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1. Introduction

In this paper we will analyse the demand of factor inputs in
a dynamic model, assuming profit maximizing firm behaviour, and adjust-
ment costs.

In Section 2 and 3 we will specify the production function,
the revenue function and the adjustment costs function. In Section L
a long-term adjustment model is constructed, using the specifications
of Section 2 and 3. The influence of cyclical disturbances on the demand
of factor inputs is studied in the context of this long term model.

In Appendix A we will analyse the behaviour of a system of
difference equations with begin and endpoint conditions and will study
the dependence of the first period decision on the finite time horizon.

The author is grateful to Dr. A. Hempenius for many valuable

comments on earlier drafts of this paper.



2. The production function and the revenue function

2.1. The production function

We assume a production function of the aggregated type, Q = F(X),
where Q is output capacity and X is a vector of aggregated factor inputs,
X = (X1""’Xn)' The factor inputs are measured in efficiency units, so that
aggregation of differentvintages of one factor is possible. We shall not
treat in detail the conditions for an.aggregated p.f. Instead we assume
that for the relevant region of factor inputs, S, the production relations

can adequately be described by the function 1).
(2.1) Q = F(X) X€s,8CR),

which satisfies the following properties for X € S

(i) F(X) > 0
(ii) F(X) is continuous and twice differentiable for X € S
F 7
(iii) Fi(X) = 52; >0 - Y [
> <0 i=3] 1 2 Tseessn
s 3 F
(iv) Fij(X) T X, ox, o
I o i#3j j=1,.0.sn
(v) F(Ax) = A" F(X)

1) The function (2.1) contains not an explicit technical progress term. For
our theoretical analysis the inclusion of (disembodied) technical
progress is not essential.



A function which satisfies assumption (i) - (v) and has intuitive
appeal is the generalized Cobb-Douglas p.f., which can be derived as follows.
The total differential of the function Q = F(X) is

n
{z2.2) dQ = I F, dJ(i
1=1
: < a2)
and after some transformations we find
X ax.
d! 1 =9
(2.3) WepF, .ony—
Q ; 1 . Q Xi
or
]
(2.4) dan=2i‘.FiQ—dln X;

The term Fi Xi/Qi is the production elasticity of factor i; assuming that
for X € S the production elasticities can be reasonable well approximated

by constant elasticities a; we obtain
(2.5) dln Q= % o @10 X, e 0l 5 BE maray
i 1 b 3 =
The corresponding production function (p.f.) can then be written as

Q.

= 1
(2.6) Q=ALX

Equation (2.6) satisfies assumptions (i) - (v) and the function is homogenous

of degree v = L a,-

2) Unless stated otherwise all summations are taken over i = 1,....,n



2.2. The revenue function

The total net receipts of the firm are Y = P.Qs, where P is the
output price per unit, net of costs of materials, and Q° is the output
which can be sold. In general Q% will depend on P, which can be formally
expressed by an output demand curve (o.d.c). The form of the o.d.c.
depends on the organisation of the output market. If this market is
characterised by perfect competition the o.d.c. is infinitely elastic so
that Qs can freely be changed for a given P which is exogenously determined.
In an output market with. monopolistic competition Q® depends on P and P has
to be set by the firm 3).

Since in a market with monopolistic competition the uncertainties
on firm level are often large it seems preferable to assume a stochastic

0 :d.C5
(2.7) Q® = G(P) +U

where U is a random variable with mean O. A firm confronted with a stochastic
o.d.c. is thus forced to decision making under risk. The price-quantity
determination depends the on the attitude of the firm toward risk. For
the sake of simplicity we assyme that the risk preferences of the firm

L)

are such that he uses an expected o.d.c. .

3) If the o.d.c. has a price elasticity < -1 , the demand (curve) is called
elastic and if the price elasticity > -1 the demand (curve) is called
in-elastic. The elasticity of demand depends on the saturation level
of the market, the position of the firm in the market etc. Note that
the elasticity can vary if P changes and can even differ for positive
and negative price changes.

4) For a linear cost-function, C(Q°%) = a + b Qs, and linear risk preferences
the maximation of the expected profit function, E(n) =HP Q° - c(@®)1,
is equivalent to the maximation of the profit function in termsof
expected demand, =P E(Q®) - C(E(Q®)).



(2.8) E(Q°) = a(P)
In the sequel we will omit the expectation operator E and write Qs for
the expected output demand.

We assume that the function Q® = G(P) is defined for P € Sp
so that VP € sp, G¢(p) € sQ where

(2.9) 8g = {q|q = F(x), X € 8}

5)

and has the following properties

5) Note that we are only interested in a local approximation of the o.d.c.
The o.d.c. in Figure 1 does not satisfy the assymptions (2.10) but
can in the region Sp be approximated by & function G(P) which satisfies
(2.10).

G(pP)

osdéics

v




(2.10) i) G(P) is continuous and twice differentiable
ii) 6'(P) <O
133 ) ¢™M(P) > 0

From (2.10) follows that the inverse function P = H(Q®) exists for all

Q% € 5. and that H(Q®) has the following properties

Q

2uam) i)  H(Q®) is continuous and twice differentiable
ii) H'(Q®) <o

iii) H"(Q®) > 0
The revenue function Y = PQS can now be written as
(2..12) Y = H(Q®).Q®

The marginal revenue is

L -wg®+u=(1+Lp
3Q %
where n is the price elasticity of the o.d.c. G(P). We find that the
marginal revenue is positive 1iff . n <=1, Further we can express the
revenue Y in terms of factor inputs X; if Qs < Q marginal changes in X

do not affect Y so that 3Y/3X; = 0, i = 1,...,n. If Q° = Q we can write
(2.14) Y = H(Q).Q = H(F(X)).F(X)

and the marginal factor revenue is defined as

(2.15) %%I - (%%.Q +H).F, = (1 +%)P.Fi

From (2.13) and (2.1) followsthat ay/axi is positive iff n < -1. The

case that QS > Q is not allowed within our model and will therefore not

be analysed. If is of course also possible to obtain expressions for the



second derivatives of Y with respect to QS and, under the restriction
that @5 = Q, with respect to X.; without additional assumptions on G(P)
these expressions are difficult to interpret.

