l_‘._l
TILBURG 0‘5%?@ ¢ UNIVERSITY
lf:fl

Tilburg University

Local times of Bernoulli walk
de Vos, J.C.; Vervaat, W.

Publication date:
1987

Document Version
Publisher's PDF, also known as Version of record

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
de Vos, J. C., & Vervaat, W. (1987). Local times of Bernoulli walk. (Research Memorandum FEW). Faculteit der
Economische Wetenschappen.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 06. Oct. 2022


https://research.tilburguniversity.edu/en/publications/5ab0b25a-9cc5-4a47-9b57-c218536b914e







LOCAL TIMES OF BERNOULLI WALK

J.C. de Vos, Tilburg University
W. Vervaat, Catholic University Nijmegen

FEW 244 February 1987



LOCAL TIMES OF BERNOULLI WALK

J.C. de Vos, Catholic University Brabant
W. Vervaat, Catholic University Nijmegen

Abstract The joint probability generating functions of local times of
Bernoulli walk at various stopping times are determined by simple
equations. The results can be interpreted by means of branching processes
with immigration satisfying the same equations. Some of the results are
obtained also by martingale methods.

Keywords & Phrases: local time, Bernoulli walk, ascending local time,
descending local time, branching process with immigration, martingales.




1. Introduction

= . . . _ ¢n
Let (Sn)n=0 be Bernoulli random walk starting at O, i.e., Sn = 2k=0xk
with iid Xk such that p := P[Xk=1] 24 = P[Xk=0]. In the present paper we

investigate the ascending local time

* _ th

Lon,y) 2= D g1 iy o) (SpqSy) (1.1)
the descending local time

v n

L (n'y) A zk=11(y+1,y)(sk-1’sk) ’ (1'2)

and the local time
n

L(n,y) := Xk=11y(Sk) ; (1.3)
considered as infinite random integer-valued vectors

* »*

L (n) := (L (n.y))yez 5

»* *
with * denoting +, + or nothing. Rather than L (n) we will consider L {T)
for specific stopping times T.
The main analytic tool for this investigation is the joint probability
generating function (pgf) of infinite random vectors with nonnegative
integer components. Set

e

kez°k
for infinite vectors m = (mk)kez with nonnegative integer components and

§?-:= n

s = (Sk)kez with Sy € [0,1]. We define the joint pgf of a random vector
M = (Mk)ksz with nonnegative integer components by

n s Mk

k€Z k

as function of s. Obviously, the joint pgf of M determines the
distribution of M.

We establish a calculus with joint pgf's, which resembles strongly
Feller's (1971) classical treatment of Bernoulli random walk by (one-
dimensional) pgf's. As an application we identify L(T) for stopping times
T with ST = 0or T == as a simple functional of certain branching

E§¥-= E

processes with immigration. The branching processes themselves can be
identified as processes of ascents or processes of descents in the
seperate excursions of Bernoulli walk.

The essence of these results is already known. The purpose of this
paper is to streamline, complement and unify previous work by Dwass
(1975), Rogers (1984) and parts of Cohen & Hooghiemstra (1981), Gerl
(1984) and Woess (1985).



2. The pgf's of the local times

As in the introduction, (Sn):=O is Bernoulli walk starting at 0, with
local time L defined bij (1.3). Recall that p := P[Sn—Sn_lzl]. We will

take the following properties of Bernoulli walk for granted:
(a) the strong Markov property;
(b) the Bernoulli walk is recurrent if p = %. i.e., if p = = then

L{=yy) &= %}g L(n,y)= = wpl for all y;

i = @ _1 l @ ©
(c) %ig Sn = o,sgn(p 2) wpl for p = 5. SO L(=,y) < wpl for p =

N NI

In the introduction we defined §2-and pgf's Egg-for s € [0,1]". Let S
be the set of s in [0,1]z with all but finitely many components equal to

1. Then the pgf Egg restricted to S already determines all finite-
dimensional distributions of M, so in fact the distribution of M. For this
reason we will often consider pgf's only on S. We write 1 for s € S with
all components equal to 1.

