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Abstract

Sov[~ral probl[,ms in rc'onomic' Lhoory c'a.n bo furmulalyd :[s a dynami[' pru-

~r:[rnmin~ prublrrn, plus an nddil.ional ínrrnlivr rompnliGilily['unsLrainL. '1'his

ronsLrainl rcyuire. Lho conl.inuaf.ion v:rlw~ alonR the choscn soqucnc:c, aL any

point. in Limc, Lu bc larl;or than sonro prescribed function of Lhc nl,ata, t.hc

conLrul, or perha.ps boLh. "fhis c'.onsLrainL changes Lhe uaLure oF Lhe problem

in a substanl.ial way: for inaLancc, evcn if Lhc problem is discounted, standard

argnmonl.s b.wsed on eontraction principlcs do nol. apply.

In t.his pa.pcr wc show huw Lo rcdu['c this c'lass of problcrns to a simpl~

varial.ion of standard dynarni[' pro~ra.rnrning Le['hniques. In partieular Lho

value func'tion fur Lhc, problem is shown to be Lhe fixed point of an appropriately

dc(inrd opcrator.

'I wish Lo thank Jcss Bcnhabih, Prajit UuLta, I'ctcr Strenfcrt, scrninar participants in ULB,

('arlox III, Columbia, NurthwesLcrn, Paris, PrinrrLon and to participanLS Lo Lhc F'ronqui F'oundntion

('onfereuce, Junc 19cJ6, for use(ul rornmr.nts and conversations. I am particularly thankful to an

:~soeiatc e~ditnr and x rc~(e,me~ frn many stirmdat,nf; rornmcnts.
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1 Introduction

In recenl. yca.rs I,hcrc~ ha.vc bc~c,n scwcral prohlcrns in c~c:onomic thc~ory whic:h havc, a
roinnton sLrucLurc. 'I'hcy am all maxirnitiat.ion problenrs ovcr an infinitc~ horizon,
suhjc~ct Lo t.wo óypas of constrainls. 'I'hc~ (irtil, is 1.hc~ tiLandarcl sot. of const,raint.s: thc~
c unLrul varia.hlc~ niay ha.vc, Lo hr c.honc~n in a. aubscl, t.hat clepc~ndn on Lho sLaLc~ va.riahlc~,
and t.hc st.aLc~ variablc~ iLsclf has to (ullow a law of inut.iun which clcpenda un thc~ pasl.

value o( thc~ stat,e and uf Lhe control. '[hc~ aecond type ha.4 the nature of an incentive
cornpat,ibilit.y const.raint.; rnorc~ prcci5cly, thc conLinual.ion valuc frorn 1.he plau, at. any
Ix,riod, niu~l. hc, lar~c~r t.lian vuinc prcwcrihc~cl valuc~, which may clc~pcncl on thc~ ,tatc

variablc,, and on Lhc c huicc of Lhc cont.rul va.riablr prcacribcd by t,hc, plan.
Wc havc~ rc,fcrmd Lo I,his additional const.raint (ancl wc~ shall nsc this narnc in thc

Vraper) a.,ti an irec'ent~ánr cnvnpaliGilil~ r.on.titrrainl hecauae we may t.hink of Lhe agent who
iti solving I,hc problern as havin}; an oul.si~lc~ opLion availahle, with some alternative

valuc; if thc valuc of tho problem is Icss t~han Lhal., Lhcn hc rnay rc[usc thc prohlcrn

il.ticl(, and rathcr chousc Lhe outsidc opt.iun.
'I'hiti addil.ional conatraint. tieems to preclucle the~ use of traelit.ional Uynamic Nro-

firarnmin}; (I)1') Lcchniqucs. ln fac'1., an cxtc,nsion is ncccssary: bnt wc plan Lo ahow

LhaL a virnplc~ rnodi(ical,ion of st.anclarcl Lc~c hniclucs is xufficicnt.. 'I'hcsc problenrti havr
bc,cn diticusxecl ancl analyscd in Marcct, a.ncl Marirnon [1 I]; scc altio Lhcir prcvious pa-
pcr [10], whicó providcs an inLcrestin~ c~xarnplc of a dynarnic inccul,ivc const.rained
problcm. 'I'hc~ main idc,a in Lhc~ir papcr is Lo inl.roclucc t.hc Lagrangc nttilLiplicn in

I,he nt.ate apace, ancl apply UP techniyues to Lhis enlarged staLc~ space. }n the present

papcr Lhc sLaf.c space~ will bc~ nnchanged, sirnplifying the. analysiti.
!` problcrn 1.ha1. rnay look tiimilar, bnt. is in rcalit.y yuitc clifCcrent, gocs usually

undcr t.hc natnc of oplinr.nl stopping. Sinca~ t.hc sirnilarit,y witlr t.hc prohlcm wc analysc

rnay be confutiing, we will discutiti 1.his itinuc hric}ly. In an optirnal titopping problcm

an apcnt, is clc~riving in c~ach pcriocl a payoff from a control variablc, that. hc may

choosc, ancl a vtaLc variablc, which hc, rnay bc ablc Lo conLrol. In addiLion hc has at,

any pcriod Lhc option of sLopping 1.hc proccsti, and ~atting a tcnninal.ion payo(C thal.

may dcpcncl on 1,hc~ (inal valuc of thu sLa,Lc variablc. OF coursc in this problcm Lhc

c ont.inual.iun valuc Crom any oylinui! pulic'y must. bc~ at. Icast, as lar~c as tha valuc of

chootiing Lo tc,rniinaLr Lhc proccsv, vincc Iliis oVrl,iun is alwayti a,va.ilablc Lo Lhc, agont.

IL is howc~var a. pc~r(r~ci.ly cedTni.,.tiiLlc pulic'y fur thc a~en1, to Ict t.hc~ procetin cont.iinn~

a.t, any st.atc, cven if t,hc Cul,urc valuc frurn cloing ho is luwcr I,han I,hc tcrrninaLion

valuc. t~s a c~onscyuc~ncc, Lhc vahu~ (frorn an optiinal policy) of a problcm whcrc

Lhc. tcrminal.ion opt.ion iti ava.ila.hlc~ is hiy,hcr Lhan in thc~ sirnila.r problcrn whorc~ Lhiti

option is nut. availablc.
'1'his is yuiLe different frorn lhe const,rained problem Lhal. we consider in Lhis

papcr. llcrc cvcry admissiblc policy, ancl nol, just, Lhc optimal oncs, must. sal.itify t,hc

constrainl.. If Lhis is not possibla, Lhc~ valuc~ of thc problern iti set to rninus inliniLy.

Ati a contic~quence Lhe value from an opt.imal policy of a problent where the incentive

constaainL h~~ti Lo bc~ tial.isliccl in acldit.ion to Lhe othcrs iy srnallar than in the similar

problem whcrc Lhis consl.rainL is not presont..
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13cforc wc pruccc~cl wc~ presc~nt surnc c~xarnples to illual.ratc~ thc naturc of I hc {,rub-
Ic~rn.

1.1 Examples of Incentive Constrained Problems

Our first c-xarnple is a garnc uf joint exploil,al,ion of a renewable resource. In I,his

gamc Lwo {,layc~rti havc- c'oncavc., vt.rict.ly inc'rrasing ut.ility func'Lious and a cornn,on

discounl, fac tor. 'I'hc~ two nt.ilit.ics cicpc~ncl on Lhc consurnption of a comrnon rc~sourcc,;

Lhc, atock uf il. which is Ic~ft. in cac'h pc~riucl dctcrmincti thc quanl.ity availablc in thc

next. periocl. I?aclr playc'r may at.tempt. to contiume part of the output.. lle faces

the folluwing Lradcoff: t.ho lcs~ hc contiumcs, I,hc rnoro stock of t.hc common good

is IeFL for procluction in the nc~xt period. ' 1'hc, saving, however, is beneficial t.o bot,h

players, and thiti exl.c~rna.lit.y t.ypically prodncea a cunsumption rate higher Lhan the

optirnal. It, iti inicresting in this rnodol to chara,ctc,rise the second best e~yuilibria,

Lhat is the subvet of subgarne perfect equilibria t.hat are also Pareto e(licient. Duc

tu I,hc spc,c ific titruct,urc of t,hc~ garnc, thiv analytiis can bc reducccl Lo the study of

a const,rainocl rnaximivat.ion problern of the Lypc~ wc- have de5cribed in Lhe previous

ticction. Ilc.rc are somc dctails.
'I'he valuc~ of the uutaicle opt.ion is dc~(inc,d as follows. I;ach player aL the rnoment

uf deciding his con~nrnption has t.hc~ altc,rnal.ive of following the prescribed secund

hcst plau, or clefc~cl,ing. If hc~ clcdccis, hc~ knuws LhaL Lhc, cyuilibriunc after dcfeeaiun ia

clotcnninc~d .rs Lhc c~c{uilibriunr ( in Lhal. tiubgarnc) whcrc both playars arc c;onticuning

rnaximally. IL is fairly casy Lo c hcck 1,hat thiti is indee~d a subganrc pcrfcct equilibrium.

Su thc, bc~at hc c an clc,rivc~ fronr Lhc, clc(cc'Lion is thc maxinmm ovc,r conaurnptiou today,

diffemnt. frun, Lhc pn,scribed contiurnpl,ion, plus I,he diticountccl conl,inuation valuc of

the maxinral consumption equilibriunr fronr next period. '[he seacond best solutiou is

t.hcreforc, charactcritic~d as t,hc, solution of thc problcm of maximising t,hc wclfa.ro of

Lhe two {,laycrn, subjcca to thc constra.int~ Lhal, t,hc continuation valuc for each player

is larger t.han t.he ckdection valuc~. I~or details, the reader is referrecl to Renhabib and

I(ust.ichini [a].
7'his sirnple exarnple canuol be analy5c~d with Lhe techniquc,s in Marcet. and Ma-

rirnon [ll[. In facL t.hcy irnpo~e conditions on thc~ problcm tha1. rnakc Lhc~ value

func.t.ion cont.inuous: but as we tiee morc~ in detail later, the value Grnction in this

problcm is, in general, disconl.inuuus.