A function which satisfies (2.10) and has other convenient

mathematical properties is the constant elasticity demand curve
(2.16) @ =aP" n<o

We can modify (2.16) so that structural or cyclical changes are explicitly
incorporated, e.g. as follows (t is discrete time):

s

(2.17) Q =bC (1+g)t

n
Pt
where C, is a cyclical indicator and (1+g) a structural growth factor.
Combining (2.16) with the p.f. (2.6) , and assuming QS = Q,. .we

find for the revenue function

ai(1+ l)
(2.18) Y=c¢c¢ X, n
i .
or
Yi
(2.19) Yee X

The y; 8re revenue elasticities of the input factor Xi and are only positive

if n < -1. Let us assume that O < 1 for i = 1,...,n then the function

Y(X) defined in (2.19) has the following properties for X € S

(2.20) i) Y; = > 10 2.5 N mgll

2 <0 i=3j i=1,...5m
§i)  Hiy mest——e =

50 i#J J=1seeeesn
i

iii) XX =X TY(X)

iv) If Zyi < 1 the function Y(X) is=.strictly concave function of X



The Hessian-matrix I' of the revenue function (2.19) is given by

2
%Y Bl oy =
' = {————} =
(2.21) {ax. ax.} (X" e X ")y
T
where
- - A »
(v4=1)v, ceee YqYp X,
Y ¥ ome ¥y ¥ .
(2.22) G= » e - - §
2 5 X & !
Yy Yy (vp_1)7 X,
] I 4

In Section 3 and 4 we will use (2.19), and we will assume that n < -1,
that O< ¥y © 1 fori=1,...,n and that Eyi < 1. Note that the condition

B} . : iy o2 1
Zy; = 1 does not imply that Ia; < 1, since Iy; = (1 + n)Eai and (1 + n)
is in general smaller than one.



3. The adjustment process

3.1.1. Introduction

In many neo-classicgl firm behaviour models the factor inputs
(labour and capital) are assumed to be completely variable, i.e. the
factor inputs are adjusted immediately to their (long-run) equilibrium
position. The production decisions of the firm at each point of time
are independent of existing inputs levels; the intertemporal decision
process can be decomposed into separate decisions taking place at distinct
points of time. This assumption is not very realistic and at variance
with the empirical evidence (e.g. the development of factor-shares
during the cycle). Quasi-fixity of the capital and labour input can be
build in explicitely in the model by introducing external adjustment
costs (e.g. by assuming oligopsonistic capital good markets or labour
markets) or internal adjustment costs (installation-costs, learning
costs) in the form of output forgone. In the profit maximizing model the
entrepeneur will, given the presence of adjustment costs, simultaneously
determine the equilibrium input and output levels and the adjustment
paths of input and output to these equilibrium levels. Pioneering work
in this field has be done by Eisner and Strotz; more general models
are constructed by R.E. Lucas [3], J.P. Gould [ 1], R. Schramm [ 5],
A.B. Treadway [T] and D.T, Mortensen [4].

A complication (in neo-classical profit-maximizing models)
arises if one allows for changes in the capacity utilization-rates.
It is intuftively clear that changes in the capacity utilization-rate

more likely if

(i) adjustment. costs due to changes in the level of factor inputs are

high relative to the costs of changes in the utilization-rate
(ii) the shifts in the output demand curve are transitory (e.g. seasonal
variations).
To avoid very complex models, we would suggest a hierarchy of models
A first model is a long-run model where long-run equilibrium levels of
inputs and output and the adjustment path of inputs and output are jointly
determined, assuming positive (internal) adjustment costs and a

constant capacity utilization-rate. This model is primarily a structural
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model where the optimal changes in factor inputs are determined given
the expected (structural) development on factor and output markets.
In this model the long-run expansion-path of the firm is determined.
(see Lucas, Treadway, Mortensen). A second model is a short-run model
where the optimal output and the capacity utilization rate is planned
given the existing capital stock and labour input.

For econometric purposes the long-run models can be used to
specify factor demand equations, which explain determinants of invest-—
ment and labour-demand of the firm. These equations can be estimated,
using annual data. The short-run models are mostly derived to obtain
forecasting models for industrial activity, and have to be estimated
using monthly or quarterly data. In this study we are mainly interested

in the specification of factor demand equations in a long-run model.



o T e

3.2. The internal adjustment costs function

Changes in factor inputs bring about adjustment costs. We distinguish
external adjustment costs, arising from oligopsony on the factor markets,
and output reducing or internal adjustment costs. The specification of
the external adjustment costs function depends on the structure of the
factor markets. Inanesther paper a model with oligopsony on the labour
market will be investigated. In this paper : we will investigate the proper-
ties of the internal adjustment costs functions. Output reducing adjustment
costs may arise as planning costs, installation costs, learning costs and
other friction costs internal to the firm. The factor services supplied
by the factors labour and capital are used not only to produce the firm's
output but also to produce adjustment services, necessary to change the
levels of the factors.Xi o+ The existence of internal adjustment costs
implies that the (maximum) output produced by the firm depends not only
on the factor inputs, Xi , but also on the relative changes in these
factor inputs.

Following Treadway and Mortensen we can specify a generalized

production function (g.p.f.)
(3.1) Q = £(X,AX) X>0

We assume that the g.p.f. is continuous and twice differentiable, increasing

in Xi and decreasing in AXi, 1= fi0e0sD

of ) of
(3.2) ax, > 0 5 anx, < ©
i i
The matrix H of second derivatives can be partitioned in
- - |
A c 82f ‘ 32f
BXi oX. ] Xi 9AX.
(3.3) H = R Qo g
& B 2°f 3°f
AX.9 X. AX. 9AX.
) 9AX;d X | abx; 26X,
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Negative definiteness of the submatrix A corresponds with
(strict) concavity of the production function, negetive definiteness
of the submatrix B implies increasing marginal internal adjustment costs.
An important case occurs if C = 0, which implies that the generalized
production function can be separated in a standard production function

and an internal adjustment cost function.
(3.4) f(X,AX) = F(X) + A(AX)

If, in addition, we assume that the matrix B is diagonal a furher sepa-

rability of the adjustment cost function is possible, A(AX) = I Ai(AXi).
%
In the articles of Lucas, Schram, Treadway and Mortensen dif-

ferent assumptions are made with respect tot the seperability properties.
Lucas [ 3] implicitly assumes that A and B are negative definite, that C
is null and B is diagonal. Assuming that the firm maximizes its present

value it is possible to derive the multivariate flexible accelerator
(3.5)  AX = M(X - X%)

where X is the vector of actual input levels and Xx the vector of statio-
nary or equilibrium levels and M a matrix of adjustment parameters. The
long-run equilibrium levels x* can be determined independently of the
adjustment process and are, assuming constant price expectations, equi-
valent to the long-run equilibrium levels derived form traditional
static profit maximization models. These results are obtained using a
continuous time model; in Schramm [5] analogous results are derived using
a discrete time-model.

