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Abstract

This paper is devoted to the game theoretic analysis of decision situations,
in which the players have veto power over the actions undertaken by certain
other players. We give a full characterization of the dividends in these games
with a permission structure. We find that the collection of these games forms
a subspace of the vector space of all games with side payments on a specified
player set.

Two applications of these results are provided. The first one deals with the
projection of additive games on a permission structure. It is shown that the
Shapley value of these projected games can be interpreted as an index that
measures the power of the agents in the permission structure. The second ap-
plication applies the derived results on games, where the organization structure
can be analysed separately from the production capacities of the participating
players.

1 Introduction

Recently, some authors have addressed the game theoretic analysis of (economic)
decision processes in which one imposes asymmetric constraints on the behaviour
of the decision takers. Several studies have enriched the game theoretic analysis of
the consequences of adopting this type of constraints on economic behaviour. We
mention the theory of cooperative games with arbitrary communication structures
as described in e.g. Myerson (1977 and 1980), Owen (1986), Aumann and Myerson
(1988) and Borm et al. (1990).

In this paper we introduce another type of asymmetry between players in a
cooperative game with side payments. We describe an organization in which each
player has veto power over the activities as performed by a specified collection of
players. So, all players in the game are dominating a — possibly empty — collection
of other players in the sense that they have veto power over the actions undertaken
by these players.

To illustrate this type of asymmetry between players we discuss an example.
Remind that a cooperative game with transferable utilities, or simply a TU-game, is
a pair (N,v), where N = {1,...,n} is a finite set of players and v:28 > Risa
characteristic function, which assigns to every coalition E C N an achievable payoff
v(E) such that v() = 0.

We consider the interaction between a potential seller and two potential buyers
of some object by the use of a TU-game. The seller values the object at ten dollars,
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the first buyer values it at twenty dollars, and the second buyer values it at thirty
dollars. Following Roth (1988) this situation can be modelled as a TU-game (N, v)
with N = {1,2,3} and v given by v(@) =0, v(1) = 10, v(2) = v(3) = 0, v(12) = 20,
v(13) = 30, v(23) = 0, and v(N) = 30. Applying the Shapley value, developed in
Shapley (1953), as the appropriate standard in dividing these potential payoffs we
derive that ¢;(v) = 212, ,(v) = 12, and p3(v) = 62.

Next we introduce the additional information that the seller, player 1, only has
the right to use the object, but that the property rights are in the hands of the first
buyer, player 2. This implies that the seller has to get permission from the first buyer
with respect to the sale of the object.* Instead of the game (N, v) as described above,
we have to describe the new situation with the use of a modified game (N, w), where
w is given by w(@) = w(l) = w(2) = w(3) = 0, w(12) = 20, w(13) = w(23) =0,
and w(N) = 30. In this modification we take account of the fact that player 2 has to
be member of any payoff generating coalition. Again applying the Shapley value as
the appropriate standard in dividing the payoffs gives us ¢1(w) = p2(w) = 13} and
p3(w) =31,

The example above describes the consequences of the separation between prop-
erty rights and user rights. It is our purpose to separate the (potential) individual
abilities as described by the game from the behaviouristic rules or the organization
structure such as the separation of property rights from user rights. From the exam-
ple we conclude that constraints imposed by an organization structure may influence
payoffs considerably. This is the topic of this paper as well as the work by van den
Brink and Gilles (1991) and Gilles and Owen (1991).

We refer to the interpretation of the dominance structure as considered in the exam-
ple, in which a player has to get permission from all her superiors to pursue a certain
goal, as the Conjunctive approach.! By assumption we exclude the possibility that
players mutually have veto power over their actions.

The main part of this paper is devoted to the analysis of cooperative games
with side payments in which the players are organized in a permission structure

as described above. In our analysis we subsequently introduce such games with

*In other words, this means that player 2 can veto the sale of the object.

1Gilles and Owen (1991) analyse the consequences of another interpretation of the dominance
structure within a hierarchical organization. In this Disjunctive approach it is assumed that every
player has to get permission from at least one of her superiors.
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permission structure and then apply the Conjunctive approach to give a description
of the possibilities of the players in such a situation. We then modify the game
accordingly. Our main result states that the collection of these modified TU-games is
generated by a specific class of unanimity games, namely those on coalitions, which
contain precisely all the players who have to give their permission to the actions of its
members. These coalitions are called autonomous in the permission structure. With
the use of this result we can give a description of the dividends of all coalitions in
such games with permission structure.

Finally we discuss two applications of games with permission structure. The
first application deals with additive games restricted to a permission structure. The
Shapley value of such a restricted game can be interpreted as an index describing the
(positional or social) power of the players in the permission structure. Our analysis
shows that this provides an alternative for the power indices as developed by van den
Brink and Gilles (1990). The power indices as described in that paper are based on
a heuristic approach to social power in hierarchies, while the power indices resulting
from restrictions of additive games to permission structures are essentially based on
a game theoretic approach to social power.

The second application deals with an economic production situation, in which
the productive players form the lowest level in an organization as described by a
hierarchical permission structure. The managers in the higher levels are assumed to
be unproductive, but are necessary for the organization of these productive players
in productive units. We show that the managers can claim at least the average value
of the productive players, whom they dominate.

An axiomatic approach to the Shapley value for games with permission struc-
ture is given by van den Brink and Gilles (1991).

2 Games with permission structures

This section is devoted to an exposition and analysis of permission structures on sets
of players. Before we are able to introduce the main instrument in the description and
analysis of these permission structures, we have to make some notational conventions.
Firstly we denote by N := {1,2,3,...} the set of all natural numbers. Similarly we
denote by R the set of all real numbers. If X is some finite set, then we denote by
#X its cardinality. By GV we denote the collection of all characteristic functions v
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on the finite player set N, representing a TU-game (N, v). It is obvious that GV is a
(2" — 1)-dimensional real vector space, where n = #N.
A formal description of a domination structure on an arbitrary collection of

players N is developed in the next definition.

