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We apply the White information matrix (IM) test to the linear regression model with
autocorrelated errors. A special case of one component of the test is found to be identical to the
Engle Lagrange multiplier (LM) test for autoregressive ditional heteroskedasticity (ARCH).
Given Chesher's interpretation of the IM test as a test for parameter heterogeneity, this establishes
a connection among the IM test, ARCH and parameter variation. This also enables us to specify

ditional heteroskedasticity in a more general and convenient way. Other interesting by-products
of our analysis are tests for the variation in conditional and static skewness which we call tests
for “heterocliticity™.

1. INTRODUCTION

In a pioneering article, White (1982) suggested the information matrix (IM) test as a
general test for model specification. In recent years, this test has received a lot of attention.
In particular, Chesher (1984) demonstrated that it can be viewed as a Lagrange multiplier
(LM) test for specification error against the alternative of parameter heterogeneity. As
a by-product of this analysis, Chesher (1983) and Lancaster (1984) provided an “pR*
version of the IM test. An application of the IM test to the linear regression model by
Hall (1987) led to the very interesting result that the test decomposed asymptotically into
three components, one testing heteroskedasticity and the other two testing some forms
of normality. Engle (1982), in an apparently unrelated influential paper, introduced the
autoregressive conditional heteroskedasticity (ARCH) model which characterizes
explicitly the conditional variance of the regression disturbances. He also suggested an
LM test for ARCH. The purpose of this paper is to establish a connection among the
IM test, parameter heterogeneity and ARCH and, as far as the IM test is concerned, we
examine only the algebraic structure of the test.

An important finding by Hall (1987) was that the components of the IM test are
insensitive to serial correlation. Hall also commented “had our original specification
included first-order autoregressive errors, then the IM test does not decompose asymptoti-
cally into the sum of our original three component test... plus the LM test against
first-order serial correlation. In this more general framework the indicator vector no
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230 REVIEW OF ECONOMIC STUDIES

longer has a block diagonal covariance matrix due to the inclusion of the autoregressive
coefficient in the parameter vector.” (p. 262). In the next section, we start with a linear
regression model with autoregressive (AR) errors and apply the IM test to it. The indicator
vector is found to have a block diagonal covariance matrix. And as the null model now
has more parameters, naturally we get a few extra components in the IM test. From the
additional components of the statistic, we can also obtain Engle’s LM test for ARCH as
a special case. The implication of this result is discussed in detail in Section 3. Given
Chesher’s interpretation of the IM test as a test for parameter heterogeneity or random
coefficients, it is now easy to give a random coefficient interpretation to ARCH. This
fact has been noted recently by several authors (see, e.g., Tsay (1987)). This provides us
with a convenient framework to extend ARCH so that the interaction factor between past
residuals could also be considered and as a consequence we suggest an augmented ARCH
(AARCH) model. The last section of the paper contains some concluding remarks.

2. THE IM TEST FOR THE LINEAR REGRESSION MODEL WITH AR ERRORS
We consider the linear regression model
ye=xiB+e, (1

where y, is the t-th observation on the dependent variable, x, is a kx 1 vector of fixed
regressors and the ¢, are assumed to follow a stationary AR(p) process

&= le-. bt u,, (2)
with u,~NIID(0, o2). We will write this AR(p) process as g = g,¢ +u, where g, =
(€-1y---,6-p) and ¢ =(¢,,...,d,). Assuming that g, is given, the log-likelihood
function for this model can be written as

L(®) =1, 1(6) = T log 2w~ log o3 =3 3 5., (e~ 1),
where 8=(B',¢',02) is a g %1 vector of parameters with g=k+p+1. Note that
(&, —£:¢) involves B since e, — £,¢ =(y, — yid) — (x, — xi¢)'B, where y, = (yi—1, .-, Yi-p)’
and x, = (_x,_., SO )
Let 6 denote the maximum likelihood estimate (MLE) of 6. Then White's IM test
is constructed based on

d(6)=vech C(8) =%z;’_, d,(8) (say),

where

™M a

3096’ a6 a0

Note that —A(é)" and B(é)" are the two different estimators for the asymptotic variance
of Vné using the Hessian matrix and the outer product form, respectively. Therefore,
the IM test principles can also be viewed as a test based on the difference of two estimators.