Mortensen shows for a continuous time model that the results
of Lucas depend on the assumptions with respect B and C. Mortensen shows
that if C is symmetric, which implies 32f/8XiBAXj = Bef/BXJBAXi, the
results with respect to the adjustment paths are basically the same as
the results found by Lucas. If in addition the matrix C is zero in the
point AX = 0, the stationary point X* is likewise independent of the

adjustment process.
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3.3. A new specification of the adjustment costs function

Given the g.p.f. we can measure the internal adjustment costs
in terms of production volume sacrified for the production of adjustment
services. In a perfectly competitive product market the value of the
adjustment services is easily measured by multiplying the production
volume foregone with the output price P. In the case of imperfect competi-
tion on the product market some modifications are necessary.

Let XA be the part of the factor inputs used for the production of

adjustment services
(3.6) K = g(ax)

where g is a vector function. The production volume sacrificed for the pro-

duction of adjustment services is
(3.7)  F(X) - F(x -Xx)

The 'generalized revenue function" can now be written as
(3.8) Y =P F(X - XV)

where the output price P depends on the production volume. The value of the

internal adjustment services follows from

(3.9)  QUax) = PXF(X) - P(x - XHF(X - x*)

so that we can write the revenue function as

(3.10) Y = P(X)F(X) -(Q(aX)

which is often a convenient specification in the derivation of the optimal

factor demand equations. In  this section - we will derive an intermal

adjustment cost function as defined in (3.9).



S .

The adjustment costs-function defined in this section contains
both the costs of the learning process complementary to the instal-
lation of new capital goods and the introduction of new workers and the
installation or re-installation services necessary if the ratio Xi/Xj
(i # j) changes. As to a reduction in input of factor i, this will not
be followed by an instantaneous adjustment of the production technique.
The substitution-process is a rather slow one, which implies a temporary
under-utilization of all other inputs. This under-utilization is measured,
in our approach in the form of adjustment services.

The magnitudée of the adjustment services depends not only on
the extent of the changes in individual inputs but also on the direction
of these changes. If all factors change in the same direction (expansion
or reduction of the firm's activity level) the adjustment services will
c.p. be lower than if the changes in the factor inputs show opposite
directions (substitution).

A possiple specification of the adjustment services to be

produced by factor Xi is

A n (i)(AX.)2 n n (i)'(Ax.)(A ;

(3.11) = I o= D)X._ 4+ o (=) (D)X, 3T.. = Tk,

3 5=1 JJ on 10 k=1 j=1 Jk on xko i0* "jk J
k#j

where XiO’ i=1,...,n, is a fixed initial factorinput. We can write

(3.11) as

R TR
A
(3.12) x‘l‘ (ax' x5! m x5! ax)x,

where Ti is a nxn symmetric matrix with elements Tjk and

X0

>
"

N

(3.13)

an

From the discussion on adjustment services follows that Ti is a positive

semi definite matrix with main-diagonal elements %o > 0 and off-diagonal
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elements T, < 0 (j # k).

The adjustment costs due to internal adjustment services are

measured as (See (3.9))

(3.10) Qax) = Y(x) - v(x-x*) = (%%{xo))' x* = el x*

shots X = (XA,...,Xﬁ)', and the gradient Yy is measured in X, =

(X10,...,Xn0)'. For the revenue function defined in (2.19) we obtain

1 a-1

(3.15) QL(ax) Iy, (aX" ia T. X7 AX)

1

P | -~
1
(Ax0 X, (AYi Ti)X

o AX)YO

a=1 . a1
1
(ax X, T X AX)YO

vwhere Y, = Y(XO) and

(3.16) T = Iy; Ty

T is a symmetric nxn matrix, which is assumed to be positive definite
(so that the adjustment costs are always 2 O).

In Section 4 we will need the Hessian matrix

520 AX)

(3.17) A = {5x_anx.
g

_ oga=1 g a1 - |
1 = (xo T X, )YO + (xo T X

Since T is a symmetric positive definite matrix and % is a positive
definite diagonal matrix, A is a symmetric positive definite matrix.
Further we will need the matrix A~' P where T is the Hessian matrix
of Y, defined in (2.21),

2
3°Y YR
X, axj}x = (XO G X )Y

(3.18) r = { o

0 0

exaluated in XO. If Y is a strictly concave function of X for X € S, T

: s o . 5. -1
is a negative definite matrix. The characteristic values of A T can
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be found from

1

(3.19) |AT r-2a1| =0

which is equivalent with

-1

(3.20) |a"'r-az] = a7 |r -] =0

From (3.20) follows that all roots XA; which satisfy r-2m|=0

5 1) =1
are negative . Further A
2;

vectors .

I has n linearly independent characteristic

Finally we define the matrix 261 Al io which does not

depend on the factor input levels XO nor on the output level YO 1

we use specification (2.19) for the revenue function. We can write

-1

& e BT

T X,.X, GX X (Y

n
P

; —4 =3 1
'3.21) 20 AT T X, s

1) Let |T - AA| = O since A is positive definite there exists a nonsingular
matrix W such that A = WW' or

It - aa] = |r - | = [wiZpW e -

abiere W P wl is a negative definite matrix. From

o

-2 =0 W rw™ =21l =0

follows then that all roots Ai are real and negative. -

5) Let A=' I X = AX then since A™' = W'™' W' ve obtain wlwlrx=axx

or W W WX = AW'X or W' T W' Y = AY where Y = W'X. Since

W T W'-1 is a symmetric¢ negative definite matrix, there exist n linearly
independent char. vector Yi and since W' is a non—singular matrix n

linearly independent char. vectors Xi
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and % =1 ¢ does not depend on X, nor on Y. 3)

Remark 1. This adjustment cost function is based on internal adjust-
ment services which consist of learning costs and (re) =
installation costs. This function is more appropriate to
describe expansion or substitution then to describe reduction~
of the activity level. If the firm reduces its input levels
the internal learning costs have to be replaced by external
costs as premiums for fired workers or capital losses on
sold capital equipment. Since these costs can in general
be described by a concave function, we might expect that
even in these cases the adjustment costs function described
in this section can be seen as a approximation of the

true adjustment costs.

Remark 2. If the government . takes over part of the wage bill in the
case of a temporary shortening of the working-week, this
can be seen as a subsidy of the government in the adjustment
costs (both internal and external) corresponding to a temporary

reduction in the labour-input.

