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Abstract
We show that the Hamming graph H(3,q) with diameter three is
uniquely determined by its spectrum for ¢ > 36. Moreover, we show
that for given integer D > 2, any graph cospectral with the Hamming
graph H (D, q) is locally the disjoint union of D copies of the complete
graph of size ¢ — 1, for ¢ large enough.

1 Introduction

We consider the question whether the Hamming graph H (D, q) with diam-
eter D is characterized by its spectrum if 3 < D < ¢. It is known that
for D > q¢ >3, (D >4andqg = 2) or (D > 2and g = 4), the Ham-
ming graph H (D, q) is not uniquely determined by its spectrum, whereas for
(2<D<3andqg=2)or (¢ >D = 2andq # 4), the Hamming graph
H(D, q) is uniquely determined by its spectrum (cf. [3], [4], [5], and [6]).

For a regular graph we obtain bounds on the number of common neigh-
bours of two distinct vertices in terms of the eigenvalues of the graph (Lemma
2.1). Applying these bounds and a result of Metsch (Proposition 3.3) to the
Hamming graphs, we show that for fixed D, and if ¢ is large enough, then
any graph cospectral with the Hamming graph H (D, q) is locally the disjoint
union of D cliques of size ¢ — 1 (Theorem 3.4).

Bang and Koolen ([1, Theorem 1.1]) showed that if a graph cospectral
with H(3,q) has the same local structure as H(3,q), then it is either the
Hamming graph H(3,q) or the dual graph of H(3,3). As a consequence we
obtain that the Hamming graph H(3,¢q) is uniquely determined by its spec-
trum for ¢ > 36 (Theorem 4.5).

In the last section, we discuss spectral characterizations of other distance-
regular graphs with classical parameters.
2 Preliminaries

All the graphs considered in this paper are finite, undirected and simple.
Suppose that I" is a graph with vertex set V(I') and edge set E(I"). For
a vertex z, let I';(x) be the set of vertices at distance ¢ from z.
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Let A be the adjacency matrix of I'. Then the eigenvalues of I' are the
eigenvalues of A. Let 0,04, , 0, be the distinct eigenvalues of I' and m; be
the multiplicity of 6; (i = 0,1,...,n). Then the multiset {67, 67",..., 0"}
is called the spectrum of I'. Two non-isomorphic graphs are called cospectral
if they have the same spectrum.

A sequence of vertices W = wg,wq, -+ ,wy, which are not necessarily
mutually distinct, is called an f-walk if w; and w;y; are adjacent for any

1=20,---,¢—1. The number of /-walks from x to y is given by Af X where

@y
Afw) is the (z,y)-entry of matrix A‘. If wy = w, then W is called a closed

(-walk. Let Tr(A%) denote the trace of A? (i.e., the sum of the diagonal entries
of A*). Then

(1) > mb =Tr(A") = {W [ W is a closed (-walk in T}| (£ >0).

1=0

Recall that a clique of a graph is a set of mutually adjacent vertices and
a coclique of a graph is a set of mutually non-adjacent vertices.
For a vertex z, the local graph of x (in I') is the subgraph induced by I'(z).
For a positive integer n, I' is called locally the disjoint union of n cliques of
size m if for each vertex x the local graph of x in I" is the disjoint union of n
cliques of size m. For a graph on v vertices, let I and J denote the identity
and all-one matrix of size v X v, respectively.
For disjoint subsets X and Y of the vertex set, let e(X,Y) be the number
of edges between X and Y. If X = {a} then put e(a,Y) :=e({a},Y). The
number of edges within X is denoted by e(X).

For two distinct vertices x and y, we denote the number of common

neighbours by A(z,y) if z and y are adjacent, and by p(z,y) if they are not.
Following [3], a graph is called strongly reqular if there exist non-negative
integers A and p such that A(x,y) = A for any two adjacent vertices x and
y, and p(z,y) = p for any two distinct non-adjacent vertices x and y.
A connected graph I' with diameter D is called distance-reqular if there are
non-negative integers b;,c;, ¢ = 0,1,..., D, such that for any two vertices
xz,y € V(I') at distance i, there are precisely ¢; neighbours of y in I';_1(x)
and b; neighbours of y in I';y1(z).

