in initial wealth. We observe that with
endogenous updating a financial shock is gradually absorbed into future consumption
(i.e., consumption adjusts sluggishly to financial shocks): the impact of a financial shock

on consumption is smoothed over time, having a larger impact in the distant future

39



Chapter 2. Optimal Choice under Loss Aversion and Endogenous Updating

than in the near future. By contrast, in the case of no endogenous updating, a financial
shock is directly absorbed into future consumption, leading to an even distribution of

the shock’s impact on future consumption choice.

Figure 2.8.
Gradual adjustment to financial shocks
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The figure illustrates the impact of a positive shock in initial wealth on median consumption
(expressed as a percentage of the agent’s initial wealth W) for the case of risk-averse behavior
in the loss domain (i.e., v; = 1.2). The curvature parameter v, is set equal to 0.7 as before,
and L to 0. The right panel displays the case of no endogenous updating (i.e., « = 5 = 0%),
while the left panel presents the case in which the agent endogenously updates the reference
level over time (i.e., « = § = 20%). The dash-dotted lines in both panels represent the agent’s
median consumption choice with a shock in initial wealth from 500 to 750 (x1,000 dollars)
units.

Figure 2.9 shows the optimal consumption choice (expressed as a percentage of the agent’s
initial wealth W) at age 70 as a function of the then-current log state price density
and the then-current reference level. Indeed, we note that the optimal consumption
profile depends not only the then-current state price density but also on the then-current
reference level (i.e., the optimal consumption profile is path-dependent). The threshold &,
is however state independent. The agent is assumed to be risk-averse in the loss domain.
The figure shows that the optimal consumption choice increases with the reference level,
and decreases with the state price density. Compared to the case of loss aversion only as
in the previous subsection, endogeneity of the reference level has the reinforcing effect
that the agent gives up even more upward potential in then-current consumption to

guarantee consumption above the reference level. At the same time, the agent is also
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willing to accept somewhat larger consumption losses if the state of the economy is really

adverse.

Figure 2.9.
Consumption profile for the case of risk-averse behavior in the loss domain
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The figure illustrates the optimal consumption choice (expressed as a percentage of the agent’s
initial wealth W) at age 70 as a function of the then-current log state price density and the
then-current reference level. The curvature parameter v, () is set equal to 1.2 (0.7).

Figure 2.10 illustrates the optimal portfolio choice (i.e., the total dollar amount invested
in the risky stock expressed as a percentage of the agent’s initial wealth W) at age 70 as
a function of the then-current log state price density for the case of risk-averse behavior
in the loss domain. As in the case of loss aversion only, the optimal portfolio profile is
U-shaped. While the then-current reference level affects the optimal consumption profile
(see Figure 2.9), it does not impact the optimal portfolio profile. However, because of
endogenous updating, optimal required wealth Wt* (i.e., wealth required to finance future
optimal reference levels) is partly invested in the risky stock. Put differently, the dual
portfolio choice no longer coincides with the agent’s optimal (primal) portfolio choice.
By contrast, in the case of no endogenous updating as in the previous subsection, optimal
required wealth Wt* is fully invested in the money market account. Since the reference

level depends on the agent’s own past consumption choices (i.e., the reference level is
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path-dependent), the agent typically invests more in the risky stock under endogenous

updating.

Figure 2.10.
Portfolio profile for the case of risk-averse behavior in the loss domain
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The figure illustrates the optimal portfolio choice (i.e., the total dollar amount invested in the
risky stock) at age 70 as a function of the then-current log state price density. The curvature
parameter v, (7s) is set equal to 1.2 (0.7). The dash-dotted line represents the optimal dual
portfolio choice 7; /W,.

Figure 2.11 illustrates the median optimal portfolio choice measured as a fraction of
total wealth invested in the risky stock as a function of the horizon, which represents the
number of years spent in retirement. We observe that the agent implements a life cycle
investment strategy (i.e., the fraction of wealth invested in the risky stock, on average,
decreases as the agent ages). Indeed, since the agent has less time to absorb financial

shocks as he grows older, the equity risk exposure, on average, decreases over the life

26
cycle.

2.6.3. Welfare Analysis

This section conducts a welfare analysis. Section 2.6.3.1 reports the welfare losses

(in terms of the relative decline in certainty equivalent consumption) associated with

#The slight increase in median optimal portfolio choice towards the end of the life span can be explained
from the fact that the median optimal dual portfolio choice, which dictates the median optimal (primal)
portfolio choice, displays a U-shaped pattern as a function of the horizon. This, in turn, is due to the
fact that the absolute difference between optimal median consumption and the reference level as a
function of the horizon is U-shaped, being smaller for intermediate horizons than for large and small
horizons.
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Figure 2.11.
Median portfolio choice
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The figure illustrates the median optimal portfolio choice measured as a fraction of total wealth
invested in the risky stock as a function of the horizon. The curvature parameter -, () is set
equal to 1.2 (0.7). The dash-dotted line represents the optimal dual portfolio choice 7} /W,.

incorrect values of the agent’s preference parameters.”’ Precisely, we compute the
welfare losses due to implementing suboptimal consumption and portfolio strategies
derived by solving the agent’s maximization problem on the basis of wrong values of
the loss aversion index x, the depreciation parameter o and the endogeneity parameter
B. Section 2.6.3.2 reports the welfare losses associated with implementing alternative
(simpler) consumption and portfolio strategies. Throughout the welfare analysis, we
assume that the agent’s optimal consumption and portfolio choice is characterized by
the following (“true”) values of the preference parameters: 6, = 5.5% - W, K = 2.5,
a =0 =20%, 7, = 1.2 and 7, = 0.7. Thus, the agent is risk-averse in the loss
domain. The welfare losses are computed relative to the agent’s optimal consumption
and portfolio strategy. The Appendix outlines the numerical procedure employed to
compute the welfare losses. This procedure is non-standard due to the endogeneity

of the reference level. The numerical procedure is implemented with At = 1/8 and

*"We define the certainty equivalent of an uncertain consumption strategy to be the constant, certain
consumption level that yields indifference to the uncertain consumption strategy.
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S = 1,000,000. Here, At denotes the time step and S represents the total number of

simulations.

2.6.3.1. Welfare Losses Due to Incorrect Parameter Values

Tables 2.2 and 2.3 report welfare losses due to implementing suboptimal consumption
and portfolio strategies derived on the basis of wrong values of the loss aversion index x,
the depreciation parameter o and the endogeneity parameter 5. In Table 2.2 we assume
that the agent’s initial surplus wealth is equal to zero, while in Table 2.3 we assume that
the agent has positive initial surplus wealth.”® Table 2.2 shows that the welfare losses
associated with incorrectly assuming a constant reference level (i.e., « = f = 0%) are
substantial. Specifically, the welfare loss is about 30%. If the agent has positive initial
surplus wealth, as in Table 2.3, this welfare loss is even larger. More generally, the tables
reveal that consumption and portfolio strategies based on a constant exogenous reference
level or on a very limited degree of endogeneity, thus implying no or only very limited
smoothing of financial shocks, substantially reduce welfare. At the same time we observe
that the impact of a change in the loss aversion index x is larger when the agent’s initial
surplus wealth is equal to zero than when the agent’s initial surplus wealth is positive.
Indeed, k determines the multiplicity of states in which consumption falls below the
reference level. As a consequence, the impact of a change in x is more pronounced when

initial surplus wealth is small.

Table 2.2.
Welfare losses due to incorrect parameter values (zero initial surplus wealth)

Loss aversion index (k) Endogeneity parameter (/3)

0 0.06  0.10 0.20

2.5 3193 17.50 8.25 0
5 28.58 2256 1833 11.85
10 28.00 25.99 24.87 22.40

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to implementing suboptimal consumption and portfolio strategies derived
on the basis of wrong values of the loss aversion index k, the depreciation parameter «, and
the endogeneity parameter 8. The depreciation parameter o always equals the endogeneity
parameter 5. The agent has zero initial surplus wealth. The numbers represent a percentage.

*More specifically, Table 2.2 assumes that the agent’s initial wealth W} equals 500 (x1,000 dollars)
units, while Table 2.3 assumes that W is equal to 750 (x1,000 dollars) units.
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Table 2.3.
Welfare losses due to incorrect parameter values (positive initial surplus wealth)

Loss Aversion Index (k) Endogeneity Parameter ()

0 0.05 0.10 0.20

25 8933 13.32 0.93 0
5 8897 13.22 1.14  0.42
10 88.86 13.20 1.17  0.51

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to implementing suboptimal consumption and portfolio strategies derived
on the basis of wrong values of the loss aversion index k, the depreciation parameter «, and
the endogeneity parameter 3. The depreciation parameter a always equals the endogeneity
parameter 5. The agent has positive initial surplus wealth. The numbers represent a
percentage.

2.6.3.2. Welfare Losses Due to Alternative Strategies

Table 2.4 reports the welfare losses, compared to the optimal strategies of a loss averse
agent who endogenously updates his reference level, due to implementing the consumption
and portfolio strategy of an agent with CRRA utility (i.e., the Merton strategy). The
welfare losses are reported for various values of the coefficient of relative risk aversion
~ underlying the Merton strategy. The implementation of the Merton strategy, under
which log consumption varies linearly with the log state price density and financial shocks
are directly absorbed into future consumption, leads to substantial welfare losses of about
40%. The welfare losses are minimal for intermediate values of v (7 = 5 in the table).

We note that v = oo corresponds to a risk-free strategy.

Table 2.4.
Welfare losses due to implementing the Merton strategy

Relative Risk Aversion Coefficient ()
1 2 5 10 00
44.11 37.47 37.39 38.87  40.11

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to implementing the consumption and portfolio strategy of an agent with
CRRA utility (i.e., the Merton strategy). The table reports the welfare losses for various values
of the coefficient of relative risk aversion vy underlying the Merton strategy. The agent has zero
initial surplus wealth. The numbers represent a percentage.

Finally, we consider the following practical consumption and portfolio strategy: we

assume that the agent consumes a fraction 1/(T" — t) of wealth W,. Furthermore,
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we assume that a constant fraction of wealth is invested in the risky stock (i.e., we
assume 7, /W, to be constant), as under the Merton strategy. Table 2.5 reports the
welfare losses for various values of the fraction of wealth invested in the risky stock. We
observe that the welfare losses are again substantial, but smaller than when implementing
the Merton consumption rule. Indeed, our numerical results reveal that the Merton
strategy generates a more volatile consumption profile, with consumption falling below
the reference level more often than when implementing the 1/(7 — t) consumption rule.
Thus, from the perspective of a loss averse agent, who strongly prefers to maintain
consumption above the reference level, the 1/(T —t) consumption rule is less suboptimal
than the Merton consumption rule. Furthermore, the welfare losses in Table 2.5 are
relatively insensitive to changes in m,/W,. The welfare losses are minimal for relatively
low fractions of wealth invested in the risky stock (m,/W, = 10% in the table). We
also computed, under the 1/(7 — t) consumption rule, the welfare losses associated with
implementing various state-independent life cycle investment strategies. We find that
the welfare losses do not substantially reduce when implementing a state-independent

life cycle investment strategy.

Table 2.5.
Welfare losses due to implementing a practical alternative consumption and portfolio
strategy

Fraction of Wealth Invested in the Risky Stock
0 0.10 0.20 0.30 0.40
30.03 28.71 28.73 29.64 30.90

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to implementing a practical alternative consumption and portfolio strategy.
The table reports the welfare losses for various values of the fraction of wealth invested in the
risky stock (i.e., m;/W;). The agent has zero initial surplus wealth. The numbers represent a
percentage.

2.7. An Alternative Utility Function

This section explores, as a robustness check, the agent’s optimal consumption and
portfolio choice under an alternative specification of the agent’s instantaneous utility

function. More specifically, we assume that the agent’s utility function is represented
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by the kinked HARA utility function. The kinked HARA utility function emerges as a
special case of (2.4.3) if (i) classical consumption utility m is represented by the HARA
utility function and (ii) the gain-loss utility function w equals the two-part power utility
function v with 7, = v, = 1. The HARA classical consumption utility function is defined

29
as follows:

¢ (p e
m(c,) = -0 (;Ct + ¢> :

Here, ¢ € (0,00)\{1}, p > 0 and ¢ > 0 are preference parameters.

Figure 2.12 illustrates the kinked CRRA utility function, which appears as a special
case when p = ¢ and ¥ = 0, for Kk = 2.5 and k = 5. The figure shows that the
kinked CRRA utility function has a kink at the reference level, with the slope of the
utility function over losses being steeper than the slope of the utility function over gains.
Furthermore, we observe that the kinked CRRA utility function is concave everywhere.
Hence, the agent exhibits risk averse behavior in both the gain and the loss domain.
Unfortunately, the kinked HARA utility function cannot be expressed in terms of the
agent’s surplus consumption choice ¢, = ¢, — 6,. As a direct consequence, the solution
technique of Schroder and Skiadas (2002) is not applicable here. However, we can still
obtain an analytical solution to the optimal consumption and portfolio choice problem
if the agent’s reference level is exogenously given. The assumption of an exogenous
reference level implies that the agent’s own (past) consumption choices do not affect the
reference level. However, factors beyond the control of the agent are allowed to influence
the reference level. Hence, the consumption and portfolio choice model considered in
this section can be viewed as an external, rather than an internal, habit formation model
(see, e.g., Abel, 1990). In what follows, the reader should keep in mind that the reference
level is independent of the agent’s own (past) consumption choices.

Theorem 3 below presents the optimal consumption choice for an agent with the

kinked HARA utility function.

*The HARA class of utility functions contains several important special cases. With suitable choice
of preference parameters, the HARA utility function can exhibit increasing, decreasing or constant
relative risk aversion. Important special cases are the commonly used CRRA (p = ¢ and ¢ = 0),
exponential (¢ =1 and ¢ — 00) and logarithmic (p = 1 and ¢ — 1) utility functions.
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Figure 2.12.
The kinked CRRA utility function
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The figure illustrates the kinked CRRA utility function (i.e., p = ¢ and ¢ = 0) for K = 2.5
(solid line) and x = 5 (dash-dotted line). The reference level 6, is set equal to 10, the weight
parameter n to 0 and the curvature parameter ¢ to 5.

Theorem 3. Consider an agent with the kinked HARA utility function and an exogenously
given reference level process 6 who solves the consumption and portfolio choice problem,
with consumption constrained to be non-negative. Then the optimal consumption c; at

time t € [0, T is given by

. _1
e (yexp{ot}M, ) ¢ _ vy ' ;
P < p ) p’ M <&
¢ =140, ifét < M, <&
1
exp{0 3 ) <
\ {% (y P;Rt}Mt> e 1/J_p<P:| VO, if M, >¢,.

Here, K = n+ (1 —n)k stands for the adjusted loss aversion index. The thresholds g, and

&, are defined as follows:

£, = p exp {—dt} (éet + ¢) - ; £ = PR exp {—dt} (éet + ¢) - :
Y ¥ Y ¥
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The Lagrange multiplier y is chosen such that the static budget constraint holds with

equality.

Theorem 3 shows that the state price density can be divided into three regions. In good
scenarios (i.e., low state prices), consumption is (strictly) larger than the reference level;
in these scenarios, the agent can afford to consume above the reference level. Next, in
intermediate economic scenarios (i.e., intermediate state prices), consumption is equal
to the reference level. The adjusted loss aversion index k determines the multiplicity
of states in which consumption is equal to the reference level. Finally, in bad economic
scenarios (i.e., high state prices), the agent’s wealth is insufficient to finance consumption
at the reference level. In the case of two-part power utility (see Section 2.5), similarly,
the optimal consumption choice also falls below the reference level in bad states of the
world. Figure 2.13 illustrates the optimal consumption profile of an agent with kinked
CRRA utility. We observe that, as before, the optimal consumption choice as a function
of the log state price density is 90° rotated S-shaped, thus confirming the impact of loss
aversion on the optimal consumption profile. We also observe that ¢ is a continuous
function of the state price density. In particular, the optimal consumption profile does
not exhibit a jump at the reference level. Indeed, marginal utility at the reference level
is finite.

The agent’s optimal wealth W} can be decomposed in the same way as in Section

2.5:
Wt* _ /MZ* + Wt* _ WtG* + /WtL* + /—th*

Proposition 3 presents /I/IZG*, WtL* and W;* for the case of a constant investment opportunity

set (i.e. r, =7, 0, =0 and A\, = \).

Proposition 3. Consider an agent with the kinked HARA utility function and a reference
level process 0 who solves the consumption and portfolio choice problem, with consumption
constrained to be non-negative and assuming a constant investment opportunity set. Let
N be the cumulative distribution function of a standard normal random variable. Define

C, dy(z) and dy(z) as follows:

d+r(p—1) le—1
—— I

C
2

49



Chapter 2. Optimal Choice under Loss Aversion and Endogenous Updating

() log(o) ~ tog (44 + (= GNP (s 0]

1
Vs~
dy(z) = dy(z) + %\/s —t.

Then:

e = 2 (%) Vi [ e (-0t - ) W [as(e )] s

o [T
_ 7/t exp {—r(s —t)} N'[d, (€ )] ds,

- SO\ F 1
WtL* _ f <y eXpﬁ{ } ) Mt ©
p PR

</ " exp {—r(s — )} (W[ (E)] — N [y (E)] ) s

22 [ e rts = 1) WE)] - X [ (E)]) o

Wi | Cb,exp {—r(s — 0} (V [dy (€)] - N[dy(€)]) ds.

% — w*#’ 7
Here, £, = —Lyexp{&}.
The agent’s optimal portfolio choice 7r; can be computed in a similar way as in Section
2.5. Figure 2.14 illustrates the optimal portfolio profile of an agent with kinked CRRA
utility. We observe that the optimal portfolio profile displays again a U-shaped pattern.

In good as well as in bad states, the agent behaves like a CRRA agent. In particular, in

these states, the fraction of wealth invested in the risky stock is equal to the constant

A (o).

2.8. Conclusion

We have derived the optimal consumption and portfolio choice under the two-part
power utility function of Tversky and Kahneman (1992) while allowing the agent to
endogenously update his reference level over time. We have shown that loss aversion
gives rise to a nonlinear consumption profile, inducing a (soft) guarantee on consumption,

and that endogenous updating of the reference level implies smoothing of shocks.
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Figure 2.13.
Optimal consumption profile of an agent with kinked CRRA utility
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The figure shows the optimal consumption choice (expressed as a percentage of the agent’s
initial wealth T,) at age 70 as a function of the then-current log state price density. The
curvature parameter @ is set equal to 4. The remaining parameter values are the same
as in Section 2.6. The dashed line corresponds to the agent’s reference level (expressed
as a percentage of Wy). The dotted line shows the probability density function (PDF) of
the then-current log state price density conditional upon information available at the age of
retirement.

We have assumed that agents can objectively evaluate the probabilities associated with
future outcomes. A large body of research suggests that agents subjectively weight
probabilities and e.g., have a tendency to overweight unlikely extreme outcomes (see,
e.g., Abdellaoui, 2000). Jin and Zhou (2008) and He and Zhou (2011, 2014) consider
optimal portfolio choice under subjective probability weighting; see also Laeven and
Stadje (2014). However, these authors do not consider intertemporal consumption or
endogenous updating of the reference level. In future work we intend to extend our
setting with intertemporal consumption and endogenous updating of the reference level
to explore the impact of probability weighting on the optimal consumption and portfolio
choice. Interestingly, as already shown by He and Zhou (2014), probability weighting

may generate an endogenous insurance if small probabilities are sufficiently overweighted.
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Figure 2.14.
Optimal portfolio profile of an agent with kinked CRRA utility
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The figure shows the optimal portfolio choice measured as a fraction of total wealth invested in
the risky stock at age 70 as a function of the then-current log state price density. The curvature
parameter ¢ is set equal to 4. The remaining parameter values are the same as in Section 2.6.

2.9. Appendix

2.9.1. The Dual Technique

Schroder and Skiadas (2002) show that a generic consumption and portfolio choice
model with linear internal habit formation can be mechanically transformed into a dual
consumption and portfolio choice model without linear internal habit formation. The
dual technique can be applied to an arbitrary utility function, including the two-part
power utility function v (see expression (2.4.1)). To formulate the dual consumption and
portfolio choice model, let us define the agent’s surplus consumption choice ¢, as the
agent’s consumption choice ¢, minus the agent’s reference level 6,; that is, ¢, = ¢, — 0,.

. -~ . 30 .. . .
We can view ¢ as a gain process.” The agent’s maximization problem (2.5.1) is now

30We note that a negative gain corresponds to a (positive) loss.
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equivalent to the following dual problem:

maximize E [/OT exp{—dt} v (c) dt} (2.9.1)

T
subject to E [/ M,c, dt] < W, (1+ BAy), ¢ >—L, foralltel0,T].
0

Here, ]\/4\,5 and /VI70 represent the dual counterparts of the state price density M, and the

agent’s initial wealth Wy, respectively.

The relationship between the agent’s maximization problem (2.5.1) and the dual

problem (2.9.1) is characterized in terms of the auxiliary process A:

AtzMitEt MTMSexp{—(a—B)(s—t)}ds .

We can view A, as the time t price of a bond paying a continuous coupon. In case
the investment opportunity set is constant, A, only depends on time ¢. As a direct
consequence, the optimal portfolio choice can be computed explicitly in this case. The

dual state price density ]\/I\t and the dual initial wealth WO are given by

WO B AO 6)O

M, = M, (1+ BA,), W, = 1T BA,

Furthermore, the dual reference level

0.=5 [ ew{-(a=0)-u)ndutep{—(a=p)(s-0}0 s=t20
t
is equal to the agent’s reference level 6.

Surplus wealth Wt is defined as follows:

— 1 T __
W, = =<E, [/ M, ds} )
¢

t

Surplus wealth Wt is invested in a dual financial market that is characterized by the dual

risk-free rate 7, the dual volatility o, and the dual market price of risk Xt:

T — aff A, ~

2554'?%, 0y = 0y,
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B

Sz
t t 1+/6At

/t exp {—(a — A)(s — )} P, , ds.

Here, P, ; corresponds to the time ¢ price of a default-free unit discount bond that matures
at time s > ¢ and ¥, stands for the time ¢ volatility of the instantaneous return on
such a bond (all in the primal financial market). The optimal dual portfolio choice 7} is
determined such that it finances the optimal surplus consumption choice ¢;" .

The next proposition is adapted from Schroder and Skiadas (2002).

Proposition 4. Suppose that we have solved the dual problem (2.9.1). Let us denote
the optimal surplus consumption choice by ¢, the optimal dual reference level by gt*, the

optimal surplus wealth by /I/IZ* and the optimal dual portfolio choice by 7, . Then:

e The optimal consumption for the agent at time 0 <t < T is given by
G =640,

o The optimal wealth for the agent at time 0 <t < T s given by
VV{k = Wt* + ﬁAtW\t* + Até\t*~

o The optimal portfolio choice for the agent at time 0 <t < T 1is given by

T
=1 + BAT; + <5Wt* + 9:) (3t)_1 / exp{—(a—B)(s — 1)} P,V ds.
t

Proposition 4 shows how to transform the optimal solution to the dual problem (2.9.1)

back into the optimal solution to the agent’s maximization problem (2.5.1).

2.9.2. Proofs

Proof of Theorem 1

The proof uses some of the techniques developed by Basak and Shapiro (2001) and
Berkelaar et al. (2004) to deal with pseudo-concavity and non-differentiability aspects of

the problem and adapts these to our setting with intertemporal consumption.
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The dual problem, equivalent to the agent’s maximization problem (2.5.1), is given

by

T
maximize E {/ exp {—dt} v (¢) dt]
e 0

T
subject to E {/ M,c, dt} < Wy (1+ BAy), ¢ >—L, foralltel0,T].
0

The corresponding Lagrangian £ is defined as follows:

L=E [/OTeXp{—(St}v(a)dt} +y (/Wo(lJrﬂAO) —E {/OT]\//EEtdtD
_ /O 'k exp {6t} v &) — yMia] dt + 47T,

Here, y denotes the Lagrange multiplier associated with the static budget constraint. The
agent wishes to maximize exp {—dt} v (¢;) — y]\/it/c\t subject to ¢, > —L,. Denote the part
of the two-part power utility function with domain below zero by v;, and the part with
domain above zero by vy. Let us denote by ¢}, the agent’s optimal surplus consumption
choice for utility function v,, and by ¢, the agent’s optimal surplus consumption choice
for utility function v,.

We first consider the case where the agent is risk-averse in the loss domain. Due to
the concavity of v; and v,, the optimal surplus consumption choices cj; and ¢35, satisfy

the following optimality conditions:”’
exp (=601 () =yl —aj 2

Ty (c;ft + Lt) =0, zj, >0, for j =1,2.

Here, x; denotes the Lagrange multiplier associated with the constraint on surplus
consumption. After solving the optimality conditions, we obtain the following two local

maxima;:

1

Cﬁlﬁt = - {(QM) n A Lt:| ) C;t = (h@) B .

Here, I, = yexp {0t} - HL% and k, = yexp {0t} - 7—12

3 The derivative of a function f at a point a is denoted by f’(a).
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To determine the global maximum ¢;", we introduce the following function:

£ (M) = exp {0t} v (ck) — yMics — [exp {0t} v (ci,) — yMich

= exp {~0t} (1= %) (kM) ™" + mexp {0t} {(lﬁt) A Lt] %

- y]/w\t |:<lt]/\4\t> A Lt} :

The global maximum ¢, is equal to ¢, if f (]\/4:) > 0; and equals ¢}, otherwise. It
follows that limg _,__ f (J\Z) = o0, limg;_, f (J\Z) — o0 and [’ (J\Z) < 0 for all M,.
Hence, f (]\Z) is strictly decreasing. As a direct consequence, f (]\Z) has one zero in
the interval (0,00). Define & to be such that f (&) = 0. The global maximum ¢, is

equal to ¢, if M, < &,; and equals i, otherwise.

We now consider the case where the agent is risk-seeking in the loss domain. Due
to the concavity of vy, the optimal surplus consumption choice ¢35, satisfies the following

optimality conditions:
eXp {_5t} Ué (C;t) = yMt — Loy, c;t Z _Ltv

Loy (CZt + Lt) =0, Top > 0.

After solving the optimality conditions, we obtain the following local maximum:

1

Cor = <kt]/\2t) n

Due to the convexity of vy, the optimal surplus consumption choice cj, lies at a corner
point of the feasible region. Hence, the only two possible candidates for ¢j; are —L, and

0.
To determine the global maximum ¢, , we introduce the following function:
g (M) = exp{ =6t} v (cs) — yMics, — |exp {3t} v (ci) — yMicii|

The global maximum ¢ is equal to ¢, if ¢ <]\/4\t> > 0; and equals ¢}, otherwise. We

distinguish between the following two cases:
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e ¢j, = 0. Straightforward computations show that ¢ <J\Z> is given by

2

g (@) = exp {—dt} (1 — ) (h@) .

Since 0 < 7, < 1 and y > 0, it follows that g (]\Z) > 0 for all M\t We conclude

that ¢}, = 0 is never optimal.

e ¢, = —L,. Straightforward computations show that g <Z\//_7t> is given by

72

g (J\Z) =exp{—6t} (1 — ) (h@) 2 exp {0t} KL — yM,Ly.

It follows that g (]\Z) > 0 for all ]\Z < §exp {—6t} L. Also, limgz g (]\Z) =
—o00 and ¢’ (]\Z) < 0 for all ]\Z Hence, ¢ (]\Z) is strictly decreasing. As a direct
consequence, ¢ (]\Z) has one zero in the interval (g exp {—0t} LZl_l, oo). Define
&, to be such that ¢ (&) = 0. It follows that the global maximum ¢, is equal to ¢,

if ]\Z < &,; and equals ¢, otherwise.

A standard verification (see, e.g., Karatzas and Shreve, 1998, p. 103) that the optimal
solutions obtained from the Lagrangian are the optimal solutions to the dual problem

completes the proof. Q.E.D.

Proof of Proposition 1

We distinguish between the following two cases:

e Risk-averse behavior in the loss domain. Define the following function:

fior= 1= (2)™ e (2) T an] e (2) T wn]

Let Et be such that f(@) = (. It follows that é’; = yexp {0t} &,. The quantity Et

71

increases as the loss aversion index k increases. Furthermore, initial surplus wealth
/WO decreases with the initial reference level 6, increases with the depreciation
parameter a (provided that /1/170 is non-negative), and decreases with the endogeneity

parameter 3 (provided that /WO is non-negative).
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Chapter 2. Optimal Choice under Loss Aversion and Endogenous Updating

e Risk-seeking behavior in the loss domain. Define the following function:

72

~ T\ 2! 5
g@)=1—7)(— + kLt —xly.

Let & be such that § (é) = 0. It follows that & = yexp {6t} &,. The quantity 3
increases as the loss aversion index k increases. Furthermore, initial surplus wealth
/WO decreases with the initial reference level 6, increases with the depreciation
parameter a (provided that WO is non-negative), and decreases with the endogeneity

parameter 3 (provided that /WO is non-negative).

The proposition now follows straightforwardly from Berkelaar et al. (2004). Q.E.D.

Proof of Proposition 2

Optimal surplus wealth is given by
— 1 T __
Wt* - TEt |:/ MS/C\S* d8:| . (292)
M, t

We first consider the case where the agent is risk-averse in the loss domain. Substituting

the optimal surplus consumption choice ¢, into equation (2.9.2) yields

1

T 1
W fﬁEt /t M, (kM> 1572 ] ds

T 1 T
- /t M, (lsMs> ' 1[§S<ﬁs<fs\/ﬁs] ds — /; MSLSH[ﬁstSVCs] dS]

72
—~ %1 T M 72t 5(3—t)
. 2 s _
- n | [(F) e (S at| s

t

i2h1

PR T M\ (s — 1)
v1—1 s
— <ltMt> ! ]Et /; (]/\4\ exp{ v — 1 } ]]'[§S<M\S<§5VCS] ds

t
T M,
TSLSI]_ 3 ds| .
\/; Mt [MSZSS\/CS:I

Here, (, = exp {—0s} %Lzlfl. The closed-form expression for /Wt* can be determined

_Et

by computing the conditional expectations. In case the investment opportunity set is
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constant, we find

M,

E, ﬁsLsﬂ[MSZESVCS]] = exp {—/ T, du} LN [—d; (& V ()], (2.9.4)

t

E, (%%)wxmp{éiij?}ﬂﬁng :qmp{—plﬁydu}mq%(gn,(zgm

]/\/Ts e 5(S—t) B s
E, (ﬂ) exp{ P }1[€S<Ms<£s\/€s] —eXp{—/t Hudu}

X (Nds (& V ¢)] — N [ds (&)])-
(2.9.6)

Here, NV is the cumulative distribution function of a standard normal random variable,

and 'y, I1,,, dy(x), dy(x) and ds(z) are defined as follows:

r

0 — Yo, 1 0 — W, 1
Vol - V2 2||>\||27 H T - T 2||)\||27

Tl 2(1— ) T l-m 2(1—m)

_ 1 — ° L. o
(o) = s [oste) —tog () + [ Fudu— GG =)
Il

1 o S s 3(ZE) 1(ZE) 1 ) S

Substituting the conditional expectations (2.9.4), (2.9.5) and (2.9.6) into equation (2.9.3)

yields the optimal surplus wealth.
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Chapter 2. Optimal Choice under Loss Aversion and Endogenous Updating

We now consider the case where the agent is risk-seeking in the domain of losses.

Substituting the optimal surplus consumption choice ¢, into equation (2.9.2) yields

— 1
Wt* = TEt

t

T 1 T
—~ — Fa—1 —~
/t M, (k:M> Ug7<e ] ds — /t MSLSHWS>§S]d3]

72

—~\ T M\ d(s—1)
—_— ’Y2 s —_ 2. .
= (ktMt> E, /t (A) exp { 1 } H[MSS@] ds (2.9.7)

t
T M,
—LIi57..1ds]| .
\/; Mt s [Ms>£5] s

The closed-form expression for /Wt* can be determined by computing the conditional

_Et

expectations. In case the investment opportunity set is constant, we find

M,

Et ﬁsLs]‘[]/\/[\5>£s]] = eXp {_ /ts ?u dU} LSN [_dl (gs)] ) (298)

E, (%)Q%e}{p{%j_?}ﬂm%] zexp{—/tsfudu}/\/[dz(fs)]. (2.9.9)

Substituting the conditional expectations (2.9.8) and (2.9.9) into equation (2.9.7) yields

the optimal surplus wealth. Q.E.D.

Proof of Theorem 3

The proof uses some of the techniques developed by Basak and Shapiro (2001) and

Berkelaar et al. (2004) and adapts these to our setting with intertemporal consumption.

The agent’s maximization problem is given by

C

T
maximize R [/ exp {—d0t} u (¢ 0,) dt]
0
T
subject to E {/ M,c, dt} < Wy, ¢, >0 forallte|0,T]
0
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The corresponding Lagrangian £ is defined as follows:

L=E [/OTexp{—at}u(ct;et)dt] +y(W0—IE [/OTMtctdtD

T
= / E [exp {0t} u (5 0;) — yMc,] dt + yW,.
0

Here, y denotes the Lagrange multiplier associated with the static budget constraint.
The agent wishes to maximize exp {—0t} u (¢;; 0,) — yM,c, subject to ¢, > 0. Denote the
part of the utility function with domain below zero by wu;, and the part with domain
above zero by u,. Let us denote by c¢j; the agent’s optimal consumption choice for utility

function u,, and by c¢3, the agent’s optimal consumption choice for utility function wus.

Due to the concavity of u; and u,, the optimal consumption choices cj; and ¢, satisfy

the following optimality conditions:

exp{—5t} u_ly (C;ft; 07&) = yMt - wjz‘n Cj;t Z 07 for j = 17 27
zjcq =0, T >0, for j =1,2.

Here, x;; denotes the Lagrange multiplier associated with the non-negativity constraint
on consumption. After solving the optimality conditions, we obtain the following two

local maxima:

¢y = min {Gt,

Coy = Max {Qt,% (—yexp ot} Mt) . %} :

2 (o) sl

pk p

1

P P
Here, k=n+ (1 —1) - k.

To determine the global maximum ¢;, we introduce the following function:
f (M) = exp{—0t}u(cs; 0y) — yMycy, — [exp {—0t}u (ciy; 0;) — yMycyy] .

The global maximum is equal to ¢, if f (M,) > 0; and equals ¢}, otherwise. It follows that
. — _ . —
f (M) changes sign at §, = Eexp {-dt} (gﬁt + w> and §, = £% exp {-dt} (ﬁ@t + w) :

We consider the following three cases:
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Chapter 2. Optimal Choice under Loss Aversion and Endogenous Updating

o {, <M < &,. Tt follows that 6, is the only candidate solution. We conclude that

c; = 0, is the global maximum.

_1
o M, > &,. We compare the candidate solutions ¢, = [% (%) g %e] V0

and ¢3; = 6,. Some straightforward computations show that f (Et) =0, f (Et) =0
and f” (M,) < 0 for all M, > ¢,. Hence, f (M,) < 0 for all M, > £,. We conclude

that ¢; = ¢J; is the global maximum.

1

yexp{dt} M, T B
P

’”—p‘ﬁ. Some straightforward computations show that f (§ t) =0, f (§ t) = 0 and
7 <§t> >0 for all M, < ¢, Hence, f (M,) > 0 for all M, < £,. We conclude that

o M, < f We compare the candidate solutions ¢}, = 0, and ¢35, = “p” <

c; = cy is the global maximum.

A standard verification (see, e.g., Karatzas and Shreve, 1998, p. 103) that the optimal
solution obtained from the Lagrangian is the optimal solution to the static maximization

problem completes the proof. Q.E.D.

Proof of Proposition 3

Optimal wealth is given by

_ —Et V M.t ds} . (2.9.10)

62



Appendix

Substituting the optimal consumption choice into equation (2.9.10) yields

} M,<g ] ds

_ Yy
p
(1%
P g <a,<z7] 95

Wt:_]Et|:/ M01[§<M<§]d

+/tTMS{i<yexp{as}M)
+/TMS{90 (yexp{5S}Ms)
o[t

L ¢ (yexp{f5t}> M “"Et
p

TM

N (yexp{&}) utE

p pk

/t {]\]éj}vexp{_ﬂsw—t)}]1[MS<§S]ds]
[ {5 e t)}ﬂksMs«:]dS]
)

(2.9.11)

Here, § =

yexp { 6t} The closed-form expression for W' can be determined by computing

the conditional expectations. In case the investment opportunity set is constant, we find

2

{%ﬁ } exp {—5(5 - } ﬂ[qus]] = exp {~C(s — )} N[d(£)]. (29.12)

p—1

M)+ d(s—1)
{M} o {_ o } 1[§S<MS<§:]] = epi=Cl =0} (2.9.13)
x (W[da(€9)] =N [da (€,)] )

B {%981[551‘@%3]} = O, exp{—r(s =)} (N [dy (§,)] —N[di(€))]),  (2:9.14)
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E, [%H[ES<MS<€:]] —exp{r(s — ) W[LE)] -N[d E)]).  (29.15)
E, [%H[MS<ES]] = exp {—r(s = t)} N'[dy (£ )] (2.9.16)

Here, NV is the cumulative distribution function of a standard normal random variable,

and C, d;(x) and dy(x) are defined as follows:

o_dtrle-1 X %L;l||A|!27
¥
1 1 2
h(a) = T [log(e) = toa() + 7 = 5IWF) (s )]

dy(x) = dy () + éuxw_s .

Substituting the conditional expectations (2.9.12) — (2.9.16) into equation (2.9.11) yields
the optimal wealth. Q.E.D.
2.9.3. Welfare Analysis

This appendix describes a numerical procedure for computing welfare losses. This
procedure is based on the assumptions that the investment opportunity set is constant

and the agent can only invest in one risky stock. We introduce the following notation:
e At: time step;
o t, =nAtforn=0,..., \_Altj;
e S: total number of simulations.