3) In appendix A.2 we will need the characteristic values of the matrix'T_1 G.
For the two input case with y; = Yo = 0.4 and T is a diagonal matrix with
elements y, and y, the char. values of g a:e - 0.2 ?nd -1. If the
matrix T is a diagonal matrix with elements - 5 Yy and 7 v, the char.
values of T—1 G are -0.4 and -2. If the matrix T is a diagonal matrix

1
with elements 2y, and 272 the char. values of T G are -0.1 and -0.5
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L. The long-term adjustment model

4.1. Introduction and assumptions

In this Section we will derive the adjustment process of the
factor inputs to their optimal (equilibrium) values, assuming a profit
maximizing firm behaviour. Further assumptions are
(i) the market for investment goods, the labour markets and the

capital market are characterized by perfect competition, i.e.

the prices on these markets are exogenous variables for the

individual firm;
(i) the product market is characterized by imperfect competition;

the (long-run) product demand curve can be described by a

constant elasticity demand function;

(iii) the production function and the revenue function are defined
in Section 2, eq. (2.6) and (2.19);
(iv) the adjustment costs function is defined in (3.5).

4.2. A profit maximizing model in a stationary situation

We sssume that the firm behves as if maximizing the present
value of cash-flows over an infinite planning horizon under the
condition that for t > T no further adjustments in output or factor
inputs will be made. Further we assume constant price expectations for
the factor markets and the capital market and a stable long-run
product demand curve. Under these conditions the object function can be
written as

by ®

(k.1) v= 1 g%x -Q(ax,) - w'X, - q'AX,) + I B%(Y. - w'X.)
t=1 ® . ) ey DT

where B = 1/(14r), r being a constant discount rate, w is a vector of

factor



- 19 =

rewards 1 and q a vector of purchase prices.

We can formulate the following optimization problem. Maximize

T+1
(4.2) = Bt(Yt -Q(AXt)-w'Xt = q'AXt) + 81-3 (3{t - w'XT)

t

n~3

1

under the restrictions

(4.3) X

]
tal
+
>
>~

X, >0

Using standard optimization techniques the necessary conditions for a

5 2 " 8 % . . »
maximum ), if the maximum lies in the economic relevant region,

X. >0 (£ = 1,...,T)3, can be written as

1
Y,
E)q=w+(1-e)q+AAXt-BAAXt+1 2 ] g v ard B
(4.4)
3y,

T -
i, - (1-g)a + (1-8)ANX,
We will now assume that for all X, € § the revenue function Y(X) can be
approximated by a quadratic function so that we can linearize aYt/axt as

follows

1) The factor rewards consist of wages for the labour inputs and of deprecia-
tion allowances and maintenance costs for capital goods.

2) These necessary conditions are in our case also sufficient conditions,
since Y(X) is a strictly concave function and X, €8 for t =1,...,T.

3) In fact we assume that X, €5 b= T5000sT)
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(L.5) Erro(x, - XF) +w+ (1-8)g
t

where %% (Xx) =w + (1-B)q, x* e S, and T is evaluated in X
Substituting (4.5) into (4.4) we obtain

0°

- B A AN . b= 1,2500.,T

A AX

r(xt-x*) 3

(L.6)

r(xT-Xf) (1-8)A 8Xg

-

or written as & system of difference equations in X, we obtain

o = *

(B.7)  BX o+ (AT T - (H#8)D)X ,, + X = (A T)X™ t=0,1,2,..

with‘endpoint coq?itioné

-1

(h.8) (a7 r - (1-e)Dxy + (1-8)xy_, = (47! T)x*

and beginpoint conditions Xy = XO for t = 0.
The system of difference equations (4.7) - (4.8) can be solved.
The result is

n
(b.9) X, = T d¥ec. Al +x* B = 0,1,800-

where Ai are the roots of the characteristic equation of the system of
difference equations (L.T), c; are corresponding characteristic
vectors and d: are constants to be determined from begin- and endpoint
conditions. After some manipulations we find that (see Appendix A.1)

¥

(hi.10) . o< Ay <1 iR [

Using (L.10) we can write (L4.9) as



= 21 =

(h.11) %X, = (D, A° %D AZ + I)X%

where D1 =[4 n+1 cn+1""’d2?n 2n]’

and 4, = (x*)'1d§, I PO

(4.12) lim di =0 i = nhl 50 e 520

Further (D1 A: + 1)x* satisfies the endpoint conditions (4.8) if T + w.
Thus we conclude that if T is large we can neglect the unstable part
D, A; X* and write the solution of the system of difference equations

as
_ A *
(4.13) X, = (D1 Ky ® T)X

The constants (d1""’dn) can be determined from the beginpoint condi-

tions. We find
(b.14) Dy X* = (X, - X°)
The following results can now be obtained

(45.15) (X, - X .) =D (n% = ab x*
E t=1 1 1 1

or for t =1



- 22 =

(5.16) (X, = X) = D, (A, - )X

Since D is a non-singular matrix, see Appendix A-1, we can write,
using (b4.14) '

(4.17) (X, - X) = (D,(A; - I)D] ) (X, - X5)
and
(4.18) (X, - X,_, = (D, (A, = DAE™" DT)(x, - XF)

Defining B = D,(I - A1)D'1'1 we obtain

(5.19) X, = B(x*..xo)
and
t-1
ax, = B(1-B)*7 (x* - x) = B(X* - x,_,)

which defines a geometric adjustment process.

From (4.19) follows, premultiplying with the matrix io 3

defined in (3.13),

L | -

(4.20) X' Ax, = (xo1 B fco)(;(g1 ™ ia‘ X,)

and

251 ax, = (X' B R )1 - X' B X)) - X5 x))
or defining B = 261 B iofﬁt = ia1 Xy s Ait = i61 AX,, and 1 = (Tseams 1)
(h.21)  aX, = B(X* - 1)

8%, = B(1 - BN . O

A§1 and Ait in (4.21) are the solutions of the "rescaled" system of

difference equations (L4.T)



-

(4.22) B T(t+2 s a e X - (DX L+ X = (X AT XX

with endpoint conditions

.23) (&' a7 r R - (X + (10, = G5 AT T xR

and beginpoint conditions

(L.2k) it =1 for £ =0

P (e (T . g
The matrix XO A iy XO =i T

does not depend on the (initial) levels of output or factor inputs the

G is defined in (3.21). Since T™' G

matrix B, corresponding to the system (4.22) - (4.24), does not
depend on X

of T G.

o °F YO but only on the discount factor B and the elements
In Appendix A.2 the behaviour of AX, is analysed as function
of the finite time horizon T. As might be expected, the first period
adjustment in factor inputs for finite T, AX1(T), converges quite rapid
to the asymptotic solution (for T + =) AX, in (4.19) if the adjustment
costs are low. If the adjustment costs are high the convergence is
slower. However in most cases a value of T > 10 will be sufficient to

approximate the finite horizon solution AX1(T) by 4X, in (k.19).
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4.3. A profit maximization model in a situation with cyclical distur-

bance

We assume that the firm behaves as if maximizing the present
value of cash-flows over an infinite horizon under the condition
that for t > T no further adjustments in output or factor inputs will
be made. Further we assume constant price expectations for the factor
markets and the capital market and a stable long-run product demand
curve except for the first period. In the first period we assume a
temporary shift in the product demand curve so that the revenue function

can be written as
(k.25) ¥° =n ¢S

where YS is the stable long-run revenue function, YG the revenue
function in period 1 and n a cyclical indicator.

