l_’__l
TILBURG 0}%?%_? ¢ UNIVERSITY
l‘jf’l

Tilburg University

Uniform limit theorems for marked point processes
Nieuwenhuis, G.

Publication date:
1993

Document Version
Publisher's PDF, also known as Version of record

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Nieuwenhuis, G. (1993). Uniform limit theorems for marked point processes. (Research Memorandum FEW).
Faculteit der Economische Wetenschappen.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 06. Oct. 2022


https://research.tilburguniversity.edu/en/publications/13ae2484-0c03-45ce-8068-280f4d7507a9




UNIFORM LIMIT THEOREMS FOR MARKED
POINT PROCESSES

Gert Nieuwenhuis

FEW 606

Communicated by Dr. M.R. Jaibi



4 77 K.\J.B.
// BIBLIOTHEEK
7 TILBURG




Uniform Limit Theorems for Marked Point

Processes

Gert Nieuwenhuis
Tilburg University
Department of Econometrics
P.O. Box 90153
NL-5000 LE Tilburg
The Netherlands

Let P be the distribution of a stationary marked point process on R and let P{ be its
Palm distribution with respect to a set L of marks. Starting from P, the probability
measures P; 1, 1 € Z, arise by shifting the origin to the :’th occurrence with mark in L.
In Nieuwenhuis (1994) it is proved that n=' "%, P; 1(B), B a set of realizations, tends
uniformly to Q% (B). Here QY is a probability measure which equals P? under a weak
ergodicity condition. In the present research this uniform limit theorem is generalized
by replacing 15 by functions f with |f| uniformly bounded by a fixed function g. It is
also proved that similar results hold if the starting point P is replaced by Pf,, where L’
is another set of marks with L N L’ = . As a preliminary a theorem is proved which
implies an easy way to express Pp,-expectations in terms of Pf-expectations. In a “dual”
theorem the roles of P and P} are interchanged. Starting from P, similar uniform limit
theorems are derived for Cesaro averaged functionals. The limits can be expressed as
expectations under a probability measure @; which equals P under a weak ergodicity
condition. In a final section it is shown that uniform approximation of P and P is still

possible without ergodicity restraints.
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1 Introduction

Many problems in queueing theory concern the relationship between the arrival-
stationary model and the time-stationary model. One way to compare the two mod-
els is to approximate the first when starting from the second, and vice versa. Some
approximations of this type are treated in this research.

The theory of stochastic processes with an embedded marked point process (PEM P;
see Franken, Konig, Arndt and Schmidt (1982) and Brandt, Franken and Lisek (1990))
seems to be the natural tool for treating such problems. Since, however, a PEMP is
nothing but a marked point process (M PP) with special marks, we will use the theory
of MPP’s on R to consider approximations of the type mentioned above. All results
will be stated for M PP’s.

Let P be the distribution of a stationary MPP ® on R and let P be its Palm
distribution with respect to a set L of marks. A formal definition follows below, but
intuitively PJ is the conditional distribution of ® given the occurrence of an “L-point”
(an occurrence having its mark in L) in the origin. This intuitive definition is motivated
by the local characterization of the Palm distribution as a limit of conditional probability
measures. See Franken et al. (1982; Th. 1.3.7) or Nieuwenhuis (1994; Th. 10). Inspired
by the definition of P in (1.3) and the inversion formula in (1.5), the relationship between
P and P} could (as in the unmarked case, see Nieuwenhuis (1994)) also be described by

the following intuitive formulations:

P arises from P} by shifting the origin to a time point in (—oo, +00) (1.1)

chosen at random.

P} arises from P by shifting the origin to an L -point chosen at random. (1.2)

A formalization of the intuitive random procedure in (1.1) is used for the length-biased
sampling (LBS) procedure mentioned in Cox and Lewis (1966) to derive relations between
P and the Palm distribution. In the present context of M P P’s this formalization would
go like this. Starting from an origin in a randomly chosen L-point (i.e. Pf is the ruling
probability measure), the interval up to the r’th L-point is considered. Here r is very
large. In this interval a time point is chosen at random and the origin is moved to it.
It is assumed that (as r — oo) the situation seen from this new position of the origin is
described by P. The heuristic arguments used on page 61 of the last reference depend,

however, heavily on whether a strong law of large numbers with degenerate limit holds



for the sequence of interval lengths between the occurrences. I'he question arises if the
formalization of (1.1) used in the LBS procedure is also applicable if the limit of the
strong law is nondegerate.

One of the objectives of this research is to clarify the intuitive random procedures (1.1)
and (1.2) for generating P and Py by choosing obvious formalizations. The formalizations
of (1.1) and (1.2) are in terms of limit results for Cesaro means. Note that the LBS
procedure motivates the use of such means for (1.1) because of the shift of the origin
to a time point which is chosen at random. In Nieuwenhuis (1994) it is proved that
for (unmarked) point processes a formalization of (1.2) with Cesaro means only leads
to the Palm distribution if a weak ergodicity condition is satisfied. The generalization
to marked point processes is, however, straightforward. Relation (54) and Theorem 7
in the above reference can be generalized and read as follows: When starting from P
the distribution of the M PP seen from an L-point, chosen at random among the first
n L-points, tends (as n — o00) uniformly to a probability measure Q9 which equals P}
under a weak ergodicity condition. See Theorem 1.2 below. Since this theorem can
also be formulated as a uniform limit result over all functions f with [f| < 1, it is
natural to consider the more general problem of uniform convergence for functions f
with |f| < g. In Section 4 necessary (and sufficient) conditions on g are derived for
this uniform convergence to hold. See Theorem 4.2 and Corollary 4.3. In Section 5 it
is proved that a similar generalization is valid if the distribution P, the starting point,
is replaced by a Palm distribution P{,, where L’ is another nonempty set of marks with
LN L' =0. When starting from P}, the distribution of the M PP seen from an L-point,
chosen at random among the first n L-points, tends uniformly to PP provided that some
weak ergodicity condition is satisfied.

In Section 3 a formalization of (1.1) is considered, so the roles of P and P{ in Theorem
1.2 are interchanged: When starting from P} the distribution of the M PP seen from a
position chosen at random between 0 and ¢ tends uniformly to a probability measure Q[
(as t = oo) which equals P if a weak ergodicity condition is satisfied. Things can again
be generalized by replacing the indicator functions by more general functions f with |f|
bounded by a fixed function g. Necessary (and sufficient) conditions on g are formulated
for the corresponding uniform limit result, see Theorem 3.2 and Corollary 3.3. Relations
between @, and P, and between Q1 and Q9 are derived.

