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ON MEASURES OF NONNORMALITY OF MATRICES

L. Elsner,Fakultit fr Mathematik, Universitit Bielefeld, Postfach
8640, 4800 Bielefeld, FRG.

M.H.C. Paardekooper, Department of Econometrics, Tilburg University,
5000 LE Tilburg, The Netherlands.

Abstract

This paper discusses measures p i=1,...,9, of nonnormality of matri-

s
ces and their interrelations. éome of the measures are new. Each non-
negative measure ui(A) equals zero iff A is normal. We compare these
measures with several new inequalities. Some of these comparisons, e.g.,
(C12), (Cl5) and (C16), manifest wellknown phenomena of ill conditioned

eigenproblems.
1. Introduction

The class of nonnormal matrices has received some attention of numerical
analysts. In particular in connection with certain eigenvalue algorithms
normal and nonnormal matrices show quite different behaviour. Related to
this fact is the difference in the sensitivity of the eigenvalues and
eigenvectors under perturbations of the entries of the matrix.

For analyzing these difficulties several measures of nonnormality have
appeared in the literature. We give here an overview of the measures
used, introduce some new ones and give in particular comparisons between

them.

Throughout this paper n > 1 is a fixed integer. Let C™*™ denote the set
of all complex n x n matrices and A € C™T. We associate with A the fol-
lowing magnitudes.

- its eigenvalues Ai and its singular values Gi’ ordered such that



|A1[ > |A2| 2 ees ]Xn] v ) 20,2 eee 205

- 1its polar factors HI’HZ’ i.e., the uniquely determined positive semi-

* *
definite square roots of AA" and A A;

-, 1= 1,3 eeylty with @ 2 > a, 2 e 2 @, the eigenvalues of the her-
mitean part (A+A ) of A;
- Bi’ 1= 1;sse0; with B ) B > eee > B » the eigenvalues of the skew-

hermitean part (A—A )/(21) of A

A is normal, if A*A - aa* = 0 holds. Let /N denote the set of all normal
matrices in C™", U the set of all unitary matrices in C™™ and D the
set of diagonal matrices in C™*". We denote by Il.l2 the spectral norm
and by n.ﬂflthe Frobenius norm of a matrix. For X nonsingular xi(x) 1=
i IIXIIi X ui, i = 2,F is the condition number of X.

2. Characterization of normal matrices

There are quite a few charactizations for A being normal.

Theorem 1. For A € C™T with eigenvalues {l }, singular values {oi},
polar factors Hy (1 = 1,2) and eigenvalues {u L, {8 } of (A+A )/2 and
(A—A )/(21) resp. as above the following are equivalent.

(1) A is normal, i.e., A A - = 0;

(ii) There exists a V € U such that V*AV = diag(Ai);

n
(111) a2 - 1z | |? = o;

F $m] 1
(iv) A=X dj_ag(xi)x—1 for some X € C™*™ nonsingular and KZ(X) =1;

(v) IXil = o =0, L= ljeessng

(vi) Hl = H2;

*
* * A-
(vii)  There exists a V € U guch that both V A;A V and v A4

V are
diagonal;
(viii) There exist permutations p and q of {1,...,n} such that

).j = ap(j) + i Bq(j) s 3= L eeesiic [0

We refrain from giving a proof, as the results are either trivial or

easy consequences of the quantitative statements in theorem 2.



We make one exception. (viii) implies (iii) as can be seen from the sim-

ple equalities

n * *
2 2 A+A 2 A-A 2 2
% R = F=—Il_ + F——I5 = 1Al &
(e * B 2 'F 7 ik I

j=1

3. Measures of Nonnormality of Matrices

Theorem 1 motivates the introduction of several measures of nonnormali-
ty.