A consistent estimator of the variance matrix of vn d(9) is (see White (1982, p. 11))

2 a o A ’
cié =1 [" "“”+(""“”)(""("’) ] —AG)+B(6) (say).
=1

-,

V() =17, a(B)ald), @)
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where a,(8) = d,(8)—Vd(8)A(8)'VI,(f) with

. 1, ad(6) . al(8)
vd(6)=— Vi(6)=—"—.
(8) "Z.-. 20 and ,(8) 20
Then the White IM test takes the form of
Tw =nd'(6) V(8)™'d(6). 4)

When the model (1) is correct, Ty follows an asymptotic x’ distribution with g(g+1)/2
degrees of freedom. If there is an intercept term in the regression model (1), the X’
degrees of freedom should be reduced by one. Similar adjustments are necessary if the
regressors contain some polynomial terms and a constant, or if some of the exogenous
variables are binary (see White (1980, p. 825)). It should also be noted that White (1982)
derived the IM test for 1ID observations. However, as shown in White (1987), the
IM equality holds under fairly general conditions. For our autoregressive case,
mixing conditions stated in White (1987) are satisfied, and therefore the IM test remains
valid.

After some algebra and rearranging the terms in d(5), we can write (for al;cbraic
derivations, see Appendices A and B), suppressing 6 such that writing d for d(8),

d=(di, d;, dy,ds, d3, dy, ©)
where
] l n Py - 5 & 7 3 @ . .
dy: ”FZI-I(ui—ai)('xli_Ell‘ﬁ)(xl]_z'j‘t)]v 'v.’=lv2""'k;'§]

-
I wn ;2w _asgw & ;. —_—
dy: e Lt (uf—af,)s,_,-e,_j], i,j=1,2,...,p;isj
L "

g T e e .as
[z at-san]

V on sz & o ) S ; -
dg: 'r;‘:zl-|(uf—au)(xu—Kli‘b)er—l—;;-'zzl-l “rxn—ﬁ], i=1,2,...,k;j=12,...,p

1 w & 2 ;
dS: A6 Z,-| uf(xn‘—l‘;:‘ﬁ)], l=1,2,...,k

| 2no,
4 [ l n A3 A .
dé: _Z_mJ‘T,S,Z"' U €|, =1, 2,sasnipe

Our expressions for Jh d‘, and 2, are identical to those of A,, A; and A, of Hall (1987,
pp. 259-260) if we put & =0. If it is desirable to test only in a certain direction, we can
pre-multiply d by a selection matrix whose elements are either zero or unity (see White
(1982, pp. 9-10) and Hall (1987, p. 258)).

Now, to obtain the IM test statistic, all we need is to derive the variance matrix of
d. We find that the variance matrix is block diagonal (for detailed derivation, see Appendix
B). Denote the estimator of the variance of Vn d, as V(a.) =V,i=1,2,...,6. Toexpress
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f’,'s succinctly, we define the vectors whose typical elements are described as

- N [ a a
Xt [(xn' '!htb)(xq—;‘;;tﬁ)—;z,-. (X"—_X,;¢)(X,, _¥y¢)]- Lii™=142, ... 5 K5 isj

~ A l n A o . . . -
_fu: [EI-AE.-j‘;“Z,-. sl—iel-j], l,]=l,2,...,p; isj

F i [(x,,—;j.&)é,_ﬂ, i=12,...,k;j=12,...,p
7ol o i=1;2;...: 80 =12 cousip

e [xa—xudl,  i=1,2,...,k

We also denote

o oy o Ao
W=Vd4.An'Vd4.+——.,Z.-..Z._z..
no,

where Vd,, is the (4, 1) block of Vd(8) and A,, is the upper left-hand corner block of
A(0) (see Appendix B). Then we have very concise forms of V,’s as follows:

s 2 i DS 2 o - 3
V|=E:'z.-|é’u!u Vz“ﬁi:n_ﬁ_{‘, VJ=2&:

" 2| = P 2 3 " ~ 3 & A4
V.=—.:Z.-.§.§5+W, V”’T&,‘;z"'!’!:’ Vﬁﬁz.-.g.;p

Given the block diagonality of the variance matrix of ﬁ, we can write the IM test as

Tw=%i, T=nX d;V;'d, (6)
that is, the derived IM test statistic is found to be decomposed as the sum of six quadratic
forms. In the next section, we analyse these components of Ty, in detail.

