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Abstract

In this paper the influence of the shape of the lead time demand distri-
bution is studied for a specific inventory model which is described in a
preceding paper by Heuts and van Lieshout [4]. This continuous review
inventory model uses as lead time demand distribution a Schmeiser -
Deutsch distribution (S-D distribution) [9]. In a previous paper [4] an
algorithm was given to solve the decision problem.

In the literature attention is given to the following problem: what in-
formation on the demand during the lead time is necessary and sufficient
to obtain "good" decisions. Using a (s,S) policy; Naddor [8] concluded
that the specific form of the lead time demand distribution is negligi-
ble, and that only its first two moments are essential. For a simple
(s,q) control system Fortuin [3] comes to the same conclusion. Both
authors analysed the case with known lead times and with given demand
distributions from the class of two parameter distributions. So in fact
their results are obvious, as the lead time demand distributions resul-
ting from their suppositions are all nearly symmetric. We shall demon-
strate that the skewness of the lead time demand distribution in our
inventory model is also an important measure, which should be taken into
account, as the cost differences with regard to the case where this

skewness measure is not used, can be considerable.
l. Introduction

In this paper we analyse an inventory model with stochastic lead time

demand under the following assumptions [4]:

a. The system is of the continuous review type.

b. The order quantity is not restricted.

c. The purchase cost b(q) is a continuously differentiable function of
the order quantity q.

d. The lead time demand distribution has distribution function F(z).

e. The expectation of the demand per unit of time is r.

f. The holding cost per unit inventory per unit of time is cj.

g. Unfilled demand during the lead time is backlogged. The shortage cost

per shortage unit per unit of time is cj.



The criterion used is minimization of the average cost per unit ordered.

The cost function is:

(L:1) K(x,q) = (c /(r-q)) ? [ f (x+y-z)f(z)dz] dy +
0

(e, /(req)) ? [ f (z-x-y)£(z)dz] dy + b(q)/q,
0 x+y

where:

f(z) : the density function of the demand during the lead time;

X : the reorder point expressed in terms of units of economic inven-
tory;
q : the order quantity;

b(q) : the ordering cost. We assume that b(q) = ¢4 + q.a(q), with a(q) a
twice differentiable functione

We model the density function of the lead time demand through the so—
called Schmeiser - Deutsch distribution [9], which is defined as fol-

lows:
2, -2 (1—13)/13
€1:2) f(z)=2 2 l_g,_ st €z % Py
2 =3 2
where, 13 23
t=2, -2, % 5 p=2 + 12(1—14)
22, 13 210 0 < 24 <1, = =«< 11 { o,

This four-parameter type of distribution can take many different shapes,
including U-shapeness. Table I shows the relation between the shape of
the distribution and the parameters. On page 5 and 6 some figures repre-—
senting S.D. density distribution, all with the same mean and variance

value of 9 are given.



Table 1: Different shapes for the S-D distribution

13 > 1 23 =1 23 < 1
(bell-shaped) (U-shaped)

24 < 1035 skewed to the uniform skewed to the
right distributions left

24 = 0,5 symmetric L L symmetric

24 > 05 skewed to the o & skewed to the
left v & right

Further it can be shown [9] that 21 and 22 satisfy the following rela-

tions:

(1.3)

2 2
[ o (2!13 + 1) (23 + 1)

L, =

2 2 [, 28 +1 28 +1 L L L.+1,2
(+D7 {2,773 + (1-2,)773 } - agrD) {(1-2,)737 7 -2,73 }
L+ +1
(1-2,)"3 T s
(L) By wG =Ry T, + 1 b

3

with p and 02 as symbols for the expected value resp. variance for the
lead time demand.

These results will be used in section 2.