In Section 6 the theorems of Sections 3, 4 and 5 are applied. It is proved that,
when starting from PP and P (or PJ,) respectively, P and P{ can still be approximated

uniformly by Cesaro means without assuming any ergodicity condition. Only the weights



of the realizations of ® have to be changed.

Our treatment involves conditioning on invariant o-fields. Some preliminary lemmas
are proved in Section 2. In our proofs we have to go from P? to P or from P to P2,
several times. The method used to bridge these gaps (the“Radon-Nikodym approach”,
see Nieuwenhuis (1994; Section 1)), is a consequence of Theorem 1.1.

A theorem closely related to Theorem 3.2 is proved in Glynn and Sigman (1992). In
this paper synchronous processes are considered which are associated with a point process
on [0,00). In the present research the approach is quite different from the approach in
the above reference. The conditions (and their necessity) are more analyzed, the limits
are characterized.

We next formalize some of the notions mentioned above and give some other defini-
tions and notations. Let K be a complete and separable metric space. A marked point
process on R with mark space K is a random element @ in the set of all integer-valued
measures ¢ on the o-field Bor R x Bor K such that:

¢(A x K) < oo for all bounded A € BorR.

Let Mk be this set and endow it with the o-field Mg generated by the sets [p(A x L) =
k] :={p € Mk : p(Ax L) =k}, k € Ny, L € Bor K and A € Bor R. The distribution
of @ will be denoted by P, a probability measure on (Mg, Mg).

For ¢ € Mk and L € Bor K we define the counting measure ¢, on Bor R by ¢1(A) :=
¢(Ax L), A € BorR, and write ®;, := ®(- x L), a point process on R. Set

MP = {p€ My :p1(~00,0) = py(0,00) = o0; px({s}) < 1 for all s € R},
My = {pe M :p({0}) =1},
MP = MPN Mg and MY = M) N Mg,

L € Bor K. Define A(L) := E®,(0,1], the intensity of the L-points. It will always be
assumed that P(M?) = 1, and that the intensity A(K) is finite. We will only consider
L € Bor K with P(M(°) = 1. The atoms of ¢ € Mg are denoted by (X;i(¢), ki(¢)) €
R x K, i € Z, with the convention

v < X_4(p) < Xo(v) 0 < Xi(p) < Xa(p) < ...



Xi(p) 1s interpreted as the ¢'th occurrence (or point) of ¢, k;(p) as the accessory mark.
For ¢ € Mf® we write X*(p) := X;(¢L), the “'th L-point of ¢©”, and al(p) :== Xk, (p) -
XE(p). For a realization p € M and a scalar t € R the element Tip = p(t+-) of M
arises from ¢ by shifting the origin to ¢ and considering the realization from this new
position. So, Tip can be represented by the set {(X;(¢) —¢,k;(¢)) : j € Z} containing
its atoms. The corresponding M PP is denoted by T;® = &(t + ). We assume that
®(t+-) =q @ for all t € R, i.e. that ® is stationary.

Two types of shifts will be considered. The time shifts T, : Mg — M, t € R, are
defined above. For fixed L € Bor K with P(M°) = 1 the point shift ¥,, 1, : M® — M°,
n € Z, moves the origin to the n’th L-point. It is defined by ¥, ¢ := @(XE(p) +-). The
probability measure P, 1 := PY;}, n € Z, on (M§°, M) arises from P by shifting the
origin to the n’th L-point. To illustrate our notation we point out that [J, . € B] =
{peMp:9,,p€ B}, BE MP andn € 1.

For L € Bor K with P(Mf°) = 1 the Palm distribution P of ® (or rather P) with
respect to L is defined by

1 ((0,1]x L)
e

D) > lA(ﬂi,L(P)} , A€eMP. (1.3)

=1

Note the difference between PP and P,y in notation as well as in interpretation. Sev-
eral probability measures on (Mf°, M7) have been defined so far: P, PP, P, . In this
research expectations with respect to these measures are denoted by E, E?, E, 1, re-
spectively. When another probability measure Q on (Mf°, M¥) is considered, we will
write Eg for the corresponding expectation. Expectation with respect to a universal
probability space (2, F, P) is (as in (1.3)) denoted by E. Note that P2(MJ) = 1. The

probability measure PJ has the following properties:

PP9;, =P forallneZ, (1.4)
P(A) = A(L)/:o PYXE(p) > u; p(u+-) € Aldu, A€ M. (1.5)

With the choice A = M§° we obtain E{af = 1/A(L). See Franken et al. (1982), Matthes,
Kerstan and Mecke (1978), Kallenberg (1983), and Brandt, Franken and Lisek (1990)
for more information.

The inversion formula (1.5) expresses P in terms of P?; the definition in (1.3) ex-

presses P{ in terms of P. There is another way of going from P? to P (and vice versa).



The essence of the approach is contained in the next theorem. it is proved in Nieuwen-
huis (1989); the extension to marked point processes is straightforward. First some
notations. Let @i and Q2 be probability measures on a common measurable space.
Q1 is dominated by Q, (notation Q; << Q,) if all Q;-null-sets are also Q,-null-sets; a
Radon-Nikodym derivative is denoted by 58—;- The measures @; and Q; are equivalent

(notation @, ~ @) if they have the same null-sets.

Theorem 1.1 Let n € Z and let L € Bor K be such that P(M§°) = 1. Then
() Pur~ P
. dPn L T 0
(i1) —p5- = A(L)ak, Pr-as.
dP;

Suppose that f : M — R is P-integrable. Since EQf = Eo1(f/ak)/A\(L) by part

(ii), we obtain:

1

bl=5m

1
E (Efoﬂo'l,). (1.6)

This relation expresses a transition from P to P where Py, is used as a bridge. At first
the origin is shifted to the last L-point on its left, to XZ. Then the importance of the
realizations is changed by way of the weight function (A(L)ag)~!. See Sections 1 and 2
of Nieuwenhuis (1994) for more information about two-step transitions of this type.
Reversely, if g : M — R is P-integrable with Eg = Egod, 1, then the P-expectation

of g can be transformed into a PP-expectation:

Eg = Eorg = \(L) E}(agy). (1.7)

For more applications of Theorem 1.1 we refer to Nieuwenhuis (1994). The approach in
(1.6) and (1.7), where Py, is used as a bridge between P} and P, is very common in the
present research.