The shift 6: RZ > Rz is defined by (95)k X1 for k 6 Z and

x = (X)) ez € R%. Note that © maps S onto S, and that §9E = (9'1§)E._
From the definitions it is clear that
L(n,y) = L"(n,y) + L*(n,y) , and that
+ +
L' (n,y) = LY (n,y-1) + 1 (S -y) - 1y (-y)
0 0
Thus we have
L(n,y) = L'(n,y) + L¥(n,y-1) + 1 (S -y) - 1 (-y) . (2.1)
NO n NO

Thus L(n) is determined by (Lf(n),Sn).
We will now derive recursive relations for the pgf of (gf(n),Sn)

L'(n) S L' (n,y) S_
wn(g,t) := Es t = EnyGZsy t 5
Splitting according to the values of S1 and using the Markov property we

find, with q := 1-p and wo(g,t) =,
_ -1 -1
vo(s,t) =as_jt " (8 "s,t) + pty _,(8s,t)
This enables us, at least in principle, to calculate the pgf wn of

(Lf(n),sn). but the results do not seem to allow successful analysis. We

will do much better if we consider L(T) for stopping times T that imply
fixed values for ST'



3. Local times up to stopping times when finite

Let Ty := inf{n21: Sn=y}. where inf@ := », and consider the (defective)
pgf

L (Ty)
0.(8) = Elpp (38 : (3.1)
24
* * *
We will see that 0_1 and 01 determine 0y for all other y.
* *
First, let y > 1. By the strong Markov property, L (Ty) = L (Tl) is
* - *
independent of L_(Tl) and distributed as 6 1E_(Ty_l). Consequently,
* * *
S - g <»]§£ (Tl)l[T . <,]§£ (Ty)-L (T;)
y 1 y 1
* -1
1 8 LT .}
= E1 s m s ¥
[T1<°] [Ty_1<°]

* *
0, ()0, (0s)
By induction we find
(&) = 4, (a)e, o (0¥ 1) ¢ > 1 (3.2)
°y(§) = °1(§)01(9§)... 1( § or y ’ .
and similarly

o 7(s) = o1 ()0 (871s). 0" (6¥"lg) for y < -1 . (3.3)

=1

*
We can calculate 00(§) by splitting according to the values of S

1'
finding
. L* (1) L*(Ty)-L* (1)
0y(s) = Es 1[T0<,]_
e'lgf(T_l) oL (T, )
pEl[T_1<D]§ + qs_lEl[T1<w]§
= po’ (0s) + as_07(67's) , (3.4)
and similarly
00(s) = ps; 07 (8s) + qo7(87's) , and (3.5)
0o(8) = ps;0_,(0s) + as_ 0, (67's) . (3.6)

* *
It remains to calculate 0_1 and 01. Splitting according to the values

of S1 we find

+
0_1(5) - qs_l + pEl[T_z("’]i



sy p°f2(9§)
With (3.3) for y = -2 this combines into 0t1(§) = * p¢t1(9§)0t1(§),
from which we obtain
ojl(g = e | . (3.7)
1 - po’, (6s)

Iterating (3.7) we can express th (s) into ¢t1(9n§) by the continued
fraction

+ = - = - o= + n
®_y(8) = as_;/(1-pasy/(1-.../(1-pas__,/(1 pe_,(678)))...)) . (3.8)
Let s 6 S. Then s, = 1 for k z ky(s), so (Bng)k =1 for k 2 -1 if
. 5 T4
I 2 ko + 1. As L_(T_l.y) =0 for y < -1, we see that (6 s) = 1 for

n 2 k0+1, so ¢t1(6n§) = 0:1(1) for these n. Hence ¢t1 can be calculated
explicitly on S by expanding (3.8) for sufficiently large n and using
+ = d
¢ (1) =1 - (3.9)

(We have 0t1(l) =1 or g by substituting s = 1 in (3.7) and arive at (3.9)

by properties (b) and (c)).
Although the continued fraction in (3.8) may look appealing (similar
expressions have been observed by Gerl (1984) and Woess (1985)), it does

not seem tractable for further analysis. Considering ¢t1 as determined by

(3.7) and (3.9) turns out to be more productive.

