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ABSTRACT

This paper describes a method for testing a parametric model of the mean
of a random variable Y conditional on a vector of explanatory variables X
against a semiparametric alternative. The test is motivated by a conditional
moment test against a parametric alternative and amounts to replacing the
parametric alternative model with a semiparametric estimator. The resulting
semiparametric test is consistent against a larger set of alternatives than are
parametric conditional moments tests based on finitely many moment conditions.
The results of Monte Carlo experiments and an application illustrate the
usefulness of the new test.
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TESTING A PARAMETRIC MODEL AGAINST A SEMIPARAMETRIC ALTERNATIVE

1. INTRODUCTION
Consider a parametric model for the mean of a scalar random variable Y

conditional on a random variable X € & (L = 1):
E(Y|X=x) = £(x,6), (1)

where f is a known function and § € %% (K = 1) is a parameter whose value must
be estimated from data. For example, f might be the mean function in a linear
or nonlinear regression model, or it might be the probability that Y = 1
conditional on X = x in a parametric binary response model. The problem
addressed in this paper is to test the hypothesis that (1) is true for the
specified function f and some 6.

One way of testing (1) is to specify a parametric alternative to it and
test f(x,f) against the alternative. Most familiar methods for testing (1)
against a parametric alternative belong to a large class called conditional
moments tests (Newey 1985). These tests can have high power against specific
alternatives, but a parametric conditional moments test based on finitely many
moment conditions is not consistent against all alternatives. In particular,
a test of f(x,0) against a parametric alternative model may be inconsistent if
the alternative is misspecified.

A second possibility is to compare the parametric model with a
nonparametric estimate of E(Y|X=x). Let 3, denote a n'/?-consistent estimator
of # in (1) based on a random sample of the distribution of (Y,X). If (1) is
true, the nonparametric estimate and f(x,0,) are equal up to random sampling
error. See Hdardle and Mammen (1990), le Cessie and van Houwelingen (1991), and

Whang and Andrews (1991) for specification tests based on this idea. Bierens
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(1990) gives a conditional moments test of a parametric model against a
nonparametric alternative. These tests are consistent in all directions but
have characteristics that can cause them to have low power or other kinds of
poor behavior in finite samples. For example, the tests of Hdardle and Mammen
(1990) and le Cessie and van Houwelingen (1991) lose power through the so-called
curse of dimensionality (Huber 1985) if L > 1. The test of Whang and Andrews
(1991) requires splitting the sample into two equal parts, which reduces power
and can result in poor small-sample behavior.

This paper describes a test that aims at avoiding these problems while
achieving consistency against a larger set of alternatives than is the case with
parametric conditional moments tests based on finitely many moment conditions.

The intuition behind the test is simple. If E(Y|X—x) = f(x,0), then
E[Y|f(x,0)=f] = f£. (2)

Therefore, a nonparametric estimate of E[Y|£(X,d,)=f], considered as a function
of f, differs from a 45° line only by random sampling error. One can test (1)
by determining whether the difference between the nonparametric estimate and
the 45° line is larger than can be explained by random sampling error.

More generally, consider the model
E(Y|X=x) = F[v(x,8)], 3)

where F and v are known functions. If (3) is correct, nonparametric estimation
of E[Ylv(x,’n)-v] gives an estimate F(v). Thus, (3) can be tested by comparing
the nonparametric estimate of E[Y|v(X,d,)=v] with F(v). One way of obtaining
(3) is to specify v(x,0) = f(x,8) and F(v) = v, but other specifications may

be useful in applications. For example, suppose the parametric model to be
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tested has the form (3) with F a nonmonotonic function. If the model is

misspecified, it is possible that

E(Y|F[v(X,0)] = f) = £ (4a)
whereas
E[Y|v(X,0)=v] = F(v). (4b)

In this case, comparison of a nonparametric estimate of E(YIF[v(X,O)]-fl with
f yields an inconsistent test, whereas comparison of a nonparametric estimate
of E[Ylv(x.v)-v] with F(v) ylelds a consistent test.

A test of (1) obtained by comparing a nonparametric estimate of
E[Ylv(x.on)-v] with F(v) avoids the curse of dimensionality by using the index
function v(x,f#) to aggregate a multidimensional x. Because one can always set
v(x,0) = £(x,0) and F(v) = v, any model of the form (1) can be placed into the
single-index form of (3). Thus, the test is not restricted to models that can
be estimated in single-index form.

The remainder of this paper describes a formal test of (1) that consists
of comparing a nonparametric estimate of E[Y|v(X,d,)=v] with F(v). We call
this a test of the parametric model (1) against a semiparametric alternative
because the alternatives against which the parametric model is tested and
against which the test is consistent have the form E[YIV(X,O)-v] = H(v), where
H is an unknown function but v(x,f) is known up to the finite-dimensional
parameter §. Because the semiparametric alternative may not include the true
mean of Y conditional on X, there are directions in which the semiparametric
test is inconsistent. However, in a sense that is defined in Section 2, the
test is consistent against a larger set of alternatives than are parametric

conditional moments tests based on finitely many moments. The results of Monte
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Carlo experiments and an application based on real data illustrate the
usefulness of the semiparametric test.

The paper is organized as follows. The test statistic is presented in
Section 2, and its asymptotic distributions under the null hypothesis and local
alternatives are derived. Section 3 presents the results of the Monte Carlo
experiments and the application. Concluding comments are presented in Section

4. The proofs of theorems are in the appendix.

2. THE TEST STATISTIC AND ITS ASYMPTOTIC DISTRIBUTION
a. The Null and Alternative Hypotheses

Formally the null hypothesis that we test is

) :

ot EY|v(X,0)=v] = F(v), (5)

where Y is a scalar random variable, X € ®, F and v(+,+) are known, real
functions, and § € ®* is a parameter whose value is unknown and estimated from
data. For example, if Y follows a linear-index binary probit model under H,,
F and v(x,0), may be specified as the cumulative normal distribution function
and 0'x, respectively. As was discussed in Section 1, (1) can always be put

into the form (5). The alternative hypothesis is

H. s

10 EYIv(X,0)=v] = H(W), (6)

where H is an unknown function.

E[Ylv(X,d)-v] = F(v) 1is a necessary but not sufficient condition for
E(le-x) = F[v(x,0)]. 1It is possible that E[Ylv(x,a)-v] = F(v) but E(le-x)
» F[v(x,0)], in which case the test of (1) presented here is inconsistent. This

possibility is discussed further in Section 2d.



b. Motivation
Suppose for the moment that H and § were known. Consider a conditional
moment test of H, against H, based on the following moment condition, which is

assumed to hold under H,:
Ep(X,0)(Y - F[v(X,8)]) = O,

where p is a scalar function. Let (Y, ,X;: i = 1,...,n) be a random sample of
€Y. X)) Following Newey (1985), the conditional moment test statistic is

proportional to

n
§ = oMy PRy, OY, - FIV(X,0)]).
1=1

Under Hy, E(S,) = 0. Under H,, E(S,) = n!/2Ep(X,0) (H[v(X,8)] - F[v(X,0)]) = u.
The test can be expected to have power against H, only if u = 0. This happens

it
p(x,0) = w[v(x,8)](H[v(x,0)] - F[v(x,6)]),

where w(+) is a non-negative weight function that is chosen so that

Bw(v(X,0)] (H[v(X,0)] - Flvax, 0% > 0. %)

Thus, the conditional moment test in this simple case can be based on the

statistic
g+ = n /2 E w[v(X,,0) (Y, - F[v(X,,0)]) (H[v(X ,0)] - F[v(X,,0)]). (8)
n il 1" i g i b

Since H and § are unknown, one might consider forming a test of H, against
H, by replacing H and ¢ in (8) with consistent estimators. This is the approach

taken here. We replace § with the n'/?-consistent estimator 8, and H[v(X,,0)]
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with a kernel nonparametric regression estimator of E[Y|v(X,8,)=v(X,,8.)].

Denote this estimator by f,,[v(X,,,)]. The test statistic is

n
R R U R AR R LT RURI I SRR

{=

where h is the bandwidth used in the kernel nonparametric regression. The
normalization factor is h!/? rather than n"/? for technical reasons associated
with the rate of convergence in probability of the nonparametric regression
estimator. It is shown below that, like the test based on (8), T, is consistent
against H, if (7) holds. 1In contrast to (8), however, T, does not require a

priori knowledge of H and #.

c. The Kernel Nonparametric Regression Estimator

Our methods for proving the theorems in Section 2d require F,,(+) to be
independent of Y, and asymptotically unbiased. Independence is achieved by
omitting the observation (Y,,X,) from the computation of f,,. Asymptotic
unbiasedness is achieved through the use of the jackknife-like method proposed
by Bierens (1987). The resulting estimator is as follows.