Consider the following invariant o-fields:

1 ={A€EMP:T;'A= Aforall t € R} and

(1.8)
I, :={Ae MP: 9] A= A}.



it is weli-known that the sequence (a}) is Pf-stationary and that

l n
-T:Za{‘ —ab = E2(at|Z,) PP- and P- as. (1.9)

t=1
See also Nieuwenhuis (1994; Th. 3). ® is called pseudo-L-ergodic if

1
al = —— P-as.. (1.10)

A(L)
P (or ®) is ergodic if P(A) € {0,1} for all A € T, and Py is ergodic if PP(A) € {0,1}
for all A€ Z;.
We need more probability measures. Let Q9 on (Mf°, M{) be defined by

Q4(B) = E(EY(15|T1)), B e MZ. (1.11)

This probability measure seems to be more in accordance with the intuitive definition
(1.2) of PP than PP itself. This is expressed in the following theorem, which has been the
inspiration and motivation for the present research. In this result Q9 is approximated
when starting from P. For unmarked point processes it is proved in Nieuwenhuis (1994;

Section 4); the generalization to M P P’s is straightforward.

Theorem 1.2 Let L € Bor K be such that P(M§?) = 1. Then QY is equivalent to P§

and

Qi _ ~L po
an = ML)ay Pr- as. (1.12)

QY and PP are equal iff ® is pseudo- L -ergodic. The supremum

L A(L) [ .
sup |-y P[0 € Bl—Q%(B)| = —=E? |- afi—al‘
BEAE)‘;_" = g [JiLe |- QL(B) 9 L ln g )

tends to 0 as n — oo.

Note that aF = af 0 9; 1. In view of the intuitive definition (1.2) of P we might at first

sight expect that



n

1

i=1

-1 n
=1

additional conditions) tend to Eaf. By (1.7) and conditioning on Z;, we have:

However, since the limit result in (1.9) holds P- as., n Eo} will (under weak

Eal = M\L)ES (a{;azg) = ML)E} (5‘5)2
> M) (E8aE)" = xip-

Equality holds iff & = 1/A(L) P? -as., i.e. iff ® is pseudo-L-ergodic. So, the
intuitive limit in (1.13) is not necessarily correct. Note, however, that by (1.7) and
(1.12) Eaf = Eqo ag. All these arguments make Theorem 1.2 less surprising.

A family (Y;):er of integrable random variables is called uniformly integrable if

sup,e; E|Yi|1jy, 1> — 0 as b — oo, or, equivalently, if

sup E|Y;] = M < oo and for every € > 0 there exists § > 0 (1.14)
tel
such that for all events A with P(A) < § we have: sup,; E|Y;|14 <e.

For a probability measure ) we will abbreviate “uniformly Q-integrable” to “u.i. under
Q. The following lemma will be applied in Sections 3, 4, and 5. It follows immediately
from Theorem 5.4 in Billingsley (1968).

Lemma 1.3 Let Y, Y,,Y,, ... be nonnegative, real-valued, r.v.’s with Y, 4 Y. Then
(Ya)n>1 is uniformly integrable if and only if

EY < o0, EY, < oo foralln € N, and EY, — EY.

Let @, and @2 be probability measures on a common measurable space, both dom-
inated by a o-finite measure pu and having densities h; and h, respectively. The total

variation distance between @), and @), is defined by

d(leQ2) = /lhl — ha|dp.



it is weli-known ithat
d(Q:,Q2) = 23‘;9 |@1(A) — Q2(A)] = 2(Q1[h1 2 k3] — Q2[hy > k). (1.15)

Some final remarks. When talking about Radon-Nikodym derivatives, the attribute a.s.
(almost surely) is often suppressed. Lebesgue measure on (0,00) is denoted by v, ; a.e.
means almost everywhere. We will often make use of the time parameters t,n, k, ¢, and

7. The first is a continuous-time parameter, the others are discrete-time parameters.

2 Conditioning on invariant o-fields

One of the objectives of the present research is to obtain approximations of the stationary
distribution and the Palm distribution of a marked point process, without assuming
ergodicity. To realize this in this general setting we will condition on invariant o-fields.
The results in this section are rather technical. They will be applied several times in
Sections 3 to 5.

Recall the definitions of Z;, and Zj in (1.8). The following lemma is a straightforward

generalization of Lemma 2 in Nieuwenhuis (1994).

Lemma 2.1 Let L € Bor K. Then:
(a) If A€ Iy, then VA=A forall i € 1.
(b) I, =1I}.

Note that as a consequence of Lemma 2.1 every Zy-measurable function f : M§®> — [0,00)

satisfies
fodiL(p)=f(p) and  foTie)= f(p) (2.1)

for all p € Mf°, i€ Z,and t € R.
In view of Section 5 we next consider two disjoint, nonempty sets of marks. So, let
L, L'’ € Bor K and LN L' = (. Furthermore, set

MzoLl = MZOnMZ? and MIO::LI = MZ?LlnMK,
IL,L' = {A € MZC:L’ 19;LA = A},
I, = {AeMpL, :T7'A=Aforallt € R}.
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In the presence of two sets of marks L and L', the mappings ¥; 1, 9; 1+, and T; will always

be restricted to M;°,,. The following relations can easily be proved:

T M =T ;o -and ILﬂM"?:ILU;
L L L,L L ,

2.2
IL.L’ C IL and IL,L’ c Zi. ( )

At first sight the second equality in part (b) of the next lemma seems rather surprising.
Lemma 2.2 Let L,L' € Bor K with LN L' = 0. Then:
(a) If A€IL i, then VA=A forall i€I;

(b) IL,L’ = IL‘LI = ILI‘L.

Proof. Since Iy, 1/ C Iy, part (a) follows from Lemma 2.1(a). Part (b) is an immediate

consequence of Lemma 2.1(b) and (2.2) since

L NME=TLNME =T, =Ty,
L, NMP =IpNMP =TIp,. O

I

As a consequence of Lemma 2.2 every 7p ;,-measurable function f:Mp°, — [0,00) sat-

isfies
fodiL(p) = f(p), fodiu(p)=f(p), and foTyp)= f(p) (2.3)

for all ¢ € Mp°,,i €Z,and t € R.

Next a stationary point process ® with distribution P is put upon the stage. Suppose
that P(Mf°) = 1. Since I}, C Ty and I} = T}y N MP, the o-field Ty in the definition
of ergodicity of P in Section 1 may equivalently be replaced by Z;. As a consequence of

Lemma 2.1(b) we obtain:

P isergodic < P is ergodic, (2.4)
P isergodic => P is pseudo-L-ergodic. ’

If P is pseudo-L-ergodic, then it is not necessarily ergodic. See Nieuwenhuis (1994;

Example 2).
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In the following lemma some special conditional expectations are compared. For ¢t > 0
the random variable Ny (t) : M° — No is defined by Ny (t,¢) := ¢1(0,t]. Recall that
Ef(ag|TL) = ag.

Lemma 2.3 Let L, L' € Bor K be nonempty, LN L' = 0, and P(M§°,) = 1. The
following relations hold P-a.s. as well as Py - a.s.

