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ABSTRACT

In the case of 2ellner's aeemingly unrelated atatiatical model it

is well known that the efficiency of the generalized least aquarea

estimator (GLSE) relative to that of the least aquares eatimator (LSE)

is conditional on the maqnitude of the correlation between the equation

errore. Using a relevant teat atatiatic, we analytically evaluate the

risk characteristics of a aeemingly unrelated regresaiona pre-test

estimator (SURPE) that is the GLSE if a preliminary teat, based on the

data at hand, indicatea that the correlation between equation errore is

aignificantly different from zero, and the LSE if we accept the null

hypotheais of no correlation. The amall eample diatribution of the teat

statistic, uaed in defining SURPE ie also derived.
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THE RISK PROPERTIES OF A PRE-TEST ESTIMATOR
FOR ZELLNER'S SEEMINGLY UNRELATED REGRESSION MODEli

1. Introduction

Since Zellner (1962) propoeed the use of Aitken's generalized

least equares eetimator (GLSE) for a eet of disturbance related

regreeeion equationa, the efficiency of thie estimator relative to that

of the least equaree estimator (LSE) hae received much attention. For

the uncorrelated regressors case, Zellner (1963) derived the amall

sample propertiea of the aeeminqly unrelated regreeeion eetimator (SUAE)

and noted that the distribution of the eetimator convergee rapidly

toward a normal denaity. Mehta and Swamy (1976) derived the exact

eecond moment matrix of Zellner's estimator conditional on an eetimate

of the variance-covariance matrix of the error terma and found that

(i) the LSE is more efficient than Zellner's estimator if the

correlation in the errora of the two equationa ia zero, or small and

(ii) Zellner's estimator ia better if the corttemporaneove correlation ie

hígh (also eee Kvnitomo (1977)). They aleo indicate that the gain in

efficiency in ueing Zellner's eetimator ia eepecially high when the

equation error correlation coefficient ie cloae to one, and the loss is

emall when the errors are mildly correlated and the degrees of freedom

ie greater than 12.

In this paper, we examine under a squared error loee meaeure the

riak of the eeemingly unrelated regreaeion pre-teat eetimator (SURPE),

`We are grateful to an anonymous referee for detailed comments and
many helpful suggestiona. We also wish to express our appreciation to

David Gilea and Helga Heeaenius. This work was partially supported by
National Science Foundation grant, SES-86-96152.



which is the GLSE if a preliminary teet indicates that the correlation

coefficient is significantly different from zero, and the LSE if we

accept the null hypothesie of no correlation. The motivation for thie

reaearch comea from Zellner'e augqestion that it ia possible to develop

a deciaion procedure for deciding whether to use the LSE, or the GLSE.

In section 2, we present the atatistical model and the various

estimators. Our main intereet ia to derive the riek function of the

SURPE with respect to the joint distribution of the test etatistic

r- etz~ s~z and v- etz~s22, where the e~) (i,j - 1,2), which are

defined later, are consietent estimatore of the variancee and the

covariances of the errors. The emall eample distribution of r ae a

function of the population correlation coefficient ~ ie qiven in

section 3. The marginal diatribution of r is obtained from the joint

dietribution of r and v. In eection 4, we derive the riek function of

the SURPE and compare it with thoae of LSE and GLSE. Section 5

aummarizes the diacusaea the implicatione of the paper.

2. Statiatical Model and Eetimatora

Consider the following two eample regreseion model

lyzJ - l01 XzJ [a zJ F[ez,"
or y- Xa a e

where y~ is a(nxl) vector of observationa, X~ is a (nxp) matrix of

fixed regreesors of rank p, a~ is a(pxl) unknown location vector, and

e~ is an (nxl) random error vector for i- 1,2. We make a aimplifying

aesumption that X~"XZ - Xz"X~ - OP. Let us further asaume that the



equation errors are distributed as multivariate normal random variables

with zero means and covariance matrix

eil aiiln Qizr jI oii aiz jI (2.2)
E- E I~Ei" ez"] - Flee"I - n- I J ~ I„ezJ oz,7~ ozzr~ Lozi Qzz

where I~ is an identity matrix of dimension n. The LSE for this model

is

a'(7) -
(Xz"Xz) -iXz"Yz~(X1 X,) 1X1 Y1~

(2.3)

The Zellner SUR estimator

a'(2) ' (1~E~'X)-'X"E-3Y
(2.4)

is obtained by applying Aitken's GLSE to the whole syatem (2.1). The

estimator in (2.4) ie not feasible since it depends on unknown

parametere of the E matrix. Replacing E by a consiatent estimator S

produces Zellner's feasible GLSE, a"(4). One choice for the elements of

S-[SZi Szzf is s~j - n(y~ - X~ai(1))"(Yj - Xja~(1)), i,J - 1,2.

