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Wo(fgang Hárdle
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Unirersité Cnrholique de Louuain. B-l348 Louuain-lo-Neuue, Belgiunr

A.B. Tsybakov
Tilburg Unirersify~, 5000 LE Tilburg, The Nclherlonds

Average derivatives are the mean slopes of regression functions. In practice Ihey are estimated via
a nonparametric smoothing technique. Every smoothing method needs a calibration parameter that
determincs the finite sample performance. In this paper we use the kernel estimation method and
develop a formula for lhe bandwidth that describes the sensitivity of the average derivative
estimalor. One can determine an oplimal smoothing parameter from this formula which tries out to
undersmooth the density ofthe regression variable.

1. Average derivatives in discrete choice analysis
The average derivative is the mean of the slope of a regression function. In

a regression setting Y- m(X ) -F- e with regression curve m: R" -~ R, the average
derivative is the mean gradient Ex(m'(X)), or, more generally, the weighted
mean gradient

á - Ex(m'(X)w(X)), (i.l)

where ní (x) is the gradient

am am
m'(x) - aX ,... ax ) e R",

t e

x,, ..., xa are components of the vector x, w(x) is some weight function, and
Er is the expectation with respect to the (marginal) X-distribution.

Correspondence ro: Wolfgang Hfirdle, fnstitut fiir Statistik und dkonometrie, FB Wirtschaflswissen-
schaften, Humboldt-Universitiit zu Berlin, D-1020 Berlin, Germany.
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The average derivative ó is interesting in the context of discrete choice
analysis, where in the case of binary choice we want to infer on the
function

P( Y- I I X-.Y) - Ill(X),

from observations {(X;, Y;)};: ~, X; e R', Y; e {0, 1}. A pure nonparametric
approach to estimation of m(x) is possible [see, for example, the recent mono-
graphs by Muller(1988), Eubank ( 1988), Wahba ( 1990), and Híirdle(1990)]. It is
well-known though that this approach is not costless: the precision of the
estimator is exponentially decreasing as the dimension d increases. In order to
avoid this difTiculty one could of course fall back into pure parametric models
for m(.r). -

One such model would be

pl(X) - G(Yr~), (1.2)

where G, the link function, is of known form, e.g., G-~ would postu)ate
a Probit model.

A model comprising the advantages and simplicity of (1.2) and the flexibility
of a nonparametric smoothing approach is a single-index model,

!II(.Y) - lIl-YTl'), (1.3)

with an unknown link function y and index xT(i.
It is well-known that (i in (1.3) can only be identified up to scale [see

Hárdle and Stoker (1989)]: the (weighted) average derivative (ADE) for this
modef is

b- Ex L d(XT~) w(X)J l~ -)'r'í~, (1.4)

so we see that we can estimate ~3 (up to scale) if we know how to estimate S and if
~~B is difTerent from zero. A simple examp)e for (1.4) is a linear link function g(' );
then the coefiïcients ~ are multiplied by the slope of g(-) times EX(w(X)). For
general, nonlinear g( .), as in binary choice models, the ~3 coe(Ticients are
multiplied by the average slope

d
}p - Ex d(X9~) tiv(X )~.
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We use kernel estimators for the average derivative b since they are straiglit-
forward to implement and easy to understand on an intuitive Ievel. Other
possibilities include splines and orthogonal series, but to our know-
ledge these techniques have not been employed to estimate average deriva-
tives. The main point in this paper is about the selection of the bandwidth,
the kernel smoolhing parameler, for lhe d-dimensional case. The one-
dímensional case with a focus on estimation of income efïects is treated in
H~rdle, Hart, Marron, and Tsybakov ( 1991). From an asymptotical viewpoint
the choice of bandwidth does not afiect the behavior of ADE estimators.
It influences only the higher-order terms of asymptotic expansions for mean
squared error, not the main term which is of order O(I~n), where n is the
number of observations. In practice though, the choice of the smoothing
parameter is an important issue as has been pointed out by Hsieh and Manski
(1987, p. 55I).

