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Abstract

Itis common practice for public pension schemes to offeividdals the option to delay benefit claiming
until after the normal retirement age and adjust the annelaéfit level as a result. This adjustment is often
not actuarially neutral with respect to the age at which fienare claimed. The degree of actuarial nonequiv-
alence varies by interest rates as well as individual clariatics such as gender and age. In this paper we
show that actuarial nonequivalence can imply that defgigmefit claiming is suboptimal, irrespective of the
preferences of the individual. Specifically, we derive prefce-free conditions under which delaying benefit
claiming is dominated by claiming benefits early, and ushent to buy super-replicating annuity products
from an insurance company. We find that the degree of actuamiequivalence in public pension schemes
is such that such dominating strategies can exist even wigepurchase of annuities would be significantly
more costly than what is currently observed. If individuef®ose to strategically exploit these dominating

strategies, this will affect benefit claiming behavior, @hin turn affects long run program costs.
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1 Introduction

In many countries, individuals can decide either to claieirtisocial Security old-age pension benefits once
the minimal retirement age has been reached, or to delayfibelagming. In case of delay, the individual is
offered the same choice next period and so on, until eitreentAximum age at which benefits can be claimed
has been reached or benefits have been claimed. When arduralidiefers pension receipts, the benefit level
is subjected to an actuarial adjustment for each year thaflieclaiming is delayed. In many cases, the
adjustment is a constant fraction of the benefit level at tivenal retirement age, irrespective of age, gender,
and other individual characteristics. In the U.S. and thi€.\xhe benefit levels increase by respectively 8%
and 10.4% for each year benefit claiming is delayed (see Didn2005; Queisser and Whitehouse, 2006).
In the Netherlands a proposal has been put forward to inerésesbenefit level by only 5% for each year of
delay. As argued by, e.g., Horneff et al. (2008), governsmisaém to want simple and standardized rules for
annuitization applied to a large heterogeneous group méest, which may be the reason for choosing a fixed

instead of an age-dependent accrual.

The adjustment of the benefit level in case of delayed benafihing is typically not actuarially neutral in
the sense that the expected present value of the missedtbémefise benefit claiming is delayed is typically
not equal to the expected present value of the additionaflismeceived once benefits are claimed (see, e.g.,
Coile et al., 2002; Duggan and Soares, 2002; Brown, 2003n@eand Jousten, 2003; Sun and Webb, 2009).
This lack of actuarial neutrality occurs for several reasdrirst, the expected present value of the missed and
additional benefits in case of delayed benefit claiming ddpem the term structure of interest rates. Higher
short-term interest rates typically decrease the expgmtesent value of the missed benefits relative to the
expected present value of the additional benefits. The dgplosids for high long-term interest rates. The
adjustment of the benefit level in case of delayed benefinitej, however, is typically fixed for a number of
years and therefore not adjusted for changes in the terrtsteuof interest rates. Second, an age-independent
accrual leads to actuarial unfairness because, as agasesieghe number of years over which the increased
benefit level should be paid out decreases, and the misseditseiue to deferral of one more year increase.
Finally, the expected present value of the missed and additbenefits in case of delayed benefit claiming
depend on survival rates, which depend on individual charistics such as gender and socio-economic status.
Thus, heterogeneity among participants leads to actuasiaquivalence at the individual level (see Brown,
2003; Desmet and Jousten, 2083).

1Such possibilities exist in Social Security pension systém e.g., the U.S., the U.K., the Netherlands, Japan, Qernfaance,
Australia. (see Queisser and Whitehouse, 2006).

2The actuarial nonequivalence is well-documented in tleeditire. For example, Duggan and Soares (2002) calculaterily fair
adjustment factors when benefits are claimed at ages 62 em@d@ind that results depend strongly on both gender andudiscate. They
also find that the annual accrual for delayed benefit clairir&fo, given in the U.S., is too low in most cases. Desmet andtéa (2003)
show that there is a high degree of heterogeneity amongipantits of a large public pension system, so that benefistdgnts that are
based on the "average” participant can lead to large degfestuarial unfairness at the individual level .



As argued by Duggan and Soares (2002) actuarially nondgaivbenefit adjustments may have unintended
consequences in the sense that they affect claiming bahavaile et al. (2002) and Sun and Webb (2009)
consider optimal claiming of Social Security benefits inth8., and argue that even when the adjustment of the
benefit level is lower than actuarially fair, delaying benetfiiming can be attractive to risk averse individuals.
This occurs because a risk-averse individual attaches wabwe to the increased longevity insurance due to
the higher benefit levéel. Coile et al. (2002) find that delaying Social Security anaation for a period of
time after the minimal retirement age is optimal in a widdetyrof cases under expected utility maximization.
Sun and Webb (2009) find that, for plausible preference patens, the optimal age to claim Social Security

benefits for single individuals is between 67 and 70.

Our goal in this paper is to show that the actuarial unfasrieiserent in many public pension systems implies
that an individual who wishes to defer the receipt of pendienefits may be better off by claiming Social
Security benefits immediately and using them to buy annuitglpcts. Consider, for example, a man aged
66 who would like to receive pension benefits as of age 67. Hedoaso by deferring benefit claiming with
one year, which implies that his benefit level will be inceshs Suppose now that the level of the accrual is
actuarially unfair for this particular man in the sense thatexpected present value of the missed benefits at
age 66 is higher than the expected present value of the adalitienefits received as of age 67. If the difference
is sufficiently large, insurers may be able to offer a defdaenuity that starts to pay out as of age 67, with a
benefit level that is higher than the accrual offered by thesjwa provider, and for a periodic premium that is
lower than the benefits received in case they are claimedea®@glf this is the case, the individual is better

off by claiming benefits at age 66, and using these benefitaydhe deferred annuity.

In this paper we characterize conditions under which inswran offesuper-replicatingannuity products. The
annuity product is super-replicating if it satisfies two diions. First, it can be bought for a periodic premium
that is at most equal to the benefit level obtained in caseaS8eicurity benefits are claimed immediately.
Second, upon annuitization it yields a benefit level that ieast equal to the benefit level received in case
Social Security benefits would have been claimed at that Hghese two conditions are satisfied, deferred
benefit claiming is dominated because the individual isdbettf by claiming benefits immediately and using
them to buy the annuity product. An important aspect of tipisraach is that because the annuity product
is super-replicating, there is preference-free dominaridexmediate benefit claiming. All that is required
for the individual to prefer claiming benefits immediatelydausing them to buy the annuity product is that
more is preferred to less. To characterize such preferreedominance conditions, we consider two cases.

First we consider the case where an individual at a given agilds as of which age he would like to receive

3There is an extensive literature that characterizes iddals’ optimal behavior with regard to the timing and levehonuitization of
their wealth (see, e.g., Yaari, 1965; Brugiavini, 1993;\8nop 2001; Milevsky, 2001; Brown, 2003; Davidoff et al., 20@upta and Li,
2007; Horneff et al., 2006; Milevsky and Young, 2007a,b;@et et al., 2010, to name just a few). Our focus is on clainfiegavior in
Social Security systems with delay options.



his pension benefits, and derive conditions under whichrarsican offer deferred annuities that the individ-
ual prefers above deferring benefit claiming. Next, we detee conditions under which insurers can offer
super-replicating annuity options for those individualsomvant to defer receipt of pension benefits until an
unspecified age. The individual who buys the annuity optian, gear by year, decide whether he wants to

annuitize, or defer annuitization for at least one more.year

Whether insurers will be able to offer super-replicatingaity products depends on the degree of actuarial
unfairness in the Social Security system, as well as on hewrérs price annuity products. Two factors are
important. First, annuities offered by insurance compaai@ typically also not actuarially fair in the sense
that the premium includes a load to cover costs. Second ritrast to Social Security providers, insurers can
adjust premium conditions to the prevailing term structfrimterest rates. Moreover, they can to some extent
differentiate premiums based on individual charactexsdtnat affect survival rates. We first consider the case
where insurers can differentiate premiums on the basis efaagl gender only, and characterize conditions
on the level of the premium load and the term structure ofr@sterates under which they can offer super-
replicating annuity products to men and women, respegtiWe find that there is ample room for insurers to
profitably offer annuity products that men prefer above deafg benefit claiming. For women it is less likely
that dominating strategies exist. We then consider the wéigge insurers can also differentiate premiums
based on factors that are correlated with educational.leMeis additional flexibility increases the room for
insurers to offer super-replicating annuity products, amtigular to individuals with lower educational levels.
This occurs because individuals with lower educationaglehave lower life expectancy, and therefore the

accruals offered by the social security system are mordnfofahem.