(a) E(;‘gm) = E(N(1)|T1),
(b) EY(ak|T1) > O,

1 = 1
(©) EGriT) = iy

Parts (a), (b), and (c) remain valid if Ij, is replaced by Iy 1. The resulting relations
hold P}i-a.s. as well.

Proof. Let A € I,. Note that af = af o J,1. By (2.1), (1.7), and (1.3) we have
E(LiE(gT0)) = E(lagg) = Boullagg) = MLIPE(A) = B(LaNu(1).

So, part (a) holds P-a.s., Py-a.s., and hence Pf-a.s. Set B := [E9(ak|Z.) < 0]. Then
0> E7(1pE(e5|TL)) = ER(150f).

Since PYod > 0] = 1, we obtain
PYB°)=1 and P(B°)= E(lgeovor) = Por(B°) = 1.

Part (b) follows. Let again A € Z;,. By (2.1) and (1.7) we have

1 = 1
= (1‘ EL“(aEIIL)) ole (1" o oL E(aE|ZL) 0 Yo .90,L)

. 1
= ML (o 1s iy
= A(L)P)(A) = E (1Aa—15 =E (IAE (;loﬂm)) .
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In the third equality we conditioned on . Consequently, part (c) hoids P-a.s., and by
(2.1) also PP-as. Since I = I, N M? and P(M{°,) = 1, it is obvious that (a), (b)
and (c) remain valid if Z is replaced by Ty ;.. By (2.3) the resulting expressions also
hold under Py 1/, and hence under PJ,. ]

In view of Section 5 we need another lemma for the case that two nonempty, disjoint
sets L, L' € Bor K are involved. For i € Z the random variable ¢; : Mg, — [0,00) is
defined by

(o) = ou (X)), X5 (0)], v € M. (2.5)

So, &i(y) is the number of L'-points in the interval (XZ(p), X5,(¢)]. Note that
&i(iLp) = &ipa(p) for all ¢ € Mp%,. Hence, (¢;) is Pp-stationary. The following
lemma is a generalization of Baccelli and Brémaud (1987; (3.4.2)). Recall the definition
of Ni(t) preceding Lemma 2.3, and note that E(NL(1)|Z /) > 0 P-a.s. since (by (1.3))
B := [E(Np(1)|Z1) < 0] satisfies

0> E(1gE(NL(1)|Zr,1)) = E(18N(1)) = ML) PL(B).

Lemma 2.4 Let L, L' € Bor K be nonempty, LN L' =0, and P(M§°,) = 1. Then

E(Ny(D)|Zw) B (oITor)

= ; P}-, PY-, and P-a.s.
E(Ny()|Tw)  EY(eE|Tip) %7 °F

E} (éolTor) =

Proof. If ty,t, 2 0 with ty < ty, we write N[,l(ll,tgl = N’,I(tg) = NLl(tl). Note that,
with this notation, ¢; = NL'(‘\’."‘,-\’.";J- Since (¢;) is PP-stationary, we obtain

1

;;NL'(O,X!(] — E}(&l|TL)  Pp-as. (2.6)
(Note that Np/(0,XE] = yrt ¢ PP-as..) Since & = & 091, Relation (2.6) holds as
well with P instead of P}; cf. Theorem 1.1 (i). As

NL’(Oa Xl%!,_(t)ﬂ] NL(t) +1
Np(t)+1 i

Ni(t) N0, X5, )
t Ni(t)

< %NL'(O, 1] <
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on [N(t) > 0], and

NLT(t) — E(Nr(1)|Tp,.r) and Ni(t) - oo P-as., @2.7)
we obtain
NL;(t) — E(Ny(1)|Zp)EL(é0|TL) P-as. 238)

Replacing L by L’ in (2.7) yields E(Np/(1)|Z,1/) as another limit of t"'Np/(t), P-a.s.

Hence,

E(Np(1)|Zp)

ER(&lTL) = E(N.(D)| o)

P-as.. (2.9)

By (2.3), Relation (2.9) holds under Py 1, or Py as well. By Theorem 1.1 it also holds
with PP or P}, instead of P. Lemma 2.3 yields

. 1
E(NN L) = —F——— and EWNp()|Tpp) = =5
B} (g |IL-L’) E} (o5 | T 1r)
Pp-, P),-, and P-a.s.. Combining the above observations completes the proof. o

PJ.-expectations can directly be expressed in terms of PP-expectations by Neveu’s ez-

change formula (or cycle formula)

o
Eyf = %Eﬁ [Efoﬂ.‘,u] 3 (2.10)

=1
where f : Mf°, — [0,00) is P,-integrable. This can be proved by replacing 1,4 in (1.3)
by %, f 09, 1s; see also Neveu (1977).
3 Approximation of P starting from P}

In Glynn and Sigman (1992) convergence is considered for Cesaro means, uniform over
functions f with [f| bounded by a fixed function g. In the context of synchronous

processes associated with a point process on [0, 00) sufficient conditions are formulated
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in Theorem 3.1 of this reference. In the present section we derive necessary and sufficient
conditions for similar results within the framework of marked point processes on R, using
techniques which follow from Theorem 1.1. The Cesaro means ¢~ [; E2(f o T;)dz and
t=! [; P2[T=¢ € Bldz will be considered. The limit Q. (B) of the latter is equal to P(B)
under a weak ergodicity condition. The relationship between Q; and P, and between
Qr and Q9 in (1.11) is investigated.

By a generalization to marked point processes of Theorem 3 in Nieuwenhuis (1994)

we have

t
% /0 foT.dz — E(f|T,) P-and P-as. (3.1)

for all functions f : Mf* — R with E|f| < oo. The limit E(f|Z,) equals Ef if ® is
ergodic. If (¢t~ [§ f o Todz);» is w.i. under PY, then

2 [ B8 0 T)de ~ BY(E(ILL)) (3.2

In this case we obtain for the choice f() = ¢r(0,1]:

%At E}Ny(z,z + 1)dz — EY(E(Nr(1)|TL)). 55

Note that Np(z,z + 1] = Np(1) o T;. By the intuitive definition (1.1) of P it might
be expected that the limit in (3.3) is equal to ENy (1) = A(L). However, by (1.6),

conditioning on 7, and Lemma 2.3 we obtain:

BB = 55E (:—gE(NL(l)lzL))=ﬁE(E(NL(1)|zL))’
> S ENDY = ML),

Equality holds iff ® is pseudo-L-ergodic. We conclude that for a formalization of (1.1)
without any ergodicity restraint, we have to be careful because E?(E(f|Z.)) is not
necessarily equal to E f. It is, however, possible to write Ef (E(f|Z.)) as an expectation
of f. Let the probability measure @, on (M{°, M{) be defined by

Qu(B) := E}[E(15|1.)], Be MP.
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By Theorem 1.1(ii) and conditioning on Z; we obtain

Since E(1/a}|Z.) > 0 P-as.,

dQ, 1 1
QL ~ P and F = /\(L)E (;glIL) P-a.s. (3.4)

Consequently, Eq, f = E(fE(1/a§|I.))/ML) = E}(Ef|IL)). So, the limit in (3.2) is
equal to Eg, f.