In this paper we consider tlle special choice of weight function: w(x) - j(x),
where j(.Y) is the marginal density of X[cL Powell, Stock, and Stoker ( 1989)].
This is motivated by several reasons. First, under such choice of w we avoid tlie
random denominator appearing if rv(x) - I [in fact, for w(x) - I the ADE
estimators contain the density estimator in denominator, see Hiirdle and 5toker
(1989) for details]. Because of lhe random denominator the necessary asymp-
totic expansions hold under somewhat restrictive assumptions on the underly-
ing densityj [H~rdle and Stoker ( 1989), Hiirdle, Hart, Marron, and Tsybakov
(1991)]. Next, for the multi-dimensional case the O(I~n) rate of the mean-
squared error is nol attained unless the oscillating higher-order kernels are
implemented. This causes a difliculty in trealing the case of w(x) - I: the ADE
estimator is not well-defined and it requires some truncation [Híirdle and
Stoker ( 1989)]. The choice of truncation threshold appears to be crucial in this
context. This creates an additional problem which could be easily eliminated if
ll'(.Y) - j(X).

In section 2 we quantify the sensitivity of ADE via a second-order expansion
of inean squared error of a kernel estimator for b. Section 3 is devoted to the
proof ot our main theorem. [n the appendix we prove some lemmas.

2. The sensitivity of ADE

Assume tliat independent pairs (X;, Y;), i- 1, ..., n, of random variables,
X; e R", Y; e R', are observed and that they have the same distribution as
(X,Y),XeR",YeR'.

Let the regression function m(.Y) - E( Y~X - x) exist and let X have the
density j(x) wilh respect to Lebesgue measure in R'. Suppose, moreover, that the
regression function rn and the density jare continuously difierentiable and that
j(x) ranishes outsicle n compact ser, the support of X.
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Using partial integration (over the support of X) we get

b - J m'(x)J'(r)dx

- - 2 Jm(x)f'(x)f(x)dx

- -2E(YI~(X)).

wliereJ '(.r) -(a~~ax, , ..., af~a.rd) and tlie expectation is now taken over the
joint distribution of (X, Y).

If we knew the marginal density Jwe could estimate S by means of the sum
-(2~ri)~~-r Y;J'(X;) which is obtained if one substitutes the expectation in

(2.l) by the empirical average.
In our approach we do not know the density function. We shall estimate it

from the data via the kernel method. The marginal densityJ(-) is estimated by

n

Jh(-C) - n-~ ~ .~h(x - Xi),
i-l

where .~Yh(u) - h-",~Y'(ul~h, ..-, nd~h) for a multivariate kernel function,

e
.X'(u, , . . . , ne) - ]-] K(u~). u - (u, , . . . , ue) E Re, (2.3)

i-r

based on a one-dimensional kernel K. The scaling of .7Y~ is through h~ 0, the
bandwidth, or smoothing parameter.

The gradient J'(x) is estimated by

1 h(x) -' G., ~h~Y - Xi),n;-i

where

~n(lt) - h-e-' K' I uj~ n K~u'~,
`h k:j h

and K' denotes the derivative of one-dimensional kernel K.
Using (2.4) we can construct an estimate of the average derivative

b~ - - - ~ Y~fí,(X~). (2.5)n;-,
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We study the asymptotic mean squared error of b„ under the following assump-
tions:

(A I) The kernel K is bounded, continuously difïerentiable, symmetric with
support [ - I, I]; K'(0) - 0.

(A2) JK(u)du - I, and there exists a positive integer k~ 2 such that Ju~ K(u)
xdu-0, j- I,...,k- I, f ukK(rQdu-dK~O.

(A3) The marginal density f(.~) of X is compactly supported and has eontinuous
partial derivatives up to the order k f I on Rd.

(A4) The regression function rn(x) has continuous partial derivatives up to the
order k f I on Rd.

(AS) The conditional variance aZ(x) - var( Y~X - x) is bounded on the sup-
port of f.

(Atí) h-h„-.O,andnZh~tZ-. oo asn--~ oo.

Later ~.~ denotes Euclidean norm when applied to vectors.

Theorem.

WIIPPP

Clnd

Under the as.u,niptiorrs (AI)-(A6),

E(ló~ - álZ) - Q,~~-~ f Q2~r-Zl~n d-Z t Qah~k
k

~-t'~l't~~r'Z~fO r'Zh„t2 }ll~k

Q, - 4[E(IÍ(X ) n~'(X)~Z) - IE(Ï(X)nt'(X))IZ

f E(QZ(X)II~(X)I~)],

Q2 - 4CK J OZ(X)f 2(C)dx,

Q3 - 4I J SK (-Y)I(x) Rl(X) dX I z,

C„ - J ~.~Y"(u)~2 du - d f(K'(u))Z du ( J K 2(u) drQ"- `,

( - 1 )k d ak } ~ .t(c)~aX, ax;
SK(-~) - dK ~ :k! j-~ ak.r f(C)~aY,ar;