We will call equations like (3.7) shift equations. So Otl is determined
by shift equation (3.7) with boundary condition (3.9). We will see that

many other pgf's are determined this way. For example 0;. It is not hard

to see that ' is determined by the shift equation

b
o0l(s) = - . (3.10)
=1
1 - qs_101(8 s)
with boundary condition
¥ = P
0j(1) =145 (3.11)

The corresponding formulas for 01 can be derived in the same way as

(3.7) and (3.9). By interchanging the roles of +1 and -1, p and q, + and

+, 8 and 071 we can also find the formulas that determine 0;, ¢:1, and
0

-1

. Local times of finite excursions



To allow a better interpretation of the results yet to come, we will make

use of the term 'excursion'. The first excursion is defined as the
‘T

sequence (Sn)ngl' Depending on the value of TO' the excursion is said to

be finite or infinite. In Section 9 we will give the general definition of
the term 'excursion'. Until then we will concentrate on the first
excursion.

*
Let us consider 00. which is expressed into known functions by (3.4),

(3.5) and (3.6). To do a more pleasant analysis we will consider the terms
on the right hand side of these equations seperately. So we set
*

05, (8) := El[To<°]1[sl>o]§ , (4.1)
and
*
00_(§) 1= El[T <m]1[S 01 ) (4.2)
0 1
*
The pgf's ¢Ot denote the pgf's of the local times of finite excursions.
* * *
Note that 00 = 00+ + 00_ .

Combining the identities 06+(9§) = potl(ezg) and

+ = + = gs
%5.(8) = po_,(8s) = p. 0

1 - po?, (6%s)

we find for ©6+ the shift equation

05,(s) = i TR (4.3)

+
1 - 00+(9§)

which determines ¢  with boundary condition ¢

0+ 1) = pAq. (Substitution

¢
0+(
of s = 1 in (4.3) yields 06*(1) = p or q, use properties (b) and (c)).

Combining 06_(9_1§) = qs_201(9-2§) and
¢ (s) = as 0‘(6_1§) = QS 4. p
O="= -1"1 -1
1 - as 0*(9—25)
=%y S
we find for 05_ the shift equation
o (s) = _ P¥q (4.4)

1- 02 (07%s)

with boundary condition 06_(1) = pAqQ.



In a similar way we can derive the formulas that determine 00_. By

interchanging the roles of +1 and -1, p and q, + and +, 0 and 9-1. we can

also find the formulas that determine ¢ , 67 and o_ .
0- O+ 0+

5. Applications

We now indicate some applications of the results in the previous sections.
As these results are recursive relations rather than explicit expressions,
they lead in the applications to more specific recursive relations, which
then have to be solved by adhoc methods. Applications of a different

»*
character are given in Sections 10 and 11, where the structure of L_(TO)

as a stochastic process is identified by its pgf.
5.1 Reobtaining the pgf of local time

Since there is a simple relation between descending local time and local
time, given by (2.1), we can derive a shift equation for ¢ . directly from

i |
(5.7)- o _
Let s6s denote the infinite vector with (geg)k = S Sp.q- We can
rewrite 0_1(§) as
L(T_l,k)
¥ _;(8) = Enkezl[T-1<.]sk
+ +
e SL (T_j.k) + LY(T_j k=1) = 14, (k)
~ Tkez [T_;<=1k
LI k) 4
. Enkezl[T_1<w](sksk+1) So
=1..$
=5, 0_1(§B§) .
Combining this result with (3.7) yields
o_(s) = s.t._ %1%
== 9 v 2
= s_q . (5.1)

1 - p310_1(8§)

Using 00*(§) = 06+(§p§) and (4.3) we find for ¢ the shift equation

O+

6. s) = P35 . (5.2)
e - 5, (63)

Using the symmetry in Bernoulli walk, we also find



0, (s) = PS4 4 and (5.3)
1 - qs_101(9_ s)

0,_(s) = __P¥-1% (5.4)
1 -0, (671s)

Equations (3.2) and (3.3), together with shift equations (5.1) and (5.3),
together with boundary conditions (3.9) and (3.11) (which also hold for *
instead of +) determine 0y(§) for all y. Furthermore, ¢ and ¢ are

0- 0+
determined by (5.2), (5.4) and 001(1) = p K G

5.2 Specializing the pgf's
5.2.1 For random times T we obtain the defective (one-dimensional) pgf of

T by
L e(T.y)
L(T) _ € B T
Bl pea(sD) = Elrpeaqs ¥ = Blrpags -
Consequently,
T

= y:
Ay(s) : El[Ty<°]s Oy(sl)