Now the feasible GLSE is given by
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S~,j~ S~zln

o x,[X1 0~

S~,Z~ S~~z~

S~~I~ s~~z~

I (Xi'X~)-1 X~'y~ ~ (s1z~sll) (Xi~X~)-3Xi"yz

(Xz'Xz)-I Xz"yz ~ (31z,S2z) (Xz Xz) 1Xz yl

(2.5)

where we have used the aeaumption X~'XZ - Xz'X~ z OP and the e'~ are the

s" s"
elements of S-' - ~ I,,. The eetimates of the variancea and the

Szi Szx

covnriances are obtained from the reatricted residuala, that are

obtained from regreseing y~ on X~ (i - 1,2), i.e., implicitly asauming

~ - 0.

The SUR pre-test eetimator (SURPE) is based on the teat etatistic

r- s7z~ s~Z that is used to test the null hypothesis Ho: m- 0 that

the population correlation coefficient m is zero, veraue a one-eided

alternative He: m ~ 0. We reject the null hypotheais if r~ c, where c

is the critical value chosen for the teat. If we euepect a negative

correlation then we reject the Ha, if r ~-c. A two-eided alternative

can also be aet up and this would of courae have implicatione for the

properties of the implied pretest eatimator. This test atatiatic is

aimilar to the locally best invariant test statistic given by Kariya

(1981) and the Lagrange multiplier atatiatic of Breusch and Pagan (1980)

and Shiba and Teurumi (1988). The pretest estimator (Judge and Bock

(1978)) is defined as followa: if we accept Ho, the SURPE is the LSE,

and otherwiae it is the GLSE. Thie means the SURPE ie
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a'(3) -j~-i.~i(z)a'll) ~jtc,.~l(i)a'(4)

where I~,)(-) is a zero-one indicator function.

(2.6)

3. The Small Samole Diatribution of r

The distribution of SURPE a"(3) and hence its risk depende on the

dietribution of r. Therefore, in thia section we derive the small

sample dietribution of r. First, we find the joint distribution of the

teet etatistic r and v. It is well known that ne~i-x, ne22y and ns1z-z

are distributed according to the Wishart dietribution with covariance

matrix E, and degreea of freedom t z n-2p. The joint density of x, y an

z is given by

RtE, ~) -~XY-zz)cr-ii~zexp~-~xlaii - 2~z1 anQZZ ' Ylozz~l2(1-~z)~
(3.1)

where k- ll[2LIEIL~ZT I'(tl2)I'((t-1)~2)]. In the evaluation we made a

transformation from the variables x, y and z to r- zl~, v- zIY and

w- z. The density, in these new variables with Jacobian - 2w21vr3, ie

f(r,v,w) - k(2wzlvr'Xw'Iz'-wz)~`-'~iz

exp{-~vla~~rz - 2~l ovozz ` llozz~l2(1-mz)~

(3.2)

when w, v E R, and -1 5 r 5 tl.

Due to the nature of the transformation, the denaity in (3.2) ie

defined only when r, v, w are either all positive or all negative. As

we see later, for our purpose, it is sufficient to consider only

positive values of r. Therefore, from now on, we consider f(r,v,w) only
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when r, v, w are all positive and this meane we assume a poeitive

critical value.