Definition 2.1 A permission structure on a finite playerset N is a mapping
S: N — 2N which is asymmetric, i.e., for every pairi,j € N

j € 8(z) implies that i & S(j).
The collection of all permission structures on N is denoted as SN.

We remark that asymmetry of the permission structure S implies that it also satisfies
irreflexity, i.e., for every player i € N it holds that : ¢ S(¢). The players j € S(i) are
called the successors of i. In our setting a player i € N is assumed to dominate his
successors j € S(i), in which the notion of “domination” will formally be specified in
the next section.

For every permission structure S € S¥ we can define a binary relation Rs C

N x N given by
Rs :={(i,j) | i € N and j € 5(i)}.

It is clear that Rs is an asymmetric and irreflexive relation on N and describes the
dominance relations induced by the permission structure S on N.

Let S € SV be a permission structure and Rs the belonging binary relation.
Now we denote by tr(Rs) the transitive closure of Rs.} We introduce the mapping
S:N — 2N by

8() = {j € N | (i.5) € tx(Rs)},
assigning to every player i € N her subordinates. Similarly we denote by
§-1(i) := {j € N | (j,1) € tr(Rs)}

the collection of the superiors of player i € N in the permission structure R on N.
For every coalition E C N we define S(E) := UieeS(i). Analogously for every
coalition E C N we define the collections S(E), and §-1(E).

1The transitive closure tr(R) of some binary relation R C N x N is given by (i, j) € tr(R) if and
only if there exists a sequence {h1,...,hm} C N with hy =i, (hx,he41) € Rfor 1 <k <m -1,
and hy, = j.
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With the use of the concept of a permission structure as introduced above we

define a game with permission structure.

Definition 2.2 A game with permission structure is a triple (N,v,S), where
N is a finite set of players, v € GV is a cooperative game with side payments on N,
and S € SV is a permission structure on N.

It is clear that the collection of all games with permission structure on a playerset N

is precisely the collection GV x SV.

3 The Conjunctive approach

If (N,v,S) is a game with permission structure, then we can interpret the situation
described as follows. Essentially, we can think of v € GV as representing the economic
possibilities open to every coalition in N. Thus v(E) represents the amount of utility,
which coalition E C N could normally obtain were it not for the permission structure
as imposed on the game. In the sequel we explicitly assume that the members of £
cannot act without permission from all their predecessors. More precisely, if any
1 € E belongs to S(N \ E), then she cannot act without permission of at least one
player, who is not in E, and is therefore “lost” or “unproductive” to the coalition.’
In this case coalition E can only count on the cooperation of those i € E, who do not
require outside permission for their acts. We refer to the interpretation as described
above as the Conjunctive approach to games with permission structure. We remark
that other interpretations are also possible, as is shown in Gilles and Owen (1991).

The reasoning as followed above leads to the introduction of a class of coalitions
that are able to act without permission from players outside that coalition.

Definition 3.1 Let S € SN be a permission structure on N. The coalition E C N
is autonomous in S if

ENS(N\E)=0.

The collection of all autonomous coalitions in the permission structure S is denoted

by q’s.

SIn the sale of an object as described in the introduction this is the case with player 1. He has
to get permission from the property rights owner, player 2, before he is able to sell or execute the
user rights.
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According the Conjunctive approach the autonomous coalitions are essentially the
only payoff generating coalitions within a game with permission structure. The proof
of the following lemma is obvious.

Lemma 3.2 Let S € SN be a permission structure on N and let E C N be some
coalition. Then E is autonomous if and only if S-(E) C E.

Lemma 3.2 shows explicitly that indeed all superiors of the players in an autonomous
coalition are also member of that coalition. With respect to the collection @ of all

autonomous coalitions we can say the following.

Proposition 3.3 Let S € SV be a permission structure on N. Then the collection
®s of autonomous coalitions satisfies the following properties:

(i) 0€ ®s.
(ii)) N € ®s.
(iii) For all E,F € ®5 it holds that EUF € ®s and EN F € 5.

PROOF
By Lemma 3.2 E € &5 means that $-1(i) C E for every i € E. It follows that
0 e ds (asnoicP)and N € &5 (as S-1(i) C N for all i € N).
If E,F € ®sandi € EUF, then eitheri € Eori € F. If i € E, then §-'(i) C E C
E U F. Similarly, this holds for : € F, and hence EU F € ®s.
If E,F € ®sandi € ENF, then i € E as well as i € F. Thus, §~1(i) C E as well
as §-1(i) C F, and so §-1({) C ENF. Thus, ENF € &s.

Q.E.D.

From the properties as mentioned in Proposition 3.3 it immediately follows that
for any coalition E C N there exists a largest autonomous subset and a smallest
autonomous superset. This leads to the following definition.

Definition 3.4 Let S € SN and let E C N. The sovereign part of E in S is the
set

o(E):=\J{F | FCE, Fe®s).

The authorizing set of E in S is given by
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o(E):=({F | ECF, Fe s}

In the framework of the Conjunctive approach it is clear that a coalition E C N can
maximally obtain the payoff generated by its sovereign part o(E). On the other hand
the authorizing set a(E) of E is precisely the smallest coalition, which contains all
members of E as well as their superiors. Hence, the authorizing set is the smallest

coalition containing E, which can act autonomously.

Lemma 3.5 Let S € SY and E C N. Then the following properties hold:
(a) o(E)=E\S(N\E).
(b) a(E)=EUS-1(E).