Uniform integrability will be the main condition to obtain limit results as in (3.2).
For nonnegative functions f we can transform uniform P}-integrability of the family

(t7! Jo f o Tzdz)s»1 into uniform P-integrability for a similar family of r.v.’s.

Lemma 3.1 Let g : M{® — [0,00) be P-integrable. Then:

t 1 t
(l/ goT,d:c) u.i. under P} <= (—Ll/ goT,da:) u.i. under P
t Jo 1 ag t Jo >1

t
— gl/ —Ll—d:z: u.i. under P.
tJo >1

Proof. It is an easy exercise to prove that under P uniform integrability of
the family (t™! f5go T,dx)¢>1
(n7!f5 go Tedz), - By Lemma 1.3, (3.1) with f replaced by g, and (1.6) we obtain:

is equivalent to uniform integrability of the sequence

('1{ Jogo T;d:t)tzl u.i. under P

EY(E(9|IL)) < o0, E (%E fﬁ“g o T,dz) < ooforalln € N,
= e

L n
ity (" g0 e — 2B,
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Note that
1 E’ i
nA(L) ay

1 [
< ax(@y { B |ar 36 9 ° Tedolixgncal| + B | Jp [ip4n9 0 Todelixg nco

fXé'-t-n

1 n
Xt 9°Trd1_a‘(1)7fo goT,dz| <

+E é Jxp 90 Tedel iyt ynsq| + E ;lg JXt4n 90 Todzlixs 050 }
1 1 xF 1 (Xp4n
S m {E .Eg flx} gOTzd.‘L‘] + E [ngxo}‘*’" gOT:dI]}

aL ted
=%{ngo°9°Tzd1+ngogyOTnOTzdl‘ =ﬂA1'L'5{Eg+EgoTn}

R
_m\LEg.

Since Fg < oo it follows that the right-hand part of the above equivalence is in turn

equivalent to

E{(E(g9|TL)) < o0, E (%g Igo T,dz) < oo for all n € N,

(& 90 Tt — B (BT

By Lemma 1.3 the first equivalence of the theorem follows immediately. Since
1 rtgoT, E(g|ZL) 1t g 1
s [ Ertde - 20 and £ [ il - as.
t/o . z — .- andt oa(’;oT_,dz_’gE aé,lIL P- as.,

the second equivalence is also a consequence of Lemma 1.3 (use Fubini’s theorem, sta-

tionarity of P, and conditioning on Z). (m]

In the following theorem sup,;/<, means the supremum over all measurable functions
f: Mg — R with |f| < g. Recall the definition of pseudo-L-ergodicity in (1.10).

Theorem 3.2 Let g : M{® — [0,00) be P-inlegrable. Then (t7' [; g o Todx);>: is uni-
formly Pp-integrable iff EJ(E(g]|ZL)) < oo, Ef(goT:) < oo vy-a.e., and

l/‘E'(,:(_foT;,)d:c—EQI__[' — 0 ast— oo. (3.5)
tJo

sup
If1<g

If ® is pseudo-L-ergodic, then the limits Eq, f are equal to Ef.
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Proof. First the only if-part of the iff statement. The finiteness of ihe expeciations

follows from Lemma 1.3 and Fubini’s theorem. By Theorem 1.1 we have
1 gt 1 ¢ 1
?/o ES(f o T,)dz = T(T)_t/o B(opS o T. 0 Jos)da.

So, to prove (3.5) it is sufficient to prove that (3.6) and (3.7) below are satisfied:

1
sSup ———
mspg A(L)t

Bl o T o Boiide = [ B
/0 (5] oo o) x—/o E(EfoTx)d:c

— 0, (3.6)

— 0, (3.7

1o 1
m/o B(ygf o To)dz ~ Bo.f

sup
|fI<g

. &
as t — oo. By considering the expression below successively on [X} + n < 0] and

[X¢ +n > 0] as in the proof of Lemma 3.1, we obtain:

*ronadyeti— | Forute] 2 e M 1% sotitag o
/ofo 0oL x—/()fo zx|_/\(L)ta{,'{/xg- go ,:c+/xoL+‘goT,dz}

1
A(L)tak

for all functions f : M{® — [0,00) with |f| < g. This upper bound does not depend on
f- So, the supremum in (3.6) is bounded from above by

1_p 1 ok L_p(L joeb+t = ot
My Bap o™ 4 0 5o b+ s B ™ 90 Te e dupde) = sy By

Again arguments as in the proof of Lemma 3.1 are used here. Relation (3.6) follows

immediately. Next (3.7). By Theorem 1.1 and stationarity of P we have

= Yoy |} 8 BU gpig)de — E (FE( 17.)

Iﬂlnz Jo E(fgf oT;)dz — Eq, f

1 1 st 1 _ 1
x5k E[g‘ffo iz - B i)

This upper bound tends to zero because of the second equivalence in Lemma 3.1. Relation
(3.7) follows.
The if-part of the iff statement follows immediately from (3.1) (with f replaced by g)

and Lemma 1.3. The last part of the theorem is a consequence of (3.4). (]
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Let g : M7® — [0,00) be P-integrable. By (1.14) and Lemma 3.1 the foliowing implica-

tions are obvious:
(g0 T%)zs0 u.i. under P} = (t“l fsgo T,d.t) uw.i. under Pp,

t>1
B (3.8)

t>1

(a%g oT,) wi. under P = (t" hgo T,da:) u.i. under P}
0 z>0
Note also that

1 1
Sup;>o E (;Eg ° Tzl[—lrgoT,>b]) = Supzso E a‘org o Tzl[—]’[>ﬁ]) +
ao ao

+ sup,0 E ;lgg © Teligor, > vA)

2
E (5105) \/E(gzlhzﬂ.]).

+

1
ag

< E(“E)‘[(

2 \/E'gi
) >

Consequently,

Corollary 3.3 Suppose that E(1/af)? < oco. Let g : Mf® — [0,00) be such that
Eg? < co. Then

t
sup %/‘; E)(foT.)dz — Eq, f| » 0 ast — oo.

1f1<9

When starting from PP, we can consider @ as the uniform limit (as ¢ — o00) of the
distribution of the M PP secn from a position chosen at random in the interval (0,¢).