Our results potentially have important implications besgathe existence of super-replicating annuity products
can alter claiming incentives and may thereby distort beaefieptance decisions. Specifically, it can imply
that individuals may decide not to defer benefit claimingrethough they do wish to defer annuitization. This
can affect the long-run program costs of public pensions faerd et al., 2004). Benefit claiming decisions
are not only important for public pensions but also for defibenefit (DB) pensions. It is not uncommon
that participants in a (DB) pension plan can, at least to sextent, choose at which age they claim benefits.
The annual benefit level is then adjusted to the age at whiobflie are first claimed. When the adjustments
are not actuarially neutral with respect to the age at whieheffits are claimed, participants may choose to
strategically exploit outside options offered by insuranompanies. This may affect claiming behavior, which

in turn affects the plan’s liabilities.

The remainder of this paper is organized as follows. Se&idiscusses factors that generate actuarial unfair-
ness in Social Security pension systems with delay optitm&ections 3 and 4 we consider the case where

insurers differentiate premiums based on gender only, hathcterize conditions under which they can offer



super-replicating annuity products for men and women,getdgely. We also quantify the potential gains for
both individuals and insurers. Section 3 considers indigld who wish to defer the receipt of pension benefits
to a specific age. Section 4 extends the analysis to case® wWieindividual wishes to defer the receipt of
pension benefits to an unspecified age. In Section 5 we #itesthe potential gains when insurers can, in
addition to gender, also differentiate premiums on theshakfactors correlated with educational level. We

end with the conclusions in Section 6.

2 Actuarial unfairness

Existing literature shows that the option to delay SocialBity benefit claiming is often actuarially unfair in
the sense that the expected present value of the additienafits in case of deferred benefit claiming is strictly
lower than the expected present value of the missed bersdits €.g., Coile et al., 2002; Duggan and Soares,
2002; Brown, 2003; Desmet and Jousten, 2003; Sun and WebB).Zhhis unfairness implies that individuals
who wish to defer the receipt of pension benefits may be bettéy claiming benefits immediately, and using
them to buy annuity products at the market. Our goal is toatarize under which conditions insurers can

offer annuity products that individuals prefer above deifierbenefit claiming.

We focus on cases in which an individual wishes to delay theipt of pension benefits beyond the so-called
full retirement age, which we denote by* Each year, the individual decides either to claim old-agesjme
benefits immediately, or to delay benefit claiming for a perid at least one yedr. In case of delay, the
individual is offered the same choice next year and so onl, eittter the maximum age at which benefits can
be claimed has been reached or benefits have been claimeandedhe maximum age at which benefits can
be claimed bye. When the individual claims benefits, he receives them irfidha of awhole life annuitythat
periodically pays a fixed amount as long as he is alive. Withags of generality, we normalize the annual
benefit level in case benefits are claimed at the full retirgrage tol. For each year of delay, the benefit level
increases by a fixed amoumtfor somea > 0. Therefore, in case benefit claiming is deferred until age z,

the annual benefit level is equaltet (y — z) - a.

Whether insurers will be able to offer more attractive dalptions clearly depends on the degree of actuarial
unfairness in the Social Security system. This degree diurdss depends not only on the accrydut also
on the term structure of real interest rates and individbalacteristics that affect survival probabilities (see,

e.g., Duggan and Soares, 2002). First, higher long-terengst rates lead to less expensive annuities, which

4In many countries (including, e.g., the U.S.), individueds also claim pension benefits at an earlier age than theefirment age,
in which case the benefit level is adjusted downwards. OwsdEon delayed benefit claiming.

51t is not uncommon that individuals can decide on a monthlgid#o claim benefits or delay benefit claiming. For expositlo
convenience, we assume that the decision is made annually.
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Figure 1: Term structures of real interest rates (in peexger), generated by a one-factor Vasicek model with
parameters given in Table 5 in Appendix B.

may result in an opportunity for insurance companies to editpm the Social Security provider. Second, the
delayed retirement credit does not differ with individulaacacteristics (such as, e.g., gender) even though sur-
vival probabilities do differ with these characteristid$is leads to actuarial nonequivalence at the individual
level. Thus, even if the system would be fair for the “avefagdividual, it would be unfair to certain groups

of individuals (see, e.g., Brown, 2003; Desmet and Joug@03). Insurers can, at least to some extent, dif-
ferentiate premiums and may therefore be able to offer mibracéive delay options to those individuals for

which the Social Security system is actuarially unfair.

To illustrate that the degree of actuarial unfairness casidpgificant, and that it depends strongly on both the
term structure of real interest rates and individual charéstics, we determine thmoney’s worttof deferring
the receipt of pension benefits. The money’s worth of theoogth delay benefit claiming is defined as the ratio
of the expected present value of the missed benefits ovexffectd present value of the additional benefits
received as of claiming age (see, e.g., Sun and Webb, 20@®)us denoter(™) for the r-years real interest
rate, and,p, for the probability that an individual with agesurvives at least the firstyears. Now consider
an individual aged: who wants to defer the receipt of pension benefits tojagBecause the missed benefit
equalsl + a(x — z) atages, - - - ,y — 1, and the additional benefit equals(y — =) annually as of age, the

money’s worth of deferring benefit claiming from agéo agey, denoted by\/ W (y, x), is given by:

a-(y—uz)- (Zio_yz ﬁ)

MW (y,z) = .
(1 +a(e—2) - (2025 o)




The money’s worth of deferring Social Security benefit clainng
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Figure 2: The money’s worth of deferring Social Security df@rclaiming from age 66 to agg(i.e., MW, 66)
as a function ofy, for men (left panel) and women (right panel), and for twartestructures of interest rates,
generated by a one-factor Vasicek model with parameteengiv Table 5 in Appendix B. The solid lines
(dashed lines) correspond to a real short ra®6{3%). The annual accrual is = 8%, and the full retirement
age is set at = 66. The survival probabilities are those of U.S. males (fesidiar the period 2000-2004.

Figure 2 displays the money’s worth of delaying benefit clagrfrom age66 to agey, fory = 67,---, 70,

for men and women, and for the two term structures of reatasterates displayed in Figure®1The solid
(dashed) lines correspond to the lower (upper) term strectife consider the U.S. setting in which the annual
accrual offered by the Social Security system eqg&gi.e.,a = 0.08), and the full retirement age equals 66
(i.e.,x = 66). Survival rates are those of U.S. males (females) for thesy2@00 up to and including 2004, as

reported in the Human Mortality Database.

The option to defer benefit claiming to age> 66 is actuarially unfair if the corresponding money’s worth is
below one, because this indicates that the expected presieiet of the additional annuity received as of age
y in return for delaying benefit claiming is strictly lower ththe present value of the missed benefits at ages
66,---y — 1. Figure 2 shows that the degree of actuarial unfairness essubstantial, and that it depends
strongly on the term structure of real interest rates as agebn individual characteristics such as gender and
the preferred deferral period. First, comparing the satid he dashed lines shows that the deferral option is
more unfair when interest rates are high. When interest eatehigher (dashed lines), the money’s worth shifts

downwards for both men and women, and for all deferral pstibtigher long term interest rates decrease the

6The term structures are generated by a one-Vasicek modepaiameters as displayed in Table 5 in Appendix B, and withoat s
rate of 2% (solid lines) and 3% (dashed lines), respectively

"Human Mortality Database. University of California, Beeye (USA), and Max Planck Institute for Demographic Resk&@er-
many). Available at www.mortality.org or www.humanmoitiable (data downloaded on 05-01-2009). The survival rateddisplayed in
Figure 9 in Appendix A.



value of the additional benefits relative to the value of thesed benefits, and therefore make deferral more
actuarially unfair. The figure also shows that the systemasenunfair for men than for women, and more
unfair for those who wish to defer for a longer period. Beeawrsmen have higher life expectancy than men,
they are expected to receive the increased benefit for alqegd of time. Therefore, the money’s worth
of deferring benefit claiming is significantly lower for meman for woman. Consider, for example, the case
where the real interest rate is upward sloping from 2% for#a¢short rate to just above 3.3% for a maturity of
30 years (Figure 1, solid lin€) The money’s worth for men is below one for all deferral pesioBor women,
the money’s worth is above one for deferral of at most two gehut strictly below one for longer deferral
periods. Finally, for both men and women and for both termcstires, the money’s worth of deferring benefit
claiming is decreasing in the length of the deferral periSthted differently, the system is more unfair for
those who would like to delay benefit claiming more than farsthwho would like to delay benefit claiming

just a couples of years.