Let K(*) be the kernel function used in the nonparametric regression.
Assume that K is an order r kernel. That is, for each integer i between 0 and
rz2

= 1ifi =0

Iuik(u)du - 0iflsisr-1
= d#0ifi=x

Let h = enV/2r*+ 1) yhere ¢ > 0. Let s = cn¥/2** 1) yhere 0 < § < 1. Define



n n
) -kaﬁ;lﬂuﬁﬂ/ZKp;lﬂuﬁq. 9
R j=1 3 h e h
i jmi
and
n n
£ -ZYKP;lELQQ/ZKﬁ;lELSQ. (10)
nad g1 s = s
i i=i

The kernel nonparametric regression estimator used in T, is
£ = [ - (/e I/ - (/)] an

Bierens (1987) derives the properties of this estimator and proves that it is

asymptotically unbiased and has the optimal rate of convergence.

d. The Asymptotic Distribution of T,

Define o2(v) = var[Y|v(X,0)=v]. The following theorem gives the asymptotic
distribution of T, under Hj:

Theorem 1: Under H, and assumptions 1-8 of the appendix, T, is

asymptotically distributed as N(0,0,%), where

@

- zcxj w(v)2[o(v) ) 2av

2
¢

o,

and

2
CK - I K(u) "du.
-

The proof of Theorem 1 is lengthy, but the concepts on which it is based

are easily described. First, the rate of convergence in probability of the



8
n'/2-consistent estimator 8, is faster than the rate of convergence in
probability of f,,, which is (nh)™¥/2, As a result, the asymptotic distribution

of T, is unaffected by replacing ’, with 6. Thus, T, = T,* + o,(1), where

n
T* - h1/21§1'["‘x1»’)1‘yi - PV, )] (F [v(X;,0)] - Flv(X;,0)])

and F,[v(X,,0)] is the nonparametric regression estimator obtained by replacing
v(XlJ.) with v(X,,0) in (9)-(11). See Lemmas 1-6 of the appendix for the proof
of this result. Second, it can be shown that T * is asymptotically equivalent
to a certain degenerate U statistic. See Lemma 7 and the proof of Theorem 1
in the appendix. Although degenerate U statistics ordinarily are asymptotically
distributed as linear combinations of x? variates (see, for example, Serfling
1980), the one corresponding to T,* has a special form that causes it to be
asymptotically normally distributed by a central limit theorem of Hall (1984).
Theorem 1 is a consequence of the asymptotic normality of this U statistic.

Let 642 be a consistent estimator of 0,2, and let 6y = (6;2)/2. It follows
from Theorem 1 that H, can be accepted or rejected at the { level according to
whether |T,/d;| exceeds the 1 - (/2 quantile of the standard normal
distribution. Let o%(v) be a consistent estimator of o%(v). Then, under
assumptions 1-8 of the appendix o,? is estimated consistently by

% 12

n
oy - (2cK/n)i§1wrv(x1.on)12«62[v<x1.0n1)2/ﬁnhi[v<xi.on1,

where p.,, is the following nonparametric estimator of the probability density

function of v(X,,0):



n
b (v - <nh)‘1):|<["'_"(".1'_'nl].
nhi =1 B

j=i

Methods for estimating o?(v) are discussed in Section 2e.

The next theorem establishes consistency of T, under H,.

Theorem 2: Let assumptions 1-8 of the appendix hold. Suppose that H, is
true and that Ew(V)([H(V) - F(V)]?) > 0, where V = v(X,0) and 0 is the
probability limit of 6,. Then plim ., T, = =.

Suppose that H, is false and that E(le-x) = H*(x) for some function H¥.
Let Ey|, denote expectation relative to the distribution of X conditional on
v(X,8) = v. It follows from Theorem 2 that the test based on T, is consistent
£ Eﬂ, H*(X) » F(v) on a subset of the support of w[v(X,0)] that has positive
probability. The test is inconsistent if P(H*(x) = F[v(x,0)]) < 1 but
Ex|v H*(X) = F(v) almost everywhere on the support of w(-).

Although T, is not consistent against all alternatives, there is a sense
in which it is consistent against a larger set of alternatives than are
parametric conditional moments tests based on finitely many moment conditions.
Specifically, T, is consistent against all alternatives H[v(x,f)] such that
Ew[v(X,0)](H[v(X,8)] - I"[v()(,a)])z > 0, whereas a parametric conditional moments

test is not. To see this, observe that if (3) is true, then
Ep(X,0)(Y - F[v(X,8)]) = 0 (12)

for any function p € R9 for some finite q > 0. Accordingly, consider using the
moment conditions (12) to test (1). Suppose that E[Ylv(x.ﬂ)-v] = H(v), where
H satisfies Ew[v(X,0)]{H[v(X,8)] - F[v(X,8)])> > 0 and Ep(X,6)(H[v(X,8) -

F[v(X,8)]) » 0. Then T, and the conditional moments test based on (12) are both
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consistent against the alternative H. Now let A(v) be a scalar-valued function
such that Ep(X,0)A[v(X,0)] = 0. Assume that Ew[v(X,8)]A[v(X,0)]%> > 0. Since
p is finite-dimensional, there are infinitely many such functions A. Set H¥(v)
= F(v) + A(v). Then T, is consistent against H* but the conditional moments
test based on (12) is not.
We now consider the distribution of T, under local alternative hypotheses.

Define the sequence of local alternatives H,[v(x,0)], by
H (vx,0] = Flvee,0)] + 0 /2074 (vex,n),

where (A;: n = 1,2,...) is a sequence of uniformly bounded functions that
converges uniformly to a limit function A(v). Note in this sequence |Hn(v) -
F(v)| = 0(n"!2h"/*) uniformly over v, whereas in tests of parametric models
against local parametric alternatives the "distance" between the null and local
alternative hypotheses is 0(n™/2), Let §_, be an estimator of # that is n'/2-
consistent under the sequence (H,).

Theoxem 3: Let assumptions 1-5 and 8-12 of the appendix hold. Under the
sequence of local alternative models H,, T, is asymptotically distributed as
N(u,042), where p = E[w(V)A(V)?].

Theorem 3 implies that T, has power against alternatives whose distance
from Hy is O(n''/2h™%/*). If K is a second order kernel, this distance is
0(n™%2%), which is close to the distance O(n'/?) that holds in tests against
parametric alternative hypotheses. Subject to the regularity conditions given
in the appendix, the distance O(n"'/?2h'/*) can be made arbitrarily close to

0(n*/2) by using a kernel K of sufficiently high order.
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e. Choosing w(+) and o%(v)

The regularity conditions in the appendix require w(:) to be continuous
and independent of the sample (Y,,X,). They also require the support of w(-)
to be contained within that of v(X,#@). The continuity requirement is not
important in applications; with a finite sample there is no difference between
the values of T, obtained with a w(-) that has jump discontinuities and a w(-)
in which the discontinuities have been "slightly" smoothed. The restriction
on the support of w(+) can be important. Depending on how 0.2 is estimated, use
of a w(+) whose support exceeds that of v(X,f) may cause substantial
overestimation of o, and a corresponding loss of power. In practice it can be
difficult to choose a w(+) that satisfies the condition on support without
looking at the data. We suggest using the observed values of v(X,,8,) to choose
the support of w(+) but not otherwise adjusting w(+) to the data. In the Monte
Carlo experiments and application described in Section 3, we found that the T,
test works well if w is chosen to be 1 over an interval that contains 95-99%
of the observed values of v(x,an) and 0 elsewhere.

Another possibility is to choose w to maximize power against a specified
sequence of local alternatives. There seems to be little advantage in doing
this, however. If high power against a specific alternative is desired, one
should use a parametric conditional moments test that has high power against
this alternative.

The main consideration involved in estimating 0?(v) is that the estimator
must be consistent under H, and, to avoid loss of power, should not become
excessively large under H,. For example, suppose that Y is homoskedastic so
that var[Y|v(X,0) -v] =- o2, where 0% is a constant. Two possible estimators

of o? are:
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n
5,2 - n‘li)_:lnri - Flvexg, 0 )12 (13
and
5.2 = alT v, - B vk, 0 1) (14)
2 1=1 i ni i''n

Both of these estimators are consistent under H,, but 6,2 may be very large
under H,. Accordingly, the test based on T, is likely to have higher power if
0,2 is used.