The floor operator |-| rounds a number downward to its nearest integer.
To compute the welfare loss associated with a suboptimal consumption strategy ¢,

we apply the following steps:
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. We generate S trajectories of the pricing kernel:

T
My, = M; —rM; At — AM; VAte; , n=0,.., {EJ , s=1,..,8.
Here, €; is a standard normally distributed random variable.
. We compute the optimal surplus consumption choice ¢, ct *forn =0,. L%J and

s =1,...,S8. We note that the optimal surplus consumption choice ¢;” is a function
of the dual state price density Mtn = M;, (1 + BAtn). Expected utility can now be

approximated by

EVOTexp{ 51} v

The right-hand side of (2.9.17) approximates of E [f exp{—dt}v (¢ — 0;)dt|.

exp {—dt, } v (¢,°) At. (2.9.17)

I—l
M%
E

. We solve for certainty equivalent consumption ce*:

T T
s &) 3
LSS exp (it o () At = S exp (=5t} v (ec” — 6;) A,
s=1 n=0 n=0
where
n—1
0; = byexp{—at,}+ Z exp{—a(t, —t;)} ce" At
i=0
. We compute the suboptimal consumption strategy /c\t‘; = cfn —an forn =0, ..., L%J

and s = 1,...,S. Expected utility can now be approximated by

l
At

E U()Texp{—at} (@ dt} i exp{—dt,}v (¢) At.

. We solve for certainty equivalent consumption ce:

s |
SO 2 exp oty (@) At =Y exp{-ot,}v(ce 0, ) At,

s=1 n=0 n=0

,_
Bl
| S—
—
Bl
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where

n—1
0, =byexp{—at,}+ Z exp {—a(t, —t;)} ceAt.

i=0
6. Finally, we compute the welfare loss W L:

*
ce — ce
WL ="—
ce
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CHAPTER 3

DyNAMIC CONSUMPTION AND

PORTFOLIO CHOICE UNDER

CUMULATIVE PROSPECT THEORY32

This chapter explicitly derives the optimal dynamic consumption and portfolio choice
of an agent with cumulative prospect theory preferences. Specifically, the agent is loss
averse, distorts probabilities, and endogenously updates his reference level over time. The
optimal strateqy seeks to mitigate large year-on-year fluctuations in consumption and
aims to provide protection against downside risk. The first effect is due to endogenous
updating of the reference level while the second effect is due to loss aversion and probability
weighting. We show that if small probabilities are sufficiently overweighted, our model

generates an endogenous floor on consumption.

3.1. Introduction

Since the seminal papers of Merton (1969) and Samuelson (1969), optimal consumption
and portfolio choice over the life cycle has been extensively studied in the economics and
finance literature. Most authors assume that preferences over consumption choices are
represented by CRRA utility (see, e.g., Wachter, 2002; Liu, 2007), by Epstein-Zin utility
(see, e.g., Chacko and Viceira, 2005; Gomes and Michaelides, 2008) or by habit formation
utility (see, e.g., Gomes and Michaelides, 2003; Munk, 2008). However, an extensive body
of literature in behavioral economics and finance documents experimentally as well as
empirically departures from the key assumptions underlying these preference models, in

a wide variety of risky choice situations. In response, the literature has developed several

32This chapter is co-authored with Roger Laeven.
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alternative theories of decision making under risk. Cumulative prospect theory (CPT
for short), introduced by Tversky and Kahneman (1992), is currently perhaps the most
promising descriptive theory of decision making under risk. This chapter derives and
analyzes the optimal dynamic consumption and portfolio choice of an agent with CPT
preferences.

Specifically, we consider an agent that derives value from the difference between
consumption and a so-called reference level. If consumption exceeds the reference level,
the agent experiences a gain, while if consumption falls short of the reference level, the
agent experiences a loss. CPT is silent on how to update the reference level over time.
We follow the (internal) habit formation literature (see, e.g., Constantinides, 1990) and
assume that the reference level depends on the agent’s own past consumption choices.™
As a direct consequence, consumption responds gradually to financial shocks (see Chapter
2). Our agent has a two-part power utility function and two inverse S-shaped probability
weighting (or distortion) functions (one for gains and one for losses). The utility function
incorporates loss aversion (i.e., losses hurt more than gains satisfy), and the probability
weighting functions overweight small probabilities and underweight large probabilities.**

The literature on optimal consumption and portfolio choice under CPT preferences
is still immature.”” Gomes (2005) explores the optimal portfolio choice of a loss averse
agent in an economy with two states of nature, and analyzes the impact of loss aversion
on trading volume. Berkelaar et al. (2004) examine the optimal portfolio choice of a
loss averse agent in a setting with terminal wealth and a continuum of states of nature.
Chapter 2 includes intertemporal consumption choice in this setting and allows the agent
to endogenously update his reference level over time. The model of Chapter 2 does,
however, not accommodate probability weighting. Jin and Zhou (2008) and He and
Zhou (2011) study the optimal portfolio choice of an agent that maximizes CPT value of
terminal wealth. Although these authors take probability weighting into consideration,
they do not consider intertemporal consumption choice and an endogenous reference

level. The present chapter considers a preference model that encompasses intertemporal

#3The reference level is backward-looking and not forward-looking as in Készegi and Rabin (2006, 2007,
2009).

3 An extensive body of literature shows that individuals overweight low probabilities and underweight
large probabilities (see, e.g., Wu and Gonzalez, 1996; Abdellaoui, 2000; Bleichrodt and Pinto, 2000).

¥ Several authors use CPT preferences to explain interesting features observed in financial data. For
example, Benartzi and Thaler (1995) find that loss aversion helps to explain the equity premium
puzzle.
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consumption choice, an endogenous reference level, as well as probability weighting.

Our results can be summarized as follows. First, we find that the agent divides the
state of the economy into two categories: good states and bad states. In good states,
consumption is larger than the reference level, while in really bad states, consumption is
smaller than the reference level. The consumption profile (i.e., consumption as a function
of the log state price density) displays a 90° rotated S-shaped pattern. Second, the two
inverse S-shaped probability weighting functions impede the sensitivity of the optimal
consumption choice to the state of the economy, inducing endogenous guarantees. In
particular, both the occurrence of really bad states and of fairly good states impact the
optimal consumption choice only to a limited degree. Thus, under probability weighting,
optimal consumption is fairly unresponsive to a wide range of shocks to the economy.
Finally, if small probabilities are sufficiently overweighted, our preference model generates
an endogenous floor level. We explicitly derive the level of this floor on consumption.
Probability weighting may thus explain why some individuals buy financial products

with minimum guaranteed payments.

The optimal portfolio profile (i.e., the fraction of wealth invested in the risky stock
as a function of the log state price density) displays a U-shaped pattern if probabilities
are not distorted (see Chapter 2): the fraction of wealth invested in the risky stock is
relatively low in economic scenarios where consumption is close to the reference level
(i.e., intermediate economic scenarios). If the agent overweights probabilities of bad
outcomes, then the fraction of assets invested in the risky stock is relatively low in not

only intermediate economic scenarios but also bad economic scenarios.

We conduct a welfare analysis to investigate the impact of implementing alternative
(suboptimal) consumption strategies on the agent’s welfare. More specifically, all else
equal, we compute welfare losses (in terms of the relative decline in certainty equivalent
consumption) associated with incorrect probability weighting functions. We still assume
that the (incorrectly specified) probability weighting functions are inverse S-shaped. Our
results show that welfare losses can be (relatively) modest. This is so because, due to loss
aversion, consumption already displays a 90° rotated S-shaped pattern, and the inverse
S-shaped probability weighting functions, whether correctly or incorrectly specified, make

this pattern even more pronounced.

To obtain the optimal consumption and portfolio choice, we first invoke the solution
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technique proposed by Schroder and Skiadas (2002). With this method, we are able to
convert our consumption and portfolio choice model with endogenous updating into a
dual consumption and portfolio choice model without endogenous updating. Then, we
solve the dual problem by extending to our setting the quantile method introduced
by Jin and Zhou (2008) and He and Zhou (2011). These authors show that in a
setting with terminal wealth and no endogenous updating of the reference level, the
agent’s maximization problem can be transformed into a quantile formulation. As a
result, conventional techniques (such as the Lagrange method) can be used to obtain
the optimal solution. We adapt the quantile method to our setting with intertemporal
consumption choice. By using the equivalence relationship between the dual model and
the primal model, we finally obtain explicit closed-form solutions to our initial problem

under consideration.

The remainder of this chapter is structured as follows. Section 3.2 describes the
economy. The agent’s preferences are introduced in Section 3.3. Section 3.4 formulates
the agent’s maximization problem. This section also outlines the dual technique and
splits the dual problem into three related sub-problems. Section 3.5 solves the agent’s
maximization problem. An illustration of the optimal strategies is presented in Section

3.6. Section 3.7 concludes the chapter. Proofs are relegated to the Appendix.

3.2. The Economy

Let T' > 0 be a fixed terminal time. The randomness in the economy is represented by a
filtered probability space (2, F,F,[P). We define on this space a standard N-dimensional
Brownian motion {Z,; },¢o 71 The filtration F = {F, };c(o 77 is the augmentation under P of
the natural filtration generated by the standard Brownian motion {Z; },c[o 7. Throughout,

(in)equalities between random variables hold P-almost surely.

We consider a financial market consisting of an instantaneously risk-free asset and N
risky stocks. We assume that trading takes place continuously over [0, T] and transaction

costs are absent. The price of the risk-free asset, B, satisfies

dB
—t=pdt, By=1. (3.2.1)
B,
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The scalar-valued risk-free rate process, r, is assumed to be F;-progressively measurable
and uniformly bounded. The N-dimensional vector of risky stock prices, S, obeys the

following stochastic differential equation:

ds,
?’f =y, dt + 0,dZ,, Sy = 1y. (3.2.2)
t

Here, 1, represents an N-dimensional vector consisting of all ones. The N-dimensional
mean rate of return process, p, and the (N x N)-matrix-valued volatility process, o, are

both assumed to be F,-progressively measurable and uniformly bounded.

We impose the following condition on o,. For some € > 0,
Clool ¢ > €l|C] for all ¢ € RY, (3.2.3)

where T is the transpose sign. This condition implies that o, is invertible and bounded.

The F,-progressively measurable market price of risk process, ), satisfies
Ut)\t = /"Lt - Tt]‘N (324)

The unique positive-valued state price density process, M, is defined as follows (see, e.g.,

Karatzas and Shreve, 1998):

t t 1 t
MtEeXp{—/ rsds—/ Ajdzs——/ H)\S\|2ds}. (3.2.5)
0 0 2 0

The economy consists of a single agent endowed with initial wealth W, > 0. The agent
chooses an JF,-progressively measurable N-dimensional portfolio process 7 (representing
the dollar amounts invested in the N risky stocks) and an F,-progressively measurable
consumption process ¢ in order to maximize the CPT value of consumption.”® We impose

the following integrability conditions:

T T T
/ T ooy dt < oo, / |7rt (g — m1y) | dt < o0, E {/ e, | dt] < 00.
0 0 0

(3.2.6)

%We introduce the agent’s preferences in Section 3.3.
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The wealth process, W, satisfies the following dynamic budget constraint:
dW, = (rtWt + 7] oA\ — ct> dt + =, 0, dZ,, W, > 0 given. (3.2.7)

A consumption-portfolio pair (¢, 7) is said to be admissible if the associated wealth

process is uniformly bounded from below.

3.3. Preferences

This section describes the preferences. Denote by 6, the agent’s reference level at time t.
The instantaneous preferences are defined over gains and losses relative to this reference
level. Inspired by CPT, we assume that the instantaneous preferences over gains and

losses ¢, = ¢, — 60, are given by
V)=V, (@) -V (a). (3.3.1)

Here V. (/c\f) denotes the CPT value derived from gains ¢, = max {¢;,0} and V_ (Et_)

stands for the CPT value derived from losses ¢, = —min {¢;, 0}. More specifically,

Vo (eh) = /000 vy (z)d [—w+ (1 — b (x); ﬂt)} : (3.3.2)
V_(e) = /000 v_(z)d [—w, (1 —F,- (x);ﬁtﬂ . (3.3.3)

Equations (3.3.2) and (3.3.3) show that the agent’s preferences consist of various elements:
two probability weighting functions w, (-;¢,) and w_ (-;9;) (one for gains and one for
losses), an endogenous reference level §,, and two instantaneous utility functions v, (-)
and v_ () (one for gains and one for losses). Here ¥, is a vector of (time-varying)
parameters affecting the shape of the probability weighting functions. Indeed, since
uncertainty changes over time, the agent may want to change the shape of the probability

weighting functions as time passes.
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3.3.1. Probability Weighting Functions

The probability weighting function w, (+;9;) transforms the decumulative distribution
function 1 — Fa+(-) of gains ¢, whereas the probability weighting function w_ (-;1,)
transforms the decumulative distribution function 1 — th— (+) of losses ¢, . Throughout,

we impose the following conditions on w, (-;9,) and w_ (+;9,):

Assumption 1. Let © be the parameter space. For all t € [0,T] and all ¥, € O,
wy (59,) and w_ (-;9,) : [0,1] +— [0,1] are strictly increasing and differentiable, with
w, (0;9,) =w_(0;9,) =0 and wy (1;9,) = w_ (1;9,) = 1.

If w, (-;9,) is equal to the identity function, then equation (3.3.2) reduces to the ordinary
expectation E [v " (/c\;r)} . Hence, expected utility maximization emerges as a special case

of (3.3.1).

3.3.2. Utility Functions

This section introduces the utility function for gains v, (-) and the utility function for
losses v_ (+). Following the CPT literature (see, e.g., Tversky and Kahneman, 1992), we

assume that

v, (&) =(@")", (3.3.4)
v (&) =r(E)", (3.3.5)

where v; > 0 and v, € (0,1) are curvature parameters, and x > 1 denotes the loss

aversion index. Figure 3.1 shows the two-part power utility function

v(e)=v, (G7) —v_ (&) (3.3.6)

for v, = 1.3 (solid line) and v; = 0.7 (dash-dotted line). The figure shows that the
two-part power utility function has a kink at the reference level, even in the case of

k=1.
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Figure 3.1.
[lustration of the two-part power utility function

Consumption Choice

The figure shows the two-part power utility function for ; = 1.3 (solid line) and v; = 0.7
(dash-dotted line). The agent’s reference level is set equal to 10, the loss aversion index s to
2.5 and 7, to 0.5.

3.3.3. Reference Level

This section describes the dynamics of the reference level 6,. Motivated by the literature
on internal habit formation (see, e.g., Constantinides, 1990; Detemple and Zapatero,

1992; Detemple and Karatzas, 2003), we assume that the agent’s reference level satisfies

do, = (Be, — ab,) dt, 6, > 0 given. (3.3.7)

Here 6, represents the agent’s initial reference level, & > 0 indexes the rate at which the
reference level depreciates over time, and § > 0 measures the sensitivity of the current
reference level to current consumption. We can explicitly write the agent’s reference level

as follows (s > t):

0, =p /ts exp{—a(s —u)}c,du+exp{—a(s —t)}0,. (3.3.8)
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The first component on the right-hand side of equation (3.3.8) is an exponentially
weighted integral of the agent’s own past consumption choices. Hence, the agent’s
reference level is backward-looking and not forward-looking as in Ko6szegi and Rabin
(2006, 2007). The second component does not depend on the agent’s past consumption

choices and decreases exponentially at a rate of a.

3.4. Problem Formulation

This section formulates the agent’s maximization problem. The agent aims to maximize

T
/ eV (¢, — 6,) dt, (3.4.1)
0

over all admissible consumption-portfolio pairs (¢, 7) subject to the dynamic budget
constraint (3.2.7) and the reference level process (3.3.7). Here 0 stands for the subjective
rate of time preference. By virtue of the martingale approach (Pliska, 1986; Karatzas
et al., 1987; Cox and Huang, 1989, 1991), we can transform the dynamic consumption

and portfolio choice problem into the following equivalent static problem:

T
Maximize / eV (¢, — 0,) dt
L (3.4.2)
subject to E {/ M,c, dt} < W, db, = (Be, — ab,) dt.
0

The optimal portfolio strategy 7, is determined in such a way that it finances the optimal

consumption strategy c;.

3.4.1. A Dual Problem

This section transforms the agent’s maximization problem (3.4.2) into a dual (equivalent)
maximization problem. Specifically, by invoking the method used in Schroder and

Skiadas (2002), we can transform the agent’s maximization problem (3.4.2) into the
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following dual problem:

T
Maximize / eV () dt
c 0

T (3.4.3)
subject to E [/ ]\//Z@ dt] < /WO (1+ BA,), d@t = <B/c\t — (a— 6):9;) dt.
0
Here the dual state price density ]\/4: and dual wealth /MZ are defined as follows:
M, = M, (1+ BA,), (3.4.4)
17 W, — At‘/g\t
W, =+ 3.4.5
t 1 ‘l— ﬁAt ( )
with
1 T
A, = —E, {/ Myexp{—(a— ) (s —1t)}ds| . (3.4.6)
M, t
The dual reference level is given by (s > t)
0.=5 [ ew{-(a-AG-u)tditen(-(- (-0  (G47)
t

and equals the (primal) reference level 6. The agent invests his dual (or surplus) wealth
/Wt in a dual financial market. This dual market is characterized by the dual risk-free

rate 7, the dual volatility o, and the dual market price of risk Xt:

-~ r, — aBA,

= _ 4.
5, =0, (3.4.9)
N T
AN =N — Yy /t exp{—(a—f)(s —t)} PV, ds, (3.4.10)

where P, ; represents price at time ¢ of a zero-coupon bond that matures at time s > ¢,
and W, ; denotes the volatility at time ¢ of the instantaneous return on a zero-coupon

bond with maturity date s > t.

The optimal dual portfolio choice 7; is determined such that it finances the optimal
dual consumption choice ¢;". The optimal dual reference level é\t* can be computed from

substituting the optimal past consumption choices into (3.4.7). The next proposition
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follows from Schroder and Skiadas (2002).

Proposition 5. Denote by ¢, the optimal dual consumption choice, by (Z* the optimal
dual reference level, by Wt* optimal dual wealth, and by 7} the optimal dual portfolio

choice. Then:

o The optimal consumption for the agent at time 0 <t < T is given by

* ~% n*
Ct — Ct +0t .

o The optimal wealth for the agent at time 0 <t < T s given by

Wt* — /Wt* + /BAtWt* + Até\t*

o The optimal portfolio choice for the agent at time 0 <t < T 1is given by

T
w =7+ AR+ (B +9,) @) [ e {~(a = s~ )} P, ds.
t

3.4.2. Three Related Sub-Problems

Jin and Zhou (2008) explore a problem with a similar structure as our dual problem
(3.4.3). However, they do not consider intertemporal consumption choice. Jin and Zhou
(2008) show that their problem can be solved by splitting it into three sub-problems.
We define the first sub-problem (called the gain part problem) as follows:
T
Maximize /0 e 'V, (¢ dt

/c\+

. (3.4.11)
subject to E V Mt dt] <W,(1+B4,), & =0if M, >¢,.
0

The gain part problem is parameterized by /V[7+ > /V[70 (i.e., initial wealth needed to
finance gains) and the process {¢;}. The optimal value V. <W+, {{t}) is defined to be
the supremum of (3.4.11).%

ST1f W\+ > 0 and & = 0 for every ¢ € [0, T}, then there is no feasible solution and V, (/V[Zr, {@}) = —o0.
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The second sub-problem (called the loss part problem) is defined as follows:

T
Minimize / ety (/c\t_) dt

¢ L. (3.4.12)
subject to E {/ ]\/4\,55[ dt} < (WJF — W()) (1+ BAy), ¢, =0if ]\/I\t <&,
0

The loss-part problem is also parameterized by /W+ > /WO and the process {&}. The
optimal value V_ (WJM {ét}> is now defined to be the infimum of (3.4.12).%

Finally, the last problem amounts to finding the ‘best’ /V[7+ and {&}:

M%i(?{rgi}ze Vi <W+a {{t}> -V <W+a {St}> (3.4.13)

subject to /V[Zr > /V[70.

The next proposition is adapted from Jin and Zhou (2008).

Proposition 6. Suppose that (Wi,{ff}) is optimal for problem (3.4.13), (Efr)* is
optimal for problem (3.4.11) with parameters (Wi,{ﬁf}), and (’c\[)* is optimal for
problem (3.4.12) with parameters (Wj’;,{fi}) Then ¢, = (/c\;r)* - (/c\f)* is optimal
for problem (3.4.3).

3.5. Solving the Problem

3.5.1. Quantile Method

This section demonstrates how we can convert the gain part problem (3.4.11) into a
quantile maximization problem.” In the quantile formulation, the agent chooses the
quantile function (i.e., inverse cumulative distribution function) of dual consumption.
After changing the agent’s decision variable from dual consumption to the quantile
function of dual consumption, the agent’s preference measure reduces to an ordinary

linear expectation. Hence, conventional techniques (such as the Lagrange method) can

Bt /V[7+ # Wy and &, = oo for every t € [0,T], then there is no feasible solution and V_ (WJF, {{t}) =
+00.
#7The loss part problem (3.4.12) can be converted into a quantile minimization problem.
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be used to obtain the optimal dual consumption choice.”’ He and Zhou (2011) give
a systematic account of the quantile method. The quantile method relies upon the

following three crucial assumptions:

Assumption 2. The agent’s preference measure is law-invariant; that is, if X 4 Y,

then V(X)) =V (Y).
Assumption 3. The agent is strictly better off with more initial dual wealth.

Assumption 4. The dual state price density admits no atoms; that is P {J\Z = a} =0

for all a € R".

The agent’s preference measure in our setting is clearly law-invariant. Assumption 3
holds true if the probability weighting function is strictly increasing (for a proof, see He
and Zhou, 2011). The last assumption is satisfied if, e.g., the investment opportunity set
is deterministic. The preference measure V, (¢,7) (as defined in (3.3.2)) is equivalent to

E {m (F;l (Z)) W, (1— Z; ﬁt)] K [m (Qa+ (Z)) W (1—2:9,)| . (3.5.1)

Ct

Here Z is any uniformly distributed random variable on [0, 1] and Qaf () corresponds
to the quantile function®' of positive dual consumption ¢. The equivalence between
(3.5.1) and V, (¢;") follows from Assumption 2. In a similar fashion, V_ (¢,”) (as defined
in (3.3.3)) is equivalent to

E [U, (F:} (Z)) w (1 Z; 19t)] ~E [v, (QA (Z)> w (1-Z; ﬁt)] . (3.5.2)

Ct

Here @ - () corresponds to the quantile function of negative dual consumption ¢; . Let
t
us denote by [ (-) the cumulative distribution function of the dual state price density
t
Mt. By Assumptions 3 and 4, we can rewrite the left-hand sides of the static dual

budget constraints as follows (the static dual budget constraints are defined in (3.4.11)

“0The optimal solution is typically time-inconsistent. Therefore, we assume that the agent solves the
maximization problem at time 0 and then commits himself to follow the optimal solution during the
rest of his life.

A quantile function is non-decreasing and continuous from the left.
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and (3.4.12)):

E UT Tt dt] _E VT o (1 _ ZM) o (Zﬁ) dt] , (3.5.3)

OT . 0T
E UO M dt] —E UO Qr (1 - Zm) Q.- (Zﬁ) dt] . (3.5.4)
Here QJ\Z (-) is the quantile function of the dual state price density ]\/4\,5 and Zﬁt =
1—Fg (]\Z) It follows that Z3 is a uniformly distributed random variable on [0, 1].
Equations (3.5.1) and (3.5.2) hold true for any uniformly distributed random variable

Z, whereas equations (3.5.3) and (3.5.4) are only valid for one particular uniformly

distributed random variable Zﬁ.
t

Define Q to be the set of all quantile functions. The gain part problem (3.4.11) is

equivalent to the following quantile maximization problem:

S
mgcine E [ /0 o (Qu )l (1= Zg;50,) dt}
T
subject to E [/ Qi (1 — ZM> Q.+ dt] < W, (14 BA,) (3.5.5)
0 t t Cy

The quantile maximization problem (3.5.5) is called the quantile formulation. The agent’s
decision variable is the quantile function of positive dual consumption. In a similar

fashion, the loss part problem (3.4.12) is equivalent to

mclglgl_nelge E {/OT o0ty <QE;> w’ <1 — Z@ﬂt) dt]
subject to E UT Qx (1 _ ZM) Q. dt] < (ﬁh . WO) (1+ BA,) (3.5.6)
0
Q. =0if Qg (1 — Z@) <.

The next proposition is adapted from He and Zhou (2011).

Proposition 7. Suppose that Q% is optimal for problem (3.5.5) and Q;— 1s optimal for
problem (3.5.6). Then (E,f)* = Q% is optimal for problem (3.4.11) and ('c\[)>k = Q;{ is
optimal for problem (3.4.12).
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3.5.2. Solution Procedure

This section summarizes the solution technique for solving the agent’s maximization

problem (3.4.2). The solution procedure consists of the following steps:

1. Solve the quantile problems (3.5.5) and (3.5.6);
2. Use Proposition 7 to obtain (A;r)* and (/c\f)*;
3. Solve problem (3.4.13);

4. Use Proposition 6 to obtain the optimal dual consumption choice ¢;';

5. Use Proposition 5 to obtain the optimal consumption choice ¢;.

The following sections explore how to solve problems (3.5.5), (3.5.6) and (3.4.13).

3.5.2.1. Solving the Gain Part Problem

This section presents the solution to problem (3.5.5). We can apply standard techniques

to obtain Q- +. Let us introduce the following assumption:*?
t
Assumption 5. The quantity

o (1 _ Zm)

" (1 . ﬁt) (3.5.7)

1S MON-INCTEasing in ZJ\Z € [0,1].

Section 3.6 considers a class of probability weighting functions that satisfy Assumption
5. The optimal quantile function of positive dual consumption choice is now given by

(see Appendix)

(3.5.8)

Assumption 5 ensures that the quantile function )%+ is non-increasing in ]\/4: The
t

Lagrange multiplier y is chosen such that the static budget constraint holds with equality.

“2We note that Assumption 5 can be relaxed (see Xia and Zhou, 2014; Xu, 2014).
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Straightforward computations show that the Lagrange multiplier y is given by (substitute
(3.5.8) into the dual budget constraint and solve for y)

72—1
W, (1+ BA)
B e — 3.9.9
. [ fo (&) dt (3:59)
Here
65tQ1/\/l\ (1 — Z]/W\) %
¥ (gt) =E QZ\//E (1 - Z]/V[\t) w; (1 B Z/\t; ﬁt) E[Qﬁt(l—zﬁt)ﬁft] . (3510)

Hence, the optimal positive dual consumption choice can be written as follows (substitute

(3.5.9) into (3.5.8)):

— ot Yo—1
. W +pay [€Om (1-2g)
Qi+ = 1

¢ (17— . (3.5.11)
t fO gt dt wi:,_ (1 _ Z]\Z”%) [ijlt (1 ZMt>§§t]

The supremum of the gain part problem (3.4.11) is given by

1=

— —~ Y2 T
Vi (W—i—a {ft}> = (W+ (1+ 5A0)> (/ (&) dt> : (3.5.12)
0
3.5.2.2. Solving the Loss Part Problem

This section presents the optimal solution to the quantile minimization problem (3.5.6).
The two-part power utility function (3.3.6) is convex below the agent’s reference level
if v, < 1, and concave otherwise. The literature is inconclusive about the shape of the
utility function below the reference level (see, e.g., Etchart-Vincent, 2004; Abdellaoui
et al., 2005; Booij and van de Kuilen, 2009). Etchart-Vincent (2004) found that in the
case of large payoffs, the majority of subjects preferred a concave utility function below
the reference level. Therefore, the present chapter considers the case of a concave utility
function in the loss domain (y; > 1). In future work, we intend to investigate the case
where the utility function is convex below the reference level. We can apply the Lagrange

method to obtain sz. Let us introduce the following assumption:
t
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Assumption 6. The quantity

Q (1—2@)

(3.5.13)
w’ (1 — ZJ\Z; 19t>

1S MON-INCTEASINgG in Z]/\J\t € [0,1].

The optimal quantile function of negative dual consumption choice is given by (see

Appendix)

1
eatyQMt (1 — ZM) n

(3.5.14)
Ky W' (1 — ZJ\Z; ﬁt>

Q- =
o

o, (1-21)>¢)
The Lagrange multiplier y is chosen such that the static budget constraint holds with
equality. Straightforward computations show that the Lagrange multiplier y is given by
(substitute (3.5.14) into the dual budget constraint and solve for y)

— _ 1
(W, = W) (1+ 84) -
= K 0.
! " fng (&) dt
Here
Q- (1-Z- 7o
< (ét) =K Q]\Z (1 — ZJ‘Z) M, < Mt> B[Qﬁt (1*Z]’V}t)>5t] . (3516)

w’ (1 = Zf\/[\t;ﬁt>

Hence, the optimal negative dual consumption choice can be written as follows (substitute

(3.5.15) into (3.5.14)):

(/ml - WO) (1+5A) ["Qp (1 - ZM) T :

Q- = o, . (3.5.17)
t fOT§ (ft) dt w' (1 _ ZM\t; ﬁt) [QMt (1 ZMt)>§t]
The infimum of the loss part problem (3.4.12) is given by
e g T T I-m
Vo (W d&d) = w (W = Wo) (14 BAg) ( / < (&) dt) . (3.5.18)
0
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3.5.2.3. Optimal Dual Solution

To determine the optimal dual consumption choice, the agent needs to solve problem
(3.4.13). Substituting (3.5.12) and (3.5.18) into (3.4.13) yields

1=

Maximize (T, (1+ BAO))” ( /0 L o) dt)

ﬁ/\+7{€t}
o~ o~ 1 T 1=m
e (=) s ([ seoar) (3519

subject to WJF > WO.

This problem can be solved numerically.

3.6. Numerical Analysis

3.6.1. Assumptions and Key Parameter Values

The agent invest his wealth in a risk-free asset and a single risky stock. We assume a
constant investment opportunity set. That is, r, = r, 0, = ¢ and A\, = A. The equity
risk premium o\ = p — r is set at 4%, the risk-free rate r at 1%, and the volatility of
innovations to the risky stock price o at 20%. These estimates are the same as those
used by Gomes et al. (2008).

The terminal time T is set equal to 4, the agent’s initial wealth to 100, the curvature
parameter v; to 1.2, the curvature parameter v, to 0.7, the subjective rate of time
preference to 0.01, and the loss aversion index x to 2.5. The literature reposts that
estimates of the (median) loss aversion index range from 1 to 5 (see, e.g., Abdellaoui
et al., 2008). We choose the agent’s initial reference level 6, such that it solves the

following equation:

T
Wy = 90/ exp {—rt}dt. (3.6.1)
0

We can view 6, as the payment from a fixed annuity with a value of W,,. The parameters
«a and [ are set equal to zero. The reference level is thus constant over time. The impact

of an endogenous reference level on the agent’s optimal choice is analyzed in Chapter 2.
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3.6.2. Probability Weighting Functions

Inspired by Jin and Zhou (2008) and He and Zhou (2011), we define the derivatives of
the probability weighting functions w_ (-;9;) and w_ (+;9,) as follows:

/ - ko (9) (z\Z>+ it M, < Q5 (py),

w (Fyp (M) ;9,) = o b b . K

(7 (7)) ke 00 (Qm ) (M), i M, > Qg (0.).
(3.6.2)

y (FA (]‘7)"9>: k_ (9,) (J\Z) if M, < Qg (p-);

S e (en o) (BR) L i8> g ().
(3.6.3)

Here a, <0,a_ <0,0<0, <1,0<b_<1,p, >0and p_ > 0 are preference
parameters. The parameter restrictions ensure that w, (-;9,) and w_ (-;¢,) satisfy
Assumptions 1, 5 and 6. The expressions for w, (+;9,) and w_ (-;¢,) are given in the
Appendix which also defines 9,, k. (¥,) and k_ (¥,). The parameter p, is called the
inflection point.” The probability weighting function w. (-;1,) is concave up to 7 +, and
convex beyond p,. The parameter a, < 0 determines the degree of concavity in the
domain 0 < p < p,, while the parameter 0 < b, <1 determines the degree of convexity
in the domain p, < p < 1. Figure 3.2 illustrates the probability weighting function
wy (+;9;) for various sets of parameter values. The figure shows that the probability

weighting function displays an inverse S-shaped pattern, consistent with CPT.

31t has been reported in the literature that g, and p_ are about 1/3 (see, e.g., Wu and Gonzalez, 1996;
Abdellaoui, 2000).
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Figure 3.2.

[lustration of probability weighting function

The figure illustrates the probability weighting function w, (-;¢;) for various sets of parameter
values. We set ¥, equal to (—0.28,0.16), and p, to 1/3.

3.6.3. Optimal Consumption Choice

The optimal consumption choice for the agent at time 0 < t < T is given by (this follows
from (3.6.2), (3.6.3), (3.5.8), (3.5.14), and Propositions 6 and 5)

if ]\//Tt < min {QJ\Z (P4) 7£t} ;
if Qg () < M, <&,
if & < M, < Qg ().

if M, > max { Qg () & }

(3.6.4)
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where
diy = [ye "k (0 /] (3.6.5)
i St ap—by 171W2
o= |, 00 (@, 00) ] (3.6.6)
sy = [y "k (0) / (o) 77 (3.6.7)
[ s a-—b- =n
= [ 00 (@ (70) /)| (36.5)

and 67 denotes the optimal reference level implied by substituting the optimal past dual
consumption choice into (3.4.7).

Equation (3.6.4) shows that the agent divides the states of the economy into two
categories: good scenarios (low to intermediate state prices) and bad scenarios (high
state prices). In good scenarios, consumption is larger than the reference level, while in
bad scenarios, consumption is smaller than the reference level. The parameters a,, b,
a_ and b_ determine the sensitivity of consumption to the (dual) pricing kernel J\//Tt The
sensitivity of consumption to the pricing kernel is (relatively) low in very bad scenarios,
ie., ]\Z > max{Qﬁt (p_) ,@}, and in fairly good scenarios, i.e., QJ\A@ (py) < ]\Z <&
We observe that if b_ equals unity, then the agent consumes 6, —d, , in very bad scenarios.
In that case, consumption does not depend on the pricing kernel at all. Figure 3.3 shows
the optimal consumption choice of an agent at time ¢ = 4 as a function of the log dual
pricing kernel for various sets of parameter values. The dashed-dotted lines represent

the optimal ‘Merton’ consumption strategy (see Merton, 1969).
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Figure 3.3.
Optimal consumption choice as function of the log dual pricing kernel
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The figure illustrates the optimal consumption choice (expressed as a percentage of the agent’s
initial wealth Wj) of an agent at time ¢ = 4 as a function of the log dual pricing kernel for
various sets of parameter values. We set the inflection points p, and p_ both equal to 1/3. The
dashed line corresponds to the reference level (expressed as a percentage of W;)). The dotted line
shows the probability density function (PDF) of the current log dual pricing kernel conditional
upon information available at time 0. The dash-dotted line illustrates the consumption choice
(expressed as a percentage of W) of an agent with CRRA utility. The relative risk aversion
coefficient is set equal to two.

3.6.3.1. Welfare Analysis

This section conducts a welfare analysis. We compute the welfare losses (in terms of
the relative decline in certainty equivalent consumption) associated with implementing

suboptimal consumption and portfolio strategies derived by solving the agent’s problem
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on the basis of incorrect valuesof a,, b,, a_and b_ 2 We assume that the agent’s optimal
consumption and portfolio choice is characterized by the following ‘true’ parameter
values: a, = —1.5, b, =1, a_ = —2.5 and b_ = 1. Table 3.1 reports the welfare
losses. This table shows that the welfare losses associated with incorrectly assuming
incorrect parameter values are (relatively) small (all welfare losses are lower than 1%).
Welfare losses are largest for the case where no probability weighting in the loss domain

is applied (first column of Table 3.1).

Table 3.1.
Welfare losses

(a_,b_)
) (0,0) (-1,0.3) (-1.50.7) (-2.5,1)
) 05385 0.3173  0.2691  0.2582
(-0.5,0.3) 0.4846 0.2651  0.2086  0.1887
)
)

0.4647 0.1970 0.1162 0.0869
0.6571 0.1713 0.0214 0

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to implementing suboptimal consumption and portfolio strategies derived
on the basis of incorrect values of a, b,, a_ and b_. The numbers represent a percentage.

3.6.4. Optimal Portfolio Choice

The optimal portfolio choice can be derived in closed-form by using standard hedging
methods. Figure 3.4 illustrates the fraction of wealth invested in the risky stock (expressed
as a percentage) of an agent at time ¢ = 4 as a function of the log dual pricing kernel for
various sets of parameter values. The figure shows that if consumption is close to the
reference level, the fraction invested in the risky stock is relatively low. In addition, if
the agent overweights unlikely extreme events (see the two panels at the bottom of the
figure), the fraction of wealth invested in the risky stock tends to zero as the state of the

economy worsens.

“We define the certainty equivalent of an uncertain consumption strategy to be the constant, certain
consumption level that yields indifference to the uncertain consumption strategy.
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Figure 3.4.
Optimal portfolio choice as function of the log dual pricing kernel
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The figure illustrates the fraction of wealth invested in the risky stock (expressed as a
percentage) of an agent at time ¢t = 4 as a function of the log dual pricing kernel for various sets
of parameter values. We set the inflection points p, and p_ both equal to 1/3. The dotted line
shows the probability density function (PDF) of the current log dual pricing kernel conditional
upon information available at time 0.
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3.7. Conclusion

We have explored dynamic consumption and portfolio choice of an agent with CPT
preferences. Our agent is loss averse, endogenously updates his reference level over time,
and distorts probabilities. We have shown that the optimal consumption profile displays
a 90° rotated S-shaped pattern and that, if probabilities are sufficiently overweighted,

the model generates a floor level on consumption.

3.8. Appendix

3.8.1. Proofs
Derivation of (3.5.8)

The Lagrangian L is given by

e [/OT ey, <Qa+> w, <1 — Zgi; 19,:) dt}
T
co{s 0302 | [ g (1 52) 0]
_ /OTE e (Que )y (1= Zg50,) —9Qp, (1 7)) @] at

+y W, (14 BA).

Here y > 0 denotes the Lagrange multiplier associated with the static budget constraint.
The agent maximizes e v (ng) w, (1 — Z55;; 79t> —yQ5 (1 - Z]\A/ft) Q.+ subject to
Q.+ = 0if Qz/\/ft (1 — ZJ\Z) > ;. The optimal dual positive consumption choice Q;j

satisfies the following first-order optimality condition:
—8t LR
€ <Q8t+> w4 <1 - ZJ/\/[\t;Q9t> = yQJ\//Tt (1 - Z@) .

After solving the first-order optimality condition, we obtain the following maximum:

120l (1 — 251, ﬁt) (o, (1=, )<e)
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Derivation of (3.5.14)

The Lagrangian L is given by

cer[[ e (o) e (0 ZTﬁ)d]
+y{< Wo) (1+ BAg) - UO Q@(l—zﬂz)@?{dt}}
:/ o (@ )t (1 Z ) Qi (1- 7 ) @ e

+y (W, = W) (1+ 84g).