7'hc sc~c ond cxamplc, iti Lhc, classical upt.irnal taxation prohlcm in a gcncral equi-

libriurn rnodc~l with in(inil.cly lived agcmts ( sec for instance Chamley [5] but. with a

Lwist.. Ati naual in the st.andard tieconcl bes1. problem t.he governmeul. is taking thc

(irst orclcr conclitioua uf Lhc a.gcnts as givcn. At thc rnornenL of announcing t.hc se-

qucncc of fut.uro t,axc~s, howc,vc~r, thc govcrnrucnt has to insurc Lhat onc addit.ional

const,raint. is tiatis(icd: Lhc conl.inuation valuc on t.hc compet.if.ivc cquilibrium from

any point, in t.he future cíeterrnined by t.he announced plan has Lo bc larger t,han

some value, which may depend on Lhe capit,al stock of the economy at Lhat tirne.

We rnay t.hink of this vahre as the value of a deviation option for the government.

it.self. 'I'hc, thircl-best. taxation problcrn is t.hc problern of rnaxirnising Lhe welfare~ of
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Lhe represc,ntative agc~nt., subject to this inc~c~ntive compatibility constrainL. I~or a
rle,t.ailed discussion see [3enhabih ancl liusl.ichini [4]

2 The general incentive constrained problem.

Wc~ Ir~l. ,5' rlr,nul,c~ t.hr~ .,lalr .,prtcr, aucl ~l t,hr~ arf,inn. .yrl. ,5 and ~l arc Lopolut;ic a.l

Ilausrlurlf, lurally c.uint,act. sl,a.crx. 'I'hc~ .,Inlr rtn.rl arlinrt sparr ia .X -,5' x ~l; ilv

in(initc prurlucl, is dcnotcd X", - x~-„X; wc~ Lakc~ un il, Lhc product topoloqy. I~'or

x E X"",x -(~mxi,...) we denotc rx -(rr.zrti,...) whcrc xe -(sr,ar), k3oth

X and X`x' arc also Ilausdorff; and so ia any subtipace of it. 'I'here is some~ gain in

avoiding Lhc~ rcntrir Lion of ,S ~,.ncl il Lu finitc~ dimcnsional spaccti: Lhis itisuc ia discusticd

latcr, in srrl.iun 'l.l.

I~i,r any tict X, ~(X) is t.hc, power sc~t crf X. 'I'hc~ correspondc~nc'c~ G :.S -, P(A)

defines the tic~t of Jeasibde aclions, and 1,hc~ function h' : X ~,S defiueti the transil.inrz

to the ne~w statc. H' and C; jointl,y definc~ a Lrantiit.ion curresponrlcncc~ C~ : X -, P(X )
a.,:

(~J(.ti, a) -{(vt, b) : rt - h'(.ti, n), h E C(tt)} (L.1)

'I'hc itcraLcs uf Ll are~ clenoted hy Q', for i - 0, I,...; lln(s,a) -( .ti,a).
'I'hc tict uf scyucnccs Lhal. am coracr~iirablc fron~ .5 is xr"~Cf'(s,G(s)); thiti is in

general a propcr supersct of thc set of fcasible scyuonces. Note for future usc that

~(.,,C(.ti)) - (1'~(.ti,~;(.5)),G(h'(.v,G(s)))-

'I'hc sc,L of jra.tiiblr .crqurrrrrs frorn a~ivcn initial state .ti is

~(s) -{x E X"~ :.c~ E(.c,C(.,)),.crti E(~(rr) for all f. ~ 0.}

Yreferc~na~s on se,yuences are represe~ntecl by a frwction U taking valuea in the

extande~d ma.l line R' - R U{-oo} U{-~oo}. 'I'he following concepts have been

introducecl by Kooprnans [8~:

Definition 2.1 lí i.; reJtcr fàr.,l pcriorl scprerablr, if fnr ull ~, ,y E X and all x, y E X"",

l~(x,x) 1 l~Lc,Y) if anrl ouly if (~(y,x) ~ ll(y,Y).

'I'hin is his pustulatc, (:k.h) (~8]. Pagc 'l92).

Definition 2.2 (I i., Jirst pr,riod separaGlc iJ Jor all :c,,y E X rartrl all x,y E Xo",

U(a,x) ~ I!(y,x) ijand oaly if ll(.x,Y) ? IIÍJ,Y)

'I'his is his pustulatc~ (3.a) ([H~, page 292). 'I`hc int.uitive rncauing of these two pos-

tulateti iti c Iear significantly, Lhey go undcr Lhe narne Lirrailecl Nonr.ompleracntarily

in Kooprnans rt alii ([9], pagr~ 8~i).

Definition 2.3 U is slationary iJJor all r E X and all x,y E X~, U(:r,x) ~

U(~,Y) if and only ijU(x) 1 U(Y). -
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'I~his is Koul~cnans' slalionaritz~ postulat.e (~) ([R], page `L99).
An ag~rrgalor is a function W: X x V-r V, where V is a suhset of R', such

Lhat for evc~ry x E X Y'

U(x) - l~Y'(:rn,í~(ix)) (~~.~)

As 51.rcufcrt ([14], pa~c, (il ) nc~tc~s, Lhc~ trrouf uf Lhc~ c l.utisic' result of Koupcnans (ti] c an
hc, adaplc~d to,how thal if a funct.ion 11 is aftcr lirtit. period scparablc and stat.ionar}',

I~hen there exist.s a cniique aggregator which is Strictly increasing in future ut,ilit,y.

Let now D be the funct.ion from X to t.hc~ rc~als, devcribing the incent.ive constraiut.

'1'he sef, of Jeasiblc and inrrnlive corapalióle seyv.rncrs from a given initial St.ate s

iti

cV(s) -{x E X'~ : x E~(s), and for all C i O, W(r.c,U(ctix)) ~ D(xc)}.

Definition 2.4 'I'itr carroraslratirr.crl proGlrrn al, s is lo Jirad:

supl~(x),

vvrGjccl to :

x E ~(s)

Wc~ clc~notc~ this lirohlc,rn I'(s), aucl it,ti va,luc, .Ic~(.ti).

Definition 2.5 'I'hc inccntivc cnnslrnined prnhleru rat s is tn find:

sutr ll (x),

sirGjrc! fn:
x E ~(.s).

If cU(s) - (n, llern supU - -rz.

Wc clc~nutc, this pruhleni CI'(s), ancl it.ti va.luc .l"(s).

'I'ho c~unstra,iut bi'(:r~,11(rtix)) ? I)(.r'~) will hc, c.a,llr,d in Ihc followine; Lhc~ in-

rrnlivr rr~nrpaliGi.léty roreslrrai.nl. Wc uvc, thi5 nacnc~ bccausc t,hc~ constraint, spc,cifics

Lhal. Lhc cunl.inuation valuc alunF; ihc scync,ncc hah Lo bc largar Lha.n or cqual Lo Lhc~

valuc of a Irn,sc riLccl funct,iun of 1.hc til.atc~ ancl of thc control in t,hat pcriod. If this

presc rihc,cl valuc~ is intcrhrcl,c~d as an outsidc, uption availahlc to t.hc agcnt who is pcr-

(orming 1.hc maxirnitiat.ion, then the cnnat,raint rcyuirev:~ t,hal, tfrc ticqucnce provides

at any poinf. the right inct'nt.ivc tu the agc~nl. I,o follow t.he plan.



2.1 Stochastic Models.

'I~hr~ s.tisurnptiuns irnposcd un t.hc st.aLr~ stl~rr, 5' :rurl t,hc rLCt.ion sct ~l arc gc~nl~ral

!'noufih thal a rat.hcr largc clatis of sLorhatiLic' probll~nrs is includcd as possiblc appli-

rat,ions o( unr' rc~sults. Let. us bncfly disr us how t.his can bc dona.

Lcl, S2 Irl, :r t.opologic~l sp.zrc~, and Ir~l, ti' - 0(S2) hr, Lhc sel. of rogular probabilily

nrcasures un !2 r'nduwr~rl wil.h t h!~ 13orc,l st,rurt.urc. "I'hc~ topology on .ti' is t.hc wcak'

Lopulol;y. A Lranait.ion kr~rncl y: 12 x ~1 -a .~ whi!'Ir iti r'onl.inuons dcLc~rnlines in Lrn'n

a runt.inuunn Lrarrtiit.iun frrnrt irm 1"' :,ti' x~1 -~ .ti' rir'linr~rl Iry:

I-'(..,u)(~l) - ~ ?(w,a)(()).ti(~)
S1

fur cvcry .ti. ra xnd evr'ry 13orr,l suLsr~t O C S2.

A typiral ~r~~rcgalrx in Lhis ,ituation, for rrxarnp)r' a linr~a.r aggregaLor, might, hc:

W((ti,a),J) - ~r Lz(w,n).ti(dw) f ~1?I ('l.5)

wlicrc 1i is a ut.ilil.v fun! t,iuu xnd )i Lhr rlis! uunL (actor. Assunrpt.ions (A.'l) a.nd ( ~l.a)

bclow arr~ r~asily c'hc~c'kr~d in I,his cxatnplc.