The limit Qy is equal to P if n~' %, af — 1/A(L) PP-as.. These assertions are

1=1

expressed in the following corollary. It is an immediate consequence of Theorem 3.2.

Corollary 3.4 The convergence
1 t
5 /0 PYT.p € Bldz — Qu(B) (3.9)

holds uniformly over B € MP. QL = P iff ® is pseudo-L-ergodic.

The existence of the limit in (3.9) was already proved in Nawrotzki (1978; Satz 2.1).
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Note that by stationarity of / and the right-hand part of (2.1),

Qi€ B] = xlpE [E (alglfb) - rr,,]

T(ITJE [E (F}gm) 15] = Qu(B)

for all B € M7 and a € R. Hence, Q is also stationary. Since Q. = P and Q% = P{
(see (1.12)) provided that @ is pseudo- L-ergodic, one might wonder if Q9 is the Palm
distribution with respect to L associated with Q. To prove that this is usually not the
case, let Q% be this Palm distribution associated with Q. and let A(L) be the intensity
of the L-points under Q1. Recall the definition of Ni(1) preceding Lemma 2.3. By (3.4),

conditioning on Z;, Theorem 1.1, and Lemma 2.3 we have

L) = EauNu) = yiyE (éE(NL(l)m)) -

BY(E(NL(1)|TL) = £2 (;15) ,

provided that this expectation is finite. By applying Theorem 1.1 also to (QL,Q?J) we

IL) 13 o 190’[,)

obtain

30 — 1 1 - 1 1 1
Qw(B) = XTEQL (gclsoﬂo,L) = '_—E(ZEE(EE

(L) 0 A(OL)'\(;’)L
- 1 I EL IB Qag
= Xt (55‘5) 53 (1/ak

for all B € M$. Consequently,

. dQ’ 1/ak
0~ P? and L — S,
R aPy ~ EX(1/af)

(3.10)

Hence (cf. (1.12)),

dQy _ dQydP) _ _ 1/(ag)
dQf ~ dPpdQ}  ML)E}(1/ag)
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Q2 =Q% iff & is pseudo-L-ergodic.

This last result ensures that Qf is the Palm distribution with respect to L associated
with @ iff ® is pseudo- L-ergodic.
For A € I, we have (see (3.4) and (1.12))

= 1 1 = 1 1
QuL(A) = mE(lAE(%IIL)) = mE(lA;g),
QL(A) = ML)EY(14EL(agITL)) = ML)ER(14aq).
By Theorem 1.1(ii) we conclude,
Qulz, = Pf|, and Q| =Pl,. (3.11)

4 Approximation of P} starting from P

When starting from P, the distribution of ® seen from an L-point chosen at random from
the first n L-points tends uniformly to Q9 as n — oco; see Theorem 1.2. In the present
section we generalize this result to a uniform limit theorem for averaged functionals
(TR Bf o 9p) e

For all functions f : Mg° — R with E?|f| < co we have

%Z[Oﬂi_b — EY(f|ZL) PP - and P -as., (4.1)

=1

cf. Nieuwenhuis (1994; Th. 3). Note that the limit is equal to E? f if ® is ergodic. If

(n~ 12 1’)_[019.-,1,),.21 is u.i. under P, then

=1

LS Brov.— BE(ITL)). (12)

i=1

Because of (1.12) and (1.7) it is an easy exercise to prove that the limit in (4.2) is equal
to EQ(;‘ f.
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The main condition in Theorem 4.2 beiow is aboui uniform F-iniegrability of
iyt go Yi.L),>;- In the following lemma this is characterized. It will be applied in
the proof of the theorem.

Lemma 4.1 Let g : M{® — [0,00) be Pp-integrable. Then

n
u.i. under P < (aé‘% 019,-,1,) u.i. under
n>1

i=1

<= (g-};zaf’i) u.t. under
i=1

n>1

()

2

>1

32

Proof. By (4.1) and Lemma 1.3, (1.7), and (1.4) we obtain:
(Axr,govir) i. under P
n&iz1govL) Ul under

E(EY(g|ZTL)) < 00, Ego¥;;, < oo for alli € N, and
& T Egodi — E(EY(gT0))

- { 1;33 (a{;mg(gn;)) < oo, K9 (a{;gLo 1:.»,L) < oo for all i € N, and
Avr, B (abgovir) — ES (akEY(gIT1))

- { E(gak) < o0, E2(gak;) < oo for all i € N, and
A ¥n, BR(gat,) — Ef(sak).

Note that

1& s
af,‘; Zg od; — a(l,‘Eg(gIIL) and g;Zaf‘ — g&{; P)- as.. (4.3)
1=1

i=1

So, by Lemma 1.3 the right-hand parts of the second and third equivalences above

are in turn equivalent to uniform PP-integrability of (a(l)‘n_lZ?zlgoﬂa,L) - and
n-—

(gn'l b33 0} 011_‘;) 5, Tespectively. o

n—

The following theorem is a generalization of a part of Theorem 1.2. Here supy,

means the supremum over all measurable functions f : My° — R with |f| < g.
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: | § SIS - .
Theorem 4.2 Lei g : Mj" — {0,00) be Pp-iniegrable. Then {(n b 3 UiL)n>1 8

uniformly P-integrable iff E(E}(g|ZL)) < oo, Egod; < oo for alli € N, and

l n
sup —ZEfoﬂ,',L—Eng — 0. (4.4)

(P12 R

If ® is pseudo-L-ergodic, then the limits ch;_f are equal to E} f.

Proof. The last part follows immediately, since Ego f = A(L)E}, (&(l,‘f). Suppose that
(™'Y, go0diL)isui. under P. By (4.1) and Lemma 1.3 the finiteness of E(E2(g|Z1))

n=1

and Ego4,;;, i € N, is obvious. By Theorem 1.1 we obtain

1
;EEIOI’I',L_EQ‘;‘.[

i=1

1 n
= y g; Biaf — quf

A(L)

B 3 fok) — ES(fab)

1.2
ML) [l 3=, - aé|]
=1

IA

for all measurable functions f : M{® — R with |f| < g. This upper bound does not
depend on f, and tends to zero because of the last equivalence in Lemma 4.1. Relation
(4.4) follows. The reversed implication of the iff statement is an immediate consequence
of (4.1) and Lemma 1.3. (]

Remark. In view of Section 6 slight generalizations of Lemma 4.1 and Theorem 4.2
are of interest. Apart from g : Mf° — [0,00) with Efg < oo, an arbitrary (but fixed)
I.-measurable function B : Mf® — [0,00) is considered. Since fn~'YT % g0 ¥, —
BEY(g|ZL) P-as., it is an easy exercise to prove that the conclusions of Lemma 4.1
and Theorem 4.2 remain valid if g is replaced by Bg and f by 8f; sup|s|¢, remains
unchanged. By these replacements (4.4) turns into (cf. (2.1)):

n

sup |~ 3 E (8f 0 9:1) — Eag (B1)] = 0.