3. INTERPRETATION OF THE COMPONENTS OF THE IM TEST

Using Chesher’s analysis, we can say the statistic 7, is a test for randomness of the
regression parameters in the presence of autocorrelation. If we put d; =0, then this reduces
to the White (1980) test for heteroskedasticity (and T,, in Hall (1987, p. 261)). Recently,
there have been some robustness studies of various tests for heteroskedasticity in the
presence of autocorrelation (see, e.g., Epps and Epps (1977), Bera and Jarque (1982),
Godfrey and Wickens (1982), Bumb and Kelejian (1983), Bera and McKenzie (1986))
and their general conclusion is that various tests for heteroskedasticity are sensitive to
the presence of autocorrelation. A by-product of our analysis is that we have a simple
test for heteroskedasticity in the presence of autocorrelation. All we need to do is to
modify the White test slightly. Instead of regressing the squares of the least-squares
residuals on the squares and cross-products of x,’s, we should regress ii? on the squares
and cross-products of (x,—x/¢) after estimating the model with an appropriate AR
process. For example, if ther‘e is AR(1) error, then the regressors should be the squares
and cross-products of (x,—¢,x,_,). Similarly, the modiﬁcatiop of T,, in Hall (1987),
which is our T, requires that we should replace x, by (x,— x,;¢). Our T; is a (kurtosis)
test for normality, and it utilizes the conditional mean corrected residuals rather than the
OLS residuals.

Let us now concentrate on the new test statistics we obtain by including ¢ in our
model. The statistic T; tests the randomness of ¢ =(¢,, ¢3,...,d,)". Suppose that the
parameters of autoregressive errors are varying around a mean value with finite variances.
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This can be formulated as ¢, ~ (¢, ), where ¢, =(d,,, b2rs - - - » $pr). Then T; is the LM
statistic for testing Ho: 1 =0. Let us first consider a very special case in which ¢ =0 and

Q is diagonal. Therefore, we have ¢, =¢,="--=¢, =0, and i = li=1, s P
where the £, are the OLS residuals. Consequently, T, reduces to
Vs al B S

r=d o () | sen [z (E1) | ™

where 42=(d2_,, @i2,, ..., #2_,)" and a typical element of £, is now (ii;_;—1/n i)

for i=1,2,...,p. This is identical to the Engle (1982) LM statistic for testing the

p-th-order linear ARCH disturbances, i.e., testing Ho: ay = ;=" "=@a, = 0 in the ARCH

process specified as
var (u,|u) = o2+ aui +- - Hapui_,,

where u, = (4, U,_2,...,%_,)". An asymptotically equivalent form of this statistic is
nR? where R? is the coefficient of multiple determination from the regression of i; on a
unit term and (42_,, @#2_5,..., #2_,).

From our representation of the test for ARCH as a test for randomness of ¢ parameters
and its equivalence to one component of the IM test, the consequence of the presence
of ARCH is that the “usual’ estimators for variance of $ will be inconsistent if ARCH
is ignored. This is similar to the case that the standard variance estimator for B is
inconsistent in the presence of static heteroskedasticity. Therefore, the standard tests for
autocorrelation are not valid in the presence of ARCH (see, e.g., Diebold (1986) and
Bera et al. (1990)). This result is not entirely obvious since under ARCH, the disturbances
are still unconditionally homoskedastic. Although the above point could be made without
an IM test interpretation, the IM test framework provides an easy guide for checking
whether the standard inference procedures fail.

We now relax the assumption of the diagonality of . The structure of the test
statistic will remain the same except R? will be obtained by regressing i; on a constant
and the squares and cross-products of the lagged residuals. T, will then be a LM statistic
for testing Hy: a; =0 (iZj=1,2,...,p) in

Var(u.|y1)=0.z.+27-.2f=| al’jul—iul—j! lé] (8)
The above specification of conditional variance generalizes the Engle ARCH model. This
will be called the augmented ARCH (AARCH) process. Properties and testing of this
model are discussed in Bera et al. (1990). Lastly, if we additionally relax the assumption
of =0, i, will no longer be equal to & and T will have to be calculated from the
regression of ii? on a constant and the squares and cross products of &ui (I=1,20.5p):
This will give us the LM statistics for testing ARCH or AARCH in the presence of
autocorrelation. 4

From the above discussion, it is clear that the Engle ARCH model can be viewed
as a special case of random coefficient autoregressive (RCAR) model. To see this more
clearly, let us write equation (2) as