Further we have to redefine the adjustment costs function
in period 1. From (3.9) follows that the internal adjustment costs

in period 1, AC(AX), can be written as

(u.26)  a%(ax) = Y(x) - Y(x - ¥

where X' is defined in (3.6). Combining (4.25) and (4.26) we obtain
(k.27) AC(AX) = n A (AX)

where A(AX) is the internal adjustment costs function corresponding
to the stable long-term revenue revenue YS.

We will now formulate an optimization problem under the
assumption that actual production is equal to the actual production
capacity minus production capacity used for the production of adjustment
services.

For a stable long-run output demand function this assumption is not very

restrictive but if we study the firm behviour with respect to short-run
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cyclical disturbances this assumption is not always realistic.

However for econometric purposes a distinction between firms and periods
where Q = F(X) and firms and/or periods where Q < F(X) is trouble-

some (aggregation of factor demand equations and a suitable specification
of dynamic behaviour are then practically impossible). The optimization

L -
problem can now be formulated as ), maximlze

i
(4.28) V= B(Y? - QC(AX1) e w'X1—q'AX1) - Z Bt(Yt-(XA)(t)—w'Xt-q'AXt)

t=2
+ (8™ /(1-8) (g - wixy)
under the restrictions
(k.29) X, =X _, + 8% B= fysnsgl
X, 2 0

Using standard optimization techniques and supposing that the maximum
lies in the economic relevant region , X > 0 bt = VasesT)s Ehe
first order conditions can be written as

dY

1

(4.30) 'a')?{ =w + (1-8)g + AAX, - BA AX,
oY,
3}; =w + (1-B)q + AAXt = BAAXt+1 Al TSP | |
8y,

w + (1-)g = (1-8)AX,

4) In our model the condition that actual production Q equals
actual production capacity minus production capacity used for the
production of adjustment services corresponds to the condition that
the marginal net revenue, 3Y/3Q, is positive. (Net revenue is defined
as (gross) revenue mipus variable costs as costs of materials ete.)



5 DB s

where Ac is evaluated in Xo.

Linearizing 8Y1/3X1 and BYt/BX , t =2,...,T we obtain

(5.31)  T_(X, - X5) = A_ AX, - BA AX,

r(x, - ) = A AX, = BR M. T Zypeena B
I(Xp - X%) = (1-8)A AX,,
ax° .
where T is evaluated in X, and 75— € c) =w+ (1-8)q.

Since from period 2 the firm operates in a stationary situation
the change in factor inputs AX2 can be found, using the heuristic argu-
ment of the "optimality principle", from the results of Section 4.2.

So we obtain

(4.32)  AX, = B(X* - X,)
Substituting (4.32) in (4.31) we obtain for period 1
(4.33) T (X, - X3) = A_ AX

, - 8A B(X® - X,)

and for AX1 we find

1 = e =
(4.34) [A7' T - T-gA]' ABIAX, = A rc(x:-xo) -gas' A B(x’-xo)

Since

(4.35) A; F. =25 K .nEFB=48"F

we can write for (L4.34)
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~ - 3 =9
r - I-8n B]Ax1 = A r(xc-xo) - Bn

(4.35) [A” B(x*-x,)

1

Since the matrix [A_1 I - I-8n Bl is negative definite we can solve

8X, uniquely from (4.35) and we obtain

(b.26)  aX, = B (X:-X,) + B, (X*-x.)

where

T il O B]'1 A7l T

[se]
]

(4.37)

Tr-1-gn B (-8

The matrices B, and B, are positive definite. Unfortunately

they depend on the initial input levels X, and on the cyclical

0
indicator n. Analogous to the derivation in (4.20) - (4.24) we can obtain

a "rescaled" solution by premultiplying (L4.35) with ', we obtain

0
s ool . & T X . P e 1
(4.38) [X5' a7 X ~1-nT! BaX, = (XA X)) (X ~1)-gn B(FF 1)
where 261 A7l X, = %-T"1 G is defined in (3.21), B, X, X in (4.20).
The matrices 261 A-1 r XO and B do not depend on the (initial) levels

of output or factor inputs.

We can rewrite (4.38) as

(4.39) A%, =3B (i: -+ B - )

The matrices 51 and § do not depend on factor input levels or output

2
level but vary with the cyclical indicator n. From (4.38) follows that
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\

the elasticity of the elements of %1 with respect to n is positive but
always considerable smaller than one and that the elasticity of the
elements of 52 with respect to n is negative but always larger than
minus one. Thus the behaviour of 31 and EQ is counter-cyclical if

n<1but prp-cyclical 1P nss 1,

Remark: If the condition Q = F(X) is satisfied in all periods except
in period 1 the first order conditions for period 1 can be

written as
(4.40) -ACAX1 = w - BA AX2

where AX, is determined in (L4.31). Substituting (4.31) in (4.40) we

obtain
(b.41) (A, - BAB) X; = w - BA B(X* - X,)
or since (-Ac - BA B) is a negative definite matrix

(4.42) AX, = (-Ac - BA B)'1 w o+ (Ac + BA }3)‘1 g B(x* - xo).



APPENDICES

A. Properties of a system of second order difference eguations with

begin and endpoint conditions.

A.1. The solution of the system of difference equations

Let the system of n difference equations be given by

(&.71) + (A-(14B)I)Y

AR AL A £ =0,1,2,...