In Lhr~ ~cnr,ral sc,tup wc havc dc,scribr,ll alrovc~ Ihc~ fcasihilily consLraiul.s arc~ !Ic-

sr ribcd by t.hr' funrl.ion C frorn ,~' 1,o suhnctz uf ~l. In t.hc casr, of stor'hasLic modcls

unc tnil;hl. wish Lo r'xlrress ron,l.raints t.ha.t. nrakc thr, fcasible sc,t, of act,ions dc,pc~ud

un t,hc xLaLc w rathr~r tha.n on 1.hr~ disl.r'iLntiou .ti. 'I'óis 1.ypf~ of constrainLs c'an br~

inr'orpora,tr~ri inLo t.hr' funcl.iun (l, or cquiva.lr~nt.ly inLu t{u~ ~g~rcgat.or. I~'or r~x~mplc,

in Lhr, c~sr' u( Lhr~ linr'a,r aV;l;rega.tor in 'l.~r wc ruay sl~I, u(w,tz) - -oo whcn Lhc ~rcl.ion

a is not. fr~atiil7lc at. Lhr~ st.ate w.

2.2 Existence and basic properties of a soliition.

In t.hia ser't,íon we collect sonle b~~sic properLies of Lhe value [uncl.ion of tht~ inrent.ivr.

runtit.r~,in~ rl l7rulrlc~ln. Wr~ astirnnr':

Assutnption 2.6 (i1.1 ) C i.ti lyrprr Izrluirmzlinlzaus an.rl C011z1)lLfl. nlzl11Cf1; h' i.. f'nn-

finuau.v.

An inrnu'rliaLr, inlpliraLion u( :zstiulnpl.ion 'L.(i is Lha.l. Lhc corrctipondcncr~ Cl is ufrpcr

hcnlic'unt.inuuus and rumpar't v~lucd.

Assumption 2.7 ( 1.'L) "I'h.r flzlzclinn. 1` in reflrr Jirsl prriod .tirpnraGlr, ,~irsl prrind

~cprzrfeblr, nnd .tilnlionrer?~. Lrl W :.K x V -~ V Gr lhc fi.tisoc~ialrrl rey.9rcgrtlnr: W

e.c slrirlly i ncrrasing in Jillili'C f1lLlEl1~, V is rtn. rnfrrvn( in R', n1u1 for cvrr~ .c,

W(.z, -oo) - -oo.

Assumption 2.8 (~l.a) W is uypcr srln.icolzlinnnn.ti.

(i



In I'roposition 3, pagc' 65, Stroitfcrl. [14] xhows how I,hc nssunrpt.ion (~l.~i) r'an it.ticlf

I,r dr'rivcd fr'onr ~r.tisrnnptions ilnpoticd clirc'rtly on thc ul.ility func Lion lJ.

'fhe (inal kr'y concepl., Gicnllnrryettrr, ha.ti been introcluced lry St.reuferl. ]14]. We

rlnc hcn' a slifiht st.rc~ngt.henin~ of hiv ccmclit.ion. Lrt K bc auy cornpact subsr~t. of

.ti'; t.hen Lhr' frnu~tion U is said tcn c~ lí-upprr r`onnrr.qcttl on~x~crQ'(K,C(lí )) iC for

c'vcry x E x~,x,Cl`(lí,(.(lí ))

lirn tiupll(:c~,...,xt, xi-1}1Cl'(K,(;(K))) - U(x). ('l.6)
ty~.

l~nxlugoutily, the funct.ion (I is tia.id Lo hc li-Invrer f.nnver~r:nl on x~~C~'(K,C(lí )) if

fur evc-ry x E x~"~(~'(K,G(K))

lim inf U(ao,...,xei x;~'rtr(~~(lí,(;(K))) - (1(x). (2.7)
t~~

'I'Irc flnic'Lion 1? is said to hr~ lí-Gicrlltvrrqrnt if it, is bot.h K uppcr and K-lowr'r

c onvcr};cnt .

Assumption 2.9 (~1.~) Nor nlty .ti E .S' lltrrc is cnnr.pncl 1tclqlt.G01lT{tOOd h nf .ti .tiltch.

Ihul li i.. lí-bironnclqrnl o1r. x~x'„Cl`(lí,(~(K)).

'I'hiti a.tisunrption is diacussr~d in dctail lalcr (scrl.ion 2.2.1). Wc now turn to Lhc~

latit rotupunc'nt: t.hc' frrnc tion Il. In niarrV applicat.iuns this func'1.ion gíves thr valuc'

crf dcvial.iun Irom a pn~srribc~cl rc{uilibrinnr. As }uc,h it. is dcrivcd as a nolul.ion of

an o{rl.inrinat~iun prolrlc~nr or of an r~quilibriunr condil,ion, and inhcrits naturally from

t.hr, ori~;ina.l nomc spcci(ic propr'rl.ios. I~or iustana', it is quitc rommonly a concave

funct.ion. 'I'Iris fact, may c rcatc problenrs, sincc 1.hc' (unct.ion I) lics on Lhc oppotiitc

sidc of a.n inc'c{ualil.y with rc,spr~ca. to thc~ (unc tiun W. In particular I,hc scl, on incr~nl.ivc'

c ompat.ible pat.hti rnay not bc c.onvr~x. I1, is thc~reforc particularly desirable to put on

il as G'w atitiumptiunti ati pustiihlc. Wn only nc~ed a rat.her wr~ak 1'cgularity condition,

anrl nu gc~urnc'tric {n'o{1rrl,y (likc' culrvcxity):

Assumption 2.10 (~l.~i) l.ór r;ncry .v E.~~, U(.ti, -) i.ti lmncr srnticootlinuous.

Wc arc' now rcady for our prr~lirninary res111ts.

Lemma 2.11 l~nr rr~rry cnlnyacl .clrGsrl K of S:

(1J tnax (; ( x~`;oC~`(K,C(K)) i.v a.r~hirnrrl;

(iiJ (I i.s 11.pyrrsrlrtirnltllittttolt.ti o~n. x~'cr(l'(lí, G(lí).

'I~hc pruuf of Lhc parl. (i) is vc~ry sinrila.r tu t.hc~ {lrouf of proposil.ion 3, parl. (!`.(i),

in pagc~ t;l of SLrcuG'rt. ~14], uncc tllc assunrpt.ion of uppcr r'unvcrgcuce is rcplac.cd

hy ihc K uppcr convcrgcncc r~ondition. 'fhc' proof of (ii) is sirnilar t.o t.hc proofs uf

Ir~tnrna 2 and a (ibiricrn).

Letnma 2.12 n.ti.tiulnc A1, A2~ A31 A41 A.5. 'I'hen
(i) lltr cmrr.,pnluicnrrs ~, ~!11'r' ilypfl' It!'ilnCOnii7tit01t9, compucl VaI1LCd;

(ii~ lIL[' tltffiti211C CORBlrfltRL'(l pTOGICTld hu.v n.tiolulion;

(iii) the fultcfion .l' is upper semiconlinunu.4.
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Proof.
(i) I~ronl (~l.l ) t.ho correspundrn('(~ (~ iv up{)cr horni('ont.ilnlous and cont{)a(~I val-

u(~(l. Ilc~nc(, t.h(~ ncd. lf(.c) - x~x'OC~'(.ti,G(.til) is contpact. in thc proclu('L topOlogy for

(~vcry .ti, and su arc~ ~(..) anci (V(.ti), sin((~ i1. iti intnicdiaLa LhaL thcy havc~ a dosed

t;raph. 13y I(~nuna I of SLrruf(,rL [14] (Pag(~ 7(i) t,hc, (~Orrespond(~nce It is uppar h(~mí-

( ontiuuous. Sin( (~ C; iti uppcn c~,nticonl.iluluus ancl l~' continuous, ~ han closed graph,

hcncc by I,h(,orcm H, pa~(~ I 10, of Aubin is upp(~n c~,tnicontinuous, sincc it is contained

in li; it. is also compa('1~ vahlccl. Nuw t,hc set

{X E X"" : W('T.hU(ttlX)) ? U1Tr),t - O.Í,...}

is closcd by assnmption (A.`i) and Lhc uppcr scrnirout.inuity of U; hencc also ~V is

uppcn c~nticontinuous.
(ii) "I'his (lainl now follows frunt Lh(~ upp('r scrnicontirtuily of U on th(~ ('ornpa('t.

ti(~1. x`-'oC~'l.ti,(;(s)).

(iii) I~or auy .ti E.5~, Icl. lti bc a contpa('t ncighbourhood oC .., so that (1 is nppcr

hcmiconl.inuous on x;~(IC~'(Ií,G(lí)) by Icmrna'l.Il. "I'he claint now follows frorn

thc Maxirnunl t.hcorc~nl. '

2.2.1 Discussion of the assurnptions

I~ssunlpt.iunti (A-1 ) Lu (~1.~) ar(~ qnitn standarcL (i1.1) rcquir(-s a morc dctnilcd a.nal-

ysi,. R.a1.h(~r Lhan K-('unvcrficn('c, S1.rcufcrL [14] uscs a wcakcr (~on('(~pt., uppcr rr)rrnrr'-

gerarc, which myuires I,he cyualit.y in 2.(i to hold when K is a sin~leton. On 1.he other

hand to provc Lhc upp~r scrnicontinuity of t.ha valuc, ftmction for Lhc unconstr'aincd

prubletn h(~ ha, t.o astiumc (s(,(, hiy thcorcm ('. Pagc fi!), in [14]) Lhc cxistcncc of a pair

(.l-,.It) of tiupcr and tillh 90IIIt.1OrISOf LIIC I;CIlfnan O{)('rator; i.r. two upp(~r sc~nti('on-

Iinuouti fnn('Iiuns tinrh Lhat. .l- C IJ.I-,.l} ~ K.l}. So an a,ILcrnat.ivc approa('h to

uht.ain Lh(~ il{,pc~r scnri( untinuit.y uf Ih(~ valn(~ fnn('t.ion for Lh(~ (v)nst.raincd probl(~nl is

I hc fullowing: a.titinnu' hi('unvcrg(~nc (~, ral.hrr Lhan K bi('unvcr~c~nc'c~, rand Lh(~ cxist(~n('(,

uf Lwo funr I,ions (.l-, J' ) as a.bov( ; cun(~lu(I(~ that th(~ rur.cnrin'lraincd valu(, funcl iun is

uppcr s(~ntic:ont.inuous. 'l'hcn th(~ proof of t.h(~orcrn 3.6 bclow will givc LhxL t.hc valuc~

function of Lh(~ ronslrrrined prubl(~rn is upper semirontinuous. Note in fact t.hat. the

proof of th(~ I,hcorcm do(.ti not. rcqnir(~ Lhc K bi(onvergence atisumpl,ion, but. sitnply

hi( onvcrR(~n(:(~.

