l_’__l
TILBURG 0}%?%_? ¢ UNIVERSITY
l‘jf’l

Tilburg University

Sameh's parallel eigenvalue algorithm revisited
Paardekooper, M.H.C.

Publication date:
1986

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Paardekooper, M. H. C. (1986). Sameh's parallel eigenvalue algorithm revisited. (Research memorandum /
Tilburg University, Department of Economics; Vol. FEW 233). Unknown Publisher.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 06. Oct. 2022


https://research.tilburguniversity.edu/en/publications/abbaf4f3-0c34-44d3-a5c5-009a3ff53c9b

RESEARCH MEMORANDUM

‘ TILBURG UNIVERSITY

’ DEPARTMENT OF ECONOMICS
tbus
eeeeeee

-:os 90153 - 5000 LE Tilburg
nds






77 K.\J.B.
E//// BIBLIOTHEEK
// TILBURG

FEW
233
<03
SAMEH'S PARALLEL EIGENVALUE ALGORITHM
REVISITED
M.H.C. Paardekooper
June 1986

Department of Econometrics
Tilburg University
Tilburg, The Netherlands

This research is part of the VF-program "Parallelle Algoritmiek", THD-
WI-08185-25, which has been approved by the Netherlands Ministery of

FEducation and Sciences.



SUMMARY

We give an improved version of Sameh's parallel normreducing eigenvalue
algorithm. The use of so-called Euclidean parameters of nonunitary
shears simplifies the formulae in the related minimization problem.

Our main result is that with n/2 parallel processors almost diagonaliza-
tion of an nxn non normal matrix is reached in & (n log n) iterations.
Each iteration needs O(n) steps: with n2/2 processors one needs O(log n)
steps per iteration.
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1. INTRODUCTION

In 1962 Eberlein [2] proposed a Jacobi-like normreducing method for the
eigenproblem of nonnormal matrices. Since that epochmaking article seve-—
ral authors [1,6,7,9,12,13,14,15] analysed, modified and improved that
algorithm. In [11] Sameh developed, on base of Eberlein's procedure a
Jacobi-1like method for a parallel computer. The aim of this paper is to
put forward a unified approach for Jacobi-like norm-reducing transforma-
tions and to apply that approach to elucidate and improve Sameh's
method.

In Jacobi-like norm-reducing procedures shear matrices Wl’m are used in
similarity transformations in order to reduce the Euclidean norm of the
current matrix: A' = W;Tmsz,m With successive executions of these
transformations one aims to reach an almost normal matrix that can be
(almost) diagonalized with unitary transformations. This solves approxi-
mately the eigenproblem.

The unimodular shear W2 differs from the unit matrix I in the (2,m)-

’
plane. For convenience let be

< 2x2
Wm=($ :)EIR s PsS-gqr =1,

to be called the (#,m)-restriction of wl n® Since the Euclidean norm is

’
invariant under orthogonal transformations, the optimal norm-reducing

shear w2 . is determined except for an orthogonal factor, say Q " Ma-
¥ nxn

trices 'S; PE€ R will be called row-congruent if S = PQ for some or-

thogonal matrix Q, notation S ~ P. It is easy to see that S and P are

row-congruent iff SST = PPT. Now for shear wl - holds
’
2 .2
- ~ P +q pr+qs) X =z
wow o= - .
kot 240 pr+qs r2+s2 z2 ¥

The quantities

2 2 2 2
= W = + = = 3 = = 4
x x( e, ) P q 5 ¥ y(wl ) r 8 5 2 z(wz’ ) pPTr qs



will be called the Euclidean parameters of wl - [7]. So row-congruent
b

shears with the same pivot pair share their Euclidean parameters and
effectuate the same Euclidean norm of the transformed matrix:
-1 -1

\' ~ W il & AV

= W W
£2,m £,m £,m l,m'E ' l.mA

l,m'E'
We assume W2 & to be unimodular so

Xy >0 5 Xy = z2 =1
The subset

H = {(x,y,z) € n9|xy - 22 =1, x,y > 0}

is the positive sheet of the elliptic hyperboloId xy - z2 =1,

Section 2 describes the sequential optimal norm-reducing process and is
preparatory for the other sections. In the second section we present the

calculation that proofs the existence of a quadratic function
IW--l AW I2 = f(x,y,z:A) = ax + By + 2yz + (~Xx+uy+uz)2 + const.s; X,¥,
2,m £,m E

z being the Euclidean parameters of unimodular shear W and a,B,Y,A,u,

£,m
v are constants derived from A. In case p, q, r, s of w2 n 2Tre complex
»
numbers, then the Euclidean parameters of Wl o 3re
’
2 2 2 2 - -
x=|p|°+ |q|° , y= |c|®+ |s|®, z = pTr + gs.

*
These quantities are the non-trivial elements of wl mw2 & The unifying
’ 3

effect of the Euclidean parameters for the description of IWZ msz ml
’ ’

can be seen in table 1. Each row gives the parametrization used by that

author.



