l_’__l
TILBURG 0}%?%_? ¢ UNIVERSITY
l‘jf’l

Tilburg University

Variable dimension simplicial algorithm for balanced games
Kamiya, K; Talman, A.J.J.

Publication date:
1990

Link to publication in Tilburg University Research Portal

Citation for published version (APA):
Kamiya, K., & Talman, A. J. J. (1990). Variable dimension simplicial algorithm for balanced games. (CentER
Discussion Paper; Vol. 1990-25). Unknown Publisher.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 12. May. 2021


https://research.tilburguniversity.edu/en/publications/a7ceb18f-b3d9-436e-85b8-77b893ffdb68

= ER Discussion
. ?; ; 3 -ni(cni{esearch paper

- IR TR

**********




No. 9025

VARIABLE DIMENSION SIMPLICIAL

ALGORITHM FOR BALANCED GAMES
RS54

by Kazuya Kamiya
and Dolf Talman

1S
w

April 1990

ISSN 0924-7815



VARIABLE DIMENSION SIMPLICIAL ALGORITHM FOR BALANCED GAMES

by

Kazuya KAMIYA

and

Dolf TALMAN

March 1990
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Abstract

In this paper we propose a simplicial algorithm to find a core
element for balanced games without side payments. The algorithm subdivides
an appropriate simplex into smaller simplices and generates from an arbit-
rarily chosen point a sequence of adjacent simplices of variable dimension.
Within a finite number of iterations the algorithm finds a simplex yielding
an approximating core element. If the accuracy of approximation is not
satisfactory the algorithm can be restarted with a smaller mesh size in
order to improve the accuracy.
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1. Introduction

It is well-known that a cooperative game need not to have an outcome
which cannot be improved upon by any subset of players. In case of a game
with side payment the core, consisting of all outcomes which cannot be im-
proved, is nonempty if and only if the game is balanced, see Bondareva [4]
and Shapley [8]. A core element in a balanced game with side payments can be
easily calcﬁlated by solving a sequence of linear programming problems.

Games without side payments were introduced by Aumann and Peleg [2],
and Aumann [1] developed the core concept for such games. Scarf [7] proved
the nonemptiness of the core for such a game if it is balanced. Scarf gave a
constructive proof based on the complementary pivoting technique introduced
by Lemke and Howson [6]. Shapley [9] generalized the well-known Knaster-
Kuratowski-Mazurkiwicz Theorem on the unit simplex in order to give a con-
structive proof of the nonemptiness of the core. In an arbitrary subdivision
of the (unit) simplex into simplices, a sequence of adjacent simplices is
generated, which is initiated at one of the corners of the big simplex. The
terminal simplex yields an approximating core element.

In this paper we propose a simplicial algorithm which can be
initiated at any point of the unit simplex. From that point the algorithm
generates a sequence of adjacent simplices of varying dimension. The algo-
rithm leaves the starting point along one out of 28 o m directions in case
there are n players. This number corresponds to the number of proper coali-
tions in the game. The algorithm is based on the simplicial algorithm
developed by Doup, van der Laan and Talman [5] for computing economic equi-
libria. Along the path of simplices generated by the algorithm, coalitions
are added and sometimes deleted until a balanced set of coalitions has been
found. Once such a set is obtained, an approximating core element has been
found. If the accuracy of approximation at that point is not satisfactory,
the algorithm can be restarted at that point with a smaller mesh size of the
triangulation in order to improve the accuracy. Within a finite number of
restarts any accuracy of approximation can be reached.



2. Balanced game and core

Let N denote the set {1,...,n} and ZN the set of all nonempty sub-
sets of N. We call the elements of N and the elements of ZN. players and
coalitions, respectively. A game is a pair (N,v) where v is a mapping from
ZN to the set of subsets of the n-dimensional euclidean space, RN. The set
v(S) represents the set of payoff or utility vectors that the players of
coalition S can ensure by themselves, regardless of the actions of players
outside the coalition. For S in ZN. let RS denote the |S|-dimensional sub-
space of RN with coordinates indexed by the elements of S. If x € RN and S €

2N. then xs € RS will denote the projection of x on RS.

Assumption 2.1: For each S € ZN. the set v(S) satisfies
i) if x € v(S) and X, =y for all i € S, then y € v(S),
ii) if x € v(S) and y ¢ x, then y € v(S),

iii) v(S) is closed,
iv) {xs x € v(S)} is nonempty and bounded from above.

Without loss of generality we assume that each set v({i}), 1 € N,
has been normalized to the half space {x]xi < 0} and that the other v(S)'s
have been shifted accordingly. The core of a game represents the set of
feasible utility vectors that cannot be improved upon by any coalition.

Definition 2.1: The core of the game (N,v) is the set

C(N,v) = {x € v(N)IZ S € 2N and y € v(S) such that vy > :x; for all 1€ S},

i
Under Assumption 2.1, the core is a closed and bounded set but may,
however, be empty. It is a well known fact that every balanced game has a
nonempty core.
Let B be a collection of nonempty subsets of ZN. and let Bi =
{S €B|i € S}. The set B is said to be balanced if there exist nonnegative
numbers 8S' S € B, such that

E §0 = 1 for all i € N.