'I~h(~ ('un('(~{)t,, uf n{)prr and IOw(~r eulrvcr~(,ncc impotic a joinL resl.riet,ion on pre~f-

(~rcn('cs an~l tr('llnolofiy. So(~ Str(~ufcrt [11] fur a divc'ussion of Lhc~ notions of upp(~r

and lower ( onvergen(r, and in particular of Lhe relat,ion bet.we(,n these concepts and

t.h(~ purcly onlinal, nlur(~ Lra(lit.iunal idc~ati of irnpxt.icncc, or I,ril insensitivit.y . Hi.

( onvc~rg(~n( (~ a.nd inlpat.i(~n('c t.urn oUÍ. t(1 f`qt11ViLICnt, in Lhc s(~nsc rnaclc prccisc by his

Prupositions I a,nd 2, pagc (i3.

I,ik(~ hironvrrgcn('c~, K-bicouvcrgcn(x~ iti rclativ(.ly ca.5y t.o check in applicrl.t,iona.

L(~t us rn(~ntion one examplc. Consider a growth problem with dt`tcrministic dynam-

i('s, and state spac.e .5' 1.he finite dimensional (~uclidean epace. In thia case Lhe Ginc'.t.ion
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I'' is t.ypic~a,lly inc~reasing in .ti; t.hat. is, if wc, understand Lhe inequalit:y ~ to holcl corn-

poncntwisc~, I''(.v,a) 1 l~'(u,a) if s 1 u, for c~vcry a E ~l; also t.hc~ correspondcncc C

i. typically ntunotouir in .ti (tha,t is, C(.4) 7 C(vi) if .ti ~ u.) "I'o chcc'k t:haL thc~ bi-

ronvcrgoncr a5aumpt.uin holds ctnc~ contpures Lhc ut.ility on a rnaximal accunntlat.ion

path start.ing at Lhc, inil,ial ~t:at.c, .ti. 'I'o c'hc'c'k Lhat. K-biconvcrgcncc hulda it: su(ficcs

tu c hooxc an u~.ti, and ntakc t.hc' sarnc' c'ont{tutation. !`n ext:rcrnc~ly hirnplc' instancc

of t.his proc c'clure can be founcl in Lhe clisc ussion of Lhe example in section 2.3 below.

In lic,nhahih and li.uslic,hini [a] an c~xant{tlc is pn'sent:cd that fits into t.hc format.

of our f;c'nc'ral inccN.ive cunsiraincd prohlc~rn. In thc' cxarnplc t.hc utility function is

c~oncavc', and Lhe pretduc:l.ion funct.iou iv also c~.oncavcr. Still the value functions .l" is

cliscontinuuus ( alt.hough it is, as follows frum Lhe above theorem upper semicontinu-

uns.)
An intuil.ivc rcason for thiti discont.inuil.y c an hc~ qiven if wc begin by lovking at:

I,hc sulution uf Lhc~ first betit problc~m, whicó is a sfandarcl optirnal growth problem. In

Lhis case Lhc' uptima.l policy re~quires low consumpt.ion for low levels of capital st.ock,

in ordcr to ac.curnulatc and reac h higher Icvc'la of tho stock. On t.he first besL path thc

ac curnnlatiun hrings t.hc' st.ock to a"higó" stcady sl,atc valnc. 'I'his policy ntay nctt

Irc~ pnrsuccl in t.hc sc~concl bcsl. prohlcnt, bcrantie Lho low consumption of onc' of Lhc~

Irlaycrti rnakrti dofcc~t.ion vcry attracl,ivc' fur Lhc, othc~r, sincc thcrc is a comparativcl,y

largc' arnount o( capil.al slock Ic'ft availahlc for his cunsumpt:ion. "I'o tnakc t.hc valuc~

ctf dc'fecl.ion luwc'r Lhan t.hr' c~out.innation va.lue il, in Lherefom nc~cessary tcr increase

consurnpt.iun. Notc~ Lhat. in Lhis way bot.h Lhc~ valuc' of dcfi'ct.ion and thc continttation

valuc~ arc clc'c rc~asc'cl, ninc c' Lhc tiuvings arc rcducccl c'umparcd Lu t.ha opl.itna.l solut.ion.

So whcn Ihc' init.ial capil.al stock is vcry low 1.Itis reduction rnav bc' so largc- I,hal.

t.hc c:apital st.uck in Lhc ncxt. pcriod is lowcr, rai.hc'r than highc'r. 13ut, at t.hal. poinl.

Ihc conl.innalion va.luc' it.tic'If in too low, vinc~c' I,hc~ ful,urc hcnc'(its from accumulation

arc gunc,. I lc'nc c~ thc~ fa~t c unsuntpl.iou lu~c urnc's 1.hc~ only cquilihriunt. 'I'hc switc liing

{ioint, bc'Lwi'cn acctnnnlaJ.ion and fasL cuntitunption is i.hc discont.inuil.y point~.

2.3 A minimum utility growth model

It i~ now tiruc' to prc~sc~nt how onr tcchniyncs work. 7'o do this wc introdua' an

c'xarn{ilc whic h iti sornc'wlraL arti(ieial, InN. altio cxtremcly sintplc. 'I'hia should alluw

us to focuti on t.hc' ntcthcrd wc~ int.roduc~c.

'I'akc~ thc' lug-utilil.y, linc~ar-produc~tion vcrsion of Lhc clatitiical optirnal growth

rnoclcl; i.r. Ic,t W((.ti,n),vi) - loga }~ivi, C;(s) -~O,cr.S], 1''(s,a) - a.~ - a, ancl

I)(a) - 0. Wc may t.hink t.ltat thc agcnt has Lhe opl.ion always available of mígrating

out of thc' rc unorny, and gc'tt.ing a non ncgat.ive IiG't imc utility-

Wc aswtntc rr ~ I, and ~í E (0, I). !`ssum{ttionz (A.I ), (A.`L), (A.;i) and (A.~i) arc

ubviuus. I~in t,hc' asauntpl.ion (.1.~i), notc t.hat, for any .ti anci any n 1 s, C~`(u,C(ri)) -

~Il,cr'u] x ~Il,cr't'u] fur c'vc'rV c; anci 4incc~ Lhc sc'ric's ~~o~i'log(rr'u) c,onvcrgc'a, K-

hicunvc,rf;r~nr'c' al. .ti fulluwti frurn Lchcx~;ur cluntinatc~d convc'rgc'nc'c Lhc~orcnt; so (~1.5)

is satisficcl fur any valuc of tr, Ji. l~lsu nutc, t.hat Lhc- function I) is a const:anl,; st:ill a.ti

wc shall acc Ihc problcm of dcl.c~rrnininfi Lhc valuc' fnnct.ion in nun t.rivial.
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'flic~ valuc~ funct.ion of tho rtncunsl.rainr~rl Itroblcrn is J~(s) -( l- li)'t log.ti -~ l5,

whcrc Is a c'onal,anl.; a,nd thc~ r'unr~spunrling optima.l stationnry c:crnsumption policy

i, h(.v) - rr(I - ~i).,. "I~hc~ rapil,al stork in thr~ optimal scqucna, is sr -(rr~i)r.tirr for

c~vc~ry l. Sct if

rv~i G I

Lhc inc'enl.ivc constraint. is cw~ntually viola.Lr~d in Lhc unconsl.rained upl.imal pat.h.

I~rvrn t.hc c~orollary 3.!) in Lhc vc~yncl wc know thc~rc~forc that. Lhc constrained valuc

funct.ion iti r.qual to -r~ on :rrntc suhtict of ihr` cicmtain. ln fa.c't, this suhsc~t is a

intorvxl, ~:inu~ ihc~ va.luc~ [unr't.ton is inrn~.utiin~,. ' I~u ~c~Lerntinc thr~ value~ funct~ion

c~xactly wc~ now intrurlua~ onr hasic opcra.tor. Ur~(inr for any uppc~r ac~mic'ont.inuous

func't.ion .l:

('I'.l )(.ti) - tnax luga } ~i.l(rr.e - a) ('l.H)
~E[u,~...1

subjcc'I. Lu J(.}) ~ ll;

Wc sc~t ( 'I'.l )(.4) --oc if f.hc c'unatraint. is nul. sa,titi(ir~rl. ' I'hc~ c ontit.rainl. in t.hc~ prohlr~m

2.H tnay sc~c~nr titrange~, because it, is v~t.is[ic~d or nol, indepeudenl,ly of t.he choice of t,he

conirul varia,hlc~- Its rolc, in this r~xarnplc~ will probahly bc clarilic~d by thc coroliary

:f.9 in Lhc folluwing. Not~c that 7' iti wcll dc~finetl on Ihc~ cunc of uppcr samicont.inuuus

futtc'.1,ions on Lhc rcal linr~, ~rnrl maps Lhiti r'unc~ intu itu~lf.