The most natural measure of nonnormality seems to be

. EN
W (A) := min{1a NI | N I,

and

Wy (A) min{1A-NI, [N € 0},

Besides this we consider

I * *u ~ I * *l

uz(A) = A A - AA P uz(A) = A A - AA 20

n
Hy(A) := (IAI:: - x ix Pt

i

i=1

uA(A) = mTXIIAil— oif,
= = G

us (4) 8, ~ B4

n
2
u6(A) 1= min{(jfl|xj—(ap(j) - qu(j))i )*, P,q permute {l,...,n}}

* * * *
u,(4) min {lu—vnF [U(A+A") U,V (A-A ) VE D, U, VEU 1,
~ * * * *
u,(A) := min {lU--Vl2 U (A+A') U,V (A-A ) VE D, U, VEU "

*
ug(A) := min {IU—VIF]UAV € D,U,VE U},

~ *
ug(A) := min {W-vi, |uav € D,y v € U}



and for A diagonalizable
H(A) := min {ky(X)-n |X € ¢™7, XA X = atag(r) = A},
~ n,n _-1
Hg(A) := min {K,(X)-1 |[X€C’", X AX= diag (A ) = A}

It is easy to see that each of these measures is invariant with respect

to unitary transformation, and conjugate transposition, i.e.,
*
ui(A) = UZ(U A U)) U
= 1, eee;9
*
u(A) = p (a),
and similarly for ;1(A)’ i=1,2,7,8,9.

These measures, except for “A’ "5 and u8’ ;8’ are also invariant with

respect to shift transformation:
”1(A) = ui(A+wI). wE€C.

4. Comparisons between Measures of Nonnormality

Comparisons between the measures ui(A), ;i(A) are given in
Theorem 2. For A € C™*™ the following singularities hold.

(Co) :‘1 S Ui S /f_l ;i’ 1=1,2,7,8 3
2
M 3
(cry —2—¢ My < (5-12—“)* My 3
3N
F
2 /[ 2. = 2
(€2) uy € V2(1A0S + DA, %) < 2 1AL u, ;
2 2 e B F "3
(C3) uz < 4 AN, u,
2 2 y ¥y
(c4) TR Y .o
2 2 F %1 1



(cs5)

(C6)

(c7)

(c8)

(c9)

(Cl10)

(Cl11)

(c12)

(Cl13)

(Cl4)

(Cl5)

(Cl6)

Y < Uy 3

b, S My s

W3 < 2/m 1AM < 20 MAL, b,

|A+|;1 Mg < ug <2 1AL, p g

By < 2 A G

By <8 Al D

SERE max (1Al wg, 2 1AL, we = ug} ¢ 2 LUMET
;g (1+’69)'l < My < % n ;9 (1+“§)—1’

and if all eigenvalues XJ of A are simple, then

% n—-1
Mg £ L (1+(n—1)"l GTZ uz) £ - n ,
= 3 3
I=1
here 8§, = min IA -2 | |i # H
wher b m { % J}
Z o AL Ay (2+ny) < 2 1a1® 3 (2+1)
My & 2 "“pkgleTHg) S F Ygl<Tigls

9 & & 2w -~
u3 < IAIF u9(2+u9) < IAIF u9(2+u9).

if u_ < T := min {Ioi—ojllci # 0.}, then

i

-1
ug < (ntl) T Mg

*
if the eigenvalues Bj’ j=1,...,n, of (A=A )/(2i) are pairwise
distinct and

Wy < (6-472) 63,

where



8§ := min |a -

*
(li QJ

-ogl, 8 =min [p-8],
i 1#7 r S |

then

* 3 .2~=1 .2
My & /(88 - S )T ) .

In all these comparisons
u, = ui(A), 1= 1,.00,9 and wo= ui(A), = 1,2;7,8,9:
The comparisons in this theorem can be visualized with a directed graph,
see fig. 1. There is a directed edge from node My (, or u ) to u (s ©OF
u).i“j, iff

(1) w ) < euA))

for some monotonically continuous ¢ with 1im o(t) = 0.

t>0
s 5
- /////,"‘—____ﬁ* N
‘ My e,
¢ C .
- AL
- C s ,
I g

Fig. 1. The directed graph for equivalent measures.



The measures ui, 1=1,¢00,9 and ;1, i=12,7,8,9 are nodes in a com-
pletely connected graph, for relation 4.1 is transitive.

-

Proof of theorem 2. Assume ;1 = IA-NIZ, W o= IA—ﬁIF, N, Ne/N .
Then

o= IA-NI < IA-NL < IA-NI, = W)
and

u o= IA-Fqu 1A-NI < /n 1A-NI_, = va 7.

1 2 1

The same reasoning applies to His ;1, i=2,7,8. This proofs (CO).
The first inequality in (Cl) is a result of Eberlein [1], the second is

a result of Henrici [2] in its original form.