- (x,y,2)
e_iscos W -eiasin W x=y=cosh 2v Eberlein [2]
w = utiv
= : i(a-
e 1Clsin w eiscos w -e (a B)sin 2v
osh v —1eiusinh v x=y=cosh 2v Ruhe [9]
i
sinh v cosh v =—ie “sinh 2v
a sin a cosh v sinh v x=cosh 2v+sin 2a sinh 2v | Eberlein,
y=cosh 2v-sin 2a sinh 2v | Boothroyd [4]
-sin a cos a sinh v cosh v z=cos 2a sinh 2v Sameh [11]
cos a sin a 1 b x=l+b§cosza+b sin 2a Voevodin [15]
y=1+b"sin"a+b sin 2a
-sin o cos a /|0 1 z=b cos 2a—bzsin2a Veselic [13]
cosh v sinh v x=y=cosh 2v Dollinger [1]
sinh v cosh v z=sinh 2v

Table 1. Normreducing shears and their Euclidean parameters

The simplicity of function f on A enables the computation of the row

-1

i W -
e that minimize le’ Al l,m"E With a well

chosen pivot-strategy {(zk,mk)I the optimal norm-reducing shears W

congruent unimodular shears W

’

L ,mk

k

k,m Ak lk,m
such that this sequence converges to the set of normal matrices, i.e.

k € IN, generate a sequence {Ak}’ where A} = A and By ™

- e

-
= A A A

C(a 1P

. > 00k » ).
The matrix C(Ak) is called the commutator of Ak and measures the nonnor-
mality of A [3,5].

Just as well in Sameh's Jacobi-like algorithm the formula for the norm

reduction becomes simple with the Euclidean parametrization of the

parallel performed transformations.
In section 3 we describe the construction of an optimal parallel trans—

formation. The convergence to normality by preconditioned norm-reducing




parallel shears is discussed in section 4. The preconditioning transfor-
T

mation QjAij = A&, j= 1,2,¢.s, where Qj is a direct sum of orthogonal

20-1,20° Lo 1y eee;nf2; of C(Aj). This

pretreatment before the optimal norm—reducing transformation

Ag - w}lAawj, where wj is a direct sum of n/2 identical shears, achieves

the norm-reduction to be large enough for convergence to normality,

C(Ai) +0 () +=).

Sectlon 5 plves implementatfonal detalls of the process.

shears, annihilates the elements c



2. UNIMODULAR SHEAR TRANSFORMATIONS

Let A = (aij) be a real nxn matrix and w2 m 2 unimodular shear. Let be
b
(E g) the (g,m)-restriction of w2 n? (x,y,2z) the Euclidean parameters
fw i.e.
o o0’ e

X = p2 +4q s y=r =* s2 5 W ™ Pr A qR

with

X,y >0 and xy - 22 = 1.

With easy but tedious calculations we obtain
THEOREM 2.1. [7]. If WQ - is a unimodular shear with Euclidean parame-

ters (x,y,z), then

=1 2
"wl,mAwl,m"E = f(x,y,z:A) + o+ e (2.1)
where
f(x,y,2z:A) = ox + By + yz + (—Ax+uy+2)2 + o+ e (2+2)
with
n
2 2
a = Z'(atl+ami) , A= a,
i=1
n
2 2
= : =
B % (au+a1m) U A
i=1
(2.3)
n
= ' — = —
¥ 1E1(ailaim 21%n1) R ¥ ™
o= ;' a2 e = (a_ +a )2 - 2(a, a -a )
1,3=1 1 . 22 “mm 22%mm % gmme
’

(L' means summation except for ¢,m). o



With the Lagrange function
2
L(x,y,z,p) = f(x,y,z:A) - p(xy-z-1)
one derives that the Lagrange multiplier p together with
T = 1(X,¥,2) = =Ax + uy + vz
has to satisfy the equations

BB =2 ~F =D

(p+E)T - D = 0
where
2
D= agp— B — Y0 5, F=agf—¥s
THEOREM 2.2. [5]. If D and F are not both equal to zero, then

min{f(x,y,z:A)| (x,y,2) € H} = £(%,9,2) ,

where
g = 2uD *+ B(ptE) o _ —2AD + a(ptE) , _ -uD - Y(p+E)
p(pt+E) d p(p+E) ’ p(pt+E)

Here p is the unique root of the quartic equation
22 2 2
(p+E) “(p ~E) =~ D(2ptE) = 0

for which root holds p > min(0,E).

(2.4)

An accurate 1investigation of the minimization problem gives that the

infimum of f on the unbounded subset H of ]R3 18 not assumed when

D=0AF=0A («+tB20 V (E=0 A A#p)). Then the intersection of

the

planes ox + By + 2yz = 0 and -Ax + py + vz = 0 is in the tangent cone



xy — z2 = 0 of H.
With the new variables

e 2= S e s B
w= (x-y)/2 , t = t(w,z) = (x+y)/2 = /1+u"+2z

we get
uw'l AW nz = (a+B)t + (a-B)w + 2yz + ((u—A)t-(u+A)w+uz)2 + o+ e =:
£,m £,m E

g(w,z;A) (245)