Apply thiti opcral.or to Lhc~ funr't.ion Jn, and iLc~ratn. Wc~ obtain a scqucncc oC

funcl,ions whic h is rnonutonic'a.lly dccrcasin~. Sumr~ casy ca.lculal.ion shows Lh.rL Lhis

tic~ctucnr't~ uf funcl.ions runvc~rgcti 1.o a lintit. frtnct.iun J` whic'h is r~qu~l to -oc for

valuc~ti uf .ti G(rr - I)-~. "I'hc~ intc~rval (( n - I) t, f~) can Irc~ writtcn as a disjuint.

union of intcrvals 1,,, and on cac'h intcrval Llic~ function is logarithmic, of t,hc~ form:

L - ~3" rr" - l
J'(s) - lofi(rv".. } --) f I),,;

I-[i rr-I

(Lhc c'onstanl.s U„ arc tnon~ c'untlrlic'atc,ci ~rncl no1, iinVrorl.anl. for our pnrposc~n.) Onr

gcncrrrl rc~sull. Irc,low (Lhc~omrn a.(i) tihowti t ha1 ihiti is in fac'.t thc~ valuc~ funr tiun fur thc~

ronstra.inorl trrubleni. 'I'his ftnic'Liun is c'cmr avc~ whc~rc~ it is finitc~ valuccl. 'I'hc~ ctptirnal

puliry is vt,at.ionary, and is dc~rc,rntincd as utiual as Lhc solution of 1.hc~ rn~ximisaf.ion

irrobletn 2.`i. l~he opl irnal tic~yuc.nc'e~ of c apit.al stork .Sr clecreatie~s to the steady stato

valuc~ ( rr - I )-~.
"I'hc~ cx.rmplo wc ha.vc just sr~c~n c'ontains Lho rnain ingrcdicml.s. ' I'hc opc~rator 7' in

t.he gcneral rasc~ will hc~ thc natural ~cnr-ralisation of Lhc onc, wc- havc secn, ancl t.hc~

valne func'Iion of t.he prohlern will hr` detc,rmined ~r~ t.hc decrc~a.tiing limit uf iterat.iuns

uf 'I", .ry it is in Lhc~ c~xa.ntplc~.

3 The constrained dynamic programming.

In this sr~c'I ion wc~ givc, a systc,ntai.ic trcatntc~nt of Lhr inccntivc contit,t'aincrl problcrn as

a dynamic prograrnrning problcrn. Wc hc~gin with Lhc b~ssic cctrnponent, thc opcrr~tor
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I'. "Iu avoid repctitions, wc sa,Y hcrr~ tha.l all Lhc rcsult, in t.his ticcl,iun a,m du~rivc~d

nndr~r thr. an5,rrnpt.ions (~l.l) tu (A.5), and wr~ shall not rcpeat t.lris iu thc staLr~tncnt
of thc~ rc,sults, cxcc-pt in Lhc st.atr~rncnL of tór~ rnain Lhc~orem 3.6.

3.1 Ttie operator T.

Wr, fint disc~rihc thc aet oC polic ics. 7'hr~ tir~L of plans is thc sct. of scyucnccs a-

(ar,,,~r,,...) of funrtiuns, wil.h n, mapping .S' to A for 1~ 0. '1'he sitiJl of a plan is

Jr(incd hy L(~u,~i,...) - (~i,~z,...). ~
Wc dr,(inr, .tiu - .., au - ~rn(.`), anrl for c,vcry I ~ 0, .tiiti - l~ (tii ,ni ), ni -

nr(.tiri,nu,.. ,.v~ ). I( n; E C(.ai ) for rvr~ry 1? 0 Llu, I,lan is callal a pnlirt~, so a pulic':Y

ia a G~atiil,lr~ pla.n; 1.hr~ sr~t o( polirirs is dr~nutrvl by I I. Lr,t, xi -(.yi ,~i ); cvr,rY (xilit'Y

rlr~fincti a sr,yur~ncr~ uf v1.al.r~ and action t,airti (:ci~,:ri,...). Altio for cvcry pa.ir (.ti,n)

wit.h ~r E II wr~ can rl~~linr~ a funr tiou .Ix(.y) tiy:

.l - ~ ~ilxó,:r,~,...) if ll(rri ,Jif„ ..) 1 l)(:c,),L - 0, I, ..;
~(.`) -oo ot.hcrwrsr,

Notr, that for cvcry n and .ti:

.l~(ti) - w((.~,~rr(.ti),Ji,,r(~,~(.ti,~r„(.ti)))-

clcarly,

(a.s)

.l'(.,) - yup Jx(s). (3.10)
,.Eir

Now wr~ turn to t.hc dynanrir' progra,n,n,ing furtnulation r,f t.hc problcm. Lct

C'(.4) dcnotc t.hc conr~ of uphcr scrnicontinuous funr-Lions fron, .S to R'. Wc~ dc(ini~

an ope~rator 'I' on this spacc as follows: (ur any .l E~~i(5)

('I'J)(.~;)- sup W((.ti,R),J(l~'(ti,a))) (a.ll)
nEr:(.,t

tiubjc~cl, to .l(.v) 7 !)(~ti,rt).

If 1,hcn~ iti no fr,asiblr~ o. Lha.l, s~ut.istics thr~ inr~cntivc constrainL at. s t,hen we sct.

('I'J)(..) - -oo. (3.1'L)

I~or r'unvr,nicncc wc introduu, thc correspondencc A from C'r(S) x .5 into subsct.n

r,f tha act,iun ticL, dcfinad for any pair (. l,.v) I,.Y

n(~,.5) - {a E ~,(.5) : .i(s) ~ i~(.ti,a)}. ( s.l:;)

~1otc that. if

J ~ J'

I1



I h~~n

n(.l,.ti) ~ n(.l~,.,) ror c~vcry .ti.

N'ith this notal.iun, 1 hc~ upc~ratur 'I' c'an bc~ cli~finc~cl as

(7'.l)(.v) - sup W((..,ct),.l(l''(.ti,u))),
.~Fnf~..~l

with thc c~unvention that. sup„E0W((.ti,a),J(h'(s,a))) --oo. 'I'his formulat.ion

tihould hrin~ ont clca.rly thc~ sirnilarit.y wil.h t.hc Rcllman opcrator, as much as two

c rucial dilG,mnres.
"I'hr firtit ~liffcrc,n~c~ iti t.hc~ cundil.iun 3.I1. 'I'his condition inrplies that cvc~n in

well beha.vc~d cases (for iust,anu~, srnooth ancl convi~x preferences and technology) the

opcrat.or niay noL rnat, continuous funct.iona into ~ unt.inuouti functiona.

'I'hc tic,con~l dilG,r~~nrc is alrcady obac,rvc~d in 13c~nhabih and 13.ust,ichini [3]: c~ven

in Lhc clisc~ouiiLc~~V casc, Lhc opc~rator "!~ is not a coutraction. lt is c~asy to scc why thc

standard pruof oC this propcrty for unconstraincd dynanric programming problems

(tiee r~.g. Stokey and I,ucas, [I'L]) Cails. "1'hiti proof, based on Rlackwr~ll's 1.heorem,

requires that for any func'.t.ion .! and const.ant c, H(.l ~ c) C l1.T f ~a '1'his property

clocs not. huld in thc~ ~'atic' of Lhc~ opcrator "I' hc~causc~ t.hc func'l.ion J appears in thc

contil.raint, tict..
"I'o sirnt~lify thc oxposition and avui~l thu nc~c~cl t~o recall cac'h Limc thc~ provis~o

Lhat. t,hc tic~l. ~l(.l,.c) is non crnpty, wc~ lirst c~xtcnd Lhc dc(init,ion o( W l~iy sc~l~l.ing:

W((s, N),?I) --oo fur cvcry .ti and ,y; Lhrn tu cvcry uppcr ec~rnicont.iuuous function

.l wr~ aatioc~iatc~ a funr~tion ~i(.l, -) definecl hy:

~a(.l,.,) E ar~m:rx t~Ent.i...ttw((.~,n),J(f~'(..,ra))), if ~l(.l,.ti) ~ N; (3.14)

f~.(.l,.v) - {N}, rf n(.1,.,~) - N. (3.IFi)

A Jizcd poitcl of thc~ upcrator "I' is any uppcr sernicont.inuoua function J such Lhat

"I'J -.l; it tnay be dc~scrihed by the eyuat.ion

J(.ti) - W"((.~;,Fc.(.l,s)),.l(h'(.5,~~(.l,.ti))) Cor evcry a. (3.16)

"1'hc 13alln,an operatur R iti dc~finr`d, a.ti usual, hy

(I3J)(.ti) - „Ëjx)W'((.ti,n),J(F(s,a))). (3.17)

I'or any J E- ('~(S), it is r'Icar t~hal.

1l.1 ~ "I'J.

For any k- 0, 1,... wc Ic~L "I'k denote the k-th itcrate of T, and '!'~ is the identity.

In tho nc~xt t,ropositiun wc collcct sornc obviouti and usefttl fact,s.
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Yroposition 3.1 i. 'I'he .vuprrnzverra in thc definelinn ~?.Il, 3.12 ojT is nchicvrd;

ii. 'I' : ("(,4) -~ C~(.4);

iii. If .l ? J' llerrt 7'.l ~ 7'.l';

ivi. If .l ~~l'.l thcn 'I'k 1 C'l'ktc J for rrrry k.

Wa~ can a~,~,ly now'hhcorcm H, Fral;F fi7, uf St.rcufcrt ~14]. "I'his t.hcorcm imposc~s our

~~ssucnptions (il.l) Lu (~1.1) plun Lhc courluviun of Lhc~ Ictnrna `L.I1 to concludc" tha~.

.1,~ iti an ndmissiblc soluLion of Lhc~ [3cllman's cquation, i.e.:

tiincc for c~vc-ry .l,

wc havc thal.

11.1 ~ 'I'.l. (3.IH)

J~ ? 'l'.ln. (3.19)

Also it (ollowa Gom t,he Icmtn~ '1.12 in Lh~ r ase D- -oo Lhat .lo E C~ (S). HFnce

thc scqucnc c~ uf funcl.ions

.lk - lk.lO.k-O,~....

is a rlacn~xtiing tioquc~nee in C~(.S), ancl Llierc~forc~ Lhc~ funct,iou .l,x„ defined by

Definition 3.2 J,~,(.4) - IimA-.,x,.lk(.ti),

is wo11 clefinc~d, and iti a.n upper sr`tnicont.inuous funciion be,ca.usa Lhe litnil. oí a de-

crcasing ar~yucnr~c of uppc~r sernic~crn~.inuuus Íimc'Lionti.