The above results suggest that the degree of actuariakne$aiin the Social Security system is substantial, in
particular for those who wish to defer benefit claiming fopader period. In the next sections we show that
this unfairness implies that individuals who wish to defex teceipt of pension benefits may be better off by

claiming benefits immediately, and using them to buy annuibducts at the market.

3 Dominating strategies using deferred annuities

In this section we characterize conditions under which theket can offer annuity products that are preferred
by individuals above deferring pension benefit claiming.e Bmnuity products must be attractive for both
insurers and participants, implying that insurers shoeldtile to offer them on profitable terms and individuals
should achieve a higher benefit level by buying these predhein by deferring benefit claiming. Conditions

will be determined under which this holds. When these camtare satisfied, claiming benefits early and
using them to buy a deferred annuity dominates deferringfitssiaiming in the sense that the former strategy
is preferred to the latter, irrespective of the individaglteference relatiohAn example of such a preference-

free choice is given below.

Suppose that a man with current age 66 would like to receimsipa benefits as of age 67.

8The results in this case are similar to those reported in 8diéebb (2009) using survival rates of the Social Securitpiaitration,
and a flat term structure of 3%.

9When the insured claims benefits, they generally are taxamvekter, in case the income is used as a premium for annuitieg,
are in many cases received taxfree and then taxed when toé@yapays out. In the U.S. there are some qualified retireraenbunts in
which individuals can invest taxfree. The wealth investad then be used to finance annuities, where the payments ahthaties are
taxed (see Brown et al., 2001). We assume a tax system wer@taphiums and returns on the premiums for annuities are gheehfirom
taxation, and only the annuity payments are taxed.



Furthermore, assume that the benefit level of his pensiomWwaelaims benefits immediately
equals 100 and that when the man delays benefit claiming byeere his future benefit level
will be increased by 8%. Thus, when he defers pension benaifihing from age 66 to age
67, he will receive an annual benefit of 108 as of age 67. Nowasgpthat the man is able to
buy a deferred annuity at the market which gives an annuaftieri 9 as of age 67 for a price
of 100. When he claims benefits immediately and uses the tetefiinance this deferred
annuity, he will receive an annual benefit level of 109 as & &g. We will therefore argue
that, independent of the individual’s preferences, clagrienefits at age 67 is dominated by
claiming benefits at age 66 and using the benefits as a prenoua deferred annuity that

starts to pay out at age 67. The different strategies aré¢agisg in Table 1.

Strategy Annual Cash flow at age
66 67 68 69 70
Claim 66 100 100 100 100 100
Claim 67 - 108 108 108 108
Claim 66, buy deferred annuity - 109 109 109 109

Table 1: The annual payments in a stylized example for a m#mage 66, for an accrual of 8%, and for
different strategies.

From Table 1 it is clear that claiming benefits at age 67 is daeid by claiming benefits at age 66 and using
the benefits received that year to buy a deferred annuitysthés to pay out at age 67. Of course this is just
a stylized example and we still have to analyze the conditiorder which insurers can indeed offer a higher
benefit level. In the next subsection we determine suffig@entitions under which the market can outperform
the option to delay as offered by the Social Security Adntiat®on. Unless mentioned otherwise, we consider
the U.S. setting in which the full retirement age is 66 (ize5 66), the maximum retirement age is 70 (i.e.,

7 = 70), and the annual accrual offered by the Social Security sy&&%.°

3.1 Characterizing conditions for dominance

In this section we consider an individual who, at a given ade.g., the full retirement age), decides as of
which age he would like to receive his pension benefits, amda@reference-free conditions under which

insurers can offer deferred annuities that the individuefgrs above deferring benefit claiming.

For an individual aged:, deferring benefit claiming to age can be considered as buying a deferred real

annuity. The premium equals the missed benefits atages ,y — 1. In return for this premium, a deferred

10Because there is an earnings test for claiming benefits#erfull retirement age (i.e., between the age of 62 andst%)€.g., Song
and Manchester, 2007), we focus on individuals who wish taydeenefit claiming beyond the full retirement age of 66. tdwer, the
analysis can be easily extended to individuals who wantaimcbefore the full retirement age.



annuity with a benefit level ofy — ) - a as of agey is received. For example, in case benefit claiming is
deferred to age: + 1, a premium of 1 (i.e., the benefit level in case the individwaiilld have claimed at age
x) is used to finance a deferred annuity with start age 1, and benefit level. If the expected present value
of the additional benefits is lower than the premium paid,(when the money’s worth of this deferred annuity
is less than one), the deferred annuity offered by the panmiovider is actuarially unfair, and so the market

may be able to outperform the pension provider by offeringoaenattractive deferred annuity.

Suppose that an individual with agewould like to receive pension benefits as of agevith y > z. He
could do so by deferring benefit claiming until agen which case the benefit level will equbk (y — ) - a.
Alternatively, however, the individual could claim bengfét ager, and (conditional on being alive) use the
benefits received up to ageas periodic premiums to finance a deferred annuity thatsstanpay out at age
y.1! Letb, ., denote the benefit level offered by the insurer. Then theeagde benefit level received as of age
y equals the sum of the Social Security benefits that were elhmbage:, 1 + (z — z) - a, and the payoff from

the deferred annuity,, ., i.e.,
Bys =1+ (x—2z) a+by,. Q)

This strategy is preferred if insurers can offer a deferraulity with a benefit leved,, , that is strictly higher

than the accrual offered by the Social Security systemifi.e.

by > (y—2)-a, (2)

Indeed, (1) and (2) imply that the aggregate benefit levdtistly higher than the benefit level received in case

Social Security benefit claiming is deferred to agee., B, , > 1+ (y — z) - a.

Whether insurers will be able to offer deferred annuities thdividuals prefer above deferring benefit claiming
clearly depends on the prices charged for deferred ansuifihe annuity insurers offer is in general not
actuarially fair because insurers impose a premium loact [@ad may include costs for administration and
adverse selection, but also a risk premium, and is typiedjyressed as a percentdg# the premium (see,
e.g., Mitchell et al., 1999). Now consider an individual wtlaims benefits at age, and uses the benefits
received at ages, - -- ,y — 1, as periodic premiums to finance a deferred annuity thatssiapay out at age

y. Then, the benefit levél, . that insurers would offer follows from setting the expegpeesent value of the

LAlternatively, the individual could use only part of theioted benefits to buy a deferred annuity. It can be verifiedabatiming that
the claimed benefits are fully used is without loss of geiitgraDeferring benefit claiming is dominated by claiming iradiately if and
only if this is the case when the claimed benefits are fullduse
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premium net of cost loading equal to the expected preseng\aflthe payments of the deferred annuity, i.e.,

(1—1)-(1+(x—g)-a)-<z uﬁ'#w>:by,w-<TZm(lf'#))T>. 3)

7=0 =Yy—-

Combined with (2), this implies that claiming benefits imnaely and using them to buy a deferred annuity

dominates deferring benefit claiming if

(Tt

Whether this condition can be satisfied depends on the tetrotste of real interest rates as well as on the
premium load. In the next subsection, we investigate the effect of thm t&ructure of real interest rates and

the premium load on the existence of dominating strategies.

3.2 Effect of term structure and premium load

In this subsection conditions are characterized undertwihgurers can profitably offer deferred annuities that
individuals prefer above deferring benefit claiming. To dowe compare the benefit levels individuals can
obtain by either delaying benefit claiming or by claiming ieamately and using the benefits to buy a deferred
annuity at the market. We first consider a base case in whighetm structure of real interest rates is as
displayed in Figure 1, solid line. It is upward sloping fr@% for the real short rate to just abo8e3% for a
maturity of 30 years. The premium load equals$%, i.e.,l = 0.073.1 We then investigate the sensitivity of

the results with respect to changes in the term structureadfinterest rates or in the premium load.

Table 2 displays the benefit levels for the base case.