The relation between the commutator of A and the partial derivatives of

g 1s given 1in

THEORFM 2.3. [7,10]. IF G(A) = (ci|) and uw‘l AW nz = g(w,2z:A), where

,m  2,m E
w = (x-y)/2, then
38 - N 28 -
s (0,0) B~ § = (0,0) chm' (2.6)
Moreover
nw'l AW H2 = min{g(w z:A) | (w,z) € H@}
£,m g,m E e 3
iff
i cmm = clm =0,
where

Sy = cwt ]
(ey 9 C¥y WPy e
Without proof we mention

THEOREM 2.4. [7]. Let the sequence {Ak}, starting from Aj = A be con-

structed recursively by

-]
Ak a wlk)mkAk‘lwlk;mk 2 ok 1’2’.'.



where (%

k’mk) is the pivotpair selected according to rule

2 2 4 2
(c (A,)=c CAL )Y + 4e (A) > 1C(A )N (2:7)
zk’lk Ak mk,mk k zk,mk Ak n(n-1) Ak E

and W reduces the Euclidean norm in an optimal way.
K™k
Then
nCea, )12
A 1 = s B S e h Y (2.8)
k'E k+1'E £ 3n(n-1) 2 :
HA1
E
and
C(Ak) +0 (k + =), 5

For the sequal it is important to note that in the proof of this theorem
a suboptimal shear V is constructed. This suboptimal V already

Beomy bom
suffices to reduce the norm as in (2.8). Vlk = is the product of two
»
k
. Dl = = QL ” is an orthogonal shear that annihilates
k*k kK k k’ k
element c of the commutator and D is a diagonal shear with

e My e B

=1 g : %
Euclidean parameters (xk,xk ,0). Since 32 (0,0; Qlk,mkAk—lQL

shears Q

=0
k’mk) ’
we take z, the third Euclidean parameter of D - equal to zero. A
*k

Newton iteration in the minimization of x » f(x,:rz-1

=
,05 Q _1Q )
"k""kAk 1ty sy
gives Xy for D « This suboptimal V already gives norm-reduction
k™ ™
(2.8). The conclusion C(Ak) + 0 follows from the Eberlein inequality
[3,5]:

n
k12 ~ ¢ [a

|2 1
B a1

2 2
D = IIC(A)IE/IAIIE .

2| =6



3. PARALLEL IDENTICAL NORMREDUCING SHEARS

Let the matrix A be real and of even order n = 2k. Then it can be parti-

tioned as follows

'Aly Ay eee A
= {8 %99 e By

\Akl Ay eee Ay

where each submatrix is given by

a a
—_ ( 29-1,2m-1 22-1.2m) R B el
b

222,2m-1 %22,2n

For convenience define

g,m T 220,201 Ma,m T 201,200 %eym T %24-1,2m-1°

Bn,m g aZl,Zm’ Uz,m 1= ui,m - Bzm’ 2,m = 1,000,k (3:1)
Let

A = W,
where

W= diag(Sl,Sz,...,Sk)
and

Py 94
5y = s Bgsy = Gty = I 1= 1000k (3.2)



10
2 2 2 2 " _ .
As before Xy =Py + qqs ¥y =Ty + Sy» Zy = PyTy + 98, 1= 1,eee;ks
they are the Euclidean parameters of Sy, so Xy, -z; = 1.

Then

a' u
A e i , 2 ,m= 1,00,k
2m £ 2m m A! g'
2m £2m
or, equivalently
v
al,m az’
uy ” u
el _gsles e
' L m A
2,m £,m
1
Bl,ﬂl Bf'a

Trivially one finds

THEOREM 3.1. For each pair (&,m), ¢,m = 1,...,k, IAi m'g is a bilinear
’

function of the Euclidean parameters (xl,y ,zl) of S2 and (xm,ym,zm) of

R
Sm:
2 2
Al,m Bl,m ZAl,msz,m Xm
-1 2 2 2
'SL Al,msmlEs(xl’yl’zl) al,m ul,m zal,mul,m Ym
2oy m i.m "28p nVem m200g By 2Py u¥y n) | Za

Completely analogous to theorem 2.3 we get
THEOREM 3.2. For each 1 € {1,...,k} let be

w, o= (xi-yi)/Z s B (x1+yi)/2 = (lwfd-zi)i.

i 1

Then 1is |w'1Awué is a bilinear function of (ti’wi’zi)’ i = J,e0syk and

as such a function g(y,f), where w = (wl,...,wk), z = (zl,...,zk). More-

over

38 (0,0) = 2

g
awy (00 = Cu1,20-1 7 21,01 oz, 1-1,21 °



L1
T ]
where (c;.) = A'A - AA . .
The complexity of the unconstrained minimization of g(g,g) forces the
restriction to a simpler minimization problem with fewer variables.
Therefore we consider, following Sameh [11],