BYt+2
where 0 < B < 1, A is a non-singular nxn matrix with negative roots and n
linearly independent char. vectors. Further we define the hegin and endpoint

conditions
(a.2) Yo = Y(O)

(A-(1-8)D)¥y + (1-B)¥g_, = AY
Firstly we consider the homogenous part of (&)

+ (A-(1+B)I)Y

(A.3) 41

BYi 4o 1. =8
and try a solution of the form Y, = At c where c is a vector and A a
scalar. Since we are only interested in non-trivial solutions the roots

Ai and corresponding vectors c; can be found from

(A.k) AP[T + (a-(1+)T)A + BA°I] =.0
or from
(A.5) A A -1 =0

where y = (1+8) -BA - »~'. From the fact that A is a non singular matrix

with negative roots and n linearly independent char, vectors follows that
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all y which satisfy (A.5) are negative and that there exist n linearly
independent vectors s which are the characteristic vectors of A,

corresponding to the roots y; of (Bs5)

For the function f(A) = (1+B8) - BA - A_1 we find

£(x) > 0 Ae@y Nex< 1/8
f(x) =0 x=1,2=1/8
f(Ax) <0 : 0=Xx< 15 X 3/B

and the sign of the first derivative in the relevant region of A is

F1LA) = @ 0< X <1

£1(X) <0 x> 1/8

Thus for each y; (Yi <0,i=1,...,n) we find two roots (Ai, A )

i+n
where

(A.6) 0 < <1

Ai+n > 1/8

Thus we can write the general solution, YS, of the system

of homogenous difference-equations (A.3) as

t

n _ n
(A.T) T, = i d. A. c. + i dn+i Asi

_ ak t
c; = CAy d, +CAj 4,

where A1 is a diagonal matrix with elements Ai (1= 1305:50) and
A, is diagonal matrix with elements Ansi (i =1,...,n). C is the matrix
of characteristic vectors ey (i = 1;.+.5n) and d1, d, are vectors with

elements Ei, an+i (i = 1,...,n) respectively which are
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constants to be determined from the begin and endpoint conditions. A
particular solution of the system (A.1) is given by Y* so that the solution

of this system is

(A.8) Y

_H
t_Yt+Yx

Substituting (A.7) and (A.8) in the begin and endpoint conditions

we find
(A.9) cla, +d,) = Yoy - ™

[ (A-(1-8)T)CAT+(1-)CAT ' a H (A-(1-8)T)CAZ+(1-8)CAZ "1 d, = O

We can write (A.9) more compactly als

(A.10) c c a, |= _Y(O) "
By AT By Ay 4, 0
where
By = AC A, - C ((1-)A; - (1-8)I)

(A.11)
B, = AC A, - C ((1-B)A, - (1-8)I)

Since A C = C T where T is a diagonal matrix whose elements y; are the roots

of (A.5) we can write for B,, B,
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(a.12) B, =clra, - (1-g)A; + (1-8)1]

[oe]
[}

5 =colra, - (1-3)/\2 + (1-8)1]

From (A.6) and (A.12) follows that B, and B, are non-singular matrices:

(A.13) B, = -8 c(Af -2 A+ 1) = =g c(ry - I)?

1

2

2
-8 C(A2 -2 A

os}
]

+ I)=-8 c(A2 = )

2

> follows that d1 and d2

solved uniquely from (A.10), since the matrix in the left hand side of

From the non-singularity of B, and B can be

(A.10) is non-singular. From the beginpoint conclitions in (A.10)

follows

(A1) @&, = @' ¢

’ Y(o) - 5 - a

2

Substituting (A.14) in the endpoint conditions in (A;10) we find

-1

T -1 T=1 T-1
ATl C (y(o)-y*) + (B, A

5> = By Ay Yd, =0

(A.15) B >

& =

Since (A.15) holds for all T and since B
on T we find from (A.15) for T + o

1 and B2 do not depend

(A.16) 1lim B2 A d, =0
and thus
(A.17) 1limd, =0

T

Combining (A.17) with (A.14) we find

(A.20) 1imd, =C (y(

Ty
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Finally it follows from (A.17) that for all t < T

(A.21) 1lim C A; a, = 0

so that

(A.22) 1lim yf =C A: a
T

where d, is determined in (A.20).

Solution (A.8) with d, and dy determined from (A.14) and (A;15)

1
is anuniquely determined solution of the system of difference equations
(A.1) with boundary conditions (A.2). Thus, using a constructive method,
we have shown that the system (A.1) with boundary conditions (A,2)

1). Further we have shown that the solution

has an unique solution
depends on T and that for T + « only the stable part of the homogenous

solution YE is left over.

Remark 1: If the endpoint conditions are given by

(A.23)  (A-(+B)D)Yp + (1-B)Y, , =AY  + D
we can determine the vectors of constants d1 and d2 from
(A.24) & c a | AN
o (0)
B, A?-1 B, A?" d, b

which implies that d, and d, can be uniquely solved.

The behaviour of YE for T + » follows from the analogon of

(A.16):

1) In fact it is not true that every system of difference equations
with corresponding boundary equations has an (unique) solution.
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(A.25) 1im B, A?" d, =bd
Toreo
which implies
(A.26) Lim A} ' @, =B;' b
T
lim d, = 0
T 2
lim 4, = c"(y(o) = T
Ty
For the homogenous solution YE we can write
t t-T T
(a.27)  vi=cala, +cayT Al a,

so that if t + » and T + = such that (t-T) is a fixed number we find

. H & 2 t=-T .. P
(A.28) 1im Y lim C Ay 4, + C Ay " lim A, d2

t , oo toe T

[}
Q
>
o)
o

Further we find that if for fixed t, T » «

"

(A.29) 1lim YE

c‘n? d, + lim C A;_T 1im AT A
T T Toroo

2 2

= Ab

1 da

1
Thus if T is large we can for small values of t approximate the homo-

genous solution YE by its stable part.

Remark 2. A slightly different system of difference equations

is given by

(A.1.a) BY

s ¥ (A+B-(1+B)I)Y

ey T ™ (a+B)Y"
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where A is as defined in (A.1) and B is a metrix with char. roots < O.
Further we have as boundary restrictions

(A.2.a) ¥, & Y(

0)

(A+aB-(1-8)I)Yy + (1-8)Y,_, = (A+B)Y" + b

where 0 < a < 1.
The general solution of (A.1.a) is completely analogous to
the solution (A.T):
_ t t
(A.T.a) Y, =C_ A5 d, +C, Ay dp + Y5
where C is the matrix of char. vectors of the matrix A + B, A1a and
A, are the matrices of char. roots of the diff.eq. (A.1.a) and dig

aiz d2a are the corresponding vectors of constants to be determined
form the begin and endpoint-conditions. The properties of A1a and A2a
are identical to the properties of A1 and A, in (A.7) and it follows
from the assumptions on A and B that Ca is a non-singular matrix.