For any given agey = 66, - - - , 70, the diagonal displays the benefit level received as ofiagien Social
Security benefits are claimed at ageand the off-diagonal elements (i.e., fox y) yield the benefit level the
individual receives as of aggwhen he claims Social Security benefits at an earlieragggnd uses them to
finance a deferred annuity that starts to pay out atjadfehe latter exceeds the former (bold entries), deferring
benefit claiming is suboptimal. For example, in case a mad &@ewvould like to receive pension benefits as
of age 68, the dominating strategy he can follow is claimiegddits immediately and using these benefits to

buy a deferred annuity which starts paying off at age 68. Mih age 67 or higher and women with age 68

12For most maturities the interest rate is lower than the 3%imégrest rate as assumed in for instance Sun and Webb (2809 )Coile
et al. (2002). The load is taken from the 1999 annuity valueppemium dollar computed on an after tax basis in Mitchelllef1999).
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Annuity Claim age (x) Men Claim age (x) Women
Age (y) | 66 67 68 69 70| 66 67 68 69 70
66 1.00 1.00

67 1.08 1.08 1.07 1.08

68 117 117 1.16 115 116 1.16

69 127 127 1.26 1.24 123 124 125 124

70 139 138 137 135132| 133 134 134 133132

Table 2: The aggregate benefit level received as of/dgean individual aged:, when Social Security benefits
are claimed at age and used to finance a deferred annuity that starts to pay @geat (B, .., off-diagonal
elements), and when claiming Social Security benefits isrded to age (diagonal elements). The left (right)
panel corresponds to men (women). The bold entries reprdsemnating strategies. The annual accraal
equals 8% and the loadequals 7.3%. The survival probabilities are those of U.S9eméemales) for the
period 2000-2004. The term structure of real interest rigtas displayed in Figure 1, solid line.

or higher are better off by claiming benefits immediately asthg them to buy a deferred annuity than by

delaying benefit claiming, regardless of how long they wistefer the receipt of their pension benefits.

The above results correspond to the term structure as gexpia Figure 1, solid line. Higher long-term interest
rates make deferred annuities cheaper, and so it becomedikady that insurers will be able to offer deferred
annuities that individuals prefer above deferring bendéitlnting. The opposite holds for lower long-term
interest rates. To investigate the sensitivity of our resswith respect to changes in the term structure of real
interest rates, we use a one-factor Vasicek model (Vasic®K?). In this one-factor model, the term structure
is fully determined by the short rate, and so the sensitwftthe results with respect to the term structure of
real interest rates can be investigated by varying the satat Details on the one-factor Vasicek model can be

found in Appendix B.

Figure 3 displays the benefit level that an individual agéedan obtain as of agg, fory = 67,--- ,70,as a
function of the real short rate, and for two strategies:naiag benefits immediately and using them to finance
a deferred annuity that starts to pay out at ggepward sloping lines), and deferring benefit claiming lunti

agey (horizontal lines).

The figure shows that for each annuity agehere exists a critical value of the real short rate at whieh
individual is indifferent between these two strategies.endver the short rate is higher than this critical value,
annuities are relatively cheap, and insurers can profitafidy annuities that yield higher benefit levels than the
accrual offered by the Social Security (upward sloping hiigher than horizontal line). Thus, deferring benefit
claiming is dominated by claiming benefits immediately asthg them to buy a deferred annuity. Below
the critical real short rate, deferring pension benefitnalag is preferred above buying additional annuities
at the market. Second, the figure shows that dominatingegiest are more likely to exist for men than for
women. For a man aged 66 who would like to receive pensionfiberses of age 67 (solid lines), claiming

benefits early to finance a deferred annuity dominates delbgaefit claiming in case the real short rate is
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The aggregate benefit level as a function of the real short rat
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Figure 3: The aggregate benefit level received as ofya@s a function of the real short rate at age 66, when
Social Security benefits are claimed at &geand used to finance a deferred annuity that starts to pay out at
agey (B, 66, upward sloping lines), and when claiming Social Securéyéfits is deferred to age(horizontal
lines). The left (right) panel corresponds to men (womerfe &nnual accrual equals 8% and the load
equals 7.3%. The survival probabilities are those of U.9em@demales) for the period 2000-2004. The term
structure of real interest rates corresponding to a speeificshort rate is generated with a one-factor Vasicek
model, with parameters given in Table 5 in Appendix B.

above 2.25%. For a woman, the critical real short rate foedafof one year equals 4.7%, which is quite high.
As aresult, dominating strategies are not likely to exighis case. Finally, the figure shows that for both men
and women, the critical real short rate decreases when thasgf which they would like to receive pension
benefits increases. For men (women), it decreases to -1.2%) for deferral to age 70 (dashed-dotted lines).
This occurs because the system is more unfair for those whibdWitie to delay benefit claiming more than
for those who would like to delay benefit claiming just a casgpbf years (recall that the money’s worth of
deferring benefit claiming decreases when the deferrabgéncreases, see Figure 2). Consequently, there is

more room for dominance for individuals who wish to delaytbeeipt of pension benefits for a longer period.

The above results correspond to settings where the premiadrdqual$.3%. It is immediately clear from (4)
that a higher premium load reduces the benefit level thatémsican offer for a given premium, and therefore
makes it less likely that insurers are able to offer defemeduities that individuals prefer above deferring
benefit claiming. In order to investigate the sensitivityooir results to the level of the premium load, we
determine the load such that the individual is indiffereatieen deferring benefit claiming, and claiming
immediately and buying a deferred annuity. Consider anviddal agedz would like to receive pension

benefits as of agg, with y > x. The individual is indifferent between the two strategigbey yield the same
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benefit level, i.e., if
bye=(y—1z)-a.

Therefore, it follows from (4) that the indifference loag., is given by:

(y—2)-a- (Zio_y_w W)
(-2 (S5 ey

=1—MW(y,z).

lmax =1-

As long as the premium load that is strictly lower thian,, the market offers deferred annuities that (combined
with the Social Security benefits claimed at agegive a higher benefit level than the benefit level offered by
the Social Security provider in case benefit claiming is yieteuntil agey. Thus, deferring benefit claiming is

dominated by claiming immediately.

Table 3 displays the maximum load under which claiming Sd®eturity benefits and using them to buy a
deferred annuity dominates deferring benefit claimingafbpossible combinations of the claim agand the

annuity agey > x.

Annuity Claim Age (x) Men Claim Age (x) Women

Age (y) 66 67 68 69 66 67 68 69
67 6.51 -6.64

68 12.41 16.39 -0.06 4.29

69 18.14 21.82 24.90 530 9.86 13.72

70 23.72 27.10 29.93 32.10 11.06 1531 1891 21.97

Table 3: The maximum loadl,,.. (in percentages) under which, at agedeferring benefit claiming to age
y > z is dominated by claiming Social Security benefits ataged using them to buy a deferred annuity that
starts to pay out at age The left (right) panel corresponds to men (women). Theuwmlds set atz = 8%.
The survival probabilities are those of U.S. males (fen)dtmsthe period 2000-2004. The term structure of
real interest rates is as displayed in Figure 1, solid line.

For men aged 66 who would like to receive pension benefits age®67, the load insurance companies can
impose should be below 6.5%. However, for men who wish tordéfke receipt of pension benefits until at
least age 68, loads can be imposed that are significantlghtghn the benchmark level 83%. For women
aged 66 who would like to receive pension benefits as of age &B,odominating strategies will not exist
because a negative load is needed. This occurs becauseffortiie option to defer benefit claiming in the
Social Security system is more than actuarially fair (itlee, money’s worth is higher than one; see Figure 2,
solid line). For women aged 68 or women who would like to ddfenefit claiming for a longer period, the

loads are also significantly higher than the benchmark level
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4 Dominating strategies using annuity options

In the previous section we characterized conditions undidetwit is optimal for the individual to claim pension
benefits at an earlier age than the age as of which he wantseweeannuity benefits, and use the pension
benefits to buy a deferred annuity. We considered the caseevameindividual at a given age decides as of
which age he would like to receive pension benefits, so thaterced annuity with the corresponding deferral
period can be bought. This section considers an individina wishes to defer the receipt of pension benefits
until an unspecified age. We develop an annuity productedahannuity option in which the individual
can, year by year, decide whether he wants to annuitize er dehuitization for at least one more year. We
characterize conditions under which insurers can offeudynoptions that super-replicate those offered by the

Social Security provider.

4.1 Super-replicating annuity options

In this subsection we design annuity optionthat super-replicates the option to delay benefit claimimtpée

Social Security system. The individual who buys this opfiays a periodic premium (in case he is still alive)
until the time he decides to annuitize, and from there oniveseannuity payments from the insurer. The level
of the periodic premium depends on the age at which the ptaglbought. The level of the annuity payment
depends on the age at which the option to annuitize is exeglcés well as on the age at which the option is

bought. Let us denote:

e 1 for the age at which the insured buys the annuity option;

e Y € [z + 1,7] for the age at which the insured annuitiz&sis unknown until it is reached, we denate

for any given realization oY’;

e 7(x) for the premium paid at agese [z, Y — 1], conditional on being alive, and given that the annuity

option was bought at age

e b, . for the benefit level of the annuity, conditional on anniritizat agey, and given that the annuity

option was bought at age We assume that:

0= bw,m < bw+1,w << bf,m-

Ateach age € [z+1,T—1], the individual decides either to pay a premiumr¢f) and defer annuitization for

at least another year, or to stop paying premium and aneuli¢hen he annuitizes, he receives an immediate

15



annuity from the insurance company with a benefit Iéyel that depends on his current ageand the age
at which he bought the annuity option. The benefit levels aterdhined at the moment the annuity option is

bought.