The second inequality of (C2) is a consequence of

n n
g a2 =z o
1=1 i=1

(also known as "Schurs Lemma"), the first inequality is just a rear-

rangement of the inequality

n
(4.2) SRR W I TUMEE B, ;
el L ey I R

established by Kress-de Vries-Wegmann [3].
For the proof of (C3) we use that for N€ N

* * * * * *
(4.3) A A-AA = A (A-N) - (A-N)N + (A-N) N-A (A-N)

holds. Hence for any NE€ N (, with the wellknown inequality IABIF £
HAN_ UBI
< 5 WAs)

2

(4.4) Hy

< 2(IAI2 + INI2) IA.—NIF .

If N is such that iy, = 'A_N"F and U*NU =pD€p forUey , then it is

obvious from



*
(4.5) M = 1A-NI_ = min {WU AU-DI. [DED ,U€EU }

that D is the diagonal part of U*AU. In particular

(4.6) lNl2 = |D|2 < |A|2 .

As follows from the definition of the spectral norm (4.4) and (4.6) to-
gether yield (C3).

Similarly from (4.3)

2

(4.7) My

< 2(0An, + INIF) IA-N1

F 2 ®

and, using in (4.7)
INIp & A-NIG + HALL < /i IA-NL, + 1AL,

(C4) follows.
For (C5) we consider a unitary matrix V that transforms A to upper tri-

angular form:
*
(4.8) VAV = A+ M.

Then

2 2 2
IAIF = IAIF + IIMIF .

Hence

*
Uy = lMIF = IA-V A VIF .

This implies u3 2 ul

(C6) is a result of Ruhe [5], while its counterpart (C7) is an easy con-

sequence of

3. o3 2 “
W - ifl(o1 - 5= 151 G TR P



n n 2 * n 2.4
Sy, BoGo+ IyD guthacr o+ mz i Db
i=1 i=1 i=1
$2 7/ nag .

The second inequality in (C7) follows from IBIF < /n I1BI, for every

B € ¢t 0,

2

For the proof of the second inequality of (C8) we make use of the sin-

gular value decomposition
*
(4.9) A=WIV ,
where W, VE [/ and I = diag(ci). As
* *
A=WIW WV,
and
* *
A=WVVIV ,
we have that
A= HIU =U H2 ’
where
* * *
Hl =WIW, Hz =VIV and U=W YV,
An easy calculation gives
*
(4.10) Hl—H2 = W(ZY - YI)V

and
* * 2 2 *
(4.11)  A'A - aa = wyz -z y)v

where



10

L i () € U.

Hence from (4.10)

a2) -2 - amy - ys - 1y, 2 (0,-0,)>
. 5 172 'F F 13 o
1,3=1
where by (4.11)
(4.13)
n n
4 * * 2 252 2.2 2 2 2
My = JAA-AA 1D = T |y [“(af-00)= I |y, .|%Co,~0,)%(0,+0.)
2 Il e i gL T
This shows
4 2 .2 2 2
uz g 4 01 us = 4 IAI2 uS s

i.e., the second inequality of (C8).
To prove the first inequality of (C8) we observe that with

+ -1
A1, = max{o1 lo, >0, i =1,...,n}

one has

E_ .32
i g

Jl'

log - ojl < IA+I2 |o

(4.12) and (4.13) show now

2 +.2 2

by & MG 0

i.e., the first inequality of (C8).

For the proof of inequality (C9) we assume that ua = IU0 VO'Z’ where
UpsVg € U and UO A v0 =D €D . Then

* * * % * %
AA- AN = VOD D V0 = UOD D U0



11
* % * %
= (VO—UO) DD Vo = UOD D(VO-UO).

Hence

~2 2 2 ~
My £ 2 ID1) W=UGH, = 2 1AL B .

For the proof of (Cl0) we assume that ﬁ} = IUl-Vllzwhere

*
A-A

*
* A+A *
—_— = (S —_— = (=]
U1 2 U1 MED |, V1 2 1 NED |,
with
€ o
Ul’ V1 U
So
* * * * *
A = UlM U1 + VIN V1 , A = UlM Ul - VIN V1 .
Let be
R = Ny = Ul .
Then

*

MUYy

*

1, * * * *
2 (AA-AA)=1U N V1 = le VIUIM U1 .

Hence, with W

]
<

1)
1, * * * *
NV, s E(A A—-AA )Vl = WMW N - NWMW
* * * *
= (W-L)MW N + M(W ~I)N-NM(W =I)-N(W-I)MW .