W= diag(Sl,Sz,...,Sk),

P q =
with S1 =S = (r S), ps - qr =1, 1 =1,...,k, to be called a parallel
identical shear. The computation of wlaw 1s readily adapted to parallel

computation. As in the foregoing let be
2
X =D Y  ¥F=E ¥+ 8 ; Z=pr + g8 ;

the Euclidean parameters of S. Analogous to theorem 2.1 we formulate for
this parallel shear transformation
THEOREM 3.3. If W is a k-fold direct sum of shears S = Sy = eee = Sk

with Euclidean parameters (x,y,z) then

<12 k 2 2
W Aqu = b4 (—Az’mx+ul’my+u£’mz) /(xy-z°) + k. (3:3)
2,m=1
The quantities Xl,m’ ul,m’ Ul,m are defined in (3.1) and
¥ 2
K = X ((tr(Al,m)) -2 det(Az’m)). (3.4)
2,m=1
PROOF. Let be
| A
~ al,m uk,m
A’ =S "AS = ! = qa' - B! .
] = Ul,m o‘9.,m B ,m
A' B'
,m 2,m

Then

2 2 2
NA"' [ —— ' ="' + v = '
R (ul,m l,m) (tr(Ag,m)) 2 det(Al, )
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2 2
= (u) =A! - A :
(ul,m Al,m) + (tr(Az,m)) 2 det( l,m)
Since (ps—qr)2 = Xy - 22 and
2 2
v it - +
By ™" B~ TR tiew,
' = - +
AJl,m P Al,m - ul,m o Ul,m
we have
2 2
Al X ¥ - = + =
W mtal = Uy 0, P, 8
This proofs (3.3). (m]

Since IW_IAWIE is an homogeneous function of the Euclidean parameters of

the nonsingular shear S, without loss of generality we may assume xy -
z2 = 1 with x,y > 0.

To avoid cumbersome formulae we introduce the following notation

2
) € ®’,

LI O SRS SPTETT S ST POPR TR YN
2
92 Lt (ullyu12,°")ulk’u21"'°sukk) = IRk ’ (3.5)
2
93 = (Ull’ulz""’ulk’UZI""’Ukk) 1S D*’,
2
k™ x3 T T
B := B(A) := (21’22)23) € IR i P = (PI.PZaP3) = (x,y,z) s
0o % 0
H=|4 0 0 . (3.6)
0 0 -1

As a simple consequence of theorem 3.1 we get
THEOREM 3.4. If W is a unimodular parallel identical shear with Eucli-

dean parameters p = (x,y,z) , then

-1, 2 2
W CAWNL = 1BpI® + «,
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where « as given in (3.4) and B in (3.6). The Euclidean parameters

satisfy the restriction

P HB =1, pl > De ]
The minimization of IBpH subject to E;HE = 1 leads to a generalized
eigenproblem. We first present a method for solving this minimization
problem in case rank(B) = 3.

THEOREM 3.5. Let be rank (B) = 3 and B = OR, with QTQ =1 and R € E@x3
uppertriangular. Let be p = (x,y,z)T the vector of theEuclidean para-

1

meters of S in W = diag(S,S,...,S) that minimizes W AWIE' Then Rp 1s

an eigenvector corresponding with the unique positive eigenvalue of
R HRL,

PROOF. The function f(B:A) = HBEHZ assumes a minimum on //. For 1if

M = 1R(1,1,0) ¥, and v := {p € IR3IIIEII < MIR—II} N H , then IBpI > M

1f P € H\V. Continuity and compactness arguments prove the existence of
a minimum. The stationarity conditions of the Lagrange function L(g,p) =
annz - p(BTﬁB -1) are ETHE = 1 and

(8'B - pH)p = 0.
Hence
T -1 -1
(R HR -p I)RE =0:

=7% = =
so p is an eigenvalue of R HR l. The eigenvalue p 1 corresponding with

Rp is positive as follows from convex programming arguments. Q

Now we investigate the minimization of f on X in the particular cases
that rank(B) < 3.

oy T
THEOREM 3.6. Let be rank(B) = 1 and range(B ) = span(tl,tz,t3) . Then

(1) min{1Bpl|p € H} = 0 . t§ - M:Itz > 10,

(i1) min{1Bpi|p € 4 > 0 , 4t t, - t§ >0 5
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2
(i11)  inf{mBpi[p € #} = 0 ; By — Ak, =0,

this infimum i{s not assumed for finite p € /.
PROOF. Evidently #Bpl = ¢ c|p|+t2p2+t3p1 for some ¢ 2 0.

(1) The equation tlpl + t2p2 + t3p3 = (0 determines a solution curve 1

on H. The parametric form of T is

p(A) = (A2 1,007 Lt =ty =0

p(l) (-t3A/tl,-t1(1+X2)/(t3X),X)T ’ t1t3 * 0 ’ tz o= 0 () Pl > 0)

2 T _
p(2) (-t2(1+A )/(tjl),—tBA/tz,X) » tyty # 0 , £, = 0 (p1 > 0)

1 1 - T 2 2 4
p(x)=(5( t3xto)/tl,5(-t3A+D/t2,A) 5 D-(t,J—Atltz)A -4tlt2) 20, tltZ#O

In each of the cases obviously one of the two branches of T is on#.

(1ii) The positive minimum on # is assumed for

2.-% T
) eyl ey (26,26 ,,-0,)

P= (Atltz—t3

(i1i) Let be t ,t2 > 0. The plane t +t P, +t = 0 contacts the

P P
11 T 2 3P3 3
cone {Elplpz = Py Py > 0} along the lime L : p(A) = A(2t2,2t1,—t3) 5
A > 0. It follows that IBBI >0onH, for L, NH = §.