Lemma 2.1 Let I' be a reqular graph on v vertices with valency k. Assume
that no eigenvalues are in the open interval (s,r) for r > s. Then
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(i) any two adjacent vertices x and y satisfy

2(k —r)(k —s)

—k+r+s—rs+ <MNx,y) <k+r+s+rs,

(i1) any two distinct non-adjacent vertices x and y satisfy
plw,y) <k+rs.

Proof: Let A be the adjacency matrix of I', and define the matrix M :=
(A—rI)(A—sI)— &) 7 Thepn

k+rs— (k*r)vﬂ ifx=y
Mgy =< Mz,y) — (r+s) — % if x and y are adjacent
w(z,y) — (k_%ﬂ if x and y are not adjacent

Since each eigenvalue 6 of I' satisfies either 6 > r or § < s, the matrix M is
positive semidefinite, and thus any principal submatrix of M is also positive
semidefinite. The result now follows by considering the principal submatrix
indexed by x and y. 1

Note that if I' is a strongly regular graph with valency k£ and eigenvalues
k> r > s, then A\(z,y) = k+r + s+ rs for any two adjacent vertices z and
y, and p(x,y) = k + rs if x and y are distinct and non-adjacent.

3 Graphs cospectral with H(D,q)

For integers D > 1 and ¢ > 1, the Hamming graph H(D,q) is the graph
whose vertex set is the cartesian product of D copies of a set Q) with |Q| = g,
where two vertices are adjacent if they differ in precisely one coordinate. Note
that the Hamming graph H(D,q) is a distance-regular graph with diameter
D, and has spectrum {0;"" | i =0,..., D} where 6; = ¢(D — i) — D are the

eigenvalues and m; = (D ) (¢ —1)? the corresponding multiplicities. (For more
information, see [3, Theorem 9.2.1].)

]

A consequence of the next proposition is that in any graph I' cospectral
with the Hamming graph H(D,q), we can bound the number of common
neighbours of a pair of distinct vertices.



Proposition 3.1 For integersn > 1 and ¢ > 1, let I" be a connected regular
graph on v vertices with valency n(q — 1). If each eigenvalue 0 of T' satisfies
either 0 < —n or 60 > q —n, then

(i) any two adjacent vertices x and y satisfy

—n? —n+q+2nn—1)¢/v < Mz,y) <n* —3n+q,
(i) any two distinct non-adjacent vertices x and y satisfy
wlz,y) <n®*—n.

Proof: This follows from Lemma 2.1. 1

Below we will show that for fixed D, and if ¢ is large enough, then any
graph cospectral with the Hamming graph H(D,q) is locally the disjoint
union of D cliques of size ¢ — 1. For this we need the following two results.

Lemma 3.2 For integers D > 1 and q > 1, let I' be a graph cospectral with
the Hamming graph H(D,q), and let C be a set of cliques of T'. If every
vertex lies in at most D cliques in C and each edge lies in a unique element
of C then T is locally the disjoint union of D cliques of size ¢ — 1.

Proof: Denote by sc + 1 the size of a clique C' € C, and by m, the num-
ber of cliques in C containing x. Since I' is cospectral with H(D,q) and
> cecwec 5S¢ = D(q — 1) for each z, we then have that

¢"D(q—1)(q—2)

= Tr(A%)
2
> Y Y selse—1)2) i( > w) - > sc
r CeCxeC z My ceC,zeC ceC,zeC

= D*(¢~ 1)22mL —¢"D(g—1)

xT

vV

"D(q—1)(¢—2)

where A is the adjacency matrix of I'. Thus equality holds in all inequali-
ties, which implies that all cliques containing x have the same size and that
m, = D for all vertices x, and the statement follows. 1



Proposition 3.3 ([9, Result 2.2])

Let p > 1, A1, Ay and t be integers. Assume that T is a connected graph with
the following properties:

(i) Any two adjacent vertices x,y satisfy A\ < Ax,y) < Ag;

(ii) Any two non-adjacent vertices have at most p common neighbours;

(113) 221 — Aoy > (2t — 1)(p—1) — 1;

() Bvery vertex has fewer than (t+1)(A +1) — 2t(t+1)(n— 1) neighbours.
Define a line to be a maximal clique C' satisfying |C| > M +2—(t—1)(n—1).
Then every vertex s on at most t lines, and any two adjacent vertices lie in
a unique line.