I7 -i r7q ,
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From the Tlteorent we see tl)at the bandwidtlt ll„ minimizing E(~b„ - b~z) is
given by

h' - It rt-zrrzktd.zl„ o

where

Ito - (Qz(ri f
2)1'nzk,e.z)

` 2kQ~ J

For h„ - h~ , we have

E(Ib„ - blz) - Q~n-' -i.
Crl-4kl(2ktdf2) } O(q-4k112ktda2l)

f ~ ~,2 ~, I7 ~ 00 ,
n

where

2k )dt2)I(2kfdt2) d } 2 2kllzktdt2)

C- df2) }( 2k ) )

xQ2kl12kfdf21Q3 f21f12kidtzl

Oprirnization oj k. This in fact is reasonable if one believes that f and rn are
infinitely many times continuously difTerenliable. It follows from (2.6) that the
best rate for mean squared error equals n-' and it is attained if k ~(d f 2)~2.
For example, in one-dimensional case ( d - 1) it sufiices to take k- 2. Then tlte
second term in (2.6) equals Cn-8r', and !t~ is proportional to n-zj7 [cf Híirdle,
Hart, Marron, and Tsybakov ( 1991)].

Assumptions ( AI) and ( A2) entail that the order k of the kernel should be
necessarily even. Thus, the condition for choosing k that guarantees the best rate
of convergence becomes:

k is Ure mininm( euen number such that k ~(d f 2)~2.

Optirrtization oj K. The factor C depends on the kernel K. Optimizing this
factor in K leads to the minimization problem (in view of the definition of
Qz attd Q;):

min ( J uk K ( u) du)d ~
z( J( K'(u))z du)zk ( J K z(u) du )zrd- t)

I: e r~
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where ~Ih is the class of kernels satistying ( A l) and (A2). For d- I, this problem
was solved by Mammitzsch ( 1990) who showed that the optimal K is the quartic
kernel

K(u) - i~(I - uz)z 1(~u~ 5 1),

where I(. ) denotes ihe indicator function. If d ~ 2, then k ~ 4, and the optimal
K is, clearly, an oscillating kernel taking positive and negalive values.

3. Proof of the Theorem

Denote

n

á~-ó"--1 S~ Y- X., ó'-b-- mx x {~ xdx.
2 ll.r

ifh( ~) 2 J ()fI( )J( )
i-

Clearly,

E(~b" - b~Z) - 4E(~á~ - b'~2). (3.1)

Write the estimator S` as

b~ - ~ ~ pn(Xt) f E,)Íh(X;),t,;-,

where s; - Y; - m(X;). Since E(e,~X;) - 0, we have

E(ló~ - b`IZ)

~ Í
1 n
- E E;Íh(Xt),t;~,

1 n
- ~ m(Xr)ií~(Xt) - b~n;-t

~'~ E;Ïi~(Xt)IZ~ -f- E~I~'~t CSr - E(l,r))

1 n 2
f E(S,) - b'n ; ~,

where S; - m(X;)Jh(Xf).

~
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It follows from (A1) that .~f~~,(0) - 0, and thus

1
Ih(Xf) - - ~, ~I,(Xf - X;)-

It j-,
ixj

Thus,

E(Si) - E(Sr) - E(mlXr)Ií,(Xf )) -
n - 1 y, (3.4)

n

where q - E(m(X,).JF~~,(X, - XZ)). Here we used ( 2.4) and the fact that
.7Y~,(0) - 0 which follows from (A1). Now, (3.2) and (3.4) entail

E(Ib~ - b'12) - Vr f vZ f v,,

where

I ~"
n,-'

Effh(Xi) }
~ ~ (bf - E(~r))IZ~.n r-,

v~ - IE(Cf) - b'~2.

Let us evaluate the terms Vl, VZ, and V,.
Clearly,

J~Z(Xi), 1- f.
E(EiEI~XI, -.., Xn) -

1~, i~ l.

From (3.3) and (3.6) we get

vf - E 1 IZ L, EiEfUh(X!), J h(Xf))~
`rr i.f-,

- '~ ~ EI~Z(Xf)
n ;c~ 1

n

! ~, ~h(Xi - Xj)
n j-,

ixj

z i



t6'. Hórdle mul A.B. Tst'hnkav, Hou~ srrtsiliue ore average rlerinarives?