If Y has heteroskedasticity of unknown form, o?(v) can be estimated by the
nonparametric regression of (Y, - F_ [v(X,,8,)])% on v(X,,8,). In some cases the
form of heteroskedasticity of Y may be known, and this information can be used
to estimate o?(v). For example, if Y is a binary variable, var[Y]v(X,ﬂ)-v] -
P[Y=1|v(X,8)=v](1 - P[Y=1|v(X,8)=v]). Therefore, o?(v) can be estimated by

Flv(X,, 80 1(1 - B, [v(X,8)]).

3. MONTE CARLO EXPERIMENTS AND AN APPLICATION
a. Monte Carlo Experiments
The purpose of the Monte Carlo experiments was to investigate the small-
sample size and power of the test based on T,. To provide a basis for judging
whether the performance of the test is good or bad, we also computed the size
and power of Bierens’ (1990) test against a nonparametric alternative and of
the most powerful test against the correct parametric alternative model.?

The hypothesis H, tested in the Monte Carlo experiments is
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E(Y|X=x) = 8, + 0;x, (15)

where X is a scalar random variable and the #'s are constant parameters. The

data were generated by random sampling from the model

Y = 6, + 8

0 X+ 10bg(10X) + u (16)

where ¢ is the standard normal density function, 6, = 6, = 1, b is a parameter
whose value varies according to the experiment, X ~ N(0,1) and u ~ N(0,0.25).
If b = 0, Hy is true. Otherwise, H, is false and E(Y|X=x) has the shape of a
straight line with a bump centered at x = 0. The height of the bump is governed
by the value of b. Figure 1 illustrates the shape of E(Y|X=x) for b = 1 and
b = 2. The mean function E(Y|X=x) in (16) is poorly approximated by the
parametric models typically used in applications (e.g., low-order polynomials
in x), so it is unlikely that a most powerful or nearly most powerful parametric
test of (15) would be carried out in an application if (16) were the true data-
generation process. Hiérdle (1990) gives several applications in which the shape
of E(Y|X=x) is similar to Figure 1.

In the computation of T, in the experiments, K is the standard normal
density, v(x,0) = 8'x, F(v) = v, h=0.1, and s = 0.8. 46, and §, were computed
from (15) by ordinary least squares (OLS), w(*) = 1 on an interval containing
98% of observed values of §, + #,X and O elsewhere, and o?(v) is given by (14).2

Implementation of the test of Bierens (1990) requires choosing several
parameters of the test statistic and a function. We made choices similar to
those used in Bierens’ (1990) Monte Carlo experiments. In his notation, we set
4 =p=0.5, T=[1,5], K, = 10, and ¢(x) = tan"!(x/2). Note that Bierens'’ ¢

is different from ¢ in (16).



14

The most powerful parametric test of the null hypothesis (15) against the
alternative (16) is the t test of b = 0 based on OLS estimation of #,, #,, and
b in (16).

The experiments were carried out at the nominal 0.05 level using a sample
size of n = 50. There were 500 replications in each experiment. Random numbers
were generated with the pseudo-random number generators of GAUSS.

Table 1 shows the results of the experiments. The empirical sizes of the
tests are not statistically significantly different from the nominal size of
0.05 (p > 0.10). The test based on T, is considerably more powerful than
Bierens' test. Not surprisingly, T, has less power than the most powerful
parametric test. Of course, the power of the parametric test would be available
in an application only in the unlikely event that (16) were known to be the
correct alternative model, whereas T, does not require a priori knowledge of the

alternative.

b. An Application

Horowitz (1991) estimated a binary probit model of the choice between
automobile and transit for the trip to work. The estimation data set consisted
of 842 trip records drawn from the Washington, D.C., area transportation study.

The specification of the probit model is
P(Auto|X=x) = &(6'x), (17)

where ® is the cumulative normal distribution function, X is a vector of
explanatory variables, and § is a conformable vector of estimated parameters.
The components of X are an intercept, the number of automobiles owned by the
traveler’s household, the difference between automobile and transit out-of-

vehicle travel time, the difference between automobile and transit in-vehicle
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travel time, and the difference between automobile and transit travel cost.
Horowitz (1991) carried out parametric likelihood ratio, Wald and Lagrangian
multiplier tests of (17) against a random-coefficients probit model. This model
is obtained from (17) by replacing ®(8’'x) with &[8’'x/(x’'Ex)'/?], where I is a
positive-definite matrix. All of the tests rejected (17) (p < 0.01).

To investigate the performance of T, in an application, we tested (17)
using both T, and Bierens' (1990) test. Bierens' test was carried out using the
parameter and function choices described in Section 3a. The value of the test
statistic was 0.43. Under the hypothesis that (17) is correctly specified,
Bierens’ test statistic is asymptotically distributed as x? with 1 degree of
freedom. Therefore, Bierens’ test does not reject (17) and, thus, does not
detect the misspecification of (17) found by the tests against the random-
coefficients probit model.

In computing the T, test statistic, #, was estimated by maximum likelihood
using (17), v(x,0) = 8'x, w(*) = 1 on an interval containing 98% of the observed
values of §_'X and O elsewhere, and 52(v) = F,;(v)[1 - £,,(v)]. As is explained
in footnote 2, there is no known systematic method for selecting bandwidth
values for F,,. We used several bandwidths that were found through graphical
examination of f,, to span the range of reasonable choices. Values outside of
this range caused the graph of f,, to be either excessively wiggly or
excessively flat. The value of the T, test statistic was in the range 2;&5-
3.26, depending on the bandwidth. Thus T, rejects (17) (p = 0.001 to 0.015,
depending on the bandwidth). This is consistent with the results of the tests

against the random-coefficients probit model.
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4. CONCLUSIONS

This paper has described a method for testing a parametric model of the
conditional mean against a semiparametric alternative. The test is motivated
by a parametric conditional moments test and amounts to replacing the parametric
alternative model in the conditional moments test with a semiparametric
estimator. The resulting semiparametric test is not consistent against all
alternatives, but in a sense that has been explained it is consistent against
a larger set of alternatives than are parametric conditional moments tests based
on finitely many moment conditions. The results of Monte Carlo experiments and
an application using real data illustrate the usefulness of the semiparametric

test.
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FOOTNOTES

We originally intended to include the test of Whang and Andrews (1991) in
the comparison. This test is based on comparing the mean square residual
from parametric and nonparametric estimates of the conditional mean of Y.
We dropped the test from consideration after finding that, in our Monte
Carlo experiments, its empirical size at the nominal 0.05 level was between
0.24 and 0.50 for a wide range of bandwidths in the nonparametric

regression.

A systematic procedure for choosing h and s for F,, with finite samples

has not been developed. Because the estimator is asymptotically unbiased,
the tradeoff between asymptotic bias and variance that underlies bandwidth
selection methods such as cross validation does not exist. We selected
h and s graphically. With the values we used, the graph of f,, is neither
excessively wiggly, as happens when h and s are too small, nor excessively
flat, as happens when they are too large. The regularity conditions in
the appendix require K to have bounded support, but this is not essential,

as is noted there.
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TABLE 1: RESULTS OF THE MONTE CARLO EXPERIMENTS

Pr(Reject H, at Nominal 0.05 Level)
Most Powerful

b Parametric Test p Bierens' Test
0 0.05 0.04 0.05
0.25 0.90 0.37 0.18
0.50 0.99 0.90 0.42
0.75 1.00 0.96 0.56
1.00 1.00 0.98 0.73
1.25 1.00 1.00 0.78
1.50 1.00 0.99 0.78
1.75 1.00 1.00 0.81
2.00 1.00 1.00 0.87
2.25 1.00 0.99 0.89
2.50 1.00 1.00 0.89

The fluctuations in the rejection probability when b 2 1.25 are not
statistically significant at the 0.10 level.
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MATHEMATICAL APPENDIX

Al. NOTATION
In addition to the notation defined in the text:
Ng = A neigborhood of 4.
Sx = The support of X.
S, = An open subset of the support of v(X,d).
S, = A compact subset of §,
S = (x: v(x,0) €58,).
h=cn¥/@r*1D yhere ¢ >0 and r = 2 is an integer.
s = cn¥/r* D yhere 0 < § < 1.
K(*) = an r’th order kernel function.
For £ = h or s:
A [v - vx,,0
pnfi(v) - (n§) " L K[_______J:__J
i-1 3
J=i

n
p(v) = (ne)'lzx[ﬂ'_'_’]
¢ j-1 ¢

n n
P = LYR[L SOy [v o vy 0]
e g ¢ §=1 ¢

i i

F M = [Fa (v - (/) F  (MI/[1 - (h/s))

gnfi(v) - Pnfi(V)ani(V)
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ASSUMPTIONS

Sx is compact. At least one component of X has a probability distribution

that is absolutely continuous with respect to Lebesgue measure.