The proof of the lemma is left to the reader.

Example 3.6 Consider the player set N = {1,2,3,4,5,6} and the permission struc-
ture S: N — 2V given by

S(l) = {27374}’ 5(2) a {4}’ 53) = {5}1 S(4) = {6}7 5(5) = 0, 5(6) =90.

This structure can be represented by the following directed graph.

5 6

Take E = {1,4,6}, then S(V \ E) = {4,5}. Clearly, since EN S(N \ E) = {4} # 0,
the coalition E is not autonomous. As (N \ E) = {4,5,6}, the sovereign part of E
is given by o(E) = E \ S(N \ E) = {1}. Furthermore, the authorizing set of E is
just o E) = {1,2,4,6}.

To complete the introductory analysis of the concepts of the sovereign part and the

authorizing set of a coalition we prove the following properties.

Proposition 3.7 Let E,F C N be two coalitions. Then



(i) o(E)Ua(F)Ca(EUF).
(i) o(E)No(F)=o(ENF).
(iii) o(E)Ua(F)=a(EUF).
(iv) a(ENF)Ca(E)Na(F).

PROOF
From the definition we derive that for every E C N

o(E)={i€ E|S5-'(i) C E}.
Using this equality we prove the assertions of the proposition.

(i) Let i € o(E)Uo(F). Then §-'(i) C E or §-1(i) C F. Hence, §-1(i) C
(E U F) and the assertion follows by definition.

(ii) Clearly i € o(EN F) iff $-'(i) € EN F. This is equivalent to the statement
that i € o(E) as well as i € o(F).

(iii) The assertion easily follows from the following equation:

a(EUF) U S'G)UEUF

i€EUF

US'¢)uUS'G)UEUF

i€E JEF

a(E)U a(F).

(iv) Fori € a(ENF) it either holds that ¢ € E N F or there is some j € EN F
such that j € 5(3).
If i € EN F, then surely : € o(E) as well as i € a(F), i.e., i € a(E) Na(F).
If there is some j € EN F with j € §(i), then by the fact that j € E as well
as j € F it is evident that ¢ € a(E) as well as i € a(F).

Q.E.D.
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4 Conjunctive restrictions

In the definition of a game with permission structure (N, v, S) we introduced the po-
tential payoffs, represented by the game v € GV, independently from the permission
structure S € SV. Based on the Conjunctive approach, in this section we transform
a game with permission structure into a single TU-game, which describes all possi-
bilities open to the players in the permission structure S, given their potentials as
described by the game v. The resulting TU-game is called the Conjunctive restriction
of v on permission structure S.

For that purpose we introduce for an arbitrary permission structure S € SV

the following collection of TU-games:
G(N,S) :={ve gV |v(E)=v(o(E)), forall EC N}.

The Conjunctive restriction of a game v on a permission structure S is now simply

defined as the projection of v on the set G(N, S) in the real vector space GV:

Definition 4.1 Letv € GV and let S € SN. The game w € G(N,S) is the Con-
junctive restriction of v on S if it satisfies the property that for every coalition
ECN

w(E) =v(o(E)).

Definition 4.1 introduces a mapping Rs: GN — G(N, S), which assigns to every game
v € GV its (Conjunctive) restriction Rs(v) = w € G(N, S). It is evident that Rsis a
linear mapping on GV. To study its properties we consider two alternative bases for
the (2" — 1)-dimensional real vector space GV.

The standard basis of GV is given by the games {zg | E C N, E # 0} defined
by

1 if E=F

ZE(F)={0 if E#F

It is easy to see that in terms of the standard basis the game v € GV can be expressed
as
v= Y v(E)-zE. (1)

ECN
E#0
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The unanimity basis of GV consists of the games {ug | E C N, E # 0} given by

“E(F)z{l if ECF

0 otherwise

Following Harsanyi (1959) the game v € GV can be expressed as

v= Y A, E)-ug, (2)
ECN
E#0
where the quantity A,(E) is referred to as the dividend of coalition E in game v. For
every E C N this dividend is given by
AUE) = X (—1)*E#Fo(F). 3)
FCE
We remark that for every coalition E C N its worth v(E) and its dividend A,(E)
are related by both (3) and the equivalent system
v(E) = Y Ay(F).
FCE
To analyze the projection mapping Rs properly, we study its behaviour on the col-
lection of all unanimity games ug, where E C N, E # 0.

Theorem 4.2 Let E C N, E # 0, be any coalition. Then
Rs(ug) = ua(m)-

PROOF

Let F = o(E) and w = Rs(ug). By Lemma 3.5 F is an autonomous coalition, i.e.,
o(F) = F. Furthermore, let G C N be any (non-empty) coalition.

First we look at the case that ' C G. Then E C F = o(F) C ¢(G), and so

w(G) = ug (0(G)) = 1.

Next suppose that F' is not a subset of G, i.e., F\ G # 0. Then there exists a player
j € F with j € G. Since j € F we have either that j € Eor j € S-1(E).

If j € E, then E\ G # 0 and thus E \ ¢(G) # 0.

If j € §-Y(E), then there is some player i € E with i € S(j). As j & G, this
means that i € S(N \ G), and so i  o(G). Again we arrive at the conclusion that
E\o(G) #0.

In either case we may conclude that
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w(G) = ug (0(G)) = 0.
This implies that

1 if a(E)CG

0  otherwise

wm={

and 50 w = Uy (g).

Q.E.D.

With the use of the unanimity basis of GV and the belonging dividends we now can
express the linear mapping Rs.

Corollary 4.3 Let v € GV be any game. Then

Rsw)= T { T AJE)}-ur.
Feés ECN
a(E)=F
This gives the desired expression for the Conjunctive restriction belonging to an
arbitrary game with permission structure. In the next section this expression is used

frequently to analyze games with a permission structure.