Now we describe a curve T on #Z of which L is in the asymptote:

1

ol =1 : h =
I :p=75u(t+t,) (2t,,2t ), ty) +3u (t1+t2) (2t1,2 s w > 0,

tz,t3

On this curve we find, using the fact that 4t1t2 = tg

tp. +tp +t = (tl+t2)/u + 0 for y » =, The infimum O of §BpN on

1y T FaPp T EaPy
H 1s not assumed. O

In a similar way one derives the next theorem for the case that
rank(B) = 2.
THEOREM 3.7. Let be rank(B) = 2 and N(B) = span (t,t,,t;)". Then

2

in{iWBpl =
min{ ph|p € H} =0 . tlt2 € t3
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2
min{uBPIIE S H} >0 5 t1t2 < t3
inf{1Bpi|p €H} = 0 et = t2

pTIR s ) 3 @
this infimum is not assumed for finite P &

REMARK. C := {t € D@|t1 > 10, Atltz > tg} is the positive dual cone of
T R - 0

K := {p €1r1<3lpl 20, pyp, 2 pg}. f.e. C = K := {t € ®|(t,p) 0,
vp € K}. For if tp) = 0, then t € C en p € K implies t € Ko. If tpp # 0
then from t € C and p € K follows (t,p) = (2t1pl+t )2/(4t1p1) 2 0.

Hence C C KO.

3P3

€ K with p2 > 0 then t2p2 Z —t3p3 -

> 0 for each p € K with Py > 0. This

Reversely, 1f (t,p) > 0 for each p

2 2 2
i.e.

€ P3/Pys 1e€e typ; + PPy + €0y A

implies t € C. If (t,p) > O for p € K with pp = 0 then evidently K~ C C.

At the ending of this section we demonstrate that minimization of
uw'lAWné, considered as a function of the Euclidean parameters of the
unimodular S in W = diag(S,S,...,S), effectuates the annihilation of a
part of C(W ‘AW).

Preparatory we introduce new variables, t and w:

xX=t+w,y=t-w (3.7)

Since xy - z2 =1, x,y >0 onH, t = t(w,z) = (1+w2+z2)i.

With the variables w and z we find a new expression g(w,z;A) for

—1 2
(%) AWIE.

g(w,z:A) = n(91+92)t + (EI—EZ)W S E3zn2 + B 5 WyZ ER (3.8)

THEOREM 3.8. Let be C' = (cij) = C(w_lAW), where W is the direct sum of
k unimodular shears. If t = (x+y)/2, w = (w-y)/2 then
. — 1. 2 2 2 2 "
k | S22-1,20-1 T S2¢,2¢ g (048" =q"-") pr-gs 8, (W,2:A)
b = (3.9)
2=1

201,20 PqTs petar( | g (w,z;A)

O
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k k
U ' -c! = ! =
For the elements of C' holds lfl(CZE—l,Zl—l c2£,22) 151 201,21 0
iff g is stationary.
n
PROOF. Since I <c¢], = 0,
ii
i=1
k k k
' =gt = ' = Y =
L (e 1,20-1"%24,2¢) = 2 21,201 RN .y (i) (3.10)
2=1 2,m=1

k

B N » 2 12 2 .2

= 21 £=1((ulm Alm)t (u2m+k£m)w+ulm2)((q P )Alm+(r s )u2ﬁ+(Pr+qB)ulm),
’

where
' = ' ' = ' =
Aem ™ 92¢,2m1 * Pam ™ %24-1,2n * P " Loeesske
Similarly
m k
Bl = T ol (nl =Xt ) (3.11)
g1 241287 ) Vet en am
k
= " iﬂl((ulm-lzm)t—(u£m+llm)w+ulm2)(-ZPq X£m+2rs ulm+(PB-qr)ulm)
’
with

. - ' Fo Al =
You ™ %2g-1,2m-1 " Pap,2m ¢ BB = Licasks

Further, as follows from (3.8)

k

98 JKY

B (w,z:A) 2’?";_1((111ln Aom )t- (“2m m)W+u 2)((%m lm) (“zm lm))
k

28 S z
dz (w,2:A) 21 :;l((ulm lm)t (ulm 2m Yk mz)((ulm_xlm) [ +”zm)‘

"
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With simple but tedious calculations one verifies (3.9). Since

1 ;.2 .2 2 2 1 2. 2
7 (p+s"-q"-r ) (pstqr)-(pq-rs) (pr-gs) = 5 (ps-qr)(p+q +r2+s2) =t21,
k k
1 = ) = L = = a =
we conclude 2il(c22_1’21_1 CZQ,ZE) lflczl_l’ZQ 01ff g =g, =0. O

THEOREM 3.9. If C(A) = (Cij)’ then

k
S Cam,20m1 T C2g,20)| [ B0(0:038)
= (3.12)
K
2 .
251c22-1,22 g,(0,0:A)

PROOF. Substitute p=s =1, q=1r = 0 in (3.9). 0O
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4, THE PRECONDITIONED PARALLEL SHEARS METHOD

