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Abstract

This paper analyzes a single-machine scheduling problem with family
setup times both from an optimization and a cost allocation perspective.
In a so-called family sequencing situation jobs are processed on a single
machine, there is an initial processing order on the jobs, and every job
within a family has an identical cost function that depends linearly on its
completion time. Moreover, a job does not require a setup when preceded
by another job from the same family while a family specific setup time is
required when a job follows a member of some other family.

Explicitly taking into account admissibility restrictions due to the pres-
ence of the initial order, we show that for any subgroup of jobs there is an
optimal order, such that all jobs of the same family are processed consec-
utively. To analyze the allocation problem of the maximal cost savings of
the whole group of jobs, we define and analyze a so-called corresponding
cooperative family sequencing game which explicitly takes into account
the maximal cost savings for any coalition of jobs. Using nonstandard
techniques we prove that each family sequencing game has a non-empty
core by showing that a particular marginal vector belongs to the core.
Finally, we specifically analyze the case in which the initial order is family
ordered.

Keywords: Single-machine scheduling, Family scheduling model, Setup times,
Cooperative game, Core, Marginal vector
JEL classification code: CT1

1 Introduction

Scheduling is about the optimal planning of processing a number of jobs through
a number of machines. Economies of scale are fundamental to manufacturing
operations. With respect to scheduling, this phenomenon manifests itself in

*CentER and Department of Econometrics and OR, Tilburg University, P.O. Box 90153,
5000 LE Tilburg, The Netherlands.

TCorresponding author. Email: S.Grundel@uvt.nl

fWorld Steel Association, Rue Colonel Bourg 120, B-1140 Brussels, Belgium



efficiencies gained from grouping jobs together. In particular, so-called family
scheduling problems have received considerable attention in the scheduling lit-
erature with setup considerations. These problems consider situations where
the jobs can be classified into distinct families with respect to their production
requirements such as the required tooling or container size. Ahn and Hyun
(1990), Bruno and Sethi (1977), Mason and Anderson (1991), and Monma and
Potts (1989) propose algorithms for minimizing total weighted flowtime on a
single machine with family setup times. We refer to Webster and Baker (1995)
and Liaee and Emmons (1997) for a review of scheduling literature on fam-
ily scheduling problems. Further we note here that sequence-dependent setup
times tend to make solutions difficult to find. We refer to Allahverdi et al.
(1999) and Allahverdi et al. (2008) for a review of the scheduling literature with
sequence-dependent and sequence-independent setup considerations.

In this paper we restrict attention to setup considerations of the following
type. A job does not require a setup when following another job from the same
family, but a “family setup time” is required when it follows a member of another
family. An example of a specific application of this type of family scheduling
problems is a production line of colored plastics (cf. Potts and Van Wassenhove
(1992)). In this setting customer orders can be divided into color groups. A
setup is required when switching from a job of one color to a job of another
color. Furthermore our framework assumes that per family, a cost function is
defined that depends linearly on the completion time of its members. Moreover
we assume that there is an initial processing order ¢ on the jobs which provides
the initial right of each job to be completed at a certain time with a given set
of preceding jobs.

Santos and Magazine (1985) show that for each family, an urgency index can
be computed such that, if the jobs are processed in an order of non-increasing
urgency indices, then the total costs are minimized. This result however, can
not be applied when considering the optimization of subgroups of jobs since the
initial order on jobs puts additional constraints on the order of jobs within a
subgroup. An order is admissible if each job outside the subgroup is completed
at least as early as in the initial order, and its set of preceding jobs remains un-
changed. In this paper we show that for each subgroup there is an optimal order
which (within components) processes all jobs of the same family consecutively,
but which is not necessarily the urgency order of Santos and Magazine.

To analyze the allocation problem of the maximal cost savings of the whole
group of jobs, we define a cooperative family sequencing game, corresponding to
the family sequencing situation, which explicitly takes into account the maximal
cost savings for any coalition of jobs. The game theoretic analysis of cost allo-
cation problems arising from sequencing situations dates back to Curiel et al.
(1989) in the setting of one machine sequencing situations with a finite number
of jobs, linear cost functions and an initial order. It was shown that these games
are convex and hence allow for core elements; efficient allocations that can not
be improved upon by a subgroup of jobs. The following studies in this strand
of literature have extended the basic model by considering ready times (Hamers
et al. (1995)), due dates (Borm et al. (2002)), precedence relations (Hamers



et al. (2005)) and controllable processing times (van Velzen (2006)). The cur-
rent paper is one of the first to explicitly incorporate setup times. In Lohmann
et al. (2010) sequencing situations are analyzed where for each job some setup
is required which depends on its predecessor.

We show that for our class of family sequencing games the marginal vector
which corresponds to the initial order, belongs to the core of the game. It is
however also seen that these games in general are neither convex, og-component
additive, nor permutationally convex (Granot and Huberman (1982)) with re-
spect to the initial order. Therefore, the proof of the result above does not rely
on standard techniques, but requires a tailor made analysis.

Finally, we specifically analyze the case where the initial order of jobs is such
that all members of the same family are processed consecutively. In this case
it turns out that all subgames in which the last job with respect to the initial
order is not participating, are convex. From this we are able to derive a core
element for the corresponding family sequencing game, based on the Shapley
value (Shapley (1953)).

The outline of the paper is as follows. Section 2 formally describes family
sequencing situations and analyzes the optimization problem of all subgroups.
With respect to the associated cost allocation problem, Section 3 shows that
family sequencing games have a nonempty core. In section 4, the specific case
of ordered family sequencing is analyzed.

2 Family Sequencing Situations

In this section, we consider a one machine sequencing situation in which a finite
number of jobs are queued in front of a machine, waiting to be processed. The
machine in the situation can handle at most one job at a time. The set of jobs
is denoted by N. The jobs can be partitioned into f families with respect to
their production requirements. Let F' be the set of families with |F| = f. A
family function F : N — F associates to each job i € N the family F(i) that
he belongs to. We denote by nj the number of jobs in family ..

An order on the set of jobs is a bijection o : N — {1,...,|N|}. We denote the
set of all orders on N by II(N). Given an order o € II(N) the set of predecessors
of a job i € N with respect to o is defined as P(o,i) = {j € N|o(j) < o(i)}.
Similarly, the set of successors of i with respect to o is defined as S(o,4) =
{j € Nlo(j) > o(i)}. Moreover, let P(0,i) = P(0,i) U {i} and S(0,i) =
S(o,4) U {i}.