Specializing equations (3.2), (3.3), (3.6), (5.1) and (5.3) we rcobtain
the equations by which Feller (1971) obtains the defective pgf's of Ty:
= y
Aty - (Ail)
Ap(s) = psA_,(s) + asA, (s) ,

for y 2 1 ,

A_y(s) - ¥ .
1 - psA_l(s)

Bfay=___P% .
1- qul(s)

Analogous results can of course be derived for the total number of

descents ¥, ... L*(T,k) and for the total number of ascents ) KOS Dl 30

keZ k€Z

5.2.2 For subsets A of Z Let us define the restriction operator RA: S #18
by (RA§_)k = sy if k 8 A, := 1 else. Write Rk := R{k} for k € Z. The (one-

dimensional) pgf of L(T,y) is obtained from the pgf of L(T) by
substituting s = Rysl,

We now calculate the defective pgf
L(Ty,¥)

Ay(s) = El[T0<w]1[Sl>O]s



We have A = ¢ Rsl). F W i =
y(S) 0*( yS_j rom (5.2) we obtain, as ORysl_ Ry_lsl.
Ay(S) =__ P& foryz2,
1 - Ay_l(s)
ko) =B o
1 - Ao(s)

and by direct interpretation
Ao(s) = sP[To<°, Sl>0] = sOO+(;) = (pAq)s, and

Ay(S)

BAg oYy S -1 ,

We obtain explicit expressions for Ay by induction, or by standard

difference equation techniques, yielding

A (s) z 1( s) for y 2 1,

Py(S)
where, with v:= pAq, w := pvq,
w-vY o+ (vy—2va)s for p = %
P (s) = .
y 1
2

2y(%)y - (1-2y)(%)ys for p =

Analogous results can be derived for ascending and descending local

time.

5.2.3 Let M := O?HgTOSn' Then [M<y] = [L(To,y)=0] for y 2 1, so

-1 y-1
pa(p’ - ") /(p¥-a") for p =
P[M<y, Ty<¢=, §,>0] = A_(0) = I
(y-1)/2y for p =

5.2.4 Let graphs of Bernoulli walks be represented by polygons

ST ST

with slopes

tn/4 as in Feller (1971). Then A := Z ZyL(To,y) is the signed area
between this polygon and the time axis restrlcted to [0,T ] The defective

pef of A on [To<-, Sl>0] is obtained by
y « YL(Ty.y)
%0+ (57 yez) = Elrg callfs >01"y=0°

A
El[T <»]1[s 501°

&(s)

From (5.2) and 6 (sy) = s (s we obtain

n .y =
°0+(S (S )yez) =

Hence
&(s) = pas/(1 - pqs3/(1 = pqss/(l = 35
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From Perron (1954) we know that this infinite continued fraction
converges.

6. Local times up to stopping times when infinite

We define .
Xy (8) 1= El[Ty=a]§¥-(“) , (6.1)
Xg, (8) = El[To=w]1[sl>o]§¥-(°) , and (6.2)
x;_ (s) := El[TO=_]1[sl<0]§£"(.) 3 (6.3)

We can calculate these pgf's by splitting according to the values of Tl'
or to the values of Sl, and by using symmetry.

Splitting according to leeing finite or infinite yields
* * * = # 6.4
xy(g) = 0_1(§)xy+1(9 s) + Xx_y(s) fory < -1 . (6.4)
Splitting according to S1 being 1 or -1 yields (especially for
y € {-1,0,1}):
3 + 3 -1
Xy(g) = (1 - 1{1}(y))pxy_1(9§) w1 = 1{_1}(y))QS_1xy,1(9 8) « (6.5)
1

n

X (8) = (1= 10, (v))psyx,_1(8s) + (1 - 1, 1 (v))as s) . (6.6)

_1xy*1(9
T E + -1
X A8) = {1 = Loy (ydlesgn o (88) » {1 = 1p 51 (y))ax, (8 8) o {6.7)
and likewise
+ +
x0+(§) = px_l(ei) ’ (6-8)
Xg,(8) = ps;x_,;(8s) . (6.9)
Equation (6.9) also holds for X' instead of X.
Using the symmetry in Bernoulli walk we can find similar equations for
* *
xy with y > 1 and for XO_.
From (6.4) and its counterpart for y > 1, and from (6.5), (6.6), (6.7)
* * *
for y = 0, we see that X_1 and x1 determine xy for all other y. Thus it
* *
remains to calculate X_1 and Xl. Specializing (6.5) for y = -1 yields
Xfl(g) = prz(eg). With (6.4) for y = -2 this combines into

xtl(g) =p0t1(6§)xt1(§) + prl(eg), from which we find the shift equation

+
Xty () = _PX-1(98)