11 |I™ 521

Note that the P-integrability of g (and not of Bg) remains the only condition for the

validity of the equivalence in Theorem 4.2 when generalized as above.
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By (1.14) it is obvious that

l n
(909iL);5, u.i. under P = (; Zg o 0;,L) u.i. under P. (4.5)
= i=1 n>1

Note also that

E(g 0 9,1 1gos, 1>4) = ML) ER(a2ig1pp>0) < ML)y ER (k) ESg?1 155,

which tends to zero as b — oo, provided that E2(af)? and E?¢? (or, equivalently, Eak
and E(g? 0 Yo 1/ak)) are finite. We conclude:

Corollary 4.3 Suppose that E9(af)? < co. Let g : M§® — [0,00) be such that Elq® <

o0o. Then

l n
sup ——ZEfoﬂ;'L—Einf — 0 asn — oo.

1/1<g |7 i1

5 Approximation of P} starting from P},

In this section two nonempty, disjoint sets of marks, L and L', are considered. For the
case that P is replaced by P}, results similar to the results of Section 4 are derived.
Let L,L' € Bor K be such that LN L' = @ and P(M{%,) = 1. Since Ip1» = Iy
(cf. Lemma 2.2(b)), we will omit the subscripts and write Z for both invariant o-fields.
When two sets of marks are involved, we will always restrict J; 1,9, 1/, and T; to M7°,.
We will prove a theorem similar to Theorem 4.2 in the case that P is replaced by PP..

Some preliminaries are needed first. Random variables &;,7 € Z, are defined by
é‘l(‘p) = WL'(XxL(‘p)vX:l;l(‘P)]v (2 (= ML°,°L’7 (51)
the number of L'-points between the ’th and the (: + 1)’th L-point. Note that

&ioV;(p) = &ivi(p) (5.2)
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for all p € Mp°,,i € Z, and j € Z. The following theorem is the analogue of Theorem
1.1 for the case that P is replaced by P..

Theorem 5.1 Letn € Z. Then

(l) Pg"’;L << PLOs
0
(i) d(P ’0" L) = -—é—)jf_ PP-a.s.

Proof. By (2.10) we obtain

ML) 1o [
A(L') EL [g lA o] ﬂn,L o} I",Ll

= %%Ez(eo(u 09,5)) = %Ez(e_nm.

Pg'[ﬂn,L‘P = A]

The last equality is a consequence of (1.4) and (5.2). The theorem follows immediately. O

For a stationary marked point process with af =2 and o' =6 P-a:s. (and hence P?
- and P}, - a.s., cf. Theorems 1.1(i) and 5.1(i)), 7 € Z, we have

Pg[f—n =0]= % and Pg’[on‘L‘P €[é-n=0]] = Po’[{o =0]=0.

So, P} and P°,19,_‘"L are not necessarily equivalent. As an immediate consequence of
Theorem 5.1 (take A = M}, in the proof) we obtain

E%._, = ,\((Ii')) nel (5.3)

See also Baccelli and Brémaud (1987; (3.4.2)).
Recall (4.1). Since P.¥5} << Pf it is obvious that the convergence holds Pf,-a.s. as

well:

—Zf 0d;1 — EXfIT) P -as. (5.4)

l—l
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for all PP-integrable functions f: M°, — R. If (n"' T, fo¥;1).>1 is u.i. under P},
then

LS B ov. — BY(E(ID)). (55)

=1

The limit in (5.5) can be written as an expectation of f. Let the probability measure

QY - be defined by

Q2./(B) := E}.(EL(15|T)), B € M%)y (5.6)

Set M° := M2 N Mg. Note that PP[E}(1pe| Z) = 1] = 1. Since PR¥g; << PP, we
obtain by (2.3) that P{,[ED(1ap0|Z) = 1] = 1. Hence, QF ;,(M°) = 1. By Theorem 5.1

and Lemma 2.4 we have

@u(B) = EL(EL(I5IT) 0 dor) =~ B(E2(15|T)0)

A(LI) L
- W spaesiin) = 3D s il

B € M%,. Consequently, on (M, M%),

0 pe oy 9w ML) ML)ES(aIT)
QL,L' PL and dPg A(L') L(ﬁolz) /\(L')Egl(a(l,"ﬂ')

(5.7)
Note also that Q} ;, = QF if ® is pseudo-L'-ergodic; cf. (1.12). By Theorem 5.1 and
(5.7) the limit EY,(EZ(f]Z)) in (5.5) is equal to

ML)
™"

B6EL(1D) = 3 [} ES EL(6D) = Eag, J

>

Next we state the analogue of Lemma 4.1. Apart from replacing P by P}, and ak
by &o, its proof is similar to the proof of Lemma 4.1. Theorem 5.1 and, again, Lemma

1.3 supply important ingredients.
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Lemma 5.2 Let g : M7°;, — [0,00) be Pp-integrable. Then:

u.i. underP) << (50;11—25]00‘-,1,) u.i. under PP

n>1 n>1

= (gnZ£_,) u.i. under Pp.
n>1

(e
=1

=1

The following theorem is the analogue of Theorem 4.2; supj; ¢, means the supremum

over all measurable functions f : M°,, — R with |f| < g.

Theorem 5.3 Let g : M, — [0,00) be Pp-integrable. Then (n™' Y%, g0 9;.) is
uniformly Pp,-integrable iff EY,(E}(g|Z)) < oo, Ef.g09;; < oo for alli € N, and
l n

sup |— ,foﬂ.L—E'o g1 0. 5.8
I!IS:J".Z . % (58)

If ® is pseudo-L-ergodic and pseudo-L'-ergodic, then the limits EQ‘}_ uf are equal to EY f .
Proof. The last part is a consequence of (5.7). Suppose that (n™' 3, g 0 ¥;1)n>1 is

w.i. under Pp.. For all measurable [ : M°, — R with |f| < g we have (cf. Theorem
5.1 and (2.3)),

S S ot | = 3D 12 EY(fe-) ~ B B (eolD)|
)\(L) .2

This upper bound does not depend on f and tends to zero (as n — o0) because of
Lemma 5.2, which proves (5.8). The reversed implication follows from (5.4) and Lemma
1.3. ]

Remark. Lemma 5.2 and Theorem 5.3 can be generalized slightly by considering,
apart from the PP-integrable, nonnegative function ¢, a fixed Z-measurable function
B : M, — [0,00). The conclusions of the lemma and the theorem remain valid if g
and f are replaced by g and B f. Relation (5.8) turns into (cf. (2.3))

n

sup lZE,‘jr(ﬂfoﬂ.'.L) = EQ‘;_,,_;(ﬂf) —0.