A game (N,v) is said to be balanced if for every balanced set B



nsEBv(S) C v(N).
Theorem 2.1 (Scarf [7]): Every balanced game has a nonempty core.

Let U be the (n-1)-dimensional subset of RN defined by U = conv{-
Mne(j)|j = 1,...,n} where e(Jj) is the j-th unit vector in RN and the number
M > 0 is such that x € v(S) implies Xy < M for every 1 € S. Let e be the n-
vector of ones. The function t: U > R’ is defined by

7(u) = max{r € R|u + re € Ysen v(S)}.

Clearly, T is a continuous function on U, for example see Berge [3]. For S €
2N we now define the set CS by

CS = {u € Ulu + T(u)e € v(S)}.

Since v(S) is closed, the set CS is also closed. The algorithm will compute
a point u* in U such that for some balanced collection B*
*
u* € Ngepw CS.
Then x* = u* + T(u*)e € Ngepw v(S) C v(N) and x* lies in the core since x*
lies on the (upper) boundary of u,

scy V(S)-

Lemma 2.2 (Shapley [9]): For all u € U, if u € CS then S C {i € N|ui * 0).

Proof: Let u € CS and T = {i € N|ui # 0}. The lemma is trivial if T = N. So
assume that |T| < n. Because u; =0 for all 1 £ T, we have LYy = “Mn, so
there exists a k € T for which u < -M. Since u + T(u)e € R*. we have u +
T(u) 2 0, and hence T(u) > M. On the other hand, u + T(u)e € v(S), so for
every j € S, uJ + T(u) < M. Therefore uj < 0 for every j € S, from which it
follows that S C T. Q.E.D.

The lemma will guarantee the algorithm never hits the boundary of
the set U.



3. The algorithm

To describe the algorithm, let p be an arbitrarily chosen starting
point in the relative interior of U. Next, let s be a sign vector in RN.
1.@.5 sj € {0,-1,+1} for all j € N. We call a sign vector s feasible if s
contains at least one -1 and one +1. For a feasible sign vector s let the
subset A(s) of U be defined by

A(s) = {u € U|uJ/pJ = max, uh/ph ir sJ = -1

uJ/pJ = minh uh/ph if sJ = +1}.
Clearly, the dimension of A(s) is equal to t = |Io(s)| + 1 where
0
I(s) = {1 € le]L = (0},

In particular, if the sign vector s does not contain zeros then A(s) is a 1-
dimensional set, being the line segment connecting p and the point p(s) in
the boundary of U given by pj(s) = 0 for all j with sj = +1 and pj(s) = -
anj/[s o=1 Py for all j with sj = -1. For n = 2 the subdivision of U into

sets A(s) for an arbitrary p is illustrated in Figure 3.1. Next U is sub-
divided into n-dimensional simplices such that each A(s) is triangulated
into t-dimensional simplices, for example see Doup, van der Laan and Talman
[5]. A t-dimensional simplex or t-simplex o can be represented by its t+1
vertices wl....,wt+1. To each vertex w of the simplicial subdivision we
assign a vector label a(S) corresponding to some fixed coalition S for which
w lies in Cg, where ay (S) =1 - [S]|/n for j € S and ay (S) = -|S|/n for j £
S. For g = t or t-1, 1et c(w 5 58 wg‘l be a g-simplex with vertices

wl....,wg*l in A(s) for some feasible sign vector s. Let a(Sj) be the vector
label of vertex wJ, then we call ¢ s-complete if the system of linear equa-

tions

iy [a(ij)] " Fg %0 *n®h [e(h)] [1] (3.1)
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Figure 3.1

has a nonnegative solution x', b (PR i "h for h £ I (s). In particu-

lar, for t = 1 and g = O, the zero-dimensional simplex consisting of the
point p is so-complete with so = +1 1if 1 € S0 and sg =-14f 1 ¢ S , where
S0 is such that a(S ) is the vector label of p. If SO equals N, the point p

+ 7T(p)e lies in the core. Suppose now that So unequals N. Clearly, so is
feasible and does not contain zeros. Notice that there are 2"-2 feasible
sign vectors not containing zeros and that each such sign vector corresponds
in this way to one of the 202 proper coalitions.

The starting point p of the algorithm is an end point of a uniquely
determined 1-dimensional simplex c(p,pl) in A(so) and therefore d(p.pl) is

also so-complete. Let a(Sl) be the vector label of p1 then the algorithm is



initiated by making a linear programming pivot step with (a(Sl)"’.l)-r in the
system

) male) - 9

If by this pivot step A becomes first 0 the algorithm moves to the 1-sim-
plex U(p P ) in A(s ) adjacent to og(p,p ) and continues with making a pivot
step with (a(S ) 1) , where a(S ) is the vector label of pz. Otherwise, one
of the “h s must become first 0.

