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Chapter 1

Introduction

1.1 Introduction to game theory

Game theory is a mathematical tool to analyse situations of conflict and co-
operation. The two major directions within game theory are non-cooperative
game theory and cooperative game theory. Non-cooperative game theory
deals with situations of conflict, and cooperative game theory with situa-
tions of cooperation. This monograph is mainly concerned with cooperative
game theory. The word “game” in the clause “cooperative game” is rather
unluckily chosen since the agents involved are generally assumed to have no
possibilities to undertake any strategic actions. In fact, in cooperative game
theory it is often assumed that binding agreements between the agents are
made in order to establish full cooperation. The central question in cooper-
ative game theory is therefore not who will cooperate with whom, but how
will the profit generated by this cooperation be divided in a “fair” way?
Of course, there does not exist a unique interpretation of the word “fair”.
Hence, in cooperative game theory there exist many solution concepts, each
with its own advantages and disadvantages. The fairness of these solution
concepts is mostly measured in terms of properties like monotonicity, con-
sistency and additivity.

The best-known model in cooperative game theory is that of transferable
utility games, or TU games for short. A TU game consists of a group of

agents, and a value for each subgroup of agents. The value of a subgroup of
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agents is interpreted as the profit this subgroup can obtain by cooperation.
Transferable utility refers to the assumption that utility, for example money,
can be transferred from one agent to another. In this monograph we treat
several aspects of TU games. We study properties of general TU games and
we introduce TU games to model the allocation of cost savings and costs in
well-known problems from graph theory and operations research. Before we
formally introduce TU games, we first illustrate these games and the most
prominent solution concepts and properties that feature in this monograph

by means of three examples.

Example 1.1.1 Consider a situation with three agents, referred to as agents
1, 2 and 3, each owning one job that needs to be processed on a machine. It
takes 1 time unit for the machine to handle the job of the first agent, 3 time
units to handle the job of the second agent, and 2 time units to handle the
job of the third agent. Each agent incurs a certain cost as long as his job is
not processed on the machine. We assume that the costs of the agents are
linear in the completion time of their jobs, and that the completion time
cost coefficients are given by 1, 4 and 4 for agents 1, 2 and 3, respectively.
So if the job of agent 2 is completed after 5 time units, then he incurs a cost

of 54 = 20. We summarise the information in Table 1.1.

agent ‘ 1 2
processing time | 1 3
cost coefficient | 1 4

=~ N W

Table 1.1: The processing times and cost coefficients.

We assume that the job of agent 1 is initially scheduled to be processed first,
followed by the job of agent 2, and finally the job of agent 3. This processing
order yields completion times of 1, 1 +3 =4 and 1+ 3 + 2 = 6 for the jobs
of agents 1, 2 and 3, respectively. So the total costs of this processing order
equal 1-144-44-4-6 = 41. However, the agents can generate cost savings by
agreeing on a different processing order. For instance, the processing order
(2,1, 3) entails cost of only 4-3+1-4+4-6 = 40. The processing order with
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lowest total costs is (3,2, 1), which yields total costs of 4-2+4-5+1-6 = 34.
The main question now is how the agents will distribute these cost savings
of 41 — 34 = 7. In Chapter 6 we formally describe how this situation can
be modelled as a cooperative game. At this cooperative game the value
of a coalition will be equal to the cost savings this coalition can obtain by

reordering its jobs. The game of our example is depicted in Table 1.2.

s |0 {13 {2+ {3 {1,2} {13} {23} {1,2,3}
v(S)J0 0 0 0 1 0 4 7

Table 1.2: The corresponding sequencing game.

The interpretation behind v({1,2}) = 1 is that agents 1 and 2 together can
generate total cost savings of 1, without any help of agent 3. Similarly,
v({1,3}) = 0 means that agents 1 and 3 together are not able to generate
any cost savings. Now that we have modelled the situation as a cooperative
game, we can start looking for “fair” allocations. For instance, the allocation
(4,2,1) is not considered particularly fair since agents 2 and 3 together
receive a payoff of 3, while they can achieve cost savings of v({2,3}) =4 on
their own. Hence, (4,2,1) is not “stable” in the sense that it gives agents 2
and 3 an incentive not to cooperate with agent 1. This notion of stability
is the main idea behind a solution concept known as the core. Intuitively,
the core consists of all allocation vectors that distribute the value of the
total group of agents such that each subgroup of agents receives an amount
that exceeds the value it can achieve on its own. We remark that (0,7,0)
is a core element of this game, since each subgroup of agents receives at
least as much as its stand-alone value. We remark, although the core of
this particular game is non-empty, that cores of games can be empty. Since
the core is the most prominent solution concept in cooperative game theory,
many research is executed to establish sufficient conditions for non-emptiness
of the core.