Integrating ( 3.2) with respect to w, we have the following joint

density of r and v

f(r,v) ` 2k(I-ra)~c-3iizr(t)~((V~rzo,~-2~ oiiazz'll~QZ:~I2(i-~z)~`~r` (3-3)

To obtain the marginal density of r from (3.3), we define

9 - I~2(1-~z)eii

h - -~~(I-~z) auozz

4 - I~2(I-~a)oaz

m - ( (4~4) -hzrz~4gx)in

S - v a hra~2g

s - rm tan 9

I, - f f~z ( sin A) i(cos A)'-~d9
P'

1I2
~ (J-1)!!(-1)~(J-21~1)!!
i

x ( (a-j-1) ! ! ~ (a-j-lf2í) ! ! ) sin(A') ~"-zlcos (8') "-i-"zi

i (J-1)!!(d-J-1)!!~(d-1)I!~ali(C09 e)'d8
B

and Z~ - j~~z(sin A)i(cos A)''~a6
P

~2
- r ((-1)(J-1)!1(J-2i~1)!1)

t'i

x ((a-j-1) t!~(a-j-1t2i1 t!)sin(A')~"-"cos(A')'-~-"a'
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where O~ - arctg hr~2gm, !: means double factorial and a - 2t-2. Then

the probability denaity function of r is given by

f(r) -

c-i
2~1-ra~lc-l1IzI.(t)~1-~z~clz~lGJl~mr~c i-1~j.,Io,J~~(I-~srz~rilx-nI~

~ r(c~2)r((r-I)~2)
(3.4)

where (Ie,Ia,j) means that we pick either Ie or Ia depending on whether j

is even or odd.

In Fiqures 1 and 2, thie dietribution ie plotted ae a function of

t~n-2p and ~. In Figure 1 where m z 0, the diatribution ie symmetric

for t- 10, 15. The dietribution for the larger t hae more probability

masa around zero, but goes to zero faeter on either aide as r differs

from zero. In Figure 2, we show for t- 15, the same diatribution with

~-.2 and m-.4. Under thie ecenario, ae ~ geta larger there is more

probability to the right. For example, P(r~01~-.2)~.72, whereas

P(r~01~-.4)-.88.

4. The Risk of the Pre-teat Estimator

Since the derivation ia symmetric and the calculations for the

aecond eample are exactly aimilar, we can reduce the dimenaionality of

the coefficient vectors by two without affecting the results.

Therefore, henceforth a~(1), at(3) and a~(4) are (pxl) vectore of

estimatore of the coefficients of the firat sample only. Under equared

error loss the riek of the SURPE is given by
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p(a'(3),a]) - trE~~jt-].ct(rla'(1) ~ It~.~]t(r)a'(a)-a]~~'

- CrE Z ] (r) a~ 1-].el (i)(Xl X]Í X] Y] - I[-].el ]~

` ~Icc.~]I (r){(X1~X1Í ]Xi Y] ' v(Xi~X]~-]Xi~YxÍ

z- Ztc..]t (rla]~

Using (X~"X~)-~X~"y~ - a~t(7(~"}C~)'~X~"e~ and (X~'X~)-~X~'yZ - (X~'x~)-~X~"ez we

have

p(a'(3),a]~ - trE~~~It-].Ci(r)(X, X]) ]X] e]

4 IIC.~]t(i)(X1,X1~-]X1"el

- I(c.~it ( r)V(X] X]~ ]Xi Bx~~~z

- CZE~ ~(X] X]~ 'X] e] - rtc.~]1 (r) ~(X] X]~ ]X] ez ~ ~z

(4.2)

where we can use the fact that I (r) t I (r) - 1, sinceC-1,c7 (c,t1l

r e[-l,lj. Also, because the domains of the indicator functions are

disjoint, this means that IC-~~~(r)I(~f~~(r) - U and we obtain

p(a'(3),a]~ - aiitr(Xi X]~-i

- 2trE{Stc..]i(r)v(X~~X~)-1X]~e]ez~Xi(Xi Xi~ ]~

` tr"l7(c.-il (r) vz(X~"X]~-]X~"ezex'X](Xl'X]~']}

(4.3)

Usinq the independence of the following vectors, (ax(1), (X~'X~)-~X~"yz,

(XZ'XZ)-~XZ"y~) and the scale parameter estimates ( s~~, a22, s7z), yields
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p~a'(3).a~) - o~~tr(X~ X~)-'

- 2E{~~.-..it (r) v}trF~1Xt Xi) ~Xi ci~z Xi~Xi Xi) ~~

' "ljtc.~it (z) vz}tzE`(Xi Xi)-1Xi~ezez~Xi(Xi Xi) lf

' aiitr~Xi Xi) 1- 2oizE{jtc.~ii (I) v)ti(X~ Xl)-i

t ezatz(Xl X~) '"lltc.~il (I) vz}

(4.4)

In order to compare the risks of SURPE, Zellner's GLSE and LSE, all riek

evaluationa are made with respect to the LSE risk, a~~tr(X~'X~)'1.