Theorem 3.4 Let D > 2 be an integer. If ¢ > D4+2D3+§D2_5D_4 then any
graph cospectral with the Hamming graph H (D, q) is locally the disjoint union
of D cliques of size ¢ — 1.

Proof: Let I" be a graph cospectral with H(D, q). By Proposition 3.1, we may
use Proposition 3.3 for (A1, Ay, it,t) = (—=D* — D +q+1,D? - 3D + ¢q, D* —
D, D). Define a line to be a maximal clique of size at least \;+2—(t—1)(u—1).
Then it follows that if ¢ > 2222 3+§D “=5D-1 then every vertex is in at most
D lines and every edge lies in a unique line. The result then follows immedi-
ately from Lemma 3.2. 1

One can improve Theorem 3.4 by using Proposition 3.3 with ¢ ~ %D. It
then follows that for a graph cospectral with the Hamming graph H(D, q)
with ¢ > 3D? 4+ O(D?), there are lines (cliques) such that every vertex is
in at most ¢t of them, and each edge is in a unique one. Now suppose that
each vertex is in at most 7 lines, and there exists a vertex x which lies in
exactly 7 lines C; (1 < i < 7), where D < 7 <t. For any i € {1,...,7},
each vertex y € C; \ {x} has at most (7 — 1) neighbours in I';(z) \ C;. By
A < Mz, y) < (|C;|—1)+(7—1)?, we have that |C}| > ¢+2—D*—D—(7—1)?
and therefore D(q — 1) = |T'y(z)| > 7(¢+2 — D?> — D — (7t — 1)?). Thus it
follows that
((r—=1)2%*+D?*+D-2)—-D

T—D ’
which is impossible for ¢ > $D3 + O(D?) and D < 7 < t. Hence every
vertex lies in at most D lines, and so by Lemma 3.2 we may conclude that
for ¢ > £D*+O(D?), any graph cospectral with the Hamming graph H (D, q)
is locally the disjoint union of D cliques of size ¢ — 1.

q=



4 Graphs cospectral with H(3,q)

In this section, we will improve the result of the previous section for the case
D = 3. For this case, the following result was obtained by the first and last
author:

Theorem 4.1 ([1, Theorem 1.1])

Let ¢ > 1 be an integer. A graph cospectral with the Hamming graph H (3, q)
that is locally the disjoint union of three cliques must be either the Hamming
graph H(3,q) or the dual graph of H(3,3) (i.e., the graph whose vertices are
the triangles of H(3,3) and two triangles are adjacent if they intersect.).

Using this, we will show that the Hamming graph H(3, ¢) is characterized
by its spectrum for ¢ > 36.

Let T be a connected regular graph on v vertices with valency k. If I' has
exactly four distinct eigenvalues k = 6y > 6; > 6y > 03 then the adjacency
matrix A of I satisfies the following (cf. [6] and [2, Corollary 3.3]) :

3

(2) A= 0)AT+ () 0,0,)A—0,6505] =

i=1 1<i<j<3

[T, (k — 6,) 7

v

We can use this relation among others by counting 3-walks between adja-
cent vertices x and y. Indeed, if we put Z := T'y(z)NT(y), X :=T'1(z)NT2(y)
and Y :=Iy(x) N T (y), then

(3) Al =k+ Z Mz, 2) + Z p(x,w).

z€Z weY

Lemma 4.2 Let ' be a connected reqular graph on v vertices with valency k.
Assume that T has exactly four distinct eigenvalues k = 6y > 61 > 6y > 05.
If A1 1s the minimum number of common neighbours of any two adjacent
vertices, then

3 3
1
A1+ :ei)AlgEH(k—ei)—%H— > 60

i=1 1<i<j<3



Proof: Let x and y be adjacent vertices satisfying \(x,y) = A;. Then we
obtain from (3) that

A > kN (k—1-))

(m,y) -

holds. On the other hand, (2) implies

3 3
ALy =N 0i— ) 00+ % [x—6),
=1

1<i<j<3 i=1

which gives the result. 1

Proposition 4.3 Let I be a graph cospectral with the Hamming graph H (3, q).
Then

(i) any two adjacent vertices x and y satisfy ¢ —4 < Mz,y) < q,

(ii) any two distinct non-adjacent vertices x and y satisfy u(z,y) < 6.