For every r € Ny and x € Sy, v satisfies:

a. |v(x,7)| < M for some M < » that does not depend on r or Xx.

| The probability distribution of v(X,r) is absolutely continuous with
respect to Lebesgue measure.

c. v(x,r) 1is continuously differentiable with respect to r, and
|8v(x,r)/ark| <M (k=1,...,K) for some M < = that does not depend
on r or Xx.

Let py denote the probability density function of v(X,r). For each r € Ny

a. m, < pr(v) s M, for some m, > 0 and M, <o that do not depend on r.

b. pr has r continuous, derivatives that are uniformly bounded over r €
Ny and v € §,,.

w(+) has compact support S, C int(S,) and satisfies:

a. 0 s w(v) <M, for some M, < » and all v € §,.
|w(vy) - w(vy)| s M*|v, - v;| for some Mj* < @ and all v,, v,.
|F[v(x,7)]| and |H[v(x,r)]| are uniformly bounded over x € Sx and r
€ N.

b. F(v) and H(v) have r continuous derivatives that are uniformly bounded
over v € S,.

Let Ex denote the expectation over the distribution of X. Define

r(x,v,r) = EX(F[V(X,O)][av(x,r)/ar - av(x,r)/afllv(x,r) -v).

Let Ty (k = 1,...,K) denote the k’th component of I'. There is a finite
number My, not depending on r or x, such that for all r € Ny, x € S, Vv,
v, € §,, and k = 1,...,K

II‘k(x,vz,r) - I‘k(x,vl,v)| < HI‘|V2 - vll

o2(v) = Var[Y|v(X,0) = v] is a uniformly bounded, continuous function of
v es,. E(Y - E[Y|v(x,0)])* is uniformly bounded over v € S,.

K is an r'th order kernel with bounded support. Also, K is uniformly
bounded, continuous, and symmetrical about 0. The derivative of K, K’,
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is uniformly bounded, has an absolutely integrable Fourier transform, ¥(¢),

and satisfies

I Juk’ (u) |du < =,
-0

Comments:

Although theses assumptions are notationally complex, they are mainly
boundedness and smoothness conditions. The requirement that K has bounded
support can be removed at the cost of additional technical complexity in the
proofs.

Several factors make it necessary for the assumptions to involve the nested
sets S, C S, C §' in addition to Sy and éx First, the model being tested is
formulated in terms of v(X,f#), not X directly. Second, it is necessary to
estimate #. Third, the derivation of the asymptotic distribution of T, involves
showing that this distribution remains unchanged if ¢ replaces 9,. To do this,
it is necessary to have a way of insuring that for all r sufficiently close to
#, v(X,r) stays away from points on the boundary of its support at which its
probability density is discontinuous. The nested sets enable this to be done.

A3. THE ASYMPTOTIC DISTRIBUTION OF T, UNDER H,

Preliminary Lemmas:

Lemmas 1-6 show that asymptotically #, can be replaced by # in T,. Lemma
7 gives a result that is used in deriving the U-statistic form of T,.

Lemma 1: Define
Chi™ = (B - F(VIP (M 1/p, (V) (A1)

and

Jni™M - (A2)

(B V) - Py 1 U[B (V) - FWIBG(M] - FW By (V) - By(911/[py (012,

As n » o,
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sup sup [Py (V) - B, (| = o([(log my/mm)1Y2),  (a3)
l1si<sn veE Sv

almost surely,

-1/2

e vs;psvlgmw) Ry WFW| = o tanh) A, (ae
and
- A gugv [Fopg ) - FOV) - G (v) + 3, . (»].
Moty 45

- Op[(los n)/(n

These relations also hold if h is replaced by s.
Proof: Only (A3)-(A5) are proved. The proofs for the relations with h
replaced by s are identical.
(A3) follows from

sup sup |p (v) - p (v)l < M/nh,
lsi<n ve Sv ahk -

for some M < » (by assumption 8) and

sup [Py (v) - pu(W| = O([(log m)/(nh)]M?)
v ES

almost surely (Silverman 1978).
To prove (A4), define

n
g, (W - ('] ij[" - ""‘1'”].

j=1 h
Observe that
sup sup Ig (v) - p (v)F(v)| =<
l1sisn ves, M ¢
v
sup g, (V) - p,(MFM | + M@ suwp  [v,| (a6

vV ES l1<i=<n
v
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for some M < = because K is bounded uniformly. The first term on the right-
hand side of (A6) is O,[(nh’)'”’] (Bierens 1985). Now consider the second term.
Let Py, denote the marginal CDF of Y. Given any ¢ > 0,

log p[ sup o 2y, < .] - nlogil - [1 - By(a20)]) (A7)
1si=<n

A Taylor series expansion of the right-hand side of (A7) yields
1

log P[ sup n-l/zl‘[il < ¢] - -n{n- 1 - PY(nl/zz)]
1s1i=sn

- 20% - py 201/ (a8

where ¢, is between Py(n'/2¢) and 1. By assumption 7, E(Y?) < o, so lim, ..
u?[1 - Py(u)] = 0. Therefore, the right-hand side of (A8) converges to 0 as n

-+ o and

sup |y

= o (a2, (49)
1<i=<n P

i

Equation (A4) now follows from (A6) and (A9).
To prove (A5), expand F.,, = guni/Pan in & Taylor series about g, = Fpy and
Pant = Do, thereby obtaining

Fnhi(v) - F(v) = Gnhi(v) - Jnhi(v)
2 3
+ (B - F(V)p,(V)][PnM(V) - P17 /Py (V)
+ B (MOUR () - B

The result now follows from (A3) and (A4). Q.E.D.
Lemma 2: Let {6,: n = 1,2,...) be a nonstochastic sequence in ®* such

that n'/2(§, - 6) = 0(1). For each £ = 1,...,n
sup. (o) Y2|8 (v, 0] - Py v, 0] = o (/) (A10)
X € S

X
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as n + »,. The same relation holds when h is replaced by s.

Proof: Only (Al0) is proved. The proof with s in place of h is identical.
Define g..0(+) and P, (), respectively, by replacing # with 6§, in the
definitions of g,p(*) and p,9(+). It suffices to prove that

sup_ (b2 (g [v(x,00)] - gy lvex.0]] = 0 612 a11)
xesx
and
sup. @215 v, 0 - by v, 01| = o w2 (A12)
X €
X

We prove only (All). The proof of (A12) is similar.

Define
n
D(x) = (nh)-1/2 T Y {K[v(x,on) - "(xr'n)] A K[v(x,ﬂ) - v(xi,a)]}' (A13)
g=1 4 h h
j=2

Anl(x) = D (x) - ED_(x),

and

Anz(x) - EDn(x) 5

Then

1/2

(nh) /EE g, () - By, (0] = B (X) 48 ,(x).

Consider A,,. By a Taylor series expansion

K[v(x,dn) - "(x1"n)] ) K[v(x,d) - v(Xj,l)] _

h'l(an . 0)'an(v)l('[v(x"n*) - "(xi"n*)], (A14)
h

where . * is between # and 4,, and
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an - an(v) - [8v(x,r)/3r - 8v(Xj.r)/Br]r - 'n*.

Define

= 1 L h
=2

n
B_,(x) = o A Y Y.Z K'[v(x"n*) . v(xii!n*)].
nl j

Then

D (x) = nl/zun - 0 @) V%0

By assumption 8,

-itu

K’ (u/mh) = (h/zn)“IJ' o 1% heyae

for any u. Therefore

© n
Bnl(x) - (h/Zx)I-nexp[-1tv(x.0n*)]ﬁ(ht)n-l/zjlejznj(exp[itv(xj,0n*)])dt

JmL
Let B g (x) and Z,,,, respectively, denote the k’'th components of B g(x) and Z,.
Then for each k,

< -1/2; 2
|B“lk(x) - znn‘kox)l < (h/2x)I_c|¢(hc)|n |j§1(YJankexp[1tv(XJ,On*)]
=2

EY,Z, s expliEv(X, 0 %)) |de.