The second main result adresses the properties of the mapping Rs as a projection

mapping in the space of all TU-games GN.

Theorem 4.4 The linear mapping Rs is a projection mapping of rank A on GV,
where A = #®5 — 1 is the number of non-empty autonomous subsets in S. Its kernel
is generated by the games {zg | E & ®s}. Its image is generated by the unanimity
games {ug | E € ®s}.

PROOF

Suppose that the coalition E C N is not autonomous. Let zg be the standard basis
game belonging to E and let w = Rg(zg) be the restriction of zg on S.

Now there is no coalition F such that £ = o(F). Thus for any coalition F C N

w(F) = z5(o(F)) = 0.
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We may conclude that w is the null game and so zg € Kernel (Rs).

Now suppose that £ C N, E # 0, is an autonomous coalition. By Theorem 4.2 it
holds that Rs(ug) = ta(g). With E = a(E) it immediately follows that Rs(ug) =
ug, and hence that ug € Image (Rs).

Now the 2" — 1 — A games zg, E not autonomous, all belong to the kernel of Rs.
Since these games are all linearly independent, the dimension of the kernel of Rs
must be at least 2" — 1 — A.

On the other hand, the A games ug, with £ autonomous, all belong to the image of
Rs. These are also all linearly independent, and so the dimension of the image of
Rs is at least A.

But the sum of these dimensions must be exactly 2" — 1. Thus

dim (Kernel (Rs)) =2" —1— A, and
dim (Image (Rs)) = A.
The given sets of games clearly form bases for the kernel respectively the image of

the linear mapping Rs.

To see that Rs is a projection mapping we note that, if v € Image (Rs), then v can
be expressed as

= Z CE * UE.

Eec®s

Hence, from Theorem 4.2 it immediately follows that Rs(v) = v.
Q.E.D.

Based on the theorems as derived above and the properties as given in Proposition 3.7
we are able to prove some additional properties of the mapping Rs: GV — G(N, S).

Before stating these properties we recall some well known game theoretic concepts.

Definition 4.5 Letv € GV be a TU-game.

(a) v is monotone if for all coalitions E,F C N with E C F it holds that
v(E) < o(F).

(b) v is superadditive if for all coalitions E, F C N with ENF = { it holds that
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v(EUF) > v(E) + v(F).

(c) v is convex if for all coalitions E,F C N it holds that
v(EUF)+v(ENF)2v(E)+v(F).

(d) v is balanced if the Core of that game is not empty, i.c., there ezists a
function z: N — R such that for every coalition E C N: z(E) := Yicpzi >
v(E) and z(N) = v(N).

The next result states that most of the above properties are invariant with respect
to taking the conjunctive restriction of a game on a permission structure.

Theorem 4.6 Let S € SN be any permission structure.

(i) Ifv € GV is monotone, then its Conjunctive restriction Rs(v) is monotone

also. Moreover, if v is balanced, then Rgs(v) is balanced also.

(ii) For every superadditive game v € GV its Conjunctive restriction Rs(v) is

superadditive also.
(iii) Ifv € GN is convez, then its Conjunctive restriction Rs(v) is convez also.

(iv) If S is such that there ezists a player i, € N with 5(i,) = N \ {i,}, then the
Conjunctive restriction Rs(v) of any monotone game v € GV is superadditive

and balanced.

PROOF
Take an arbitrary game v € GV and let w := Rs(v) be its Conjunctive restriction.

(i) Suppose v is monotone. Take E C F and let G := F \ E. Then
w(F) = v(a(F)) = v(e(EUG)) 2 v(a(E) Ua(G)) 2 v(a(E)) = w(E).

Suppose that v is balanced as well as monotone and let z be a Core impu-
tation, i.c., #(N) = v(N) and for every E C N: z(E) > v(E). Then by
monotonicity for every E C N it holds that v(E) > v(o(E)) = w(E), and
hence z(E) > v(E) > w(E). Thus, z is a Core imputation of w also.
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(iii)

(iv)
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Suppose v is superadditive. Take E, F C N such that ENF = §. Then
v(e(EU F)) 2 v(a(E)Uo(F)) 2 v(a(E)) + v(o(F)).

Suppose v is convex. Without loss of generality we may assume that v(E) > 0
for all coalitions &£ C N. Now take E, F C N. Then

w(EUF)=v(o(EUF))=v(o(E)Uo(F)UH),

where H = o(EUF) \ [0(E)U o(F)]. Since HNo(E) = HNo(F)=0it
follows by convexity of v that

v(o(E U F)) > v(o(E) U a(F)) + v(H) > v(o(E) U o(F)).

Hence, with (ii) of Proposition 3.7,

w(EUF)+w(ENF) v(o(EUF)) +v(e(ENF))
v(o(E)Ua(F)) +v(o(E)No(F))

v(0(E)) + v(o(F)) = w(E) + w(F).

IV IV

Suppose that v is monotone. Since for every coalition E C N it holds that
v(N) > v(E) as well as v(N) = w(N) > w(E) and for every coalition
F C N\ {i,} w(F) = 0 it follows immediately that the imputation z with
z;, =v(N) and z; =0, j # i, is in the Core of w.

To show superadditivity take E, F C N with EN F = . From the property
of S it is clear that either 0(E) = 0 or o(F) =0 or o(E) = o(F) = 0. Thus,
we only have to establish that in case o(E) # @ and o(F) = 0 it holds that

w(EU F) = v(a(EU F)) >
> v(o(E)) = v(a(E)) +v(o(F)) = w(E) + w(F).