It is assumed that there is an initial order o on the jobs before the processing
of the machine starts. If a job in family k follows a job of the same family, then
it does not require a setup. However, the family setup time s; > 0 is required if
it is preceded by a job of a different family or if it is the first job. Observe that
the setup times are independent of the family of the preceding job. We assume
that each job of the same family requires the same processing time which is
denoted by pi > 0 for every family k € F. For each job i € N, the costs ¢;(t) of
spending time ¢ in the system is assumed to be linear in the completion time.



We assume that all jobs of family £ have the same cost parameter oy > 0 such
that c;(t) = ayt for all i € F~1(k).

A one machine sequencing situation as described above is called a fam-
ily sequencing situation and is denoted by X(N) = (N, F, F, 09, s,p,«) with
s,p, € Ri +- In a family sequencing situation the completion time C(o,i) of
job 4 when processed according to the order o is given by

Cloi)= Y (wogsrg)+prp)
jEP(0,i)

where z, ; equals 1 if job j requires a setup when the jobs are processed with
respect to o and 0 otherwise, i.e.

xw:{ 1 if oY (o(j) — 1) ¢ F(j) or o(j) =1,

0 otherwise.

The total costs if the jobs are processed according to the order o equals

> ar;Clo,j).

JEN

By reordering the jobs with respect to oo, the total costs can be reduced. We
call an order optimal if it minimizes the total costs. It was proven by San-
tos and Magazine (1985) and, independently, by Dobson et al. (1987) that a
highest urgency comes first (HUCF) order is optimal for family sequencing sit-
uations. An HUCF order processes the jobs of the same family together as a
group (consecutively) and processes these family groups in nonincreasing order
of the family-specific urgency index uy defined by up = %. Here the the
numerator indicates that a family with a high cost parameter is likely to be
processed in the beginning of the optimal order, from the denominator can be
seen that families with a high total processing time are processed in the tail of
the optimal order.

Theorem 2.1. (Santos and Magazine (1985)) For every family sequencing
situation an HUCF order is optimal.

Example 2.1. Consider the family sequencing situation (N, F, F, 0o, 8, p, @)
with N = {1,2,3,4,5} and F = {1,2}. Assume that F(1) = F(4) = F(5) =1
and F(2) = F(3) = 2. Further assume that o9 = (1,2,3,4,5), s = (1,5),
p=(5,2) and a = (5,4). Then the urgencies for the families are u; = 12 and
Ug = %, respectively. Hence, an HUCF order processes the jobs in family 1 first
and then the jobs in family 2. In Figure 1, we depict the processing orders og
and an HUCF order oy.

The cost savings obtained by N when using oy equals
Y ax((Cloo,4) = Clow, )
JEN
= 5(6—6)+4(13 — 23) + 4(15 — 25) + 5(21 — 11) + 5(26 — 16) = 20.
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Figure 1: The orders ¢ and oy.

O

For a family sequencing situation X(N) = (N, F, F, 09, s, p, @), the costs of
a subgroup T with respect to an order o equals E]ET ar;C(a,j). We want to
determine the maximal cost savings of T" when its members decide to cooperate.
For this aim, we have to specify which orders are admissible for T with respect
to the initial order. We assume that an order o € II(N) is admissible for a
subgroup T with respect to oy if it satisfies the following two conditions:

(i) P(o,i) = P(00,1) for all i € N\T', and
(i) C(o,1) < C(og,i) for all i € N\T.

Condition (i) is the standard admissibility requirement in the sequencing liter-
ature and requires that 7' can achieve cost savings only by changing jobs within
its op-components, being the maximally connected subsets of T" with respect to
0g. However, in a family sequencing situation, a subgroup may negatively af-
fect the jobs outside the subgroup by reordering its jobs within op-components.
Hence, we also adopt condition (ii) which guarantees that 7" cannot not harm the
jobs outside T'. The set of admissible orders of T is denoted by A(T). Then,
the corresponding optimization problem for 7T in family sequencing situation
Y(N)= (N, F,F,oo,s,p,q) is given by

min Z ar;yCl(o,j).

An admissible order for which the minimum is attained is called optimal for T.

Example 2.2. Reconsider the family sequencing situation from Example
2.1. Now consider the subgroup S = {1,2,3}. Observe that the order ¢ =
(2,3,1,4,5) is an admissible order for S with respect to og: P(0,i) = P(00,1)
for all i € N\S and both C(0,4) < C(00,4) and C(0,5) < C(09¢,5). This can
be seen from Figure 2.

The cost savings obtained by S when using o equals

3" ar((Cloo,4) — Cl0,§)) = 5(6 — 15) + 4(13 — 7) + 4(15 — 9) = 3.
jeSs
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Figure 2: The orders o¢p and o.

Actually, o is an optimal order for S. Notice that o processes the jobs in family
2 first although with respect to the optimal order for all jobs, jobs in family 1
are processed first.

Now consider the subgroup T' = {1,2,3,5}. Clearly, o is an admissible order
for T'. Actually, o is also an optimal order for T'. The cost savings obtained by
T using o equals

> ar(Clo0.g) = Clo.4)) = D ary(Cloo.j) — Clo.])

JjeT jES
+a1(C(09,5) — C(0,5))
= 345(26-25)
8.

That is, when the jobs 1,2 and 3 reorder themselves from o to o, also job 5
profits from an earlier completion time and this profit is now taken into account.

O

Let T C N and o € II(N) such that T is a connected subgroup with respect
to o. Define,
T — . .
f(o,T) = argmin o(j),
and
(o,T) = j).
(0,T) = arg max o(j)
Clearly, f(o,T) is the first job within T, and I(o,T) the last job within T" with
respect to the order 0. We denote by P(c,T) the collection of jobs which stand
in front of every member of T in the order o, i.e.,

P(o,T)={i € N|o(i) < o(f(c,T))}

and S(o,T) the collection of jobs which stand behind every member of T" in the
order o,

S(o,T) ={i € N|o(i) > o(l(c,T))}.

