l_’__l
TILBURG 0}%?%_? ¢ UNIVERSITY
l‘jf’l

Tilburg University

How Larger Demand Variability may Lead to Lower Costs in the Newsvendor Problem
Ridder, A.A.N.; van der Laan, E.; Salomon, M.

Publication date:
1997

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Ridder, A. A. N., van der Laan, E., & Salomon, M. (1997). How Larger Demand Variability may Lead to Lower
Costs in the Newsvendor Problem. (CentER Discussion Paper; Vol. 1997-31). CentER.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 06. Oct. 2022


https://research.tilburguniversity.edu/en/publications/89e6edee-cd26-42fa-a80b-c21021edc4ab

" &tFR Discussion
43-9371 .omit;(:, ll'lesearch P ap er

4



Center
for
Economic Research

No. 9731

HOW LARGER DEMAND VARIABILITY MAY
LEAD TO LOWER COSTS IN THE
NEWSVENDOR PROBLEM

By Ad Ridder, Erwin van der Laan and Marc Salomon

March 1997

ISSN 0924-7815



How larger demand variability
may lead to lower costs

in the Newsvendor Problem

Ad Ridder

Dept. of Econometrics

Vrije Universiteit Amsterdam

De Boelelaan 1105, 1081 HV Amsterdam
the Netherlands

email: aridder@econ.vu.nl

Erwin van der Laan

Rotterdam School of Management
Erasmus Universiteit Rotterdam
P.O. Box 1738, 3000 DR Rotterdam
the Netherlands

email: elaan@fac.fbk.eur.nl

Marc Salomon

Dept. of Econometrics

Tilburg University

P.O. Box 90153, 5000 LE Tilburg
the Netherlands

email: msalomon@kub.nl

February 28, 1997



Abstract
In this paper we consider the Newsvendor Problem. Intuition may lead to the
hypothesis that in this stochastic inventory problem a higher demand vari-
ability results in larger variances and in higher costs. In a recent paper, Song
(1994a) has proved that the intuition is correct for many demand distribu-
tions that are commonly used in practice, such as for the Normal distribution
function. llowever, this paper shows that there exist demand distributions
for which tlhe intuition is misleading, i.e., for which larger variances occur in
combination with lower costs. To characterize these demand distributions we

use stochastic dominance relations.

Keywords: Newsvendor problem, demand variability, stochastic dominance.

We consider the traditional single-item single-period Newsvendor Problem with con-
tinuous product demand. Let the demand D be randomly distributed with distribu-
tion function F(-), finite mean g and variance o?. There is an underage cost p and
an overage cost h per unit of product. If @ products are ordered at the beginning

of the period, the expected total cost is

c(@)

h [ (@-2)F(d) +p [ - Q)F(da)
o - Q)+ (h+p) [ Fla)d. (1)

In the sequel we denote the order quantity for which (1) is minimized by @* and we
indicate the optimal cost C(Q*) as the buffer cost. Recently, Song (1994a, 1994b)
showed for a particular definition of demand variability that the buffer cost will
increase with increasing variability. The key question in this note is whether C(Q*)

will always increase when demand gets more variable.

1 Preliminaries

We consider two inventory systems ¢ = 1,2, with demands D; and distribution
functions F;. Both systems have underage cost p and overage cost h. We assume

that the demands have equal means but different variances.
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Condition 1.1

f = ftg = pL.

Condition 1.2

a: Lioa.
One finds in the literature on stochastic dominance relations a family of rules to
compare variability between the two demands (Fishburn and Vickson (1978)).

Definition 1

Demand D, is more n-variable than demand D, denoted by

Dl Zn Dz,

H,(z)>0 forall z2>0,

where

=
)
[

Fy(z) — Fi(z),
/: Ho_y()dt (n=2.3,...).
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In Lemma 1 (below) we show that 2-variability implies higher demand variances in

combination with higher buffer costs. The proof is based on the following theorem.

Theorem 1 (Fishburn (1980))
If Dy >, D, for some n > 2 then

A1 =2

= 07 < 0.
2 2

o #0;

Lemma 1

Under Condition 1.1,

@l <o}
D, >; D; =
C1(Q7) < C2(Q3)

[S%]



Proof. Apply Theorem 1, the definition of Q7 and (1) to obtain that

C2(Q3) — C1(Q7) = Ca(Q3) — C1(Q3)
(h +p) (/OQ’ Fy(z)dz — /OQ’ Fl(:c)dz)
(h+p)Hi@;) 20. O

Song (1994a) proves that Lemma 1 holds also under alternative stochastic orderings,
such as the increasing convex ordering of the demands (D; >jc D;), and the cut
criterion ordering (D >cue Di). These results follow easily from the observation

that these orderings are stronger than 2-variability.

Lemma 2 (Sections 1.3 and 1.5 in Stoyan (1983))
Under Condition 1.1,

Dy >cuy D1 = Dy 25 Dy = Dy 23 D,

2 The opposite effect

Theorem 1 and the proof of Lemma 1 suggest to investigate n-variability of higher
orders (n > 3) to verify whether the opposite effect may occur, i.e., higher demand
variances in combination with lower buffer costs. Indeed, Theorem 2 below states

sufficient conditions under which the opposite effect occurs.