Q.E.D.
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5 Some applications

This section is devoted to two applications of our analysis of games with a permis-
sion structure. The first application discusses the collection of additive games and
their restrictions to an acyclic permission structure. In this example we also derive
an expression for the Shapley value of such a restriction. In this case the Shapley
value gives a representation of the (weighted) hierarchical power of a player in the
permission structure of the game. In the second application we discuss a specified
class of games on a given hierarchical permission structure S € SV, namely those of
which the payoff generating players are in the lowest echelon or level in the hierarchy.

5.1 Additive games with permission structure

The valuation of a position in a permission structure depends, of course, on the
abilities of the individual members, which are above and below that position. These
abilities are represented by the original, unrestricted game v € GV. By taking certain
“standard” games for v, we can obtain insights into the “value” of a position in the
structure as described by S € SV. This analysis has to be performed with respect to
the Conjunctive restriction Rs(v) of the original game v.

In this subsection we restrict ourselves to the analysis of acyclic permission
structures with the use of additive games. A permission S € SV is acyclic if for every
player i € N it holds that i ¢ S(i). Let A := (A1, ...,An) € R be astrictly positive
vector of weights. Next we introduce the game vy € GV as the additive game with
weight vector A given by

ui(E):=)_A, ECN.
i€E
Thus, it is assumed that the (original) individual abilities of player i € N are repre-
sented by the weight A; > 0. Since the player i € N has to give permission to her
subordinates j € 5(i), she can evidently claim a part of the payoff generated by these
subordinates. This is exactly what is described by the restricted game Rs(vs). By an-
alyzing these restricted games, we analyze the power structure within the permission

structure.

It is obvious that for every coalition £ C N it holds that
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0 otherwise

A; if E = {i} forsomez € N
uA(E)={ i

Let wy := Rs(vy). Then by Corollary 4.3 we can derive that for every coalition
ECN, E#0,

An(E)= ¥ X (4)
IEN
a((§)=E
By definition of the authorizing set of a coalition and the acyclicity of S it is obvious
that for all players i, € N with ¢ # j it is not possible that i € 5(5) as well as
j € 5(i). This implies that for all i # j: a({i}) # a({j}). From this we conclude
that
X\ if E = o({i}) for somei € N
u(E) = s
0 otherwise
The next step in our analysis is to give a complete description of the Shapley value
of wy. A well known formula for the Shapley value, applied to the game w, is given
by
w (B .
w,\) Z x( ), i€ N. (5)
ECN
i€E
Hence, substituting (4) in (5) yields for every playeri € N

Ai
wto)= T gt B AT
i€a({s})

where ((j) := #8-1(j) for every j € N.

This expression of the Shapley value of the restriction of the additive game
vy is clearly an index that measures the hierarchical power of players in the (acyclic)
permission structure S. Taking the weights of the players into account this index
only depends upon the organization structure as represented by S. The weight of

some player ¢ € N is equally spread over herself and her superiors.

Example 5.1 Consider the permission structure as given in Example 3.6. Clearly it
is acyclic. We immediately see that 8(1) =0, 8(2) =1, 8(3) =1, (4) =2, B(5) =2
and (6) = 3. Now we assign to every player the unit weight, i.e., A = (1,...,1) €
RS. The Shapley value of the Conjunctive restriction of the additive game v, is given
by



ARl = 11—2 . (35,13,10,7,4,3).

Comparing this power index with the Shapley value of the original additive game v,,
which is given by @(vy) = (1,...,1) € RS, we conclude that a substantial shift in
power has been resulting from the various positions of the players in the permission
structure S. The leader 1 € N clearly has gained a much higher payoff because of
his leadership.

5.2 Games with unproductive superiors

In this subsection we consider hierarchical permission structures and apply this con-
cept to analyze organizationsin which the “productive” playcrs are in the lowest level
in the hierarchy.

We define a permission structure S € SV to be hierarchical if it is acyclic and

for every pair 7,7 € N there exists a player h € N such that

{i,5} € [8(h) U {r}].

In van den Brink and Gilles (1990) it is shown that there exists a partition Ly, ..., Ly
of N such that

Ly={ieN|S({)=0}, and

Ly = {ieN\UL,lS(i)cUL,}, 2<k< M.
p=1 p=1
Moreover, it can be shown that Ljs consists of a singleton only. The sets Ly are called
the echelons or levels of the hierarchical permission structure S. Refering to Swamy
and Thulasiraman (1981) we note that the belonging binary relation Rs describes an
acyclic quasi-strongly connected directed graph in case S is hierarchical.

Let E C N be some coalition. Then we indicate by

p(E):={i€ E|S@E)NE =0}

the collection of pending players in E. With the definition of echelons in the per-
mission structure S we derive that p(N) = L,. With the use of the notion of
pending players as defined above we can derive an alternative characterization of

an autonomous coalition.
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Lemma 5.2 Let E C N and let F C E. Then E = o(F) if and only if p(E) C F
and E = o(p(E)).

PROOF
If
Since p(E) C F it is clear that E = a(p(E)) C a(F) C a(E) = a(p(E)) = E.

Only if
Suppose by contradiction that there is a player i € p(E) such that ¢ ¢ F. By
definition §(i) N E = 0. But E = o(F) implies that there exists a player j € F C E
with i € §-1(j), i.e., 7 € §(i). This is in contradiction with the supposition. Thus
we conclude that p(E) C F and furthermore E = a(E) = a(p(E)).

Q.E.D.

Corollary 5.3 E C N is an autonomous coalition if and only if E = a(p(E)).