Let o € TI(N). We call a set of jobs R that are processed between two setups
when the jobs are processed with respect to o, a run of o. Obviously, all jobs



in the same run are of the same family. A run which consists of jobs of family
k is called a run of family k.

An order o is family ordered if it processes all jobs that belong to the same
family consecutively, i.e. if for every pair of jobs i,j € N where F(i) = F(j) it
holds that h € F(i) for every h with (i) < o(h) < o(j).

Since a og-component of a subgroup can affect the completion times of the
members of another op-component behind it (cf. Example 2.2), it is generally
not easy to find an optimal admissible order for a subgroup. Nevertheless,
there are useful properties regarding the structure of optimal admissible orders.
In the following theorem we show that for every connected subgroup, there
exist an optimal admissible order that processes the jobs of the same family
consecutively.

Theorem 2.2. Let (N, F, F,o00,$,p, @) be a family sequencing situation and let
T C N be a subset of jobs. Then, there exists an optimal order for T which
processes all jobs of the same family within a og-component of T' consecutively.

Proof. Let T =Ty UTyU---UT; where for each y € {1,...,1}, T}, is a maximally
connected subset of T with respect to og. Let 0 € A(T) and suppose o is an
optimal order for T'.

Fix y € {1,2,...,1} and suppose that with respect to o, family k jobs in T},
are processed in different runs. Let K; and K> be the set of family & jobs in T},
that belong to the first and second run, respectively. Let M be the set of jobs
(of other families) that are placed in between K; and K5 with respect to o. Let
~ be the time to process and setup all jobs in M when they are processed with
respect to o, i.e., vy = EjeM(ng’S]:(j)_"p]:(j)). Let i1 = f(0, K1), 42 = f(0, K2),
m = f(o,M), and h = f(o, S(0, K3)).

Now consider the order o’ € II(N) which is obtained from ¢ by moving all
jobs in Kj to the head of Ky and the order o” € II(IV) which is obtained from
o by moving all jobs in K5 to the tail of K;. Figure 3 depicts the orders o, o’
and o”.

T,

oc— K[ M| K [ |}—
¥ ¥ ¥
i m is h

o' ] l M| K I K | ——
L] " : '

ot — | K | K | M|
" i o "

Figure 3: The orders o, o’ and o”.

We start by showing that ¢/ and o are admissible. Next we show that



either ¢’ or ¢” is also an optimal order, i.e.

Y ar(Clovj) = C(0',) = 0 (1)
JET
Y ar(Clo,) = Ce",5) = 0. 2)
JET

First we show that ¢’ is an admissible order for T. Clearly, P(c’,i) =
P(o,i) = P(0y,1) for all i € N\T. It remains to show that C(¢’,%) < C(09,1)
for every i € N\T. Since o is an admissible order, it is sufficient to show
that C(o’,i) < C(o,1) for every i € N\T. Observe that z, ; = z, ; for every
J € N\{i1,42,m}. Hence, C(o’,i) = C(o,1) for every i € P(o, K1) and

Clovi) = C(o'i) = > (szGymos+prG) — D (sF@)Tori+DPra)
jEP(0,i) jEP(0’,i)
= Y (e — 30 ) SF()
je{il,iz,m}
> 0,

for every i € S(o,M). The inequality follows from z,,, = 1 which implies
(To,m — To',m)SF(@m) = 0. Further it holds that v, i, = 1, To/ 4, + Tor i, = 1,
and sx(i,) = Sr(iy) such that Y . 0 (%o — o j) SF(j) = To,inSF(in) = 0.
Hence, o’ € A(T).

Next we show that ¢” is an admissible order for T. Obviously, P(¢”,i) =
P(09,1) for every i € N\T'. Since o is an admissible order, it is sufficient to show
that C(0”,i) < C(o,1) for every i € N\T. It can be observed that z,» ; = x5
for every i € N\{iz, h}. Hence, C(c”,i) = C(0,1) for every i € P(o, M) and

Cloyi) = C(a",i) = Y (sri)Tes+PF())
jEP(0,i)

> (sr)Tor s +Pr()

0.1171')

’

Jje

= Y (@ — T i),

j€{iz,h}

o]l

for every i € S(o,K2). Clearly, ©,4, = 1 and 2, ;, = 0. However, x, ) can
either be 0 or 1. First assume that x,5 = 0, i.e., h is member of family k.
Hence, 5 5, = 1 and

> (@oj—2orj)sF(G) = (1=0)s7 >y +(0—1)s7p) = (1-0)sx+(0—1)s = 0.
j€{iz,h}
Next assume that x5 = 1. Then,

Z (Toj — Tor )7 = (1 =0)sk+ (1 —2orn)srm)
j€{iz,h}

Y

(1 — O)SzC + (1 - 1)8]:(h) = Sg.



Hence C(o,i)— C(c”,i) > 0 for every i € S(o, K2). This yields that o” € A(T).

To prove Theorem 2.2 it is sufficient to prove that either (1) or (2) is satisfied.
First observe that

Yo ar(Clof) =Cle', i) 2 Y. ary (Clo) —C@.5), (3)

JjeT JEKLUM

where the inequality follows from the fact that C(o’,i) = C(o,i) for every
i € P(o,K;) and C(o,i) — C(0’,i) > 0 for every i € S(o, M). Moreover, for
every ¢ € M it holds that

Clo,i) = C(o'i) = Y (%057G) +PF(H) + Tom — Torm)SF(m)
JEK1

Toiy Sk + [ K1pk + (To.m — Tov m)SF(m)

= T8k + |Kilpk + (1 = Tor m)SF(m)

and for every i € K3
Clo,i) = C(o,i) = =Y (T jSF() +PrG)) — (Toris — Toiy)Sk
jeM
> —(y+sk). (5)
The inequality follows from x,/;, =1 and
_ v if Lo m = 17
Z (Tor jSF(G) +PFG) = { Y= 57mys i Torm = 0.