Here y > 0 denotes the Lagrange multiplier associated with the static budget constraint.

The agent maximizes e *'v_ (Qa_) w’ (1 — ZJ\A@ ﬂt) — yQﬁt (1 — Zﬁ) QE{ subject to

Q.- =0if Qp (1 — Z]/W\t ) < . The optimal dual negative consumption choice Q%-
Ct t Ct

satisfies the following first-order optimality condition:
—5t n-t o,
e Ky <Q€;> w_ (1 — ZJ\Z”?t) = yQJ\Z <1 — ZMJ )
After solving the first-order optimality condition, we obtain the following maximum:

1
eétyQ]T/[\t (1 — Zm) ot
KW, <1 — ZM\t; 19t>

e = Yo, (1-25,)>¢)’

3.8.2. Probability Weighting Functions

This section specifies the probability weighting function for gains w, (-;9,) and the
probability weighting function for losses w_ (-;4,):

ky () f(ay;0,) @ ((I)_l (p) — a+5t) ’ if 0 <p<py;
we ) =9 ke (0) (@ 7)) S ()
X (@7 (p) — by6y) + Ky (9) by (0,),

itp, <p<l1.

92



Appendix

Here,

ko (9y) f(a_;0,) @ ((I)_l (p) —a_-ay), if0<p<p_;
w_ (p;0y) = -V a7 (- T Uy
(b:90) ko) (Qm () Fb9) R
X (@71 (p) = b-ay) + k- (V) h (9,),
ﬁtE(ﬂm&?)

1
iy =log M, — (rt + 5)\2> t,
63 = )\zt,
N
flag;9y) =expagiy, + 5040t (s

hy (9) = h(py,ay,by;0,)
=0 (27" (5y) — ay5) f(ay;9))
~ (@7 ()~ by) (@ (52)

b () = k000 = (1 00+ (g, ()

ag—b

: f (b+§ V),

ap—by

qo)

93

-1






CHAPTER 4

How 1O INVEST AND DRAW-DOWN
ACCUMULATED WEALTH IN
RETIREMENT? A UTILITY-BASED

ANALYSIS45

This chapter explores how Baby Boomers should invest and draw-down their accumulated
wealth over the rest of their lives. To answer this question we build a consumption
and portfolio choice model with multiplicative internal habit formation and stochastic
differential utility. We show analytically that after a wealth shock it is optimal to adjust
both the level and future growth rates of consumption, implying gradual response of
consumption to financial shocks. Furthermore, fostering the ability to keep catching up
with the internal habit creates upward pressure on expected consumption growth. Welfare
losses associated with popular alternative investment and draw-down strategies can be

large.

4.1. Introduction

As the first wave of Baby Boomers moves into retirement, their future promises to be
very different from that of their parents who enjoyed resilient Social Security and defined
benefit pension plans. Retirees today face a very different challenge regarding retirement
security, in that they are the first generation where retirement wealth was accumulated

primarily in personal retirement accounts.’® As their nest eggs will not automatically be

“5This chapter is co-authored with Lans Bovenberg and Roger Laeven.

“The percentage of total U.S. retirement assets accounted for by individual retirement accounts and
defined contribution pension plans rose from about 18% in 1974 to 54% in 2013 (Investment Company
Institute, 2014).
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annuitized, Baby Boomers thus confront the important question of how they should invest
and draw-down their accumulated wealth over the rest of their lives. The objective of the
present chapter is to analyze this question from the perspective of a utility maximizing

individual.

Financial advisors commonly recommend to split the investment portfolio into 60%
risky assets and 40% risk-free assets, and to draw-down 4 to 5% of retirement wealth
per year (Polyak, 2005; Whitaker, 2005). Other popular draw-down strategies include
the fixed benefit approach (i.e., the individual withdraws a specified dollar amount each
year until his retirement wealth is depleted), and the remaining lifetime approach (i.e.,
the withdrawal fraction rises with the remaining lifetime); see, e.g., Dus, Maurer, and
Mitchell (2005); Horneff, Maurer, Mitchell, and Dus (2008). However, these popular
draw-down strategies are arguably ad hoc, and are typically neither founded upon nor
corroborated by the individual’s preferences (MacDonald, Jones, Morrison, Brown, and
Hardy, 2013). Alternatively, retirees can buy annuities. But while fixed annuities are
usually too expensive to be an attractive financial product (especially in low interest
rate regimes), variable annuities often generate volatile fluctuations in payouts (see, e.g.,
Chai, Horneff, Maurer, and Mitchell, 2011; Maurer, Mitchell, Rogalla, and Kartashov,
2013b).""

Thus, the need for a utility-based approach to analyze the investment and draw-down
strategies implemented by Baby Boomers is evident. Expected utility theory with
constant relative risk aversion (CRRA) is the most commonly adopted preference model
to derive an agent’s optimal consumption and portfolio choice. As is well-known at
least since Merton (1969, 1971) and Samuelson (1969), a CRRA agent fully absorbs a
wealth shock into the level (and not future growth rates) of consumption. Under CRRA,
the year-on-year volatility of consumption thus matches the year-on-year volatility of
wealth. However, evidence of violations of the assumptions underlying CRRA utility —
in our setting, the intertemporal independence assumption in particular — has led authors
to seek for alternative models. The literature has put forward a variety of alternatives,

perhaps most noticeably habit formation utility and (continuous-time) recursive utility

“nsurers have more recently developed variable annuities for which surpluses earned in good years
support payouts in bad years (see, e.g., Guillén et al., 2006; Maurer, Rogalla, and Siegelin, 2013a;
Maurer, Mitchell, Rogalla, and Siegelin, 2014). This rapidly growing form of variable annuities is,
however, opaque and difficult to value.
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or stochastic differential utility (SDU).48 The present chapter proposes and analyzes a
model with internal habit formation and SDU, and derives the resulting investment and

draw-down strategies in closed-form.

Our contribution is three-fold. First, we build a rich consumption and portfolio choice
model with multiplicative habit formation, an endogenous internal habit level, and SDU.
Our general model encompasses many interesting special cases such as SDU without
multiplicative internal habit formation, multiplicative internal habit formation without
SDU, multiplicative habit formation with an external (deterministic) habit, and CRRA
utility. Second, we develop an approximation method to accurately solve our general
consumption and portfolio choice problem analytically. Third, we analyze the resulting
optimal investment and draw-down strategies for a Baby Boomer, and conduct a welfare

analysis. We now specify each of our contributions in more detail.

We assume that the agent derives utility from the ratio between consumption and the
habit level. The ratio (or multiplicative) model of habit formation, first analyzed by Abel
(1990), is the only model we know of that allows consumption to fall below the habit
level while simultaneously maintaining the property of constant (i.e., state-independent)
relative risk aversion. A number of authors consider an agent who derives utility from
the difference — rather than the ratio — between consumption and the habit level.”
The optimal consumption choice implied by the difference (or additive) model of habit
formation (Constantinides, 1990) exceeds the habit level in each economic scenario.
This addictive behavior of consumption is, however, doubtful (see, e.g., Detemple and
Karatzas, 2003). Indeed, empirical evidence showing significant declines in consumption
levels during recessions contradicts the addictive property. Furthermore, in the difference
model of habit formation, relative risk aversion depends on (surplus) wealth. This may
be undesirable from a normative point of view as it leads to very low equity holdings

in bad economic scenarios.”’ Also, in our ratio model of habit formation, the portfolio

*®The notion of SDU was introduced by Duffie and Epstein (1992) as a continuous-time limit of the
preference models studied by Epstein and Zin (1989) and by Kreps and Porteus (1978). Life cycle
models with Epstein-Zin preferences or internal habit formation have been widely studied in the
literature. For Epstein-Zin preferences, see, e.g., Chacko and Viceira (2005); Gomes and Michaelides
(2008); for the ratio model of habit formation, see, e.g., Gomes and Michaelides (2003).

“9Gee, e.g., Constantinides (1990); Detemple and Zapatero (1991, 1992); Schroder and Skiadas (2002);
Bodie, Detemple, Otruba, and Walter (2004); Munk (2008).

Y Chapter 2 extends the difference model of habit formation to allow consumption to fall below the habit
level. However, in the model of Chapter 2, relative risk aversion still depends on (surplus) wealth.
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strategy is state-independent, and thus easy to implement. We assume that the habit
level is a geometric (rather than an arithmetic) weighted average of the agent’s own past
consumption choices. Hence the habit level is internal to the agent and endogenously
determined.” In the model of Abel (1990), the habit level depends only on consumption

in the previous period.

Due to the endogeneity of the habit level, our consumption and portfolio choice
problem cannot be solved in closed-form. By developing a linearization to the budget
constraint, we are able to derive an analytical closed-form solution to the approximate
optimization problem. Linearization of the agent’s budget constraint is not uncommon
in the economic literature; see, in a different context, e.g., Campbell and Mankiw
(1991); Fuhrer (2000). Our approximation method is shown to be very accurate when
consumption stays close to the habit level, and when the habit level responds slowly to
consumption. Indeed, our numerical results show that the approximation error (measured
in terms of the relative decline in certainty equivalent consumption) is typically of order

0.01.

Our results can be summarized as follows. First, we show analytically that after
a wealth shock, it is optimal to adjust both the level and the future growth rates
of consumption, implying gradual response of consumption to financial shocks. This
justifies a mechanism for smoothing the change in consumption due to financial shocks.
The parameters in our model (i.e., the coefficient of relative risk aversion, the strength of
internal habit formation, and the deprecation rate of the habit level) have clear economic
interpretations, controlling the features of the optimal strategy. The coefficient of relative
risk aversion determines the effect of a wealth shock on the level of consumption. The less
risk averse the agent, the larger the effect of a wealth shock on the level of consumption.
The strength of internal habit formation determines the effect of a wealth shock on future
growth rates of consumption. The larger the strength of internal habit formation, the
larger the effect of a wealth shock on future growth rates of consumption. We also show
that the lower the deprecation rate of the habit level, the longer it takes to fully absorb

a wealth shock into current and future consumption.

*Corrado and Holly (2011) show that for the ratio model of habit formation, a geometric habit
specification is more desirable than an arithmetic habit specification. In particular, they prove that
under the geometric habit specification, overall utility decreases as the strength of internal habit
formation increases.
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Second, as the agent adjusts both the level and future growth rates of consumption
after a shock, the year-on-year volatility of consumption is less than the year-on-year
volatility of wealth. Thus, a risky investment portfolio does not automatically imply
a high year-on-year volatility of consumption. This finding stands in sharp contrast to
many popular portfolio and draw-down strategies (e.g., the remaining lifetime approach)
where an increase in the risk of the investment portfolio directly translates into a higher
year-on-year volatility of consumption. Furthermore, we show that the agent chooses to
reduce the fraction of wealth invested in risk-bearing assets as the end of life approaches.

Indeed, the agent has less time to absorb a wealth shock as he ages.

Third, we show that for a finitely-lived agent with a fixed lifetime, the expected
growth rate of consumption increases with the strength of internal habit formation as
well as with age.” If the agent were to live forever, the effects of the strength of internal
habit formation and age on the expected growth rate of consumption would be absent.
Indeed, in the case of an infinite horizon, the effect of a marginal change in consumption
on future habit levels is independent of age, while in the more realistic case of a finite
horizon, the effect of a marginal change in consumption on future habit levels decreases
with age. Thus, in the finite horizon case, fostering the ability to keep catching up with
the internal habit creates an upward pressure on expected consumption growth. That is,
the agent prefers to postpone consumption because the utility gain of a marginal increase

in consumption rises with age.

The elasticity of intertemporal substitution is in our base model, which combines
CRRA utility with multiplicative internal habit formation, intimately related to the
coefficient of relative risk aversion: the lower the degree of relative risk aversion, the
higher the agent’s willingness to engage in intertemporal substitution. In an extension of
our model, we study the consumption and portfolio choice of an agent with preferences
that combine SDU with multiplicative internal habit formation. This extended preference
model allows us to disentangle the elasticity of intertemporal substitution from the
coefficient of relative risk aversion while simultaneously maintaining the property of

multiplicative internal habit formation. As a result, the change in the median growth

»2We note that in the case of an uncertain lifetime and the absence of longevity insurance, survival
probabilities create a downward pressure on expected consumption growth (see Yaari, 1965). In that
case, expected consumption growth is determined by internal habit formation as well as the shape of
the survival curve.
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rate of consumption following a change in the interest rate is no longer related to the
coefficient of relative risk aversion. Applying our linearization of the budget constraint,
we are still able to derive the agent’s consumption and portfolio choice under the extended
model in closed-form. A model that combines SDU with multiplicative internal habit
formation has, to the best of our knowledge, not yet been studied in existing literature.
The closest to the current chapter in this respect is Schroder and Skiadas (1999), who

analytically study SDU but do not consider multiplicative internal habit formation.

Finally, we conduct a welfare analysis in order to assess the impact of pursuing
alternative suboptimal investment and draw-down strategies on the agent’s welfare.
More specifically, we compute welfare losses (in terms of the relative decline in certainty
equivalent consumption) associated with implementing the remaining lifetime approach,
the Merton approach (Merton, 1969) and the difference model of habit formation. Our
results show that welfare losses can be large, especially when the agent exhibits a high
degree of internal habit formation. We also show that welfare losses are typically larger
for the remaining lifetime approach than for the Merton approach.

The remainder of this chapter is structured as follows. Section 4.2 describes the
financial market, the preferences and the maximization problem. Section 4.3 presents the
solution method used to solve the maximization problem. This solution method involves
applying a linearization to the budget constraint. Section 4.4 derives and studies the
agent’s consumption and portfolio choice. This section also conducts a welfare analysis.
Section 4.5 explores the consumption and portfolio choice of an agent with preferences
that combine SDU with multiplicative internal habit formation. Section 4.6 studies the
approximation error due to applying a linearization to the budget constraint. Finally,

Section 4.7 provides concluding remarks. Proofs are relegated to the Appendix.

4.2. An Internal Habit Formation Model

4.2.1. The Financial Market

We consider a Black and Scholes financial market. Let 7" > 0 be a (possibly infinite)
terminal time. The financial market consists of a money market account and a risky

stock, which are traded continuously. The price of the money market account, i.e., By,
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evolves according to

dB,
— =rdt. 4.2.1
5 =T (12.1)

Here r stands for the interest rate. The risky stock price S, satisfies

% = (r+\o)dt + o dW,. (4.2.2)
t

Here A denotes the equity risk premium per unit of risk (i.e., Sharpe ratio), o stands for
the diffusion parameter (i.e., stock return volatility), and W, corresponds to a standard
Brownian motion.

It is well-known that if we exclude arbitrage opportunities in this financial market,

the pricing kernel (or stochastic discount factor) M, satisfies (see, e.g., Karatzas and

Shreve, 1998)

dM,
M,

= —rdt — AW, (4.2.3)

In the numerical computations, we use the following financial market parameter values:
the Sharpe ratio A = 20%, the risk-free rate r = 1%, and the stock return volatility

0 = 20%. These parameter values are the same as those used by Gomes et al. (2008).

4.2.2. Preferences

The agent’s preferences are represented by the multiplicative habit specification originally

introduced by Abel (1990). More precisely, the instantaneous utility function is given

w (e hy) = (i%) - ﬁ (Z—tt)lv. (4.2.4)

Here v > 0 is the coefficient of relative risk aversion, ¢, stands for consumption at time
t, and h; denotes the habit level at time ¢ to which the agent compares consumption c,.
In the difference model of habit formation (Constantinides, 1990), relative risk aversion

depends on (surplus) wealth. As a result, the optimal solution of the difference model

It v =1, then u(c;, hy) = v (c;/hy) = log{c;/hi}.
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differs substantially from the optimal solution of the ratio model (see Section 4.4 for

further details).

Inspired by Kozicki and Tinsley (2002) and Corrado and Holly (2011), the log habit

level log h, satisfies the following dynamic equation:
dlogh, = (Blogec, — alog hy) dt, log hg = 0. (4.2.5)

Here log hy denotes the initial log habit level. We normalize log hy to zero (i.e., by = 1).
We thus measure initial retirement wealth, consumption and the habit level in terms of
ho.”" The preference parameter v > 0 represents the rate at which the log habit level
depreciates. If « is small, then the log habit level exhibits a low degree of depreciation
(or, equivalently, a high degree of persistence). The preference parameter 5 > 0 indexes
the extent to which the current log habit level responds to current log consumption. If
[ is large, then current log consumption has a large impact on the log habit level. We

impose the following restriction on the agent’s preference parameters:
a> 6. (4.2.6)

The parameter restriction (4.2.6) prevents the habit level from growing exponentially

over time.

The habit level hy conditional on information available at time t is explicitly given

by55

he = exp {/: Bexp{—a(s —u)}logc, du} x exp{exp {—a(s —t)}logh,}. (4.2.7)

Equation (4.2.7) shows that we can factor the habit level h, into two components:

one dependent upon the agent’s consumption choices between time ¢ and time s (i.e.,

*The utility function is mot invariant to the unit of measurement. The agent should thus change the
values of the preference parameters if the unit of measurement changes.

55 . . .
Equation (4.2.7) is equivalent to:

hs _ (ht)exp{—a(s—t)} % H (Cu)ﬁ exp{—a(s—u)}du )
t

Here [[¢ (c,)?oPtotmwlde — jim . oexp {Zfif/uAu Bexp{—a (s —iAu)}log ciAuAu} denotes

the geometric integral.
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the stochastic component) and the other not (i.e., the deterministic component). The
preference parameter [ indexes the importance of the stochastic component relative
to the deterministic component (given «). The stochastic component becomes less

important as 3 decreases. Indeed, if 5 equals zero, then

exp{fexp{—a(s—u)}logc,} = 1. (4.2.8)

The stochastic component is an exponentially weighted product (and not an exponentially
weighted sum) of the agent’s consumption choices between time ¢ and time s. The
habit level thus depends more on consumption in the recent past than it depends on
consumption in the distant past.

Corrado and Holly (2011) demonstrate that for the ratio model of habit formation,
a specification in which the habit level is geometric in consumption is more desirable
than a specification in which the habit level is arithmetic in consumption. In particular,
they prove that under the geometric habit specification, overall utility decreases as the
endogeneity parameter § increases, provided that consumption is larger than unity.”
This property does not hold true in the arithmetic habit specification. Futhermore, the
assumption of a geometric habit specification makes the agent’s maximization problem

analytically tractable.

4.2.3. Maximization Problem

This section formulates the agent’s maximization problem. Denote by A, the agent’s
retirement wealth at time ¢, and by 7, the fraction of wealth invested in the risky stock

at time t. Wealth evolves according to

dA; = (r + mAo) Ay dt — ¢, dt + mo A, AW, Ay > 0 given. (4.2.9)

Equation (4.2.9) is referred to as the agent’s dynamic budget equation. This equation
shows that the agent’s retirement wealth equals the agent’s initial retirement wealth,

plus any gains from trading, minus cumulative consumption.

56Consumption is typically larger than unity because with internal habit formation, the agent has a
tendency to postpone consumption (i.e., consumption tends to exhibit a positive expected growth
rate); see Section 4.4.
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The agent aims to maximize expected lifetime utility

T . c
Uy=E / ¢ Joduduy (L) gt (4.2.10)
0 hy

over the set of all admissible consumption and portfolio strategies subject the agent’s
dynamic budget constraint (4.2.9) and the habit formation process (4.2.5).”" Here E /]
corresponds to the (unconditional) expectation operator, d,, stands for the subjective rate
of time preference at time u, and v (¢;/h;) represents the agent’s instantaneous utility

58

function (see equation (4.2.4))

We can, by virtue of the martingale approach (Pliska, 1986; Karatzas et al., 1987; Cox
and Huang, 1989, 1991), transform the agent’s maximization problem into the following

equivalent problem:

T ) c
maximize E {/ e Jo duduy, (—t) dt]
¢ 0 Iy

. (4.2.11)
subject to E {/ M,c, dt} < A, dlogh, = (Blogec, — alog hy) dt.
0

The optimal portfolio choice 7} is determined in such a way that it finances the optimal

. . 3
consumption choice ¢; .

The optimal consumption choice ¢; (if it exists) satisfies the following first-order

optimality condition:
1 -
I a3 _ éEt
hy \ hy C

>"For the definition of admissible consumption and portfolio strategies, see, e.g., Karatzas and Shreve
(1998).

58Alternautively, we can view §,, as the sum of the subjective rate of time preference at time v and the
force of mortality at time u. More specifically, in the case of deterministic mortality risk, expected

lifetime utility is given by (see Yaari, 1965)
T "t
=E / e Joru du v (Ct> dt
0 hy

T -t
UO =E / e JO Pu du]l[tSD]U & dt
0 hy
T t t C T t C
=E / e~ Jo pudug=Jo porudu,y (t) dt / e~ Joduduy (t> dt| .
0 ht 0 ht

Here p,, represents the subjective rate of time preference at time u, D is the stochastic date of death,
D, denotes the probability that an agent aged x at time 0 will survive to time x + ¢, and p,.,, is the
deterministic force of mortality at age x + u.

T e\
/ o Jo 6udu —a(s—t) (h_s) ds| =yM,. (4.2.12)
t

S

=E
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Here y > 0 denotes the Lagrange multiplier. The left-hand side of equation (4.2.12)
represents marginal utility, whereas the right-hand side denotes marginal cost. We can
decompose marginal utility into two components: the first representing the effect of an
increase in consumption on current instantaneous utility, and the second representing the
effect of an increase in consumption on future instantaneous utilities. We cannot obtain
the optimal consumption choice ¢, in closed-form due to the presence of the conditional
expectation operator E,[-] in the second component. The next section presents an

approximate problem to problem (4.2.11) that can be solved analytically.

4.3. The Solution Method

4.3.1. Applying a Change of Variable

By applying a change of variable, we can transform the agent’s maximization problem
(4.2.11) into an equivalent dual problem. Denote by ¢, the ratio between the agent’s

consumption choice and the habit level; that is,

Ct

h_t.

@

(4.3.1)

We refer to ¢, as the agent’s dual consumption choice. We can express the dynamics of
the log habit level in terms of the agent’s log dual consumption choice log¢, (substitute

log ¢, = log h, + log ¢, into equation (4.2.5)):

dlogh, = (5 [log h, + log¢,] — alogh,) dt

= (Blogc, — [a — Bllog hy) dt.

(4.3.2)
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Hence the agent’s habit level h, conditional on all information available at time t is

explicitly given by”

e = exp{ [ sexn i@ sy —u)}logeudu}

x exp{exp {—(ar — §)(s —t)} log s} .

(4.3.3)

Equation (4.3.3) shows that due to the parameter restriction (4.2.6), the habit level does

not grow exponentially over time. We define the dual static budget constraint as follows:

T
E { / M,h,2, dt} < A,. (4.3.4)
0

Equation (4.3.4) follows from substituting ¢, = h,¢, into the original static budget

constraint. The agent’s dual maximization problem is thus given by

Ct

T t
maximize E {/ e Joduduy (@) dt}
0 (4.3.5)
subject to E {/ M,h,c, dt} < A, dlogh, = (Bloge, — [a — B]log h,) dt.
0

We can obtain the optimal consumption choice ¢; from the optimal dual consumption

choice ¢;" as follows:
¢ = hier. (4.3.6)

Here h; is the optimal habit level at time ¢ implied by substituting the agent’s optimal

past dual consumption choices ¢, (u < t) into equation (4.3.3).

To solve the agent’s maximization problem (4.2.11), we can thus restrict ourselves
to finding a solution to problem (4.3.5). The agent’s optimal consumption choice c;
then follows from applying equation (4.3.6). We can however still not solve the agent’s

maximization problem (4.2.11) analytically because the dual static budget constraint

»Equation (4.3.3) is equivalent to:

S

hy = (hy) =P ODE=0 S T (5, ot an

t
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(4.3.4) depends on the agent’s dual consumption choice in a nonlinear way. Indeed,
substitution of h, into equation (4.3.4) shows that the dual static budget constraint
depends on the agent’s dual consumption choice ¢, nonlinearly. The next section develops
a linearization to the agent’s dual static budget constraint (4.3.4). After applying this

linearization, we can obtain the agent’s dual consumption choice in closed-form.

4.3.2. Linearizing the Budget Constraint

This section linearizes the left-hand side of the agent’s dual budget constraint (4.3.4)
around the consumption trajectory ¢ = ¢/h = 1. We expect (and verify in Section
4.6) that the approximation error is accurate when the agent’s consumption choice ¢,
stays close to the habit level h,, and when the endogeneity parameter  is small or the
depreciation parameter « is large. Indeed, if the habit level is completely exogenous
(i.e., f = 0 or & = ), the solution to problem (4.3.5) coincides with the solution to
problem (4.2.11) (see also equation (4.2.12), which shows that we can solve the first-order
optimality condition analytically if 8 = 0 or & = 00). We expect the approximation to be
less accurate when the agent’s consumption choice ¢, deviates much from the habit level
h;. Section 4.6 examines the approximation error induced by applying a linearization to

the agent’s dual budget constraint.

By applying a first-order Taylor series approximation, we can write the left-hand side

of the agent’s dual budget constraint (4.3.4) as follows (see Appendix)
T T T
E U Mthtadt] ~E U Mtdt} +E U M, (1+ 8P,) (@ — 1)dt]
0 0 0

T T
= —BE V MtPtdt] +E [/ Mtadt}.
0 0

Here ]\//_71t = M, (14 P,) denotes the adjusted pricing kernel, and P, stands for the price

(4.3.7)

of a bond paying a continuous coupon, i.e.,"
T M, (o) 1 —(r+a—p)(T—1)
P, =E, / ALE TP ds :—<1—e e ) (4.3.8)
¢ ¢ r+a—p

%OWe can also view P, as the amount of wealth needed to finance the consumption stream log ¢,/ log h,
if ¢, = h, for every s > t.
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4.3.3. The Approximate Problem

This section presents an approximate problem to problem (4.3.5) based on linearizing
the left-hand side of the dual budget constraint (4.3.4). The approximate problem is
given by
T t
maximize E [/ e Joduduy (3 dt}
0

Ct

., (4.3.9)
subject to E {/ ]\Z@ dt} < 121\0.
0

Here 20 denotes the adjusted initial wealth. We can obtain the agent’s maximization
problem (4.3.9) from (4.3.5) as follows. First, we replace the left-hand side of the static
dual budget constraint in (4.3.5) by equation (4.3.7). Second, we eliminate the constant

term

—BE [ /0 ' M,P, dt} (4.3.10)

from the new static dual budget constraint. We are allowed to do this because the
constant term (4.3.10) does not play a role in determining the first-order optimality
condition. Finally, we redefine the agent’s initial wealth A, in such a way that the
optimal solution ¢ is budget-feasible. That is, we determine the initial level of the
agent’s optimal dual consumption choice (i.e., the Lagrange multiplier) in such a way

that
T
E [/ M,hj ¢t dt} = A,. (4.3.11)
0

Here h/ is the agent’s habit level at time ¢ implied by substituting the agent’s optimal
past dual consumption choices ¢, (u < t) into (4.3.3). Straightforward computations

show that the agent’s adjusted initial wealth 20 is given by

T T
Ay = Ay + <IE { / M dt} _E { / M,h,e; dtD
0 0
T/\
0

(4.3.12)
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Equation (4.3.12) shows that the agent’s adjusted initial wealth A\O equals the agent’s
initial wealth A, plus the approximation error evaluated at the optimal solution. We can

only compute the value of A\O after problem (4.3.9) has been optimized.

4.4. Dynamic Consumption and Portfolio Choice

4.4.1. Consumption Choice

Theorem 4 below presents the optimal solution to the agent’s maximization problem

(4.3.9).

Theorem 4. Consider an agent with the utility function (4.2.4) and habit formation
process (4.2.5) who solves the consumption and portfolio choice problem (4.3.9). Denote
by h; the habit level implied by substituting the agent’s optimal past dual consumption
choices ¢, = ¢, /h;, (u < t) into equation (4.3.3), and by y the Lagrange multiplier
associated with the static budget constraint in (4.3.9). Then the optimal consumption

choice c; 1is given by
.1
&= R (yefo W“Mt) T (4.4.1)

The Lagrange multiplier y > 0 is determined in such a way that the agent’s original

budget constraint holds with equality.

4.4.1.1. Infinite Terminal Time

This section analyzes the agent’s consumption choice for the case where the terminal
time T' equals infinity. This assumption does not necessarily imply that the agent lives
forever. Indeed, if we also take into account mortality risk (see footnote 58), then T
stands for the maximum age the agent can possibly reach. The Appendix shows that we
can write the agent’s consumption choice ¢ (see (4.4.1) where ¢} is expressed in terms

of the state variables h; and ]\Z) in terms of past financial shocks as follows:

t 1 1 t 1
¢ = (ch)™™ exp { / G~ <r + -\ — 5u) du + / Grou— qu} . (4.4.2)
0 v 2 0 Y
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The parameter g, is defined as follows:

=1+ %ﬁ (1 - exp{—(a - B)u})
a (4.4.3)

= qo + (¢os — q0) (1 —exp{—nu}).

Here
Qo = 1, (4.4.4)
foo = 1+ o f 5 (4.4.5)
n=a-_4. (4.4.6)
We can view
Qu = Gu/Y (4.4.7)

as the exposure of future log consumption log ¢}, to a current financial shock A dW,. We
make the following observations. First, the risk exposure ¢, increases with the horizon
u: a current financial shock has a larger impact on log consumption in the distant
future than it has on log consumption in the near future. This implies that consumption
responds gradually to financial shocks. It provides a utility-based foundation for the
existence of smoothing mechanisms in drawing-down accumulated wealth by dampening
the change in consumption due to financial shocks. Second, the risk exposure of current
log consumption log ¢} to a current financial shock AdW,, i.e., q,, decreases with the
coefficient of relative risk aversion . Hence the coefficient of relative risk aversion -~y
determines the effect of a current financial shock on the level of log consumption (i.e.,
current log consumption). Third, 3/(« — ) determines the effect of a current financial
shock on future growth rates of consumption. If the endogeneity parameter S is large or
the depreciation parameter 7 is small, then a current financial shock has a large effect
on future growth rates of consumption (see also equation (4.3.3)). Fourth, we can view
n = «a — [ as the rate at which g, converges to G. If 7 is small (i.e., the habit level
depreciates at a slow pace), then it takes a long time to fully absorb a financial shock

into current and future consumption. Finally, the Merton consumption strategy (see

110



Dynamic Consumption and Portfolio Choice

Merton, 1969) emerges as a special case when g, = 1/ for all u. The risk exposure of
an agent with CRRA utility is always smaller than the risk exposure of an agent with
utility function (4.2.4), given . Figure 4.1 shows ¢, (expressed relative to o = 20%) as a
function of the horizon u for various sets of parameter values. We choose the parameter

values such that the average risk exposure matches the risk exposure of a CRRA agent.

Figure 4.1.
[lustration of the risk exposure of future log consumption to a current financial shock
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Future horizon u

The figure illustrates the risk exposure g, (i.e., the risk exposure of future log consumption
log ¢}, to a current financial shock AdW,) as a function of the horizon u for various sets of
parameter values. The figure also shows the Merton risk exposure for RRA = 2 and RRA =
5. Here RRA stands for relative risk aversion.

Equation (4.4.7) demonstrates that the parameters ¢, (i.e., the exposure of current log
consumption to a current shock), g, (i.e., the exposure of long-term log consumption
to a current financial shock), and 7 (i.e., the time it takes to absorb a financial shock)

fully characterize the risk exposure gq,. We can uniquely identify the agent’s original
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preference parameters o, 5 and v from ¢, g, and 7:

I

a =2, 4.4.8
o (4.4.8)
g=te_%, (4.4.9)
4o
1
v=—. (4.4.10)
4o
The Appendix shows that log consumption log ¢, evolves according to
x dt 1 Lo 1
dlogc; =log Ff* + qo— (7 + 5)\ — 0, | dt + go—AdW,. (4.4.11)
Y Y
Here
¢ 1 1 1
log Iy’ = / (Gsv—u — Gt—u) = (7” + 5)‘2 - 5u> du + <Qtj - &> —log cg

t
1
+ / (Qt—i-v—u - Qt—u) _)‘qu
0 Y

The left-hand side of equation (4.4.11) consists of three terms. The first two terms
represent the median (or expected) growth rate of log consumption. The term log Ft
represents past financial shocks that are reflected into the current median growth rate of
log consumption. This term disappears if 5 =0 or g, = 1/v for all u. The second term
represents the desired growth rate of consumption. The median value of log consumption
stays constant over time if 5 =0, d, = and r = § — %/\2 for all w. Finally, the last
term corresponds to current financial shocks that are absorbed into the level of log

consumption. The (annualized) volatility of dlogc; equals gy/v - \.

Figure 4.2 shows the median growth rate of consumption as a function of age for
various sets of parameter values. The black dashed line corresponds the case where
0y =T+ %)\2 = 3% for all u. In that case, the median growth rate of consumption is
zero (i.e., median consumption stays constant over time). The other lines illustrate the
median growth rate of consumption if § changes at the age of retirement (65 years) from
3% to 2%. The parameter 0 can change because of a (discretionary) change in the force
of mortality (see also footnote 58). We observe that the agent reallocates consumption
from the short-run to the long-run. Indeed, the agent expects to live longer so that he

postpones consumption and saves more for the future. The effect of a decrease in d on
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the median growth rate of consumption is more pronounced for large values of § and
small values of v. Hence, if § is large or « is small, then the agent is more willing to
substitute consumption over time. Section 4.5 considers a utility specification in which
the coefficient of relative risk aversion does not affect the agent’s willingness to substitute

consumption over time.

Figure 4.2.
[lustration of the median growth rate of consumption (7' = o)
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The figure illustrates the median growth rate of consumption as a function of age for various
sets of parameter values. The depreciation parameter « is set equal to 0.6, the subjective rate
of time preference § to 0.02, and the Lagrange multiplier y to unity. The black dashed line
represents the median growth of consumption in the case of § = r + %)\2 =0.03.

4.4.1.2. Finite Terminal Time

This section analyzes the agent’s consumption choice for the case where the terminal
time T is finite (i.e., T < 00). The Appendix shows that we can write the agent’s

consumption choice ¢; in terms of past financial shocks as follows:

¢ 1 1 t 1
c; = (cg)‘”/q‘) exp {/ Gt—u™ (ﬂ + -\ — 5u) du + / G — qu} ) (4.4.13)
0 v 2 0 Y

113



Chapter 4. How to Invest and Draw-Down Wealth? A Utility-Based Analysis

Here

~

—afP,
Fo=pgy N

P (4.4.14)

We can obtain equation (4.4.13) from equation (4.4.2) by replacing the interest rate r
with the adjusted interest rate r,. The Appendix proofs the following theorem.

Theorem 5. Let the adjusted interest rate r,, be defined by equation (4.4.14). Then:

1. The adjusted interest rate T,, increases as the endogeneity parameter [ increases,

giwen n = o — .

2. The adjusted interest rate r,, decreases as the terminal time T increases. In particular,

r, =1 if T — oo.

Current consumption has a large impact on future habit levels if 5 is large. Furthermore,
the utility gain of an infinitesimal increase in consumption is smaller when the agent is
(relatively) young (i.e., small t) than when the agent is (relatively) old (i.e., large t).
These two facts together explain why the median consumption choice tends to go up
with age if the endogeneity parameter [ is large. Indeed, as already pointed out by
Deaton (1992), the agent derives utility not only from consumption levels but also from
consumption growth. If T equals infinity, the utility gain of an infinitesimal increase
in consumption is age-independent. Hence, the agent does no longer have a desire to
postpone consumption. In our model, four factors thus affect the median consumption
choice (see also equation (4.4.13)): the financial market (i.e., 7, A and o), the subjective
rate of time preference, the survival curve, and the strength of internal habit formation.
Figure 4.3 illustrates the median growth rate of consumption for various values of the

endogeneity parameter .

4.4.2. Portfolio Choice

This section analyzes the agent’s portfolio choice 7r;. The Appendix shows that the

replicating portfolio strategy 7, is given by

G (4.4.15)

Q>
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Figure 4.3.
[lustration of median growth rate of consumption (7' < co)
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The figure illustrates the median growth rate of consumption as a function of age for various
values of the endogeneity parameter 5. The parameter n = a — § is set equal to 0.2, the
coefficient of relative risk aversion 7 to 5, the subjective rate of time preference ¢ to 0.01, the
terminal time T to 20, and the Lagrange multiplier y to unity.

Here 0 < @, < 1 denotes the (weighted) average risk exposure. That is,

T ‘/tu
4= g, - du, 4.4.16
t / - (4.4.16)

where V, = J;T V" du and V;" denotes the (market) value at time ¢ of ¢,
V' = F'CY. (4.4.17)

Equation (4.4.17) shows that the market value of future consumption, i.e., V" /c}, consists
of two factors. The first factor, i.e., F}*, represents past financial shocks that are absorbed
into future growth rates of consumption. This factor equals unity if the agent directly
adjusts consumption after unexpected financial shocks (i.e., g, = 1/ for all u). The
horizon-dependent annuity factor C;' summarizes the impacts of desired consumption
streams and future rates of return on the market value of future consumption. The

Appendix provides an explicit analytical expression for the horizon-dependent annuity
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factor C}' (see equation (4.8.3) in the Appendix).

Table 4.1 shows the median portfolio choice as a function of age for various sets of
parameter values. The agent implements a life cycle investment strategy (that is, the
fraction of wealth invested in the risky stock decreases on average as the agent ages),
even without taking human capital into account. Indeed, the agent has less time to

absorb a wealth shock as he grows older.

Table 4.1.

The agent’s median portfolio choice

Age (1) (2) (3) (4)  Merton (RRA = 2) Merton (RRA = 5)
65 0.20 0.27 0.41 0.65 0.50 0.20

70 0.18 0.24 0.39 0.64 0.50 0.20

75 0.15 0.19 0.36 0.56 0.50 0.20

80 0.10 0.12 0.29 0.40 0.50 0.20

85 0.05 0.05 0.20 0.20 0.50 0.20

The table reports the agent’s median portfolio choice (i.e., the median fraction of assets invested
in the risky stock) as a function of age for various sets of parameter values. The table also
reports the Merton portfolio strategy. (1) corresponds to o = 0.64, 5 = 0.56, v = 20; (2) to
a = 0.80, 5 =0.76, vy = 20; (3) to « = 0.5, = 0.3, v = 5; and (4) to a = 0.66, 5 = 0.54,
v = 5.