With these notions and results we can restate the expressions for the dividends of
the Conjunctive restriction of a game in terms of the dividends of the original game
as derived in Section 4. Let v € GV and let w = Rg(v). Then we derive that for all
E C N with E = a(p(E)):
Au(E)= 3 AF).
FCN

o(E)CF

This again can be rewritten as

Aw(E) = ; AV(FU p(E))
FC S§-'(o(E))
Now we turn to the description of a situation with unproductive superiors.
Let P={1,...,p} and Q = {p+1,...,p+g}. Define N := PUQ. (Hence, it
holds that n = p+ q.) Now we take a hierarchical permission structure S € SV such
that

Q = p(N) (= L) (6)

From (6) it follows that for every i € Q: S(i) = 0. Hence, the collection @ is the lowest
echelon in the hierarchy as described by the permission structure S. It is our purpose
to describe a situation in which the players in Q are (potentially) “productive”, while
the players in P are (potentially) “unproductive”. However, from their positions in
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the hierarchy the unproductive players or managers in P can claim certain portions
of the payoffs generated by the productive players or workers in Q.
We construct such a game with permission structure as follows. Let u € G9

be any game on the player set Q. Now we define the game v € GV by
v(E):=u(ENQ), ECN.

It is clear that (V, v, S) as constructed above indeed describes a situation with man-
agers 1 € P and workers ¢ € Q. The allocation of payoffs in this particular situation
can be analyzed with the use of the Shapley value of the Conjunctive restriction of v
on S.

Thus, we define w = Rg(v) as the relevant description of the productive
situation. Now by the results as proved in Section 4 we derive that

A(E) = { AJ(ENQ) ifE= .a(Er‘lQ)
0 otherwise
We note that the requirement that £ = a(E N Q) is equivalent to the condition
that £ = a(p(F)) and p(E£) C Q. With use of this formulation we can analyze the
positions of the players in the production game w by means of the Shapley value.
For the productive workers in (N, v,.S) we can deduce the following. Let z € Q,

then
o AuB) _ o AdF)
1€

Evidently, for every player i € F C Q it holds that #a(F) > #F + #8-1(i) =
#F + B(7). Hence,
g B e A
#o(F) = #F +B() ~ ¢+ B()
This leads to the conclusion that for every : € Q

We remark that the bound is exact if and only if 7 is the unique productive player in
the game w, i.e., @ = {1}.

We give a similar analysis for the “unproductive” managers in the collection
P. For every i € P define Q(i) := {F C Q | F N 5(i) # 8}. Then the expected
payoff, represented by the Shapley value, is for every ¢ € P given by
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Au(F)
;(w) = T
4 FEZQ(,., #a(F)

Therefore for i € P — by defining ¢; := #p(S(i)), where p(5(i)) = QN 5(i) - it follows
that

1
pi(w) 2 max @;(w)2—- 3 @i(w).
i€n(5(i)) % o34y

Example 5.4 Again take the permission structure as described in Example 3.6. It
clearly is hierarchical with echelons L; = {5,6}, L, = {3,4}, L = {2}, and L, = {1}.
Take P:= N\ L; = {1,2,3,4} and Q := L, = {5,6}. Now let the game u € G? be
given by

u@) =0 ;
u({5}) =u({6}) =1 ;
u(Q) = 5.
Evidently it holds that the dividends are given by
Au({5}) = Au({6}) =1 ;

A.(Q)=3.

As before define the game v € GV as v(E) := u(E N Q), for every E C N. Applying

the formulas as derived above we can compute that
p(w) = % -(13,9,10,9,10,9),

where w := Rg(v). This shows that the upper bound as given above for players in
Q indeed gives a good indication for the payoff that is actually reached under the
Conjunctive approach to the description of a production organization. Moreover, it
shows that the lower bound for certain players in P can be exact as is the case for

players 2 and 3.



<O =

References

AUMANN, R.J., AND R.B. MYERSON (1988), “Edogenous Formation of Links Be-
tween Players and Coalitions: An Application of the Shapley Value”, in A.E.
Roth (ed.), The Shapley Value, Cambridge University Press, Cambridge.

BorM, P.E.M., G. OWEN, AND S.H. Tus (1990), Values of Points and Arcs in
Communication Situations, Report 9004, Dept. of Mathematics, Catholic Uni-
versity of Nijmegen, Nijmegen.

BRINK, R. VAN DEN, AND R.P. GILLEs (1990), “An Axiomatic Power Index for
Hierarchically Structured Populations of Economic Agents”, forthcoming in
R.P. Gilles and P.H.M. Ruys (eds.), Economic Behaviour in an Imperfect En-
vironment, North-Holland, Amsterdam.

BRINK, R. VAN DEN, AND R.P. GILLES (1991), Axiomatizations of the Conjunc-
tive Permission Value for Games with Permission Structure, Research Memo-

randum, Department of Economics, Tilburg University, Tilburg.

GILLES, R.P., AND G. OWEN (1991), Games with Permission Structures: The Dis-
junctive Approach, Research Memorandum, Department of Economics, Tilburg
University, Tilburg.

HARSANYI, J.C. (1959), “A Bargaining Model for Cooperative n-Person Games”,
in A.W. Tucker and R.D. Luce (eds.), Contriburions to the Theory of Games
IV, pp. 325-355, Princeton UP, Princeton.

MYERSON, R.B. (1977), “Graphs and Cooperation in Games”, Mathematics of Op-
erations Research, 2, 225-229.

MYERSON, R.B. (1980), “Conference Structures and Fair Allocation Rules”, Inter-
national Journal of Game Theory, 9, 169-182.

OWEN, G. (1986), “Values of Graph-Restricted Games”, SIAM Journal of Algebraic
and Discrete Methods, 7, 210-220.