Apart from the many different shapes the use of the S-D distribution is
justified by the following interesting properties: The distribution
function, the inverse distribution function and the conditional expecta-
tions, can be specified explicitly. Using gamma, Weibull or beta distri-
bution, evaluation of the cost function, would require evaluation of
incomplete gamma or beta functions, which is troublesome (see e.ge. Bur-

gin [1], Kottas and Lau [6], and Tadikamalla [10]. Reference [4] gives a



solution procedure for the model with cost function K(x,q) given by
(1.1) and lead time demand distribution represented by the S-D distribu-

tion. The optimisation method is a Newton-like algorithm.
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Figure 1: Graphs of S.D. distributions with
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2. How important is the shape of the lead time demand distribution?

In several studies on inventory problems it is stated that the optimal
decisions are strongly dependent on the mean and variance of the lead
time demand and not on the specific shape of the distribution. (see e.g.
Naddor [8] and Fortuin [3]). In this literature examples are constructed
for which the optimal decisions are compared with those from models with
the same mean and variance of the lead time demand but with different
shapes. In these articles this comparison leads to neglible cost dif-
ferences. However, it is remarkable that only one or two parameter dis-
tributions are compared, which are completely determined by their mean
and variance. The examples in the article of Naddor [8] will be further
analysed, but now with a four-parameter Schmeiser-Deutsch distribution
for the lead time demand distribution. We will see that the optimal so—
lution may significantly depend on the shape of the distribution even if
the mean and variance are the same in two situations. In case of a S-D
distribution this can be achieved by using the formulas (1.3) and (l.4).
For a suitable comparison of the results, two transformations have to be
done.

Firstly, as Naddor uses an (s, S) model and we use an (s, q) model, we
have to consider the following relation: q = S-s. Secondly, in the
article of Naddor the total costs per period are minimized, whereas in
our model cost per unit ordered is minimized. It can be shown that the
transformation of total cost per unit ordered to total cost per period

is as follows:
K = & KZ’ where

Ky

cost per period and K, = cost per unit ordered.
P 2

In table II Naddor's, recalculculated results can be found and in table
III the results of our model for various types of S-D distributions can
be found. Both table II and III use the same fixed mean and variance.
The values of the parameters which are not listed in the tables are: c\
= 20, ¢; = 1, the service level is 907 resp. 99%, the average demand per
period is 3, the variance of the demand per period is 3, the lead time
is 3 periods.



Table I1: Naddor's recalculated results

distribution s* T total cost
per period
cy) = 9
Poisson 10 12 13.26
Beta 10 12 13.31
Uniform 10 12 13.13
2-point 11 9 12.61
c, = 99
Poisson 15 1 17.50
Beta 15 11 17.70
Uniform 15 10 16.81
2-point 15 9 14.50

Table III: Results for fixed mean and variance as in Naddor's examples,

but with different shapes of the S-D distribution

* *
parameters: X q total cost
13 14 per period
¢, = 9
0.8 0e2 9.0 12.6 12.64
0.8 0.8 8.9 13.1 13.04
245 0.2 8.6 13.9 13.51
290 0.8 9.0 12.1 12,13
¢, = 99
0.8 0.2 123 11.4 14.66
0.8 0.8 13.1 1145 15.64
265 0.2 14.4 11.9 17.27
2.5 0.8 11.1 1lel 13423




The results in table III clearly demonstrate that the value of the cost
function in the optimum is much more dependent on the shape of the dis-
tribution than table II suggests. That is not surprising as the probabi-
lity distributions which Naddor uses are more or less alike when the
mean and variance are fixed. The probability distributions which Naddor

uses concern the demand per period. Table IV gives some information

about it.

Table IV: Central moments, skewness and kurtosis for the demand per

pertod
Hy Hy Mg A skewness | kurtosis
Poisson 3 3 31174 29,7 0,6 343
Beta 3 3 4,1569 31,5 0,8 355
Uniform 3 3 0 16,2 0 1,8

As Naddor uses a lead time of 3 periods, the demand during the lead time
is the convolution of the demand per period. In the appendix a set of
formulas 1is derived for computing the first four moments of the lead
time demand given the first four moments of the demand per period and of
the lead time.