Table 4.2 shows the (annualized) volatility of the relative change in consumption and the
(annualized) volatility of the relative change in wealth. With internal habit formation,
the volatility of the relative change is consumption is smaller than the volatility of the
relative change in wealth. Hence the agent can take substantial stock market risk without
affecting the year-on-year volatility of consumption. Indeed, the degree of internal habit
formation largely determines the fraction of wealth invested in the risky stock, while
the coefficient of relative risk aversion largely determines the year-on-year fluctuations

in consumption.

4.4.3. Welfare Analysis

This section conducts a welfare analysis. More specifically, we compare a number of
alternative popular draw-down and investment strategies to the draw-down and investment
strategy implied by the agent’s maximization problem (4.3.9). The welfare loss associated
with implementing an alternative draw-down and investment strategy is computed relative

to the agent’s optimal draw-down and investment strategy. More precisely, the performance
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Table 4.2.
Volatility of the change in consumption and the volatility of the change in wealth
Age (1) (2) Merton (RRA = 2) Merton (RRA = 5)
O, Oa O, OA O, OaA 0. 0 A
65 1.00 395 4.00 1299 10.00 10.00 4.00  4.00
70 1.00  3.56 4.00 12.81 10.00 10.00 4.00  4.00
75 1.00 292 4.00 11.12 10.00 10.00 4.00  4.00
80 1.0 199 4.00 790  10.00 10.00 4.00  4.00
85 1.00  1.00 4.00 4.00 10.00 10.00 4.00  4.00

The table reports the volatility of the change in consumption o, and the volatility of the
change in wealth o4 as a function of age for various sets of parameter values. (1) corresponds
to a = 0.64, f = 0.56, v = 20; and (2) to o = 0.66, 3 = 0.54, v = 5. The numbers represent a
percentage.

of an alternative strategy is evaluated by measuring the relative decline in certainty
equivalent consumption. We define the certainty equivalent of an uncertain consumption
strategy to be the constant, certain consumption level that yields indifference to the
uncertain consumption strategy. Certainty equivalents are computed using the lifetime
utility function (4.2.10). Due to the presence of internal habit formation, the computation
of certainty equivalents is non-standard; see also Chapter 2. In the welfare analysis, we

consider the following alternative draw-down and investment strategies:

e The remaining lifetime approach (i.e., the 1/T-rule): the proportion of wealth

withdrawn from the agent’s retirement wealth is given by

C 1

—t— - 4.4.18
Here T'—t denotes the agent’s remaining lifetime which is assumed to be non-random.
We assume that the agent invests a fixed percentage (0, 20, 40, 60 or 80 percent)
of wealth into the risky stock. Equation (4.4.18) shows that consumption responds

directly to a financial shock.

e The Merton approach: the proportion of wealth withdrawn from the agent’s retirement

wealth is given by

Ct Ty — Ty

A, exp{(z —a)(T - )} -1’

(4.4.19)
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where
1—~ 1L\ 1/1-7\",
Ty = l(5. (4.4.21)
Y

We assume that the coefficient of relative risk aversion equals 2, 5 or 20. Like the

remaining lifetime approach, consumption is directly adjusted after a wealth shock.

e Difference model of habit formation. We assume that the agent maximizes

T . 1
Uy=E [/ e~ Jo 5"d“1— (¢, — ht)l_7 dt
0 -7

subject to the dynamic budget constraint (4.2.9) and the habit formation process

dh/t - (ﬁCt - Oéh/t> dt

The consumption strategy is given by

=

¢ = h, + (]\//.Ttyef(f Ou d">7W . (4.4.22)

Here y is a Lagrange multiplier. Consumption (4.4.22) responds gradually to a
financial shock. The investment strategy follows from replicating the consumption
strategy (4.4.22). Unlike the investment strategy implied by the ratio model (see
equation (4.4.15)), the investment strategy implied by the difference model depends
on the habit level. Indeed, if the habit level approaches consumption, the agent

reduces the fraction of wealth invested in the risky stock.

Table 4.3 reports welfare losses associated with implementing the remaining lifetime
approach. The welfare losses are relatively large if the agent exhibits a significant degree
of internal habit formation; see the first two rows of Table 4.3. Table 4.4 reports the
welfare losses due to implementing the Merton strategy. The welfare losses are smaller
compared to the remaining lifetime approach. Indeed, the Merton strategy emerges
as a special case of our model when 5 = 0. However, welfare losses associated with

implementing the Merton strategy may still be significant when the strength of internal
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habit formation is large. Finally, Table 4.5 reports the welfare losses due to implementing
the difference model of habit formation. Again, the welfare loss increases as the strength
of internal habit formation (i.e., 5) increases. Also, the welfare losses are larger compared

to the Merton approach.

Table 4.3.
Welfare losses due to implementing the remaining lifetime approach

Fraction of Assets Invested in the Risky Stock

0% 20% 40% 60% 80%
a =064 =056, v=20 35.16 3407 3697  42.76 _ 50.37
a=080,8=076,v=20 4293 4235 4384  46.97  51.45
a=0.50,3=030,v=5 7.45 2.90 2.79 7.11 15.44
a =066, 8=054 v="5 8.85 3.16 1.71 4.79 11.87

Optimal Strategy

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to implementing the remaining lifetime approach. The table reports the
welfare losses for various values of the fraction of wealth invested in the risky stock. The
numbers represent a percentage. We assume that d, = § = 3% for all v and T' = 20.

Table 4.4.
Welfare losses due to implementing the Merton approach

Relative Risk Aversion Coefficient

Optimal Strategy

2 5 20
o = 0.64, B =056, v =20 23.85 5.19 2.44
a=0.80, 8 =0.76, v = 20 29.55 13.13 8.50
a=050,3=0.30,v=5 2.95 0.63 3.93
a=0.66,3=054,v=>5 2.85 1.86 5.31

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to the consumption and portfolio strategy of an agent with CRRA utility
(i.e., the Merton strategy). The table reports the welfare losses for various values of the
coefficient of relative risk aversion ~ underlying the Merton strategy. The numbers represent a
percentage. We assume that d, = § = 3% for all w and T' = 20.
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Table 4.5.
Welfare losses due to implementing the difference model of habit formation
Optimal Strategy Welfare Loss
a=0.64, 8 =0.56, vy =20 5.63
a=0.80, 8 =0.76, vy = 20 9.10
a=0.50,5=0.30,v=5 4.33
a=0.66, =054, v=5 4.31

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) due to implementing the difference model of habit formation. The numbers
represent a percentage. We assume that d§, = 6 = 3% for all v and T = 20.

4.5. Stochastic Differential Utility

4.5.1. Preferences and Maximization Problem

This section considers consumption and portfolio choice of an agent with preferences
that combine SDU with multiplicative internal habit formation. We specify the agent’s
utility process {Vt}te[o 7) in terms of the intertemporal aggregator f. More specifically,

{Vi}icjor) satisfies the following integral equation (¢ € [0, 77):

V, = E, VTf (2— V., 5) ds] . (4.5.1)

As in the previous sections, the log habit level log h, evolves according to equation (4.2.5).

The intertemporal aggregator f is characterized by"!

Ct i
Cy (h_t> <
floVit) =0+ ||Vt =dVi| . (4.5.2)
hy 2

Here ¢ > —1 and ¢ < min{1,1/(1+ ()} are preference parameters. Equation (4.5.2)
is usually referred to as the Kreps-Porteus aggregator. If ( = 0 and the habit level h,
equals unity (i.e., « = = 0), then f (¢,/hy, V;,t) reduces to

1
f (% Vt,t> - ch — 5V, (4.5.3)
t

OUf ¢ =0, then f (c;/hy, Vi t) = (14 ¢V;) [log {e;/he} — (5/¢) log {1+ (Vi }].
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Equation (4.5.1) is then equivalent to the additive utility specification
T 1
V, =E, { / e_é(s_t)—cfds] . (4.5.4)
t ¥

The agent aims to maximize V[, in equation (4.5.1) (at t = 0) with f ( Vi t> given by
equation (4.5.2) subject to the habit formation process (4.2.5) and the dynamic budget
constraint (4.2.9).

We can transform this dynamic consumption and portfolio choice problem into an
equivalent static consumption and portfolio choice problem (similar to what we did in
Section 4.2.3). After transforming this static problem into a dual problem and applying
a linearization to the static dual budget constraint (which takes the same form as in our
base model; see Section 4.3.2 for further details), we obtain the following maximization

problem:

maxmuze l / f (e, Vit dt]
(4.5.5)

subject to E {/ ]\//Ea dt} < EO.
0

The next section presents the optimal solution to problem (4.5.5).

4.5.2. Dynamic Consumption and Portfolio Choice

The agent’s maximization problem (4.5.5) obtained in the dual model upon linearizing
the dual budget constraint can be solved by invoking the approach of Schroder and

Skiadas (1999). The next theorem presents the optimal consumption choice.

Theorem 6. Consider an agent with utility process (4.5.1), intertemporal aggregator
(4.5.2) and habit formation process (4.2.5) who solves the consumption and portfolio
choice problem (4.5.5). Let hi be the agent’s habit level implied by substituting the agent’s
optimal past dual consumption choices ¢, = c,/h,, (u < t) into equation (4.3.3) and let
y be the Lagrange multiplier associated with the static budget constraint in (4.5.5). Then

the agent’s optimal consumption choice ¢, is given by

Tl 1N 1A A
¢/ = h;exp / Y T+ -— =0 +-=5y—1] du—i—wy—l——/ dW, ¢, (4.5.6)
0 2y 2y 7 Jo

121



Chapter 4. How to Invest and Draw-Down Wealth? A Utility-Based Analysis

where

We can write the agent’s consumption choice ¢; in terms of past financial shocks as

follows:
a t 1A 1\?
C: = (CZD 0 exp / Qt—u ¢ Ty + 35— — o + 5 _ 2 h/ - 1] du+
0 2y 2 y

1 t
FG_u—A / qu} :
Y Jo

The optimal portfolio choice 7; is the same as in Section 4.4.2. Equation (4.5.7) shows

(4.5.7)

that with SDU, the parameter ¢ determines the willingness to substitute consumption
over time. Relative risk aversion is thus decoupled from the elasticity of intertemporal
substitution. Figure 4.4 shows the median growth rate of consumption as a function of
age for various values of 1) and §. We observe that the change in the median growth rate
of consumption following a (permanent) change in the subjective rate of time preference

) at the age of retirement (65 years) is small if 7 is small in absolute terms.

4.6. The Accuracy of the Approximation Method

The consumption and portfolio strategies presented in Section 4.4 are exact only in the
case of f = 0 and/or & = oo. In all other cases the consumption and portfolio strategies
are approximate based upon linearizing the left-hand side of the agent’s dual budget
constraint (4.3.4) around the consumption trajectory ¢/h = 1. This section analyzes the
approximation error due to applying a linearization to the dual budget constraint.®”
We determine the optimal consumption choice ¢; by using the method of backward
induction. That is, first, we determine the optimal consumption choice at the terminal

time 7. Then, the optimal consumption choice at time 7' — 1 is determined taking the

%2The Appendix linearizes the left-hand side of the dual budget constraint (4.3.4) in a multi-period,
discrete-time setting.
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Figure 4.4.
[lustration of median growth rate of consumption (SDU utility)
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The figure illustrates the median growth rate of consumption as a function of age for various
values of 1 and §. The endogeneity parameter 3 is set equal to 0.4, the depreciation parameter
a to 0.6, the coefficient of relative risk aversion v to 5, the terminal time 7' to infinity, and
the Lagrange multiplier y to unity. The black solid line corresponds to the case where median
consumption growth is zero.

optimal consumption choice at time 7" as given. We continue this process backwards in
time until all optimal consumption choices have been determined. The terminal time 7" is
set equal to three (we also consider the case where the terminal time 7" equals four), the
time interval At equals unity and the underlying uncertainty is described by a binomial
tree.”” The computation of the optimal consumption choice ¢ rapidly becomes infeasible
as the number of time steps increases.

We evaluate the performance of the (sub-optimal) consumption choice ¢ by measuring
the relative decline in certainty equivalent consumption (see Section 4.4.3 for the definition
of certainty equivalent Consulrnption).64 Tables 4.6 — 4.9 report our results. The first three

tables show the welfare losses (in terms of the relative decline in certainty equivalent

63By considering a binomial tree, we can exactly compute the conditional expectations involved in the
optimization technique.

861{0 > 0 if

BfOT e ' dt < 1. If T is large, then fOT et & é Hence we can always compute (for any T') the

certainty equivalent consumption choice ¢ if g <1

%4 The certainty equivalent consumption choice ¢ always exists if a > §. In particular,
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consumption) for the case where the terminal time equals three. We find that the
approximation error is an increasing function of 5, and an decreasing function of «
and 7. Indeed, if « is large and/or § is small, the impact of an increase in consumption
on future habit levels is limited. Also, if v is large, consumption stays close to the habit
level. In all cases, the approximation error is smaller than 1%. Table 4.9 reports the
approximation error for case where the terminal time 7" equals four. The approximation

error is still very small.

Table 4.6.
Welfare losses (7 =2 and T' = 3)
B
a 0 015 0.2 0.3 0.6
00 - - - -
0.15 0 0.0229 - - -
0.2 0 0.0178 0.0516 - -
0.3 0 0.0149 0.03053 0.1263 -
0.6 0 0.0153 0.0293 0.0689 0.6840

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) associated with implementing the consumption choice ¢;. The numbers represent
a percentage. We only report welfare losses for the case o > 5. The terminal time T is set
equal to 3, initial wealth to 3, and the subjective rate of time preference § to 3%.

Table 4.7.
Welfare losses (y =5 and T = 3)
B
a 0 015 0.2 0.3 0.6
0 O - - - -
0.15 0 0.0078 - - -
0.2 0 0.0012 0.0101 - -
0.3 0 0.0164 0.0021 0.0197 -
0.6 0 0.0017 0.0285 0.0096 0.0479

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) associated with implementing the consumption choice ¢;. The numbers represent
a percentage. We only report welfare losses for the case a > . The terminal time T is set
equal to 3, initial wealth to 3, and the subjective rate of time preference ¢ to 3%.
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Table 4.8.
Welfare losses (7 =20 and T' = 3)

B
« 0.15 0.2 0.3 0.6
0 _ _ _ _
0.15 0.0000 - - -

0.3 0.0019 0.0008 0.0024 -

0
0
0
0.2 0 0.0002 0.0003 - -
0
0.6 0 0.0000 0.0008 0.0012 0.0017

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) associated with implementing the consumption choice ¢;. The numbers represent
a percentage. We only report welfare losses for the case o > 5. The terminal time T is set
equal to 3, initial wealth to 3, and the subjective rate of time preference ¢ to 3%.

Table 4.9.
Welfare losses (y =2 and T = 4)
B
a 0 015 0.2 0.3 0.6
00 - - - -
0.15 0 0.0486 - - -
0.2 0 0.0561 0.0989 - -
0.3 0 0.0777 0.1025 0.2309 -
0.6 0 0.3997 0.2779 0.2081 1.3957

The table reports the welfare losses (in terms of the relative decline in certainty equivalent
consumption) associated with implementing the consumption choice ¢;. The numbers represent
a percentage. We only report welfare losses for the case a > . The terminal time T is set
equal to 4, initial wealth to 4, and the subjective rate of time preference § to 3%.

4.7. Concluding Remarks

In this chapter, we have built a rich consumption-portfolio choice model with preferences
that combine both multiplicative internal habit formation and stochastic differential
utility. To solve our preference model, we have developed an approximation method
based upon linearizing the agent’s (dual) budget constraint. For reasonable values of the
preference parameters, the approximation error induced by our method is very small. We
have shown that after a wealth shock, the agent optimally chooses to adjust both the level
and future growth rates of consumption, giving rise to gradual response of consumption

to financial shocks. Furthermore, expected consumption tends to grow with age, and
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relative risk aversion does not affect the willingness to substitute consumption over time.
A possible venue for future research would be to confront our preference model with

actual consumption data.

4.8. Appendix

4.8.1. Proofs

Derivation of (4.3.7)

This appendix linearizes the left-hand side of the agent’s dual static budget constraint
(4.3.4) around the consumption trajectory ¢ = ¢/h = 1. The partial derivative of h, with

respect to ¢, dt is given by

oh, 1 h
G g = e -l = Bls -} 2 (4.8.1)

Equation (4.8.1) follows from differentiating (4.3.3) with respect to ¢, dt. The partial

derivative (4.8.1) evaluated along the consumption trajectory ¢ = 1 yields

oh, 1
¢, dt

= Bexp{—(a—=p)(s —1)}.

c=1

Define the function f (¢) as follows:

f(@)zE[/OTMthtadt].

Straightforward computations show

f(l):E{/OTMtdt},

9t (z T
];/C(;C)é _ = M, + BE, {/t M exp{—(a—5)(s—t)}ds

:Mt(l‘{‘ﬁpt)'
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We can, by virtue of Taylor series expansion, approximate the dual budget constraint

f(€) by

f(@)zf(1)+E[/o M, (14 BP,) (6 — 1) dt| .

Proof of Theorem 4

The Lagrangian £ is given by
T t -~ T —
ﬁ:E[/ e_foéuduv(a)dt}+y<Ao—E{/ Mtadt})
0 0
T t — -~
= / E [e_fo buduy (@) — yM[c\t} dt + yA,.
0

Here y > 0 denotes the Lagrange multiplier associated with the static budget constraint.
t —
The agent aims to maximize e Jo %y (¢;) — yM,c,. The optimal dual consumption

choice ¢; satisfies the following first-order optimality condition:

e~ Jo Ou dU/C\t—V _ y]/\Zt
After solving the first-order optimality condition, we obtain the following maximum:

. -1

o = (efo 5“d“yMt> .

Hence (use equation (4.3.6))
. 1
c; = hf (yefo Ou d“Mt> T

A standard verification (see, e.g., Karatzas and Shreve, 1998, p. 103) stating that the
optimal solution to the Lagrangian equals the optimal solution to the dual problem

completes the proof.

Derivation of (4.4.2), (4.4.11) and (4.4.13)

This appendix explicitly writes the agent’s consumption choice ¢; in terms of past

financial shocks. We can write the adjusted pricing kernel ]\Z = M, (1+ BP,) as follows
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(this follows from applying It6’s Lemma to ]\/4: = f (M, P,)=M,(1+5P)):

P o t 1 t
M, = M, exp {—/ (?u -+ 5)\2> du} exp {)\/ qu} : (4.8.2)
0 0

Substituting equation (4.8.2) into equation (4.4.1) yields

* 1 t 1 — A t
Et*z%:exp{g/ (?u+§/\2—5u> du—i—%}exp{;/ qu}.
t 0 0

Here y = — <logy + log ]\//T()).
We can write the habit level as follows:
t
hyi = exp {/ Bexp{—(a—B)(t— u)}log@fdu}
0
t
_ exp{/ Bexp{—(a— Bt — u)}
0
F/ <ﬁ,+1)\2—5v) dv+9+3/ de] du}
v Jo 2 v vJo
e 1N /. 1,
= exp Gpow— — | | TW + A =0, ) du
0 Y 2
I by 1
exp qG——|y+ Gy — — | AAW,, 5.
Y 0 Y
Here
t
iu= 2145 [ e icta-pu- oy

1

~

1 g

> 3 (1 —exp{—(a—pB)(t — U)})] -

[1+—
a_

Hence,

1/ 1., A7
cf:h:exp{—/ (?u+§)\ —5u) du+y}exp{—/ qu}
Y Jo Y Jo
t R 1 t
= eXp {/ qtfu (Tu + 5)\2 — 5u) du ‘l’ (jtg + / (jt,,u)\ qu}
0 0
o t 1 s
- (cg)qt/qo exp {/ . (?u + 5)3 — 5u) du +/ T\ qu} .
0 0

Equation (4.4.2) follows from equation (4.4.13) and Theorem 5.
Dividing log ¢;; o; by log ¢; and taking the limit At = 0 yields equation (4.4.11).
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Proof of Theorem 5

We first proof that the (partial) derivate of 7, with respect to 3 is positive given n = a—f3.
Substituting o = n + f into equation (4.4.14) yields

7"_(77+B)ﬁpu
1+p5P,

Ty =5+
The derivate of 7, with respect to 3 is given by

or, (A +BR)m+28) P = (r = (n+ HBL) P,
op (1+4P,)
—nP, — 28P, —nBP; —2(BP,)° — rP, +npP; + (BP,)’
1+ 28P, + (BP,)
—nP, —28P, — (BP,)* — rP,
1+28P, + (BP)*

— 14

=1+

Hence
_~ 2
or, >0 e Z1P = 200, (BP.) : Py
op 1+2BP, + (BP,)
& 0P, +2B8P, + (BP,)° +rP, < 1+28P, + (8P,)°

S r+nP,<lel—exp{-(r+nT—-u} <L

This last inequality is obviously true. Hence 0r, /0f is positive (given 7).

Finally, we proof that the (partial) derivate of 7, with respect to T" is negative. The

derivate of 7, with respect to T is given by

8?u - -2 8Pu —2 8Pu

Using the fact that dP, /0T is positive, we find that 07, /0T is negative. Furthermore,
simple algebra yields that 7, = 7 if T' = oo (here we use the fact that P, = 1/(r+a— ()

as T = 00).
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Derivation of (4.4.15)

Straightforward computations show that

u M u _k
Vit =E, {ﬁctw]
t

u 1 u
— ¢ F'E, [exp{— / (r+§)\2) dv — / )\th+U_U}
0 0
{/u 1<+1/\2 ) )d +/u 1>\dW H
exXp Gu— |\ T " - u—v v qv— u—v
0 Y 2 " 0 Y "

= C:FtuCZJa
where
u “ _ Lo, _ I 5.9
CVt =eXp4y— [1 - QU] T+ QQU)\ + QUat—i-u—v - §CI1}>‘ dvp. (483)
0

It follows from It0’s Lemma that

dlogV, 1/T8Vt“ /T_Vt”
- = — du = —Adu. 4.84
ow, ~ v, ), aw, T ), Gyrde (4.84)

We also have (this follows from applying It6’s Lemma to the dynamic budget constraint

(4.2.9))

= m0. (4.8.5)

Setting equation (4.8.5) equal to equation (4.8.4) and solving for m, yields (4.4.15).

Proof of Theorem 6

Schroder and Skiadas (1999) derive the optimal dual consumption choice ¢;. The optimal

consumption choice ¢;” follows from equation (4.3.6).

4.8.2. Multi-Period Discrete-Time Model

This section linearizes the left-hand side of the agent’s dual budget constraint (4.3.4) in

a multi-period, discrete-time setting. Let us denote by At the time step (the magnitude
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of At is usually taken to be small). The habit level is given by

y

Here, n € {0,...,|T/At| —1}. The agent’s dual budget constraint can be written as

hnat = €xp {5 [Z(l — o = BJAH)" " log Eia,

i=1

n
H 1 [a—BlAL)" " At

=1

follows:
|T/At]—1 |T/At]—1
E Z M 1yathnaCmiaAt | = Z My yae
n=0 _

n .
(1—[a—BlAt)"""At | ~
X H G > Cng1yarAt
=1

Let us define the following function:

fe)=f (/C\Ata ---7/C\LT/AtjAt)

|T/At]—1
~ a—BlA) A
E Z M i1)a < G A t>c(n+1)mAt
=1

By Taylor series expansion,

~ - 9f (@) .
Je)=f(1)+E — Cin 1
(@)~ f() 2 P A:l( (minae — 1)
| T/At)—1 . T
of (¢) .
=f(1)+E Cin 1
( ) ; %(n—i-l)At . ( (n+1)A )
Straightforward computations show that
of (¢)
—_— =M, At
aC(n+1)At =1 (rt1)A
| T/At)—1
+ BE(n+1)At Z At 1 - Of - ﬁ]At) (n+2) At At
i=n-+2

= M(n+1)At (1 + BP(nJrl)At) At,
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where
|T/At]—1
_ Ming i—(n+2)
P(n+1)At = E(nJrl)At Z — (1 = [a — B]A?) At
Pa— (n+1)At
Hence,
|T/AL|—1

f@)~f(1)+E Z Minyae (1+ BPuiyar) (Cnpnyar — 1) At
n=0
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CHAPTER 5

PERSONAL PENSION PLANS WITH RISK

PooLING: INVESTMENT APPROACH

VERSUS CONSUMPTION APPROACH65

Personal pension plans with risk pooling (PPRs) promise to play a new role in the
provision of retirement income. These plans unbundle the main functions of variable
annuities. In particular, a PPR individualizes the savings, investment and withdrawal
functions of wvariable annuities, and organizes the insurance function collectively. A
policyholder can adopt an investment approach or a consumption approach to a PPR.
This chapter explores these two approaches in detail. We show that in the investment
approach, a policyholder can freely adjust the investment policy without affecting the
intertemporal allocation of the market value of the consumption stream. This is not
the case for the consumption approach. We also explore the collective versions of the

wmvestment approach and the consumption approach.

5.1. Introduction

Private pension provision is in transition, moving from defined benefit (DB) pension
plans towards defined contribution (DC) pension plans (Investment Company Institute,
2014). The global financial crisis and its aftermath have accelerated this trend. The
move towards DC pension plans, however, may be problematic as these pension plans
primarily focus on wealth accumulation rather than providing stable lifelong income
streams. Indeed, according to The Melbourne Mercer Global Pension Index (2013),

“there is an urgent need to find a better balance between the individual orientation of

%This chapter is co-authored with Lans Bovenberg.
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a DC plan and a collective (or pooled) approach where there is some sharing of risks
within and between generations.”

The pension plans being proposed by Bovenberg and Nijman (2015) promise to play
a new role in the provision of retirement income. These pension plans, which are called
personal pension plans with risk pooling (PPRs), unbundle the main functions of variable
annuities. In particular, a PPR individualizes the savings, investment and withdrawal
functions of variable annuities” and arranges the insurance function (i.e., pooling of
idiosyncratic longevity risk) collectively. By pooling idiosyncratic longevity risk and
taking systematic risks on behalf of the policyholders, pension funds can provide lifelong
income streams during retirement at relatively low costs.” A policyholder can adopt an
investment approach or a consumption approach to a PPR. This chapter examines these
two approaches in detail.

In the investment approach, the policyholder exogenously specifies the contribution
level, the investment policy and the assumed interest rate. The annuity units (i.e., the
lifelong consumption streams in retirement) are derived endogenously. We show that in
this approach, the policyholder can freely adjust the investment policy without affecting
the intertemporal allocation of the market value of the consumption stream. This
property facilitates pooling of idiosyncratic longevity risk. Indeed, a myopic policyholder
cannot, reallocate market value from the long-run to the short-run by changing the
investment policy.

In the consumption approach, the policyholder exogenously specifies the volatility of
annuity units, the expected growth rate of annuity units and the initial annuity units.
The contribution level, the investment policy and the assumed interest rate are derived
endogenously. Brown, Kling, Mullainathan, and Wrobel (2008, 2013) find that people
value annuities more when framed in terms of consumption than when framed in terms
of investment. In the consumption approach, policyholders can reallocate value from
the long-run to the short-run by raising the volatility of annuity units. Hence, myopic

policyholders face an incentive to raise the risk of annuity units to consume more today.

% Individualization of these functions is possible without any welfare losses. Indeed, pooling of systematic
risks does not generate any welfare gain. In fact, individualization of these functions may even lead
to an improvement in welfare because these functions can now be tailored to the specific needs of the
policyholders (see Mehlkopf, Boelaars, Bovenberg, and van Bilsen, 2015).

%"We can view a PPR as a middle ground between a DB and a DC pension plan. It aims to provide
a stable lifelong income stream during retirement (as in DB pension plans), while property rights are
defined in terms of a personal investment account (as in DC pension plans).
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We also examine a collective defined contribution (CDC) pension system (which is the
collective analogue of the investment approach) and a collective defined ambition (CDA)
pension system (which is the collective analogue of the consumption approach). These
pension plans allow policyholders to share non-traded risk factors. However, collective
pension systems have several disadvantages. In particular, they allow for less tailor-made
solutions, require the valuation of annuity units, and may well lead to intergenerational
conflicts about the (unobservable) parameters.

The remainder of this chapter is structured as follows. Section 5.2 describes the
underlying assumptions. Section 5.3 formalizes the investment approach and Section 5.4
the consumption approach. Section 5.5 explores a CDC pension system and Section 5.6
a CDA pension system. Section 5.7 concludes the chapter. Proofs are relegated to the

Appendix.

5.2. Assumptions

5.2.1. Financial Market

The financial market consists of a money market account and a risky stock. The price

of the money market account, i.e., P,, satisfies

dpr,
— = rdt. 2.1
P rd (5.2.1)

Here r can be viewed as the risk-free interest rate. The price of the risky stock, i.e., S,

evolves according to

d?st = (r+ Ao)dt + odW,. (5.2.2)
¢

Here A denotes the equity risk premium per unit of risk (i.e., Sharpe ratio), o stands for
the diffusion parameter (i.e., stock return volatility), and W, corresponds to a standard
Brownian motion. The pricing kernel (or stochastic discount factor) m, is subject to

(see, e.g., Karatzas and Shreve, 1998):

dmi _at — aaw, (5.2.3)

my
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5.2.2. Longevity Insurance

The insurer pools idiosyncratic longevity risk, so that policyholders are protected from
outliving their retirement wealth. Denote by y the date of birth, by z, the age at

which policyholders retire, and by x,,,, the maximum age policyholders can reach. The

max
policyholder receives a pension payment at time ¢ if he is alive and his birthdate y falls
between time t — z, and time t —x ... The probability that a policyholder aged x =t —y

will survive to age x + h is given by

h
hPy = €XP {_/ Nm—i—vdv} ) (524)
0

where f1,.,, corresponds to the force of mortality at age = + v.

5.3. The Investment Approach

The investment approach defines pension entitlements in terms of a personal investment
account. The policyholder exogenously specifies the (current) value of his account,
the investment policy (i.e., the fraction of assets invested in the risky stock) and the
assumed interest rate. The assumed interest rate determines how fast retirement wealth
is depleted. Current annuity units, the volatility of annuity units and the expected
growth rate of annuity units are determined endogenously. Figure 5.1 summarizes the
investment approach. The left-hand side of the figure shows the exogenous parameters of
the pension contract. These exogenous parameters determine the endogenous variables
on the right-hand side of the figure. A green line describes a positive relationship between
an exogenous parameter and an endogenous variable whereas a red line describes a
negative relationship. Section 5.3.1 formalizes the pension contract. This section also
derives the rate at which retirement wealth is depleted. Section 5.3.2 determines the
endogenous variables of the pension contract. Finally, Section 5.3.3 explores the impact

of (discretionary) changes in the exogenous parameters on the endogenous variables.
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The Investment Approach

Figure 5.1.
Ilustration of the investment approach

Exogenous Endogenous
Current Account Value © Current Annuity Units
Investment Policy Volatility
Assumed InterestRate = = = = = = = * Expected Growth Rate

The figure illustrates the investment approach. The left-hand side of the figure shows the
exogenous parameters of the pension contract. These exogenous parameters determine the
variables on the right-hand side of the figure.

5.3.1. The Pension Contract

Denote by X;’t the value of the personal investment account at time t of policyholder 4

born at time y, and by ¢’ the fraction of wealth invested in the risky stock by policyholder
i. The value of the personal investment account evolves according to™

dXzi/,t _ i i i i .

(i + 7+ ¢'No) dt + ¢'odW, — d, ,dt, 21> 0 given. (5.3.1)

=
y,t

Here d; is the decumulation rate (or withdrawal fraction) at time ¢ of policyholder i
born at time y. Equation (5.3.1) shows that the expected rate of return on the assets
X;’t is equal to the sum of the biometric rate of return p,_, and the expected financial
rate of return r + ¢'Ao. The assumed interest rate determines the decumulation rate

d;t. Denote by 6 4o the (forward) assumed interest rate at time ¢ for horizon v > 0. The

% The value of policyholder i’s personal investment account accrues to the insurer if policyholder i passes
away.
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decumulation rate is now given by

1/14;,157 ift>y+uax,;

(5.3.2)

Yyt

0, ift <y+uw,.

Here A;,t denotes the annuity (or conversion) factor:

) Tmaxty—t h )
A= / exp {—/O (ut_y+v + (5Z+U) dv} dh. (5.3.3)

max{xz,+y—t,0}

Equations (5.3.2) and (5.3.3) show that the decumulation rate increases with the assumed
interest rate. Hence an increase in the assumed interest rate reallocates consumption

from the long-run to the short-run.

5.3.2. The Endogenous Variables

Denote by B;’t the annuity units at time ¢ of policyholder ¢ born at time y. The value
of the personal investment account X;t together with the annuity factor A;’t determine

current annuity units B, ; as follows:

. X
;7t — Zyvt . (5.3.4)
Ay,t
Applying 1t6’s Lemma to equation (5.3.4) shows
dB; 1 : X; o dx),  dA
W X, - AL, = e (5.3.5)
1 AZ B’L ) '3 ) ) (2 7
Yyt Yt =yt ( y,t) Yt Yit Yyt

Hence current annuity units B;’t fully absorb the mismatch between assets and the
annuity factor. The dynamic equation of the annuity factor is given by (this follows
from applying 1t6’s Lemma to equation (5.3.3))
dA; ‘ ‘
— = (py_,, + 07) At — d, ,dt. (5.3.6)

Yyt
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Accordingly, current annuity units B;,t satisfy (this follows from equations (5.3.1), (5.3.5),
and (5.3.6))

4B, . , .

— P = (r + ¢'Ao — 37) dt + ¢'adWW,. (5.3.7)

1
y’t

The (annualized) volatility of annuity units w' is thus given by
w'=¢'o. (5.3.8)

Furthermore, equation (5.3.7) shows that the current expected growth of annuity units
i is equal to the difference between the expected financial rate of return r + ¢*Ao and

the assumed interest rate d;:
=1+ ¢'\o — bl (5.3.9)

A high assumed interest rate thus implies not only a high decumulation rate but also a

low expected growth rate of annuity units.

5.3.3. Changes in Parameters

This section explores the impact of (discretionary) changes in the exogenous parameters
(i.e., the investment policy and the assumed interest rate) on the endogenous variables.
We also consider changes in the Sharpe ratio and the force of mortality. Whereas
the investment policy and the assumed interest rate are parameters specified by the
policyholder, the Sharpe ratio and the force of mortality are parameters describing the
external environment (i.e., non-traded risk factors). Changes in parameters are not

traded on financial markets, and are thus not valued ex ante.

5.3.3.1. Investment Policy

Policyholder i can freely adjust its investment policy ¢ before or during the retirement
period. A change in the investment policy of A¢' causes — ceteris paribus — the expected
growth rate of annuity units 7} to change by Ao A¢’ (see equation (5.3.9)). The expected
growth rate of annuity units thus changes as a result of a change in the investment policy.

The assumed interest rate is not affected by a change in the investment policy. A change
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in the investment policy thus impact neither the speed with which retirement wealth is

depleted nor the horizon-dependent market value Vyzth :

h
y’th = B, ,exp {— / (,ut,yw + 5Z+v) dv} ) (5.3.10)
0

Hence the investment policy is not mixed up with the intertemporal allocation of the
market value of the consumption stream. Perverse incentives in the investment policy are
thus absent: a myopic policyholder (whose discount rate exceeds the assumed interest
rate because of hyperbolic discounting or a short life expectancy) does not face incentives
to change the investment policy in order to reallocate consumption away from the future
to the present. This property facilitates pooling of idiosyncratic longevity risk. Indeed,
policyholders whose life expectancy declines as a result of adverse health shocks cannot
reallocate market value from the long-run to the short-run by increasing the fraction of
wealth invested in the risky stock. A change in investment policy does, however, impact

expected annuity units. More specifically, we find (see Appendix)

AE, (B4

: ~ hAoA¢'. (5.3.11)
Et [By,t+h:|

Hence an increase in ¢ leads to an increase in not only the volatility of annuity units but
also expected annuity units. Indeed, a change in the investment policy causes a different

position on the risk-return frontier.

5.3.3.2. Assumed Interest Rate

% We assume that

The policyholder can also change the assumed interest rate o o
a change in the assumed interest rate 5Z+v is a weighted average of a change in the

short-term assumed interest rate d: and a change in the long-term assumed interest rate

oL

Ay, = e ™A + (1 —e ™) AdL. (5.3.12)

%In a model with interest rate risk and/or (expected) inflation risk, also changes in these risk factors
may affect the assumed interest rate.
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Here k > 0 is a weight parameter. If & is small, then A6 1o 18 largely determined by the
short-term shock Ad;. Policyholder i thus only needs to specify Ad;, Ad’, and .

A change in the assumed interest rate of Ad;,, causes — ceteris paribus — current

annuity units to change by (see Appendix)

ARB! . , . A ,
——vt ~ DYASL, + DEE (ASE — ASL) . (5.3.13)

y7t

Here the k-adjusted duration ﬁ;': is defined as follows: "

~. xmax""y_t .

D = / VD dh, (5.3.14)
max{x,+y—t,0}

where
K,h 1 —kh

D"=—-(1-—e¢ (5.3.15)
fﬂ'/ 9

wh =2 (5.3.16)
y,t

An increase in the assumed interest rate causes not only an increase in current annuity
units (see equation (5.3.13)) but also a decrease in the expected growth rate of annuity
units 7, (v > 0) (see equation (5.3.9)). We note that a change in the investment policy

leaves current annuity units unaffected (see Section 5.3.3.1).

A change in the assumed interest rate also affects expected annuity units and the

intertemporal allocation of the market value of the consumption stream. We find (see

Appendix)
A]Et [B:'i,tJrh] — [ N0 i Nik K,h i i
B B] = (Dhmh) At (B - D) (sl -a0), (687
V;/if ~ vt > y,t t ) - -9.

"We note that

~i0 TmaxtyY—t b .