E= Z]’-| ¢}l£l—j i u,.
If it is assumed that ¢; ~(0, @;) and cov (¢, ¢;) =0, for j#j’, then the conditional
variance is given by
var (& g,) =0'f,+}:;'_, aery.
Here we observe that ARCH and the above RCAR models have the same first two
conditional moments as mentioned in Tsay (1987) where it is called as second-order
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equivalence. If we further assume that the ¢; are normally distributed, then all the
moments of ARCH and RCAR processes will be the same, e.g., for p=1, the first four
moments are

e 0 and aodoM1ta)
13 ’ M2 l_al’ M3 ”"—(l_al)(l_saf)

(see Engle (1982, p. 992)). Here we should note that calculation of moments are much
easier under the RCAR scheme.

By comparing T, and T,, we note that they test for static and conditional heteroskedas-
ticity, respectively. Given the block diagonality of the covariance matrix of the IM test
in our case, we can test for static and conditional heteroskedasticity simultaneously simply
by adding up these two statistics. The statistic T is also related to T, and T,. From the
expression of d,, we note that T, has two components. The second component is based
on (né2)™' ¥, éi.x, and this can be viewed as some form of a test for exogeneity. In certain
practical applications when the x, are known to be exogenous, this part can be ignored.
Then T, will be based only on the first component of d, and the resulting test will be a
test for conditional heteroskedasticity caused by the interaction between the disturbance
term and the regressors. We should, however, note that by excluding the second com-
ponent of d, we do not get exactly an IM test but something that is very close to an IM
test. For the special case,

™ 2 &

Vi =E§Z.-| 550
and therefore, for obtaining T,, we run the regression of i’ on a constant and cross-
products of lagged innovations £, and transformed exogenous variables x, —x;¢. As a
natural consequence, a general test statistic for heteroskedasticity would be T\+ T,+ T,
which under the null hypothesis will have an asymptotic x* distribution with (k+ p)x
(k+p+1)/2 degrees of freedom. To get reasonable power, we will have to make a
judicious selection of the regressors from the set of squares and cross-products of x, — x;¢
and §£,, or make some adjustment to the test statistic (see Bera (1986)).

The last two statistics Ts and T can be viewed as the statistics for testing variation
in the third moment of u,. In Ty, the variation is assumed to depend on the exogenous
variables x, and in T, on the lagged innovation process. In some sense, we could say
that Ts and Ts test for static and conditional heterocliticity, respectively. The term
heterocliticity is used since, when the skewness coefficient is plotted against x, or €,_;,
we obtain the clitic curve (see Kendall and Stuart (1973, p. 362)). As noted in Hall (1987),
the test for normality (skewness part) proposed by Bowman and Shenton (1975) and
Jarque and Bera (1987) is a special case of Ts while T; which tests for the variation of
ol is a pure test for kurtosis. In this connection, let us mention that if the IM test is
applied to an ARCH model, that leads to a test for heterokurticity (for details see Bera
and Zuo (1991)). This provides a specification test for an estimated ARCH model.

4. CONCLUSION

Our application of the White IM test to the linear regression model with autoregressive
errors provides many interesting results. The most important result is that a special case
of one component of this test is identical to the Engle LM test for ARCH. Chesher’s
interpretation of the IM test as the test for parameter heterogeneity leads us natually to
specify the ARCH processes as a random coefficient autoregressive (RCAR) model. From
both theoretical and practical points of view, this representation of ARCH is convenient
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and useful. As discussed in Bera et al. (1990), we can now easily verify the stationarity
condition for ARCH as a special case of the RCAR model, study the robustness of the
test for the AR process in the presence of ARCH and vice versa, and generalize the
ARCH process to take account of interaction between the disturbance terms.

The difference between the static and conditional heteroskedasticity is now clear.
The former could be related to the variation of the regression coefficients and the latter
to the variation of the autoregressive parameters. A mixture of them is possible when
the heteroskedasticity is caused by the interaction between exogenous variables and
disturbances. We have also discussed the possibilities of static and conditional variations
in skewness—what we call heterocliticity.