We staLe t,hia obnr~rval.ions fornrally, togc~ther wil.li t,he propc~rLy t,hat, .la, is a fixed

point, of 'I', in thr~ following Lhoarcrn.

Theorem 3.3 l,rl .la, br rlcfincrl n.ti in .`1.'~' aGovc. "I'lecn.

i. .l„(, i.ti ren upprr .,rnairnn[inuous funrliora, J~,~, C J~;

ii. 'I'J,x, - .l„~.

Proof. '1'hc point i follows frocn Lhc dc,(iuil.ion of Ja„ and t.hc~ propc~~rties 3.19 and

:f.lti abovc~; point ii is ~iroved in t.hc two noxt Ictnrnata.

Lemma 3.4 l,ct J,,, 6r definr~rl as in fhr drfi.nitimr ,~.~ abovr. '1'hrn 'I'.h C.l,x,.

I :3



Proof.

(1'Ja)(~ti) -

G maX W((.ti,a).(7,kj0)(F(s,(L))). (3.20)
- nEA(Tk~o,s)

max W'((~ti,a),.~~.(~'(S,a)))
nEA(J~.~)

'I'he first cyuality is the iixed point property of J~,. 1~'or thc second, note first that

(i) 7'kJo ? J,,,,, which also implios (ii) ~l(Tk,lo,s) ~ ~l(J~,s). ( i) and (ii) toget}rer

give t.he~ serond ineqrtaliLy. liut. t.he Lerni in 3.`20 is (TktrJo)(.ti); we have Lhereforc

proved that 7'.la, G"!'r`Jo for cvcry k~ I, and Lhcrr'fore 7'J„~, G J,,, a,5 claimed. r.

Lemma 3.5 Lel Ja, be defraed a.v in .i .2 above. 'I'hrn TJ~ ?.1~.

Proof. If J,x,(s) --oo t.he clairncd inequalit,y iti obvious, so in thc rest of the proof

wr~ astiunx~ tliat. J„c,(.h) 7-oc. Sincc J.,,(.ti) i, Lhc limit, of t.hc decrcasing 5c~qucncc

{Jk(s)}k-r, wc havc Jk(.ti) ~-oo for cvcry k. Now Lakc, for evcry k- 1,2,..., au

clement, ak in t,hca set of maxirniscrs in t.óc proble,m dcfining .Ik(.ti):

rnax W((s,a),Jk-r(l-'(..,a.)))
nEr,(..)

subjecL to Jk-i(.ti) ~ U(.ti,a).

Since G(.5) is a cornpact set by atisumptiou (~l.l ), t.hi~re exists a subsequence ~: N-~

N such LhaL a,y(k) converges to some á E C(s) as k tr,nds to oo. '1'hen (sec SLreuferL,

~)~~)

.~„o(~'(.S,a)) - ~Ik71.~~(~)(~'(.ti,a))

~ IirnlimsupJmlkl(~'~(s,a~(;)))
- k Jk

~ IimlimsupJm(,)(F(s,aml;)))
- ~ ,~k

~ lim supJ,y(;)(l~'(.ti,am(;1)). (3.21)

'1'he (irst eyualil.y follows from t,he de(inition of J~,; the second incyuality frorn

the uppcr semicontinuit.y of Jm(k), the t.hirrl from Lhe ineqnality Jm(,) G J~(k) for

i~ k, and th~~ fourth follows hecause th~~ index k is not. appearing in the lirnit. Wc,

concludc:
J,b(H(s,á)) 71itn supJm(4(I'(s,ayGl)), ( 3.2`L)

while
- D(.s,á) 1 lim Sup-D(.c,am(;l) (3.23)
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iti immcdiaLt~ from tht~ lowc,r sc~rniconLinuily uf U(n~..) (assumptiun (A.5)). Adtling

3.'?3, 3.~'L anJ nsing a basit~ priipt'r~~y o~ tht~ litn suE~ we gr'L:

.1~,(l~'(.ti,it)) - U(s,íi) ~ (:S'24)

1 ~irn sup~.l,rh)(~''(.`,a,nl~l)) - ~)(.v,a~,(~1)~.

13ut Ity ~It~linil,ion of am~;~,

J~,~,~(l''(.ti,a,b(s))) - I)(.ti,ti,ni~l) ~ 0

fur cvt~ry ~t~, and so froin ;1.2~ ~nd a.2fi

Now

('I'.1.. ) ( ~ )

(3.25)

.l,o(~'~(s,á)) - D(s,~) ~ 0. (3.26)

- mn.x W((.,,a)..~~~(~'(.,,n)))
, Et:(.~)

tiitbjecL t.o .l,x,(!~'(.ti,n)) ~ D(.ti,a.)

~ W((.ti,à),.l.x.(I'(s,á)))

~ litn sup W((ti,am(~))~'~~(~)(I' ( s,am(l)))
~-.x

lim sup Jml~)~i(.5)

- J,x,(.5).

fhc firsl. c~yu.~lil.y is aRain Lht~ (ixcd point prupcrty of .l„~,; thr` sccond follows bccaust~.

n E(;(.v), a.nd a.2fi; thc Lhird inequalit.y is dt~rived wit.h ~~hc same argurnt~nt. uscd Lo

provt, t.hc ~ha.in uf int~yualil.it~ti :3.'LI, t.hr I~tvt, t.wo art~ t~hc dr`(init.ions o[ Jk antl J„r,

ri~spcta.ivcly. 'I'his pruvcti o~n' t ln.im. '

Wc can now st.at,~~ ~nt1 provc Llic thcurt~ni thaJ characterizt~s t.ht~ valuc fuuct.ion

Thcot'em 3.6 Assttner ( A.l ) tn (A.5); ll~tn
l. J,x, - .l',
v~. J' - TJ' ;
:1. If .l' E C~(.S) ~is ..~uch. lhnl J' - "!'J' Glr~tn .I' c.l'.

Proof. Claiin 2 follows [rum I and Lhe fixed point, propcrty of .l„~,. Claim 1 is proved

in tht, nt~xl, Iwu lc~tmnata. ('lxim 3 is pruvcd last,.

Lemma 3.7 Assuinr ( A.1) ~n (~1.5); than

J,x. ? .l'.
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Proof. Il. iv cnough Lu prove Lhal,

J,~(.y) ~ J"(.ti)

fur cvrry Ir„lir y n anJ ~~vcry .. E.ti'. In Lurn Lo tihow this, ( rum Lhc, cle(inil.ion a.'l of
J,,, i4 sulii~'c~s Lo prov~~ Llial.

( ~ k-~0)(.ti) ) .~~(.,) (.3.27)

for evc~ry (,. - 0, 1,... 'I'he proof of t.his IatiL c~lairn is by induct.iou on k. H'or k- 0,

("~,ir~o)(~`) - .~u(~.)~.l"(.ti).

brcausc~ 'I'c' is I,Irc icicnLily ope~raLor, ancl Lhc polir y rr sat,isfics Lhc [casibili~y con-
st rainl.. Assutni~ nuw a.'l7 for k- ra- I, wc~ c lairn a.2ï holds for k- re. If .Ix(.ti) - -oo
t.hc~ i lainicrl inr,qualil.y is ubvions, tio in Lhr rc,sl, uf Lhr~ trroof wc~:rstiunrc, .l"(s) ~-oo.
lii~call Lhal. rrrr(.c) donut.cti 1.hc iirsl. pcriod chuicc of ac'Liuu accurdinfi Lo Lhc txrlic'y n;
wc havc:

("~,,, ~rr)(.ti) -

~ max W((s,a),.~t,.(~'(ti,a)))- nEr:(a)

tiubjecL Lo J„(Ir'(.ti,a)) 1 U(s,a)

? .~"(-ti);

"I'('I'n-'
Jrr)í.ti)

"I'(Jn-r)(~`)
max W((.ti,~),.~n-i(f'~(~",a)))nEC(e)
subjecL Lo .l„-r(!~'(.a,a)) ~ D(.S,a)

(a.'Ltï)

wlrcrc Lhc (irat cqua.liLy folluws frunr Lhr~ cl~~linit.ion of 'I"' Lhc vc,cond fronr Lhc~ dcf-
inil,ion of J„-i, 1hc~ Lhird (ronr Lhc dciiuiLiun of '!', Lhc fourt.h frotn t,hc inclu~'t,ion
hypothesis, and t.hc last. from t.hc, basic relat.ion 3.9. ~

Lemma 3.8 ils.cunec (~1.1) l.n (~l.fi): llarn

Proof. lic~call t.lral., wil.h v(.,) -~(.l„r,,.ti) fur evcry .v,

~~Í,S) - W((.g,v(.ti)),.1,~(l"'(.,,v(.ti)))). ( 3.'l9)

If J,w(s) - -o0 1.hc~ claimecl incyualit.y is obviouti, so in tho rctit of thc proof wc
assumr .1,,,,(.ti) ~ -oc,. Uc~fiuc Lhc, ecqucuccti

.ti~ -.ti,~r - ~(~`r).srfr - ~'~(s„n,),x; - (.tir,a~),t - 0, I,... ( :3.:30 )
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Itc,ral.ion of 3.29 givc'~ti, for e'vc'ry k- 0, I, .