This annuity option (weakly) dominates the option to delapdfit claiming in the Social Security system if
the periodic premium is at most equal to the benefit levelinbthin case benefits are claimed at agand,
for each possible annuity agg the level of the annuity payment is at least equal to theust@ffered by the

Social Security system in case benefit claiming would haem lelayed to that age, i.e.,

()

by > (y—z)-aforally=az+1,---,7. (6)

IN

1+ (x—2z)-a, )

If these two conditions are satisfied with at least one stiagquality, then for an individual agedwho did not
yet claim pension benefits, further deferring benefit clagns dominated by claiming benefits (of (x—z)-a)
and using (part of) these benefits to pay the periodic premfomthe annuity option. Indeed, (5) implies that
the benefits are sufficient to pay the periodic premium, ahdhiplies that, for any given annuity age the

aggregate benefit level (from Social Security benefits ctgilat age: and from the annuity option),

By,z =1+ (I—g) 'a+by,z,

is weakly higher than the benefit level received in case $8eieurity benefit claiming is deferred to age

Whether insurers will be able to offer super-replicatinguaity options clearly depends on how they are priced.
Because the risk associated with uncertainty in the age athwthe individual will exercise the option to
annuitize cannot be hedged, the payoffs of the annuity ngtémnot be replicated by payoffs from existing
assets. In the following subsection we determine conditiomder which there exists a selffinancing strat-
egy that super-replicates the payoffs of the annuity optibme strategy is selffinancing if any new assets or
annuity payments can be financed from revenues from prdyitosight assets combined with the premium
received from the individual. If these conditions are $aik insurers can offer annuity options that satisfy the

dominance conditions (5) and (6), while making nonnegatiedits in each future year.

4.2 The financing strategy of the insurer

We first design a strategy such that at every possible exatlei®, the insurer holds a portfolio of zero-coupon

bonds with a market price equal to the price of the annuityaisecthe insured annuitizes at that date. If the
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insured does not annuitize, the payoff of the bond portfidiased to finance a new bond portfolio. If the
insured annuitizes, the bond portfolio is sold to financeithmediate annuity. Formally, suppose that an

individual agedr buys an annuity option at time= 0, and consider the following strategy:

e Atagexz, the insurer knows that the benefit level of the annuity valbbleasb, ., ... He buys a portfolio
of zero-coupon bonds which cash flow matches the expectedquayg (plus cost loading) of the annuity
in case the insured annuitizes at age- 1. Because survival probabilities beyond the age of 110 are

negligibly small, he buys a bond portfolio that pays off

byt1x .
< 1“’1 ) - sPz,Inyearss =1,...,110 — z.

e Atager < z <Y, the insured does not yet annuitize, and the insurer knosighle benefit level upon

annuitization will be at least, 1, ., i.e., the benefit level increases by at least

bz,m :bz+l,m - bz,m-

Ezm

Therefore, the insurer buys a portfolio of zero-coupon Isowith cash f|°WS(1_’z) - Pz, IN years

s=z—x+1,---,110 — z. Combined with bonds bought at ages - - , z — 1, this implies that he

holds a portfolio of zero-coupon bonds with cash flows

z gm,‘r szrl,z .
(Zl—l> . spm—( - > - Pz, inyearss =z —x +1,...,110 — .

T=x

He receives a cash flow f%j) - .—zP from previously bought bonds, as well as a premium payment

equal tor(x) from every insured that survived. Combined, the expectel t#low equals

(7o) + £22) - o

e Atagez =Y, the insured annuitizes. The insurer holds a portfolio afds) boughtatages--- , Y —1,
with aggregate payoff

by .
<1Y’ l> - sDz, INyearss =Y —z, ..., 110 — x.

The market price of this bond portfolio equals the price ef dmnuity that pays offy , in every future

year that the insured is alive.
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This strategy yields the desired payoff as of &geFor it to be selffinancing, however, revenue at each age
before annuitization needs to be sufficient to finance thebravd portfolio. In every year in which the insured
has not yet exercised the annuity option, the insurer resevenue which consists of the premium paid by the
insured and the cash flow of previously bought bonds whichureat-rom this revenue, he needs to finance a
bond portfolio. The strategy therefore involves lossesmthe price of the bond portfolio exceeds the revenue.
Moreover, for ages > z, the price of the bond portfolio that needs to be bought atadgpends on the term
structure of real interest rates in year z — z > 0. To eliminate this interest rate risk, the insurer can, for
eachage =z +1,---,7 — 1, buy a call option with maturity date= z — = on the corresponding bond
portfolio. To minimize the price of the call options whiléllsjuaranteeing that revenue is sufficient to buy the
bond portfolio, we set the strike prid€(z, x) of the call option on the bond portfolio that needs to be bough

at agez equal to revenue received at that age, i.e.,

K(ev) = (w(0) 4 25 ) oo )

In the following table we summarize the insurer’s revenué expenses at each age, with and without call
options. We denot&c,;;s(x) for the datet = 0 price of the portfolio of call options. Moreover, to avoid

overloaded notation, we denaRs,,.4s(z, =) for the date = z — x price of the bond portfolio that needs to be

bought at age.
| | Agez =z Agez e [z +1,Y —1]
Revenue m(x) (ﬂ'(a:) + ﬁz_”;) © 2Pz
Expenseg without options Pponds(z, x) Pponds(z, )
with options | Poaus(2) + Pponds(x,2)  mMin{Pponas(z, ), K(z,2)}
Profit | without options +/— +/-
with options +/- +
Table 4: The insurer’s revenue and expenses atgge., in yeart = z — z), forz = z,--- , Y — 1, for an

insured who buys the annuity option at agand exercises it at agé, and for two financing strategies: the
case where the insurer buys call options and the case wheatedsenot buy call options. The last two rows
display the sign of the corresponding profit (revenue mingeases).

With call options, expenses at agécrease, but expenses at ages [+ 1,Y — 1] (weakly) decrease because
the required bond portfolio can be bought at the minimum efrttarket price and the strike price of the call
option. Moreover, because the strike price of the call optin the bond portfolio that needs to be bought at
a given age is set equal to the revenue at that age, the reabmays weakly exceeds the expenses at any age

z > x. Thus, the insurer can offer the annuity option at a nonimegptofit in every year if and only if revenue
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exceeds expenses at aga.e., if and only if
PCalls(x) + PBonds(xax) S 7T(£C) (8)

Our goal is to characterize conditions on the premium Ipaahd the term structure of real interest rates under
which the dominance conditions (5) and (6), and the profiddn (8) are satisfied. When these conditions
are satisfied, insurers can profitably offer annuity optunsh that individuals who wish to defer the receipt of
pension benefits until an unspecified age are better off byiig benefits and using them to buy the annuity
option. This approach is conservative in the sense thasitrass that the insurer wishes to eliminate all interest
rate risk. If insurers are willing to bear some risk, the dénds under which they can offer super-replicating

annuity options will become less strict.

4.3 When can the insurer profitably offer a super-replicating annuity option?

In this section we first determine conditions on the termcitme of real interest rates under which insurers can
profitably offer super-replicating annuity options. Werthevestigate the sensitivity of these results to the level
of the premium load charged by insurers. Finally, we qugritie potential gains for insurers from offering

super-replicating annuity options.

To characterize conditions on the term structure of real st rates and the profit loading under which insurers
can profitably offer super-replicating annuity options,seasider the annuity option thegplicatesthe option

to defer benefit claiming in the Social Security system, we set

m(x) = 14 (z—2)-a, 9)

by,m = (y—x)-a, forally:x—i—l,---,?O_ (10)

and investigate under which conditions an insurer who usesdlffinancing strategy defined in Subsection 4.2
makes a strictly positive profit in the year in which the amyoption is sold (i.e. Poais (€) + Pgonds (2, ) <
m(x)). If this is the case, the insurer can profitably offer thdiogging annuity option because, as can be seen
from Table 4, the revenue weakly exceeds expenses in alifyars. Moreover, since the profit in the first
year is strictly positive, either the annual premiuii) could be decreased or the benefit level for at least one
annuity agey could be increased, so that a super-replicating annuifpmpan be offered while still making

a positive profit. An individual who wishes to defer annuatipn until an unspecified age is then better off by

claiming benefits and using them to buy that annuity opti@mtby further delaying benefit claiming. Indeed,
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either the individual has strictly more wealth before atimation (if 7(x2) < 1+ (z — ) - a), or the benefit

level as of annuitization is strictly higher for at least @mavuity age (ib, » > (y — z) - a).