Proof: The statement follows immediately from Proposition 3.1 and Lemma
4.2, as the Hamming graph H (3, ¢) has four distinct eigenvalues 3¢ — 3,2¢q —
3,qg — 3 and —3. 1

Proposition 4.4 LetT be a graph cospectral with the Hamming graph H (3, q).
If ¢ > 27 then any two adjacent vertices x and y satisfy

Nz,y) >q—3.

Proof: Suppose that there exist two adjacent vertices x and y satisfying
AMz,y) = q—4. Put Z :=T1(z) NI (y), X = Ti(z) NTy(y) and YV :=
[o(x) NTy(y). By considering A?W) in (2) and (3), the following holds:

> Ma2)+ Y pla,w) = ¢* — 6g+ 18,
zeZ weY
This implies that
D (M@, 2) —g+4) +e(X,Y) +e(Z,Y) =2,

z€Z



and a similar equation holds where the roles of x and y have been inter-
changed. In particular, we have that e(Z, X) < 2.

Claim 1 The induced subgraph on {y} U Z is a clique of size ¢ — 3.

Proof of Claim 1: Suppose that z; and zy are non-adjacent distinct vertices
in Z. By Proposition 4.3 we have that |I';(z1) NT1(22) N Z| < p(z1,22) —
Hz,y}| <4 and Th(z)NZ] > MNy,z) —1—e(Z,)Y) >q—T7 (i =1,2).
Hence

q—6=1[Z\ {21, 2}| > Z IT1(2:) N Z] = |T1(21) NTi(22) N Z| > 2(q—7) —4,

which is impossible as ¢ > 27. 1

Claim 2 There exists a coclique of size three in X.

Proof of Claim 2: Since 3¢* — 9¢ + 6 = 2e(I'(z)) > 2e({y} U Z) + 2e(X) =
(g—4)(¢—3)+2e(X) holds by (2) and Claim 1, we have g(¢—1) —3 > e(X).
Applying Mantel’s theorem [7] (cf. [10, Theorem 1.3.23]) (which states that a
triangle-free graph on n vertices has at most n?/4 edges) to the complement
of the graph induced on X, we find that X contains a coclique of size three.n

Now let {r; | i« = 1,2,3} be a coclique of size three in X. Note that
non-adjacent vertices in X have at most five common neighbours in X, so
the number of neighbours of r3 in X that are not neighbours of r; or ry is at
most

2qg—3—(Nx,r1)—e(r, Z)+ Mz, ) —e(rey, Z)—5) < 10+-e(r, Z) +e(re, Z).

Thus, ¢ —4 < Ma,rg) < 10 +e(r3, Z) + 10 + e(r1, Z) + e(re, Z) <
20 + e(X, Z) < 22, which contradicts the fact that ¢ > 27. 1

Theorem 4.5 For q > 36, the Hamming graph H(3,q) is uniquely deter-
maned by its spectrum.

Proof: For q¢ > 36, let I' be a graph cospectral with H(3,q). By Propo-
sitions 4.3 and 4.4, we may consider Proposition 3.3 with (A1, Ag, 1) =
(¢ —3,q,6,3). Then every vertex is in at most three cliques of C, and each
edge lies in a unique clique in C, where C is the set of all maximal cliques
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of size at least ¢ — 11. Hence, I' is locally the disjoint union of three cliques
of size ¢ — 1 by Lemma 3.2, and this shows that I' must be isomorphic to
H(3,q) by [1, Theorem 1.1]. 1

There are exactly four graphs with the same spectrum as H(3,3) (cf.
[5]). Two of them are locally the disjoint union of three cliques of size two,
namely H(3,3) and the dual graph of H(3,3). The two others do not even
have regular local graphs.