JjEM

Consequently, by inequalities (3)-(5), we have that

> azg) (Clo,g) = C(o',3) = K| | pr Y argy — (Y +se)aw | . (6)
JeT JEM

Secondly, observe that

Y ar(Cle) =C". D)= Y ar (Clo.))—Cl".5), (7
jET jEK2UM
which follows from C(¢”,i) = C(o,i) for every i € P(o,M) and C(o0,i) —
C(¢”,i) > 0 for every i € S(o, K3). Moreover,

if 1 € Ko,

N "o o Y + Sk,
Cloi) = Cloi) = { —|Ks|pe, ifi€ M. (8)
which implies that
> ar(Clo5) = C0”,5)) = |Kal | (v +se)ak —px D argy |- (9)
JeT JjEM



Either the righthandside in (6) or (9) is non-negative which shows that either
(1) or (2) is satisfied. O

From Theorem 2.2 it follows that for the optimization problem for a subgroup
of jobs, the urgency indices of the jobs are not the only factor to take into
consideration. Apparently, the structure of families within the subgroup is also
of concern.

Let (N) = (N, F, F, 00, 5,p,a) be a family sequencing situation and let T
be a connected subset with respect to oy. The family urgency index wr y for T

is defined as
nr ko

Sk + N1 KDk
for all k € F(T), where nyy is the number jobs of family k in T and F(T') =
J F(¢) is the set of families associated to T
‘€T

Now assume that F(I(co,T)) = k(T). The tail-adjusted family urgency index
wy, for T is defined as

ur k=

’ o UTJ if l 75 ]EJ(T),
YTiT Y 0 il =k(T).

for all I € F(T).
An order o € TI(N) is called an HUCF order for T, where T is connected
with respect to oy, if

(i) P(o,1) = P(0og,1) for every i € N\T, and

(ii) o is family ordered and processes the family groups in non-increasing order
of the family urgency index for T'.

An order o € II(N) is called a tail-adjusted HUCF order for T, where T is
connected with respect to oy, if

(i) P(o,1) = P(0g,1) for every i € N\T, and

(ii) o is family ordered and processes the family groups in non-increasing order
of the tail-adjusted family urgency index for T

Example 2.3. Reconsider the family sequencing situation from Example 2.2.
Consider again S = {1,2,3}. Then, F(5) = {1,2} and ug1 = 2 and ug2 =

respectively. Since k(S) = 2, the tail-adjusted urgencies in S are ug, =
and ug, = 0, respectively. Hence, o = (2,3,1,4,5) is an HUCF order and
o' =00=(1,2,3,4,5) is a tail-adjusted HUCF order for S. O

loo

3

ol

Next we focus on the structure of the optimal orders for connected subgroups
which include the job that is processed first with respect to op. In the following
lemma, we show that for connected subgroups of this type, either an HUCF
order or a tail-adjusted HUCF order is optimal.

10



Lemma 2.1. Let 3(N) = (N, F, F, 00, $,p,a) be a family sequencing situation
and T a connected subgroup with respect to oy with 051(1) € T. Then,

(i) If an HUCF order for T is admissible, then it is optimal for T.

(i) If an HUCF order for T is not admissible, then a tail-adjusted HUCF order
for T is optimal for T.

Proof. Let o € II(N) be an HUCF order for T.

(i) Let 0 € A(T). From Theorem 2.1 and Theorem 2.2 it immediately
follows that o is optimal.

(it) Let o ¢ A(T). Then, clearly, S(oo,T) # 0. Define h = f(og, S(00,T)).
We first prove the following claim:

Claim: Let © € II(N) be such that P(m,i) = P(09,t) foralli € N\T, «
is family ordered for T, and 7 ¢ A(T). Then C(m, h) > C(0og,h), T =1 and
LTog,h = 0.

Proof of the claim: Since 7 ¢ A(T') and P(w,i) = P(09,t) for alli € N\T,
it holds that

C(m,i) > C(0o,1), (10)

for some i € S(m,T). Since o5 '(1) € T and since 7 is family ordered, the
number of setups in 7 are minimized, which implies the total setup time is
minimized, and, consequently

C(m,l(m,T)) < C(o0,l(00,T)).

Hence, since m and oq coincide after the last job in T, for (10) to hold it must
be the case that x5 =1 and 24, = 0, while in fact C(m, h) > C(0¢, h). This
proves the claim. Clearly, the claim implies that

C(o,h) > C(og,h), 2o, =1, and xs,n = 0. (11)

Let o’ € II(N) denote a tail-adjusted HUCF order for T. Since o’ is family
ordered, P(o’,i) = P(09,4) for all i € N\ T, and x, 5, = 0 we readily see from
the claim that o’ € A(T).

Now consider an arbitrary order 7 € II(N) with 7 € A(T'). We prove that
all jobs in T that are within F(h) are processed last in 7. From (11) it follows
that TNF(h) # 0. Now suppose z, 5 = 1 or that at least two members of F(h)
within 7" are processed in different runs. Then,

C(r,h) > Z (sk + nT.kPr) + SFn) + PFH)
keF(T)

C(o,h)
> O(Uo,h).

The equality holds by the fact that o is an HUCF order and z,, = 1. The
strict inequality follows from (11). This establishes a contradiction with the

11



admissibility of 7. Hence, for each admissible order there is no setup required
for job h, and the members of F(h) are not processed in different runs in 7'
This implies that for each admissible order all members of F(h) are sent to the
back of T'. The tail-adjusted HUCF order o’ satisfies this condition.

It remains to prove that ¢’ is optimal for the set T’ = {i € T|F(i) # F(h)}.
This is obvious by applying () since ¢’ is defined as a HUCF order for 7" which
is admissible for T".

O

3 Family Sequencing Games

A transferable utility (TU) game is an ordered pair (N,v) where N is the fi-
nite set of players, and v the characteristic function v on 2V, the collection
of all subsets of N. The function v assigns to every coalition T € 2V a real
number v(T') with v(@) = 0. Here, v(T') is called the worth or value of the
coalition T. The set of all TU-games with player set N is denoted by TUY.
Where no confusion arises, we write v rather than (N,v). A game v is called
monotonic if v(S) < v(T) for every S C T and v is called superadditive if
v(S)+v(T) < v(SUT) for every S, T € 2V with TNS = (. A game v is convez if a
player’s marginal contribution does not decrease if he joins a larger coalition, i.e.,
v(T U{i}) —o(T) > v(SU{i}) —v(S) for every i € N and S,T C N\{i} with
ScT.

The core, denoted by Core(v), of a game v is defined as the set of efficient
allocations for which no coalition has an incentive to split off from the grand
coalition, i.e.,

Core(v) = z € RY Z z; = v(N) and ij > v(S) for all S € 2V
JEN Jjes
A game with a nonempty core is called balanced.