7,0 _ 7, i,k

Do = / i hdh > D%
max{z,+y—t,0}

Indeed, whereas ﬁ;% denotes the impact of a permanent shock, ﬁ;? represents the impact of a

temporary shock. The impact of the temporary shock declines with the speed x with which a
temporary shock dies out.
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An increase in the assumed interest rate thus reallocates market value from the long-run
to the short-run. In particular, a permanent shock A&’ > 0 raises the market value at
horizon h as long as h is smaller than the average duration, i.e., h < ﬁ;(z Similarly,
a temporary shock Ad! — A’ > 0 raises the market value at horizon h as long as the
r-adjusted duration is smaller than the average x-adjusted duration, i.e., D™ < ﬁ;';
Intuitively, a higher assumed interest rate yields two effects. First, the direct effect is to
reduce the annuity factor. Second, the indirect effect is through an immediate increase
in current annuity units on account of a lower annuity factor (see equation (5.3.4)).
Whereas the first effect (i.e., the reduction in the annuity factor) increases with the
horizon, the second effect (i.e., the increase in current annuity units) is uniform for all
horizons and amounts (in absolute value) to the weighted average of the first effects.
Hence the sum of the two effects declines with the horizon and adds up to zero (weighted

with the market shares).

5.3.3.3. Sharpe Ratio

A change in the Sharpe ratio of A\ leads to similar effects on the endogenous variables
as a change in the investment policy. That is, the intertemporal allocation of the market
value of the consumption stream is unaffected, while expected annuity units change as

follows:

AE, (B4

- ~ h¢'oAN. 5.3.19
E, [Blun (5319

5.3.3.4. Force of Mortality

This section considers a change in the force of mortality p,_,.,. Inspired by Lee and
Carter (1992), we assume that a change in the force of mortality ju;_, ., is driven by a

change in a common risk factor f:

Apy—yiv = GryrAS (5.3.20)

Here g,_,., > 0 represents the exposure of y;_,, to the risk factor f. We can view

Gi—y+,Af as the change in the assumed biometric rate of return.
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The Appendix shows that current annuity units change as follows:

AB,
2 G LA (5.3.21)

y7t

where @;t can be viewed as the g-adjusted duration:

—~. $max"'y_t i ho~h
yt = / Yyt Gyadh (5.3.22)
max{z,+y—t,0}
with
h
G;t = / Gt—yrv dv. (5.3.23)
0

The intertemporal allocation of the market value of the consumption stream also changes

following a change in the force of mortality. We find (see Appendix)

NS
Vz‘g,/h ~ <Gy,t - Gy,t) Af. (5.3.24)
y,t

Improved longevity (i.e., Af < 0) thus reallocates market value from the short-run to
the long-run. Intuitively, after a positive longevity shock, policyholders on average live
longer so that it is optimal to save more for the future. We note that the expected growth

rate of annuity units is unaffected by a change in the force of mortality.

5.4. The Consumption Approach

The consumption approach defines pension entitlements in terms of a personal investment
account, just like the investment approach. However, the policyholder now exogenously
specifies current annuity units, the expected growth rate of annuity units and the volatility
of annuity units. These parameters characterize the entire consumption stream in
retirement under the assumption that future annuity units are log-normally distributed.
The current value of the personal investment account, the assumed interest rate (i..e, the
discount rate used to determine the current account value) and the investment policy

(i.e., the fraction of assets invested in the risky stock) are determined endogenously.

145



Chapter 5. PPRs: Investment Approach versus Consumption Approach

Figure 5.2 summarizes the consumption approach, where the assumed interest rate is
an intermediate variable that links the current account value with the expected growth
rate of annuity units and the volatility of annuity units. The left-hand side of the figure
shows the exogenous parameters of the pension contract. These exogenous parameters
determine the endogenous variables on the right-hand side of the figure. A green line
describes a positive relationship between an exogenous parameter and an endogenous
variable whereas a red line describes a negative relationship. Section 5.4.1 formalizes the
pension contract. This section also derives the entire consumption stream in retirement.
Section 5.4.2 determines the endogenous variables of the pension contract. Finally,
Section 5.4.3 explores the impact of (discretionary) changes in the exogenous parameters

on the endogenous variables.

Figure 5.2.
[lustration of the consumption approach

Exogenous Endogenous
Current Annuity Units Current Account Value
~
1
1
————t——
Expected Growth Rate = = = = = = = "l Assumed Interest Rate I
e
Volatility Investment Policy

The figure illustrates the consumption approach. The left-hand side of the figure shows the
exogenous parameters of the pension contract. These exogenous parameters determine the
variables on the right-hand side of the figure.

5.4.1. The Pension Contract

i

., the expected growth rate

Policyholder i exogenously specifies current annuity units B
of annuity units 7 and the volatility of annuity units w’. We can view the consumption
approach as a generalization of defined benefit to stochastic retirement consumption

streams. Indeed, the consumption approach in a stochastic setting is sometimes called
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i

».t» Which can be viewed as the liabilities of the

defined ambition. The annuity units B
pension contract, evolve according to:

i

dB ‘ 4 ‘
— ¥ — 2t + W'dW,, .0 > 0 given. (5.4.1)

i
Y5t

Straightforward application of 1t6’s Lemma to (5.4.1) shows that the annuity units at

time t + h (h > 0) are given by

) ) t+h ) 1 o ) t+h
ith = By exp {/ (712 — §wlwl> ds + wl/ dWs} : (5.4.2)
t t

7

.4 Tp and w') thus characterize

The exogenous parameters of the pension contract (i.e., B

the entire consumption stream in retirement.
5.4.2. The Endogenous Variables

The Appendix shows that the market value of the consumption stream in retirement V;}t

is equal to
bt = Xyo = By, (5.4.3)

where the annuity factor A;t is given by (5.3.3). The assumed interest rate can be
computed from the expected growth rate of annuity units and the volatility of annuity

units as follows:
Sl =r4+wi—m. (5.4.4)

With a non-stochastic consumption stream (i.e., w’ = 0), equation (5.4.4) boils down to
the assumed interest rate of a DB pension plan. The fraction of assets invested in the
risky stock is given by (see equation (5.3.8))
= — 5.4.5
o= (545)
Equation (5.4.5) shows that the volatility of annuity units determines the investment
policy (see also Figure 5.2): the more volatile annuity units are, the higher the fraction

of assets invested in the risky stock. Equation (5.4.5) also implies that financial shocks
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¢'odW, = w'dW, are directly absorbed into current annuity units B;’t (see also equation
(5.4.1)). Chapter 6 considers a pension contract in which annuity units respond gradually,

rather than directly, to financial shocks.

5.4.3. Changes in Parameters

This section explores the impact of (discretionary) changes in the exogenous parameters
(i.e., the volatility of annuity units and the expected growth rate of annuity units) on
the endogenous variables. We also investigate changes in the Sharpe ratio and the force
of mortality. Whereas the volatility of annuity units and the expected growth rate of
annuity units are parameters specified by the policyholder, the Sharpe ratio and the
force of mortality are parameters describing the external environment (i.e., non-traded

risk factors).

5.4.3.1. Ex Ante Changes in Parameters

This section considers changes in parameters before or at the beginning of the retirement
period (i.e., ex ante). We assume that a change in the expected growth rate of annuity
units 1 1s a weighted average of a change in the short-term expected growth rate of
annuity units 7 and a change in the long-term expected growth rate of annuity units

i,
oo

™

Arl,, =e "Arl + (1 - e_ov> Arl,. (5.4.6)

Here 6 > 0 is a weight parameter. As in Section 5.3.3.4, we assume that a change in the

force of mortality pi;_, ., is driven by a change in a common risk factor f:

Aut7y+v = gtnyrvAf' (547)

The market value of future annuity units (i.e., the current account value which is an

endogenous variable in the consumption approach) now changes as follows (see Appendix):

AV;” ~ DY (A, — W AN — Aw'X) + D% (A — Anl)) — Gl Af. (5.4.8)

Yyt
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Equation (5.4.8) shows that the market value of future annuity units is an increasing
function of the expected growth rate of annuity units, and a decreasing function of the
volatility of annuity units, the Sharpe ratio and the force of mortality. The market value
of the future consumption stream decreases if the policyholder increases the volatility of
annuity units. This tempts myopic policyholders to raise the volatility of annuity units
in order to consume more today. We note that in the investment approach, an increase
in the investment policy (which implies an increase in the volatility of annuity units)

does not affect the market value of the future consumption stream.

5.4.3.2. Ex Post Changes in Parameters

Parameters may also change during the retirement period (i.e., ex post). Ex post we allow
for a more general closure rule than ex ante. In particular, the policyholder can adjust
not only the current account value (which was endogenous ex ante) but also current
annuity units and/or the expected growth rate of annuity units (which were exogenous

ex ante). Figure 5.3 summarizes the consumption approach (ex post).

Figure 5.3.
[lustration of the consumption approach (ex post)
Exogenous Endogenous
a
Current Annuity Units = = = = = = = ) FundingRate @ |~ pr === == > Contribution
l-a
5} . .
e —— - Current Annuity Units
Expected Growth Rate = = = = = = = "-‘I Assumed Interest Rate I
e
- o Expected Growth Rate
Volatility Investment Policy

The figure illustrates the consumption approach (ex post). The left-hand side of the figure shows
the exogenous parameters of the pension contract. These exogenous parameters determine the
variables on the right-hand side of the figure.

Changes in parameters lead to mismatch between assets and liabilities (see equation

(5.4.8)). Mismatch causes the funding rate, which is defined as the ratio between the
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value of the assets and the value of the liabilities, to deviate from unity. We assume
that the policyholder contributes a fraction 0 < a < 1 of the mismatch (or funding
gap) between assets and liabilities AV;’t into his personal investment account. As a
consequence, a fraction (1 — «a) of AV;’t is absorbed into current annuity units and the
expected growth rate of annuity units. The new balance of the investment account

;t + ozAV;it must match the new market value of future annuity units:

yt + AV, = Vi + aAVy,

Tmaxty—t o o (5.4.9)
/ (vt + Avgl) dn,

max{x,+y—t,0}

where \/Zth —l—AV;”f stands for the horizon-dependent market value of future annuity units

after annuity units are adjusted:

h

ih ih i dn o ri

V;;,t + AVy,t = B, exp {a_z y,t} exp { - / [Mt—yﬂ + Aﬂt—yﬂ +r
yit 0

(5.4.10)
- (WZH, + Aﬂiﬂ,) + (wi + Awi) (A + AN)] dv}.

Here M;t is given by (see Appendix)
b~ —(1—a) [52’2 (rle — W' AN — Aw'N) + D (Ax} — 7)) — G ,A f} . (5.4.11)

and ¢, denotes the exposure of log Bé,t 4 to M;t //q\ylt If g, strictly increases with the
horizon h, then annuity units in the distant future are more exposed to mismatch risk

as compared to annuity units in the near future. We have

. xtnax“”y*t i h
i, = / gk (5.4.12)
max{z,+y—t,0}
so that
1 Tmaxty—t i h
— / Yyt dndh = 1. (5.4.13)
Qyt Jmax{z.+y—t,0)

We note that the ex post closure rule coincides with the ex ante closure rule if @ = 1

(mismatch risk is not absorbed into current and future annuity units at all). We can
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consider the following special case for ¢, (see also Chapters 4 and 6).

1 _
=t (1 —e "h> (1 —qo)- (5.4.14)

The so-called growth rate method (i.e., g, = h) is given by ¢, = 0 and n | 0. With

qo = 0, we model exponential decay, i.e., g, = % (1 — e*"h>.

The relative change in V;th is given by (see Appendix)

AV qn 2,0 i i i
2=~ | h— (1 —a)Dyy | (Aml, — W' AN — Aw'A)
V;;:t Ayt
(D= 21— Dy ) (A - Ar) (5:4.15)
qy,t
q i
_ (G;{t ——2(1-a) y,t> Af.
Qy,t

Permanent shocks do not affect \/Zth if the growth rate method is adopted (i.e., « = 0
and ¢, = h). A temporary shock in the expected growth rate of annuity units leaves
the intertemporal allocation of the market value of the consumption stream unaffected
if g = a = 0 and n equals the speed 6 with which the temporary shock dies out.
Endogenous changes in the assumed interest rate (through endogenous changes in the
expected growth rate of annuity units) exactly offset the exogenous changes in the
assumed interest through the exogenous changes in the parameters. Finally, we note
that a myopic policyholder has an incentive to raise the volatility of annuity units if
current annuity units (rather than the expected growth rate of annuity units) is the

endogenous closure variable.

5.5. Collective Defined Contribution

5.5.1. The Pension Contract

This section considers a collective defined contribution (CDC) pension system. In such a
pension system, the insurer has one general pooled account. Property rights are defined
in terms of annuity units, rather than in terms of a personal investment account. The

current value of the collective investment account, the investment policy and the assumed
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interest rate are specified exogenously. In addition, the insurer specifies the annuity units
at time ¢ for each generation y. The value of the collective investment account X, evolves

according to:

d.X, . ~ :
Tt = (g + 7+ ¢oAo) dt + podW, — d,dt, X, > 0 given. (5.5.1)
t
Here
t—xg

1y E/ Pht—yCy 1 Ay, (5.5.2)
tfxmax

- t—x,

J = / d, 12, dy, (5.5.3)
t_xmax

Cye = ¢ Vyt/ Vs (5.5.4)

where ¢, denotes the number of policyholders born at time y, z, stands for the age at
which policyholders enter the pension fund, V|, represents the price at time ¢ of the

consumption stream in retirement for a policyholder born at time y:
xmax+y_t h
V,. = B,, / exp {— / (1tt—y 0 + Or i) dv} dh, (5.5.5)
max{z,+y—t,0} 0
V, stands for the market value of the total liabilities:
t—xg
Vi E/ eV, dy, (5.5.6)
t_xrnax

and d,; denotes the decumulation rate at time ¢ for a policyholder born at time y:

B,V ift>y+zx,;
d. =) vt (5.5.7)

0, ift<y+uaz,.

The assumed interest rate and the investment policy do no longer depend on i (i.e., all
policyholders face the same risk profile). Hence, a pension system with a single collective

asset pool allows for less tailor-made solutions. It follows from equations (5.5.1), (5.5.5)
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and (5.5.6) that the current annuity units B, ; evolve according to:

dBy,t
B

= (r+¢Xo — 8,)dt + ¢adW,,  B,, > 0 given. (5.5.8)

Yt

5.5.2. Changes in Parameters

5.5.2.1. Investment Policy and Sharpe Ratio

Discretionary changes in the investment policy and/or the Sharpe ratio do not affect the

horizon-dependent market value

h
VyI:Lt = By,t CeXp {_ / (,utnyrv + 5t+v) dU} . (559)
0

Hence, in a CDC pension system, the insurer can adjust the investment policy and/or

the Sharpe ratio without causing value transfers between generations.

5.5.2.2. Assumed Interest Rate and Force of Mortality

The market value of the total liabilities V, changes as a result of changes in the assumed
interest rate d,,, and/or the force of mortality p,,,. We assume that the change in the
assumed interest rate and the change in the force of mortality are given by equations
(5.3.12) and (5.3.20), respectively. The policyholders of the pension system contribute a
fraction 0 < a < 1 of the mismatch between assets and liabilities AV, into the collective
asset pool. As a consequence, a fraction (1 — «) of AV, is absorbed into current and
future annuity units. Figure 5.4 illustrates a CDC pension system. If we allow for value

transfers between generations, then V, ; changes as follows (see Appendix):

A‘/yt Z]\yt ~0 ~0
St (St — ) DY~ PP, ) As,
V ( 0 ( Oé) t y,t

y,t

+ (#(1 —a)Df - A;t) (A5, — ASL) (5.5.10)
qt

— <éy7t - @(1 - a)@t) Af,

qt
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where
zmax“”y*t h
Byt = / Vy,edndh, (5.5.11)
max{z,+y—t,0}
t—xg
@ = / Cytly,c Y, (5.5.12)
t=Tmax
- t—xg R
D = / ¢, D, dy, (5.5.13)
t=Tmax
. t—xg R
G, = / ¢,,G, dy, (5.5.14)
tfxmax
with
vh
h _ Yyt
Ve = T2 (5.5.15)
Yt Vy,t
~ m11121)("'y—t
Dy, = v D™"dh, (5.5.16)
max{z,+y—t,0}
~ mmax"'y_t h L
G. = / yIGE dh. (5.5.17)
max{z,+y—t,0}

Permanent shocks do not affect V, , if the growth rate method is adopted (i.e., a« = 0
and ¢, = h). If; however, the level method is adopted (i.e., @ = 0 and ¢, = 1), then a
change in the assumed interest rate redistributes value from long horizons (i.e., young
policyholders) to short horizons (i.e., old policyholders). Intuitively, a higher assumed
interest rate raises the funding rate, thereby increasing the scope to pay out today.
There are no value transfers between generations if the insurer chooses ¢, such that
AV, ,/V, = 0. Alternatively, the insurer can ring-fence the assets of each generation.
In that case, adjustments in current annuity units typically depends on the age of the

policyholder.

5.6. Collective Defined Ambition

5.6.1. The Pension Contract

This section considers a collective defined ambition (CDA) pension system. The pension
fund has one general pooled account and defines property rights in terms of annuity

units. As in the consumption approach, current annuity units, the expected growth
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Figure 5.4.
[lustration of a CDC pension contract
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The figure illustrates a CDC pension contract. The left-hand side of the figure shows the
exogenous parameters of the pension contract. These exogenous parameters determine the
variables on the right-hand side of the figure.

rate of annuity units, and the volatility of annuity units are specified exogenously. The

annuity units are adjusted according to a collective version of (5.4.1):

dB
B

Y= mdt +wdW,,  B,, >0 given. (5.6.1)

Yt

The volatility of annuity units and the expected growth rate of annuity units do no longer

depend on i.

In a collective pension system without personal investment accounts, proper pricing
of future annuity units is essential. Indeed, if annuity units are not priced properly, some
generations may sponsor other generations, thereby giving rise to intergenerational value
transfers. The price at time ¢ of the consumption stream in retirement for a policyholder
born at time y is given by

v

Y,

TmaxTY—1
= / V), dh. (5.6.2)

max{z,.+y—t,0}
Here Vyht represents the price at time ¢ of annuity units at time ¢ + h for a policyholder
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born at time y:

h
‘/y}’lt = Byi exp {— / (Mt_y+v +r— ﬂ-t—l-v + (.U)\) d'U} . (563)
0

The total market value is now defined as follows:

ZaxtyY—t
V, = / / " dh dy, (5.6.4)
max max{ac +y t 0}

5.6.2. Changes in Parameters

5.6.2.1. Ex Ante Changes in Parameters

In a CDA pension system, changes in parameters before or at the beginning of retirement
(i.e., ex ante) typically lead to a change in the purchase price of annuity units. As in
Section 5.4.3, we consider changes in the volatility of annuity units, the expected growth
rate of annuity units, the Sharpe ratio and the force of mortality. The change in the
expected growth of annuity units and the change in the force of mortality are given by
equations (5.4.6) and (5.4.7), respectively. As a result, the purchase price of annuity

units V,,, changes as follows (see Appendix):"

AV,  ~ . .
— P DY (AT, — wAX — Aw) + DY, (A — Amy) — Gy Af. (5.6.5)

Yyt

Younger policyholders (i.e., larger h) are more affected by a change in parameters than

older policyholders (i.e., smaller h).

5.6.2.2. Ex Post Changes in Parameters

In a CDA pension system, a change in parameters during retirement (i.e., ex post)
typically leads to intergenerational redistribution of market value. The policyholders of
the pension system contribute a fraction 0 < a < 1 of the mismatch between assets and

liabilities AV} into the collective asset pool. A fraction (1 — ) of AV} is thus absorbed

" Rauh (2008) addresses a change in discounting as a result of a change in the volatility of annuity
units in the context of DB pension plans with corporate risk sponsors. He shows that if corporations
can employ the expected return on their investment portfolio to discount annuity units, corporate
sponsors face an incentive to raise the risk of future annuity units. Intuitively, by raising the risk of
future annuity units, they can reduce the cost to the corporation of sponsoring these annuity units at
the expense of the policyholders of the pension fund.
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into current and future annuity units. Figure 5.5 illustrates a CDA pension system.

If we allow for value transfers between generations, then V,, changes as follows (see

Appendix):
AV, ~ a ~
— 8 (Dg,t — @(1 — a)D?) (Ao — WAN — NAw)
Vi 4t
o a\y,t o
+ (Dy,t - —=(1- Q>Dt> (A, — Amy,) (5.6.6)
4y

— (@y,t . a)@t) Af.

Whether one wants to ensure that discretionary changes in the Sharpe ratio do not lead
to intergenerational distribution is a matter of debate. On the one hand, one could argue
that changes in the Sharpe ratio should lead to similar intergenerational risk sharing as
with changes in the interest rate. In particular, a higher Sharpe ratio (at a given risk)
raises the expected future rates of return and thus reduces the current price of funding
an uncertain future pension. The pension contract thus allows generations to share
risk factors that are not traded on financial markets. This approach views the pension
contract as a social contract that allows for trade in risk factors (such as the Sharpe
ratio) that are not traded on financial markets. On the other hand, allowing changes
in the Sharpe ratio to redistribute market value across horizons and therefore across
generations may well lead to intergenerational conflicts about the unobservable Sharpe
ratio. Moreover, pension funds cannot hedge discretionary changes in the Sharpe ratio.

Hence, to avoid these problems, one could argue that the horizon-dependent market value

v

»+ should remain constant if A changes. This approach views the pension contract as

a pure financial contract that includes only risk factors that are traded on financial
markets. A value neutral transfer can be accomplished by ring-fencing the assets of each

generation or choosing ¢ such that AV, ,/V, , = 0.
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Figure 5.5.
[lustration of a CDA pension contract
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I
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———————— 3
Volatility Investment Policy or Ring-Fencing

The figure illustrates a CDA pension contract. The left-hand side of the figure shows the
exogenous parameters of the pension contract. These exogenous parameters determine the
variables on the right-hand side of the figure.

5.7. Concluding Remarks

Private pension provision faces the challenge of providing adequate retirement income.
PPRs promise to play a new role in the provision of retirement income. These pension
plans individualize the savings, investment and withdrawal functions of variable annuities
and arrange the insurance function collectively. We have explored two approaches to a
PPR: the investment approach and the consumption approach. In the first approach,
the contribution level, the investment policy and the assumed interest rate are specified
exogenously, while in the second approach, current annuity units, the expected growth
rate of annuity and the volatility of annuity units are specified exogenously. We have
demonstrated that in the investment approach, the policyholder can freely adjust the
investment policy without affecting the intertemporal allocation of the market value of

the consumption stream. This property does not hold true in the consumption approach.
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5.8. Appendix

Proofs

Derivation of (5.3.11), (5.3.13), (5.3.17), (5.3.18), (5.3.21) and (5.3.24)

Expected annuity units are given by (this follows from equation (5.3.7))

h h
E; [Byiin] = By exp {/0 7r2+ydv} = B, ;exp {/0 (r+¢'Ao —dy,) dv} :

A change in the investment policy causes expected annuity units to change by

h h
AE, [B} 4] = By, exp { / (r+¢'Ao —5i4y) dv} (exp { / A0A¢>Zdv} — 1) .
0 0

Hence, by Taylor series expansion,

i h
AE, [ Z'y,t-Fh] = exp {/ AUA(ﬁidU} — 1~ hAoA¢'.
Et[ y,t+h] 0

A change in the assumed interest rate causes the annuity factor to change by

i Tmax+Yy—t ) h ] )
% — / 'y;”}tl exp {—/ (eim}Acﬁ + (1 — 6,,%) A(Séo) dv} dh —1
0

Ay,t max{z,+y—t,0}

Tmax+y—t ) h ' '
~ / 7;? (1 - / (e7™As + (1 —e ™) AdL,) dv) dh —1
0

max{z,+y—t,0}
TmaxTY—t ] h ) '
== / Vo / (e™™ A + (1 —e ™) AdL,) dvdh
max{z,+y—t,0} 0

= — D% (AS, — ASL,) — DAL
It follows from equation (5.3.5) that

AB;,t N _AA;,:

W Y DYOAGE, + DI (AS) — ASL)
By7t Ay’t Y, Y,
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The relative change in V;th is given by

AVEE AR h : ;
Ay};t ~ S8 4 exp {_/ (eT™AS + (1 —e ™) AdL) dv} -1
Vit B
.t Yt 0
_AB,,
B,
~ (Dyf — ) Adk + (Dys = D) (6] - A6

h
- / (¢ AG+ (1— ™) AdL) dv
0

The relative change in E, [B;Hh} can be computed in a similar fashion. A change in the

force of mortality causes the annuity factor to change by

AAZ xmax""y_t .
—l.y’t = / fy;? exp {—G‘ZytAf} dh -1

Ay,t max{z,.+y—t,0}

‘Tmax‘i’y*t )
~ / il (1 — Gt A f> dh —1

max{z,+y—t,0}
wmax‘i’y*t

_ / VG AnAf

max{z,+y—t,0}

- _G;7tAf
It follows from equation (5.3.5) that

AB! AAL L
z’y’t ~ z’y7t ~ G;,tAf'
By7t Ay7t

The relative change in \/Zth is given by

AV AR AB! N
y,t y,t h y,t h 7 h
LI | ex {—G A}—lz—.—G A z( -G )A.
‘/Z:th B;t p y,t f B:;t y,t f y,t y,t f

Derivation of (5.4.3), (5.4.8), (5.4.11) and (5.4.15)

The market value is given by

. xmax""y_t mt—‘,—h .
(2 (2
y,t:/ E, y,t+h dh.

max{xz,+y—t,0} my

160



Appendix

Straightforward computations show that

3 xmax"”yft h 1 h
i / E, [exp {/ - (r + —)\2> dv — /\/ dWHU}
max{z,+y—t,0} 0 2 0
, h 1 . . b
B, ;exp {/ <7rt+v - §wzw’) dv + wz/ th+vH dh
0 0
xmax"’_y_t ) h 1 1 . .

— / B, E, {exp {—/ (7“ + N =T, + —wzwl> dv}

max{z,+y—t,0} 0 2 2

h
exp {(wi —\) / th*”H dh
0

3 $max""y_t h . . .
- B:Zat/ eXp {_/0\ (T + )\wz - 7rt+v) dv} dh - B;,tA:Zy,t‘

max{xz,+y—t,0}

The relative change in the market value of future annuity units is given by (the second

equality follows from equations (5.4.6) and (5.4.7))

Avl xmax+y7t . h )
Z'y7t ~ / 7;7,? €xp { - / (A:ux-i-v - Aﬂ'z-i-v
0

‘/y’t max{z,+y—t,0}

W AN+ AAW) dv fdh — 1

xmax+y_t i h h 3 . . (581)
~ / Vyiexp — Gy Af + h (Amh, — w' AN — NAw')
max{z,+y—t,0}
+ D" (Ary — Axl,) }dh —1
Here we assume that Aw'A\ &~ 0. By Taylor series expansion, we can write
Avyi,t 7i,0 i i i Ni0 i i Ai
i~ Dy (A7, — W' AN = XAW') + D, (A — Am) — Gy Af. (5.8.2)
y,t

We also have (this follows from equation (5.4.9))

i Lm, x+y7t
AVyr _ * ih i
a—2> = Vot €XP = My, ¢ X

i
.t max{z,+y—t,0} Ayt

exp { =Gy Af + b (A, — W AN = Aw') + DM (A = Al) bdh = 1.
By Taylor series expansion, we can write

a— 0 My, + DY (hy — W' AN — Aw'A) + DY (A — wl) — Gi,Af. (5.8.3)
y,t
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It follows from (5.8.2) that

A‘/yl,t

o~ a | Dy (Amh — W'AN = AAW) + Dy (Am - Ark) - Gl AT (58.4)

Yyt

Setting (5.8.3) equal to (5.8.4) and solving for M;’t yields

Mi

Yt

~ —(1—a) | Dy (Arh - w'AX = AAW)
L (5.8.5)
+Dy (Amf - Arl) - Gy Af]

We also have

AVHR . . . 4 . .
—,y’t = exp {g_?ng,t + h (Aﬂéo — wlA)\ — )\sz) + De’h (A?Tz — A?Téo)

qy,t

_ GZ,tAf} _

By Taylor series expansion, we can write

AVEh . ‘ . ‘
v BN b (A — W AN — AW
i,h ~i y,t oo
Vir Uy (5.8.6)

+ D" (Ar) — Axl,) — GhAf.

Substituting (5.8.5) into (5.8.6) yields (5.4.15).

Derivation of (5.5.10)

We have (a fraction « of AV,/V; is absorbed into current and future annuity units)

AV TmaxTy—t Vi
— / / yt expd Lag, b«
t—x max{z,+y—t,0} t 4y

max

exp {—GWA f— hAb,, — D*" (A5, — Aéoo)} dhdy — 1.
By Taylor series expansion, we can write

A ~ . .
aTVt ~ M, — DAS,, — Dy (A§, — A6,) — G,Af. (5.8.7)
t
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It also follows that

t—x, TrnaxTY—t Vh
AV m/ / Mexp{ — G A — hAG,
t

a
‘/t —Tax J max{z,+y—t,0} t
_ DM (AS, — AGL) }dh dy —1 (5.8.8)
~a [—ESMOO — DI (A, — AdL) — GoA f} .
Setting (5.8.7) equal to (5.8.8) and solving for M, yields
M, ~ (1 - a) [—f)gmw — DF(AG, — AS.) — @tAf} . (5.8.9)
We also have
AV, Tmax Yt , -
V—%t - / %}/l,t exp {@Mt — hAGS., — D" (A(St — A(Séo)
y,t max{z,+y—t,0} 4y
—~ GZ,tAf} dh — 1.
By Taylor series expansion, we can write
AV, ~ ~ A ~
V—ivt ~ %Mt — D%, AG, — D, (AS, — ASL) — G, Af. (5.8.10)
Y,

Substituting (5.8.9) into (5.8.10) yields (5.5.10).

Derivation of (5.6.5) and (5.6.6)

The relative change in the market value of future annuity units is given by

AV " xmax"”y*t h h
Yl / Vy.t €XP {— / (Attgyy — ATy + WAN + NAw) dv} dh —1
‘/y,t max{z,+y—t,0} 0

xmax‘i'y*t
~ / Yyt €XP { — Gy Af + h (A — wAX = \Aw)

max{z,+y—t,0}
+ D" (Am, — Am.) }dh —1
(5.8.11)
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Here we assume that AwAM ~ 0. By Taylor series expansion, we can write

A‘/y,t

~ D)y (Ame — wAX = \AW) + Dy, (A, — Ary) — G Af. (5.8.12)

Yt
We also have (a fraction o of AV,/V; is absorbed into current and future annuity units)

AV Tmax+Y—t Vh
— / / y7t €xp Z—hMt X
t—x max{z,+y—t,0} t 4y

max

exp {—GWA Fh (A — wAX — Aw)) + D (Am, — AWOO)} dhdy — 1.

By Taylor series expansion, we can write

AV, ~ ~ ~
aTt ~ M, + D} (1o — WAX — Aw)) 4+ D! (Am, — 7)) — G,Af. (5.8.13)

t
It also follows that

AV l—x, TmaxtY—t C Vht h
s %/ / B R
t t—x max{xz,+y—t,0} t

max

~ o [ﬁ? (AT — WAN — NAw) + D! (Am, — Ar) — G,A f]
Setting (5.8.13) equal to (5.8.14) and solving for M, yields
M, ~—(1—a) [f)? (Ao, — wAN — ANAw) + D! (Am, — Arr.) — G,A f} . (5.8.15)

We also have

AV lllax+y t .
Tyt / 75’,5 exp {@Mt +h (Aﬂ'éo — WA — )wa)
t m qt

‘/yv ax{xr—l—y—t,O}

+ D" (Am, — A7) — G A f} dh — 1.
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By Taylor series expansion, we can write

AV, ~
— ol Z—hMt + Dy (Ao — WA — NAw)
Vy,t qt
+ ﬁg:t (Aﬂ-t - A']T’Loo) - @y,tAf'

Substituting (5.8.15) into (5.8.16) yields (5.6.6).
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CHAPTER 6

BUFFERING SHOCKS IN VARIABLE

ANNUITIES: VALUATION, INVESTMENT

AND COMMUNICATION72

This chapter explores defined ambition pension plans that allocate stock market risk
among policyholders on the basis of complete pension contracts while pooling idiosyncratic
longevity risk. Entitlements respond gradually to financial shocks. We show how pension
entitlements can be valued in a market-consistent fashion. The market-consistent discount
rate includes a risk premium that rises with the horizon. Proper valuation ensures
efficient intertemporal consumption smoothing and protects the value of property rights
of existing policyholders. In the tradition of liability-driven investment, we determine the
wmwvestment policy from the stochastic pension promises. We show that gradual absorption

of financial shocks leads to life cycle investment.

6.1. Introduction

Corporations are increasingly withdrawing as sponsors from defined benefit (DB) pension
plans (Investment Company Institute, 2014). As a consequence, pension funds become
mutual insurers in which policyholders, rather than corporations, bear stock market
risk. These so-called defined ambition (DA) pension plans retain several advantages of
DB pension plans.” In particular, by pooling idiosyncratic longevity risk, pension funds
can still provide lifelong benefits at relatively low costs. Also, by specifying (dis)saving

and investment decisions, DA pension plans protect financially illiterate policyholders

" This chapter is co-authored with Lans Bovenberg and Roel Mehlkopf.

DA pension plans share some characteristics with non-financial defined contribution (NDC) pension
plans (Holzmann, Palmer, and Robalino, 2012). In particular, both NDC and DA pension plans lack
outside sponsors.
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against behavioral biases. To illustrate, risk management and payout policies seek to
provide policyholders with stable income streams after they retire.

Pension entitlements are adjusted gradually after an unexpected financial shock that
causes a mismatch between assets and the value of liabilities. Hence retirees take
investment risk but can take some time to adjust their standard of living after an
unexpected financial shock. Gradual absorption of financial shocks is consistent with
internal habit formation (see, e.g., Fuhrer, 2000); see also Chapter 4. It reconciles
defined benefit thinking in which current consumption is stable with defined contribution
thinking in which policyholders bear investment risk. Indeed, future rather than current
consumption bears most of current investment risk. As a consequence, the year-on-year
volatility of current consumption is smaller than the year-on-year volatility of wealth.
This property stands in sharp contrast to many (popular) variable annuity products.
Indeed, traditional variable annuities usually assume that payouts respond directly,
rather than gradually, to an unexpected financial shock (see, e.g., Chai et al., 2011;
Maurer et al., 2013b).74 Other important parameters of the pension contract are the
assumed expected rates of return on risky securities. If actual expected rates of return
exceed assumed expected rates of return, then the actual growth rate of annuity units —
ceteris paribus — exceeds the desired growth rate of annuity units, and vice versa.

We show how pension entitlements can be valued in a market-consistent fashion.
Proper valuation is relevant for determining the prices at which variable annuities can be
bought and sold. Indeed, we show how pension contributions can be derived endogenously
from the stochastic pension promises, which are the liabilities of the pension contract.
This is reminiscent of DB pension plans in which pension contributions are determined
by the costs of the desired consumption stream in retirement. The discount rate is equal
to the sum of the interest rate and a risk premium that rises with the investment horizon.
We show that the discount rate for valuing variable annuities is typically in between the
expected rate of return on the actual investment portfolio and the risk-free interest rate.
Market-consistent valuation ensures efficient intertemporal consumption smoothing and
intergenerational fairness. It also helps to protect the value of property rights of existing

policyholders. The contract can thus be changed without giving rise to value transfers.

"Insurers have also developed variable annuities for which payouts respond sluggishly to an unexpected
financial shock (see, e.g., Guillén et al., 2006; Maurer et al., 2013a, 2014). However, these variable
annuity products are often based on complex profit-sharing rules and hence difficult to value.
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We demonstrate how the investment policy can be determined endogenously from
the stochastic pension promises. The current chapter thus extends the principle of
liability-driven investment from DB pension plans to DA pension plans. We in fact
generalize asset-liability management (ALM) to stochastic liabilities. Indeed, the pension
contract is complete not only in terms of the allocation of stock market risk but also in
terms of the investment policy so that policyholders obtain the exposures that have
been communicated to them. Furthermore, we show that gradual absorption of financial
shocks leads to life cycle investment in which the stock market exposure declines with
age. This is because retired agents have less time to absorb financial shocks when their
remaining expected lifetime declines. Stock market exposures are thus tailored to the

investment horizon.

DA pension plans are based on proposed risk-sharing systems in the Netherlands,
and evolved from traditional DB pension plans with (nominally) guaranteed pension
entitlements. Also in public-sector pension plans in the United States, risk sharing is
being considered as a way to reduce the costs of these plans (see, e.g., Novy-Marx and
Rauh, 2014). This chapter contributes to the emerging literature on the implications of
moving from a DB design towards a DA design. The DA plans considered in the current
chapter encompass both the accumulation and the decumulation phases; however, a
DA plan can be limited to the decumulation phase or the accumulation phase only.
Indeed, one can view a DA pension plan as a particular way to draw-down accumulated

retirement wealth.

The remainder of this chapter is structured as follows. Section 6.2 describes the
financial market. Section 6.3 specifies the pension contract. This section also investigates
how pension funds can calibrate and communicate the risk of future pension entitlements.
Section 6.4 explores the pricing of future pension entitlements, and derives the replicating
portfolio strategy. Section 6.5 shows how the pension contract can be expressed in terms
of mismatch between assets and liabilities. This section also investigates the impact
of using an incorrect discount rate on intertemporal consumption smoothing. Section
6.6 explores a subclass of risk profiles in which adjustments in pension entitlements are
determined by a single state variable. Section 6.7 concludes the chapter and explores the

roles of public supervision. Proofs are relegated to the Appendix.
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6.2. The Financial Market

We assume a simple continuous-time financial market with a single risk factor, which we
interpret as an aggregate stock market index. Let us denote by S, the value of the stock
market index at time t. Throughout, boldface type is used to denote uncertain variables

at time ¢. The stock market return in any discrete-time period ¢+ j (j > 1) is given by

St+j L Hj
— =exps [r+ Ao —z0" | + 0/ dW, . (6.2.1)
St+j—1 2 t+j—-1

Here r is the nominal risk-free interest rate, A\ denotes the equity risk premium per unit
of risk (i.e., Sharpe ratio), o represents the stock return volatility, and W, corresponds to
a standard Brownian motion. Empirically, the value of Ao — o /2 is found to be positive

(see, e.g., Brennan and Xia, 2002).