This section describes the norm-reducing transformation

A = wlQMagw = wloTaQw (4.1)
where
Q= dlaR(Ql.---.Qk) » W= dlag(s,...,S) , (4.2)
with
cos ¢£ sin ¢2
s n
Ql = > 5‘< ¢2 < 2 L =1,0ee,ke (4.3)
-sin ¢£ cos ¢2
and
_ (P 4 _ -
S = (r 8) » P8 — qr ) 8 (4.4)

As In Sameh's algorithm [11] the preconditioning orthogonal matrix Q is
chosen such that grad g(0,0:Q AQ) has maximal length. On base of theorem
3.9 one derives

THEOREM 4.1. Let be Q = diag(Ql,...,Qk), with Ql’ £=1,...,k, as given
in (4.3) and let be

€20-1,22-1 ~ 29,22
V() = v, = o B T enike (4.5)
2¢90-1,22

Then the maximum length of grad g(0,0:Q AQ) with respect to Q equals
k

Z Iv I and 1is assumed for
=1 !

cos 2¢2 (1,0)T » 1f v, = @
= s |¢l| S ol (4.6)

-si "
s Tt Y, RS
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-
with this Q : gz(0,0:Q AQ) = 0.
PROOF. It follows from theorem 3.9 that

C' P cl
. k 201,281 2428
grad g(0,0;Q AQ) = =

2=1

\l
2¢90-1,22
-
where (c' j) = C(0 AQ).
T T
Since C(0O AQ) = Q C(A)Q we find
el cosz¢ sin2¢ -2 cos ¢, sin ¢ c
28~=1;29=1 2 [} 2 [ 29-1,22-1
2 2
Al
c22,2£ sin ¢l cos ¢2 2 cos ¢£ sin ¢2 CZQ,ZE
2 2
- s b - si
<:2ﬂ__1’211 cos ¢z sin ¢g cos ¢Z sin ¢£ cos ¢£ sin ¢£ c22_1’2£
Consequently
' = 2 - ==
C2e-1,20-1 " Sag,2e| [ 0% 2y TosInm2e, e 1L2e-1 T S20,20
= | >
Zc22 1,22 \ sin Z¢2 cos 2¢£ 2c22_1,21
i.e.
v (Q'AQ) = Q2v.(A) , 2 = 1 K (4.7)
To0A9) = 0 ¥y ’ TS :
T k T
Hence grad g(0,0;0 AQ) = ¢ Q Ver The Euclidean norm of g(0,0;Q AQ) is
2=1
maximal with respect to the rotation parameters ¢1,...,¢k of Ql""’ok
iff the vectors Ql Voo 2 =1,...,k, have the same direction. With the
orthogonal matrices Ql ngz, 2 =1,¢s.,k, given by (4.6) we get
k
ot T
0 2v = v 1(1,0)". Thus grad g(0,0:0 AQ) = I v l(l,O)T and
g = —=p gl =2 g

.
g,(0,0,Q AQ) = O.
REMARK. Except for the (permitted large) range(- ; . %] of the rotation

angles ¢£’ 2 =1,...,k, the matrix Q in theorem 4.1 effectuates Jacobi

o i =
annihalitions of c22_1’22, 2 1,6 w5 K
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THEOREM 4.2. Let be Q an orthogonal matrix as defined in (4.2), (4.3)
4

S o

and (4.6). Then there exists a diagonal matrix W = diag(x

x%,x-%) such that

lQTAQWIé > LaZ? 5 wa?, (4.8)

2 -
1AL - IW 3 = T,

where Yo as defined in (4.5).

i3 2x3
PROOF. Let be A' = 0 AQ and B' = (P',Eé,gg) € Hk , according to
(3.6). Let be W = diag(S,...,S), where (x,x'l,O) are the Euclidean para-

meters of the unimodular matrix S. Then it follows from theorem 3.2 that

IW—IAWIé = lxyi + x_lyélz + constant

I. Ef Iyilugél # 0 then lxgi + x-lgél is minimal for x = (lbil/lgél)é.
1

With the Euclidean parameters ((lgilllyél) 5 (lEél/lQil)*,O) the de-

crease of the Euclidean norm equals

2 _ =l 2 2 -] - RS,
VANG = IWCATWIZ = BAIG - IW Q AQWIZ = (1bji-1byn)”.

Hence, as follows from (3.10),

-1 2
' - ' = ' 14 ' v
'E I 'E i ('Ell '92') ('91'

2
- ' =
1 2 et

1 ' vy -1 A
=5 (1bju+ibin) “g (0,0:A').