RoTH, A.E (1988), “Introduction to the Shapley Value”, in A.E. Roth (ed.), The
Shapley Value: Essays in Honor of Lloyd S. Shapley, pp. 1-27, Cambridge UP,
Cambridge.



—929 -

SHAPLEY, L.S. (1953), “A Value for n-Person Games”, in H. Kuhn and A.W. Tucker
(eds.), Contributions to the Theory of Games II, pp. 307-317, Princeton UP,

Princeton.

SwAMY, M.N.S., AND K. THULASIRAMAN (1981), Graphs, Networks, and Algo-
rithms, Wiley and sons, New York.



Discussion Paper Series, CentER, Tilburg University, The Netherlands:

(For previous papers please consult previous discussion papers.)

No.

8956

8957

9001

9002

9003

9004

9005

9006

9007

9008

9009

9010

9011

9012

9013

9014

Author(s)

P.Kooreman and
A. Kapteyn

E. van Damme
. van Soest,

. Kooreman and
. Kapteyn

> >

J.R. Magnus and
B. Pesaran

J. Driffill and
C. Schultz

M. McAleer,
M.H. Pesaran and
A. Bera

Th. ten Raa and
M.F.J. Steel

M. McAleer and
C.R. McKenzie

J. Osiewalski and
M.F.J. Steel
G.W. Imbens

G.W. Imbens

P. Deschamps

W. Glth and
E. van Damme

Horsley and
Wrobel

> >

Horsley and
Wrobel

Horsley and
Wrobel

> > > >

Title

On the Empirical Implementation of Some Game
Theoretic Models of Household Labor Supply

Signaling and Forward Induction in a Market
Entry Context

Coherency and Regularity of Demand Systems
with Equality and Inequality Constraints

Forecasting, Misspecification and Unit Roots:
The Case of AR(1) Versus ARMA(1,1)

Wage Setting and Stabilization Policy in a
Game with Renegotiation

Alternative Approaches to Testing Non-Nested
Models with Autocorrelated Disturbances: An
Application to Models of U.S. Unemployment

A Stochastic Analysis of an Input-Output
Model: Comment

Keynesian and New Classical Models of
Unemployment Revisited

Semi-Conjugate Prior Densities in Multi-
variate t Regression Models

Duration Models with Time-Varying
Coefficients

An Efficient Method of Moments Estimator
for Discrete Choice Models with Choice-Based
Sampling

Expectations and Intertemporal Separability
in an Empirical Model of Consumption and
Investment under Uncertainty

Gorby Games - A Game Theoretic Analysis of
Disarmament Campaigns and the Defense
Efficiency-Hypothesis

The Existence of an Equilibrium Density
for Marginal Cost Prices, and the Solution
to the Shifting-Peak Problem

The Closedness of the Free-Disposal Hull
of a Production Set

The Continuity of the Equilibrium Price
Density: The Case of Symmetric Joint Costs,
and a Solution to the Shifting-Pattern
Problem



No.

9015

9016

9017

9018

9019

9020

9021

9022

9023

9024

9025

9026

9027

9028

9029
9030

9031

9032

Author(s)

A. van den Elzen,
G. van der Laan and
D. Talman

P. Deschamps

B.J. Christensen
and N.M. Kiefer

M. Verbeek and
Th. Nijman

J.R. Magnus and

B. Pesaran

A. Robson

. Pesaran

J
B
K. Kamiya and
D. Talman

W. Emons

C. Dang

K. Kamiya and
D. Talman

P. Skott

C. Dang and
D. Talman

J. Bai, A.J. Jakeman
and M. McAleer
Th. van de Klundert

Th. van de Klundert
and R. Gradus

A. Weber

J. Osiewalski and
M. Steel

Title

An Adjustment Process for an Exchange
Economy with Linear Production Technologies

On Fractional Demand Systems and Budget
Share Positivity

The Exact Likelihood Function for an
Empirical Job Search Model

Testing for Selectivity Bias in Panel Data
Models

Evaluation of Moments of Ratios of Quadratic
Forms in Normal Variables and Related
Statistics

Status, the Distribution of Wealth, Social
and Private Attitudes to Risk

Evaluation of Moments of Quadratic Forms in
Normal Variables

Linear Stationary Point Problems

Good Times, Bad Times, and Vertical Upstream
Integration

The D, -Triangulation for Simplicial Homotopy
Algor%chms for Computing Solutions of
Nonlinear Equations

Variable Dimension Simplicial Algorithm for
Balanced Games

Efficiency Wages, Mark-Up Pricing and
Effective Demand

The D,-Triangulation in Simplicial Variable
Dimension Algorithms for Computing Solutions
of Nonlinear Equations

Discrimination Between Nested Two- and Three-
Parameter Distributions: An Application to
Models of Air Pollution

Crowding out and the Wealth of Nations

Optimal Government Debt under Distortionary
Taxation

The Credibility of Monetary Target Announce-
ments: An Empirical Evaluation

Robust Bayesian Inference in Elliptical
Regression Models



No.