By assumptions 2 and 7

n
E|j§1(YJankexp[1tv(X 0] - EY,

3 exp[itv(X .Gn*)])l

znjk 3
=2
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< (n - 1)1/2(Var(‘1 Z I‘col[tv(x .ln*)])

i) 3
+ Var(szansin[tv(xj,‘n*)],)l/Z
s Me(n - 1)V2(gy?y1/2
< Hnl/z

for some finite M* and M. Therefore,

EIBan(x) - EB_, (0| = (Hh/2r)J_m|¢(ht)|dt

- (u/zu)j |$(e) |de

and, because |¢| is integrable and n'/2(6, - 8) = 0(1),

-1/2

Ela | = ol /%

uniformly over x € §x- It follows from equation (3.2.5) of Amemiya (1985) that
3,-1/2
A, Op[(nh ) ] (A15)

uniformly over x € éx'
Now consider A,,. By (Al13) and (Al4)

3)1/2 (x,On*) - v(X,ﬂn*)]}

’ ' v
166 - 6) E{an_K [ -

A,(x) = (n- 1)/[(nh

(x,0 %)- v(x.on*)]}

- - v/1a® Yo, - oefrvaanz k[
h

SRGRR Y (C S AU [ TR Zﬁf;fn%l_;_f]p, ((Wadu
- n

Let £ = (u - v)/h. Then since K is symmetrical about 0
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8,00 = -(a - /@m0, - 0

-I

By assumption 2, v(x,0,%) € §, and v(x,8.*) + h§ € §, for any £, any x € §x and

Tlx,v(x,0,%) + e, 0 *]K'(£)p, ,[v(x,0 %) + h¢ldE  (Al6)
«© n

all sufficiently large n. Therefore, by assumptions 2, 3, and 6

Irix,vex,0 %) + BE.0,*1py 4[v(x, %) + be]

- Tx,v(x,0 %),0 *lp, ,[v(x,00)]| s Mn|¢| (a17)
n

for each ¢, all sufficiently large n, and some M < o, where |+| denotes the

Euclidean norm. Moreover,

I K'(§)dé = 0

by symmetry of K. Therefore, it follows from (Al6), (Al7), and Lebesgue'’s

dominated convergence theorem that

172
AnZ(V) = O(h ) (A18)
as n + = uniformly over x € S;x. Equation (All) follows by combining (Al5) and
(A18). Q.E.D.
Lemma 3: Let (f,: n=1,2,...) be a nonstochastic sequence in %% such that
n'/2(g, - ) = 0(1). As n -+ =,

1/2 1/2
sup sup_ (nh) /“|f . [v(x,0 )] - F_ [v(x,8)]] = 0_(h™"%)
11 sm X € Sx nhid n il P

The same relation holds with h replaced by s.
Proof: It suffices to prove that



30

172

= 1/2
sup sup. (o) /% VL) - gy VO] = oY), (a19)

l1<4i<n xESx

sup sup_ (nh) A/2

- 172
. . [Py (V0] - Py [vx,01] = 0 (0%, (a20)
X

and that (A19) and (A20) hold with h replaced by s, where g and p are defined
as in Lemma 2. The proof is given only for (A19). The proofs of (A20) and the
relations for s are identical.

Define

4, - (nh)'l/zvi{x["(""n) - v(xi,on)] ; x[v(x,d) - v(xi,o)]}
h h

Because of (All) and (A12), to prove (Al9) it suffices to show that

sup sup_ |dnm(x)| - o (hl/z) (A21)
l1sisn X €S P

By a Taylor series expansion

(x,0 %) - v(xi.on*)]'

3,-1/2 , v
d ) = (@h) e - 0)yz K [ _

where Z,, is defined as in Lemma 2 and # * is between 6, and #. Therefore, by
assumptions 2 and 8

sup sup_ Ih'llzdnhl(x)l < M(nhz)'1 sup |Y

lsi=<n xesx 1xi=<n

o m22)
for some M < @. But sup ; ¢, <, |Y,| = o (n'/?) by (A9). Therefore the right-
hand side of (A22) is op(l), and (A21) holds. Q.E.D.

Lemma 4: Let (f,: n=1,2,...) be a nonstochastic sequence in ®X* such that
n*/2(, - 8) = 0(1). Define G,,, and J,, by replacing h with s in the
definitions of G,, and J,,,. Define

o) = (6, (v - (/)6 (MI/IL - (h/s)F]

and
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I = Fg ) - /T (DI/IL - (/)]

nsi
As n + o,

sup sup (nh)l/2

|F_ (v) - F(v) - G_ (v) +J_ (V)]
1<isn ve Sv ni ni ni

- 0,[(log n)/(n>/ %)),

and

1/2 1/2
sup sup_ (nh) /°|f  [v(x,0 )] - F_ [v(x,6)]] = 0 (h"/%).
1f1sn nE8 nl ° ni P

Proof: These results follow by combining the definitions of £, and F,
with the results of Lemmas 1 and 3. Q.E.D.

Lemma 5: Let (#,: n=1,2,...) be a sequence in %% that converges to §.
For all sufficiently large n and x € Sx, v(x,0,) € S, implies that v(x,0) € S,.

Proof: By assumption 2, |v(x,6,) - v(x,0)| < M|, - 6| for some M < = that
does not depend on x. The result now follows from the fact that S, C int(S,).
Q.E.D.

Lemma 6: Define

n
T* = b2 T w0 1Y, - FIv 01 (F [vX;,0)] - Flv(x,,0)])

Then as n + =,

Tn - Tn* + op(l).

Proof: Some algebra shows that
6

E, = TEI ijanj.

where

n
B2 T wivex, ) 10Y, - FIvE 01 (F (v, 8] - F (v, 0]

nl 1=1
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an-

n
B/2 3 nlvOxy 0] - WY DY - FIvGy 0D By VO] - FlviX )]

n
-n}/2 ) vlvmi.‘“)l(‘l1 2 F[v(xi.n])(r[v(xi,tn)] - F[v(X;,0)])

R

n
.hl/zizlw(v(xl,on)l(r[v<x1.on)1 - FIvX O DE  [vX 8 )] - F L [v(X,0)])

RnS =

n
02 T wivR DD IFIVE )] - FIvEK O D Fy (VX 0] - FIv(X,0])

i=1

R

n
o = B2 T wivex, )1V, D)) - Flvx, 0],

i=1

We now show that Ry = op(l) for each j. In what follows, (6,: n=1,2,...)
denotes an arbitrary nonstochastic sequence in %X satisfying n'/2(4, - 6) = 0(1)
as n -+ o,

& Define

- 172 ¢
R, = h }jlwlv(xi.an)lnr1 - Flv(X, ) 1E  [v(X,0 )] - F, [v(X;,0)])

i=

Since (6,) is arbitrary, it suffices to show that ﬁu = 0,(1) . Given any ¢ >
0, let A, denote the intersection of the events p,, [Vv(x,0,)] > ¢ uniformly over

x € §,, Pass[V(x,0,)] > ¢ uniformly over x € Sy, and

sup_ () /2|F (v(x,0 )] - F_ [v(x,0]] s e,
X € Sx
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where p,,, is as defined in Lemma 2. Define

n

Ane = Ani.e'
i=1

Let 1(¢) = 1 if the event in parentheses occurs and O otherwise. By (A3),
(A12), and Lemma 4, P(Ay) = o(1). By Lemma 5, x € S¢ if w[v(x,0,)] > O and n
is sufficiently large. Therefore,

R

ol = Bm* T o) (A23)

where
nl

n
h‘”iglluxm)w[vcxi,on)1nr1 - FIvX, O N (VX 0] - F_ [v(X,0])

E(R,,*) = 0 because the event A, does not depend on Y, or X,. Define U =Y -
F[(v(X,0)]. Then

Var(R ;%) -

n
0 T 1A, wivex, 0 1% [v(x,,0_ 1 (nh) (B, [v(X;,0 )] - F_ (v(X;,0)])

i=1
i n n
+n E 12:1 J§11(An1')1(AnJ‘)w[v(xl,on)]v[v(xj,On)]UiUJ
j=i

“(ah) (R VX, 00] - F v, 0 1NE [V, 6D] - FnJIV(XJ.O)])]
It is shown below that for any x

(ah) 2E108, [vx,0)]) = o[1/(mh'/?)).

J

uniformly over x. Therefore, since U; is independent of U, f.., and F,,

OVIVELE DU (R [v(x,0 )] - Foy

Var(Rnl*) -
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. B 22 2
nE T 1A, IVIV(X 0] 0 [V(xi.inl(nh)(ﬁnilv(xi.'n)] - Fvx .00

i=1
+ o(1)
< ol 2 TR ) + o(D)
o ] nie
< Hez

for some M < . Since ¢ is arbitrary, it follows from Chebyshev’s inequality
that R,* = o,(1) and from (A23) that R, = o,(1).