Consequently,

1 =2 * * * *
- u2 5 IH(W=1)MW le + IM(W —I)NI2 + INM(W —I)|2 + IN(W=-I)MW |l

2
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2 2 ~
< 4 IW-I1 INILIMIlg 4 W -V I, IAI] = 4 IAI2 B

2 1 =352 2

This proofs (Cl0).
Without loss of generality we may assume in the proof of the first in-

equality of (Cll) that A is an uppertriangular matrix since both u6 as

*
u3 are unitary invariants of A u6(A) = u6(U AU), ”3(U*AU) = HB(A)
for Uc¢ U . So let be

A=A+ R,
where
rij =0y L 3<4 <n
and
A = diag(}.),
j
with
A, =T +1wv,, = Ly ewestl
377 gt 4 :
Then
aA” MM 2 1 w9 1 2 1 o
P2 777 e Ry R =g

According to the Hoffman-Wielandt theorem [8] there exists a permutation
J * p(3) of {1,...,n} such that

o * *
2 AHA _ MA 2 1 2
351 yaep) £ -5 2 %y =

Similarly one finds for the skewhermitean part

* *
A-A A=A 2 4 * 2 1 2
— - — = - - — I =
2 2 lF FE(R B )IF 2 " F

N =

H

w N
.



i3

For some permutation j + q(j) of {l,...,n}

n

2 1 2
Z - s .
oy A S7%
Consequently
u6§u3.

So far as concerns the second inequality of (Cll) observe

n * * n
T TV S PN L. N S - T
3 F j 2 t j
g=1 i=1
n
= I (o + si - |xj|2).
=1

Assume Aj = Tj + i vj, J=1,¢0s,ns Then

n n
2 2 2 2 2
57 o Cwn " W FE By = Vs

where the permutations p,q realize the minimum that occur in the defini-

tion of u6. Hence

n n

TP Cpp gyt + 2

w N

o1 Pa VP oy ty

n

2
us(j:1 ((ap(j)+rj) + (Bq

A

(j)*“j’z’)%

n
“6(( T (a% + 82))i + K

A

n
t (2+vinh
b

5y,

n
g (1Al + ( T ]xj [2)*) = qu s

2
i (IAIF + (IAIF—u

6

The last equation gives
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2 2 2.4

My - IAIF He < (IAIF-u3) Mg+
Either

2

My < 1AM o,

or by squaring

2 2
u3 £ 2 IAIF u6 - u6 .

Hence
e € {nan_ w., 2 nan_ u -u2}<2 1AL
3= F "6’ F'6 6! = F '6 °

This proofs (Cll).
The results of (Cl2) are due to Smith [6]. There he proofs, for

K = inf{k (X) | xlaxep | xe ¢l

and

k := inf{x,(X) |x'axep , xe g
that

n—2+k+k—1§K§% (ktk 1y
Since

this yields

a oo s =] L o m ad
Mg (I+ug) ~ < ug <5 n Hg(1+ug) — .

In the same paper Smith derives, if all eigenvalues of A are simple,
with



15

8. =min |[X, - A

i#j
that
n
K< I (o171 672 121
= j=1 j 3

being the last inequality in (C12).
For the proof of (Cl3) we use the following facts:
a. If S is hermitean and X nonsingular, then Schurs Lemma applied to
X—IS X yields
j |

(4.14) ISIF XS XIF .

b. If Y is positive definite and G € C™ ™, then

=1
(4.15) YGY ™ - GIF £ (KZ(Y)-I) IG1

F
This can be shown by writing the linear operator

L:C®+c¢™ o) mvevyl-g

in the usual vectorized form (, see Marcus-Minc, [4], p. 9):
~1 ~
vec(L(G)) = (Y R Y - In 2 In) vec(G) = L vec(G), where @ denotes the

Kronecker product. As i is hermitean and has eigenvalues -1 + ni/nj
Ga n1 eigenvalues of Y) and as IGIF is the usual euclidean norm of

2
the vector vec(G) € ¢" , the result (4.15) follows.

=1

Assume 39 = KZ(XI)-I. From A = X1 A X1 we derive the following relation

* % =] * —]1 % * -] %
XI(A A-AA )X1 =(YAY = A) A-MY A Y - A )

where
Y =X

*
1 X1 > 0.