6.3. The Pension Contract

6.3.1. Specification

In this section, we specify the pension contract. Entitlements are defined in terms of
annuity units. Denote by B, , the annuity units at time ¢ of a policyholder born at
time y, by x, the age at which a policyholder retires, and by z,,,, the maximum age
a policyholder can reach. The insurer adjusts annuity units at discrete points in time
t=ty+1,ty+2, ..., y+x .- Herety represents the time at which the pension contribution
is paid. If the birth date y falls between ¢t — x, and ¢ — x,,,, and the policyholder is still
alive at time ¢, then this policyholder receives a pension payment at time ¢. We denote

the probability that a policyholder currently aged x = t — y will survive to age x + h by

h
nDs = €Xp {— Z ,uxﬂ} : (6.3.1)
j=1

Here p, ; represents the force of mortality between age z + j — 1 and age = + j . The

force of mortality fi,; is assumed to not change over time.

"The force of mortality pi,; can be written as follows: p,; = —log {1 —d, +j} where d, ; stands for
the one-year death probability between age = + j — 1 and age = + j.
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The annuity units at time ¢ +h (h € N) of a policyholder born at time y, i.e., B, 11,

are specified in terms of past and future stock market shocks as follows:

Byiin = By exp {my 1+ o+ Tpn )

to+1 t+h
€xp {th—tOW / dWy + ...+ q1W/ dW:}
to t

+h—1
: bo=(-1) (6.3.2)
= By,to H exp {ﬂ'j + qj+h_t0w/ dW; }
it t+tg—j
h t+h—(j—1)
H exp { Ty + qu/ dW?: 5.

Here dW; = dW, + (A — X\*)dt where \* denotes the assumed Sharpe ratio. This
assumed Sharpe ratio may differ from the actual Sharpe ratio A."® The parameter g,
represents the exposure of future log annuity units logB, ;) to current stock market
shocks w fttH dW}. We define ¢, at discrete points in time. Indeed, h is an integer
because adjustments of pension entitlements occur only once per period. We require
that the marginal risk exposure ¢, = 1 as h = oo. Hence the parameter w can be
viewed as the exposure of long-term annuity units logB, ., to current stock market
shocks. Finally, the parameter 7, ; represents the desired (or targeted) growth rate of
annuity units between time ¢ and time ¢ + 1. The desired growth rate of annuity units
coincides with the median growth rate of annuity units (conditional upon information

available at time ;) if the assumed Sharpe ratio A* equals the actual Sharpe ratio A (see

also Section 6.3.2).

6.3.2. Horizon Differentiation

Specification (6.3.2) allows the marginal risk exposure ¢, to depend on the investment
horizon h.”" Indeed, if g, strictly increases with the investment horizon h, then long
investment horizons exhibit a larger exposure to current stock market shocks than shorter
investment horizons. We impose that the marginal risk exposure g; is non-decreasing

with the investment horizon h, i.e., ¢, > q,_; for all h > 1. Specification (6.3.2) allows

"Merton (1980) shows that estimates of expected returns are less accurate than estimates of variances.
Therefore, we distinguish only between the assumed expected return and the actual expected return.
In particular, we assume that the actual variance matches the assumed variance.

""The present chapter assumes that the marginal risk exposure does not depend on age nor time.
Specification (6.3.2) can however be extended by allowing the marginal risk exposure to depend on
age and time.
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the marginal risk exposure to depend only on the investment horizon h and thus only
indirectly on age x = t — y. As a direct consequence, life cycle investment in which
the stock market exposure declines with age continues during the decumulation phase.
Internal habit formation can explain this type of horizon differentiation in marginal risk
exposures (see, e.g., Fuhrer, 2000); see also Chapter 4.

Figure 6.1 shows horizon differentiation in marginal risk exposures.” The dash-dotted
line displays the case where g, = h/N for h < N and ¢, = 1 for h > N. In that case,
short investment horizons h < N = 10 exhibit a smaller risk exposure than longer
investment horizons h > N = 10. In particular, the marginal risk exposure at a one-year
investment horizon (h = 1) is only one-tenth of the marginal risk exposure at a ten-year
investment horizon (h = 10). We can view the parameter N as the smoothing period.
If N increases, then it takes longer to fully absorb current stock market shocks into
annuity units. The solid line corresponds to the case of exponential smoothing. That
is, ¢, = 1 — exp{—nh}. The parameter n can be regarded as a smoothing parameter.
If n = 0, horizon differentiation in marginal risk exposures is maximal, whereas horizon
differentiation in marginal risk exposures is absent if = oco. The dotted line illustrates
the case where horizon differentiation in marginal risk exposures is absent (i.e., ¢, = 1
for all h). Finally, the dashed line displays a linear combination of the last two rules,

ie.,

@G =1—-q)x1+q x(1—exp{-nh}) =1~ (1—q)exp{-—nh} (6.3.3)

with ¢; > 0. The rule (6.3.3) characterizes horizon differentiation in terms of two
parameters: ¢; < 1 (i.e., the part of current stock market shocks that is absorbed into
the level of annuity units) and 7 (i.e., the speed at which the remaining part of current
stock market shocks is absorbed into future growth rates of annuity units).

Dividing B, ;. by B, yields

B, . 1 t+h—(j—1)
é’— =F," x H exp § Mppj + qjou/ dW; &, (6.3.4)
t

y,t j=1 +h—j

In the case where risk differentiation is based on human capital risk rather than internal habit
formation, marginal risk exposures depend on not only the investment horizon h but also age x =t—y
(see Bodie et al., 1992).

79Although adjustments in pension entitlements occur only once per period, the figures in this chapter
show continuous (rather than discrete) graphs.
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Figure 6.1.
[lustration of horizon differentiation in marginal risk exposures
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The figure illustrates horizon differentiation in marginal risk exposures. The dashed-dotted
line displays the case where q;, = h/N for h < N and ¢, = 1 for h > N (with N = 10).
The solid line corresponds to the case where g, = 1 — exp {—nh} (with n = 0.2). The dotted
line illustrates the case where ¢;, = 1 for all h. The dashed line represents the case where
g, =1—(1—qy)exp{—nh} (with ¢y = 0.5 and n = 0.2).

where

t t+to—(i—1) Jpp-*
Hj:t0+1 eXp {77]' + Qjpn—t,W H_too_jj dW; }

; t+to—(j—1) *
Hj=t0+1 eXPp {WJ‘ T -t t+toofj aw; }

t t+to—(j—1)
= H exp (Qj+ht0—9jt0)w/ dWy

j=to+1 t+tg—J

E!
(6.3.5)

captures how past stock market shocks affect future annuity units. In the case of no
horizon differentiation in marginal risk exposures, F}" is equal to unity (substitute ¢, = 1
for all  in (6.3.5)). Indeed, in the absence of horizon differentiation in marginal risk
exposures, stock market shocks are absorbed immediately into current annuity units. The
horizon-dependent funding ratio (6.3.5) is thus the direct consequence of the gradual
adjustment of annuity units to stock market shocks. Intuitively, sluggish adjustment

of annuity units to stock market shocks gives rise to funding imbalances that must
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be absorbed in the future. As a direct consequence, future adjustments of pension
entitlements become predictable. The horizon-dependent funding ratio F* summarizes
the predictable changes of future annuity units B, ;) as a result of past stock market
shocks that have not yet been fully absorbed into current annuity units. Figure 6.2
illustrates the horizon-dependent funding ratio F}" as a function of the investment horizon

h, with a single unexpected stock-market shock that occurred one year ago.

Figure 6.2.
[lustration of the horizon-dependent funding ratio
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The figure illustrates the horizon-dependent funding rate Fth as a function of the investment
horizon h, with a single unexpected stock-market shock that occurred one year ago. That is,

log {S;/S;_1} — (7’ + Ao — %02) = —0.3 while log {St_j/St_j_l} — (7’ + Ao — %a2> =0 for all
j > 1. The figure is based on w = 0.5 and ¢, = 1 — (1 — ¢;) exp{—nh} (with ¢; = 0.5 and
n=0.2).

The median value of future annuity units is given by (see Appendix)
M, [B, ., h ) h
t[B—y:*]:Fthxexp{Zwtﬂ}Xexp{()\—)\)wz%}, (6.3.6)
v, =1 j=1

where M, [-] stands for the median operator conditional upon all information available
at time ¢. Equation (6.3.6) shows that the median value of future annuity units differs

from the desired benefit (or pension ambition) B, ; exp {Zgzl 7rt+j} due to two factors:
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one factor capturing the past and the other factor corresponding to future stock market
returns. In particular, the first factor Fth represents past stock market shocks that have
not yet been fully absorbed into annuity units. The second factor (A — \*) w 2?21 q;j is
due to the gap between the actual Sharpe ratio A and the assumed Sharpe ratio \*. The
desired growth rate of median pension entitlements can thus be increased by not only

increasing 7, but also reducing the assumed Sharpe ratio \*.

6.3.3. Bonus Policy

This section explores how annuity units (and thus pensions in payment) change as time
proceeds. At the begin of each time period, pension entitlements are adjusted according

to (see Appendix)

B t+1
é’_t“ = exp {m1} X exp {qlw/ dWS*} x F}. (6.3.7)
y,t t

Equation (6.3.7) can be viewed as the bonus (or dividend) policy of the pension scheme,
showing how annuity units develop as time proceeds. The first term at the right-hand
side of equation (6.3.7) represents the desired growth rate. The second term denotes
the impact of current stock market shocks on current annuity units while the last term
reflects the impact of past stock market shocks on current annuity units.

The bonus policy (6.3.7) can be rewritten as follows:

By,tﬂ

B &P {Tea} X Fiay. (6.3.8)

y,t
Here F’fﬁr_ll denotes the horizon-dependent funding ratio before annuity units are adjusted

1 AW?, have been

but after stock market shocks between time t and time ¢ + 1, i.e., ftt

realized:

t+1
F'5' = F xexp {qhw/ dW:} . (6.3.9)
t

The horizon-dependent funding ratio after annuity units are adjusted is given by (see

Appendix)
t+1 1
Fl5t = F) x exp {qhw/ dW:} X —5— (6.3.10)
t Fi
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The second term at the right-hand side of (6.3.10) denotes current stock market shocks
that result in the new funding ratio Ftif[ll. The last term represents past stock market
shocks that are gradually being absorbed into annuity units so that they are no longer

included in the funding ratio.
6.3.4. Calibrating the Risk of Future Annuity Units

Future annuity units exhibit a lognormal distribution. The pth quantile of future annuity

units B, conditional upon all information available at time ¢ is given by (0 < p < 1)

(6.3.11)

Here ®(-) is the cumulative distribution function of a standard normal random variable.
We can calibrate the marginal risk exposure ¢;, and the long-term risk exposure w from
the desired risk of the median value of future annuity units. For example, the insurer
can set the desired difference between the log median value of future annuity units and

the log 2.5% quantile of future annuity units for each horizon h:

(6.3.12)

The parameters ¢;, and w can then be endogenously derived from (6.3.12).80

6.3.5. Communicating the Risk of Future Annuity Units

Given current annuity units B, ;, insurers should communicate ex ante both the median

Yyt
value of future annuity units (6.3.6) and the 2.5% quantile of future annuity units
(6.3.11), and ex post the difference between the realized pension outcome and the pension
ambition. The median M, [B%Hh] and the 2.5% quantile Q7 5% [Byﬂh} depend on the
stochastic model used by the insurer. Supervisory authorities may have to prescribe
parameter values to prevent insurers from providing excessively optimistic projections.

Figure 6.3 illustrates the 2.5% and 97.5% quantiles of future annuity units (the

quantiles are expressed relative to the median value of future annuity units). The

89Certain restrictions need to be imposed on (6.3.12) to ensure that ¢, increases with the investment
horizon h.
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dashed lines represent the case of horizon differentiation in marginal risk exposures
(ie, g =1 — (1 —qy)exp{—nh} with ¢ = 0.5 and n = 0.2), while the dash-dotted
lines correspond to the case of no horizon differentiation in marginal risk exposures (i.e.,

q, = 1 for all h).

Figure 6.3.
[lustration of the 2.5% and 97.5% quantiles of future annuity units
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The figure illustrates the 2.5% and 97.5% (log) quantiles of future annuity units (the quantiles
are expressed relative to the median value of future annuity units). The solid lines represent
the case of horizon differentiation in marginal risk exposures (i.e., ¢, = 1 — (1 — ¢;) exp {—nh}
with ¢; = 0.5 and n = 0.2), while the dash-dotted lines correspond to the case of no horizon
differentiation in marginal risk exposures (i.e., g5, = 1 for all h). The figure is based on w = 0.5.

6.4. Market-Consistent Valuation

6.4.1. Useful Decomposition

Denote by %ht the market-consistent value at time ¢ of annuity units B, ,,,. We can

compute Vy}ft by solving the following conditional expectation (see, e.g., Cochrane, 2001):
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m
Vy},lt = nPe—yly {m;Jthy,thh} ) (6.4.1)

t

where m, stands for the pricing kernel (or stochastic discount factor) at time ¢. The

Appendix provides an exact analytical expression for m, and shows that

h
Cy,t

V.)',/B,, = FAl,. (6.4.2)

Yt —

Here

h
A;t = exp {— Z 5;?} : (6.4.3)
j=1

Equation (6.4.2) shows that the market price of future annuity units in terms of current
annuity units, i.e., Cg’t, consists of two factors. The horizon-dependent funding ratio
F]* corresponds to past stock market shocks that have not yet been fully absorbed into
current annuity units. This factor equals unity if current stock market shocks are fully
absorbed into current annuity units (i.e., ¢, = 1 for all h). The horizon-dependent
annuity factor AZt summarizes the impacts of desired growth and risk of annuity units,
and future assumed expected rates of return on the market price of future annuity units.

The next section gives an exact analytical expression for the forward (market-consistent)

discount rate 4 ;.

6.4.2. The Forward Discount Rate

The forward discount rate (5:,];7,5 is given by (see Appendix)

5§,t = Py T = Ty + GWAT +E

1 (6.4.4)
— H/t*y‘F]' +r— 7Tt+j + q]w <>\>'< — quu))
where §; = —%q?wQ denotes a second-order term. Equation (6.4.4) collapses to the

survival premium i, ; plus the (forward) interest rate r if annuity units are fixed
and guaranteed (ie., my; = w = 0). More generally, the discount rate (6.4.4) is a

decreasing function of the desired growth rate m,,;, and an increasing function of future
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biometric and (assumed) expected financial rates of return provided that A* > %qu. The
survival credit p,_,; represents the future biometric rate of return. The risk premium
qjwA" is due to the impact of stock market shocks on annuity units: riskier annuity units
yield higher expected returns, thereby raising discount rates and reducing the costs of the
consumption stream. It depends on the exposure of annuity units to stock market shocks
(determined by both the marginal risk exposure ¢; and the long-term risk exposure w)

and the assumed Sharpe ratio \*.

6.4.3. The Discount Curve

The average discount rate 537,5 is given by

h
_ 1 . B T
5Z,t =7 E 0y = u?_y +r— T4 G+ & (6.4.5)

h
1
=10 (6.4.6)

h
. 1
M?—y = h Z Ht—y+j> (6.4.7)
j=1
1 h
—h __
=g ;M, (6.4.8)

1 d
h=3 D6 (6.4.9)

The average and marginal risk exposure, i.e., ¢, and ¢, relate to each other in an
analogous way as the YTM relates to the forward interest rate. The non-decreasing
nature of the marginal risk exposure g, (i.e., ¢, > ¢q,_; for all h > 1) implies that the
average risk exposure ¢, is non-decreasing as well (i.e., g, > ¢,_; for h > 1). Also, it
follows that the average risk exposure does not exceed the marginal risk exposure (i.e.,
Gn < qp, for all h > 1). Figure 6.4 illustrates both the average risk exposure g, and the

marginal risk exposure ¢, with horizon differentiation in marginal risk exposures.
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Figure 6.4.
[lustration of the average and marginal risk exposure
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The figure illustrates the average risk exposure g, as well as the marginal risk exposure g,
with horizon differentiation in marginal risk exposures. The marginal risk exposure is given by
qgn=1—(1—¢q)exp{—nh} (with ¢ = 0.5 and n = 0.2).

In the case of gradual adjustment of annuity units to stock market shocks, the risk
premium g,w\” increases with the investment horizon h. Figure 6.5 shows the risk

premium g,w\" with horizon differentiation in marginal risk exposures.

6.4.4. Discounting the Median Value of Future Annuity Units

We can also discount the median value of future annuity units to find the market-consistent

value Vyht We find

h
Vi =M, [Bypin] exp {— > %} , (6.4.10)
7=1

where the forward discount rate gg],t is given by (this follows from equations (6.3.6) and

(6.4.2))

0y =0y + Ty + g0 (A= A7), (6.4.11)
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Figure 6.5.
[llustration of the horizon-dependent risk premium
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The figure illustrates the horizon-dependent risk premium g,w\* with horizon differentiation
in marginal risk exposures. The marginal risk exposure is given by ¢;, = 1 — (1 — ¢;) exp {—nh}
(with ¢; = 0.5 and 7 = 0.2). The figure is based w = 0.5 and \* = 0.2.

Whereas the actual risk premium A features in discounting the median value of future
annuity units (see equation (6.4.11)), only the assumed risk premium A* features in
discounting current annuity units B,, (see equation (6.4.4)). This implies that the
market-consistent value of annuity units does not depend on the subjective parameter
A of the stochastic model but depends only on the parameters of the contract m;, A"
and qj.gl Whereas model risk (i.e., the value of A) does not affect the market-consistent
value of future annuity units, it does impact the median value of future annuity units

(6.3.6) and the quantiles of future annuity units (6.3.11).

81 R . - . .
Here we implicitly assume that the actual variance coincides with the assumed variance.
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6.4.5. Comparison with Traditional Annuities

6.4.5.1. Nominal Fixed Annuities

The market-consistent value at time ¢ of a guaranteed nominal annuity payment (i.e.,

m; = 0 for every j and w = 0) at time ¢ + h is given by

h
Vy}ft = B, exp {— Z (1te—yej + 7’)} : (6.4.12)
j=1
We identify three differences between the market price of variable annuities (see equation
(6.4.2)) and the market price of traditional DB pension plans (see equation (6.4.12)).
Whereas traditional DB pension plans keep current annuity units B, , constant in nominal
terms, variable annuities vary with stock market returns. First, a horizon-dependent
risk premium g,w\* + &,, which typically rises with the investment horizon, is added
in (6.4.5) to account for the conditional, risky nature of future annuity units. Second,
desired indexation 7! is included in (6.4.5) to measure the costs of the desired bonus
payments. Third, a factor Fth is included in (6.4.2) representing past stock market shocks

that have not yet been fully absorbed into current annuity units.

6.4.5.2. Traditional Variable Annuities

In the case of a traditional variable annuity in which shocks are absorbed immediately
into current annuity units (i.e., g, = @, = 1 for all h > 1) and the median annuity
payments are constant in nominal terms (i.e., m,,; = 0 for every j), equation (6.4.2)

boils down to

1
Vyi = Byyexp {— (M?y +rwA’ - §w2) h} : (6.4.13)

Comparing equation (6.4.13) with equation (6.4.2), we observe that the term representing
past stock market shocks Fth is not present in this case because stock market shocks are
absorbed immediately into current annuity units B, ;. Hence, predictable future changes
in pension entitlements resulting from past stock market shocks are absent. Moreover,
the risk premium in the discount rate does not depend on the investment horizon because

there is no horizon differentiation in marginal risk exposures.
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6.4.6. Conversion Factor versus Annuity Factor

Assuming that newly bought pension entitlements share in current funding gaps, we can

calculate the market price at time ¢ of an annuity unit for a policyholder born at time y

as follows:
V xmax""y_t
C,y = Bit = > AL, (6.4.14)

Yt h=max{z,+y—t,1}

We employ the formula (6.4.14) to calculate the price of newly bought entitlements. This
is in line with the DB tradition in which the pension premium is determined by the costs
of the desired consumption stream in retirement. The conversion factor C,; represents
the economically fair price that a policyholder with birth year y should pay for each
annuity unit to ensure that the newly bought annuity units do not affect the value of
existing pension entitlements.

In the case of gradual adjustment of annuity units to stock market shocks, the

conversion factor differs from the aggregate annuity factor

xmax""y_t

A= D A (6.4.15)
h=max{z,+y—t,1}

because newly bought annuity units share in current funding gaps. As a consequence, the
conversion factor is smaller than the annuity factor in the presence of underfunding (i.e.,
F! < 1). Intuitively, underfunding reduces the growth of future consumption streams,
thereby reducing the costs of future annuity units. The conversion factor C,, would
coincide with the aggregate annuity factor A, , if newly bought annuity units do not
share in past stock market shocks.

The valuation of annuity units (6.4.2) assumes that policyholders pay a fair economic
price for new annuity units so that the value of existing annuity units is not affected by
the purchase of new annuity units. Indeed, valuation of existing annuity units (6.4.2)
relies on the premium rule (6.4.14) for newly bought annuity units. With this premium
rule, the aggregate value of the variable annuities matches the current value of aggregate

assets X;:

X, =V, (6.4.16)
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The pension contract thus exhibits a defined contribution character in the sense that
stock market shocks are absorbed into pension entitlements through adjustments in
current annuity units (i.e., the so-called bonus payments) and future predictable changes
Fth. Outside sponsors (such as companies, future policyholders, insurance companies,
tax payers, shareholders) are absent: risks are borne by the current policyholders. The
pension promises are backed by financial assets so that the system is always fully funded
on a so-called discontinuity basis.** Indeed, the funding ratio is unity if we measure
liabilities in terms of the market value of promised cash flows V.

If newly bought annuity units share in current funding gaps but pricing is based on
the annuity factor (6.4.15), the pension contract involves risk sharing between current
policyholders and new policyholders. In particular, new policyholders subsidize (tax)

current policyholders in case of underfunding, i.e., Fj* < 1 (overfunding, i.e., F}' > 1).
6.4.7. Replicating Portfolio Strategy

This section derives the portfolio strategy that replicates the pension contract (6.3.2).
We allow the insurer to invest in a risky stock and a nominal money market account.
The portfolio strategy is determined in such a way that the value of the assets matches
the value of the liabilities in each state of the world. We thus apply the principle of
liability-driven investment familiar from DB pension plans to arrive at the replicating
portfolio strategy.

Replication of the pension contract requires a fraction g, of the assets to be invested

in the risky stock (see Appendix)

xmax+y_t

~ w
Gu=— D O (6.4.17)

h=max{z,+y—t,1}

where o/;,t is defined as follows:
al, =V>hV,, (6.4.18)

Equation (6.4.17) shows that in the case of gradual adjustment of annuity units to stock

market shocks, the portfolio weight decreases as the policyholder ages.

%2This means that the policyholders receive their promised benefits even if the insurer is wound up.
Hence, the policyholders are not exposed to the credit risk of the insurer.
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6.5. Mismatch Risk and an Incorrect Discount Rate

6.5.1. Mismatch Risk

The expression for the bonus rate (6.3.7) can be written in terms of mismatch. In

particular, we can define mismatch risk M, ; as follows:

t+1
M, = 03, / dw,. (6.5.1)
t

The bonus rate expression (6.3.7) can now be written as

B
é’—tﬂ = exp{m 1} X exp {EI—MMHI} x F} (6.5.2)
yut y,t

The bonus rate log {By,t 1/ By,t} is thus equal to the ambition 7, adjusted for past
shocks log {Ftl} and current mismatch risk ¢,w/ (g, ;0) M, ;. We can rewrite the funding

ratio (6.3.5) in terms of mismatch in past (substitute (6.5.1) into (6.3.5)):

t
= exp{ > o Jrizto — ity Mt+t0_j+1}. (6.5.3)

j=to+1 Qyt+ty—37

We can also write (6.3.4) in terms of mismatch in the past:

B i " q;w
Bttt S {3 8wk e

y,t j=1 =1 qy7t+t0+h—ja—
6.5.2. Discounting with Expected Returns
A popular way to compute the value of annuity units is to employ the expected return

on the investment portfolio g, as the discount rate:

Tmax +y_t0

V,, = > vk (6.5.5)

Y,to Yito)
h=max{z,.+y—tg,1}

where

‘//\tho = By, exp {— (ﬂ?_y +r—ah 4 NGy, + f_h> h} : (6.5.6)
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. . . Sh ~ _ .
Linearization of V,, around g, , = w/0g, yields

‘/}?Jhto B Vyhto w
B Vi i (3,0~ 20 657
v o Gty = —dn (6.5.7)
so that
‘/}y,t - Vy,t N w ~
e~ N Dy, (%000, = s, (6.5.8)

where the duration ﬁy,to is defined as follows:

xmax+y_t0
N _ h
Dy, = S ahh (6.5.9)
h=max{z,+y—tg,1}
and
mmax“”y*to wmax+y7t0
o, = b hg, = B, q 6.5.10
vlo = 7 X Ay 1 Nn = y.to I (6.5.10)
Ysto h=max{z,+y—ty,1} h=max{z,.+y—tq,1}
. h _ _h h
with 5y,t0 = ay,to X m

For traditional variable annuities without gradual absorption of shocks (i.e., g, =
g, = 1), the traditional method of using expected returns on the current portfolio yields
the correct result (since in equation (6.5.8), w/of,, = q,, = 1if ¢, = ¢, = 1 for all
horizons h > 1). With horizon differentiation, in contrast, the method of using current

expected returns tends to understate the value of actual liabilities since w/gf,, <

Ysto

% Hence the overall discount curve for valuing variable annuities is typically in

Qy.ty-
between the expected return on the actual investment portfolio and the risk-free term
structure. Intuitively, current expected returns exceed future returns because with life
cycle investment, risk is taken back when policyholders age. Also, using an incorrect
discount rate leads to inefficient intertemporal consumption smoothing. Indeed, a higher

discount rate raises the funding ratio (i.e., V, ; / YA/y’tO > 1), thereby increasing the scope

to pay out today (i.e., consumption is reallocated from the long-run to the short-run).

% This is always the case if liabilities are concentrated around a certain horizon because horizon
. o g . . . h _ ~ . h h . e

differentiation (i.e., ¢, > ¢;) implies gy >hqh andhthus Gy, > W/l if By, = oy, . If liabilities

are dispersed over various horizons and 3, > a,, for long horizons h, we may theoretically have

Qy,t, < 0,4, because longer horizons with larger (jh and qh receive a larger weight in the calculation
of 0, ,, than in the calculation of g, , .
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6.6. Exponential Decay and the Cash-Flow Funding Rate

6.6.1. Exponential Decay

Equation (6.3.5) implies that for each horizon, we need a separate state variable to
summarize past stock market shocks. For a specific specification of the marginal risk
exposure ¢, we can, however, summarize past stock market shocks in one state variable.

Specifically, we assume that
h
g =1—p". (6.6.1)

The coefficient p in equation (6.6.1) governs horizon differentiation in marginal risk
exposures. With p = 0, horizon differentiation in marginal risk exposures is absent and
g, = 1. In that case, shocks are absorbed immediately so that F}" = 1 (see equation
(6.3.5) with ¢, = 1 for all h). With p 1 1, horizon differentiation in marginal risk
exposures is maximal and ¢,/q; = h. Specification (6.6.1) thus implies that the risk of
future annuity units is parameterized by the long-term risk exposure w and the parameter
0<p<l.

With (6.6.1), we can write the horizon-dependent funding ratios in terms of one state

variable (use gyt — ¢j—t, = qn (1 — qj_to) = q,p° " in equation (6.3.5))
h

Fh— (E)C”” - (E)l_p . (6.6.2)

Here

N 3 A t+to—(j—1)
Fy=expiw Y p" / dw; 3. (6.6.3)

j=to+1 t+to—J
6.6.2. The Cash-Flow Funding Rate

We can write the single state variable ﬁt in terms of a so-called cash-flow funding
ratio. This funding ratio is computed on the basis of an alternative definition of the
liabilities. With this alternative definition, the aggregate value of the liabilities is no
longer necessarily equal to the value of the assets so that the so-called cash-flow funding

ratio can deviate from unity. The calculation of a funding ratio unequal to one makes
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the pension system reminiscent of DB pension systems. The difference with traditional
DB pension systems is that funding disequilibria are absorbed by the policyholders

themselves rather than an outside sponsor such as a corporation.

The alternative definition of the liabilities is based on the ambition to increase current
pension entitlements B, ; in line with desired indexation (in median and with the desired
risk of future annuity units). In particular, the value of the liability at horizon h of an

policyholder born at time y is given by

h
Lh — Byzt _ ‘/yvt
y7t -

exp {Z?Zl 5:{/‘,15} Fth '

(6.6.4)

We can view Fth as the horizon-dependent funding ratio because it represents the ratio
between the actual value of annuity payments (‘assets’) at horizon h and the value of

the defined ambition (‘liabilities’) at horizon h, i.e., F{* = V', /L" .

The overall liability L, , corresponding to a policyholder born at time y is given by

mmax""y_t

1

L, =B —.
h=max{z,+y—t,1} exXp {ijl 613@}

Yyt —

(6.6.5)

Yyt

These liabilities are the resources that are currently needed to consistently increase
current pension entitlements B, ; in line with desired indexation (in median and with
the desired risk of future annuity units parameterized by w and p). This definition of
liabilities thus abstracts from predictable changes in future annuity payments that are

the result of gradual adjustment of annuity units to past stock market shocks.

The ‘cash-flow” funding ratio F) , is equal to the weighted average of horizon-specific

funding ratios (the second equality follows from equation (6.6.4) to eliminate Vyht)

TmaxtyY—t h Tmaxty—t Taxty—t
r Ve Vit hoph hoph
wt =T T T = Yyt = Yyttt
Yt h=max{z,+y—t,1} Yt h=max{z,+y—t,1} h=max{z,+y—t,1}

(6.6.6)
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where the aggregate value of liabilities L, ; is defined by

xmax+y7t xmax+y7t B
— § : h § : it

Lth — Ly,t - ?L p 5 (667)

h=max{z,+y—t,1} h=max{z,+y—t,1} €XP {Zj:l 6y7t}
and
Lh
h _ ~yt
o, = (6.6.8)

The Appendix employs a linear approximation to write the state variable F} (see (6.6.3))
in terms of the cash-flow funding ratio F, , = ZL’; (see (6.6.6))
Y,

(6.6.9)

y,t»

~ qu,t
(7)" =

where

xmax+y7t

Gyi = Z ’Yglf,t(Jh-
h=max{z,+y—t,1}
Equation (6.6.9) represents the relationship between the economy-wide state variable
ﬁt, which summarizes realized economy-wide risk in the past, and the cash-flow funding
ratio ), ;, which depends on age determining the exposure of the fund to this aggregate
risk. The older the policyholder, the less he is exposed to past macro-economic shocks
if horizon differentiation implies smoothing of adjustment to shocks. With horizon
differentiation, ¢, rises with h so that larger weights ’yg,t of the shorter horizons reduces

the exposure ¢, , of the fund to macro-economic shocks ﬁt.

Substitution of equation (6.6.9) into equation (6.6.2) to eliminate F, yields

ap

'~ (F, ;)% . (6.6.10)

We can write V, , as (use equation (6.6.10) to eliminate 120

9h

xmax+y_t F qy,t

— B yyt
t— Dyt E )
Y J

N .
h=max{z,+y—t,1} €XP {Zj:l 5y,t}

v

y (6.6.11)
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Equation (6.6.11) shows how the assets V, ; are distributed across the various horizons.
The funding ratio F,, =V, ,/L,, is computed by using the observed actual assets V,,
and the liabilities L, ; from (6.6.5). We do not need information on how past shocks have

occurred over time.

6.7. Concluding Remarks

This chapter has explored DA plans that provide variable annuities to policyholders. The
pension fund exogenously specifies the entire stochastic income stream in retirement.
In line with internal habit formation, pension payments respond gradually to financial
shocks. The specification of the pension contract endogenously determines contribution
levels and the investment policy. We have shown that the discount rate includes a risk
premium that rises with the horizon and that the fraction of assets invested in the risky
stock decreases as the policyholder ages. Also, the gradual absorption of financial shocks
leads to predictable changes in pension payments. The effects of past stock market shocks
on future adjustments in annuity units can be captured in one state variable (i.e., the

funding ratio) if financial shocks are smoothed out in an exponentially declining manner.

Public supervision plays four important roles. The first two of these four roles
involve the risk of future annuity units and the last two roles are associated with proper
valuation and ensuring intergenerational fairness. First, the supervisory authorities
should induce the funds to communicate the expected income streams and the risks
involved (e.g., based on a ‘bad weather’ scenario) on the basis of standardized stochastic
models. Second, they should monitor that the investment policy of the fund is consistent
with the desired risk of future annuity units. Third, public supervision should ensure
that the annuities are priced fairly, especially when participation is compulsory and
competition does not discipline funds. Fourth, if funds change the pension contract
(e.g., the way that annuity units are discounted), the authorities should check whether
the exchange of annuities occurs at fair prices. By preventing intergenerational transfers,

public supervision protects individual property rights.
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6.8. Appendix

Proofs

Derivation of (6.3.6), (6.3.7) and (6.3.10)

We can write (6.3.4) as

B h &
g—”h - Fthexp{zmﬂ}exp {w()\—)\ )qu}
=1

Yt j=1

h t+h—(j—1)
exp quj/ ’ dW, > .
j t+h—j

=1

(6.8.1)

Taking the median of (6.8.1) yields (6.3.6).

Equation (6.3.7) follows from (6.3.4) with h = 1 where fttH dW; is now known:

By 1 R
B = I}, exp{ M1 + qw dW;
y,t t
t t+to—(5—1) %
Hj:t0+1 exp {Qj+1—tow t+t007jj dW; }

¢ trto—(—1) yyrrrk
Hj:to—i-l 2N {qutow t+t00—j dw }

t+1
€xXp {Wtﬂ + fhW/ dWs*}
t

t t+to—(j—1)
= exp {1 } exp Z (Qj+1—t0 - qj—to) W/ dW;

j=to t+tg—J

= exp {m 1} X thi-la

where q, = 0 by convention and Ft}fﬁl is the horizon-dependent funding ratio before

annuity units are adjusted:
B t+1
F/5' = F)' x exp {qhw/ dW:}
t

t t+to—(5—1) (6-82)
= exXp Z (Qj+1—t0 - Qj—to) W/ dWy 5.

=t t+to—j
The horizon-dependent funding ratio after annuity units are adjusted is given by (see

191



Chapter 6. Buffering Shocks in Variable Annuities

equation (6.3.5))

so that FtOH =1

Derivation of (6.4.2) and (6.4.17)

The pricing kernel m, is subject to the following dynamic equation:

dm,

= —rdt — AdW,,

my

Application of Ito’s lemma yields
Lo
dlogm, = — (r+ 5)\ dt — AdW,.

Hence,

t+h
M:exp{— (T—I—%/\Q)h—/\/ dWS}
1 h t+h—(j—1)
= exp —(r+§)\2>h—)\2/ dW, 5.
t+h—j

Jj=1

(6.8.3)
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Substituting equation (6.8.3) and equation (6.3.4) into equation (6.4.1), we arrive at

h
‘/y}ft =h ptfyFthBy,t €xp {Z 7Tt+j}

J=1

exp {w (A — )\*)Zi;qj} exp {— (r + %V) h}

h t+h—(j—1)
exp {Z (qu — )\) / dWS}]
st t-+h—j

E,

N N (6.8.4)
SRR S T R T,
j=1 j=1
exps — (r+ 1)\2 h ¢ exp lz (q-w — )\)2
2 2 = J
" 1
=} ptfyFthByi exp {— Z (r — Mgy + quA — Eq?cf) } .
j=1
We can rewrite Vyht as follows:
Vyo = ByFlexp{ = (i, + 7 =7l + qud = &) h}
¢ t+to—(i—1)
= H €Xp § 7 + qj+ht0w/ dWS*
j=to+1 tHto—J
exp {— (ﬂi‘,y +r— 74 G\ — Eh) h} By,
Hence,
Vht_ll t+1
y,_; = €Xp {Wtﬂ + Qhw/ dW;}
Vi t
exp {:ut—y-i-l + 1= T+ G — §h} (6.8.5)

t+1
= exp {Nt—y—i—l +7r—+ thL))\* — éh + thU/ dWS*} .
t

Let X;t be the value of the assets at time ¢ that finances B, ., and let qu}ft be the

corresponding investment policy (i.e., Q\y}ft denotes the fraction of Xg , invested in the

193



Chapter 6. Buffering Shocks in Variable Annuities

risky stock). We can write X;}j + as follows:

Xy = étt(’MeXp{Z/@H 7 (t—to) +th+h iy

J=to J=to
t—1

1, ~t+h—j ~t+h—j i
_50 (qyj ) +qua , dW ¢,

J=tg J=to

where

t—to+h 1 t—to+h
Xy7t0 - ‘/y7t0 :

Hence,

Xh R 1 R ) R t+1

:LH = exp | fi1—y + T+ qy}ft)\a — —o? (qy}ft) + qy]fta/ dW, ¢ . (6.8.6)
Xy,t 2 t

Comparing equation (6.8.5) with equation (6.8.6) and using th = VZ}, we find

~h w

Qy,t = Qh;
We have that g,,X,, = th?iax{z +y—t,1} qy,t y, th?ﬁax{x Fy—t1} qytay tX - Hence,
Qy,t - th?;ax{$ +y—t,1} q% =w th?;ax{:c +y—t,1} qny, t/a'

Derivation of (6.6.9)

~\ 4 ~ ~\ ¢ o~
Linearizing (Ft> " around F, =1, we arrive at <Ft) "~ +q (Ft — 1) so that (using
(6.6.2))

Fth%]_—’_qh (E_1> .
Substitution of this approximation in (6.6.6) yields

Fuy = 1%, (F-1), (6.8.7)
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where
C’:maxJ”yft

. h
Qo= D Yyun

h=max{z,+y—t,1}

We can write (6.8.7) as

exp {Fy,t — 1} /R exp {qujt (ﬁ’t — 1)} .

Subsequently using the linear approximation exp {F%lt — 1} ~ F,,;, we arrive at (6.6.9).
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CHAPTER 7

PRICING AND RISK MANAGEMENT OF

VARIABLE ANNUITIES IN DEFINED

AMBITION PENSION PLANS84

This chapter explores defined ambition pension plans, which are pension plans that
allocate various risks (i.e., real interest rate risk, expected inflation risk and stock market
risk) among policyholders on the basis of complete pension contracts while simultaneously
pooling idiosyncratic longevity risk. We demonstrate how to value these pension plans in
a market-consistent fashion. Market-consistent valuation of entitlements is important for
avoiding conflicts between the insurer’s policyholders and ensuring efficient intertemporal
consumption smoothing. We also show that the costs of variable real annuities may be less
sensitive to the nominal interest rate as compared to the costs of fired nominal annuities,

thereby reducing the nominal interest rate duration of the intertemporal hedging portfolio.