Expenses and revenue of the insurer

—Age 66
---Age 67
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Figure 4: The insurer’s revenue ((z), horizontal lines) and expenseBd,;; () + Pponds(z, ), downward
sloping lines) in the year in which the annuity option is sad a function of the real short rate at that time.
The solid (dashed) lines correspond to an individual whashibig annuity option at age= 66 (x = 67). The
accruala offered by the Social Security system is set at 8%, and thit pvad [ equals 7.3%. The left (right)
panel corresponds to men (women). The survival probaisldre those of U.S. males (females) for the period
2000-2004. The term structure of real interest rates cporading to a specific real short rate is generated with
a one-factor Vasicek model, with parameters given in TabteAppendix B.

Figure 4 displays the insurer’s revenue (horizontal lirees) expenses (downward sloping lines) in the year
in which the annuity option is sold, as a function of the réwairs rate at that timé® The revenue equals the
premium paid by the individual. The expenses are equal tptice of the portfolio of call options and bonds
that needs to be bought at the time the contract is sold (fafldesee Table 4). The figure considers two cases.
The solid lines correspond to an annuity option sold to aividdal aged 66, for a periodic premium bfi.e.,

the Social Security benefit level if benefits are claimed &t @@). The dashed lines correspond to an annuity
option sold to an individual aged 67, for a periodic premium.o8 (the Social Security benefit level if benefits

are claimed at age 67).

First consider men who buy the annuity option at age 66 (left panel, solid lines). The figure shows that
there exists a critical value of the real short rate at whighihsurer's expenses in the first year are equal to
the revenue (the premium received from the insured). Whendhl short rate is above the critical value of

2.25%, the portfolio of call options and bonds becomes Igpsesive, i.e., the expenses decrease. This implies

13Recall that in the one-factor Vasicek model, the term stmecis fully determined by the short rate, and so the seitgitif the results
with respect to the term structure of real interest ratesbeaimvestigated by varying the short rate. Details on theceasmodel as well
as on how the price of the portfolio of call options and borgddatermined can be found in Appendices B and C.
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that the insurer can profitably offer a super-replicatinguaty option. Men aged 66 who wish to defer benefit
claiming until an unspecified age are then better off by dlainbenefits immediately and using them to buy
that annuity option. Indeed, that strategy yields a higtesrdiit level, regardless of when they will decide to
annuitize. When the annuity option is bought at age of 67atof age 66 (left panel, dashed lines), the
conditions for dominance are even more likely to be fulfilléithe reason is that the maximum premium the
insurer can ask (the benefit level in case Social Securitgfifsrare claimed at agér) increases froni to
1.08, and the minimum benefit level that he needs to offer whenntiigidual annuitizes at age(the accrual
offered by the Social Security benefits when benefit claingrdgeferred to agg) decreases frorty — 66) - a

to (y — 67) - a. Therefore, the insurer’s revenue increases (the hoatbné shifts upwards), and the expenses
decrease (the downward sloping line shifts downwards)nfem aged 67 (left panel, dashed lines), a positive
real short rate is enough for them to prefer buying an anraptyon above deferring benefit claiming. For
women (right panels), dominating strategies are lessyliteekbxist. Because they have higher life expectancy,
the option offered by the Social Security provider is lestirrior them. For women age@b, the real short
rate would need to be well above 4%, which is unlikely to bedhse. For women agéd, insurers can offer

annuity options that they prefer above deferring benefitrétzy if the real short rate is above 2.75%.

The above results correspond to a premium load of 7.3%. laerdadinvestigate the sensitivity of our results
with respect to the level of the premium load, we determimerttaximum value of the premium load under
which an insurer who follows the selffinancing strategy diéscl in Subsection 4.2 can profitably offer the
replicating annuity option. Specifically, we determine lib&d such that the insurer’'s expenses in the first year
equal the premium received from the insured in that year, P€.is(¢) + Pgonds(z, ) = w(x). Whenever
the load charged by insurers is strictly lower than this mmaxh load, the market can offer super-replicating

annuity options that individuals strictly prefer aboveeateing Social Security benefit claiming.

Figure 5 displays the maximum feasible load as a functiorhefreal short rate. The solid (dashed) lines
correspond to a super-replicating annuity option sold tomdividual aged 66 (67). The left panel corresponds
to men; the right panel corresponds to women. Because highezs of the real short rate make annuities less
expensive, the maximum feasible load is increasing in thesteort rate. There is more room for insurers to

offer annuity products that individuals prefer above deifgrbenefit claiming when interest rates are high. For
men who buy the annuity option at age 66, the feasible loathdse& 7% whenever the short rate is at least
2%. For women, the maximum load is negative for most realistiues of the real short rate, indicating that

dominating strategies are not likely to exist. However, whige product is bought at age 67, the maximum

feasible load increases significantly for both men and women

The above results were determined for the case where theeingses a conservative financing strategy in

which all interest rate risk is eliminated. Insurers, hoarewnay be willing to take some risk, which implies
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Maximum feasible load as a function of the real short rate
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Figure 5: The maximum loall,.. (in percentages) under which insurers can offer a supdicatipg annuity
option to men (left panel) and to women (right panel) agedsfiq lines) and aged 67 (dashed lines), as a
function of the real short rate. The accrualks set at 8%. The survival probabilities are those of U.S.ewmal
(females) for the period 2000-2004. The term structure af irgerest rates corresponding to a specific real
short rate is generated with a one-factor Vasicek modeth parameters given in Table 5 in Appendix B.

that there may be more room to offer super-replicating ayrogtions. To conclude this section, we therefore
guantify the potential gains for insurers from offering stpeplicating annuity options under the two financing
strategies described in Subsection 4.2: eliminating &drest rate risk by buying a portfolio of call options,

and accepting some interest rate risk. In both cases, thecfimgastrategy is such that upon annuitization, the
insurer holds a portfolio of bonds with a market price equahe market price of the annuity. Therefore, the

insurer’s profit consists of profit made in all years prior tmaitization.

As an illustration, we consider a super-replicating annajition sold to an individual ageb for a periodic

premium equal td (the Social Security benefits claimed at &g, with benefit levels given by:

by =0.08, fory = 67,
=0.08+ (y —67)-0.09, fory=68,---,70.

(11)

Thus, the benefit level received upon annuitization is tiyriigher than the accrual offered by the Social Se-
curity system as soon as annuitization is delayed untilketlagess. We determine the probability distribution

of the present value of the insurer’s profits in all yearsipoannuitization, in case the individual exercises the
option to annuitize at age 68. The profit in the first year delgam the short rate at the time the annuity option
is sold (i.e., when the individual turns 66); the profit madéhe year in which the insured turns 67 depends

on the short rate next year (see Table 4 for details on thed&g)r The former is known when the contract is
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offered, but the latter is stochastic.

Figure 6 displays the probability distribution of the instis profit for two values of the short rate at the time
the contract is sold. The upper (lower) panel correspondsaaase where the real short rate at the time the
contract is sold equals 2.25% (3%). In each case, the figaptagis the present value of the insurer’s profit as
a function of the real short rate next year (bars), as wehaptobability that the real short rate next year falls
into the corresponding bracket (stems). It considers twanfimg strategies: buying call options (light grey
bars) and not buying call options (dark grey bars). The puemibad is set equal to 7.3%. Profit values are

displayed on the left y-axis, probability values are digpthon the right y-axis.

The figure shows that for both financing strategies and fdn alues of the short rate at the time the contract
is sold, the insurer’s profitis (weakly) increasing in thalighort rate next year. This occurs because and higher
short rate next year makes the bond portfolio that needs bwbght at age 67 less expensive. Comparing the
upper and the lower panel shows that profits are also incrgasithe current real short rate. A higher real
short rate at the time the contract is bought (lower paneRanthe portfolio that needs to be bought in the first
year less expensive, and, in addition, makes it more likedy the short rate in the second year is also higher,
so that the bond portfolio that needs to be bought at age 67balsomes less expensive. When the short rate
at the time the contract is sold equals 3%, the insurer’stasofilmost surely positive even when interest rate

risk is not hedged.