To show that (nhY2)EL(A,)W[Vv(x,0,)1U(F,[v(x,8,) - Fylv(x,0)]) =
0[1/(nh/2)], observe that conditional on X,

|Eu oy Y28 tvex, 001 - B (v D LA IvIvex,6)]

2 1

=m0 KUV, 8) - VX0 1/MIB V(x0T

- KUV - vy O 1/MIpy [vea )] 1A dwlvex,6)].
By a Taylor series expansion

Imi(“h)l/zl’nhj [vx,0)] - Fopy [v(x,l)])Il(Anje)w[v(x,on)]

- @ M2 vex 01 [R ([vex,0,%) - V(X6 0)1/m0[1/ (" Fn))

+ RUVEx,0) - vy, 01/M) By v(x, 00170 - py (vex, )™ |

“L(A IWIV(x,0,)]

conditional on X, where 6 * is between # and 4. Integration over the
distribution of X yields E|K'([v(x,60,%) - v(X,,6.*)]/h}| = O(h) uniformly over

4y
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x. Similarly, E|K([v(x,0) - v(X,;,8)]/h)| = O(h). In addition, a Taylor series
expansion of ﬁnh,[v(x,o,)] - Pany[V(x,0)] followed by taking the expectation with
respect to X yields E|py,[v(X,0,)] - Punylv(x,8)]] = 0|6, - 6]/h) = 0[1/(n/?h)
uniformly over x. Therefore, it follows from the Cauchy-Schwartz inequality
that

EIRUIv(x,0) - (X, 0)1/B) By (v, 01T - py (v, 00171

172

‘LA L IwIv(x,0 )] = o(m 9.

J

uniformly over x. Combining results yields

) M 2EL (A Wlv(x, 01Uy (B [vOx,0)] - Foy o [vGx,0)) = O[1/(ah/%))

J

uniformly over x. A similar argument applies when h is replaced by s, so

(nh)l/zlzl(An c)w[v(x.on)lui(Pnj[v(x,ﬂn)] -~ T [v(x,0)] = 0[1/(nh/?))

J

uniformly over x.
b. R,,: Define

Rn2

n
h/2 T wivex L0 )] - wIvX 0 DY, - FIvX 0] [v(X,0)] - Flv(X;,0)])
i=-1

It suffices to show that ﬁ,z = o,(1). It follows from Lemma 4 that
Fou[v(x,0) - F[v(x,0)] = Gy [v(x,8)] - Jo[v(x,0) + O,[(log n)/(n*?h?)] uniformly
over i and x € §x. By Lemma 5, x € §x if w[v(x,6,)] > 0 and n is sufficiently

large. Therefore,

Rn2 = Rn

2* + o), (A24)

where

172 %
Rpg* = B L (WIv@ 0] - wlv(xy, 0D
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1Y, - FIVX, 011G, [v(X,,0] - I_ [v(X,,0)]).

E(R,,*) = O because G,;, and J,, do not depend on Y,. It is not difficult to show
that EUlG,J[v(XJ.l)] = O(n’!') and EUJ,y[v(x,0)] = o(n?) uniformly over x.
Therefore, since U, is independent of Uy, G, and J,,,

n
Var(Ro®) = W T (WIv(X.0)] - wIvex O]
< V(R ) 106, [V, 0] - I [v(X D + (D)

n
< (h/n)HIEIE(Gni(v(Xi,O)] - Jni[v(xi,d)])2 + o(1) (A25)

for some M < =, where (A25) follows from assumptions 2, 4 and 7. Arguments
similar to those of Bierens (1987) yield the result that the expectation in
(A25) is o(1l), so Var(R,*) = o(1l). R,* = op(l) now follows from Chebyshev's
inequality. This result and (A24) imply that fgz = 0,(1). Therefore, R, =
op(l).

c. Ryy: Define

n
R % - -hl/ziglw[v(xi,ﬂn)](Yi - FIV(X(,0)](F[v(X,,0 )] - F[v(X;,0)])

It suffices to show that R,* = o,(1). To do this, observe that E(R,*) = 0.
In addition,

B 2.2 2
Var(R .%) = hEiz:lw{‘I(xi,‘“] o vy, 0 NF[v(Xy,0 )] - F[v(X;,6)])

n
s BT BelviX,,0 )12 (FIv(x, 0] - Flvx, 00D’
i-1

for some M < = by assumptions 4 and 7. By assumptions 2 and 5,

(Fvex,0)] - Fivex, o2 = oo, - ol®)
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- O(n-l) g

uniformly over X. Therefore, Var(R,*) = o(l), and R * = o,(l) follows from
Chebyshev’s inequality.
d. R,,: Define

* -
R

1/2 &
-h 121“[""‘1",\”‘”"‘"v%” - FIvX L ODUE  [vX 0] - F [v(X,0)])
It suffices to show that R * = o,(1). To do this, observe that by assumptions

2, 4, and 5 and a Taylor series expansion
IR_*| = uhl/zlo - olugu[v(x 0 )| [v(X,,0.)] - F_ [v(X,,0)]] (a26)
n4 n 1=1 i’ n ni i’'n ni i

for some M < @, By Lemmas 4 and 5, the summand in (A26) is Op(n'”z) uniformly
over 1 and X, for which w[v(X,,0,)] > 0. Therefore, since |4, - 8] = 0(n™*/?),
R, = 0,(h/2).

e. R,s: Define

RnS

n
012 T wlv(x,,0 ) 1FIv(R 00 - FIV(R 1) (Fy [V, ,0)] = FLv(X;,0)])
i=-1

It suffices to show that l-ln, = o0,(1). Since F[v(x,68,)] - F[v(x,0)] = 0(n'%?)
uniformly over x € §x' it follows from Lemmas 1 and 4 that

Rn5 - RnS* + op(l). (A27)

where

n
R = b2 T wlv(X,0)1(FIV(X;, )] - FIv(X )]G, [V(X,,0)].

Let F' denote the derivative of F. By a Taylor series expansion
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n
R - a2 - 07 L wIvR, 001 (V0 0,901y (Xy 020G [VEX )

where #.* is between # and #,. By arguments identical to those of Bierens
(1987), EG,[v(x,0)] = o[ (nh)~1/2] uniformly over x. Therefore, E(R,*) = o(l)
by assumptions 2, 4, and 5. 1In addition

n n
®sn? s o, - o’ T & G (¥, 10, (vCEy O]

By the arguments of Bierens (1987), the expectation is O(h™) uniformly over
X. Therefore E(R,s*)2 = o(1). It follows from Chebyshev's inequality that R *
- o,(l) and from this result and (A27) that R = op(l).

f. Ry: By assumptions 2 and 5, (F[v(X,8.] - F[v(X,0)])? = 0,(n™t)
uniformly over (X: v € S;}). Since, in addition, w is bounded uniformly, R, =
0,(h'/2). Q.E.D.

Lemma 7: Define V, = v(X,,0). Then

T = hl/2 E w(V,)[Y, - F(V,)]G_.(V,) + o (1) (A28)
n i=1 1#5°% Gl 1 A ¢ P )

Proof: By Lemmas 4 and 6

T = 2 T wly, - FOU)IC. (V) - T + o (1)
s K § b A 1 R | nl P !

where

n
T, - W ey, - Do

nl i 1)'

-1
To prove the lemma it suffices to show that T, = o,(l). E(T,;) = O because
Ja(Vy) does not depend on Y,. In addition, since EU,J, (v) = o(n™) uniformly
over v,

2 L 2 2 2
E(T,") = higlz(v(vi) " (VI (V)T + o(D) (A28)

But for any v € S,
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- /) 1 ) s |gp () - pgMFW | |p, () - Py /0y =

+ FO [py ) - 20770, ()

O/ gy ) - BIF [y ) - Py |/py (v

+ F | ™ - 12 /p, 7).

By (A3) and the fact that h/s <1
[ - (h/s)r]Jni(V) =< llsnhi(v) “ P‘(\')l"'(")'/P,(V)2

'+ 1/2

+ (h/s) lg gy ) - p(MFM /0,2 10([(Log /)1 M/2)

+ 0[(log n)/(nh)] (A30)

almost surely. By arguments similar to those of Bierens (1987), E[gu (V) -
po(V)F(v)]? = 0[1/(nh)] uniformly over v € S,. Therefore, by the Cauchy-
Schwartz inequality, E|[gum: (V) - pe(V)F(v)| = 0[1/(nh)*/2] uniformly over v € S,.
Therefore, squaring (A30) and taking expected values on both sides of the result
yields

(1 - /e 1% 2] = otl(leg m/ (1% @a31)

uniformly over v € S,. Substituting (A31) into (A28) and making use of
assumption 4 yields E[T,?] = o(1). T, = o,(1) now follows from Chebyshev's
inequality. Q.E.D.