Using (4.14) and (4.15) yields
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2 * =1
¥, <2 WAN, NYA Y

" - $ 2 11, 1 (e, (0-1)

2
= 2 WAL, WAL (e (X))-1)
= 2 1ALy IAIG ug (2 + Bg)

<2 IAI; Uy (2 + Bg).

For the proof of (Cl4) we observe that A = x;l A X, ylelds
2 2 2
|A|F S Kz(xl) IAlF .
Hence, with “9 = KZ(XI) = s
2 2 2 2 2 ~ ~ 2
b3 = BANE - IAIG < (Ko(K) = D) IAE = T2 + B) aard
¢ NS Tz + )
S ) Hg?»

i.e. (Cl4).
In the proof of inequality (Cl5) we make use of two lemmata. These des-
cribe the relation between several measures of non-unitarity of matri-

ces. For that purpose we introduce the following notations
" (&) = nin{1a-vi | veu), U (a) := {-ur, luev |},
* *
m,(A) := min{IUAU A—IIFIU € U,0 €U € D}, my(A) = WA A-IN
* ~ *
m,(4) := min{1VAU &-1,|vuev ,A€UND I, 13(A) = AL,

Lemma 1. "I(A) = nz(A), ;l(A) = ;Z(A).

Proof. Let be nl(A) = IA—VIF, VEU . Then there exists a unitary Q and
*

a unitary diagonal matrix A such that Q v QA=1I.1If A=V + E, then

* *
m,(A) < 1Q(V4E)Q A-IN, = IQEQ Al = ™ (4).



Reservely, let be (A) = IQ A Q A—II

Q A Q A=1+aG,

* %
T (A) < 1A-Q A QI

The same arguments yield ;I(A)

Lemma 2. wn (A) < w.(A) <
=SR2 BV 2 T B

Proof. Assume A =y T v , the

be L = I + D. Then Dii

*
U DV

X *H
=U ¥ =

Furthermore

*
"3(A) = lA A—IﬂF =

for D

g 2 ~le With w (a) =

*
ﬂ3(A) 1A A—IIIF

g2 HEHF

The same arguments yield ;l(A)

For the proof of (Cl5) let be
*

of A. Then Hl =UZ U and H2

* § .

U (HI—HZ)V = IW - WX

Without loss of generality we
consecutive in the diagonal
Gy, 12 £ r  n,) distinct

resp. then we write

m (A) (247, (A)),

F

2 %
IV(I+D) "V -1

n(v+E)*(v+E)-1nF

2
¢ o UEHF

singular

17

with Q Ey and A e ynp . If
then A = Q (I+G)A Q and Q A QEU . So
*  k
1Q G A Qi = IGH, = m,(A).
= 1,(A)0

" (A) ¢ m(A) < ;I(A)(2+;i(A)).
singular value decomposition of A and let

> -1 and

IIDIF 2 nl(A).

= I2D+D2I

g2 DI 2 m(a),

F

nA—qu, VEU and A=V + E one finds

* * *
IWVE+EV+E EIF

2
2 nl(A) + nl(A).
< TA) < TR (2 + T (AND
w
= ULV a singular value decomposition

A
* *
=V IV . Then, with W= UV one has

may assume that equal singular values are
of Z. When the multiplicities of the r

values Ok

5 wea 30,
1 k

are n,,...,n
1A
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oy T 0 0
kl 1

0 g T e 0

k2 2
0.0
B= | & : ; G e,
\
0 0 e
Ok Ir
r

with Uk # ok. lor i # j. Hence 1 = min |ok _ok,l . Similarly we parti-

- %3
tion w.lSo weJobtain 1#j 1 J

*
(4.16) ug - w (Hl—HZ)V|§ = I (o -0, )2|w1,|§ >z W, |§ ,
iy %y J 12 1
(s O, ;8
where wij € ¢ Jis a block in the partitioned matrix W. (4.16) yields
4a1?) oz w2 < (u/m? e 2 c. .
1% ijF = 5

R
In each diagonal block W, K € C 73 of W the length of each column is in
the interval [(1_€2)%’1] and the inner product of each pair of columns
of each wjj is smaller than 82. Hence

*
(4.18)  my(Wy.) = W, W -I0. < ne, §=1,...,r.