There are two graphs which have the same spectrum as H(3,4), namely
H(3,4) itself and a Doob graph. Whether there are more graphs cospectral
with H(3,4) is unknown.

For 5 < ¢ < 35, the only graph known to have the same spectrum as H(3, q)
is H(3,q) itself.

5 Graphs with classical parameters

Many of the above methods can also be applied to other distance-regular
graphs with so-called classical parameters. A distance-regular graph I' is
said to have classical parameters (D, b, «, 3) whenever the diameter of I" is
D, and the intersection numbers of I' satisfy

¢ = m (1+a[zle (1'§i§D),
s = (- [0) (el wsisoms

where [ﬂ = Y7700 is a b-ary (Gaussian) binomial coefficient (cf. [3,
p. 193]). The Hamming graph H(D,q) is a distance-regular graph with
classical parameters (D,1,0,q — 1). The Johnson graphs J(n, D), Grass-
mann graphs J,(n, D), and the bilinear forms graphs H,(n, D) are also ex-
amples of distance-regular graphs with classical parameters (with parame-

ters (D,1,1,n — D), (D,q,q, [n_?ﬂ} — 1) and (D,q,q — 1,4"™ — 1), respec-

tively). The spectrum of a distance-regular graph with classical parameters
(D,b,a, 3)is {0 | 1 =0,..., D} where

0; == [Dl_l] (ﬁ—aﬁ]) — H] and its multiplicity
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e (1 + [D;%] at bD—%ﬁ)
it B (1+ |2 ]a+008)

m; ‘=

where

ai=b[7 o= [ wa+ [P ar o),

? l ; D —1
bi = [1]<5 [1]O‘+b)(1+ [ 1 ]O‘)
([3, Corollary 8.4.2, Theorem 8.4.3]). We call any graph with such spec-
trum a graph with classical spectrum with parameters (D, b, «, 3) (even if no
distance-regular graph with such classical spectrum exists). We remark that

it can be shown that the parameter b is a real algebraic integer.

Let T' be a graph with classical spectrum with parameters (D, b, «, [3).
Then T' is called geometric if there are lines such that each edge is in a

unique line, and each vertex is in at most ¢ = [? } lines.

By using Lemma 2.1 with r» and s the smallest non-negative, and largest
negative eigenvalue, respectively, one can obtain bounds for the number of
common neighbours of two vertices.

Application of Metsch’s result (Proposition 3.3) using these bounds gives
conditions for I' to be geometric. Unfortunately, we do not know how to
generalize Lemma 3.2, i.e., to show that the lines have the same size, and
that each vertex is in the same number of lines. For this purpose it would
be useful to have a tight bound on the line size in a graph that is cospectral
with a distance-regular graph. Maybe, there isn’t such a (useful) bound,
since for example, the Johnson graph J(6, 3) has line size exactly 4 (from the
eigenvalues and distance-regularity), while there is a cospectral mate with a
clique (line) of size 5.

Still, the (known) geometric graphs cospectral with the Johnson and
Grassmann graphs as described in [4], all have constant line sizes and con-
stant number of lines through a vertex.

As with the Hamming graphs, we can do better for the case D = 3,
because we can use Lemma 4.2. For example, Lemma 2.1 applied with the two
smallest eigenvalues for the Johnson graphs J(n, 3) (which is distance-regular
with classical parameters (3,1, 1,n—3)) gives that n—22+2 < A(z,y) < n+2
for adjacent vertices x and y and p(z,y) < 12 for non-adjacent vertices x and
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y. Lemma 4.2 however implies that A\; > n — 8 for n > 26, so that applying
Metsch’s result with \y =n —8, Ay =n+ 2, p = 12 and ¢t = 3 gives that a
cospectral mate is geometric for n > 85.

One further remark we would like to make is that Metsch [8, Corollary
1.3] proved a more general result than the one we used. Although we have
not been able to take advantage of this more general result, it is not uncon-
ceivable that it can be used to weaken our conditions for cospectral mates to
be geometric.

For the other families of distance-regular graphs with classical parameters,
not much is known about the existence of cospectral mates. In this light,
we challenge the reader to construct cospectral mates for the bilinear forms
graphs.
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