7.1. Introduction

Around the world, many firms are declining to continue to sponsor employer-sponsored
defined benefit (DB) pension plans, due to the high risks these pension plans are now
seen to impose on corporate sponsors (Investment Company Institute, 2014). In response,
the defined ambition (DA) pension plans being designed in the Netherlands promise to
play a new role, serving as mutual insurers in which policyholders, rather than corporate
sponsors, bear investment risk. These DA pension plans aim to retain several advantages
of traditional DB pension plans. In particular, by pooling idiosyncratic longevity risk,

lifelong benefits can be provided at relatively low costs. Furthermore, risk management

%4This chapter is co-authored with Lans Bovenberg.
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seeks to provide retirees with stable income streams after they leave employment. To
this end, real interest rate risk and expected inflation risk are actively managed during
both the accumulation and the decumulation phase.

This chapter investigates the pricing and risk management of DA pension plans that
provide variable annuities to policyholders.® Property rights of individual policyholders
(i.e., pension entitlements) are defined in terms of annuity units (i.e., payouts) that vary
with financial shocks. The pension contract specifies not only how annuity units respond
to financial shocks but also how the desired (or targeted) growth rate of annuity units
develops over time. In particular, the desired growth rate depends on the expected
rate of inflation to protect the purchasing power of consumption, and on the interest
rate to account for intertemporal substitution in consumption. Traditional variable
annuities typically assume a constant (i.e., state-independent) desired growth rate (see,
e.g., Horneff, Maurer, Mitchell, and Stamos, 2009, 2010; Maurer et al., 2013b).

We show how annuity units can be valued in a market-consistent fashion. Proper
valuation of annuity units is relevant for determining the prices at which variable annuities
can be bought and sold. It ensures that buying and selling of variable annuities does not
impose externalities on other policyholders. Furthermore, market-consistent valuation
helps protect the value of property rights if the pension contract is changed. Accordingly,
the pension contract can be adapted to new circumstances without giving rise to conflicts
between the insurer’s policyholders. Also, proper pricing of annuity units ensures efficient
intertemporal consumption smoothing, and allows policyholders to endogenously set their
saving levels in order to realize a particular pension ambition in terms of a lifelong income
stream during retirement.

We show that the costs of annuity units are an increasing function of the desired
growth rate, and a decreasing function of assumed expected financial and biometric rates
of return.*® To account for the uncertain nature of future annuity units, the discount
rate includes a risk premium that depends on assumed expected financial rates of return.

Indeed, the annuity factor formalizes how the costs of annuity units depend not only on

%We define a variable annuity as an insurance contract in which annuity payments depend on the
performance of the investment portfolio. A variable annuity does not include a guarantee.

% The annuity factor depends on assumed expected returns rather than actual expected returns. Selling
and buying of annuities on the basis of prices that depend on assumed, rather than actual, expected
returns does not impose externalities on other policyholders. In that case, however, actual expected
consumption growth deviates from assumed expected consumption growth. Hence, intertemporal
consumption smoothing is inefficient.
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the median level (and desired growth rate) of future annuity units, but also on the risk
of future annuity units. The more uncertain future annuity units are, the higher — ceteris
paribus — this risk premium can be and thus the lower the costs of annuity units become.
Biometric rates of return are the survival premia that depend on mortality rates. Higher
mortality rates result in higher biometric rates of return reducing the costs of annuity
units. This chapter focuses on stochastic financial rates of return and assumes that

mortality rates are non-stochastic.

In a complete financial market, the portfolio strategy can be derived in closed-form by
generalizing the principle of liability-driven investment from DB pension plans to variable
annuities. In particular, the so-called replicating portfolio strategy can be decomposed
into two components: a speculative component and an intertemporal hedging component.
This decomposition is familiar from the literature on optimal consumption and portfolio
choice under a stochastic investment opportunity set (see, e.g., Brennan and Xia, 2002;
Wachter, 2002; Chacko and Viceira, 2005; Liu, 2007). The speculative portfolio allows
policyholders to take advantage of risk premia. We show how the exposures to the various
risk factors should be chosen if the policyholder aims to maximize the expected rate of
return on the assets subject to a given amount of consumption risk. Unlike the replicating
portfolio strategy with exogenous risk exposures, the efficient portfolio strategy depends
on actual risk premia and thus suffers from model risk. The intertemporal hedging
portfolio hedges changes in the future investment opportunity set that affect the costs of
annuity units (see Merton, 1971). These changes in the future investment opportunity
set are due to shocks in the real interest rate and the expected rate of inflation. The
intertemporal hedging portfolio depends on the extent to which the interest rate affects
the desired growth rate of annuity units. In the special case where a one percent point
increase in the interest rate leads to a one percent point increase in the desired growth

rate, the intertemporal hedging portfolio fully disappears.

We allow the actual portfolio strategy to differ from the replicating portfolio strategy.
In that case, the actual portfolio strategy determines how annuity units develop over time
(i.e., assets determine liabilities instead of the other way around). We show how annuity
units should be adjusted such that the actual portfolio strategy does not affect — ex
ante — the intertemporal allocation of the market value of annuity units. A mutual

insurer can thus change its portfolio strategy without causing value transfers between
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generational cohorts. Alternatively, a mutual insurer can ring-fence the assets of each
generation so that he needs not to worry about value transfers between generational
cohorts. An advantage of ring-fenced accounts over one general pooled account is that
the pension plan can be tailored to the needs of each generation (see also Bovenberg
and Nijman, 2015). Furthermore, we show how an incorrect interest rate sensitivity of
the intertemporal hedging portfolio gives rise to inefficient intertemporal consumption
smoothing. In a collective pension fund without ring-fenced accounts, an incorrect
interest rate sensitivity of the intertemporal hedging portfolio results in not only inefficient
intertemporal consumption smoothing but also inefficient intergenerational risk sharing
and intergenerational conflicts about the choice of the intertemporal hedging portfolio
for the pension fund as a whole.

We allow the equity risk premium to be stochastic through a negative relationship
with the nominal interest rate. Our specification of the equity risk premium causes
the intertemporal hedging portfolio to depend on the speculative portfolio: a larger
speculative portfolio renders the annuity factor less sensitive to the nominal interest
rate, thereby reducing the nominal interest rate sensitivity of the intertemporal hedging
portfolio. The stochastic model of the equity risk premium can be explained by stochastic
variations in risk aversion that cause the rates of return on safe securities to move in
an opposite direction from the rates of return on risky securities. Empirically, whereas
nominal interest rates tend to vary pro-cyclically over the business cycle, the equity risk
premium typically varies in a countercyclical fashion.®” Campbell and Cochrane (1999)
attribute this time variation in equity risk premia to the countercyclical behavior of
risk aversion. In addition, countercyclical monetary policy causes nominal interest rates
to behave pro-cyclically. These two stylized facts motivate our stochastic model of the
equity risk premium.

We show how in an incomplete financial market, a mutual insurer can determine
the intertemporal hedging portfolio so as to minimize the mismatch between the fund’s
aggregate assets and liabilities. In particular, if only a single nominal bond is available
to hedge both real interest rate risk and expected inflation risk, then the duration of

the best hedging portfolio (i.e., the portfolio that minimizes the mismatch between

8"The literature has shown that equity risk premia tend to be larger in economic troughs than in booms
(see, e.g., Fama and French, 1989; Harvey, 1989; Ferson and Harvey, 1991; Li, 2001; Lettau and
Ludvigson, 2009).
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the fund’s aggregate assets and liabilities) trades-off hedging real interest risk against
hedging inflation risk. If real interest rate risk dominates expected inflation risk, then
the duration of the best hedging portfolio is close to the duration of the liabilities. The
duration of the best hedging portfolio becomes shorter, however, if expected inflation risk
dominates real interest rate risk. In an incomplete financial market, the intertemporal
hedging portfolio depends on the financial model and thus becomes subject to model
risk. The same holds true for the valuation of a variable real annuity. Indeed, in the
absence of real securities that hedge expected inflation risk, real annuities cannot be
priced objectively. We thus face a trade-off between optimal risk sharing on the one
hand and objective market-consistent pricing of annuities on the other hand. To avoid
conflicts with policyholders about the pricing of annuities, the insurer may want to
provide variable annuities that can be valued objectively. In that case, non-traded
expected inflation risk is also not traded between the insurer and its policyholders.
Alternatively, the insurer can ring-fence the assets of a each generation so that the
valuation of a variable real annuity cannot give rise to conflicts between generations. A
disadvantage of ring-fenced accounts over one general pooled account is that non-traded

risks (e.g., systematic longevity risk) can no longer be shared between generations.*

This chapter extends Chapter 6 in a number of ways. First, we consider continuous
rather than discrete adjustments of entitlements. Second, and most importantly, we
extend the number of risk factors by considering not only stock market risk but also
real interest rate risk and expected inflation risk. These additional risk factors affect
future investment opportunities so that the annuity factor becomes stochastic. With
a stochastic annuity factor, the costs of annuity units (and hence contribution levels)
depend on the macro-economic environment (i.e., the real interest rate and the expected
rate of inflation). Indeed, the nominal interest rate sensitivity of the annuity factor yields
conversion risk and thus results in intertemporal hedging demands aimed at hedging this
risk. In fact, compared to Chapter 6, we include a number of extensions that affect how

sensitive the annuity factor is with respect to changes in the nominal interest rate.

The remainder of this chapter is structured as follows. Section 7.2 describes the

economy. Section 7.3 specifies the DA pension contract. Section 7.4 values the variable

¥ 0One could conclude separate swap contracts on these risks. These swap contracts, however, cannot
be priced objectively (see also Bovenberg and Nijman, 2015).
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annuities in a market-consistent fashion and explores the sensitivity of the annuity factor
to the nominal interest rate. Section 7.5 determines the replicating portfolio strategy as
well as the efficient portfolio strategy. Section 7.6 considers the case where the actual
portfolio strategy deviates from the replicating portfolio strategy. This section also
investigates the case of ring-fenced individual accounts while idiosyncratic longevity risk
is still being pooled. Section 7.7 extends our results to a financial model with a stochastic
equity risk premium. Section 7.8 considers an incomplete financial market in which real
interest rate risk and expected inflation risk cannot be hedged simultaneously. Section

7.9 concludes the chapter. Proofs are relegated to the Appendix.

7.2. The Economy

This section outlines the economy. Section 7.2.1 describes the dynamics of the state
variables. The price of a zero-coupon bond is derived in Section 7.2.2. Throughout,

boldface type is used to denote uncertain variables at time ¢.

7.2.1. Dynamics of the State Variables

We consider a continuous-time economy with three state variables: the short-term real
interest rate r,, the short-term expected rate of inflation 7, and the nominal stock price S;.
The real interest rate and the expected rate of inflation follow mean reverting processes of
the Ornstein-Uhlenbeck type. The nominal stock price is driven by a geometric Brownian

motion. More specifically,

dr, = k(7 —r,) dt + 0, dWy, (7.2.1)

dm, =0 (7 — m,) dt + 0, dW7, (7.2.2)

dS

?t = (R + Ag05) dt + 05dW7. (7.2.3)
t

Here k > 0 and 6 > 0 are mean reversion coefficients, 7 and 7 denote long-term means,
R, stands for the short-term nominal interest rate at time ¢, A\g is the constant equity
risk premium per unit of risk (i.e., the Sharpe ratio of the risky stock), o, > 0, o, > 0
and og > 0 correspond to diffusion coefficients, and W', W/ and W represent standard

Brownian motions. The real interest rate, the expected rate of inflation and the nominal
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stock price follow the same dynamics as in Brennan and Xia (2002).%

The correlation coefficients between the Brownian increments are summarized in the

correlation matrix p:

1 Prz Prs
P=1 Prr 1 Prs | » (724)
Prs Prs 1

where p;; (i,j € {r,7, S} and i # j) denotes the correlation coefficient between AW,
and dW7.

The real pricing kernel m, evolves according to (see, e.g., Brennan and Xia, 2002)

dm,

= —r,dt + ¢, AW/ + ¢, dW] + pgdW?
my (7.2.5)

= —rdt + ¢ dW,.

-
Here T denotes the transpose sign, ¢ = (¢,., ¢, ng)T and W, = (W[, W[, WtS> 7 The
constant coefficients ¢,, ¢, and ¢g determine the market prices of risk associated with
the state variables. More specifically, the vector of market prices of risk A = (\,, A, Ag)

can be computed from ¢ as follows:

A = —po. (7.2.6)

7.2.2. Price of a Zero-Coupon Bond

Denote by P(ﬁt the price at time ¢ of a zero-coupon bond with fized maturity date t + h.
Here h > 0 represents the time to maturity, and « € [0, 1] is a parameter indicating the

extent to which the payoff of the zero-coupon bond is linked to the price index

II, = exp {/Ot ﬂsds} . (7.2.7)

*In contrast to Brennan and Xia (2002), we assume that the expected rate of inflation coincides with
the realized rate of inflation. The results that follow can, however, be extended to the case where the
expected rate of inflation differs from the realized rate of inflation.

90 . . . . T
For notational convenience, we often write a column vector in the form z = (21, 29, ..., 2,) .
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If a = 1, the payoff of the bond is fully linked to the price index, while the payoff of the
bond is not linked to the price index at all if & = 0. For values of « in between zero and
one, the payoff of the bond is only partially linked to the price index. We can view II,

as the consumer price index or the wage price index.

The price of the bond can be obtained by computing the following conditional

expectation:
Pgt — T, lmwh 11, (HtJrh)a}
' my Il 1T,
h 1
= E; {GXP {—/ (rt+v + (1 —a)my, + §¢TP¢) dv (7.2.8)
0

+/Oh ¢Tth+vH )

where E, [-] denotes the expectation operator conditional on all information available at

time ¢t. We find (see Appendix)

h
Polit = exp {—/ Tgé’tdv} : (7.2.9)
0

Here 7, , stands for the instantaneous forward interest rate at time ¢ for horizon v > 0.

The exact expression for r;,, can be found in the Appendix (see (7.10.9)).

The yield to maturity (YTM) at time ¢ for horizon h > 0 is given by (see Appendix)

) log P", D" D" E"
TZ,tE_ h 7t: L Tt+<1_a> h 7Tt+7'

(7.2.10)

Here D" = (1 - eth> /z with z = k or z = #. We note that D*"/h decreases with the
horizon h and D™" = 0 as z = oc. Long-term YTMs are thus less variable as compared
to short-term YTMs, especially when the mean reversion coefficients x and 6 are large.
This property is consistent with empirical data (see Ang, Bekaert, and Wei, 2008). The

exact expression for the horizon-dependent constant E can be found in the Appendix

(see (7.10.11)).
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The bond price Po}it evolves according to (see Appendix)

dpP?, K,k 0,h
i (m 4 (1—a)m, — Ao, D" — (1 — a)r0,.D" ) dt
a,t

(7.2.11)
—0,D""dW} — (1 — )0, D""dWT.

We make the following observations. First, the expected return on the bond in excess of

r, + (1 — a)m (ie., the bond risk premium) is given by
—\,0,D"" — (1 — a)\,0,D"". (7.2.12)

Estimates of A, and A, are typically negative (see, e.g., Brennan and Xia, 2002), so that
bond risk premia are usually positive. Second, D™" and D! increase at a declining rate
with the horizon A, implying that long-term bond risk premia exceed short-term bond
risk premia. Third, the short-term nominal interest rate can be obtained from (7.2.11)
by taking the limit A = 0. We find that the short-term nominal interest rate equals the
short-term real interest rate plus the short-term expected rate of inflation. The Fisher
equation thus holds true in this economy. Fourth, D™" decreases with . Hence bond
risk premia are small if the mean reversion coefficients x and 6 are large. Finally, D™"
and (1 — o)D" measure the sensitivity of the bond price with respect to (unexpected)
changes in the real interest rate and the expected rate of inflation, respectively. Hence
we can view D™" and (1 — o)D*" as the real interest rate duration and the expected

inflation duration of the bond, respectively.

The numerical illustrations in the chapter use the parameter values contained in Table

7.1 (see Appendix).

7.3. Specification of the Pension Contract

This section specifies the pension contract. Pension entitlements are framed in terms
of (deferred) variable annuity units (i.e., payouts).”’ Let us denote by B, ; the annuity

units at time ¢ of a policyholder born at time y, by x, the age at which a policyholder

1 Brown et al. (2008, 2013) show that agents value annuities more when presented in a consumption
frame than when presented in an investment frame.
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retires (e.g., z, = 65 years of age), and by x,,,, the maximum age a policyholder can
reach (e.g., T, = 120 years of age). If the birth date y of a policyholder falls between
time t — x, and time ¢ — x,,,, and the policyholder has survived up to time ¢, then this
policyholder receives a pension payment at time . The probability that a policyholder

currently aged x =t — y will survive to age x + h is denoted by

h
hPy = €XpP {_/ :U’ac—i-vdv} : (731)
0

Here f1,., denotes the force of mortality at age x + v. We assume that the force of
mortality p,,, does not change over time. Systematic longevity risk is thus absent.
Furthermore, in view of the law of large numbers, the insurer pools idiosyncratic longevity
risk so that policyholders are insured against outliving their retirement assets.

The annuity units at time ¢+ h (h > 0) of a policyholder born at time ¥, i.e., B, 1,

are specified in terms of past and future financial shocks as follows:”?

B, — By, (IL)" exp {w / (ry+ (1— B)m,)ds g (t — to)
to

t B
[ aan ) (B
to 1T,

t+h t+h
exp {w/ (ry+(1—=B)mw,)ds+g-h+ / w*waz} (7.3.2)

I, " "
=B, I ) &P (0 i (rpp+ (1= B)myy)dv+g-h

t
h
+ / w*Tsz‘ﬂ} .
0

Here t, is the time at which the (single) contribution is paid, w* = (w;,w;,ws), and
AdW; = dW, + (A — X\*)dt with \* = (A5, A5, \5).” The parameter w; is the exposure
of current annuity units B, to the (observed) financial shock dW}* (i € {r, 7, S}). The
coefficients A7, A= and \§ are the assumed market prices of risk. The assumed market

prices of risk are allowed to differ from the actual market prices of risk A, A, and Ag.”*

92Speciﬁcation (7.3.2) assumes that no pension premia are paid after time t;. We thus adopt a
discontinuity perspective in which we only consider future annuity units on account of annuity units
that have been accumulated up to time .

%The financial shocks dW;" and dW}" can be determined from the observed price dynamics of two
nominal zero-coupon bonds (with different times of maturity).

9 As shown by Merton (1980), estimates of expected returns are less accurate than estimates of
(co)variances. Therefore, we distinguish only between actual risk premia and assumed risk premia. In
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The desired growth rate of annuity units (i.e., the growth rate of annuity units if
w" = 0) is affected by three factors. First, the parameter [ represents the sensitivity
of annuity units to the price index. If § = 1, then annuity units aim to keep up with
price inflation, while annuity units are not linked to the price index at all if g = 0.
Second, the parameter 1) measures how the desired growth rate varies with the interest
rate.”” If 1) is positive, then the desired growth rate increases as the interest rate (i.e.,
the return on savings) rises. The parameter ¢ thus models intertemporal substitution in

consumption.” Finally, the parameter g denotes a constant growth rate.

Log annuity units are adjusted according to (this follows from (7.3.2))
dlogB,, = (Bm + % (r, + (1 — B)m) + g) dt + w* AW, (7.3.3)

Equation (7.3.3) can be viewed as the bonus (or dividend) policy of the pension plan,
showing how annuity units develop as time proceeds. The right-hand side of equation
(7.3.3) does not depend on age. Hence annuity units are adjusted uniformly across
policyholders: each policyholder faces the same uniform adjustment of annuity units.
The first term at the right-hand side of equation (7.3.3) represents the desired growth
rate of annuity units. The second term denotes the impact of current financial shocks
on current annuity units. We observe that current financial shocks are fully absorbed
into current annuity units. Chapter 6 considers a pension plan for which annuity units
respond gradually, rather than directly, to financial shocks. Our results that follow can

be extended to the case of gradual absorption of financial shocks.

particular, we assume that actual (co)variances coincide with assumed (co)variances.

91f annuity units are fully linked to the price index (i.e., B = 1), then the desired growth rate depends
on the real interest rate, while the desired growth rate depends on the nominal interest rate if annuity
units are not linked to the price index at all (i.e., § = 0).

%gchroder and Skiadas (1999) show that if the investment opportunity set is constant, ¢ can be viewed
as the elasticity of intertemporal substitution (see also Chapter 4).
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7.4. Pricing of Future Annuity Units

7.4.1. Market-Consistent Valuation

This section computes the market-consistent value of future annuity units. Denote by
Vy}ft the market-consistent value at time ¢ of future annuity units B, ;,,. We can compute

V;jft by solving the following conditional expectation (see, e.g., Cochrane, 2001):

V;/},Lt = pDi—ylEy By - (7.4.1)

Straightforward computations show that (see Appendix)
Vo = ByuAy,, (7.4.2)

where the horizon-dependent annuity factor AZt is defined as follows:

h
Al = exp {—/ 5§7tdv} . (7.4.3)
0

Here 6, , denotes the forward discount rate at time ¢ for maturity v > 0 for a policyholder

born at time y:
Oy = Himyro + (L= O)rh + 0 A"+ &, — g, (7.4.4)

The horizon-dependent annuity factor Az,t summarizes the impacts of the desired growth
rate and the risk of annuity units on the costs of future annuity units. The value of the
annuity factor szt is determined by the forward discount rate ¢, , which depends on the
forward biometric rate of return, the expected rate of return on the investment portfolio
and the desired growth rate of annuity units. The term &, includes second-order and
interaction terms and represents the impact of the correlation between the underlying
speculative and intertemporal hedging portfolio on the rate of return of the investment

97

portfolio as a whole (see equation (7.10.12) in the Appendix).”" If annuity units are

constant over time (i.e., ¥ = g = w" = 0), then the forward discount rate J, , is equal to

9"The forward interest rate 75+ also includes second-order and interaction terms (see equation (7.10.9)
in the Appendix).
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the sum of the survival premium ., and the forward interest rate rj5 ;. More generally,
the forward discount rate 6,, is a decreasing function of the desired growth rate of
annuity units (i.e., 4, ¥ and ¢), and an increasing function of future (assumed) expected
biometric and financial rates of return. The biometric rate of return is represented by
the force of mortality fi,_,,, whereas future (assumed) expected financial rates of return
are represented by the other terms (except g). The risk premium W TA* is due to the
impact of financial shocks on future annuity units. It depends on the exposure of future
annuity units to financial shocks w”™ and the vector of assumed market prices of risk \*.
The ‘speculative’ risk premium w*' A\* reflects the expected excess rate of return on the

underlying (liability-driven) speculative investment portfolio.

7.4.2. Interest Rate Sensitivity of the Annuity Factor

The horizon-dependent annuity factor szt is stochastic and depends on the real interest
rate r, and the expected rate of inflation m,. The sensitivity of the log annuity factor

log AZ,t with respect to unexpected changes in the real interest rate is given by (see

Appendix)
OlogAy, 1 (1 — gD (7.45)
oW o . 4.

Equation (7.4.5) is usually referred to as the real interest rate duration of the annuity
factor. This equation shows that changes in the real interest rate do not affect the
annuity factor A;t if v» = 1. Intuitively, by raising future returns, a higher real interest
rate reduces the price of a given consumption stream. With intertemporal substitution
in consumption (i.e., ¢» > 0), a higher real interest rate also raises the desired growth
rate of future annuity units, thereby increasing the magnitude of future consumption
streams. In the special case of ¢ = 1, the price and volume effects of movements in the
real interest rate cancel each other out. Figure 7.1 illustrates the interest rate sensitivity
of log AZt for various values of .

We can also compute the sensitivity of the log annuity factor log A‘Z’t with respect to

unexpected changes in the expected rate of inflation (see Appendix):

0log AZ’t

e === )= A", (7.4.6)
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Figure 7.1.
[lustration of the interest rate sensitivity of the market price
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The figure illustrates the interest rate sensitivity of log AZJ/ for various values of v). The financial
market parameter values are given in Table 7.1.

This equation shows that if annuity units are fully linked to the price index II, (i.e.,
f = 1), the annuity factor A;t is affected only by changes in the real interest rate while
an expected inflation shock leaves the annuity factor unaffected. Intuitively, in that case,
the pension contract is defined in real terms so that pure nominal variables do not impact
the costs of future annuity units. If annuity units are only partially linked to the price
index (i.e., § < 1), a higher expected rate of inflation — ceteris paribus — reduces the

costs of future annuity units.

7.4.3. The Conversion Factor

The market-consistent value at time ¢ of an annuity unit for a policyholder born at time

y is given by

Tmaxty—t L \V4 .
Ay, = / Al dh = 2t (7.4.7)

max{z,+y—t,0} By,t
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where

TyaxTyY—t
V. / v, dh. (7.4.8)

max{z,+y—t,0}

The sensitivity of the log conversion factor log A, ; with respect to unexpected changes

in the real interest rate is given by (see Appendix)

dlogA,, 1

W =~ ¥DL (7.4.9)

where lA)Zt is the k-adjusted duration:

~ xmax“”y*t
rL = / v D™"dh, (7.4.10)

max{z,+y—t,0}

with %}/L,t = V;/ht/v;/t = (By,tAZ,t> / (By,tAy,t) = AZ,t/Ay,t-

In an analogous way, we find (see Appendix)

dlogA,; 1

w5~ ~(1= 0 -H)Dy. (T.4.11)

Equation (7.4.7) is relevant for computing pension contributions and the portfolio strategy
aimed at hedging conversion risk. We can distinguish between two alternative methods
for determining pension premia, depending on what is assumed to be exogenous. A first
method assumes that the newly bought annuity units B, , are exogenously set and that
the contribution V), varies endogenously with the real interest rate and the expected rate
of inflation affecting the aggregate annuity factor A, , according to (7.4.9) and (7.4.11),
ie., V,; = By,A,;. This is consistent with defined ambition thinking in which annuity
units (or pension ambitions) B, ; endogenously determine pension contributions. The
second method assumes that the contribution V, , is exogenously set and that the newly
bought annuity units B, ; depend on the macro-economic environment determining A, ,,

ie, B,; = V,;/A,;. This is consistent with defined contribution thinking in which

Yt

contributions are fixed.

The method in which V,, is exogenous and B, , is endogenous is also relevant for
determining the annuity units that can be bought at retirement from a capital sum.

Indeed, A, ; can be viewed as the conversion factor at which a given amount of capital
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can be transformed into a consumption stream, i.e., B,; = V, /A, ;. More generally,
during the decumulation phase, we can view V, ; = B, ;A, ; as the value of an individual
account that corresponds to a certain number of annuity units B, , of a policyholder
born at time y. If property rights are defined in terms of (variable) annuity units (as
in defined ambition thinking), V, , corresponds to the market value of the annuity units

B

Yyt

The intertemporal hedging portfolio aims at hedging the impact of macro-economic
shocks (i.e., real interest rate shocks and expected inflation shocks) on the conversion
factor and thus the consumption stream. That is why (7.4.7) is also important for the
portfolio strategy of a policyholder who plans to buy an annuity at or during retirement.
Hedging conversion risk ensures that an individual account can buy a fixed amount of
annuity units without putting in more capital if the real interest rate and the expected
rate of inflation change. Hedging the costs of future annuity units is also essential for an
insurer providing (deferred) variable annuities. The next section explores the portfolio

strategy in more detail.

7.5. Liability-Driven Investment

7.5.1. The Replicating Portfolio Strategy

This section derives the portfolio strategy that replicates the contract (7.3.2) for a
policyholder born at time y. We allow the insurer to invest in three risky securities:
two nominal zero-coupon bonds (with different times of maturity) and a risky stock.
The number of risky securities thus equals the number of sources of risk. Let X, ; be the
assets at time t of a policyholder born at time y, w;,t be the fraction of assets invested
in a nominal bond with time to maturity n; (i = 1,2), and wz’,t be the fraction of assets

invested in the risky stock. The fraction of assets invested in the nominal money market

account is given by 1—377_ w;t. The replicating portfolio weights w;j;, wi"} and wf;*t are
determined such that the value of the assets matches the value of the liabilities in each
state of the world. We thus apply the principle of liability-driven investment familiar

from DB pension plans to arrive at the replicating portfolio strategy. Specifically, the
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replicating portfolio weights solve the following system of equations (see Appendix)

*

* K,Nq * K,m . wr g
— (@i D" + @y DY) = =L — (1-9) Dy, (7.5.1)
— <w;’tD0, 1 + w5’tD91 2) — O-— — (1 — w)(l — /B)Dz,t7 (752)
wh =22, (7.5.3)

Os

The exact expressions for w;ft, wi*t and wgft are given in the Appendix (see (7.10.14),

(7.10.15) and (7.10.16)). The right-hand side of equation (7.5.1) denotes the real interest

rate sensitivity of the (log) value of the liabilities, i.e.,

*

OlogV,; 1 w; ~
aT:y’ta— = — — (1 =4)Dy, (7.5.4)

O

while the left-hand side of equation (7.5.1) corresponds to the real interest rate sensitivity

of the (log) value of the assets, i.e.,

alOgX,t 1 1% yK,nq 2% yK,No
—aW{y i (@ D™ + w,, D™"2) . (7.5.5)

In an analogous way, we find

dlogV,, 1 w; ~g

— =T —(1- 1—-03)D 5.
aWZr o, o, ( ¢)( /8) Yyt (7 5 6)

dlog X, 1 1% ~0,m, 2% 0,15

a—?_yg—ﬂ- = — (wy,tD ’ + wy,tD ’ > . (7'5'7)

The replicating portfolio strategy can be decomposed into two terms. The first terms
at the right-hand sides of equations (7.5.1), (7.5.2) and (7.5.3) denote the speculative
demands, whereas the second terms at the right-hand sides of (7.5.1) and (7.5.2) represent
the intertemporal hedging demands. The intertemporal hedging demands depend on the
sensitivity of the annuity factor with respect to unexpected shocks in the real interest
rate and the expected rate of inflation. The intertemporal hedging portfolio is thus
determined by the impact of financial shocks on the aggregate annuity factor. Indeed,
the intertemporal hedging portfolio hedges the impact of these shocks on the aggregate

annuity factor.
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7.5.2. Mismatch Risk

The bonus rule (7.3.3) can be rewritten as follows:
dlogB,, = (B, + 1 (r,+ (1 — A)m,) + g) dt + dlog M, . (7.5.8)

where

dlogM,, = [ — (1= )DL 0, (AW + Xidt)

— (1= 9)(1 — B)DY o, (AW + Nedt) + w*TdW;"]
. (7.5.9)
- [ — (1= )DL, o, (AW]™ + Xidt)

— (1= )1 = D} 0, (AW + Azat) | = aW;

can be viewed as the mismatch between the replicating portfolio strategy (i.e., the
portfolio strategy that replicates the pension contract (7.3.2)) and the intertemporal
hedging portfolio strategy (i.e., the portfolio strategy that hedges stochastic variations
in the aggregate annuity factor). Equation (7.5.8) shows that the speculative portfolio
strategy determines how annuity units develop over time.

Mismatch is the difference between the development of assets and the development
of ‘norm’ liabilities. The ‘norm’ liabilities are defined excluding unexpected shocks
(i.e., under the assumption that expectations are met). The intertemporal hedging
portfolio represents the value of these ‘norm’ liabilities. Mismatch (7.5.9) is absorbed
by the policyholders themselves. This causes liabilities (including unexpected shocks) to

continue to match assets such that the funding ratio remains unity.
7.5.3. The Efficient Portfolio Strategy

This section shows how the risk exposures w,, w. and wg should be chosen if the
policyholder aims to maximize the expected rate of return on the assets subject to a
given amount of consumption risk (w;)2 = w* pw*. Here w, is exogenously given. The
expected return on the assets X, ; is given by

dX,,] . [dV,,
=[50 (5

y,t y,t

(7.5.10)
=Ty + T = (1 - w))\ro_rﬁg,t - (1 - @D)(l - B)O-ﬂ')\ﬂ'ﬁz,t + w T,
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The policyholder maximizes (7.5.10) over w* subject to (w;)2 = w*" pw*. This yields

W= = plx\%. (7.5.11)
P p

The efficient portfolio strategy is obtained by substituting (7.5.11) for w™ in the replicating
portfolio weight vector. Equation (7.5.11) shows that the vector of optimal risk exposures
w* depends on the actual risk premia \,, A, and Ag. The efficient portfolio strategy is

thus vulnerable to model risk.

7.6. Asset-Driven Liabilities

This section allows the actual portfolio strategy to differ from the replicating portfolio
strategy. As a result, assets determine liabilities instead of the other way around. We

thus speak of asset-driven liabilities instead of liability-driven investment.

7.6.1. Collective Defined Contribution

This section assumes that the mutual insurer has one general pooled account. Mismatch
risk is shared between policyholders. We call this plan collective defined contribution
(CDC): an external sponsor is absent and the annuity units are determined endogenously
by the investment policy and by how mismatch risk is measured and allocated among
policyholders with different ages.

We define total mismatch risk dlog M, as follows:

dlogM, = dlog M, + dlog M; + dlog M}, (7.6.1)
where

dlogM! = w*TdW7, (7.6.2)

dlog M? = (¢, — w*) " (AW} + A"dt), (7.6.3)

dlog M? = — (H[ (1- ¢)f)f> o, (AWT* + \idt)
- (7.6.4)
— (B = (=)0 = HD) o (AW]" + Xodl)
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Here

t—x, R
D; = / Yyt Dy Ay, (7.6.5)
t

“Tmax

where z, denotes the age at which policyholders start their working career and v, , =

V, Vi with V; = [ W,

_ t
Tmax P

dy.”® The vector ¢, = (gog, ©or, gots > consists of the actual
speculative demands, while —H; and —H;" denote the actual hedging demands. Equation
(7.6.3) can be viewed as the mismatch between the actual speculative portfolio and
the ‘desired’ speculative portfolio (i.e., the speculative portfolio that finances (7.3.2)),
whereas equation (7.6.4) represents the mismatch between the actual intertemporal
hedging portfolio and the ‘desired’ intertemporal hedging portfolio (i.e., the intertemporal
hedging portfolio that finances (7.3.2)). Total mismatch risk is defined as the mismatch
between the actual portfolio and the ‘desired’ hedging portfolio (as determined by the
discount rate that is used to compute the value of the ‘norm’ liabilities). Indeed, we
measure total mismatch as the difference between the development of assets and the
development of the ‘norm’ liabilities (as measured by the ‘desired’ intertemporal hedging
portfolio).

The bonus rule is determined in such a way that the actual portfolio strategy does
not affect — ex ante — the value of the liabilities Vyht This is important for avoiding
conflicts between the insurer’s policyholders. Using the requirement that the aggregate

portfolio strategy does not redistribute market value among policyholders, we find that

the bonus rule is given by (see Appendix)
dlogB,, = (m Y+ (1= B)m) +g+&,, — Ey,t) dt + dlog M,. (7.6.6)

Here EM and Ey,t are second-order terms defined in the Appendix. Equation (7.6.6) shows

that although the market value does not change as a result of a change in the actual

portfolio strategy, the median value and the risk of future annuity units do change.
The ratio between the actual annuity units at time ¢ + h and the ‘desired’ annuity

units at time ¢ 4+ h (defined in (7.3.2)) is given by

h h 5 R
exp {/ (d log Mf+v + dlog Mf+v) + / (£y7t+v — §y7t+v> dv} ) (7.6.7)
0 0

98V

y,t now represents the market value at time ¢ of all policyholders born at time y.
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Equations (7.6.6) and (7.6.7) show that the actual portfolio strategy determines how

future annuity units develop over time.

7.6.2. A Special Case

This section assumes that the insurer promises a real fixed annuity to its policyholders.
However, supervisory authorities force the insurer to employ the nominal term structure

to discount future annuity units (i.e., 8 =0, w* = 0 and ¢ = 0).

7.6.2.1. Inefficient Intertemporal Consumption Smoothing

In case the actual portfolio strategy aims to mimic a real fixed annuity (i.e., ¢, = 0,

H! = Df and Hf = 0), equation (7.6.1) collapses to
dlogM, = dlog M? = Do, (AW + A\:dt). (7.6.8)

The actual sensitivity of log future annuity units log B, ;) with respect to unexpected
changes in the expected rate of inflation o, (AW7* + X:dt) is not D®" (implied by (7.3.2)
with § =1, w* = 0 and ¢ = 0) but rather D! (implied by (7.6.7) and (7.6.8) with 8 = 0,
w* =0 and ¥ = 0). Accordingly, the difference between the actual and the ‘desired’

sensitivity of log future annuity units log B, ;. is given by
D! — D% £ 0. (7.6.9)

An expected inflation shock leads to a shock in real consumption, even though the actual
portfolio strategy aims to mimic a real fixed annuity. Intuitively, by using a nominal
discount rate rather than a real discount rate for calculating liabilities, intertemporal
consumption smoothing is not efficient. In particular, a positive expected inflation shock
typically causes a decline in real long-term consumption (i.e., D! < D" for large h)
and an increase in real short-term consumption (i.e., lA?tH > D" for small h). Indeed, a
higher nominal interest rate on account of a higher expected rate of inflation depresses
the value of the ‘norm’ intertemporal hedging portfolio, thereby understating the value
of the ‘true’ intertemporal hedging portfolio (which takes into account the impact of a
higher expected rate of inflation). The mismatch on account of an understatement of real

liabilities raises consumption in the short run. The gain of consumption at short horizons
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is at the expense of long-term consumption, which receives inadequate compensation for
a higher expected rate of inflation (the cost of a higher expected rate of inflation at

horizon h is measured by D" which exceeds ﬁf for large h).

7.6.2.2. Inefficient Intergenerational Risk Sharing

Equation (7.6.9) shows that an incorrect discount rate produces not only inefficient
intertemporal consumption smoothing but also inefficient intergenerational risk sharing.
In particular, in the case of a positive expected inflation shock, old generations gain
at the expense of young generations, thereby making real consumption more risky than
necessary. These inefficiencies in the allocation of consumption across generations become
larger in more heterogeneous pension funds with large discrepancies in horizons (which
causes D" to differ substantially from the average duration lA)f for large and small

horizons h).