Therefore, the relative risk ie

pa'(3),ai~
-1 2 Ic. (r) o ~a )'~Io. ( r)vz~~o ~a ) (4.5)

p~a' (1) , a,) - ~ t il v}~ iz ii t. il zz ii

Here we ehould note that the r in the argument of the indicator function

in (4.5) ie poeitive unlese we choose a negative value of c. That ie

why, in section 2 the joint distribution f(r,v,w) is considered only for

the poaitive valuea of r, v and w[eee equation (3.2)].

The relative risk values of the SURPE with respect to that of LSE

are given as a function of the population correlation coefficient sp and

the critical value of the test c, in Table 1, for t- 10, 15, and 20

respectively, when a~~ - aZZ - 1. These values are obtained by

calculating the expectations in (4.5) with respect to the joint

distribution of r and v given in equation (3.5). These expectations

were solved numerically since analytical approach involved intractable

algebraic computations.
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TABLE 1

Relative riek values of SURPE as a function of the population
correlation coefficient ~ and the critical value c

c .1 .3 .5 .7 .9

.9 1.0004 1.0009 1.0002 0.9775 0.5551

.8 1.0040 1.0072 0.9967 0.8753 0.3030

.7 1.0133 1.0180 0.9803 0.7652 0.2413
t- 10 .6 1.0273 1.0273 0.9517 0.6837 0.2247

.5 1.0425 1.0303 0.9187 0.6332 0.2196

.4 1.0552 1.0263 0.8887 0.6050 0.2179

.3 1.0630 1.0178 0.8660 0.5907 0.2174

.0 1.0648 0.9997 0.8426 0.5815 0.2172

.9 1.0000 1.0000 1.0000 0.9924 0.5623

.8 1.0001 1.0005 0.9870 0.8163 0.2563

.7 1.0017 1.0041 0.9807 0.7554 0.2129
t- 15 .6 1.0064 1.0085 0.9436 0.6459 0.2128

.5 1.0146 1.0085 0.8967 0.5880 0.2048

.4 1.0240 1.0011 0.8553 0.5626 0.2047

.3 1.0310 0.9885 0.8271 0.5530 0.2046

.0 1.0307 0.9651 0.8049 0.5491 0.2046

.9 1.0000 1.0000 1.0000 0.9972 0.5665

.8 1.0000 1.0002 0.9987 0.9192 0.2348

.7 1.0004 1.0015 0.9848 0.7528 0.2200
t- 20 .6 1.0022 1.0040 0.9450 0.6266 0.2195

.5 1.0070 1.0031 0.8979 0.5675 0.2135

.4 1.0143 0.9942 0.8413 0.5465 0.2090

.3 1.0207 0.9790 0.8107 0.5402 0.2088

.0 1.0212 0.9524 0.7907 0.5376 0.2086
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From the tabled values of the relative risk of SURPE, that is a

function of ~ and the critical value c used in the preliminary teeting,

we notice that over the range of the (m,c) parameter space, the relative

rieks of the pretest eetimatore croee. Ae larger and larger critical

values are ueed, the LSE ia ueed more frequently and thie cauees the

relative riek of the SURPE to decrease for ~ close to zero, and to

increaee for m close to one. The effect of degreea of freedom on theee

resulta ie minimal.

The critical valuea of the SURPE for eignificance levele .OS and

.10 are respectively .60 and .45. The relative riska of LSE and

Zellner's GLSE for t~ 10 are preaented in Figure 3. The riak values of

Zellner's estimator are taken from Zellner (1963, p. 983). It should be

noted that Zellner (1963) considere unrestricted reaiduale whereae in

this paper we use restricted residuale. Revankar (1976) finda that in

many practical aituatione there is little to chooee between the feasible

GLSE ueing the two definitione of the reeiduale on efficiency grounde.