A coalition S C N is called connected with respect to an order o € II(N) if
for all 4,5 € S and h € N such that (i) < o(h) < o(j) it holds that h € S. We
denote with con(o) the set of coalitions that are connected with respect to o.
For a coalition S, S\c denotes the set of o-components of S.

Let 0 € II(N). A TU-game v is called o-component additive if it satisfies
the following three conditions:

(i) v({i}) =0for alli € N, and
(ii) v is superadditive, and
(il) v(S) =Y peg\, v(T) for all S € 2N,
Le Breton et al. (1992) showed that o-component additive games are balanced.

In a family sequencing game corresponding to a family sequencing situation,
players will correspond to jobs, and the value of a coalition T is defined as the

12



maximum cost savings coalition 7" can achieve by means of an admissible orders
in A(T). Formally, the family sequencing game v corresponding to a family
sequencing situation X(N) = (N, F, F, 09, s, p, @) is defined by

(1) = mpx, { Sy (Clowd) = Clo) 1 (12)

for every T C N. It readily follows that v is monotonic.

Example 3.1. Reconsider the family sequencing situation of Examples
2.1 - 2.3. Since 0 = (2,3,1,4,5) is an optimal order for S = {1,2,3} and
T = {1,2,3,5} it holds for the corresponding family sequencing game v, that
v(S) = 3 and v(T) = 8. From this can be seen that the game is not oo-
component additive; {1,2,3} and {5} are the gp-components of {1,2, 3,5}, but
v({1,2,3,5}) =8 # 3 =v({1,2,3}) + v({5}).

The complete family sequencing game v is given by: v(N) = v({2,3,4,5}) =
20, v({1,2,3,4}) = v({2,3,4}) = 10, v({1,2,3,5}) = 8, v({1,2,3}) = 3 and
v(S) = 0 for every remaining coalition S € 2. Also observe that this game is
not convex

v(N) = v({2,3,4,5}) = 0 < 3 = v({1,2,3}) — v({2,3}).

O

Let v € TUN. The marginal vector m?(v) € RY with respect to o € TI(N)
is defined to be the vector with for each ¢ € N

mi (v) = v(P(o,i)) —v(P(0,1)),

where P(o,1) is the set of predecessors of job i € N and P(o,4) = P(o,i) U {i}.
A concept that is closely related to convexity is permutationally convexity.
The game v is said to be permutationally conver with respect to o € II(N) if

v(P(0,i) UT) — v(P(0,i)) < v(P(0,j) UT) = v(P(0,5)),

for every i,j5 € N with 0(i) < o(j) and T C S(o,j). Permutational convexity
with respect to an order o € II(N) is a well-known sufficient condition for the
corresponding marginal vector m?(v) to be a core element (cf. Granot and
Huberman (1982)). In the following example we show that family sequencing
games need not be permutationally convex with respect to the initial order .

Example 3.2. Consider the family sequencing situation X(N) = (N, F, F, oy,
s,p,a) with N = {1,2,3,4,5,6} and F = {1,2,3,4}. Assume that F(1) =
F@3) =1, F(2) = 2, F(4) = F(5) = 3 and F(6) = 4. Furthermore, let
oo = (1,2,3,4,5,6), s = (2,2,1,5), p = (1,2,2,5) and o = (10, 10,10, 1).
Finally, let v be the family sequencing game corresponding to 3 (V).
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Consider the coalitions

S = P(00,3) = {1,2,3}, S" = P(09,3)U{6} = {1,2,3,6},
W = P(00,4) ={1,2,3,4}, W' = P(00,4) U{6} = {1,2,3,4,6}.
The urgency indices for S are ug; = % and ug 2 = 14—0. Hence, 05 = (1,3,2,4,5,
6) is an HUCF order for S. Clearly, og is admissible for S. Then, by Lemma
2.1, og is optimal for S.

The urgency indices for W are uw,1 = 2740, Uw,2 = 1740 and uw,3 = %. Hence,
ow = (1,3,4,2,5,6) is an HUCF order for W. It can easily be observed that
ow is admissible for W. Then, by Lemma 2.1, oy is optimal for W.

Clearly, og is also an optimal order for S’ while oy is also an optimal order
for W’. Then, v is not permutationally convex with respect to og since

2=v(5") —v(S) > (W) —v(W)=1.
O

In the literature on sequencing games, balancedness of a game v is often
proved by using the fact that v € TUY is gp-component additive. However, in
Example 3.1 is shown that family sequencing games need not be og-component
additive. For sequencing games with controllable processing times, van Velzen
(2006) proved balancedness by using the property of permutationally convex-
ity. From Example 3.2 it can be seen that family sequencing games are not
permutationally convex with respect to 9. Hence, the balancedness of family
sequencing games can not be proved using standard techniques. However, a di-
rect but technically intricate proof shows the marginal vector that corresponds
to initial order oy does belongs to the core of a family sequencing game. For this
proof we introduce some orders which we prove to be admissible and hence have
a completion time smaller than or equal to the completion time of the initial
order.

Theorem 3.1. Let X(N) = (N, F, F,00,58,p, @) be a family sequencing situa-
tion and let v € TUN be the corresponding sequencing game.  Then,
m7°(v) € Core(v).

Proof. Let T\og = {T1,T>,...,T;} be such that T, C P(og,Ty+1) for every
ye{l,..,1—1}. Let o0 € A(T) be an optimal order for T
We have to show that >, mJ°(v) > v(T'). Since

U(T) = Z A F(45) (0(007j) - C(Uvj))
JET

Y Y arg) (Cloo,4) ~ Clo. ),

ye{1,2,... .1} jJETy

YomPwy = > Y mPw),

jeT yE{1,2,...,1} GET,

and

14



it is sufficient to show that

Y mP(v) = Y azg) (Cloo.j) = Clo, ), (13)

JjeTY JETY

for every y € {1,2,...,1}.