7.6.2.3. Intergenerational Conflict about the Portfolio Strategy

Inefficient intergenerational risk sharing of inflation shocks leads to intergenerational
conflicts about the investment policy. In particular, to hedge against expected inflation
shocks, young policyholders would prefer to invest in real bonds with a long duration
such that the expected inflation duration of these bonds matches the expected inflation
duration of their own consumption stream. Older policyholders, in contrast, would prefer
to invest in nominal bonds with no or small expected inflation duration. Intuitively,
each generation would like to distort the aggregate investment policy so as to offset
the distortions of intergenerational risk sharing. The changes in the investment policy
desired by old generations worsen expected inflation risk for young generations further,
thereby causing an intergenerational conflict about the aggregate intertemporal hedging

portfolio.

7.6.2.4. Inefficient Portfolio Strategy

If the insurer matches the prescribed nominal liabilities to avoid conflicts with the
supervisor, then the difference between the actual and the ‘desired’ sensitivity of log

future annuity units log B, ,, with respect to unexpected changes in the expected rate
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of inflation is given by
_poh (7.6.10)

Hence inefficiencies on account of a shock in the expected rate of inflation would on
average be larger compared to (7.6.9), even though expected inflation risk for older
generations with small horizons h would be smaller. Intuitively, the mutual insurer
engages in not only inefficient intertemporal consumption smoothing and inefficient
intergenerational risk sharing but also inefficient portfolio strategy: the incorrect discount
rate introduces departures from the efficient portfolio, thereby worsening the risk-return

trade-off further.

7.6.3. Ring-Fenced Accounts

This section assumes that each generation bears its own mismatch risk. That is, the
assets belonging to cohort y are ring-fenced from the other assets in the fund. An
advantage of ring-fenced accounts over one general pooled account is that the portfolio
strategy (and hence the payout profile) can be tailored to the needs of each generation.
Hence intergenerational conflicts about the investment policy are absent. At the same
time, longevity risk is still being shared within a generation. Moreover, ring-fencing
eliminates intergenerational conflicts about the valuation of financial risks.

Allowing for the actual portfolio to differ from the replicating portfolio, we can define

total mismatch risk of each generation y in analogy of (7.6.1) as follows:

dlogM, ; = dlog M;’t + dlog M;t + dlog M;t, (7.6.11)
where

dlogM,, = w* dW; (7.6.12)

dlog M2, = (p,, —w") | (AW} + \dt), (7.6.13)

dlogM?, = — ( T (1 @z))ﬁgﬁt) o, (AW + \idt)

_ (7.6.14)
— (Mg = (1= 0)(1= B)D}, ) o (AWT" + Xil).

Here the vector ¢, , = (go;t, Ot gojt> consists of the actual speculative demands, while
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—H,, and —Hy,; denote the actual hedging demands. The bonus rule is determined in
such a way that Vyht is not affected by changes in the actual portfolio strategy so that
a generation cannot affect the intertemporal allocation of market value. This facilitates

the pooling of idiosyncratic longevity risk (see Chapter 5). We find (see Appendix)
dlogB,, = (m Y+ (1= B)m) +g+&,, — 5y,t) dt+dlogM,,.  (7.6.15)

Here EW and Ey,t are second-order terms defined in the Appendix. We note that equation
(7.6.15) coincides with equation (7.5.8) if the actual portfolio strategy matches the
replicating portfolio strategy. The ratio between the actual annuity units at time ¢t + h

and the ‘desired’” annuity units at time ¢ + h (defined in (7.3.2)) is given by

h

h ~ ~
exp { / (dlog M2, + dlog M?,,,) + / (5@”% _ ngv) dv} . (7.6.16)
0 0

Equations (7.6.15) and (7.6.16) show that the actual portfolio strategy determines how

future annuity units develop over time.

The special case in which the mutual insurer aims to mimic a real fixed annuity
but supervisory authorities force the insurer to employ the nominal term structure
to discount future annuity units still produces inefficient intertemporal consumption
smoothing. With ring-fenced accounts, however, inefficient intergenerational risk sharing
and intergenerational conflicts about the portfolio strategy are no longer present. We
also note that supervisory authorities may grant more discretion to mutual insurers to
select and modify their own discount rates because these discount rates no longer affect

the distribution of value among policyholders.

7.7. Stochastic Equity Risk Premium

The previous sections have assumed that the equity risk premium is constant over time.

This section assumes that the equity risk premium varies stochastically over time.
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7.7.1. Specification of the Equity Risk Premium

The real interest rate r, and the expected rate of inflation 7, follow the same dynamic
equations as in Section 7.2.1. The nominal stock price satisfies the following dynamic

equation:

ds,

o = (Rite)dt+ ogdW? (7.7.1)
t

where the equity risk premium e, = Aoy is a linear function of the real interest rate

and the expected rate of inflation. That is,
e, =v —ar, — bm, (7.7.2)

for some positive constants v, a and b. The equity risk premium e, is subject to the

following dynamic equation:
de, = —ak (7 — r,) dt — b0 (7 — 7,) dt — ao,dW; — bo,dW7. (7.7.3)

If a =1 and b = 1, then the expected nominal rate of return on the risky stock is equal
to v, while if @ = 0 and b = 0, then the equity risk premium is constant. The real pricing

kernel m, satisfies the following dynamic equation:

d
M dt + T AW + 6T AWT + 65 dW?

My (7.7.4)
= —r,dt + ¢, AW,.

Here ¢, = (qb;, or, oY > The coefficients ¢!, ¢F and ¢ determine the market prices of
risk ., A, and A} = (v — ar, — br,) /og that are associated with the state variables. The

vector of market prices of risk \, = ()\T, A A ) can be computed from ¢, as follows:

A = —péy. (7.7.5)

The YTM is given by equation (7.2.10).”

PSee also Vasicek (1977).
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7.7.2. The Pension Contract

The annuity units at time ¢ + h (b > 0) of a policyholder born at time y, B, ,,,, are

given by specification (7.3.2). Financial shocks are now defined as follows:
dW; =dW, + (A, — \)) dt (7.7.6)

with \; = <)\:,)\;, A7 *) The assumed equity risk premium is denoted by e = v* —

a*r, — b*m,. We assume that the vector of long-term risk exposures w” is constant.

7.7.3. Pricing of Future Annuity Units

7.7.3.1. Market-Consistent Valuation

Let Vyht be the market-consistent value at time ¢ of B, ;. Straightforward computations

show that (see Appendix)

V;J]?t = By,tAZ,tv (777)
where
h
Al = exp {—/ 5Z:fdv} : (7.7.8)
0

* * *b*

5;? = Mymyio T (L =), + /\rgrﬂD”’v + /\,ra,erDe’”
s s (7.7.9)

w0 B N + 6 - g

The second and third term at the right-hand side of equation (7.7.9) arise because
the equity risk premium is negatively linearly related to the real interest rate and the
expected rate of inflation. The risk premium w*'E, [Afin_p] arises because the insurer
takes speculative risk. This risk premium is not constant but time-dependent. Indeed,
the equity risk premium varies stochastically over time. The risk premium &, includes
second-order and interaction terms. The exact expression for £, can be found in the

Appendix.
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7.7.3.2. Interest Rate Sensitivity of the Annuity Factor

The sensitivity of log A];t with respect to unexpected changes in the real interest rate is
given by (see Appendix)
0log AZ’7  wga

t]- K,h K,h
— = D" —(1—-v)D™". 7.1

Og

The sensitivity of log AZ,t with respect to unexpected changes in the expected rate of
inflation is given by (see Appendix)
dlog AL, 1 _ wgb”

oh (1 _ 0,h
W = DM = (=) - p)D (7.7.11)

The horizon-dependent annuity factor Az’t may become less sensitive to unexpected
changes in the real interest rate and the expected rate of inflation if the equity risk
premium varies stochastically over time. Intuitively, a low nominal interest rate implies
a high equity risk premium, so that the costs of future annuity units may become less
sensitive to unexpected changes in the real interest rate and the expected rate of inflation
if the insurer takes stock market risk. Figure 7.2 shows the real interest rate sensitivity
of log AZ,t for various values of a* (¢» = 0). We assume that the insurer invests 50% of
wealth into the risky stock. The figure shows that the real interest rate duration of the
liabilities decreases by 25% if a* goes up from 0 to 0.5.

7.7.4. Liability-Driven Investment

This section derives the replicating portfolio strategy for a policyholder born at time y.
We allow the insurer to invest in three risky securities: two nominal zero-coupon bonds
(with different times of maturity) and a risky stock. Let wz,’t be the fraction of assets
invested in a nominal bond with time to maturity n; (i = 1,2) and w?it be the fraction of
assets invested in the risky stock. The fraction of assets invested in the nominal money

3 %

1x 2%
i=1 Wy,t-

market account is given by 1 — > ot Tyt

The replicating portfolio weights w
and wg*t are determined in such a way that the value of the assets matches the value

of the liabilities in each state of the world. The replicating portfolio weights solve the
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Figure 7.2.
[lustration of the interest rate sensitivity of the annuity factor
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The figure shows the interest rate sensitivity of log AZ,t for various values of a* (¢ = 0). The
insurer invests 50% of wealth into the risky stock. The financial market parameter values are
given in Table 7.1.

following system of equations (see Appendix)

* VK, * VK, UJ: Nk g W*a*
_ (wz,’tD oy wz’tD ; 2) =L —(1-¢)Dy, + Dy’tS_’ (7.7.12)
o, Og
* n * n UJ; =~ fax w*b*
_ (w;tpe’ '+ w2 D" ) =T -(1-v- B)DY, + Dgﬁtj_s, (7.7.13)
wp = =2, (7.7.14)

Og

The replicating portfolio strategy can be decomposed into two terms. The first terms at
the right-hand sides of equations (7.7.12), (7.7.13) and (7.7.14) denote the speculative
demands, while the second and third terms at the right-hand sides of (7.7.12) and (7.7.13)
correspond to the intertemporal hedging demands. The intertemporal hedging portfolio
now depends on wg because the equity risk premium is stochastic. Indeed, a larger wg
typically renders the annuity factor less sensitive to the nominal interest rate, thereby
reducing the nominal interest rate sensitivity of the intertemporal hedging portfolio.

Hence the intertemporal hedging portfolio is now affected by the speculative portfolio.
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7.7.5. An Incorrect Discount Rate

This section assumes that the actual portfolio strategy takes into account the fact that
the equity risk premium varies stochastically over time (i.e., p = w*, H = (1 — @D)ﬁf —
Dfwia* Jog and HF = (1—1)(1—8)D! — D!wib* /o). However, supervisory authorities
force the insurer to discount liabilities by (7.4.4). The mutual insurer has one general
pooled account. Mismatch risk is thus shared between generations. We can define total

mismatch risk as follows (note that dlog M; = 0):

dlogM, = dlog M, + dlog M

* 3k
wga 0,

W™ + \* dt

= (dWi" + A dt) (7.7.15)
~ *b*

+ DI T (AW 4 AL dt).

0s

The bonus rule is determined in such a way that Vyht is not affected by a change in the

actual portfolio strategy. We find (see Appendix)
dlog By, = (B + 1 (r,+ (1= B)m) + g+ &, — &) dl + dlog M, (7.7.16)

Here g%t and gw are second-order terms (see Appendix). The ratio between the actual

annuity units at time ¢ 4+ h and the ‘desired’ annuity units at time ¢ + h is given by

h ho, R
exp {/ dlog M?+U + / <§y,t+u - fy,t+v> dv} . (7.7.17)
0 0

The actual sensitivity of log future annuity units log B, ;,, with respect to unexpected

changes in the real interest rate o, (AW[* 4+ A5dt) is not » D""+w? /o, but rather ¢ D"+

wy/ o,+Dr “’g’; . Accordingly, the difference between the actual and the desired sensitivity

of log future annuity units log B, ;. is given by

* *
ANrWs

Dy

£0. (7.7.18)

Og

An incorrect discount rate thus produces inefficient intertemporal consumption smoothing
and inefficient intergenerational risk sharing. In the same way as in Section 7.6.2.4, this

leads to intergenerational conflicts about the investment policy.
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7.8. Incomplete Financial Market

This section assumes that annuity units at time ¢ + h (h > 0) are specified as follows: "

_p (M)’
By,t—l—h — By,t T . (781)
t

In addition, we assume that the investment opportunity set consists of a nominal money
market account and a single zero-coupon nominal bond. The pension contract (7.8.1)
can thus not be replicated unless 5 = 0. That is, the actual portfolio strategy is forced to
differ from the replicating portfolio strategy. Asin Section 7.6, we assume that the insurer
shifts the mismatch between the actual portfolio strategy and the replicating portfolio
strategy back to its policyholders. The insurer can, to some degree, control mismatch
risk by appropriately choosing the duration of the actual portfolio strategy. We show
that the duration of the best hedging portfolio strategy (i.e., the portfolio strategy that
minimizes mismatch risk) is small (large) if fluctuations in the nominal interest rate are
largely driven by fluctuations in the expected rate of inflation (real interest rate).101
Intuitively, if changes in the nominal interest rate are primarily driven by changes in
the expected rate of inflation, then investing in short-term financial instruments (such
as a nominal money market account) provides a ‘good’” hedge against expected inflation
risk. Section 7.8.1 assumes one general account for all policyholders (i.e., mismatch

risk is shared between generations), while Section 7.8.2 considers the case of ring-fenced

accounts (i.e., mismatch risk is not shared between generations).

7.8.1. Collective Defined Contribution

In what follows, we assume that s = #. This assumption implies that D™ = D%" The
best hedging portfolio is defined as the one that minimizes the variance of the mismatch
between the actual portfolio strategy and the replicating portfolio strategy (note that
the replicating portfolio strategy does not exist because real bonds are not available).

The mutual insurer chooses to shift the mismatch between the actual portfolio and the

1908 hecification (7.8.1) arises as a special case of specification (7.3.2) if ) = g = w* = 0.

Y91 This assumes that the insurer aims to hedge a real annuity. However, if the insurer aims to hedge
a nominal annuity, then the duration of the best hedging portfolio strategy ezactly matches the
duration of the liabilities.
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replicating portfolio back to all its policyholders (i.e., mismatch risk is shared between
generations). Let D™" be the duration of the single zero-coupon nominal bond with
time to maturity n, and let w, be the fraction of assets invested in the zero-coupon
nominal bond (with the remaining fraction of assets being invested in the nominal money
market account). The insurer determines w, such that the variance of mismatch risk is

minimized. Mismatch risk is defined as follows:

dlog M, = (th”’" — f)f) o, (AW* + X' dt)

(7.8.2)
+ (th*@” (- 5)5:) o (AWT* + A% dt).
The insurer faces the following minimization problem:
Min?iﬂrtnizeV [dlog M,] . (7.8.3)
Solving (7.8.3) yields
o 0+ (1= B)or + 2= F)pra0,0x Dy (78.4)

t 2 2 K,
Oy + 0 + 20,720,054 D

The ratio between the duration of the best hedging portfolio (i.e., w; D™") and the
duration of the liabilities (i.e., D ) is given by
wZDH7n UTQ + (1 B ﬁ)O}Qr + (2 — ﬁ)prﬂ'a’rg

= T <. 7.8.5
Dr 0 + 02 + 20,00,0, - (7:85)

We observe that @) D®" = DF if . = 0. On the other hand, if o, = oo, then @ D"" =
0. The duration of the best hedging portfolio is thus small (large) if fluctuations in the
nominal interest rate are largely driven by fluctuations in the expected rate of inflation

(real interest rate). Figure 7.3 shows the function

07% + (1 - 5)03 + (2 - /B)prﬂgraﬂ
o7 + 0% + 2p,0,0,

D" (7.8.6)

for various values of h and 3. We observe that for § = 1, the duration of the best hedging
portfolio is approximately 80% of D™".
Valuation of the pension contract (7.8.1) is relevant for determining the duration ﬁf .

Since the financial market is incomplete (i.e., real bonds are not traded), V" and lA)f
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Figure 7.3.
[lustration of the interest rate sensitivity of the best hedging portfolio
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The figure illustrates the interest rate sensitivity of the best hedging portfolio for various values
of 8. The financial market parameter values are given in Table 7.1.

cannot be objectively determined. The insurer thus faces a trade-off between optimal
risk sharing on the one hand and objective market-consistent pricing of annuities on
the other hand. Indeed, in order to avoid conflicts with policyholders about the pricing
of annuities, the insurer may want to provide variable annuities that can be valued
objectively. In that case, non-traded expected inflation risk is also not traded between

the insurer and its policyholders.

7.8.2. Ring-fenced Accounts

This section assumes that mismatch risk is not shared between generations. Let w,,
be the fraction of assets invested in the zero-coupon nominal bond (with the remaining
fraction of assets being invested in the nominal money market account). The insurer
determines =, , such that the variance of mismatch risk is minimized. Mismatch risk is
now defined as follows:

dlogM,, = (wyvtm" . ﬁ;t> o, (AW™ + A% dt)

R (7.8.7)
+ (@ D" = (1= B)D;, ) o (AW + A2 d).
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The insurer faces the following minimization problem:

MinimizeV [dlog M, ,] . (7.8.8)
We find
2 2 Ak
1-— 2 — D
w;,t — Oy + ( ﬁ)o-ﬂ' + ( B)pTWUTO_ﬂ' y,t (789)

2 2 K,n°
0y + 0 + 20,20,0, D

As in Section 7.8.1, the insurer faces a trade-off between objective market-consistent
pricing of annuities on the one hand (i.e., the value of the generational account V, , can
be objectively determined because the assets of cohort y are ring-fenced from the other
assets in the fund) and sharing of systemic risks (e.g., expected inflation risk) between

generations on the other hand.

7.9. Concluding Remarks

This chapter has explored pricing and risk management of variable annuities in DA
pension plans. We have shown that the costs of variable real annuities may be less
sensitive to the nominal interest rate as compared to the costs of fixed nominal annuities.
This is so because of three reasons. First of all, the desired growth rate of annuity units
may increase with the interest rate due to intertemporal substitution in consumption.
Second, the desired growth rate rises with the expected rate of inflation so that the
costs of these annuities depend on the real rather than the nominal interest rate. Hence,
changes in nominal interest rates impact the cost of an annuity only if these changes in
nominal interest rates reflect changes in real interest rates. The costs of real annuities
tend to be more stable than the costs of fixed nominal annuities because the real interest
rate is less volatile than the nominal interest rate: fluctuating inflation expectations
affect mainly the nominal rather than the real interest rate. In an incomplete financial
market in which real interest rate risk and expected inflation risk cannot be hedged
simultaneously, insurers must trade-off hedging real interest rate risk against hedging
expected inflation risk. This reduces the nominal interest sensitivity of the annuity

factor, especially when fluctuations in the nominal interest rate are driven by changes
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in the expected rate of inflation rather than by changes in the real interest rate. A
third factor reducing the nominal interest sensitivity of the annuity factor is that the
expected rates of return on risky securities tend to be less sensitive to the nominal
interest rate when compared to the rates of return on safe securities. Overall then, the
cost of real variable annuities tend to be more stable than the costs of nominal fixed
annuities because real expected rates of return on risky securities are less volatile than
nominal rates of return on safe securities. Indeed, TIAA-CREF has fixed the assumed
real expected rate of return on its variable annuities at 4% since it started to provide

this retirement product in 1952.

7.10. Appendix

7.10.1. Parameter Values

Table 7.1.
Parameter values

Parameter Value

Real Interest Rate Process K 0.631
T 0.012

o, 0.026

Ay -0.209

Expected Inflation Process 0 0.027
7? 0.054

Or 0.014

Ar -0.105

Stock Return Process Og 0.343
Ag 0.158

Correlation Matrix Prr -0.061
Prs -0.129

Prs -0.024

The table reports the parameter values employed in the numerical illustrations. The parameter
values are taken from Brennan and Xia (2002).
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7.10.2. Proofs

Derivation of (7.2.9), (7.2.10) and (7.2.11)

We start by deriving the analytical solution to the stochastic differential equation (SDE)
for the Ornstein-Uhlenbeck process. After applying [t6’s Lemma to the function f (¢,7,) =

e™ (r, — 7), we find (where the second equality follows from equation (7.2.1))

df (t,r) = ke™ (r, — 7) dt + e™dr,

(7.10.1)
= ke™ (r, — 7)dt — ™k (r, — 7) dt + ™0, dW] = 0, dW].
The solution to the SDE (7.10.1) is given by
t+v
ftr,) = f(tr)+ U,,/ e™dW,,. (7.10.2)
t

The real interest rate at time t + v > ¢ is given by (where the first and third equality
follow from the definition of f (¢,r;), and the second equality follows from (7.10.2))

rt—i—v =T + 6_5(t+v)f (ta rt—l—v)

t+v
=i4e "t ) +o, / e v gwr
t

; (7.10.3)
=r+e " (r,—7)+o0, / e_ﬁ(v_u)dWLru
0

=r+(1—e"™)(F—r)+ ar/ e_”(”_“)dWZHL.
0

In a similar fashion, we find

Ty = Ty + (1 — 6_9”> (T —m) + Jﬂ/ e_e(v_u)deﬂ.
0

The (conditional) expectation of the real interest rate E;[r,,,] and the (conditional)

expectation of the expected rate of inflation E, [m,,] are given by

B, [ryp] =1+ k(7 —r) DV, (7.10.4)

E, [7,0] = m + 60 (7 — m,) D%, (7.10.5)
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The average real interest rate ¥ = % foh r;,,dv and the average expected rate of inflation
= 5 fo 7, ,dv play a key role in determining the yield to maturity. We find (where
the first equality follows from substituting (7.10.3) to eliminate r,,)

h_ 1"
Ty = E/O rt+vdv

1 h h v

= —/ (?"t + (F — 1) (1 — e_"w)) dv + ﬁ/ / e_”(”_")dWLrudv
h Jo h Jo Jo
1 [h h ph

= 5/ (re+(F—r)(1—e"))do+ % / <=0 qudW?,,  (7.10.6)

0

1 [ )

:E/o (r, + (F —r,) kD™")dv +E <1—e )dWHU

1 h g h h
= E/o E; [rpp] dv + #/0 D™ AWy,

In a similar fashion, we find that the average expected rate of inflation 7 is given by

L 1 (" 1" A L
Uy E/ Ty ,dv = E/ E; [my] dv+ ﬁ/ D7 AW, (7.10.7)
0 0 0

Substituting (7.10.6) and (7.10.7) into (7.2.8) to eliminate foh r,,,dv and foh ;. dv yields

h 1
Po]},t = exp {_/ (Et [y, +am,] + §¢TP¢> dv}

0

h h
E, {exp { | osawis [ (60— 0,0) dWLrU}

0 0
h
€xp {/ <¢ﬂ' - @UwDah_U) dWZr+v}:|
0

N (7.10.8)
= exp {— / <Et [t + am,,] — Ao, D™ — a0, D%
0

1 1 2
—3 (0,D"")? — 5 <@O‘,FD0’U) — apmaraﬂD”’”De’”>dv}

h
= exp {—/ r&tdv} :
0

Here @ =1 — . The instantaneous forward interest rate 7, is defined as follows:

v — ) — 0w
Toc,t pr— Et [I‘t+v _'_ Oé7Tt+v] - ATUT"D - Oé)\ﬂ-o-ﬂ-D

1 1 2
~ 3 (0, DY) — 5 (daﬂDe’”> — ap,,0,0,D"" D"

(7.10.9)
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The log bond price is given by (this follows from (7.10.4), (7.10.5), (7.10.8) and (7.10.9))

h
log Po]j,t = - / (m + K (F—1r,) D™ + am,
0
+af (7 — m,) D" — X\,0,D"" — a\, 0, D" (7.10.10)
1

1 2
b (0,D"")* — 5 <da7rD9’v> — @pmaraﬂD“’”De’v>dv.

Solving the integral (7.10.10) yields'"”

log Polj,t =—rh—(F—1) (h — Dﬁ’h> —amh — a (T —m) <h — Dg’h)

X () D ()

+1 o\ L 2Dli,h+1DH,2h +1 ao, \? h 2D9,h+1D0,2h
2\ Kk 2 2 0 2

@prwargw (h _ Dn,h . D@,h + Dn—l—@,h)
K0

= —r,D"" — am,D"" — E"

where the horizon-dependent constant E” is defined as follows:

el ey

. o, 1_TJo.]? o\ 1o/ N2 (7.10.11)
‘l‘OZ(’/T— 0 —§a|:7:|><h—D >+4_9(anD >
+ aprwgraw <h _ Dﬁ,h . DG,h + DR+0,h> )
K

In order to calculate how the value of the bond with a fixed maturity ¢t + h develops as

time proceeds (i.e., t + h is fixed but ¢ changes), we apply It6’s Lemma to

Pit = exp {—rtD”’h — 077rtD9’h - EZ} )

102The first equality follows from (D™")? = (1 —2e " 4 672'“)) / ()% and the second equality follows

2
from (D“’h) = <2D'{’h — DK’Qh) /K.
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We find

dp” 1 2 1 2
Pj}; = (r&t — Kk (F—r) D" —ab (7 —m,) D" + 3 (O'TDH’h> +5 (daﬂD97h>
+ @pmaraﬂD”’hDe’h) dt — 0, D""dAW" — ac, D*"dWT

_ (rt +am, — Ao, D — @AﬂaﬂDa’h> dt — 0, D""dAW] — ag, D*"dWT.

Derivation of (7.4.2), (7.4.5), (7.4.6), (7.4.9) and (7.4.11)

The market-consistent value of B, ., is given by (where the first equality follows from

substituting equation (7.3.2) into (7.4.1) to eliminate B, ;)

h
V;ft = wPi—y By exp {/ W (A=) dv}
0
h 1 h
E, {exp {_/ (rt+v T Ty + §¢TP¢> dv —l—/ ¢wat+v}
0 0
_rh h h
exp {(ﬂ + @bﬂ) / i pdv + ¢/ rdv+g-h+ / UJ*TthﬂH
0 0 0
b
= wpi_y By exp {/ wt (A=) dv}
0
_[h _ 1+
o {=0 [ (ulrul + BB m ) dv = 567 po- g n)
0
h —
Et |:eXp {/ (¢r - wO—TDH’h_U + OJ:) dW:+v
0
h o h
+ [ (00 = 0B D" ) AWEL 4 [ (05 k) dWiv}] .
0 0

Here =1 —v¢ and B=1— 5.
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Straightforward computations yield

h
V;/},Lt = nDi—yBy s €Xp {/ w*' (A =A%) dv}
0

— h —
exXp {_w/(; (Et [rt-‘rv] + ﬂEt [ﬂ-t—i-v] - )\TO-TDKW -

DO | —

¥ (UTD“’”)2> dv}

o (rar oo
0

h
_'[E _'[EBIOTWO-TUWDMUDQ,UCIU}

h (
€Xp 4 — / </\7r + &BUﬂD&v + 77Ep7"7ra-rDK7v> w;dv}
0
(

>\S + QZ_JIOTSO-TDHW + Q/_}BpTrSO-ND&U) (A)Ed?)}

h
exp {— A+ 60D + 0fp,a0 D) w:dv}
1 * 1 * h v
JW pw dvy =B, exp{ — 0y dv o
0

Here
Z,t = /J“t—y—ﬁ—v + QZ (Et [rt-l-v] + BEt [ﬂ-t—i-v] - )‘TO-TDKW - B)‘WO-WD&U)
= &Tg,t + W*T/\* + 51) + /J“t—y—l—v —4g
where'"”

& =0 (020" + Bporor D™ ) i + (P, D + B D)
= 1
+ (prSO-rD&h + BIONSO-WDQW) w§i| - éw*—rpw*
1- = 2 =
- §¢2 |:<O-TDH7U)2 + <BUW‘D9’U> + 2ﬁpr7r0-r0-7rDva0’v:| )

1. ~ 2
&= +59 {(UTDWV + (5%1)97“) + 26pmara7rD”’vD9’U] . (7.10.12)

The market-consistent value is given by (where the first and second equality follow from

103 > . . . . .
The term &, arises because we measure security price performance in terms of log (continuously

compounded) returns. Indeed, with log returns, the portfolio return is not equal to the weighted sum
of the individual returns (i.e., log returns do not aggregate across securities). However, log returns
do aggregate across time.
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equation (7.4.1))

h
log V", = log B, +log AZJ =logB,; — / 4, dv. (7.10.13)
0

Yt —

Here
t t _ t
log B,; = log B, ;, + 5/ meds + / Y (ry+ Bry)ds+g- (t —to) + / w* AW

Applying It6’s Lemma to equation (7.10.13) yields

dlog A, 1 o
2 9 " — D™
a‘ﬁ]‘: 0-7,, w Y
dlog Al 1 .
vt~ — _yaD%"
oW} o, vh

Taking the partial derivative of log A, ; = log fi:}jf:ﬂ;t_ 10y €XP {log A;t} dh with respect

to log A;ﬂt yields Az,t/Ay,t = fyg’t. Equations (7.4.9) and (7.4.11) now follow from It&’s

Lemma.

=

Derivation of (7.5.1), (7.5.2) and (7.5.3)

Assets X, ; are subject to the following dynamic equation (this follows from equations
104

(7.2.3) and (7.2.11)):

dX KR, K,
X wt T+ T+ ey — (w;’tD 4 w;tD ' 2) A0,

y7t

Yy

(w{tDW + w;tD"M) \o, + w;tASaS> dt

Ky 2 Ky T
DV + 1wy D 2) o,dW;,

1
Y

1 2
_ (wy,tDe’"l + wyiDe’"Q) 0 AW + 8 ,osdW?.

19%Without loss of generality, we assume that the current time ¢ is smaller than y + z,.
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It follows from It0’s Lemma that

alOgX ,t 1 1 K,n1 2 K,

aW:y 0-_7‘ - (wy7tD 7 + wyvtD 2) ?
dlogX,; 1 1 on 2 0n
oWT o, (D" 4 D"2)
dlogX,; 1

Applying the principle of liability-driven investment yields equations (7.5.1), (7.5.2) and
(7.5.3). The replicating portfolio strategy can be computed explicitly. We find

* W: w; Dmn2 _ ~, N D”>n2

w;t =k (nla n2) |:<O'_ - U_W) — (Dy,t - ﬂDz,tW)} ) (71014)
* W: w;kr D’%nq _ ~, PN Dnvnl

@y =k (ng,ny) KU— - Dg,nl) - (Dy,t — 5D§,tm)} , (7.10.15)
* w*

w, = a—z (7.10.16)

Here
DG,n2
k(ny,ny) =

Dn,ngDO,nl . Dn,nl DG,n2 :

Derivation of (7.6.6) and (7.6.15)

The aggregate annuity factor does not change as a result of changes in the investment

strategy. It follows that

dlogB,;, =dlogV,, —dlogA,,,
where
dlogV,, = <7’t + 7+ ey wi A — 1/_10,,)\7“13';775 — iﬁaﬂkﬂﬁ;t + §yt> dt
+ (wf = o, Dy, ) AW + (w] — 680, D), ) AW +wiawy,
dlog A, = (15 (r+ Bm) — g+ pe—y + "N = D0, A\, Dy, — pBo A DY), + Eyt) de

— Yo, Dy dW; — o, Dy , dW].
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Here,

Wi = ¢t + o, (65 — H),
T = ¢ + o, (VBD] - H ),
s _ S
Wy =¥t
gy,t = 775 [(UTDZ,t + Bp’r‘ﬂo-ﬂDZﬂf) w; + (prﬂ'o-rDZ,t + Batz,t> W?
~ _ ~ 1
+ (IOTSU’I‘Dy,t + 5p7r50-7rDz,t> wfi| - §w:pwt
1 72 F~ 2 2 N 2 o) Ax N
- iw <UrDy,t> + <5o-7rDy,t) + QBerO-TUTrDy,tDy,t )
gy,t = '[E [(UTDZ,t + Bp’I‘WUTFDz7t> w: + (prﬂUrDZ,t + BUWDZ,t) w;
N o) N * 1 * *
+ (prSUrDy,t + 5pr50tz,t> wS:| - 50) pr

1 72 Ak 2 a2 N 2 o) [ 814
- 51/} (UrDy,t> + <5o'7rDy,t) + 2/8pTWUTUWDy,tDy,t )
with w, = (w,’;, wy, wf) Hence,

dlog By,t = (67‘} + w (Tt + B/]Tt) + g + W;)\ - CL)*T)\* + E;l’t - gy,t) dt
+ Wl dW? + wl dWT + wfdWT

= (5@ + (Tt + B'/Tt) +9+ gy,t - gyt) dt + dlog M.

Equation (7.6.15) can be derived in a similar fashion as above. We now have

Wyt = Pyt + 0, (JJD;J - ;t) )

O TaN0 T
wy,t — Soy,t + Orn <¢5Dy,t - y,t) )

s _ S
wy,t - Soy,ta
gy,t = 1; [(UTDZ,t + Bp’I‘WUTFDZﬂf) w;,t + (prﬂo-rD;,t + BUﬂDz,t) w;r,t

~ - ~ 1
K 0 S T
+ (IOTSUTDy,t + ﬁpﬂSUwDy,t) wy,t:| - iwy,tpwy,t

72 NE 2 PN 2 o) Ak NO
1/1 UrDy,t =+ 60-7rDy,t +2ﬁpr7ro-ro-7rDy,tDy,t )

r T S
Wyt Wyt Wyt ] -

<
~~
Il
S
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Derivation of (7.7.7), (7.7.10), (7.7.11), (7.7.12), (7.7.13), (7.7.14) and (7.7.16)

The market-consistent value at time ¢ + h is given by

Vy,t+h = By,t+h

Ht B h 3
= Dy (—Jrh) exp {¢/0 (rt-l-v + 57"t+v) dv+g- h} (7.10.17)

h h
exp {/ WA =) dv} exp {/ w*TdWHh_U} .
0 0

Denote by X;t wealth that finances B, ;.. We have

dXZ,t . iy
Xh = (Tt + T+ Hp—y — (whle + wh,2D ) /\7“0-1"
y7t
- (whlee,nl + Wh,QDg’n2> ArOr + wh’36t> dt
— (@1 D™ + @), , D) 0,dW]

_ <wh,1D9’”1 n wh,zp"’%) 0, dWT + @ 305 dW? .

Here ), ; denotes the fraction of X;t invested in a nominal bond with time to maturity

n; (1 = 1,2), and w), 3 represents the fraction of X;t invested in the risky stock.

Straightforward application of It6’s Lemma yields

h
Xytrn (g _ D™ D™"2) X d
= exp (rt+v + My (wv,l + Wy ) r0r> v
Xy,t Ht 0
h A~
exp {/ (— (mee’nl + wMDe’nQ) AxOp + @y 3€44p—y + fv) dU}
0
h
exXp {_ / (,wv,lD“’n1 + wv,QDKJQ) O-wag-i-h—v}
0

h h
exp {_/ (wv’ng’nl -+ wv72D97n2) O'ﬂdWZ:'_h_v + / w'u730-SthS+h—v} )
0 0
(7.10.18)
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where

_% (wv’an,nl + wv,2Dn,n2)2 O‘? . %(wv,lDG,nl + wv,QDG,nQ)ZO_?r
(

2 K, KyNg
wuBO-S) + Prs0y0g (wv,lD + wv,2D ) wv,S

&

1
2
) bl 67 9,
= Pra0y0g (,wv,ll)H " + wv,ZDK n2) <wv,1D " + wv,ZD n2)
97”1 07”2
+ Prs0r0g wv,lD + wv,2D wv,?)‘

We note that

€y = € — ak (F— 1) D™ — bl (7 — m,) D"

—aar/ e_“(”_“)dWLru—baﬂ/ 6_0(”_")de+u.
0 0

Simple algebra yields

I I
E/ ey dv = E/ E, [e;y,]dv
0 - b [ (7.10.19)
_ aZr / Dn,hfvdW:_H) . %/ D9,h7vdwzr+w
0 0

where E, [e,.,] = e, — ak (F — r,) D™ — b0 (7 — m,) D**.

Since wg is constant by assumption, it follows that @, 3 = wg/og (this follows from

comparing equation (7.10.17) with equation (7.10.18)). Substituting equations (7.10.6),
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(7.10.7), (7.10.19) and w;, 3 = wg/og into equation (7.10.18) yields

X II B h B
y’Z—HL — ( t+h) exp {w / (rt+v + Bﬂ't+v) dv + g- h}
Xy,t 0

h w:;a* K,V KR,V R,n R,n T
- D™ — D™ + @, D"" + @, , D" ) 0,dWy .,
0
" wgb* 0 0 0,nq 0,n9
— = D" —pBD"" + w, 1DV @, D 0. dWi ,_,
0
h ; b B
{ / WE‘dWHh—v}eXP {¢ | i+ 2, [mv])dv—g-h}
0 0
h
{ / (@1 D™™ + @, s D) )\Tardv}
0
h h wr
/ (w D™ 4, 2D9 "2> A,0,.dv ¢ exp / =R, [ef ] dv
0 0o Os

h *
wg * -
/ <O'_ (et+h—v - et+h—v) + gv + :U’t—y—l—v) dU} .
0

S
(7.10.20)

It follows from comparing equation (7.10.17) with equation (7.10.20) that

w::_<wsa Dnh wDH,h_'_wh DK 1_'_w 2Dmn2) o,

*b* »
wh = — <—D9h VBD"" 4wy DV 4 h72D9="2) ..
Og

_ DI{,’I’LI * ok * Dn,nl
k (g, my) {_ (Dn,h _ D" — ) I wsa (Dmh _ EDM i )} .

The aggregate portfolio weight w;’ft is given by wfj"t = m:}:‘;i; 0y Vo, twhldh (1 =

1,2,3). Equations (7.7.12), (7.7.13) and (7.7.14) now follow. The market value Vyht =
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XZI" ¢ is given by (this follows from comparing equation (7.10.17) with equation (7.10.20))

h
V;;}ft = Bz];,t eXp {w/ (Et [ry] + BE, [7"t+v]) dv—g- h}
0
h
exp {—/ (Ht—y+v - (w:,an’nl + w:,anm) /\rUr) dv}
0
h
exp {—/ (w: (A —\,) — (wilee’"l + w;VQDe””) )\WO'W) dv}
0
h ~
exp {— | (05 =20 + w38 4 €) dv}
0
h gh h " oo
= B, A, = By, exp {—/ Oyt dv} .
0
Here,

v,h 7.0 w:;'a* Ky w;b* kY *T *
Oy = Yrg, + )\TUTO—SD + )\waU—SD ey — 9T W By [Np] + 6,

with
= I - K, 2 2 o,v 2 o) K,v 0,V
& =&+ 30 [(D%0,) + (D" 0,) +28p,0,0, D" D"

Equations (7.7.10) and (7.7.11) follow from It6’s Lemma. The bonus rule (7.7.16) is

derived in a similar fashion as (7.6.6).
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