Table V gives some information about the lead time demand distributions.

Table V: Central moments, skewness and kurtosis for the demand during

the lead time

u1 Hoy Hy My skewness kurtosis
Poisson 9 9 9,3531 23151 0,3464 3,10
Beta 9 9 12,4707 256,5 0,4619 3,17

Uniform 9 9 0 210,6 0 2,60
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By using a S-D distribution as lead time demand distribution, with the
same mean and variance as the distributions in table V, and by varying
the shape parameters 13 and 14 as in table III, we are able to calculate

the skewness and kurtosis values for these situations (see table VI).

Table VI:Parameters, central moments, skewness and kurtosis for S-D

distributions representing lead time demand

skewness| kurtosis

4 Byl My Y3 Yy

R

5,838! 9,267 | 058 052 |9 19 {-8,33 154,83 | -0,31 1,91

12,160 9,267 | 0,8 | 0,8 |9 |9 |-116,68 605,86 | -4,32 7,48

6,62 18,31 2,5 0,2 19 19 30,81 248,12 1,14 3,06

11,38 | 18,31 | 2,5 |0,8 |9 |9 [-30,81 |248,14 | -1,14 |3,06

In Naddor's article the optimal decision variables s* and S* are derived
via discrete dynamic programming. In our model the decision variables
are assumed continuous as the S-D distribution is continuous.

To improve the comparability we have derived the optimal integer solu-
tions in our model. These solutions are given in table VII and its

consequences for the cost are calculated for the results in table III.



111

Table VII: Integer solutions for the results in table III

* *
parameters: X q total cost
13 QA per period
e, = 9
0.8 0.2 9 13 12,65
0.8 0.8 9 13 13.04
2.5 0.2 9 14 13.53
245 0.8 9 12 12,13
¢, = 99
0.8 0.2 12 12 14,71
0.8 0.8 13 12 15.66
2.5 0.2 14 12 17,33
2.5 0.8 11 11 13.25

To test the influence which the shape of the lead time demand distribu—
tion has on the cost, more detailed information is needed, concerning
the difference between on the one hand the cost of the optimal strategy,
and on the other hand, the cost of a strategy which is based solely on
the mean and variance of the lead time demand. For that purpose we shall
formulate a null strategy, which is defined as the optimal strategy

(xo, qo) in the case of a symmetric lead time demand distribution

(lb = 0.5) with a specific mean and variance.

So for every combination of mean and variance we have a null strategy.
In our simulation study we compare this null strategy with the optimal

strategies for the following cases:

1) For a given cost structure the form of the lead time demand distri-
bution is varied by means of varying the distribution parameters

resulting from (1.3) and (l.4) given the mean and variance.

2) The cost structure is varied for the same cases. We measure the cost
parameters in units inventory cost per unit per unit of time. For

the analysis of the influence of the cost parameters on the above
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inventory control system see [5]. In that paper it is proved that
only the quotient of the order cost and the back sales cost influen-

ces the results. In this case we vary only the back sales cost.
*
For the above cases the optimal decisions x and q* with its cost func-
* p
tion K are determined, together with the cost K of the null strategy

(xo, qo). The values of these cost are compared with each other.

We have the following formulas:

min R(x,q), _ . 2 2 . _ . = K(x,, q.) = K
-y (p = Wps 0= 043 RA 04573 13 23) 0 0 0
in K(x,q)] 3 9 K(x', @) =K
min R(xX,q = . - & = 5 i = X5 9q)=
x,q (u = UO) o} 009 2'4 24, 13 23)
Klxss G0 . BT - = _ = K.
0 0" (p = Hgs © 9y 14 14, 13 23)
The results are summarized in table VIII.
Table VIII: Null strategy versus optimal strategy
= 100 02 = 400, ¥ = 100, c, =1
lJO » 99 s » i
< 105 c2 =10
13 = 0.4 Xq = 110.1 qy = 51.2 Ky = 0.6134
* * " 5
14 b'e /xO q /q0 reduction
in %
0.96 0.98 2.0
0.4 0.99 0.99 0.3
1.01 1.02 02
0.8 0.99 1.18 l.1
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2y = 1.8 xg = 10642 qp = 5747 Ko = 0.6391
* * 2 g
14 X /x0 q /qO reduction
in %
1,03 1,01 0.5
. 1.02 1.02 0.2
- 1.00 0.93 0.3
. 1.01 0.87 0.6
cO = 10, c2 =
£3 = 0.4 Xg = 122,2 qo = 46.3 Kp = 0.6853
) -
Q& x /x0 q /qO reduction
in 7%
0s2 0.95 1.00 645
0.4 0.98 1.00 1.8
0.6 1,03 1.00 3.2
0.8 1esll 1.02 29,1
Q3 = 1.8 xg = 130.9 q9 = 48.8 K0=0.7978
* *
L, x /% q /qO reduction
in %
. 1,03 1.00 1.7
. 1.03 1.00 1.8
. 0.95 0.99 4.3
. 0.90 0.95 15.4
*
K

reduction in 7%

. 100
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From table VIII it follows that a strategy which takes into account only
the mean and variance of the lead time demand distribution is in many
cases not optimal at all. Moreover, if distributions with a mode are
compared with U-shaped distributions the differences will increase. From
the table it also follows that differences in cost very much depend on a

combination of the shape of the distribution and the cost parameters.

3. The influence of the skewness of the lead time demand distribution on

the cost function

We also investigated the effect of left and right skewness on the cost

function and came to the following conclusions:

1) ¢,y >> et
If the shortage cost per unit per time unit 1is much greater than
the holding cost per unit per time unit, then the optimal cost is
lower for a left skewed distribution than it is for a right skewed

onee.

1110 ¢ <L czz
In the reverse case the optimal cost is much lower for a right
skewed distribution than for a left skewed one.

111) c1=c2 2
When both costs are equal, then the skewness has little influence

on the value of the optimal coste.

If the lead time demand distribution has an anti-mode (U-shaped distri-
bution) we found that the above relations are strengthened in many ca-

ses.
Remarks:

It was not possible to determine the consequences for the minimal cost

when, for example, a left skewed distribution with skewness a,= -2 was

changed into a,= =1 or a,= -3. This was also not possible for a change

in the kurtosis values. The reason is probably that a change in the kur—
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tosis must be reached by a change in 23 and 24 of the S-D distribution,
which simultaneously changes the skewness and the quantiles of the S-D

distribution.

Aggendix*)

In this appendix the first four central moments of the lead time demand
distribution will be derived in terms of the moments of the lead time

N and of the demand per unit of time §i(i=1,...,N). The stochastic lead
time demand is defined by: S = x

+ % Feeet X o

N 1 2 N
Assuming that N is a discrete stochastic variable and that
N, X1 Xpreee are independent and the X, are identically distributed and

all moments exist, then we will show that the following relations hold:
fL1<§§) =, () (0
W, (S) = uy (M) () + 1, (M) u2(x)
2°3N 1027 HotX 2027 MR
3
u3(§§) = ug(M) u (X)) + u (N) ug(x) + 3u, (M) uy(x) w (x)
(1)

1 (S = W10 1 () + (0 W + 6wy WD) W) w(e)

F by p ) a0 + 3 ui® (M - W+ p,m}

h 6 uy () uo(x) uy(x),

where un(g) 1= E{E—E{g}}n, for n » 1, and the same for un(g).
It can be shown that the results of Kottas and Lau [6,7] are not cor-

rect, as the third and fourth central moment which they derived for

§N are false.

*) stochastic variables will be underlined.
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When the lead time N is deterministic, then the above results reduce to:

-
H (S = N w (x)

u2(§ N =N uz(g)
(2
u3(§N) =N u3(§)

1y (89 = N u, () + 3 ui(x) (N}

In the next part of the appendix we will derive the formulas in (1)

using generating functions.