k| 43733 TE= "]

n,sn
In view of lemma 2 there exists a unitary Qj €.iC 3773 and a unitary dia-

nj,n.
onal A, € C J such that
- J

*
W..)=m(W..) =1UQ. W, Q.A, = IN < W..) < .
"l( JJ) ™y JJ) QJ JJzJ i Fi = "3( JJ) S

J = lgesnts

These matrices Qj and Aj are used in the formation of the block diagonal

matrices
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Q © PP 0 QlAl 0 S 0
0 Q, s e 0 0 QZAZ e 0
By= ls 2 : g™ : : :
0 0 eee Qp 0 0 wee QA
Let be
U:=10U Dl’ V=V D2 .
Then
Ak A o r ep
U AV = Dl 02 = diag(ok Aj)
j
and
w7 D Ak n 2 * % 2
- IF =1U V - IIF = ID1 U v D2 - IIF
= ldia (Q*w A, -2+ & w1
bk g F7yey 1100
With (4.17) one has
5~2 T 2 2.3 3 F 4 3. . 2
W-Ulz £ I n; € + €° = e“(1+ £ n9) < €°(1#0%). »
F jnl j j-l j

This means
Hg £ & ¢1+n2 < (nt+l) u5/r .

For the proof of (Cl6), as can be done without loss of generality, we
*

assume that M := (A+A )/2 = diag(aj).

When the multiplicities of the r distinct eigenvalues

A seees® (; L&' & < n,) are N],+..,n,. resp. we write
1 r
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I 0 . e 0
“kl 1
0 uk I2 sew 0
2
* n,,n
_ A+A . . . |
== : . : v Iy B .
0 0 s qk Ir
r

The matrix G = (A—A*)/(Zi) is partitioned in the same way and we assume

that each diagonal block ij has been unitarily diagonalized. Hence

0 Glg +ee  Gpp
. Gy; O ees Gyp
A-A ; s .
G = = diag(yl,...,Yn) + : : :
Gul Gpp e+» O
Then
1, * %9 2 2 2 2 2
(4.19) 7 1A A-AA Ip = WGM-MGIp = T (o -a ) 16,05 > & I 1g, 12,
4 F 1#9 “ki °kj 1j'F 124 ij'F

where § = min | -a| = min |a - a,] .
i#§ % T % ata, + 3

i3
Hence (4.19) implies

(4.20)  ( z 1c, aH?t

1#¢§ 13F

{[PaN
N =
=

With the theorem of Hoffman-Wielandt [8] one derives that there exists a

permutation p of the eigenvalues B, of G such that

3
n
BN, (N T
(jfl (Bp(j) YPOT gy /e
So |Bp(j)_YJI 5'% ui/& , 3=1,...,n, and
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G20 vyl 2 180y Byl — I8yl = 18,05)=14l 2 8- v,

where

3 = min IB -B.l ’
i¢y 3

the minimal distance of the distinct eigenvalues of G.

Now we investigate the distance between e = (1,0,...,0)T and the nor-
malized eigenvalues of G corresponding with Bp(l)' For that purpose G is
partitioned in the following way

Yy o. OT Q. gT
G = ceelerennicrnninnnaas [ +| siligea], Gecbil |
0 : diag(yz,...,yn) g:G
-~ 2 ~ 1 2
Since min |Y1-Y1| 2 § - u2/6 as follows from (3.21) and |G||F s §'u2/6

Zsign
as follows from (4.20),

min lyl—yil— IalF 2 $ = %‘ug/G >

2§1§n
Moreover, llgl2 < %-ug/d, once again as a consequence of (4.20). Applying
Stewart's theorem on the sensitivity of an invariant subspace [7] we
conclude that there exists a vector P, € Cn_1 satisfying

~ 3 2 2 “ 2
o1y S 2 1g1y/ (B - 5 15/8) < ub/(ed - 342

T

such that (l,pf) € c" is an eigenvector of G.

The distance between e, and vy (1l + lpllz)i (l,p'f)T equals

a-arip oy Ht ¢ ey /083 - 2 1.

By assumption
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u/(65-— >< L5

so Ivl—ejl > Ivl-ell for each unit vector ey with j > 1.
In an analogous manner one can derive the existence of eigenvalues Vis
j=2,u..,w, such that Ivj-ejl<u/(66— ) <—/2--

Let be Visess,v, the columns of V € U , Then

2,2 3 2.-1
My & W-IN, < /n My (88 - = u) ™.

This proofs inequality (Cl6) and ends the proof of theorem 2. O
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