Proof of Theorem 1

For i = 1,...,n, define U, = Y, - F(V,) and Z, = (U,,V,). Also, for ve€S,
and i,j = 1,...,n define

R = (1 G/ef1 R -yt Reye)),
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= /a2 e Uy e, ) 1 7MYy ¢ ROV - RO IR - V),

) 3

w(z) = E[A (2 ) + AL (z Zi)IZl

1'%

) +A(Z,,2,) - p(Z),

Ho(2;.2)) = Ay(24.2 4

and

v - H (2,
g 1s§<§sn J

It follows from (A28) that

T, = s Y X u(Z)-f-o(l) (A32)
l€4d<)<mn

Observe that
) = [(1/7ah 2w, ), (p, (v, 1 IE(FOV,) - FOV)IK (U, - V) |V,)
#zZy V1P (Vy 1 1 1KYy = V1%, ).

Since E(U;) = 0 for all { = 1,...,n and the U, are independent, E[u(Z,)] = O,
and E[p(Zl)p(ZJ)] =0 if i » j. Moreover, arguments similar to those of Bierens
(1987) yield

sz = (/@A) e, )1 o™ Y, (A33)
uniformly over Z,. Therefore, E[u(Z,)?] = o(h?* * !/n?), so the second term on
the right-hand side of (A32) has mean 0 and variance o(h?** 1), 1t follows from
Chebyshev's inequality that the second term on the right-hand side of (A32) is
o,(l) so that T, = ¥, + op(l). Therefore, to prove the theorem it suffices to
show that ¥, + ¢ N(0,0,%). Define

Qn(Zi,ZJ) - E[H (Z,,Z)H (Z,,2 )|z1 j .
By Theorem 1 of Hall (1984), ¥, » ¢ N(0,0,%) if

E[Q (Z;,2 )l/(E[H ey J) n? - o, (A34)

ol (2,20 0/ (20,2007 o, (A35)

¥
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and

2
‘1/2)“25[“n(21'23)2] - o (A36)

as n -+ @,

Analysis of E[Qn(Z,.ZJ)zlz By (A33) and the definition of H,

Ho2.2) = (/G100 w09, /0, (V) + w(¥)/py (V]

+ [FV,) - FOD WV /Ry (V) = wCVU /p,y (V)]

7|

Ky Uy - V) - w(Vi)Ui[p(Vi)]'lo(hr * 1/2 1y (A37)

uniformly over (Z,,Z,). Some algebra yields the result that

r + 1/n2) 4 Ujo(hr + l/nz)

z,,z,) - (z,,2,) + Uoo(h
174 R GRS 1

2r + 1 n2 (A38)

+ o(h /n7)

uniformly over (Z,,Z,), where

2
Q (24,2 = Egpq 400" (VU0 IW(V)/Ry(Vy) + (V) /py(Vp))

WV /Ry (V) + (V) /B, (V)] + [F(V)) - F(V,) 102 (V)0

SV ) /0y (V1 [W(V ) /B,y (V) + WV )/py(V)] + [F(V)) - F(Vp)]

2 (VU (WY ) /2y (VD 119V ) /Ry (V) + (V4D /Py (V)]

+ (R - FUDIIFE,) - B 100, /0, (V)1 0" (V)
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Krs (Ve = V%Y - Vo (A39)

and Ep|, , denotes the expectation over Vy conditional on V, and V,. Equation
(A39) has the form

21
(n?h) I [UUR, (V¥ V)) + U R, (V) ¥, V)

Qy (24:29) 1'%y

+

UjRy (V) V. V) + 113<vl,vi.vj)]u([(v1 - V) /h]

r+1l

- (b/)" TRV, - V)/sDIRICY - V) /h)

- /)" TR, - V) slip,(Vpav,,

where R;, R,, and R, are bounded, continuous functions. Let ¢ = (Vy - V,)/h.
Then

WV V)

-2
om(zi,zj) = n I [ULU R, (h¢ + Vi,Vi,V 1Yy

®1 _1) + UIRZ(h" +V

i

+ UR,(h + V

& VgV + Ry(BE + VLV VD TIR(S)

r 4 1

- (b/s) K[(h/s)C]) (R[S + (V, - VJ)/h]

- /)"t IRI/8)E + (V) - V))/810py (ke + V))a8

Vi V) + UR (R + V

1Yy Vgl

)

2
-nJ’[UiUR(hf+V it

i1 i J

+ UJRZ(h( + vi'vj'vi) + R3(h§ + Vi,Vi,vj)]K(;)

K[ + (V - VJ)/h]po(hf + VA + uiujo(n'z)

+ uio(n‘z) + ujo(n'z) + o(n'z). (A4O)
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It follows from (A38) that Q.(Z,,Z,) has the form (A40). Therefore,
E[(Q.(Z,,Z,)?] has the form

CRCE R I

n'2I R(hg, + V, e, + vi,vi,vj)x(ol)x(gz)x[g1 + (Vg - Vy)/h]

K[¢, + (V, - V.)/h]p,(hg, + V. )p,(he, + V. )p (V. )p,(V,)df,df,dV dV
2 17y PR T IR0 AL Tl Rl R 2T AR T Rl Sk B

P i

= Y
Therefore

BIQ,(2;.2))%] = o(l/a). (a61)

Analysis of nE[H,(Z,,Z,)*]: By (A37) H,(Z,,Z)" has the form
4 4y <2
i'zj) = n h Rm(zi,zj),

where R, has the property that E(R,,) is bounded uniformly over n. Therefore,

Hn(Z

n'lalun(zi,zj)“] = O[1/(n°h%)]. (A42)

Analysis of E[H,(Z,,Z,)?]: By the definition of H,

2 2 2 2
Hn(zi'zj) - An(Zi,Zj) +An(Zj,Zi) +p(zi) +2[An(Zi,ZJ)An(ZJ,Zi)
+ BZOA(Z(,20) + WZOA (2).2)]. (A43)
But
A z..20% = (/@)U 2, ) 21w, 2 + 20 [FV) - FV))
n'Zyr V1 PV 4 3Py i

J
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2 2
+ [F(VJ) - F(V))] )l(hs(VJ = My )

Therefore,

nBi(2,2)7) = 11 - Gy [ e e, v e

2 2
(o (Vj) + [F(VJ) - F(V)] )(K[(VJ - Vy)/h]

- /R - V) /8D R, (VI (V) )av av,

Define ¢ = (Vy - V{)/h. Then

nlEla2,.2)7) = (1 - ave)*1f wevPie, v P1e vy
“(eP(be + V) + [Fhg +V,) - FODIPNRCE)
- (b/8) RI(h/8)¢ 1 2, (V)P (hs + V,)dcav,

- CKI w212 (v)12av + o(1). (Ass4)
By the Cauchy-Schwartz inequality

EIA (20, 2)m(Z)] s (EIA (2,2 Elmz P /2,

It now follows from (A43) and E[p(Z,)?] = o(1/n?) that

E[A,(2,.2)8(Z)] = o(1/n)). (a45)

J

In addition, it is easily seen that

E[A (ZJ Zp(Z)] = 0. (A46)

Finally,

nZE[An(Z ZA(Z,.2)] = 1 - (h/s)¥nt w(Vi)v(VJ)az(Vi)az(VJ)
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2
.Khs(vj - Vi) dedVI.

By arguments similar to those used to obtain (A43)
o2E(A (2, ,20A (2,,2)] = €| wiv?le?()1%av + o(1) (A47)
¢ g Sl | st (L :
Combining (A43)-(A47) yields

nzs(un(zi,zj)z] = z.cKJ wiv) 2te (v) ) 2av + o(l) (A48)

Conditions (A34)-(A36) now follow by combining (A4l), (A42), and (A48). Q.E.D.
A4. PROPERTIES OF T, UNDER H,

Proof of Theorem 2

Let (#,) be a nonstochastic sequence such that n'/2(4, - 6) = 0(1). Let 'i'n
be defined as T, with J, replaced by #,. It suffices to show that plim, ..
'i‘n/(nh”’) > 0. To do this, let U = Y - H[v(X,0)] and vy = 3v/38. Let 6.*
denote a point between #, and § (not necessarily the same point in each usage).