- ~~J ~~2(xt) E ~

2

~ .~„(xt -x;) )j(x,)dx,
J-z

- ~~a J vz(x) E ~ ~ (,~f~í~(x - XJ),.N'~"n(x - X,))~Í(x)dx.
~:-z

Here and later (~,.) denotes the scalar product. We have

E ~ ~ (.7Y~,(x - XJ), ,~í,(x - X,)) J`,, z

39

n

-~ E(I~h(x - x;)IZ) f~ IE(~~,(x - xJ))IZ (3.s)
J-z J..-z

Js:

- (17 - 1) E(~~h(x - il 1 )~Z)

f (~i - 1)(~~ - 2)IE(~h(x - Xt))IZ.

[t follows from Lemmas 1 and 2 and (3.8) that

E ~ ~ (.~Y'í~(z - X ),~i,(.C - x,)~
`, . z

- (n -1) (~Xj(x)l~-'-Z -~ n3vl, x))

f(n - 1)(~i - 2)Ij'(x) -t- hk Sx(x) f Qt(h, x)~z.

Hence

Vt - 11J QZ(x)Ij~(x)IZ I(X)dx i- n2Jtd~2 C~ J v2(x)j~(x)dx

1 ~h4 1 i~o f0 - t zl, n~ oo, (3.9)
rtzh"'z n n

where we used the properties of ~it, ~3~ and the fact that by ( A3) the function
ISK(x)I is uniformly bounded on tlie support of f.
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Next,

n

~z - 2~ E((~,,~;)) - IE(~t)Iz - ~zt -~ ~zz - IE(~,)Iz, (3.to)n ;.~-,

where

~
1il - Z~ E(Istlz), ~zz - Z~ E((St, ~;)).n ;31 n ;.Ja,

t:~

We have

E(~Sriz) -'z E Intz(Xf) ~(~á(Xt - Xf),.~n(XI - Xs)) I.n
I.sxt

Hence

1 " l
Vzt - ~~3 E mz(XI) ~ (~í,(Xt - Xf), ~í,(XI - Xz))J.

f.:-z

Using the same argument as in (3.7)-(3.9), we find

V21 - i
J

l112~~)~f (-~)~ZI(.Y)dX f n2I1 ~Z CK JnIZ(X)f Z(X)dX

1 k

f o nzli tz J f O 'n f nz ' n-~ oo. (3.11)

Consider the term l 2z now. Applying (3.3) we obtain

n-1 n-1
Vzz - fl E((S1, Cz)) - 11,

[n"`

X E !il(X, )1)1(X2) X L, (~h(X l- XI), ~h(X2 - Xs))
f.s-t
1~1
sx2

n - 1 ~
~ d,,, (3.12)3

n I.s- 1
Is I
sk2
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where

dls - E[m(X,)rn(Xz)(-~ í~lXl - XI),.1f í,(Xz - X,))).

Let us treat d,,, separately in the following four cases:

(i) s - I,

(ii) s~l,l~2,s~1,

(iii) s~! and either 1- 2, s~ I or 1~ 2, s- 1,

(iv) s~l,l-2,s- 1.

In case (i),

41

d,s - du - E[n,(XI)nl(Xz) (.~á(X, - X~), ~í~(X2 - X3))~
(3.13)

def
- E.r.~~lEx~(r,l(XI).~h(XI - X3))I2~ - BI.

In case (ii),

d,.. - E[rn(X, )n,(Xz)(~~i~(XI - XI), ~-í~(XI - Xs))~

- IE(In(X, ).~~n(X, - X,))12 -1912.

In case (iii),

dr. - E[m(X, )n~IXz)(.~h(XI - Xz), ~ n(Xz - X.)))

dcr

- E~(Ip(XI)lll(X2)(~h(XI - X2))..~h(X2 - X D))~ - B2.

lIl CasC (IV), .

dlt - E[,n(X,)nt(Xz)(~í~(XI - Xz), ~h(Xz - XI))7

- E ! n, X) n, X JY' X X
d~r

- ~l ( I ( 2)~. h( 1- 2)~2) - 83-

In (3.16) we used the fact that .X'~, is antisymmetric:

(3.14)

(3.15)

(3.16)

.iÍ'~,( - rl) - - .:Y h(Lr).
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It follows from (3.12)-(3.16) that

Vz2-Jl-1 n-28 f n2-Sn.f-6 2n~ C( ) J( )19I f 2(n - 2)BZ t B,].