Pick y € {1,2,...,l}. Let D = P(0¢,T,) and E = DUT,. If D = {), then
y =1 and (13) follows from Lemma 2.1 and Theorem 2.2 Wthh implies that o
is also an optimal order for 77. Hence,

Y miw) = =Y ar() (Cloo,4) — Clo,4)) -

JET JET

For the remainder, let D # (). Notice that o *(1) € D and > jer, m;°(v) =
v(E) — v(D). Hence inequality (13) boils down to

’U( Z ar ]) UO, ) O(Uv.])) = 0. (14)

JjeT,

In the remainder of this proof we consider an order p for E which is the
combination of an optimal order for T, and an optimal order for D. If u is ad-
missible for F, then inequality (14) can be shown directly. If 4 is not admissible,
then we construct an adjusted admissible order p’ to indirectly verify (14).

First, we denote by o, and by oy the orders defined by

| oo@), ifiem,
Uy(l)_{ 0.0(7;)7 :

otherwise,

Yy
oi), ifie |1y,

oo(i), otherwise.

oz(i) =

Notice that oy is an admissible order for F. Moreover, let 7 be an optimal
order for D. Then,

=Y azy (Cloo,§) — C(mj)).-

jeD
Since o5 *(1) € D, we can choose 7 to be either an HUCF order for D or a

tail-adjusted HUCF order for D (cf. Lemma 2.1). Let o € II(N) be the order
defined by

oy(i), otherwise.

(i) = { w(i), ifieD,

Observe that P(og,i) = P(u,4) for every i € N\E.
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Let iy = f(o,

Clog,i) = Clu,1)

>

T,) and k = F(iy). For all i € S(0g, D), observe that

(sF() %oy +PF()) (15)
JEP(0y,1)
- Z (s7()Tus +PFG))
JEP(pyi)
> 55y @oys — Tug) + 56 (Topi, — Tui,)
jeD

$k(Tog,iy = Tpsiy)- (16)

Here the second equality follows from the fact that P(oy,4) = P(u,4) for every

1€ S(Uo,D

) and x5 ;

= x,,; for every i € S(og, D)\{iy}. The inequality follows

from the fact that, with respect to u, the members of D are processed according
to m which is an HUCF or a tail-adjusted HUCF order for D and these orders
require the minimum total setup time to process the jobs in D. Hence, for all
h € F(D) it holds that

and

Z xa’g,j Z 17

jeD,jeF-1(h)

Z I,u,j =1.

jeDjeF-1(h)

We now distinguish between two cases.

First assume Ty i,
first observe that P(cg,i) = P(u,i) for every i € N\E = S(o¢, F). Next, by
admissibility of oy, it holds that C(oo,i) > C(oy,1) for every i € S(oo, E).
Hence, by inequality (16) it holds that C(og,i) > C(u, i) for every i € S(og, E).
We may conclude that p is an admissible order for E and that

— x4, = 0. Then, p is admissible for E. For this,

>3 arg) (Cloo,§) — Clu, ) - (17)

jEE

Combining (16) and (17) one obtains
Z AOF( UO) ) O(Uv.]))

JeT

Y

v(E)
Z arg) (C

JjEE

- ar(C

JETY

ZQF

JjETY

ZQF

JETY

0'07 ) Za]:(_]) UO? ) O(Tra.]))

jeD

(00,4) = C(0, 7))

= C(p, 7))

7:1) — C(1, 7))
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2 Sk(xgﬂviy - :E,u,iy) Z QAF(j)
JET,y
> 0.

The first equality follows from the fact that C(m,i) = C(p,4) for all i € D.
The second equality holds by C(o,i) = C(oy,i) for all i € T,,. The second
inequality follows from (16). Hence, inequality (14) is satisfied and the proof is
finished.

Secondly, assume 5, — ®ui, < 0, i.e., for the rest of the proof assume
that x,.; = 0 and z,,; = 1. Since z,,,, = 0, F(iy) = F(l(oy,D)) =
F(l(og, D)) = k. Observe that I(cy, D) = (0o, D). Moreover, from x,,;, = 1
it follows that F(I(u, D)) # k. Since F(I(u, D)) = F(I(m, D)) this implies that
7 can not be a tail-adjusted HUCF order for D. So, 7 can be chosen to be an
HUCF order for D.

Define K1, K5, Ry, and M as follows

K1 = {ieD|F(i) =k and F(j) =k for all j € D with o0(j) > o0(i)},
Ky = {ieT,|F(i)=kand F(j) =k for all j € T, with o5(j) < o7(i)},
R = {i€D|F(i)=k} DK,

M = {ieD|u@) > pl(n R))}.

Note that M # (. Order y’ is obtained from g by moving all jobs in K5 to
the tail of Ry. Figure 4 depicts the orders oy, u, and 4/, and Ky, Ka, Ry, and
M.

D i
oy | ( K, E K, /% ‘ Optimal order for T
kk D o

R, M T
wl &) T
HUCF #k
! !
R, M
SEIDIEIIEED
k k
f t

Figure 4: The orders oy, 1 and p'.

To prove (14) it suffices to see that ' is an admissible order for E and that

Z QF(j) (C(ﬂﬂ]) - C(ﬂluj)) > Sk Z OF(4)- (18)

jJEE JETy
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Indeed, observe that (18) implies (13) since

( Z az(j) (C(oo,7) — C(o, 7))
JjETY
> Z ax(j) (Cloo, j) = O, j)) Z az () (C(o0,5) = C(0, 7))
jeE JETY
= Za; C(oo,j) — C’(u,j))+zaf(j) (Cu,7) = C(1', 4))
JjeEE JEE
—Za}- Uo, ) Za}' 007 ) C(Uvj))
j€D JETy
> Y ar) (Clo0,4) = Clu4)) + 51 Y arg)
JjeE JjETY
- Z CY]: 0'05 ) Z CY]: 0'05 ) O(Uv.]))
jeD JETY
= > ar (Clo.i) = Clu.d) + st Y, axg
JjeT, JjETY
= Zaf(j)( (0g,1) = C(p, j) +5kZaF
JET, JeT,
> Sk(Togiy — Tpsiy) Z aF(j) + sk Z AF(j)
JETY JETy
= 0.

Here the first inequality follows from the admissibility of y' and the second from
(18). The first equality follows from and the optimality of order m for D, the
second from the fact that C(m,i) = C(u,i) for all i € D. The third equality
holds by C(0,i) = C(oy,1) for all i € T),. The last inequality holds due to (16).
By assumption it holds that Togziy =0 and z,;, = 1 such that the last equality
holds.