Some algebra and Taylor series expansions yield

11
- 1/2
Tn/(nh ) - §1R“r
where
Ly B
B ™= m 121\1[\7()(1.0“)]Ui(Fnilv(XiJn)l ' FM[V(XiJ)]).
=18
R, = n ’Elv[\'(xi.ﬂn)]Ui(Fni[V(xiJ)l 'H[V(xi.ﬂ)]).

n
R, - n'li)_jlw(v(xi.an)]ui(u[v(xi,a)] - FlvX, 01,

n
Ry = “[Cy = 0" /m] T wIveX 0 )10,F" [v(Ry 01, (%4000,
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RnS =
sy B
n l.).jlw(v(xi,o“)](H[v(xi.ﬂ) - r[v(xi,l)l)(?ni[\r(xi.on)l - F L vE 0],
-1 B
R,= n 1Elwlv(xi.o“)lm[v(xi.m - FIV(X,0)])(F  [v(X;,0)] - HIV(X,0)]),
=1, 2
R, = n El"""‘i"n”‘”"‘xi"” - Hiv(x,,0N",
n
R = =24, - ”'/“]igl"["(xi"n)]"'["(xi"’n*”"o(xi"n*)
-(HIV(Xi.ﬂ)l - F[V(XI.O)]).
n
Rg = =l = ”"“1121"“’"‘1":1’”"[V(xi-’n*”"o‘xi"n*)
-(tni[v(xi,on)] - F [v(X,00),
n
Rn.lo - -[(0n - 0)'/n]i§1\'{V(Xi.0n)]F’IV(Xi.ﬂn*)]vo(Xi.in*)
S(F VX, 0)] - HIvV(X;,0]),
and
T

n
' ' 2
(0 - 03¢/0] T wlvORy 0018 [VORy 08100, (Ky 0,007, , Ry 000 - 0).
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R, is n! times the analogous quantity in lemma 6. Therefore, R, = o,(l).
By lemmas 4 and 6

n
R, = 0™l T wivx,.0)10,(6, [v(X.0)] - 3 [v(X,0)]) + o (1)

" 1=1
Ry, = op(l) now follows from a proof similar to that of lemma 7.
Because w[v(x,0,)] - w[v(x,0)] = 0(n"*/?) uniformly over x,

n
R, = n 1i§1w[v(xi,0)]uim[v(xi.n1 - FIv(X,0)]) + o (1).

R,; = 0,(1) now follows from the strong law of large numbers.

By assumptions 2, 4, and 5 as well as 0, - § = o(n™1/2)

R

n
w = Gmom ™ ¥ 1y - Hivay 0l

The summand has a finite mean by assumptions 5 and 7, so R, = o,(1) follows
from the strong law of large numbers.

By lemma 5,
-1/2

n
-1
IR sl = no,(n )1§1|H[v(x"” - Flv(x,,01],
so Ry = o,(1) follows from the strong law of large numbers.

By lemma 1 and assumption 5
A0
IRl = oy(m 1Zjllmv(xi,ov)] - Flv(x;, 011,

so R4 = 0,(1) follows from the strong law of large numbers.
R,; = P E(w(V)[H(V) - F(V)1%) by the strong law of large numbers and the
fact that w[v(x,0,)] - w[v(x,8)] = 0(n"Y2) uniformly over x.

By assumptions 2, 4, and 5 and 6, - § = O(n}/?),

R

n
s 48 otn M2yn1 ):1“”"("1"” - Flvex, .01,

f=

so Rz = 0,(1) follows from the strong law of large numbers.
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Ry = 0,(1) by lemma 4 , assumptions 2,4, and 5, and 6, - § = O(n™"/%).

R,,10 and R, ;; are o,(1) by lemma 1, assumptions 2, 4,, and 5, and 6, - ¢
= 0(n"1/2).

Collecting results yields 'I'n/(nh”’) -+ P Ew(V)([H(V) - F(V)]?) > 0. Q.E.D.

Additional Assumptions and a Lemma Used in Proving Theorem 3
9. H, has r continuous derivatives that are uniformly bounded over v € S,.
10. Define

l‘n(x,v.f) - Ex(Hn[v(x,O)][av(x.r)ar - av(x,r)/afllv(x,r) - v).

Let I, (k= 1,...,K) denote the k'th component of I',. There is a finite
number My, not depending on r or x, such that for all r € Ny, x € S, vy,
v, €8, and k = 1,...,K

|l"nk(x,v2,r) - I‘nk(x,vl,v)l < HTIVI - v2|.

11. o2(v) is a continuous function of v € S, and is bounded uniformly over v
€ S, and all sufficiently large n. E(Y - E[Y|v(x,0)])* is bounded
uniformly over v € S, and all sufficiently large n.

12. Define

Q. (v.6) = (d"/d€")([H (v + hé) - H (M)]p,(v))
a. For some a > 1/(46) and finite constant C > 0
lQ, (v.he) - @ (v,s6)| = c|ne - s¢|%.

b. The kernel function K satisfies
- 4+
I [u® ¥ %K(u)[du < w.
-

Assumptions 9-11 extend assumptions 5-7 to the local alternative mean
functions H,. Assumption 12 insures that the bias of (nh)}?[F,(v) - H,(Vv)]
relative to its asymptotic distribution is o(h!/*). This bias must be o(h!/*)
to make the result given in Theorem 3 hold,

Lemma 8: Let assumptions 1-5 and 8-12 hold. Under the sequence of models
H,, the conclusions of Lemmas 1-3 and 7 hold when F is replaced by H,.
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Proof: It may be verified that the proofs of Lemmas 1-3 and 7 hold line
by line. Q.E.D.

Proof of Theorem 3

Let (6,) be a nonstochastic sequence such that nt/2(4, - 6) = O(1). Let in
be defined as T, with 8, replaced by 4,. It suffices to show that the
conclusion of this theorem holds for i_. To do this, let U = Y - H [v(x,8)],
V = v(X,0), vg = 3v/36, and w,, = w[v(X,,0,)]. Let 6. * denote a point btween 8,
and # (not necessarily the same point in each usage). Some algebra and Taylor

series expansions yield

11
B o~ @i,
i=1
where Rp (£ = 1,...,11) is obtained by replacing H with H, in the corresponding

terms in the proof of Theorem 2.

1. (nh¥2)R,: (nh'/?)R, = 0,(1) follows by a proof identical to that given
for R, in Theorem 1.

2. (nh'?)R,: By Lemma 8,

1/2 _ 12y
(nh™ )R, h i);‘,lvniuicm(vi)+op(1),

where H, is used in G, instead of F. Convergence in distribution of (nh*/?)R,
now follows by arguments identical to those used in proving Theorem 1.

3. (nh'?®)R,: E(nh'/?R;) = 0 because E(U) = 0.
-1/2h-1/éAn(v1)2 = O(hl/z).

1/2
Var (nh Rn3)

n
22
= hE X w o (V,)n
=t ni : §
4. (nh!?)R,: E(nh'/?R,) = O because E(U) = 0. 1In addition,

1/2 G . 211D , 2
Var(nh Rna) - (on - 8) hEiglwni o (Vi)F [v(xi,on*)] vo(xi.on*)

. vo,[v(xi.ﬂn*)](on - 6) = 0(h).

5. (nh'?)R,: (nh'?)R,; = 0,(h’*) because H, - F = 0(n’Y/2n"1/%) and, by

Lemma 8, F,,(v) - Fo (V) = 0,(n"*/?) uniformly over i and v.
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6. (nh'/?)R,: By Lemma 8

1/2

oh~ R

1728 S1Y2. <L
o h/% Y w n Y, B, (VG (V) + o (D).

i=1
where H, replaces F in the definition of G,,. Under assumption 12, E[G, (V)] =
o[h*/*/(nh?/2)], Var[G,(v)] = O[(nh)™'], and Cov[G,(v),G,(v')] = o(h/n),
uniformly over v € S,, by arguments similar to those of Bierens (1987).
Therefore, nh!/?R,¢ = o,(1).

7. (nh'H)R,;:

1/2

4.8 2
nh/°R , = n 1§1w“1A“(v1) - ,‘+op(1)

by uniform convergence of A, to A and the strong law of large numbers.

8. (nh!?)R:

172
(mh™" )R =

n

1/2 . -1/2, -1/4
1§1w“iF [V(X;,0 *)]v, (X6 *)n h A (V)

-2(0n - 6)'h

. 1/4
0, (/™).

9. (nh*?)R,:

n

1/2 '
1§1w’“1F [V(X;,0 %)V (X;,6 %)

1/2 '
(nh )Rng - -(Jn - 6)'h

SR VR O] - B v, 0] = o ()

by Lemma 8.
10. (nh!?)R, 4

1/2
(b Ry 10

T -
(6, - O'h 1§1w“iF [V(X;.0 )]V, (X, 0 $)[F (V) - Hn(Vi)].
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=R

T ® Op(l),

by Lemma 8, where

* -
R, 10

n

1/2 .
1)-:1"“1F V(X0 %) vy (X8 %)[G (V) - I (V)]

(dn - 6)'h
Also by Lemma 8, E(R,o*) = olfd): Arguments similar to those made for
Var(n!/2h'/*R ) yield the result that Var(R, ;o*) = o(1l), so R, ;o = o,(1l) by
Chebyshev'’s inequality.

11. (nh'®)R, ,,:

172
o T

n
’ " 2
w0, -6 hiz:lw"iF (VX0 %) ]V (X, 0 F)vy, (X0 ¥)(6 - 8) = Op(h).

Q.E.D.
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