1 =~ p‘fl(eg)

(6.10)



1y

Similar shift equations can be found for XI and xl' Shift equations for
% ;

X], x_1 and X_1 can then be found by the symmetry in Bernoulli walk. Here
we only mention

ps x_;(8s)
1 - p510_1(9§)
The corresponding boundary conditions follow by direct interpretation:

* *

= = = - = —g
¥ (1) =BT g==] =1 -4 (1) =0vil-Ty, (6.12)

X_4(s) = (6.11)

X (1) = PIT;==] = 1 - ¢(1) =0v (1-8) . (6.13)

7. Branching processes

In Sections 10 and 11 we are going to compare local times of Bernoulli
walk with branching processes. To this end we study here the joint pgf's
of branching processes on the whole time domain.

A branching process with or without immigration is denoted by (Zn):=0'
where Zn is the number of individuals in the nth generation. The (n+l)st

generation consists of the total progeny of the nth generation, the sum of
Zn iid random variables with pgf n, together with the immigrants at time

(n+1), whose number is an independent random variable with pgf B. The pgf
of the zeroth generation or 'patriarchate' Z0 is denoted by a.

The distribution of (Zn);=0' or equivalently, the joint pgf {(s) := Egé
(with Zn := 0 for n < 0) is determined by the pgf's a, B and n. When a and
B or a, B and n vary, we will write T

or T Fundamental choises for

a,p na,p’
a and B are a = 1 and a = 1+ with 1(s) := s corresponding to empty and unit
patriarchate, and B = 1 corresponding to no immigration. So Cl 1 is the

joint pgf of the monopatriarchal branching process without immigration,
and Cl B that of the branching process with immigration starting with

empty population.

The Ca 8 are determined by the mutual relations

G 1(s) = alg, 4(s) . (7.1)

ca_ﬁ(g) = ca'l(a)clvs(g) , (7.2)
the shift equations

51,1(5) = socn'l(eg) = So"(cx,1(°§)) i (723}

Cy.pl8) = T p(08) = Gg (02)T, L(0s) . (7.4)
and the boundary condition

G, D) = 1. (7.5)

The first four relations are obtained by the following observations:



12

(7-1)¢ the ZO patriarchs generate Z0 independent monopatriarchal branching

processes without immigration;

(7.2): split the process into the process of descendants of the patriarchs
and the independent process of descendants of immigrants;
(7-3)z Z0 = 1 and 8Z is a branching process with patriarchate Z1 (with pgf

n) without immigration; apply (7.1);
(7.4): Z0 = 0 and 8Z is a branching process with patriarchate Z1 (with pgf

B) and immigration generating function B; apply (7.2).
We see that ct 1 is determined on S by (7.3) and (7.5), as

C,1 1(9n§) = 1 for all sufficiently large n. After this, ca 1 is determined
by (7.1), gy B by (7.4) and (7.5), and finally %y 8 by (7:2).

8. Conditioning on extinction

We concentrate on G := Cl 1 being determined by the shift equation
T(s) = syn(c(6s)) (8.1)
plus boundary condition §(1l) = 1. Other boundary conditions Gll) = %

combine with (8.1) iff x = n(x). It is well-known that other solutions
than x = 1 exist in [0,1] iff n = 1 or the average progeny n'(1l) > 1, and
that the smallest solution (of at most two in case n = 1) is the

probability of extinction, the event t := ngl[Zn=O]. Define the defective

pgf t:'r as

c*(g) LB E1+§Z .

It is not hard to see that also C+ satisfies (8.1), with boundary
condition c*(l) = Pt. Furthermore, if Pt > O then

¢t (s)
Pt

is the (nondefective) pgf of the branching process conditioned on
extinction.