We now discuss the effect of the financing strategy. Wherogdibns are bought, the first year profit is strictly
lower, but the second year profit is weakly higher becausddmel portfolio that needs to be bought at age
67 can then be bought at the minimum of the market price andtthe price of the call option. Because the
market price of the bond portfolio is decreasing in the shate, there exists a critical value of the short rate
in the second year such that the present value of profits &ltloptions is lower (higher) when the short rate
is below (above) the critical value. Specifically, when thers rate in the second year is abavé25%, the
market price of the bond portfolio is lower than the strikieprof the call option. Therefore, the profit made in
the second year is the same for the two financing strategidss@the present value of profits is lower when
call options are bought. The difference (the price of thé @plions) is about 0.5% of the annual premium
when the current short rate is 2.5% (upper panel, dark gres) kend negligibly small in case the current short
rate is 3% (lower panel). When the short rate in the secondfa#ia below the critical level 02.125%, the
price of the bond portfolio is strictly higher than the strigrice. Therefore, the second year’s profit is zero in
case the insurer bought call options, but strictly negativiase he did not. So, without call options the present
value of profits can be negative, but the size and likelihdoglioh losses depend strongly on the current real
short rate. When the current short rate is 2.25% (upper paaédss is made whenever the short rate falls

below the critical level 02.125%. In contrast, when the current short rate is 3% (lower patted)profit made
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The present value of the insurer’s profit
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(b) real short rate of 3% at age 66

Figure 6: The present value of the insurer’s profit for a man tunys the annuity option at age 66 and exercises
it at age 68. The bars represent the present value of theeirsiprofit as a function of the real short rate
next year, for two financing strategies: buying call opti@ight grey bars) and not buying call options (dark
grey bars). The stems represent the probability that tHesheat rate next year falls into the corresponding
bracket.Profit values are displayed on the left y-axis, abdliy values are displayed on the right y-axis. The
upper (lower) panel corresponds to the case where the redlrsite at age 66 equals 2.25% (3%). The benefit
levels of the annuity option are as given in (11). The accaofi@red by the Social Security system is set at
8%. The premium load is set equal to 7.3%. The survival priiiab are those of U.S. males (females) for
short rate is

the period 2000-2004. The term structure of real interdstsraorresponding to a specific real
generated with a one-factor Vasicek model, with paramefige in Table 5 in Appendix B.
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in the first year is significantly higher, and high enough tmpensate for the loss made in the second year as
long as the short rate is in the second year is not below 1.3 758 probability that the short rate falls below
this level is negligibly small, so that the insurer almostedyimakes no losses, even when interest rate risk is

not hedged.

4.4 How much can individuals gain from buying annuity optiorns?

The previous subsection shows that, depending on the redlrsite and the premium load, insurers can make
significant profits from offering a replicating annuity apti This suggests that they may also be able to offer
annuity options with benefit levels that are significantlgttér than those offered by the Social Security system,
while still making a nonnegative profit. In this subsectioa gquantify the potential gains for individuals from

such super-replicating annuity options.

Recall that in case of delayed Social Security benefit clagmihe accrual received for an additional year of
delay equals: for every year of delay. Such a fixed accrual implies that #éfeal option is more unfair for
those who wish to defer for a longer period (recall that thaneys worth is decreasing in the length of the
deferral period, see Figure 2). This occurs because thectegpeumber of years over which the additional
benefit payment should be made decreases when benefit dagnielayed further. Consequently, insurers
might be able to offer annuity options in which the accruakreed for an additional year of delay increases
each year. To illustrate the potential gains for insureasc@nsider the case where the insurer offers an annuity

option with the following conditions:

m(x) = 1+(z—2)-aq, (12)
y—x—1

bya = Y. (1+0)7-b, (13)
7=0

for someb, ¢ € (0, 1]. Thus, the annual premium for the annuity option is equahéoSocial Security benefits
received in case they are claimed at agand the accrual received for an additional year of delaseses by
<% each year. Consider, for example, an individual aged = = 66 who would like to defer the receipt of
pension benefits. If he claims Social Security benefits imately and uses them to buy the annuity option, he
will receive an annual benefit level as of age 69.6f [1+ (1 +c¢) + (1 +¢)?] - b. In contrast, if he delays

Social Security benefit claiming until agé, he receiveg + 3 - a.

Figure 7 displays the total benefit levels received as ofyages7, - - - , 70, as a function of the real short rate,

for two strategies: the case where the individual claimselienat ager and uses them to buy the annuity
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Benefit level as a function of the real short rate
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Figure 7: The aggregate benefit level received as ofyages a function of the real short rate at agevhen
Social Security benefits are claimed at agend used to buy the annuity optioB, .., upward sloping lines),
and when claiming Social Security benefits is deferred towaffeorizontal lines). The upper (lower) panel
corresponds ta = 66 (x = 67). The left (right) panel corresponds to men (women). Theuahaccrual

a equals 8% and the loadequals 7.3%. The benefit levels of the annuity option are &netkin (13) with

¢ = 0.1. The survival probabilities are those of U.S. males (fesafer the period 2000-2004. The term
structure of real interest rates corresponding to a speeificshort rate is generated with a one-factor Vasicek
model, with parameters given in Table 5 in Appendix B.
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option (upward sloping lines), and the case where he deéarsfti claiming until agg (horizontal lines). The
upper (lower) panels correspond#o= 66 (x = 67). The benefit levels offered in the annuity option are as
defined in (13). To illustrate the potential gains for indivals, we choose = 10%, and letb be the level that
insurance companies can offer in a competitive market irtkvbkcess profits are driven to zero (i.e., condition
(8) is satisfied in equality). The accrual offered in the @b8ecurity system is set at= 8% and the premium
load is set at = 7.3%.

The figure shows that insurance companies are able to offatteactive alternative to the option to defer
pension benefit claiming as offered by the Social Securibyigier when the real short rate is sufficiently high.
Strict dominance occurs when for every given annuitizasigey, the benefit level received in case the annuity
option is bought is higher than when benefit claiming is deféri.e., the upward sloping line is above the
horizontal line for all annuity ageg). In order to have strict dominance a real short rate of 2.258€eded for
men and of 4% for women. However, some individuals may knavstwe that they do not wish to annuitize
before a certain age. In such cases, insurers are able t@tffective annuity options even when the short rate
is lower. Suppose, for example, that an individual with agdBows that he would like to defer annuitization
until at least age 68. Then, dominating annuity optionstextready when the real short rate is above 1% for
men and 3.5% for women. When the individual knows he would ti defer until at least 69, the critical
values of the real short rate decrease to 0.25% for men, &a@®for women. There is even more room for
insurers to offer attractive annuity options when the aptobought at age 67 (lower panels). An individual
can, for example, defer social security benefit claiminglage 67, and then use the claimed benefits to buy
an annuity option. In this case, insurers can offer a prothattdominates further delay of pension benefit
claiming irrespective of the real short rate for men. Thesogas that a higher annual premium is paid (1.08
instead of 1) and that the minimum required benefit level upumuitization (the accrual offered by the Social

Security benefits when benefit claiming is further deferceddey) decreases.

5 Dominating Strategies using differentiated survival raes

In the previous sections we characterized conditions uwtiérh insurers can offer super-replicating annuity
products, taking into account that they can differentiaenpum and benefit levels on the basis of gender.
There is strong empirical evidence, however, that moytadites also depend substantially on individual char-
acteristics such as, for example, educational level. Téisrogeneity leads to actuarial nonequivalence at the
individual level (see, e.g., Brown, 2003; Desmet and Joys@03). In contrast to Social Security providers,
insurers may, at least to some extent, be able to diffeterimiums on factors that affect survival probabil-

ities. If this is the case, there is more room to offer sug@iicating annuity products for those individuals for
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Benefit level as a function of the real short rate
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Figure 8: The benefit levélBs7 66) as a function of the real short rate for different groups whyp &n option

to annuitize at age 66 and annuitize at age 67. The horizbméatienotes the benefit level when benefits are
claimed at age 67. A facterof 10% and a load of 7.3% were assumed. The survival probabilities are those
of U.S. males (females) for the period 2000-2004. The terocsire of real interest rates corresponding to
a specific real short rate is generated with a one-factorceasinodel, with parameters given in Table 5 in
Appendix B.

which the accruals offered in the Social Security systenmasee unfair. To illustrate the potential effects, we
characterize conditions under which insurers are ablefar tiie super-replicating annuity option defined in
(13) to groups of individuals who differ in educational lev&hree educational levels are distinguished: less
than high school, high school plus up to three years of cellegd college graduates. We use relative mortality
factors differentiated to age, gender, and educationel etermined by Brown (2003) to calculate the differ-
entiated survival probabilities (see Appendix D). As in irevious section we consider the case where excess

profits are driven to zero, i.e., the benefit lebéd such that the insurer’s profit in the first year is zero.