Therefore, our use of Zellner's results could be partially justified.

Meny earlier papere diecuseed properties of feaeible GLSE and thoee are

not repeated here. From Figure 3 we obaerve that the relative riek of

the SURPE with c-.60, atarta below that of c-.45, croesea the latter

around ~-.3, and remains above for all ~ ~.3. Thie meane that

throughout the (c,v) parameters epace, no one SURPE ie riak auperior to

the other. The SURPE with c-.6 ia riak auperior to SURPE with

c-.45, for ~ cloae to zero. In turn it ie riak inferior once ~

exceeds .3. Thia relationship between the SURPE's with different

critical values holds true throughout. In general, ae can be observed
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1.0 -w-~~-------..--` -~
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FIG.3. RISK VALUES OF SURPE ESTIMATORS (t-10)
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from Table 1, the SURPE with a Larger critical value hae a small

sampling variability when m is emall, but then performa worse after ite

risk croeees that of the SURPE with a smaller critical value.

The relative risk function of Zellner's GLSE is also presented in

Figure 3. Its riek ie higheat for small ~, and then crossee the rieks

of LSE, SURPE (c-.6) and finally SURPE (c-.45) ae m gets larger.

Therefore, under squared error losa, none of the estimatore in Figure 3

dominates. However, it is interesting to note that there is a range of

~ where SURPE ie better than both LSE and GLSE. Thia ie not the caee in

the regreasion coefficient preteating. However, this reeult is obeerved

in other pre-teat eituations, for example, eee Toyoda and Wallace

(1975), Ohtani and Toyoda (1978, 1980) and Ohtani (1988). A poeaible

reason for this might be the fact that 0 ~ m 5 1 prevents the preteet

from making any dieaetroua type I and type II errors. The SURPE with

0 ~ c ~ 1 at ~- 0 etarts with a risk in between that of the LSE and the

GLSE. It ends with a riek in between these two estimatora when ~- 1.

One can alao see that the SURPE hae a subatantial risk gain over the LSE

for large ~, and the risk loes ie modeat when ~ ie cloee to zero. When

the critical value c takee on extreme values, the riak of SURPE

approaches the risk of the LSE or the risk of the GLSE depending whether

c tends to 1 or to -1. Similar comparisons can be made for the same

estimators in Figure 4 with t- 10 where the critical values .5 and .35

correspond to significance levels .OS and .1 respectively. As t

increasea, Zellner's GLSE becomea more efficient, and in fact approachee

asymptotic efficiency levels.
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5. Summarv and Limitationa

We have made risk comparisons between the SURPE, LSE and Zellner's

GLSE in the two sample seemingly unrelated regreesion model and found

that no one estimator ie uniformly euperíor. However, we can now

determine the risk gaine that accrue when the pre-teat eetimator ie used

to take advantage of the risk euperiority of LSE, when m ie close to

zero, and the GLSE is used when m is close to 1. Alternatively, we can

determine the risk consequences of always using the pre-test rule. Our

results suggest searching for an optimal critical value for the pre-test

according to some optimality criterion. This is a major iesue, and is

enough for another paper in its own right. There are a number of

studies which investigate this problem of finding optimal critical

values for other pre-test problems, for example, Toyoda and Wallace

(1975, 1976) and Ohtani and Toyoda (1980) derived optimal critical

points using a minimum average relative risk criterion while Ohtani and

Toyoda (1978) used a minimax regret criterion. Until an optimal

critical value has been developed for SURPE, our results suggeet that

for sample sizes and critical values normally used in practice, if the

applied researcher uses SURPE then (1) the risk conaequencee relative to

GLSE will be minimal and (2) significant risk gain over LSE will accrue

over much of the ~ parameter space. Thus contrary to many other

pre-testing situations, our risk results point to the normative content

of SURPE in applied risk. We ahould also mention that our reaults have

been obtained under some restrictive assumptions such as the regressore

are orthogonal and the two regression equations have the same variance

and the same number of regreasora. It is not clear whether our reeulte



Ih

will be still valid when these restrictions are relaxed. We leave these

important isaues for future reeearch.
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