The analogon of (A.11) is

(A.11.a) B

15 (A + aB)Ca A1a - (1—B)Ca(A1a - 1)

B

2a (A + aB)Ca A2a - (1_B)ca(A23 -1

Since o and g vary independently from each other the matrices B1a

1
L B2a 2a)
can be solved uniquely from the analogon of (A.2L4). Further we find as

are in general non singular so that the vector (d1a’ d
analogon of (A.25)
2a " 2a 2

(4,25.a) 1in B, 57 4 L=b+ (1-a)BY®
T

which implies
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{A.26.n. ) Lim Ag—1 d. = E b B;; (1-a)BY*

Troo 2 2a

n
o

lim 4

T -

and together with the analogon of (A.1L4)

lim 4
Treo

-1
1 = Ca (Y(O) e Y*)

For YE we obtain results completely analogous to (A.28) and (A.29)

so that for large values of T and small values of t the homogeénous
t

solution Yg can be approximated by its stable part: Ca A1a d1a'
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A.2. The dependence of the first period decision on the finite time

horizon.

The system of difference equations (A.1) with boundary conditions

(A.2) can be rewritten in a cumulative fashion as

F-A 8T © @ wse DO o Ty, " _A(Y(O)-Y*ﬂ
-A I-A -BI 8Y, A(Y(o)-Y*)
(A.30)
A -A I-A -BI 8Y, A(Y(O)-Y’)
<A A =& <A I-A -BT ||, | |ACY 0)-Y*)
A A A A -A (1-3)1-& LAYT ] {A(Y(O)-Y*)—‘

where A is the matrix defined in A.1. Since the matrix in the left hand
side of (A.30) is a non-singular matrix for any T the vector (AY1,....,AXT)
can be solved from (A.30) uniguely.

A simple algorithm to solve AY, from (A.30) consists of combining

1
the rows of the matrix in (A.30) so that all elements in the last row vanish

except the first element:

(A.31) Dyp AY

Dpp(¥y = ¥5)

1 =

where D1T and D2T depend on T. For AY2,...,AYT a solution can be obtained

in a similar way.

To analyse the behaviour of D1T and D2T if T varies we formulate

the following lemma which can be proved by using the complete induction.

theorem.
Lemma
Let k =T-2, then AY, can be solved from the following matrix
expression
(4380 Bgps 8%y = Dy (05 = £
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where

. - _D
Dogeq = Dogq + 1/8 Dy A Do = 1/B Dy = Dy

with starting matrices
D, = A+ 1/8 ((1-g)I-A)A D, = 1/8 ((1-8)I-A)-D,

Further, since A = C T C-1 where T is a diagonal matrix with

negative elements, the following results can be obtained

-1
(A.33) Dy, = C Ly, (T)C

-1

=CL (r)c

Dog+o Dk+2

where sz 1(I‘) is a polynomial expression in the diagonal matrix I' and
+

is a diagonal matrix with negative elements and L2k+2(F) is also a

polynomial expression in the diagonal matrix I and is a diagonal matrix

with positive elements.

From the lemma and (A.33) follows that AY, can be obtained from
-1 -1
(A.38) 8%y = C(Lyy, ()7 Ly, (D)7 (x, - ¥9)

Since L2k+2 and L2k+1 are both diagonal matrices we can restrict our
investigation of the behaviour of the matrix product in (A.34) as function
of k to an investigation of the behaviour of the elements of the product
-1

Log+o Loyeq 88 function of k.

Let Vi be a diagonal element of L2k+1 corresponding to the root
Y of A (element Yy of T) and let Xk be the corresponding element of

Loy4ps for k = 0,1,....,T-2. From (A.32) and (A.33) we then obtain

(A.35) Vs BN * 1By X =10, 1,850 o

Xeer = 1/8 X = vy,

with initial conditions
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(A.36) v y + y/B (1-8-y)

1/8 (1=y)2 -1

X

In (A.35) and (A.36) we have defined a system of first order difference

equations with initial conditions, This system can be analysed
using standard techniques.

We can rewrite (A.35) to

7 -

Vi+1| 1 v/8 Vg

1=y
= /8 | X,

ka+1__I

The roots of this system can be found from solving the characteristic

equation
(A.37) 1 -a y/B
- -

or

(A.38) (1_0.)(1;1 ca) 4 Xwp

B
or
& =5+ l-gl)a + % =0
so that
=1 Iy o 1 I=yy2 _ L
(A.L0) % o= (1 # 3 L LR z )< - 3

Since (E:L-%:ll)2 = %-> O for all y < 0 and 0 < B < 1, Both roots

are real and further we find

(A.41) 0<a, <a, and a, > 1

2 i
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The solution of the system (A.36) can be written as

(A.41) k |=a 7 e =105 15204

where Z1, Z, are the characteristic vectors corresponding to @, and oy

These characteristic vectors can be solved from

1 -a. v/B Z 18 18es

which yields

(A.43)

N
I
-
H.
1}
—
-
n
-
.

o3
|

8
e (1—ai)

The constants &, and a, can be obtained from the initial conditions (A.36).
-1

Ok+2 L2k+1 we are 1nterested inthe behaviour

For the analysis of L

of
o K k
a3 XE.= ay oy + a, a, =
X (1-a )uk+a (1-a )ak 8
1 15502 2" 2
or
Qa
v et ag(ag)k
I 1 .
(A.45) Xk > 2
o Uity Bt { sy 2
1 1 2 2 “ Vet !

1

If T > = and thus k » ®» we obtain for the quotienth/xk

. k -
(A.L46) lim — =
Koo B ey
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Using (A.46) we can obtain a solution for AY, if T » =. Combining
(A.34) and (A.46) we obtain

(A.47)  lim 8y, = CF 7 (¥, - ¥7)
T
and F is a diagonal matrix with element fii:
-y.

_ i
(a.48) £, = B(i-a;,)

1

where y; is the i-th root of A and a., is defined in (A:40).

An analytic analysis of the behaviour of Yk/Xk is extremely dif-
- ficult and not very promising so that we will confine ourselves to a numerical
-0.5 and B = 0.9 we find for o

analysis for y = -0.5, B = 0.9. For y ]

and 05 Z1, 22 and 84, 85°

. i " 3 . . & X 0.83
oy = 2:15 3 Z11 =1 3 Z21 =1 84 = -1.48 1.67
- : " . - - 0.83
a, = 0.52 3 Zy,=-2.07 3 Zp, = 0.864 ;a,=-0.15 Tig=
-
and for k = O we find
v a, + a
0 1 2 = 4
—_—= v = =0.5556
X, a1(1—a1)+a2(1-a2) R
'
T T Tl =¥ o 5.5
X, a1(1-a1)u1+a2(1—a2)a2 R
2 2
v
‘s _ a, a7 + a, o, i e
% 2 2 "B o
2 a1(1-a1h1+a2(1—a2)a2

2) In fact the same results can be obtained by solving the algorithm (A.32),
(A.33) directly for k = 0,1,2,3,...
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v
X—3 = —0.48k
3
V
1lim ——'= -0. h783

ke Xk

In this example the convergence of Vk/Xk to its limit is quite rapid.