APPENDIX A: THE DERIVATIVES OF THE LOG-LIKELIHOOD FUNCTION

For our model, the vector of parameter is 8 = (', &', o2)" and the log-density function for the ¢-th observation
conditional on the information set ¥,_,, in which g,=(#,_,...,¢,_,)’ is contained, is given by

1
1(6)=—}log 2w —}log o}, ~251 (& -£i9)

Note that u,=¢,—£]¢ = (y,—yi®) —(x, —xi$)'B where y,=(y,_y,..., ¥,-p) and X, =(x,y,..., %p)". Then
the first and second partial derivatives of 1,(#) with respect to 8 are easily obtained. The first derivatives are

al(e) 1 = al(8) 1 al,(8) 1 1
—aﬂ—=—7".(X.—l.¢). ——=—3ug and Py ===},

¢ o

The second derivatives are

3 _ 1 . L., (e 1
BB a.‘,(x' xié)(x,—xi4), 2008’ o2 FE
e 1 1, a8 1 sy I e o
Aol 208 ot apae f‘(Jr.—zr,«f»)s,-a‘,' uxy,
a’(8) 1 a*1,(8) 1

- —u(x,—xi¢)" and - WE-
o, o

3o’ apaa’

APPENDIX B: A CONSISTENT COVARIANCE MATRIX ESTIMATOR FOR
THE INFORMATION MATRIX TEST

A consistent covariance estimator for the IM test proposed by White (1982) is stated as
o i s
V(0)=;Z,..¢.(9)°.(0). (B.1)

where a,(é) = d,(a‘) —Vd(é)A(é)"Vl,(i). Let us begin with the indicator vector d(6) which is defined as

d(6) =vech [C(8)]=vech [A(6)+ B(6)],
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where
- 1. [
AtF) nz"'[aoaa']._;
1
=;Zu-|
1 1 1 1
- (x, - xi¢)(x,~xi¢) - (x—xid)e, ——5 ux; - (x-xid)y,
o, L o, o,
1 iy 1 . . 1
-a-: &(x,—xi9) -v_f. u.x, —;,;;,;. —;E £,
At g A e A LS
e} u(x,—x¢) o ug; 307 ot u; o
and
= 1., [(ai8) a!,(o))']
s uz"'[( a6 )( 30 ] Jo-s
lcn
';X.-l
1 1
— Ui, —xi$)(x, —x1) —ul(x,~xid)e) — (x, —xjd)(u} - olu,)
o, o, 20,
*l—u’; (x,—xi¢) L W Ls(u’—a’u)
: = "’ = 0: 5=y 2”: 1 ' -
-I_(ul_,Iu)(x -J'd’)' 'l—(u’—azu);’ _L_.L.ul.,,Lu‘
2‘,: ‘ L hatl 1 ) zat L} ™ T ‘U: 2(,: L 40: ' .-‘

From A(6) and B(d), C(6) is easily derived as

C(6)=A(6)+B(d)
| -
‘;zl-l

1 1 1 1
— (u-ol)(x,~xi¢)(x, — xi9)’ = (ui—ol)(x,— xid)e! 7= ux, 5 (x,—xi¢)u;-3ou,)

u .. 20,
—‘—(u’—o’)s(x —X'd»)'—Lu,x L(u’—a’) 7 —l—s(u’—lv’u)
7 (Wi-ole(x - xi#) = 7 ug, ot (ol 7q8 Ei(M1 =300
1 . 1 , 1
;;E(“f-305".)(x.-!,¢) ;5("?—305%)5. ‘a:("f—ﬂvﬁ"f+3ﬂ:) i

Now it is straightforward to obt!in d(i). For analytical convenience, we rearrange d(5) as described in the
paper. Then the first part of q,(8) defined from d(8)=1/n Z:’_l d,(8) can be written as

d,(6)=(di. dy,dy5, di, dis, di), (B2)



BERA & LEE INFORMATION MATRIX TEST 237

where
dpy = (674002 - 62 (X, =X )%, 62402 = 62) (X — X b))
GuME2 = 82)(x — X0 )X = xiad), -,
G782 = 32 (Xegh—y = Fuk-1y®) (X = ¥k )
is a [k(k+1)/2]x 1 vector,
=[6;i2-62)é2,, ..., 6. (0 —GL)E) . G (] —GL)E i€ gy
G —GE b, )
isa[p(p+1)/2]x1 vector,
d,y = (46%)""(64 66202 +36%)
is a scalar,
A= (678G = 62)(x, = X!B) E\orr- ., (82 =62 (x, — X1V E,, )
Y s A ot T
is a kp x 1 vector,
=(26%)"\(# -3624d,)(x,~ x:9)
is a k x 1 vector, and finally,
de=[(26%)7" (a3 - 3624,)¢,_,. ..., (268) (@) - 36%i,)é,, 1

is a px 1 vector.
Next we consider

ad.(oo)]