First we prove that p’ is an admissible order for E. Clearly, P(y/,i) =
P(u,1) = P(og,i) for all i € N\ E. So, it is sufficient to show that C(y/,i) <
C(o9,1) for every i € N\ E.

Let h = f(u, S(p, K2)). Observe that h is not necessarily an element of T;,.
For every i € S(u, K2) it holds that

Clp,i) = C(W'si) = Y (sr(i@us +pri) — Y, (srG)Twi +PFG))
JEeP () JEP(p' i)
= > (@ — T y)srG)
j€{iy,h}
= Sk + (Tuh — T n)SFER)- (19)
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If 2, , = 1, then for every ¢ € S(u, K») it follows that

C(u',19)

Q

1,1) = Sk = (Tp,h — T 1) SF(n)

(k1)
(k, 1) —
(07,1
(

Q

0y

INIA TN
Q Q

UOaZ)

Here the equality holds by (19). The first inequality holds by assumption, the
second by (16), and the third by oy € A(E). Hence, y is an admissible order
for E.

If 2, = 0 then by definition of K, it holds that h ¢ T, and T, = Ko.
Hence, it follows that C(m,i) = C(p,4) for all i € S(og, E). Further it holds
that F(h) = k and z,/ ;, = 1 such that for all i € N\ E it holds that

C( i) = Clpyi) = C(m,i) < Cloo,).

Here the first equality follows from (19), where z,, , =0, x,/ 1, = 1, and F(h) =
k. The inequality holds since 7 € A(D). Hence, y' is an admissible order for E.

It remains to prove that inequality (18) holds. Let « be the time to process
and setup all jobs in M when they are processed with respect to u, i.e., v =
EjeM(x%jsf(j) + pF(j)). For this, we first show that

Yo — Dk Z ar;y = 0. (20)
jeEM

Let 7' be the order obtained from 7 by taking the group R; behind M.
Figure 5 depicts the two orders 7 and «’.

Ry M T .

T T T ] |

Figure 5: The orders w and 7’.

Since 7 is optimal for D, 7 is not tail-adjusted HUCF, and since the number
of setups in 7 is equal to the number of setups in 7/, order 7’ is admissible for
D. Observe that for all i € D

0 if i € D\(M U Ry),
C(r', i) — C(m,i) =< ~ if i € Ry, (21)
—(Sk—|—|R1|pk) if i € M.
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Therefore,

[Bal | v —pe Y argy | — sk Y arg

JjeEM JEM
= |Ri|yar — (sk + [Ral|pk) Z QF(®)
JEM
= > ary (€, 5) - Cm, )
JERIUM
= > ary (€@, j) - C(m,j))
jED
= Z Oé]:(_]) (0(007j) - O(?T,j)) - Z O[]:(]) (O(UOa.j) - O(?T/,j))
JED jeD
= v(D) =Y azy (Cloo,4) — C(x',5))
jED
> 0,

where the second equality holds by (21) and the last equality follows from the
fact that 7 is an optimal order for D. The inequality holds by the admissibility
of 7’ for D. Hence,
Sk Z ieM YF ()
Yok —pE Y arg) > Jﬁ%—|(] >0, (22)
JjEM !
which proves (20).
With respect to (18), observe that for i € E

0, if i € P(u, M),
N ’oN _|K2|pka ifiEM’
C(p, i) — C(u',i) = ~y + sp, if i € Ko, (23)

sk+ (@pn —xpn)s; ifi€T,\ K.
Hence,

> azg) (Clu,4) — C4', 5))

JEE
= > ar (Clwd) = C', i)+ Y arg) (Clp,j) = C(', 5))

jeEM jEKs

JET,\K2
= —|Ka|px Z aF;) + (v + sk) Z QF(5)
jEM JEK2

+(sk+ (@un — Twn)sn) Y. arg)
jeTy\K2
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Y

—|Kalpr > argy + (vHse) D argyFse D arg)
JEM JEK2 JETY\ K2

= |Ka| | yar — p Z aryy | + sk Z are) + sk Z ar()

JEM JEK, JET,\Ka
> se ) axg).

JETyY

The second equality follows from (23). The first inequality follows from the fact
that if T, \ K> # 0, then z,, 5, = 1. The last inequality follows from (22). Hence,
(18) is verified. This concludes the proof. O

4 Ordered Family Sequencing Games

In this section we consider ordered family sequencing situations. A family se-
quencing situation is called ordered if the initial order og is family ordered. Note
that since all family members are processed consecutively the number of setups
is minimized in o¢. In the proof of Theorem 4.2 we see that in this case several
marginal vectors are in the core of ordered family sequencing games. This allows
us to construct a Shapley-based core allocation for ordered family sequencing
games.

Let n = oy '(|N|). For a game v € TUN the subgame v~" € TUN\"} is
defined by
v="(5) = v(9),

for all S € 2N\{"} The next theorem shows for ordered family sequencing situ-
ations that v~" is convex and that v has a component additive value structure.

Theorem 4.1. Let X(N) = (N, F, F, 00, s,p,«) be an ordered family sequenc-
ing situation with corresponding family sequencing game v € TUN. Let n =
oy H(|N|). Then,

(i) the subgame v=™ € TUNM™} is convex, and
(it) v(S) = > res\o, V(T) for all S € 2.

Proof. Set F = {1,..., f}. Let F, = F~ (k) be the set of family members of
family k£ € F ordered in such a way that

o0(i) < 00(j),

whenever i € Fy,j € F; with k,1 € {1,...,f} and k£ < [. Note that n € Fy.
Clearly, a coalition S can be written as

S=|J mu | G5, (24)

keKS keps
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with G C Fy for all k € PS. Here K® C F denotes the set of families from
which each member is in S, and P® C F denotes the set of families in S of
whom at least one family member is not in S. Hence, Gf is the set of members
of family k € PS which are in S.

Since in oy the number of setups is minimized, the number of setups equals
f and

C(og,m) UEHI(I}\}I\l{n})O(U7n)'

Consequently, each admissible order for an arbitrary coalition of N\ {n} has to
remain family ordered.