Derivation of the first four central moments of the lead time demand

distribution using generating functions

Let x be concentrated in {0,1,..s} with point probability
PLi= P(f = k), k= 0,1,¢es « Then uphe generating function of x is de-
fined as Px(z):= P(z):= E{zz} = '3 Py zk for those values of 2z for

which the e;pectation exists (thekégries converges absolutely).
Lemma

Let x be restricted to (0,152 55w )5
a) The probability distribution of x is completely determined by
P of x.
X R
b) When P(z) of x exists for a z with |z| > 1 then we have for all n =
Dl 2s wes. 5
X n

P(n)(z) =g E{§(§—l)...(3—n+l) z—}, |z|< 1, where P(n)(z):= 2—; (P(z)).
dz

In particular we have:

P(n)(l) = E {5(5—1)..-(§—n+1)}
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(2)

PP = elx), PP = Bfxx-D].

Now assume S = 0 and § =X+ seet X

0 k 1 -k’
defined by §N = §n when N=n) is the total demand during the lead time.

k=1,2;¢00, then §N (formally

The variables N, X0 52,... are independent and the x  are identically

i
distributed. Assume that the moment generating function M(s) of the

X exists in an open internal around s=0, and let P be the generating

function of N.

- n
Define M(n)(s) as-g—; (M(s)), then we have
ds
s s :
E{e® 2N Nen} = E {e® 2n} = @m E {e® Xk} = (M(s))"

k=1
S N
E{e® 2N} = E {E{e® 28 N}} = E {(M(s))7} = P (M(s)).
So, using the notation u;(z) - E{zn}, we get

By =35 PG b = 2P ) wP0) = yw w0

2
4_

2
s

]

E (s3) pousn1 ot = 2@ P on My uP o) -

= d
@ —u } ¥+ um {uyo} =
{u,® + 2 s} W@ + um® {uy(0) + w0}, giving
(S = E(S2) = (E(S,)0)%= u(N) u,(x) + u, (M) u2(x).
22N =Y 2N =) B3 T Mgl WAR
In an analogous way, we find after lengthly computations
() = Uy M) W0 + a1y + 3,0 (1) W)
(s = W0 a0+ @ ) + 6 ) ) 1) ()

by w0 1y + 3 a0 (P - + u,m]

+ 6 uy(N) uz(g) Hy(X) e
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These results are confirmed by those of Carlson [2], who uses cumulant

generating functions. Let the cumulants of N, x and §N be denoted by

Ki(§), <i(§) and Ki(§N)- Then Carlson has found the following relation-
ships: -

2

xl(§§) = ”1(§§) = u(N) w(x)
€ (80 = M K + kM e
(3

6308 = K D k30O + 3 6, 50D €D + KM e

K4(§§) = k(M) k(%) + k(W) (4 ky(x) x (%) + 3 Kg(g))

2 4
L+ k3D (6 k,(x) k(X)) + k, (B) xy(x)
Using a well-known relationship between cumulants and central moments:
r;l(-) = ”1(')

g {e) =

9 “2(')

(4><

€3(e) = 1y(e)

s

|59 =y =3 u2C,

and combining the above results we find:



(5){
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(”1(§§) = (B ()

(8 = 1y (D 1y () + (D )

53y = 3 ug() + 3 Uy uy () uy () + uy ) HED

u 8y = 3 W20 w2 + 6w ) 1, uy(x) U

D (0 = 3w W50+ &) uy(x) u ()

LF 3 0, 5500 + 6w 1,0 K0+ u W .

It can be seen that the results of Carlson correspond with our results,

but not with those of Kottas and Lau [6,7]. We have checked the solution

procedure of Kottas and Lau and found errors in their derivation for

u3(§N) and u4(§N). Details of a correct derivation using the solution

procEdure of Kottas and Lau can be obtained from the authors on request.
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