(3. I 7)

Now we use Lemma 4 in the appendix, which implies, together with (3.17),
lhat

V22 -
1 L

J~j(Y)IJJI~(.Y)I2dX -~IA2(x)~f,(x)~2f(x)dX J

f 1912 -E ~1 - 6~ - n2lle.z fm2(x)I2(x)dx

f O n f JJ2 f o n2lJ4~2 ,C"k') C')
From (3.4), (3.10), ( 3.11), and ( 3.I8), we find

V2 - VSJ i- V22 -
n-1

9
J

z

- 1'zJ f Vz2 - ~9~2 I 1-? f~2~` n n

- n L Jf
~(x)~rJJ'(x)I2dx - 41912J

f 0
IJ } 1J2

~ O n2l14~2 '
ClJk 1 I ~ , ~

By substitution on (A.2) into (3.19), we obtain

12 - ' L
JÍ'(x)~Jn'(x)12dx - 41ó~~2J

n -. ao. (3.I8)

(3.19)

k

~- O ~~J ~- J~2 i- o n2li t 2~' n -. oo . (3.20)
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tt remains to find the asymptotic expression for V3.
By (A.2) we have

V3 -
n - 1

rl

~~ llk J SAl-r)iGr) nl(z)dx f ~Iz(ll)
n

- 112k

k

-F 0 l~ f IZ t O(IIZk),
II n

q-b'

~ SK (-C) f(X) I11 ~Y) dX I2

z

z

I t ---~ ~ .

From (3.5), (3.9), ( 3.20), and ( 3.21) one gets

E(Ib~ - h~`Iz)

- n L J f lx
(.Y)~rn'(X)Iz dx - 41b'~z f J az(X)II~(X)~zÍ(X)dX J

1
~- nzlíd.z Cx az(X)Iz(X)dx f hzk

J .SK (X) f(X) nl(X) dX

k

fO~rlífnz~-Fo nzli,z~' rt~oo.

This, in view of (3.1), proves the Theorem.

2

(3.21)

Appendix

Lennnn l. Lel assumpirons (AI)-(A4) be sntisfied. Then

E(.~h(X - il 1)) --f,(C) - 17kSXGC) - l~l(h, C), VX E Ra, (A.1)
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~ahere sup,l~,(h, x)~ - o(hk) ns h~ 0, and

9- r5' - hk J SA(~)I(C)!ll(x)dx ~~2(Ir), (A.2)

~chere I~iz(h)I - o(h4) as Ir ~0.

Proof. By partial integration,

E(~h(Y-X,))-1idtl J .)f"~xlr z~f(z)dz

1- - h f~'(u)I(x - Uh)du
(A.3)

1
- Ir (f(X - UJ7))',7Y(U)dlr

- - J .~' (Y - lfh)JEr(ll)dU,

where we used the fact thal .~Y andfare compactly supported. Assumption (A3)
entails that the Taylor expansion is valid, and thus, uniformly in u e supp.~Y~,

a~o~ t ~.t(x)~ar, ax'
f'(x - nrr) - ~ ~r (- I)~'~rr'Ir~'~ .

a:~a~ src a- ~a~ t r aa f(x)~axdax

S Qr (h, x), (A.4)

where supxl~i,(h, x)~ - o(Irk), h~ 0, and a -(a, ..., ad) is multi-index,
a;10, ~x~-a, f...~ad al-a~l...ad1 ,ra-u~~.....uë for u-
(u, , . . , nd) e Rd, and a~'~~ax' - a~'I~aY ~~ . . . .. axá" for x - (x,, . . , .rd) e Rd.

It follows from (A2) that

J rr'JY(tr)du - 0, 0 S Ix~ 5 k- I, (A.5)

0, ~x~ - k, card { j: a; ~ 0} ~ I,tr'JF'(tr)dn -
rl~, ~a~ - k, card{ j: a; ~ 0} - I.
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From (A.3)-(A.5) we get

E(.~Y'h(.Y - X, ))

a~s~ } ~.f(.x)~aX, arQ
-- j 1-v) - ki Il"(- I)` ~ .

a:~al-k alal } 1 j(.K),aXdaXa

x J u'.~Y(1Qdu-~l,(Il,x) (A.6)

--j'(x) - hk SK(x) - 1' 1(Il. X).

which proves (A.1). To get (A.2) note that by (A.I)

CJ - E(Ill(~il).it~hlX1 - X2))

- E(nl(x~t)Es:(~i~(Xt -Xz))

- EOn( Y, )(-j'(X 1) - hkS,;(X1) - ÍItUh X 1)))

- (5 ~` - hk J Sk(X)I(-Y) )n(X) dX - ~ITI(X) j(X) ~ÍI (I7, x) dX.