Consider the standard sequencing situation (N, 6o0,p, &) with N =
{1,2,...,f — 1} and

&O(k) = ka
Dk = Sk -+ NiDk,
G = Npog,

for k € N. Denote the corresponding standard sequencing game by & € TUY.
It follows from Curiel et al. (1989) that © is convex and &p-component additive.
Then explicitly using the fact that with respect to v each admissible order for
N\ {n} is family ordered, one readily checks that for every S C N it holds that

i(S)=v|JF|- (25)

ke

(i) Let i € N\ {n} and consider S C T C N \ {n,i}. For convexity of v=",
it suffices to prove that

v (S UL} —vT(S) <vTH(TU{i}) — o (T),
or equivalently, that
v(SU{i}) —v(S) <u(TU{i}) —o(T). (26)

From (24) and (25) and the fact that each admissible order for S has to remain
family ordered it follows that

v(S)_v< U mu G£>_v< U Fk>_{;(KS).

keKS ke PS keKS

The first equality follows from (24), the second from the fact that jobs in G*
are fixed, and the third from (25). Similarly, v(T) = 9(K7). Also note that
K% cKT.

If K59 = K5, then v(S U {i}) = 9(K*°) = v(S) and (26) holds by mono-
tonicity.
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If K59 £ K5 then

SU{i}Z U FkUF]:—l(i)U U Gfa

keEKS kePS\F~1(3)
and
TU{i}Z U FkUF]:—l(i)U U Gg
keKT kePT\F—1(1)
Hence,
v(SU{i}) —v(S) = (KSUF 1)) - o(K")
< H(KTUF i) —o(KT)

= (T U {i}) — (D).

The inequality holds since ¢ is convex.
(i) Set S\op = {S1,...,51} such that S, C P(o,Sy41) for every
y€e{l,...,1—1}. Tt follows that if n € S, and n € S;. Let, as before,

s,= U mru | a6,

keK? kep?
for ally € {1,...,1}. Note that K\&o = U, _, K7 where K; may be empty for
some y € {1,...,1}.

First let S € N\ {n}. Since each admissible order remains family ordered,

it suffices to prove (i) for a coalition S = |J Fy (i.e. with P =0). Then,
keKS

v(S) = v( U Fk>

TeS\oo

The third equality holds since ¥ is 69-component additive. This proves (ii).
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Secondly, let n € S. Let m be an optimal order for U 1Sy, i an optimal
order for S; and define o as follows

(1
o(i) =4 nli

{2
0’0(

) ifie U;;ll Sy
) ifi e Sy,
i)  otherwise.

Using the fact that og is family ordered, one readily verifies that 7 is also family
ordered and

O(Uv Z) = 0(007 Z)v (27)
for all i € N\ S. Consequently, o is also optimal for S. Thus,

v(S) = > azy (Cloo.j) —Clo.)))

jeSs
= Z azr) (Cloo,j) — C(o, j) +Zaf(g) (00,7) — C(0,]))
]EUy 1Sy JESI
= Z ar(y (C(oo,j) — C(m, j)) + Z are) (Cloo, j) — Clp, j))
]EUy 1Sy JjESI
-1
= U Sy) +v(S)
y=1
-1

TeS\oo
where the fifth equality follows from (27). This finishes the proof of (). O

Theorem 4.1 allows us to provide a suitable solution concept for family or-
dered sequencing situations. For this purpose we use the Shapley value (Shapley
(1953)). The Shapley value is defined as the average of all marginal vectors, i.e.,

for all v € TUN.

Theorem 4.2. Let X(N) = (N, F,F,00,8,p,a) be an ordered family sequenc-
ing situation with corresponding family sequencing game v € TUN. Let n =
oy H(IN]). Then,

(fb(v*”), v(N) —v(N\ {n})) € Core(v).
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Proof. To prove Theorem 4.2 it suffices to show that the marginal vector m?(v)
for an arbitrary o € II(IN) such that o(n) = n, belongs to the core of v. Let
o € II(N). It suffices to prove that for every S C N it holds that

Define ¢’ € II(N \ {n}) by o/(i) = o(i) for all i € N\ {n}.
Let S C N be such that n ¢ S. Then,

S omg(w) = mg (") = v(S) = u(S),
JES jES

where the inequality follows from Theorem 4.1(%).

Let S € N such that n € S. Set S\op = {S1,...,5} such that
Sy C P(0,8y41) for every y € {1,...,1 — 1}. It follows that n € S;. Choose
x € Core(v). Then,

> mi(v)

-1
Z Z m$ (v) + Z mg (v)

jes y=1j€e8, JES
-1
> > w(S) + > mi(v)
y=1 JES

-1

= D 0(Sy) +o(N) —u(N\ )

y=1
-1
> Z’U(Sy —I—Zx] Z xj
y=1 JEN JEN\S,
-1
= ZU(Sy)"’ZxJ
y=1 JES:
-1
> ) 0(Sy) + ()
y=1
= v(9).

The first inequality follows from Theorem 4.1(3). The second and third in-
equalities are due to the fact that € Core(v). The last equality follows from
Theorem 4.1 (ii).

O

In the following example illustrates the solution concept from Theorem 4.2.

Example 4.1. Consider the family sequencing situation (N, F, F, 09, $,p, @)
with N = {1,...,10} and F = {1,...,5}. Assume that Fy = {1,2}, % = {3},
F3 ={4,5,6}, Fy = {7,8}, F5 = {9,10}. Further assume that oo = (1,...,10),
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s =(8,6,1,6,4), p = (2,4,3,2,3) and o = (1,1,%,5,1). Let S ={2,...,7,9}.
Then v(S) = v({3,4,5,6}).

Consider the corresponding standard sequencing situation (N ,00,D, &) with
N = {1,2,3,4}, 60 = (1,2,3,4), p = (10,10, 10,10), & = (2,1, 5,10). Moreover,
v(S) = 0({2,3}) = 40.

Then,

(@(v™"),v(N) —v(N \ {n})) = (15,15,80,35,35,35,375,374,0,10) € Core(v).

Note that ®(v=")(9) = 0 due to the fact that if 9 € S, then 5 € P¥ (i.e. job 10
is never in 5). O

Example 4.2. Reconsider the family sequencing game of Example 3.1 with
set of jobs N = {1,2,3,4,5} and v(IN) = 20. Note that o is not family ordered.
Then,

(®(v™™),v(N) —v(N\ {n})) = (3,35,35,25,10) ¢ Core(v).
This can be seen from the fact v(N) = v({2345}) such that x; = 0 for all
x € Core(v). O
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