Theorem 2 (Sufficiency)

Suppose that Condition 1.1 holds.

(i) If Dy >, D, for some n >3, then of < @z
(ii) If Hy(@) < 0 then C1(QF) > Ca(Q3).

Proof. Part (i) is Theorem 1. The proof of part (ii) is analogous to Lemma 1:

(@) — Ci(@3) < Ca(@) — C1(Q})
Qi Q;

(h + p) (/0 Fy(z)de —/0 F,(z)dz)

(h+p)Ha@) <0. O

3



In Lemma 3 below we state necessary and sufficient conditions under which the

opposite effect occurs. TFor this purpose we use the relation

o) = [ Hae)dz = [7 [(F) - Fiw) dvde = 32 -). (@)

This relation is derived by using the excess equilibrium distribution functions Gi(z) =

+ J5(1 = Fi(y)) dy and Condition 1.1.

Lemma 3 (Necessity and sufficiency)

Under Condition 1.1,
oi <o} and Ci(Q}) 2 C2(Q3)

&

Hy(oo) 20 and Ha(Q}) < 72—(3 - @D - /Q‘:;Fz(x)dz.

Proof. The lemma follows directly from (2) and from

C2(Q3) — C1(Q7Y)

Il

p@i - @)+ 49 ([ Fror s - [ Fia)ao)

p(@; — @)+ (h+7) (HZ(Q;H L Fz(x)dl‘)~ o

3 Examples

Traditional families of demand densities are (truncated) Normal, Lognormal, Beta,
Gamma, Weibull and Uniform (Silver & Peterson (1985), Appendix B in Tijms
(1994)). When both densities of D; and D, are taken from one of these families,
Condition 1 implies that Dy, >, D, (verify the tables in Appendix 1 of Stoyan
(1983)). Hence, Lemma 1 applies, and higher demand variability leads to higher

buffer cost in these cases.

However, Example 1 below shows that the opposite effect may occur when the
demand densities belong to the same family. Example 2 illustrates that Theorem 2

may apply when the demand densities belong to different families.



Example 1

The nonsymmetric triangular density f is continuous, piecewise linear and charac-
terized by three parameters 0 < a < b < ¢. The function is nonzero on the interval
(a,b) and it attains its maximum at c. Basic algebra yields expressions for the mean,
the variance, and the H,, functions. We consider two nonsymmetric triangular den-
sities f;, ¢ = 1,2. The numerical example below illustrates that the parameters

a;,b;, ¢; can be set such that the conditions of Theorem 2 or Lemma 3 apply.
(a) Let

11
a,:l,b1=2,01=3-; a2=0,bZ=4,c2=g—, h=1;p= 86

It is easily verified that p; = p, = 17/6, 0.9306 = o < o = 1.0139, so that
Condition 1 holds. Furthermore, D; >3 D, @} = 4, and H,(Q}) = —0.0546. Hence,
Theorem 2 applies. Indeed, Q3 = 3.9279, C1(Q7) = 1.6667 > 1.2883 = C5(Q3)-

(b) Let
a; =0,b; =4,¢; =6; an=1bbh=26="T, h=5;p=1.

It is easily verified that p; = p, = 10/3, 28/18 = o} < 03 = 31/18, so that again
Condition 1 holds. However, there is no n > 1 for which Dy >, D; or D, >, D

(Ridder et al. (1996)). In this case, Lemma 3 applies with @ = Q3 = 2:

1 L . P gm e, [ -
Ha(o) = 75> 0. —75 = Ha(@3) < (@ — @) /Q.' Filz)dz = 0.

Example 2

Let D, have a Lognormal (g = —0.1,0% = 0.2) density and D; a Gamma (A = 4,
a = 4) density, with cost factors o = 1, and p = 24. Condition 1 holds (with
pn=1,0.2214 = 0? < 02 = 0.25); H3 > 0; Q] = 1.9797; H,(Q7) = —0.0013. Hence,
Theorem 2 applies. Indeed, Q3 = 2.0214, C,(Q7) = 1.4052 > 1.3712 = C2(Q3)-

Remark. Note from the above examples that the optimal ordering quantities Q;

may increase as well as decrease with increasing demand variance. In Example 1(a):
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Q; > Q3, in Example 2: Q] < Q3. Note further that the opposite effect may occur
when h < p (Example 1(a)), but also when A > p (Example 1(b)). Assuming that
the conditions of Theorem 2 hold, these phenomena are explained by the following

equivalence.

020 o Q<F (,ﬁ)

4 Conclusion

The conclusion of this paper is that a reduction of the demand uncertainty in stochas-
tic production and inventory systems is economically favorable for most demand
distributions that are commonly used in practice. However, for some demand dis-
tributions a reduction of the demand uncertainty will not result in the desired cost
reduction. Whether cost reduction occurs, depends on many factors such as the
definition of uncertainty, the structure of the demand distributions, and the ratio

between the overage and underage costs.

Our analysis applies to the class of inventory models where the cost function has
the form (1). Besides the classical Newsvendor Problem, dynamic inventory systems
controlled by a base stock policy belong to this class (D stands for the lead time
demand and Q for the base stock level). Furthermore, our analysis carries over easily

to discrete demands distributions (see Ridder et al. (1996)).
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