Though this approach is more adequate to analyse numerically the
behaviour of AY1 if T varies then the approach in Section A.1, we have
not been able to obtain general statements based on an analytical analysis
of expression (A.45). In Table 1 we will give additional numerical results
for several y. Finally we will show in Section A.3 that the approach
in this Section is basically the same as the approach in Section A.1.

Table 1 shows the results for y = -0.1 and 8 = 0.9 (corresponding
to very high adjustment costs and thus to a low adjustment speed of Yt
to Yf)and vy = -2 (corresponding to low adjustment costs and thus to a high
adjustment speed of Y  to Y*).

3) See footnote 3 in Section 3.3.
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Table 1
|
| v ==0.1 B =0.9 y =-2 g =0.9
% o, = 1.46 a, =0.76 a, =L.055 a, =0.275
P By = 2oy =1 Gyq = 1 Zp1 =1
i Z,, = kb Z,, = 2.16 Z,, =-1.315 Zy, = 0.326

a, = 0.38 a, = -0.54 a, = -6.76 a, = -0.098
: —
‘. 1—2: —2,67 ;g—= =0 .7l
i| v./Xqy = -0.684 V_1= o

%

Vo/X, -0.418

\/3/X3 = -0.323

Vh/xh = -0.282

Vo /% = -0.262

Vi
lim 2 = -0.727h
X
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A.3. A comparison of the results of Section A.1 and A.2.

In Section A.1. we obtained an expression for Y1 for T +» », see
A.22;

(A.49) ¥, =C A d, + Y

1

where d, = C-1(Y(0) - T%) so that since Y

o = X

0)

-1
(A.50)  ¥,-Y, = C Ay € (Yu=¥") = (¥5-1")

0

or
(A.51)  aY, = c(a, - )¢’ (¥ ~ *)

where A1 is the matrix of stable roots of the homogenous system of difference

equations (A.3) and C is the matrix of corresponding characteristic vectors.
. In Section A.2 we obtained for AY, and T + = the expression,

See (A.L4T)

(A.52) AY, =CF c'1(YO )

where F is defined in (A.L48).
Since both methods are equivalent the following result must
hold

(a.53)  c(A,-I)C =cFC
or

(A.54) A, -I=F

Since both matrices are diagonal matrices we can redefine (A.54) in terms

of its diagonal elements as
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(A.55) p w1 &8 § = Ty ws weall
or

~Yi .
(A.56) )\i—1=m 1 = ligemensh

where Ai is defined in (A.6); Y5 is a characteristic root of A and o,
is defined in (A.LO).

Expressing y: and o., in terms of A. we find, dropping the suffix i
i 11 1

o M J 1 1
61_2()‘+AB)+2“—>\BI

For I)‘-;—Bl we can write, since 0 < A < 1 and 0 < B8 < 1,

so that

For (A.56) we find

% o B Sliﬁl:_ﬁl:%l__
B - A

or
(=1)(B2"") = gr - g+ 2" =1
or

(x=1) (B—x'1) = Blx=1) = 2 (1)

Since this derivation holds for every i = 1,....,n we have shown that
(A.54) holds.
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A.L. The existence of an optimal solution for an infinite horizon model

In Section 4 and in Section A.1, A.2 and A.3 we have analysed
the behaviour of the adjustment process if T - «. Implicitly it was
assumed that the optimization problem defined in (4.2) is well defined for
T +» ». In this Section we will show that this assumption is satisfied.

Define the optimization problem (4.2) as

Maximize
T T+1
% .
(A.57) ti16 MR (Xp) + {5~ MRp(Xp)

under the restrictions

1)

where S is a compact subset of R" and NRt(Xt) is defined as

(A.58) NR(X,) = Y, -(L(Axt) - w'X, - q'AXg o S Wi

NRT(XT) = Yq - w'Xg

From (A.58) and the definitions of the function Y,(l(AXt) given in Secton 3
follows that the (net revenue) functions NR and NR; are uniform continuous
differentiable functions for Xy € S. This implies that NR and NRT are

bounded for all Xt € S, and that the discounted net revenue

T4+1
8° MR(X,) + B2 R (xp) X, €5

(A.59) +

I ~3

t=1

1) The restriction Xt € S is not very restrictive, given the strict concavity

of Y, the set of Xi's which yield a non-negative discounted net revenu is

for all T a compact subset C r".
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is bounded for all T > O.

We now define the vector (X) as the vector (X1’X2"""xt"")
so that X, € S for all t > 1. An optimal solution for the infinite horizon
problem is defined as the vector (&) such that

(A.60) viX), ves 0, vTs> 0, Hv>7T:
% e 41 - T +1
: g MR(X) +E—MR (X)> £ ' MR(x) +E— MR (X)) -¢
£=1 t 1-8 T~ P t 1-8 T T

For a similar definition for a continuous. time model see Halkin [9, p. 269] .

Further we define the sequence of vectors (X)T=(X1T;X2’T;...;Xt,T;..

as the sequence of optimal solutions of the finite horizon problems. Now

3

suppose that there exists a vector (X) such that
(4.61)  lim (X)g = (X)
T

in the sence that

(A.62) Y n > 0; @T > 0
Yig® lxt'xt,Tl <

Let (X) satisfy (A.61) and (A.62) then follows from the uniform continuity
of NR and NRT
(A.63) Ve

>0, Ve >0 4T > 02

1 2

Ve < T |NR(X) - WR(X, p)] < ey

and  |NRy(Xy) - NRy(Xp )] < e,

From (A.63) follows that (X) defined in (A.61) and (A.62) satis-
fies the definition (A.60) so that (X) is an optimal solution of the

infinite horizon problem.
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That (X) defined in (A.61) and (A.62) satisfies (A.60) follows

from: choose an (X), then for each T > 0

T+1

i t " 8 = T
(A.6k4) t£1 g NR(Xt,T) * 95 NRT(XT,f) 3_t£

T+1
t B __
B NR(Xy) + J5~ MR (X )

1

g B semsial s
Tyt 2,T BT
problem with horizon t. Further follows from (A.61) and (A.63) that for

all e > 0 and for al1 T > 0, g T > T:

where (i)T = (X ..) is the optimal solution for the

. T+ - = b 5
(A.65) | (ze“NR(X,)+ %:E—NRT(XT))—(ZBtNR(Xt,T)+ %:E—NRT(XT,T))I <e

-~

Combining (A.64) and (A.65) we conclude that (X) = (21, 22,...,Xt,...)
satisfies (A.60).
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