1/1<g |1 521
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Again Eg < oo remains the only assumption.

Note that

| A(L ML
E}(g 0% Lljgos, 1 >8) = %Eg(f—i‘qll‘pﬂ) < ﬁ\/EﬁﬁEggzlwb]

for all 2 € Z. The hypothesis about uniform integrability in Theorem 5.3 is satisfied if
(9 09;.L)i1 is wi. under Pp, and hence if Ef(£3) < oo (or, equivalently, E%,£ < o)
and EP(¢%) < co.

In Konstantopoulos and Walrand (1988; Th.3) weak convergence of the sequence
(PLi[9n,Le € J)n>1 of probability measures is considered under some additional mixing
condition. See also Kénig and Schmidt (1986). The following corollary of Theorem 5.3
concerns uniform convergence of the sequence (n™' 1L, PLi[9, e € .])n>1 without any
additional condition. It expresses that starting with PP, we can (as n — oo) consider
Q1,1+ as the distribution of the M PP seen from an L-point chosen at random among

the first n L-points.

Corollary 5.4 Let L, L' € Bor K be such that LN L' = 0 and P(M{°,,) = 1. Then

sup 113 PRl € Bl - QLu(B)| = sxn Bl 36— ER(6il

BeMp, , N5

This supremum tends to 0 as n — oo.

Proof. By Theorem 5.1 the probability measures n~! ¥, PP.9;], n € Z, are all dom-
inated by P{ with Radon-Nikodym derivatives (A(L)/A(L'))n~' =%, _;. The equality
is an immediate consequence of (1.15) and (5.7). The convergence to 0 follows from
Theorem 5.3 with the choice g = 1. O

6 Approximations without ergodicity restraints

The intuitive random procedures (1.2) and (1.1) for generating Pf and P were formalized

in Theorem 1.2 and Corollary 3.4. For a direct approximation of these probability
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measures a weak ergodicity condition was needed. In this section the results of Sections
3 to 5 will be applied to derive approximations of P} and P without assuming ergodicity
properties.

The limits in Theorem 1.2, Corollary 3.4, and Corollary 5.4 are not P{, P, and PP,
but Q9,Q, and Q%'L,, respectively. The pairwise relationships between corresponding
probability measures were described by Radon-Nikodym derivatives, which are repeated

here:

dQy L 4QL 1 dQi.r _ ML)

=~L _ \IL = L E°(&,1T). ;
ary = D% 5 = Xmar Tapy ~ ap) 2l Bl
For approximation of PP, starting from P and P}, respectively, choices for ¢ and 8 in

the remarks following Theorem 4.2 and 5.3 are suggested by (6.1). Choose, respectively,

AL) 1

g=land 8= mE (élT)

= 9=land 8= (6.2)

A(L)
For g in Theorem 3.2 we take A(L)ag.

Theorem 6.1

1y 1 Y. 0
(a) Bsel)l\g} n;E (WIB 019.,1,) PL(B)’ — 0 asn — oo.

b) su
(b) s, [

ZEL, (—%—%WIB 019,1,) - PE(B)I — 0 asn — oo.

(c) If Eak < oo, then sup H-/ E(A(L)ak1p o T,)dz — P(B)I — 0 ast — oo.
Bemy |t Jo

Proof. For (a) and (b) we choose g and 8 as suggested in (6.2). By Theorems 1.1 and

5.1 we have:

E (EIE) A (gg) = ML) snd B, (Egngz)) - %Eg (Eﬁéﬁﬁ) = %%%

So, the hypotheses about uniform integrability are satisfied since the corresponding se-
quences contain only one integrable element. By reducing the sets of functions f to
the functions 1p with B € Mf° and B € Mf°,, respectively, the parts (a) and (b) are

immediate consequences of the remarks following Theorems 4.2 and 5.3.
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For (c) we apply Theorem 3.2 with ¢ = A(L)a§. The condition that Eg is finite
causes the hypothesis in (c). (m}

Remarks. By (6.1) the summed expectations in (a) and the integrands in (c) are equal
to Eg,(1go9;) and EQ?_(IB o T;), respectively. Let {; be originated from &, in (5.1)
by interchanging L and L’. By Lemmas 2.2 (b) and 2.4 it is obvious that

1

Pl-as.. (6.3)

By interchanging L and L' in the right-hand relation in (6.1), it follows that the summed
expectations in (b) are equal to EQ?./ L(IB od;)-
The finiteness of Ea§ is equivalent to the finiteness of E?(a%)?. By Jensen’s inequality

we have:
(&{,‘)2 < EY((ab)?|IL) PP - as. and E} (6:{;)2 < Ef (a{;)2 :

So, the hypothesis in (c) is satisfied if Ef(af)? < co. All parts of Theorem 6.1 can be
generalized to uniform limit results for functions f with |f| < g, similar to Theorems
4.2, 5.3, and 3.2.

At the end of this section we give interpretations of the results in Theorem 6.1. Note

that by Jensen’s inequality,
E(ML)a§) = (ML)’ Y (af)" > 1 = B (A(L)ad)

(a strict inequality holds in the non-pseude- L-ergodic case). So, in a transition from P
to Py the importance of realizations ¢ for which A(L)a% () is relatively large, should be

reconsidered. We conclude that (a) and (c) in Theorem 6.1 can be interpreted as follows:

P} arises from P by first changing the weights of the realizations by way of
the weight function 1/(A(L)ak), followed by shifting the origin to an L-point

chosen at random from the first n L-points and letting n tend to infinity.
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P arises from P} by first changing the weights of the realizations by way of
the weight function A(L)ag, followed by shifting the origin to a time point

chosen at random in (0,¢) and letting ¢ tend to infinity.

By (5.3) and Jensen’s inequality, we have:

EL (:\\((f,))EE(EdI)) = (%f,))-) E} (Eg (éo ll'))2 Fil= Eﬁ(%gg(& 7).

A strict inequality holds if ® is not pseudo-L-ergodic, or not pseudo- L’-ergodic. So,
in a transition from P}, to P} the importance of realizations for which

ML)ER(&|T)/A(L') is relatively large, should be reconsidered:

P} arises from P}, by first changing the weights of the realizations by way of
the weight function A(L')/(A(L)EY(é0]T)), followed by shifting the origin to an

L-point chosen at random from the first n L-points and letting n tend to infinity.
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