— 2
) i\ v
Now Ibj# + 1bj1 < Y2(ubi

112yt -
+IDSIT)T < /20AT 0, = /2041, and
k k k

0,0:A' - ' e = T =
8, SRRAL TR TS e TR A R

as can be seen from (4.7). Consequently

k

AL e 5L
¥ yyD 2z A oo,

1’ - w loTagn? >
E E =
2=1 2=1

| —
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2. In case Pi # 0 and Pé = 0, choose x so small that, x2 <1 -
1 =2 e 212
8 IIAIIF: ll_l}‘N . Then

y RS R - S [ S, I =2
NAR=1W "Q AQWIL = Ibj17=x"1bI 1" > & AN " 1b

4 1
M -
] b} 12 g VAN Ty i<,

1

for

k o k
) = I iy, (0AQ)N = I Ny i.

k
||§'||2 = r( 2
- 2=1 =1

' o
gl €29-1,20-1"%20,22

3. In case Pl = 0 and 92 # 0, similarly, choose x so large that

2 3 (1- L a2

2 3 & lyélz)_l. Once again (4.8) holds. 0

The plvotstrategy which must guarantee that the Euclidean norm decreases
in sufficient degree for convergence to normality [3,4] will be derived

from lowerbound (4.8). Therefore we need

THEOREM 4.3. There exists a set of k disjunct index pairs (zj,mj) with
2. #¥m.5 3= l;6:05k,; such that
| ]
- 2 2 4 2
¥ (e -c ) “+4c ) > —= IC(A) I s (4.9)
5 [ Ay T } A . = 1
=1 "1ty M4 gy o
PROOF . We have
2 > 3
L (c,,~c ) =2(n-1) I ¢ =2 ¥ e ¢ e
. 22 mm 2=1 22 o#m 22 mm
n n 9 no,
But since I c =0, C Ze ) = §¢ e c 0s
0=1 28 2=1 (2] =1 28 . 22 mm
Whence for n Z 2
n n
2 2 2
LI(e = )" =2n Te  D>4tTwe
Gm 22 mm 5 28 =i 2.2
Consequently
£ (Ce,.c )2+ac? ) > arcayi? (4.10)
22 mm gm’” = E°

L#m
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Let be @ the collection of all sets w of k distinct index pairs (2 ,mj).

h|
1
The number of sets w in Q 1s n.k , and each pair (g,m) with ¢ # m oc-
k!2
curs in ——iﬂ:gl%:T sets of Q. Thus
(k=1)!2
D £ (e, ~e Yowhet }= % P (Cep e ) Zrac? y =
wEN (L,m)E w £t o i 2#m wE€Q
(L,m)E w
! 2 2
= Mﬁ 8 ((c m) +l‘c£m)
(k-1)!2 L#m
Hence the mean of T ((e ) +4 ) over all w € Q equals
'y mm
(2,m)E w
= 2'
(o™t =R ((epymepy) Hoea) = (=1)7' 1 (Cey e, ) +0ed ).
k!2 (k=1)12 2+#m 2#m
This result, together with (4.10), proofs the theorem. ]

THEOREM 4.4. Let a sequence {Aj} starting with A0 - A, be constructed
recursively by

Al - (Pjo_jﬁj)'lAj'lijJﬁ:| w3 = 1,2, 0, (4.11)
where in each step k disjunct index pairs (l(j) (j)),...,(l(j) (j))
are selected according to rule (4.9). Pj is a permutation with
P (R,(j) (j),...,zl((j),ml((j)) w Gl 25 mie ey nml,n) Q:l is a preconditioning
orthogonal block diagonal matrix as described in (4.2), (4.3), (4.6) and
ﬁj = diag(xﬁ,x}*,...,xg,x;}) that reduces the Euclidean norm of

_1 -

(Pjoj) Aj leoj as described 1in theorem 4.2. Then {Aj} converges to
normality.
PROOF . {IAJIE} decreases monotonically and is bounded below. Therefore

-1_2
GJ. 1= IAJ 'E - IAJIE +0 (,] » »). Since by theorem 4.2 and theorem 4.4

k

1 -2 Jodl =133
GjZBIAIEElv((PQ)A PQ)I
=1
1 -2 331 4= 3.9 2 1 j-1,..2

ZE(TI)' IAIE 1IC((P7Q") A~ PQ ).E = eh IAIE I1C(A )|E,
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we have lim C(AJ) = 0. ) O
j+oo

THEOREM 4.5. Let {Aj} be constructed recursively by
ad = (pIodudy a3 lpdgdyd (4.12)

with pivot strategy, Pj and Oj as in theorem 4.4 but wj an optimal pa-
rallel norm-reducing shear as described in the theorem 3.3, 3.4 and 3.5.
Then {Aj} converges to normality.

31 .2 2

N = A
PROOF. §, = IA" "1y - IA"Ig

in the preceding theorem C(AJ) » 0 (,§ » ).

+0 (,j » ») for now wl is even optimal. As

REMARK. When Aj is almost normal an orthogonal transform A := U AjU of
Aj such that U (Aj+(Aj) )U is diagonal approximately exhibits the eigen—
values of A provided the spectrum has the following property: if y + iv,
v # 0, is a pair of conjugate eigenvalues of A, then no other eigenva-
lues with real part p is in the spectrum of A [7,8].

In each step of the normreducing process one may choose the specimen in
the set of row equivalent shears that optimally contributes to the dia-

gonalisation of the symmetric part of the current matrix.
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5. IMPLEMENTATIONAL ASPECTS OF THE ALGORITHM

The parallel normreducing process described in the preceding section is

summarized as follows:

ALGORITHM 5.1. Given A € RV " with n = 2k the following algorithm over-

writes A with U lAU.