Vd(ao)—hm Z,_, [ 58

Using the normality assumption of the u, and taking expectation conditional on the information set ¥,_,
iteratively, after some algebra we can get the following simple form of Vd(8,)

0 0 Vd,
0 0 Vdy
)
Vd)= 194, o o0
41
o o o
0o o o

where Vd,; = (mx,,, ..., mXy, mX,y, ..., mXg_yk) is & [k(k+1)/2]x 1 vector with
W e | B i 5 2 @
mxu“‘? lim — x,-.(xu Xudo)(x,— 3u¢o). Lj=12,...,k isj,
M
Vdyy=(me,,, ..., Me,,, Meyg, ..., ME,_),) is 8 [p(p+1)/2] %1 vector with

1 i ey
me,=——3 lim Z.-.t._.t.-,. Lj=12,...,k isj,
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and Vd,, =(w;,, w;3,..., w,)" is a kp x k matrix with

b . Mo . .
w,}=?3!.r2’;£,_l( —Xibo)' X}, i=1,2,...;kj=12,....p

This implies that Vd(6,) can be estimated consistently by the Vd(8) which is

0 0 Vd,
0 0 Vdy,
A 0 0 0
vd(6)= VJ‘. 0 0 (B.3)
0 0 0
0 0 o
where for example, V{i,,= (A%, ..., Ay, P 3, ..., M- y)x) is @ [k(k+1)/2] x 1 vector with
I v S b2 o _—
X, = _? Z,_, (xy = xud)(x,; - x,0), Lj=12,... ki i=j
Similarly, we can simplify A(8) as follows:
! " 54 Ry
——3 Li=1 (5, — X)X, — xi9) 0 0
0"
" TR
A(8) = o ——3 Li-1 &) 0 (B.4)
né;,
0 0 ML
26%

For future use, let _us denote the upper left-hand corner block of A(0) as A..(O)- A,. We can snmphfy the
expression for A(d) fur(her by using analytic expectation of g,¢;. For example, when p=1,n"'}, £_, can
be replaced by ¢2/(1 — da ). This might provide better finite sample performance. However, then we will lose
the nR? interpretation of our test statistics. Also, no general expression for the analytic expectation can be
given for all values of p.

Finally, Vl.(i) =231,(6)/a6 is easily given from Appendix A by

vi(8)= i, (B.5)

and we denote the first (kx 1) vector of V/,(6) as V1,,(§) =V1,,.
For the followmg discussion, recall the definitions of y,, £, 5, and r,, provided in the main text. From
(B.2)-(B.5), a, (0) can be easily derived as

a,(6) =d,(6)—Vd(6)A(6)'VI,(6) = (G}, Gz, @13, dla, d1s, dle)’ (B.6)
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where

,_

ay =

®

1
< (d 3 u)Xn a:z"~ i 'O’u)fn a‘,J:Ju.
. a4

a‘l‘=avl_v‘;‘lA‘l-l|vrlI- 5:5"'&5 and 5-a=‘;m~

Now we establish the block diagonality of the covariance matrix of the IM test, say V(8,). It is assumed
that all conditions stated in White (1982) are satisfied. Given (B.2)-(B.6) with the normality assumption of the
u,, V(6,) takes the form of

5 9
( ;—;,_r,,_ﬁ 0 0 0 0 0
2 ’
0 u—:_f,_f, 0 0 0 0
3
1 0 0 2—; 0 0 0
V(6o)=lim —¥ | E % g
" 0 0 0 Sssi+w 0 0
Ty
3
0 0 0 0 0% —=Ht 0
3
0 (| 0 0 0 by 111
L 2‘7: . 'J om0,
where W=Vd, A{!Vd, +n"'0 2T, zzi, and the di 1el are istently esti dby V, i=

1,2,...,6, stated in the main text. To prove this result, let us consider
i Do
V(o°)='!m;):,_| E[a,(6,)a;(6,)]. (B.7)

In the first stage, we evaluate E[a,(6,)a}(6,)] conditional on the information set ¥,_, using the normality
assumption of the u, and taking the expectation iteratively. In the next stage, we use the facts that at 8 = 6,,
E(g,)=0, E(s,)=0 and E(¢)=0 for all . Then we have the result.
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