= E(s?| 1)

One easily verifies from C‘|> satisfying (8.1) that

cts) _ _ tct(es)
= syn (2272
Pt Pt
with

nf(s) - n(sPt)
Pt

So C*/Pf satisfies (8.1) with n replaced by n*. We have obtained the
following lemma in the monopatriarchal case, which easily extends to
processes with more general ZO'

Lemma

(8.2)
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The branching process without immigration with progeny generating function
n conditioned on extinction is a branching process without immigration

with progeny generating function n+ given by (8.2), provided that Pt > O.

Example. Consider the pgf of the geometric distribution

Y (s) :=— % for s 6 [0,1) , (8.3)
P 1 - ps
and define Yp(l) = %%TYp(s)' With n = Yp the above specializes to
Pt =1 A g and Y; = YpAq To limit the complexity of our notations we

often denote Y by Y.
pAq

9. Decomposition of the random walk

In the last four sections we discussed only defective pgf's of the local
times. In fact, we have only calculated the pgf's of the local times in
the first excursion. To extend the calculations to the whole time domain
we also have to consider the other excursions, if any.

Define Téo) := 0 and, for k > 0, Ték) 5 inf{nzTék-1)+1: Sn=0}. For

k>0 Ték) denotes the waiting time for the kth return to zero. For i € N,

r{t) g {i-1)

= " F - . 0 s
the ith excursion Ei is defined by Ei t= (8 (i-1) )j=1 if
T #.4
0
Tél—l) ¢ @, Ei := P else. Nonempty excursions Ei we will call positive or

negative, depending on S being 1 or -1. Depending on the value of

Téi-1)+1

T(()l) these excursions are said to be finite or infinite. From property (a)

we know that these excursions are independent, and that the finite

excursions are even iid. The random walk (Sn):=0 thus can be decomposed

into a sequence (Ei):=1 of independent excursions.
This decomposition allows us to calculate the pgf's of local times up

*
to infinity. From property (b) we have L () = « if p = %. so let us

define for p =

vo(s) := Es® (9.1)

By splitting ¢_ according to T0 = = or T0 { = we find

* * * *
b (s) = xg(s) + 0,(s)v_(s)

SO
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v (g) = _Yo'8)

@

el (9.2)
1 - 0,(s)

10. Ascents, descents and branching processes

In this and the next section we will compare local times with branching
processes by means of the relations that exist between the respective
pgf's. To avoid trivialities we will asume that pAq = O.

Consider shift equations (4.3) and (8.1). From (4.3) we have

+
%0.(8) _ ¢ pvq

PAqQ g v
1 = fpka). O\
PAqQ

By substituting Y for n in (8.1) we see that v& 1 and 06+/(pAq) satisfy

the same shift equation. Furthermore, both ch 1(L) and 05+(l)/(pAq) are
equal to 1. So we have

L
0+ = =840 . (10.1)

PAq
] v Lf TO
Note that o, (s)/(pAq) = ¢, (s)/P[Ty<=, S,>0] = E(s |To<w, S$,>0). We

have obtained the following theorem.

Theorem 1
The conditional joint distribution of descending local time Lf(TO) , given

that the first excursion is positive and finite, is equal to the joint
distribution of the monopatriarchal branching process without immigration
with progeny generating function Y.

With 'positive' replaced by 'negative', this theorem also holds for
ascending local time.

Descending and ascending local time in an infinite excursion can also
be described in terms of a branching process. For this purpose, consider
11,7
Using successively equations (7.4), (7.1), (10.1) and the definition of 7Y,
we find

o1, v(8) = By 1(028) 4T, ((B3)

Y(,G, (08)). 8, ((6s)

o, (8s)

O+
Y[ pPAQ ]'Ycl.Y

(6s)
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- pvq

+
1 - 00+(9§)
Before comparing this with the shift equation for X6+. we note that
v . 1 1 v ¢
Xo+ =0 4if p § 5 So we asume p > 5- As XO+(l) = px_l(l) = p-q and

Ycl Y(1_) = 1, consider the shift equation for x6+(§)/(p—q)

+

. p. %0+ (%)
XpaltBl p-q )
P-q T
1 - op, (0s)
which follows easily from equations (6.8) and (6.10). So
4
Xn,(8) _
e = 4By 418 (10.2)
pP-q

+
v _ oY == _ L7 (=) e
Note that X (s)/(p-a) = Xg (s)/P[Ty==, S,>0] = E(s’ ITO- + $,50). We
have obtained the following theorem.