Figure 8 displays the benefit level that an individual agédan obtain as of agé?7, as a function of the real
short rate at age 66, and for two strategies: claiming benefinediately and using them to buy the annuity
option (upward sloping lines), and deferring benefit claighuntil age67 (horizontal lines). It distinguishes
three educational levels: low education (solid lines)hhéghool education (dashed lines), college graduate
(dashed-dotted lines). The figure shows that the criticadllef the real short rate above which insurers can
offer super-replicating annuity options is increasinghie ducational level. Because individuals with lower
educational levels have lower life expectancy, they exfentceive the additional benefits offered by the So-
cial Security system for a shorter period of time, which implthat the system is more unfair for them. The

differences for men are large. For men with low educatiomgtiitical short rate i8.2%. For college graduates,
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it increases t@.7%.

6 Conclusions

In many countries accruals to annual pension benefits ageeaffto those who claim benefits later. Typically,
these accruals are fixed for a number of years, and are indepeaf both interest rates and individual char-
acteristics such as gender. In addition, the accrual reddiwr an additional year of delay is typically a fixed
percentage of the benefit level in case benefits are claimtbe &tll retirement age. The actuarially fair value
of the additional deferred annuity that the individual iiees in case he delays benefit claiming, however, de-
pends nontrivially on the length of the deferral period, tiven structure of real interest rates, and individual
characteristics that affect survival rates. As a consecgigrublic pension systems with fixed accruals are not
actuarially fair, and the degree of unfairness varies due {as it depends on the term structure of real interest

rates). Moreover, the degree of unfairness depends orididilcharacteristics.

We show that the actuarial unfairness implies that indialduvho wish to defer the receipt of pension benefits
may be better off by claiming benefits and using them to buyiaynproducts at the market. Conditions under
which it is optimal for them to do so are investigated in a prefice-free setting assuming only that more is
preferred to less. We first quantify the degree of unfairmesbe public pension system on the basis of the
market term structure of real interest rates, generatedMagimek term structure model. We then characterize
conditions under which insurers can offer attractive dedesptions without taking any interest rate risk. Our
results suggest that there is a broad range of settings @dtehconditions, required premium loads, and indi-
vidual characteristics) in which insurers can profitabfgotleferral options that are more actuarially fair than
those offered by the public pension provider. Individuas exploit these options by claiming benefits early,
and using them to buy annuity products from insurers. Theng@l gains for individuals and insurers increase
when market conditions are more favorable (e.g., whenestartes are relatively high), and when insurers
have more flexibility to differentiate premium and benefigls on the basis of individual characteristics. If in-
dividuals choose to strategically exploit outside optiofisred by insurance companies, this will affect benefit

claiming behavior, which in turn affects long run progranstso
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Appendices

Appendix A Survival Probabilities

Throughout the paper, we use the one-year mortality préibiebidifferentiated to age and gender reported by
the Human Mortality Database for U.S. males (females) feryiisar 2000 up to and including 2084Let ¢,
denote the probability that an individual with agealies within one year. The probability that an individual is

alive overr years conditional on being alive at agés given by:

T

Pz = H(l - Qervfl)

v=1

Figure 9 displays the cumulative survival probabilitiesnditional on being alive at age 66, i.epgs, as a
function ofr.

Cumulative Survival Probabilities

—Men
- -Women

~ > oo

Probability

=1
>

0 L L L L L |
65 70 75 80 8 % 9% 100 1205 110

Age (66+7)

Figure 9: The cumulative survival probabilitiegs), as a function of ages6 + ) for men (solid line) and
women (dashed line) respectively with age 66.

Appendix B The One-factor Vasicek Model
The Vasicek model assumes that the instantaneous rearatedt time', r,, is generated by:

d’l’t = H[e — Tt]dt + Uthv T(O) =To,

1Human Mortality Database. University of California, Belge (USA), and Max Planck Institute for Demographic Resk&i@er-
many). Available at www.mortality.org or www.humanmoityabe (data downloaded on 05-01-2009).
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whereW, is a Wiener process) denotes the long-run mean,the parameter of mean reversion, arttie
volatility.

The time# price of a zero-coupon bond which matures at tilyelenoted byP(r;, ¢, T), is given by:
P(ry,t,T) =exp{A@t,T)}-exp{—B(t,T) - r+},

with

BLT) - 1—exp{—:-(T—t)}’ (14)

A(LT) — [B(t,T)-(T-t)](“'(“9“0)‘”2/2)—“—2.3@ 2, (15)

K2 4Kk ’

and where\ denotes the market price of risk. Then, the titmeal interest rate for a maturity @f — ¢ years

given that the short rate at timequals, is given by:

—log P(ry,t,T
R(Tt,t,T):—OgT(_rtt’ 1),

Throughout the paper we use the parameter values displayeble 5.

Vasicek model

K 0.1
0 0.02
o 0.004
A 0.5

Table 5: The parameter values of the Vasicek model for inteete.

The long-term averagé is set equal to 2%. Moreover, the market price of risks set equal td.5. This
reflects a setting in which the real interest rate for a mgtufi six years i90.5% higher than the short rate.

The benchmark case displayed in Figure 1, solid line, cpoeds to the case where the real short rate equals

the long-term average

Appendix C Pricing call options on bond portfolios

In this subsection we determine the prige,;;s(x) of the portfolio of call options that the insurer buys in arde
to eliminate interest rate risk. Jamshidian (1989) hasvddran exact formula to price options on (coupon-

bearing) bonds, assuming that interest rates are gendnatedne-factor Vasicek model. The pricing problem
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is further addressed in Hull (2003) and Brigo and Mercuri@0®). Let us denot®(r, ¢, s) for the datet price
of a zero-coupon bond with maturity dategiven that the real short rate at tihequals. The date-0 price of
a call option with strike pricédC and maturity date, on a zero-coupon bond with maturityand principall, is

given by:

C(s,t,K,L)=L- P(ro,0,8)®(h) — K - P(ro,0,t) - ®(h — op),

where®(-) denotes the standard normal cumulative distribution fonct, denotes the real short rate at time

0, andh andop are respectively given by:

- 1 L-P(rO,O,s) ap
= M ey kT (16)
1 — exp (—2kt)

op = %(1—exp(—l€(s—t))) o , (17)

respectively, where denotes the parameter of mean-reversionaddnotes the volatility of real short rate.

Recall that, for eachage=« + 1, --- ,T — 1, the insurer needs to buy a call option with strike picéz, x)
given by (7), on a portfolio of zero-coupon bonds with magudatess = z — z + 1, ..., 110 — x, and with
B

““) sPz. The price of this call option is equal to the price gbertfolio

corresponding principals, , s = (ﬁ

of call options, one for each individual zero-coupon bonbere the strike priceK (z, z, s) of the individual

call options are such that, K'(z,z, s) = K(z,z), and they all have the same exercise region, i.e.,

K(z,z,8) =L,z P(r*,z—x,s)

) 110—x (18)
with 7* such that: > Lyzs P(r*,z—uz,s) = K(z,x).
s=z—x+1
Given that a call option is needed for every age « + 1,--- ,Z — 1, the price of the portfolio of call options

equals:

z—1 110—x

Poaus(z) = Z Z C(s,z—x,K(z,2,8), L, z.5), (19)

z=x+1s=z—x+1

Now, the price of the portfolio of call options follows frortg), with L, , s = (E_?) <Pz, and withK (z, x, s)
determined by (7) and (18).
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Appendix D Differentiated survival probabilities

In this Appendix we discuss how we determine survival raféferéntiated by age, gender, and educational
level using the relative mortality factors from Brown (2003He constructs age-specific relative mortality
factors for black, white, and Hispanic men and woman, whieeevthite and black groups are then further
differentiated on the basis of education. Three educdtienals are distinguished for whites, namely: less
than high school, high school plus up to three years of cell@nd college graduates. To obtain survival
probabilities differentiated by educational level, we tiply the relative mortality factors for white men and
women with different educational level with the mortalityopabilities from the Human Mortality database
as described in Appendix A. Let” denote the relative mortality factor of an individual witheax: with
educational levet. The probability that an individual with educational levét alive overr years conditional
on being alive at age is given by:

T

-rpgj) = H(l —qz+v-1" cgce-ﬁ)-v—l)

v=1

The differentiated cumulative survival probabilities fehites are displayed in Figure 10.

Cumulative Survival Probabilities
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Figure 10: The cumulative survival probabilities diffetiated to gender and educational level for men (left)
and women (right), conditional on being alive at age 66.
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