Now, sup,~~i, ( h, x)~ - o(h~), and J m(x)j(x)d.x ~ oo since nl andjare bounded
on the compact support of f. Tliis proves (A.2).

Lemnra 1. Let assurnplinns ( Al )-(A4) be satisjed. Then

E(I~ti(.x - Xr )I~) - CA j(x)h-"-Z f llallh-x),

ivJrere sup,.~~i(Il,.x)~ - o(Il"d"Z), Il-~0.

Proof. E( ~.~F'~h(.x - X, )I Z) - Itze.z f
I~ `x h Z~

z
j(Z) dZ

1
- I)étZ I~N"(101Zi~(x - uh)du.
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It follows from (A3) that f is Lipschitz continuous on its support with some
Lipschitz constant Lf. Thus,

Ilrétz jl~'(u)Iz.Í(x - uh) du - li tz.f(x) Cxl S Irét, f I.~f"(u)Iz lul du.

This proves the lemma.

Len,mn 3. Let assumptions (A!)-(A4) he satisfied. Tlren

E(rn(X 1)~h(x - X1)) --(!n(x)f(x)) - IIkS1K(x) - l~d(Ir, X),

lVll ere

ak}1 (f(x)nl(x)),aX~aXk

S,x(x) - dx (- 1)k ~ ;

kr ;` ~ ak}, U(x)rn(x))~ax,ax;
and sup,l~3a(h, x) - o(Irk), h-. 0.

Proof. The proof is similar to flie proof of (A-I ). In fact, instead of (A.3) we now
have

E(rn(X~ I.XI~,(x - X~)) - J U(-x - uh)m(x - uh))'.JEr(u)du

-- f[f'(x - ul,) m(x - ulr)

~-fcx - ulr)rr,' (x - uh)].~Y'(u)du.

Len,ma 4. Let assumptions (AI)-(A4) be satisfied. 77ren, as h-~ 0,

B, - J ~nl'(z)Iz!(x)dx f J mz(z)I.Í~(x)IZÍ(x)dx

-F 2 J n,(x)(rn'(x),f'(x))J'z(x)dx f O(h4), (A.7)

Bz - - ~nrz(z)II'(x)IZI(x) dx

- J m(x)(rrí (x),j'(x))f z(z)dx t O(h"), (A.8)

I r
B~ - l~a,z ( Cx nrz(x)Iz(x)dx f o(1)~. (A.9)
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Proof. By Lemma 3,

Br - J I(x)I E(rn(X r)~í,(Xr - x))IZ dx

- fI(x)I(nr(x)I(x))' ~- h"Srx(x) -t- ~3s(x, h)IZ dx

- JI(r)I(nr(x)I(x))'Iz dx f O(hk),

which gives (A.7).
Using Lemmas 1 and 3 and the antisymme[ric property of .7Yh, we get

Bz -
J

m(x)m(Y)(~í,(x - Y), ~n(Y - z))I(x)I(Y)I(z) dx dy dz

- J f(1')nr(Y) 1 J ~í,(x - Y)I (-z) m(x) dx, fI(z)~~(Y - z)dz~dy

- J I(Y)rn(Y)((nr(Y)I(Y))' i- h4Srrc(l') i- Í~a(Ir,Y).

-.I'(Y) - hkS~(Y) - ~r(11,1'))dl'

- - J I(Y)rn(Y)((m(Y)J(Y))'.Í'(Y))dy.

This proves (A.8). To prove ( A.9) note that with ~v -(x - y)~h we have

B~ - ~rrt (x)nt(1')I(x)I(Y)I~n(x - Y)IZ dx dy

1
-- hi.z nr(Y)I(Y)nr(y f wh)Í(Y ~- wlt)I~í,(w)Iz dydw.

It follows from assumptions ( A3) and ( A4) thatjand m are Lipschitz continuous
on the support of f. Hcnce

B~ -- ha:: [ f rnz(Y)Iz(Y)dY J ~~í,(w)Iz dw(1 f O(h))J,

and (A.9) follows.
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