In general the algorithm generates, for varying feasible sign vec-
tors s, a sequence of adjacent t-dimensional simplices in A(s), having s-
complete common facets. In each simplex d(wl.....wt+1) a pivot step is made
in (3.1) in order to determine which variable becomes first 0. To prevent
degeneracy we perturb the right hand side of (3.1). If for some
1€ {1,e00;t%1); XJ becomes 0, then the facet T opposite vertex wj of ¢ is
also s-complete. If this facet does not lie in the boundary of A(s), there
is exactly one t-simplex & in A(s) having T also as a facet. Let w be the
vertex of o opposite to T, then the algorithm continues by making a pivot
step in (3.1) with (a(5)7, 1)7, where a(5) is the vector label of w. If =t
lies in the boundary of A(s) then either T is a (t-1)-simplex in A(s) with
|I (s)' |I (s)| - 1 or T lies in the boundary of U.

Lemma 3.1: An s-complete facet in A(s) does not lie in the boundary of U.

Proof': Suppose that T is an s-complete (t-1)-simplex in A(s), lying in
bd(U). Clearly, x; = O for all x € T and all i for which s; = +1. Let
yl....,y be the vertices of t. Therefore yi O for all i for which s; =
+1. Let a(Sj) be the vector label of vertex yJ, J=1,...,t. According to
Lemma 2.2, we must have i £ SJ. J=1,...,t, for all i for which s = +1, On

the other hand, T is s-complete. Therefore

Tja1 g [a‘i'j)] " Fs, %0 “n®h [e(h)] [1] (3.3)



has a nonnegative solution A*, j =1,...,t, uﬁ for h £ Io(s). For all i with
s, = +1, since i ¢ Sj, we have that ai(SJ) = -|Sjl/n. 3 2 Liewits Con=
sequently, for i with s; = +1, the i-th equation at the solution of (3.3) is
equal to

vt »|cd -l
Eear xj|s | /n Wt =0
and hence u; < 0, which contradicts u; 2 0. Q.E.D.

An s-complete facet of a t-simplex in A(s) in the boundary of A(s)
therefore must be a (t-1)-simplex in A(s) with Ej # 0 for some j € Io(s) and
Sy = 8y for all h # j. Then the algorithm continues with making a pivot step
with §J(e(j)T. 0)7.

Finally, by making a pivot step in (3.1) for a t-simplex ¢ in A(s),
one of the uh's may become first 0. Because of the perturbation of the right
hand side we may assume that only one of the uh's. say M, becomes 0. If Sy
is not the only positive or negative component of s, then T is a facet of
h = Sh for h # k. Let w
be the vertex of ¢ opposite to ¢ and let a(S) be the vector label of w, then

the algorithm continues by making a pivot step with (a(§)T, 1)T. Suppose now

just one (t+l)-simplex ¢ in A(s) where Ek =0 and s

that Sy is the only positive or negative component of s, then system (3.1)
implies that when we disregard the perturbation also the other uh's must be
zero and hence that the system

et o, 18] .

has a nonnegative solution A%, j = 1,...,t+l, For j = 1,...,t+1, let &* be

3 A |
defined by
sk Erl walad
se = /it nalst|m,
then we get
)2 &% 21 for d S 1,544 ,0

sesd d



Hence, the subset B* = {Sl,... t+1} is balanced. We remark that some of the
A;'s and therefore some of the 83'8 might be equal to zero. In that case we
restrict ourselves to the balanced subset of coalitions Sj for which A* > 0.
The point u* = ZJ =1 Aswj can be considered to approximately lie in nSEB'C
in the sense that u* lies close to a point in CS for any S € B*, Hence, the
point u* + T(u*)e can be taken as an approximating core element.

For u € U, let 1N(u) be defined by
T (u) = max{r € R|u + re € v(N)}.

As a measure of accuracy of approximation at u* one could consider the non-
negative number T(u*) - TN(u'). If the latter number is too large one may
restart the algorithm with a simplicial subdivision of U having a smaller
mesh size and with p equal to u*. Now, let (Gl. Gz....) be a sequence of
triangulations of U with mesh size tending to zero and let uk’ + T(uk')e be
the approximating core element found with the algorithm applied for the
triangulation Gk. k = 1,2,0.0 » L8k Bk. be the set of balanced coalitions
corresponding to the vertices of the final simplex ak containing uk , for
all k. Then there exists.a subsequence kl' k2..... such that B J = B* for
some balanced set B* and ukj converges to some u* in U. Since the vertices
of dk on this subsequence also converge to u* and each CS is closed, we
obtain that u* € nSEB'c and hence that u* + T(u‘)e lies in the core, due to
the balancedness of B*. Notice that t(u*) - T (u*) must be zero.

Because the number of simplices of any triangulation Gk in the
sequence is finite and due to the perturbation to avoid degeneracy, the
algorithm finds for each k within a finite number of iterations an approxi-
mating core element. Moreover, within a finite number of restarts, any accu-
racy of approximation will be reached.
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