.~.,c.,(4k) - ~~(JU, W(fl...., W(:Tk-I,Jn,(5k)))-

Vow .1,,,,(.v) ,-oo, 3.a1 and a.tisumpLion (A.2) imply

(3.31)

Ja,(,tik) ~-a, for k- 0. l,... (a.32)

5ince .1,~, in .r fixed point of 'I', frorn t.hc dc~finit.ion 3.:30 and '3.32 we have

.la,(sk) ~ l)(xk), for k- 0, 1,... (3.33)

I~ronl JII 1 J,,, follows LhaL for evc~ry .ti E.ti:

suP('(xxoC~'(.ti,l:(.ti~)) ~.Irx(s).

Vow wc' havc~:

till{)~~(Tk,.rk}i,-- ,~k}m, k,~ Iw)r('Sk}m,~('Sk}m)))

- tilll) W(Ik, W(:Ck}I,.. r W(:T.k}m,~~(Xix~l~~'(.Sk}nn~i(.Yk}m)))))

~ W(Jk, W (sk}i, . . - W (~k}m-I, ~,~(~Sk}m))))

- Jno('Sk)

~ I)(xk).

(3.34)

(;i.:i5)

"I~he~ lirnt. c~qualil.y is frorn Lhe' ha,tiic rela.Lion 2.`l linking U and W; Lhe second frorn
3.3~1; the t.hird from 3.a1; Lho fourth from 3.33. liy upper convergence t.he above
incyuality itnplics t.haL for evc'ry k- 0, 1,...

(~(1:k,sk}I,...) ) Ja,(tik) ~ ~)(~k)~

'I~he abovc' iuc~yualil.y imt)lies (i.) LhaL 1.he sequena' {~k}ko is in t.he set, o( seyuences
thaL saLisfy Lhc inc:cnl.ive cou:;Lrainl.s in thc rnaxirnisation problem Lhat def ucs J'(s);
and (ii) that U(scl,.ci,...) ~ J„~,(s). Thc t.wo conclusions (i) and ( ii) give:

J'(s) ~ J~,(s)-

"fhis concludcn t,hc proof of thc Ic~rnrna. ~

'I'o c~otnplc~Lc' thc proof of t~lic thcorcm wo t.urn Lo ('laim 3. Let J' hc a fixcd point
of T. Sincr I3kJ' ~'I'k.l' - J' for evcry k, and F3kJ' converges Lo a lirnit which is less
Lhan or cyual t.o Jcr, wc havc JI) ? J'. Now Lhc incyualities Í'kJ~ ~ TkJ` for c'vcry k

imply that, J' ~.l' as clairned. 'fhis con~ludes Lho prool oC Lhe theorern. ~

Wo conclurlc wit,h a corollary of t.hc Lhcon'm. It. shows thaL whc'n tl)~ c~onstraint
funcl.ion U ouly dc'pcuds on Lhe sLaLe variable, Lhe problem is equivalent. Lo the

uncontit.raiucd problc'rn if J' iti cverywh~rc finitc:
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Corollary 3.9 Wltcrt th,r funr~lton D drprnrl.ti unh~ on llte slate variablr s, if .l'( ti) ~

- oo fm~ rur rt~ .ti E.S, Lhen .l' -.h~.

Proof. nti wc~ know,

.i„ ~ .r (;f.:fs)
holds in g~~ncral. t`Isu if .l„(.ti) 7 U(.ti) for cvcry .ti, Lhcn t.hc inccntivc constrainl.

is satis(icd hy Lhc opl.imal unc~ontil.raincd {,ulicY, and Lhcreforc J' - Jo. Assume that

Lhis last cyualit.y, which ix thc~ conclutiion of t,hc corullary, does not hold. F'rorn uur

sccond renrark wc now conchtdr~ 1~6at for sornc s', .~u(s') C D(.ti'). [3ut t}ten from 3.3f

J'(.c') G I)(.ti') t.oo, and t.hcreforc J'(.5') -- oo from thc dcfinition of thc operator

.l, .

4 Finite Horizon Approximations

'I'hc, spc~rilic prohlc,tns of Lhc r,lnss discnatiod in t.his papcr may bc difÍicult to analytic~

c~xplit'.itJy iu aiialyt.ic:al Lcrnra: so a nurnc~rical simulation of thc solution rnay bc~ in

,utnc~ ~':Gtit~ti a nti~'ful tuol. .~ naLin'ttl way tu srf. Lhc~ probletn nutncrically is of c'ourvc~

t,hc~ dirc~rL ruinpul.a.l.iun uf Lht~ va.lur funt l.iun hy suc t t~ssivc itcrations, ati wc havt~ sc,i,n

in 1,hc pn~vions sccl,iunn. I` tic~t'~rnd way is tu c.ornput.c (initc horizon approxima.t.iuns.

In lhiti z~~t tiun wt~ vt.n~ly t'onditiunz un~lt,r which a{~propriatc,ly dc~fiucd approxiniatc

,olntions ul (initc-horizon truni~atiuns an~ a{;ood ap{rroxitnation uf I,hc in(initc~ huriron

problctn. I~irtit. sornc, batiit~ nota,l,ions antl dt,linitions are inl,roduced.

X in nuw atisrunc~d Lu bt, a separablc rnetric spar.e. ( When .4 - ~(S2) aa in the

tiecl.ion 2.1, t.his e'ondit.iun follows if S2 is separable metric.) hiir any elernent a E X

we dc(inc thc~ con.aunl pa.llt ,r' E X"`" xs

(,:c)t - :c for cvcry l.

The funcf.ion v: X -i IZ` iti defined by applying Lhe utility funetion U to constant

paths:

7l(T) - II(,.r) (~.3!)

so thaL c~lc~arly
7l(S) - W(.T.,21(.T.)).

Wc bcgin wit.h the ca.tic I) --oo, t.hat. is Lhc unronatrained casc. '1'his is a uscful

int.roduc I,iun, and will pc~rhapti also bc hc,lpful to clarify thF differencc hetween the

I wo catic~ti.

Lct X r bc~ t.Lc "I' t,itncw producL o[ X. 'I'hc finitc horizon appmximation aggrcgator

WT : X~'}I ~ ~~' IS

Wr(LO,sI,...,T"i') - W(TO,WÍ~t,...W(xT-t,rr(T"t'~~...). (d.a8)
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('I(~arlV fur rvc`ry "I' aud rv(`ry (.cn,...,:r7 ) F Xrtl

!
~II (X) - I~(:L().....T'l~-I,~f~"I')) - ~~ (~~ll.~l. (.L'3'1)

An firLrlr horiznrL a.pproximalinu (witll horizon 7') to the~ unconstrained prohlenl

is dcnotcd by I'~~~(s) ancl is d(~(in(`d as 1.hc~ I)rohlctn of (inding:

Illilx W 7 (.I'll, . .. , J'7~). (~Í.~Q)

tilih Il`(:Í. t():

in E(.y, ~~(.y)),.r7tl E i~(:rc) for every L- I, . ,7~- 1.

'I'hc n~l'inan! .tiolul~inrL of Lhc "I' approximation is dcnotcd hy zr, and thc value

at .. by .1~7~'(s). "l'o bc uscful for nlun(~ri(-al purpuses our approximation ca.nnot

rc(tuirc cxa( t solut.ions of thc LnnlcaL(~d prohlcrns; so wo int.roducc Lhc c~oucepL of an

c-opt.intal sohll.ion. "I'his is a fcatiihlc path that is not rnore Lhau ( disf.ant in valuc

frotn tli(~ Lrn7~ opt.inlal (of ih(~ tnln('at(`(I prohlenl), t,hat. is a. fc`asihlc pat.h y~L~ whi('h

,al.itili(~ti

.l L ~' (.ti ) G W r (?lo, . . . , jl'r' ) -1- t . ( 4 A l )

'fh(~ vet of r-at)proxinlatc solut,ions is d(~notc(I by rargtnaxl'r(.~).

'I'he so(tu(`ncc of iLV)V)roXlll)at(' .l'OIntlUllti is now determincd in t.he natural way.

f~ind approxilna.te solnt.ions to t.hc (inil.c dirnensional prohleln Y~~(s), extend the

sulution Lo an clcnu~nl. in X"' ScLl.ing Lh(~ c'oordiual,ce (or f. )"I' equal to thc T

( umpon(`nt. Now nla.k(~ t.h(` horizon };row, a.ncl at 1,ho tiamc t.inlc improvc Lh(` approx-

imation. I~or larl;(~ "I'. w(~ ohtain in thiti way a valuc arbitrarily closa to thc valuc of

the in(init.(` horizon prohlrrn, and a sequc`n( (~ uf solUl,lolls 1.haL are closc to an optirnal

nolut,ion of t.hc in(init(~ horizon prubletn. Mor(` forrnally wc havc:

Theorem 4.1 n.ti.y,L,7L(: (n.f ) r.r) (~l.~i), aTLd !cl {e~r,x~r~}-j.-o,xr E X"" jor ever~7' bc

Il .SC(l7l('rLC!' .tiill:'L lÍL(ll:

!) lirrn~~ r~~ - 0,
',,~) a~ - r,~. jor cvr,ry l 1 '1"~ aurl (al~ , . . . ,:r.~.) E ct -rtrgrrtaxPt (s),

thrn urL,y rlu.clcr poin! x nj IIL~ .vcq7LCn(r {xr }.~o i.ti a solulion nj P(.ti).