Theorem 2

Ifp> %, then the conditional joint distribution of descending local time

g¢(TO), given that the first excursion is positive and infinite, is equal

to the joint distribution of the branching process with empty
patriarchate, progeny generating function Y and immigration generating
function Y.

' 1

p < 1', Theorem 2

by 5

With 'positive' replaced by 'negative', and 'p > %

also holds for ascending local time.
Theorems 1 and 2 generalize similar results found by Dwass (1975).
11. Local time as a branching process

Also local time can be described as a branching process. In the case of
symmetric Bernoulli random walk (p = %), this has already been done by

Rogers (1984). Because of the simple relationship (2.1) between descending
local time and local time, we can extend Rogers's theorem to the general
case p € (0,1).

Combination of (2.1) and Theorem 1 gives us
Corollary 1
The conditional distribution of the sequence (L(To,k)):=0, given that the

first excursion is positive and finite, is equal to the distribution of
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the sequence (Zk + Zk-l)k=0' where (Zn)n=0 is the monopatriarchal

branching process without immigration with progeny generating function Y.

This corollary also holds for L((TO.-k));=o instead of ((To,k)):_o, i 3
'positive' is replaced by 'negative'.

From (2.1) and Theorem 2 we find
Corollary 2
If p > %, then the conditional distribution of the sequence ((TO'k)):=1'
given that the first excursion is positive and infinite, is equal to the

distribution of the sequence ((1 + Zk + Zk-l))k=1' where (zn)n=0 is the

branching process with empty patriarchate, progeny generating function Y
and immigration generating function Y.

k=1 instead of (L(T
i

'positive' is replaced by 'negative', and 'p > %' by 'p € 5"

Corollary 2 also holds for (L(TO,—k)) if

0¥ -1

12. Another derivation via martingales

Inspired by the proof of Rogers (1984) for p = 4 we rederive some of the

results of Sections 10 and 11 by martingale argﬁments. Let Fn be the
o-field generated by Xl'x2""’xn' and let f: Z » R be a function with
f(0) = 1, to be determined further below. Define for s € S
Lf(nATo)

Mn == f‘(Snl\TO)ﬁ 1[Sl>0] -
Then we have

M1 = f(1)1[81>0]
and

+ =
E(Mn+1|Fn) = pf(sn e qf(sn 1)550_1-M

o
f(Sn)
So, if we pick f such that

pf(k+1) + qf‘(k—l)sk_1 = f(k) for k € N, (12.1)

then (Mn)n=1 (not <Mn)n=0) is a martingale relative to (Fn)n=1' Note that

all functions f satisfying the previous conditions form a one-dimensional
affine space. The extra condition f(k) = f(k+1l) for k 2 ko (with

ko satisfying Sy = 1 for k 2 ko) determines f completely, and makes
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(Mn)n=1 a bounded martingale. In this case, M. := %}E M  exists wpl, and

we have

E(M_|F)) = M, .

L (Tp) L (=)
As M _= £(0)s 1[Sl>0' T0<-] + f(ko)§ 1[sl>0' T0=c]' the previous
identity is equivalent to
L*(T,) L* ()
1[Sl>0][E§_ 1[T0<“] + f(k,)Es 1[To=°]) = 1[Sl>o]f(1)

This equation is not particularly tractable in case there are two nonzero
terms on the left-hand side, but in case p ¢ é (so T0 < = wpl) it
simpifies to

Elrg 5018 = 1[Sl>o]f(1) : (12.2)
In order to calculate f(1) we define P i= f(k+1)/f(k), so that Py = 1 for

k2 ko and o = f(1). We now can rewrite the recursive relation (12.1) as

PPePh-1 ™ Bhe1 ™ Preg »
or equivalently,

Pr-1 = S () - (12.3)
Iterating (12.3) we find

£(1) = »q

s - Y(8,Y(...8 Y(s Yas))
0 1 k0—2 ko-l

= (5, 4(8) . (12.4)
Combining (12.2) and (12.4) we reobtain Theorem 1 and Corollary 1, this

time restricted to the special case p £ %.
A similar martingale argument proves the version of Theorem 1 and
Corollary 1 for ascending local time in a negative first excursion, in

case p 2 %.
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