Do until HC(A)N, < 61AR, A I(all—amm)alml < S0Al,, & #m, where § =

macheps,

(1) determine k disjunct index pairs (lj,m ), 3=1,...,k, such that

h|
" 2 2 4 2
T ((c -c ) “+4c ) > —= NCCA)N (5:1)
j=1 lj’lj mj,mj lj’mj n1 E
(11) TE P = (ell,eml,...,elk,emk), ej being the j-th unit vector, then
T
A := P AP (5.2)

(1L4) forf & = 1, ves;sle

Determine cos %, and sin b0 -n/2 < ¢, < n/2 from

{COS 2¢£ - (CZQ—I,ZQ—I—CZQ,ZL)/N (5.3)
i = -
sin 2¢£ 2c2£_1’21/N
where
2 2 ;
N = -

((czz-1,zz—1 c2£,2£) + 4c21_1’21) . (5.4)
If Cre-1,22 = 0 then just set cos ¢, = L.
Compute

P
A := Q AQ €5:5)



where ( = dlag(Ql,...,Ok), with

cos ¢2 sin ¢2 cl s2 \
02 = = /
-sin ¢1 cos ¢l —SR <y
(iv) Compute
k k
2 3 2 3
B:=1( T & e SRR - )
g, m=1 2¢2,2m-1 § sl 22-1,2m
and
3
( (B/Y) 5 By #0
1 1 =2 2
E(l—gHAHEB)% » B#0, y=0
-
1 -2 2.-% _
2:(1= B ALY ) , Y#0, B=0
\1 s, B=Yvy=0
(v) Find
6, and sin 6,, = 7 < 0, <= , & = 1 Kk
cos lan sin 2, 75 2=4, seeey
such that

292,20 ~ 224-1,24-1

cotan 262 =

2 2
30,2015 F 301,24/

(vi) Compute

A := W“lAw

where W = diag(wl,...,wk) with

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5:12)

(5:13)
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X cos 62 x sin el
W = o Bm Loeeagke (5.14)
-sin el/x cos ellx

The computation of C(A) already requires 0(n3) flops, so (1) is not a
practical course of action.

Inspired by the caterpillar permutations introduced by Brent and Luk for
systolic arrays we avold the expensive search for an optimal set of k
distinct index pairs and perform a serial process. The caterpillar per-

mutation P, will be illustrated for n = 8.

So
P.(1,2,3,4,5,6,7,8) = (1,4,2,6,3,8,5,7).
Generally
1 g 3= 1
i+2 sy 1= 2,4,...,2k-2
P (1) = (5:15)
i-2 gy L = 5.7 seieg2k=1
i-1 g 1= 3

It is easy to see that Pg—l =1I.

ALGORITHM 5.2. Given A € R " with n = 2k the following algorithm over-
writes A with U lau.
Do until

l

[la, +a | < 6nas

o ¥ A (5.16)

¢ %mm E

(1) Perform the stages (111), (iv, (v), and (vi) of algorithm 5.1.



27

o
(ii) Compute A := PAP , where P is the caterpillar per mutation given in

(5.14) «

At the moment there is no proof of the convergence of the last algo-

rithm.

Let algorithm 5.2 be performed with parallel processors GZ’ | T (PR |

for the concurrent computation with pairs of rows or columns. The follo-

wing steps can be successively executed with the k parallel processors.

a.l)

a«2)

d.1l)

d.2)

e.l)

Cop-1,20-1 © A Doy 1,201

“20,22 (AN, 20

Cap-1,20 ¢ A Mg 10

20-1,20-1 * ©2¢-1,2¢-1 = AA dpp g 201
©22,22 “ 00" AR Do 0y
C20-1,20 ¥ C2¢-1,20 = AR D50 1. 2p

cos 2¢2, sin

2¢Q according to (5.3)

Boe-1,1 o "% | P2g-1,1
+
32,1 S Cal V3.4
81,291 e TSe 1 [ 1,201
«
21,22 82 Cpll 3.9y
k
2
B « I a
2 b
e * o t2e,21
% ol
Yy 29-1,21

TR o

= lyaw myht

2n steps

2n steps

6n steps

6n steps

n steps

n steps
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k ‘
E+2) B« (I Bl)& ’k flops

2=1
> . i
L (15172) L% flags |
E.3) x« (8/p}
L L
£ Find ¢, = cos el, s, = sin el, el (- % 4) from (5.12)
el 320-1,1 cfx —xs)\ [350 1,1
* - ) R . | 6n steps
4501 sl/x xe, TR
T T
8-2) 3281 25 ,20-1 ey Fo
- 5 A st 6n steps
31,22 34,22 e s o

The k processors are simultaneous active in each stage of the process
except for state E.2. Without further refinements, this process needs in
each iteration 31 n steps, each sweep consists of n-1 iterations. Condi-
tion (5.16) holds after ~ log n sweeps. So 8(n log n) iterations of each
39 n parallel flops diagonalize A.

Recursive doubling in a, b, e.l and E.2 for the computation of innerpro-
ducts and the use of n CPU's in d and g gives a reduction to 6(log n)

steps per iteration.
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