Proof. L(~I a~~ hc a s(`yucnc'(~ of ( 7-approxilnatc solutions of I'~~~(.5), and I(`t x`7''~) -

x) bc a suhscyucnu~ ('onvcrging to x. "I'hcn

U(x) ~ litn tiupl!r)(x')- )

i llln SIII)~.~T~~'(.v) - rT)~

J

- lllll tilll).ÍO~'(.ti). (~.~~)

l
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l.et z hi, a tiolution of Lhc infinitc horizon problc~tn, so t.hat:

J'(.ti) - U(z). (~A3)

'I'han
.IT~"(s) ~ I!~(x)

L~~causc~ irrt~ E Q(xi) for e,very l. Siuce ( ~ is upper semicontinuous

lini supl!r(x) C .~"(.ti);

whilc
lim inf(1(ï~~,..~.

hy lowcr r~unvcrgcncc, ao LIiaL:

W~~ conclu~l~~ frum 4.9~i, ~1.4(i:

~,r x.x,,r.t~~~`(.S,C(5)) - ~~"(.ti)

IilnUl'(X) - J"(.ti),
r,

(1.46)

(4.97)

liin tiupJr"'(.ti) ) .l'(.,). (~1.~1f3)

su Lhr~ conrlusion folluws frutn t.hrr co~nlrinatiun uf -1.~2 and ~l.~t;. ~

l~or t.hc gi~ncral c~isc (whcrc I) is finit.c) a morc~ subtle xrgunx~nL is necdc~d; in

part.icular it is now necessary to construct. a sequence of approximations of Lhe utility

funcl,ion which arc monotonically dccrcasing to U.
Morc preciacly, Ir`t thc (unr'tion V be any function from X to R' that satisfics:

V(su) ~ U(.ca,a'i,...) for r~vc,r.y (r i,-..) E W(l~'(.ti,a~)). (4.49)

IltiinR Lhr~ unconsl.ra.incd valuc funi'tion onc ra.n find a natural candidati~ for

I,hc funcl.iuu V; buL niurc obvious etitimatca niay br~ availablc (for instancc, if U

is boundcd by a constant M, t.hc,n this ~onstanl, is an admissiblc V). Also Icl,:

~~i(20i...,:T,T)-W(~O,f~(:r~,...,~V((L~i~-~iV(~~l'))). (~.J~)

I~or thr~ givcn V, Lhe fireil.c hnriznn approrimntinn., also denoted C.'I'~r~(.ti), iti defined

rnaxW(~o,(W(xi,...W(rT-i,V(~T))))), (4.51)

(i) su E(.ti,C(.v)),:c~~~ E Cl(:r.~) for c~vi-ry L- 1,...,7` - I,

(22) ~V(2l,(W(Tf}I,...~V TT-1,V(~T~T))))) ~ ~~(2r),i - n, f,..., ~- I

'?f)



Opl,inra.l sulutions and apVrr'uxirnata,olul.ions ~rr' dckincd and dcnutcd ati fur Lhc

ra,tie o( thr. 1'~r~(.ti) problenr. In this snbsrct.ion we shall need Lho definition of cpi-

r~onvergencr~ of functiuns. lyc-t.ually, sinc'e our probletn is a tnaximization prohlem, we

prescnL I,hr~ hypo-convcrgcncc vcrsion of thc Lhcory. For a morc completc discussion

thr~ rcackc~r is rcdc~rred Lo At.tour'h stnd Wr~t.s }2} or l~ttouch [1].

I)eflnition 4.`l ~Í nrqttrnrr o~ frenrliotr..~ {ll r}'1,-rr drfittrd on rr ntrlt'ir' .yprtrr ,X rutrl

rnilh valur., an lh.r cxlrterlcrl rrrtl.ti leylpn-conxrctrlrs lo l~ uG x iJ

(r) l~~nr rvrry sttGscyttrn.rc nf fun.rlinn.v { 1- ~~ }'~-u nnrl scyuencc nf poinGs {:r.~ }~-n rott-

nrt'~in~ lo .r , tuc hn~ur lhrtl

lirn suplll~(r') C (1(c);
~

un.d
(ii) lhctr rci.tils a .SCyucttrr {~r }.~-rr C071.7rr'tYlYArI l0 a' R7lflt lhral

lim inf 11 t(rt )~ U(a).r.

Wit.h I,hc ncw dclinit.iun of (init.c approxirnal.iun Vtrohlcnr ('l't (.y), thcorr`m 4.1

hulds wit.h virtually no clranges. I~'or cornpleteness, I,hc slatcnrcnt. is:

Theorent 4.3 ~lssuntr (~l.l) lo (~l.~i), and lrl {r~r,x~ }-i-rt,xr E,X"o for rtur?~ "I' Gr

a .ticyttrncc sttrh Lhrtl:
I J linrt. r t - 0,
~) :c~ - r-~. jnt' rncr~ L 7'I', rin.rl (:r,~,...,x.~.) E r~r-rarqtrta.zC.'Nr (.ti),
Lltrn att;il rlusLrr l~oin~l x of lhr .crqucncc {xt }.~rr in~ n.SOluGinn of CP(s).

Proof. I''or ll t rlc~fincd by 4.~d1 wc, havr~

U~t~ )(lrtr ~ U for cvcry 7; (9.52)

so thal, for cvc~ry 'l':

.1"'~'(.ti) ? .l'(.5).

Also, by atisumptions (A.4) (in parl,icular, frorn upper convergence), for every x,

IimUt(x) - ll(x)r.

liy Lhc munotunicity propcrty 9.:r'L, Lhc ticqucncc o( fuuctionti is cqui-uppcr scmicon-

1.inuous (in thr~ product LopolugY); hence by corollary `1.19, in Uolecki el alii [6]

U"I hypo r'.onvcrgcs to (1

We now prow~ that U(x) ?.1'(.Q). Let {x~~~}~-rr be a suhscyuence converging to

x. 'I'hen

'L I



U(xl 1 lim sup(~r~(xr') (4.:ï3)

~ lini~inflrr~(XC`) (~LR~)-

7 lint inf l~~ (x~ 1 (~~.:r~i)
~ - ~r
1 lirnrin[(J~''(..) - c~] (~LSfi)

~ linl infJ~''(.c) (9.~i7)

1 .l'(.ti). (4.58)

'I'hc~ firsl inc'yualilv fullows (rorn Lhc hypoc'onvergcncc of U~r~, and Lhc~ IaSt by Lhc

tnunol.unic il.y uf I,hc sainr sc'qurnrc; Lhc~ ul hrrs an' ubvious.

I~ inally, notc Lhal. Lhc rlusLcr poinl. x iti inc~cnt,ivc~ contpatiblc, Lhal. is:

I~lcx) ~ 1)(.cc) f- 0, I,..

Wo conc~luclc~ Llial, x iti a soluticm of C1'(.v) ati c.lainu~d. ~

5 Conclusions

I':xatnplcs uf applical.iuns of Lhc ~encral problcm ditic'utiacd in Lhis papcr arc appcar-

ing in t.hc, litc,raturc quitc~ frryucul.ly in Lhc rccent. pasl, particularly in Lhc arca of

dynarnic ~;xntcs ancl applical,ion to macroc~conomics a.nd policy istiucs. I?xarnples ha.vc

bec'n pr'ovirlccl in I,his papcr: Irut. tic~c~ also Marinton aud Marcct ~l l]. A vcry nat-

ural applica.tiun is tltc cliar~ctrrizat.ion ~~f sccond Lc~tit cyuilibria: scr` Lhc cxantplcti

clcscribcd in sc,cl.ion I.I. Wc hupc Lo havc~ cout,ributcd hcrc in c'larifying a fc~w points

uf a tcchnical and conccptual nat.urc conc:crninq I,hcsc problemti.

'I'hc' (irsl. is Lhat, incxnt.ivc ronsl.rainc'd pruhlc-rns inay havc a nat.ural fcrrrnulatiun,

and a naturaJ solut.ion, in Lhc' gc,ncral fra.tncwork uf dynamic prograrnnting, whilc

keeping tuu:hanged lhe urigina.l sLate~ tipace. ~I'his iti part,icularly clear once it ia re-

alired t.hat, t.hc' appropriatc spacc~ for thr' valuc func't.ion in this ca5c is tltc spacc of

uppc~r scrnicontinaons func.t.ions. Of courtic' thiti spacc has alrcady bcrn nsc~cl c~xton-

tiivcly for t.his purpoar: but, in t.hc~ c'~,~c~ of inc.c~nl.ivc' const.rained problcrns il, is ntaclc'

nc~ccsti~.r'Y, r'athcr tha,n by thc~ lark of rcgula.ril.y of thc problcm (likc, for instancc-, an

uppcr tic~mic'ont.inuous rathcr t,ha.n c'ont.inuous ut.ilit.y, or produca.ion) by 1,hc conal.rainl

it.sclf.
'I'ho forntulat.ion uf t.hc' valuc' func'Liun fur 1.he problem av Lhe solut.ion of a lixecl

point. shoulcl hc uac~ful in t.hc st.ndy of analyl.ical propcrl.ies of t.hc optimal palh. Of

coursc., unc' irnport.ant propc'rty {rroviclc'd by Lhc contract,ion rnapping approac'h is

lost,: 1,hc uniqw~nc:;s of Lhc solution. l~ur inalancc, t.hc, funcl.ion wftictr is iclent.ically

c,qual to ruinnti infinity is trivially alwayti a fixcd puint.

'I~hc la.a, point. wc, wanL Lo crnpha.tiizc is Lhal t.hc- tiolution tu incentivc cunstrainccl

problems is robusL: in parLicular it is robnsl. to nurncrical approxirnat.ions. Considc~r

.~.~



fur inst.aucc, 1,hc~ prcx~c~dun~, qniLc~ c'oniinun in 1.hc 1.rcaLtnenL uf polic~y proLlcniti by

nncnc,ric al nn~thuds, of alrl~nixinialinp; Lhc~ inliniLc, hurizun pruhlc~ni hy a IiniLc~ hurizon

Irnncal.iun. In Ihc~tic~ I~rucc~clurc~ti iL iti utiually a:aiinic~cl t.hal., i( LI~c~ IiniLc~ liccrirun i. Car

c~nuu};h in t hc~ fnt.urc, t hc~n Llic, suluLiun Lu I hc~ linilc, proLlcni is a. ~uucl apprcixi~nal,iun

Lu 1.hc t.ruc~ ot~l.itnal sulnl,iun. ' I'his assuinpLion ia lc,git.inialc in viow of our Lhc~uroni

1.a.
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