9033

9034

9035

9036

9037

9038

9039

9040

9041

9042

9043

9044

9045

9046

9047

9048
9049

Author(s)

(¢

c

. R. Wichers

. de Vries

Processes

D.W. Jansen and Q. Li

J

F

A

A

.R. Baye,

. Driffill

. van der Ploeg

. Robson

. Robson

.R. Baye, G. Tian

and J. Zhou

M
g

P

S. Chib, J. Osiewalski

. Burnovsky and

. Zang

.J. Deschamps

and M. Steel

H

m -

o

.A. Keuzenkamp

.M. Bomze and
.E.C. van Damme

. van Damme

. Driffill

.J.J. Talman

.A. Keuzenkamp and
. van der Ploeg

Title

The Linear-Algebraic Structure of Least
Squares

On the Relation between GARCH and Stable

Aggregation and the "Random Objective"
Justification for Disturbances in Complete
Demand Systems

The Term Structure of Interest Rates:
Structural Stability and Macroeconomic Policy
Changes in the UK

Budgetary Aspects of Economic and Monetary
Integration in Europe

Existence of Nash Equilibrium in Mixed
Strategies for Games where Payoffs Need not
Be Continuous in Pure Strategies

An "Informationally Robust Equilibrium" for
Two-Person Nonzero-Sum Games

The Existence of Pure-Strategy Nash
Equilibrium in Games with Payoffs that are
not Quasiconcave

"Costless" Indirect Regulation of Monopolies
with Substantial Entry Cost

Joint Tests for Regularity and
Autocorrelation in Allocation Systems

Posterior Inference on the Degrees of Freedom
Parameter in Multivariate-t Regression Models

The Probability Approach in Economic Method-
ology: On the Relation between Haavelmo's
Legacy and the Methodology of Economics

A Dynamical Characterization of Evolution-
arily Stable States

On Dominance Solvable Games and Equilibrium
Selection Theories

Changes in Regime and the Term Structure:
A Note

General Equilibrium Programming

Saving, Investment, Government Finance and
the Current Account: The Dutch Experience



No.

9050

9051

9052

9053

9054

9055

9056

9057

9058

9059
9060

9061

9062

9063

9064

9065

9066

9067

Author(s)

C.

Dang and

A.J.J. Talman

Baye, D. Kovenock

and C. de Vries

H.
E.

M.
D.

Carlsson and
van Damme

Baye and
Kovenock

Th. van de Klundert

P

R.

Kooreman

Bartels and

D.G. Fiebig

M.R. Veall and
K.F. Zimmermann

R.

Bartels and

D.G. Fiebig

F.

H.

van der Ploeg

Bester

Renegotiation

E:

E.
E.

S. Chib, J. Osiewalski

van der Ploeg

Bennett and
van Damme

and M. Steel

M.

Verbeek and

Th. Nijman

F.

van der Ploeg

and A. de Zeeuw

F.C. Drost and
Th. E. Nijman

Y.

Dai and D. Talman

Title

The D,-Triangulation in Simplicial Variable
Dimension Algorithms on the Unit Simplex for
Computing Fixed Points

The All-Pay Auction with Complete Information
Global Games and Equilibrium Selection

How to Sell a Pickup Truck: "Beat-or-Pay"
Advertisements as Facilitating Devices

The Ultimate Consequences of the New Growth
Theory; An Introduction to the Views of M.
Fitzgerald Scott

Nonparametric Bounds on the Regression
Coefficients when an Explanatory Variable is

Categorized

Integrating Direct Metering and Conditional
Demand Analysis for Estimating End-Use Loads

Evaluating Pseudo-Rz's for Binary Probit
Models

More on the Grouped Heteroskedasticity
Model

Channels of International Policy Transmission
The Role of Collateral in a Model of Debt
Macroeconomic Policy Coordination during the
Various Phases of Economic and Monetary

Integration in Europe

Demand Commitment Bargaining: - The Case of
Apex Games

Regression Models under Competing Covariance
Matrices: A Bayesian Perspective

Can Cohort Data Be Treated as Genuine Panel
Data?

International Aspects of Pollution Control

Temporal Aggregation of GARCH Processes

Linear Stationary Point Problems on Unbounded
Polyhedra



No.

9068

9069

9070
9071

9072

9073

9101

9102

9103
9104

9105

9106

9107
9108
9109

9110

9111

9112

9113

9114

Author(s)

Th. Nijman and

R.

P
E.

J
H.

a.

Beetsma

van der Ploeg

van Damme

. Eichberger,
Haller and F. Milne

Alogoskoufis and

F. van der Ploeg

K.C. Fung

Cooperation as a Possible

= >

mo >

=)

L.

F.

. van Soest

Barten and
McAleer

. Weber

. Alogoskoufis and
. van der Ploeg
.M.W.J. Beetsma

.N. Teulings

. van Damme

van Damme

. Alogoskoufis and
F.

van der Ploeg
Samuelson

van der Ploeg and

Th. van de Klundert

Th. Nijman, F. Palm
and C. Wolff

H.

Bester

R.P. Gilles, G. Owen
and R. van den Brink

Title

Empirical Tests of a Simple Pricing Model for
Sugar Futures

Short-Sighted Politicians and Erosion of
Government Assets

Fair Division under Asymmetric Information

Naive Bayesian Learning in 2 x 2 Matrix
Games

Endogenous Growth and Overlapping Generations
Strategic Industrial Policy for Cournot and
Bertrand Oligopoly: Management-Labor

Solution to the

Market Structure Dilemma

Minimum Wages, Earnings and Employment

Comparing the Empirical Performance of
Alternative Demand Systems

EMS Credibility

Debts, Deficits and Growth in Interdependent
Economies

Bands and Statistical Properties of EMS
Exchange Rates

The Diverging Effects of the Business Cycle
on the Expected Duration of Job Search

Refinements of Nash Equilibrium
Equilibrium Selection in 2 x 2 Games

Money and Growth Revisited

Dominated Strategies and Commom Knowledge

Political Trade-off between Growth and
Government Consumption

Premia in Forward Foreign Exchange as
Unobserved Components

Bargaining vs. Price Competition in a Market
with Quality Uncertainty

Games with Permission Structures: The
Conjunctive Approach



PO. BOX 90153 5000 | F TII RIIRG THF NFTHFRLANL
Bibliotheek K. U. Brabant

1700001117511 5



	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23
	page 24
	page 25
	page 26
	page 27
	page 28
	page 29
	page 30
	page 31