One such sufficient condition is convexity. If a game is convex, then each
extreme point of the core coincides with a marginal vector, and the Shapley

value is a core element. Convexity is related to marginal contributions of
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agents to coalitions. For instance, if agent 1 joins the coalition consisting
solely of agent 2, then his marginal contribution to this coalition is v({1,2})—
v({2}) = 1. If he joins coalition {2,3}, then his marginal contribution is
v({1,2,3})—v({2,3}) = 3. Here it is the case that the marginal contribution
of agent 1 to coalition {2, 3} exceeds his marginal contribution to the smaller
coalition {2}. A game is called convex if the marginal contribution of any
agent to any coalition is larger than his marginal contribution to any smaller
coalition. Also related to marginal contributions are marginal vectors. A
marginal vector is an allocation vector associated with an order on the player
set. An order on the player set is interpreted as the order in which the
agents agree to cooperate. The marginal vector associated to this order now
allocates to each player precisely his marginal contribution to the coalition
he joins. Consider for instance the order (2,3,1). Then agent 2 is the
first who agrees to cooperate, followed by agent 3 and finally agent 1. The
marginal contributions of the players at this order are v({2}) — v(0) = 0,
v({2,3}) —v({2}) = 4 and v({1,2,3}) — v({2,3}) = 3, for agents 2, 3 and
1, respectively. So the corresponding marginal vector is given by (3,0,4).
Note that this marginal vector is a core element.

The Shapley value, probably the best-known one-point solution concept
in cooperative game theory, is the average over all marginal vectors. In this
example the Shapley value is equal to (1%,3%,2%). Of course there exist
many other solution concepts in cooperative game theory. To give some
idea, we just mention the nucleolus and the 7-value. The nucleolus tries to
balance the happiness of coalitions, and the 7-value is an average between
two vectors expressing minimum and maximum rights of agents. For this
22). ©

example the nucleolus equals (1%, 2%, 2%) and the 7-value (11%, 31—16,

The following example treats two properties, namely core stability and large-
ness of the core. Furthermore we discuss tree-component additive games.
Tree-component additive games are TU games with a restricted cooperation
structure determined by an underlying tree. In fact, only coalitions that are
connected with respect to the underlying tree are assumed to be able to fully
communicate. Therefore only these connected coalitions are assumed to be

able to generate added value. Tree-component additive games are formally
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defined in Chapter 3, but already illustrated in the following example.
(N
O—0O—®

Figure 1.1: A tree (V, E).

Example 1.1.2 Consider the following tree depicted in Figure 1.1. The
only disconnected coalition in this tree is {1,3}. This means that agents 1
and 3 are not able to communicate and thus not able to generate added
value. So if a game is tree-component additive with respect to (V,E),
then v({1,3}) = v({1}) + v({3}). The game depicted in Table 1.3 is tree-
component additive with respect to (V, E).

S 10 {1} {23 {38 {12} {1,3} {23} {1,2,3}
v(S)Jo0 0 0 0 1 0 1 1

Table 1.3: A tree-component additive game.

The vector (0,1,0) is the only core element of this game. Indeed, if agent
1 or 3 receives a positive payoff, then coalition {2, 3} or coalition {1,2} will
be dissatisfied with the payoff it receives. However, the outcome (0,1,0)
is certainly not the only reasonable outcome of this game. Consider for
instance the allocation vector (i,%,%). Then both coalitions {1,2} and

{2, 3} receive a payoff less than their stand-alone values. However, it seems
14 1
666
only core element as the allocation vector, since both player 1 and 3 will not

unlikely that one of these coalitions will object to ( ) and propose the
be in favour of this proposal. Such a situation cannot occur in games that
satisfy a property named core stability. If a game has a stable core, then
for each allocation outside the core, there exists a coalition that will object
to this allocation and propose a core element. In general it is difficult to
establish whether a game has a stable core. Luckily, there exist sufficient
conditions for core stability. One such sufficient condition is largeness of the

core. The core of a game is called large if each vector satisfying all coalitions



6 Introduction

is larger than a core element. The core of the game in our example is not
large, because, for instance, the vector (1,0, 1) is not larger than the only

core element, while obviously (1,0, 1) satisfies all coalitions. <&

To conclude this section we mention that the values of coalitions do not
necessarily have to reflect cost savings, but that these can reflect costs as
well. If this is the case, then the cooperative game is called a cost game.
Some solution concepts are defined slightly different for cost games, due to
the interpretation behind these concepts. We illustrate this in the following

example.

Figure 1.2: A tree depicting a cost sharing problem.

Example 1.1.3 Consider the tree in Figure 1.2, which depicts a cost shar-
ing problem. The numbers in the vertices represent the positions of the
agents in the network. Each agent requires at least one connection with
the root, and therefore this network needs to be maintained. The numbers
next to the edges represent the maintenance cost of these edges. The ques-
tion is how to divide the total maintenance costs of this network among the
agents. In Chapter 5 we formally introduce a cost game modelling this cost

allocation problem. The value of a coalition in this game will express the
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minimum total maintenance costs of this coalition. So for instance the cost
of coalition {1} is 544 = 9 and the cost of coalition {1, 2,3} is 5+3+2 = 10.

The entire cost game is given by

0, ifS=0;
8, if §={3}
s d 9 TS =4), (1,4
10, if § = {2}, {1,2},{1,3},{2,3},{1,2,3}:
12, if S = {3,4},{1,3,4};
14, if S = {2,4},{2,3,4},{1,2,4},{1,2,3,4}.

The core of a cost game consists of all allocation vectors that distribute
the value of the total group of agents such that each subgroup of agents is
charged an amount less than its stand-alone value. For instance, (0, 8,2,4) is
a core element of the cost game associated with our example. For cost games,
the notion of convexity is replaced by concavity. A cost game is concave if
the marginal contribution of any agent to any coalition is smaller than his
contribution to a smaller coalition. Concave cost games have non-empty
cores. In fact, if a cost game is concave, then each extreme point of the core
coincides with a marginal vector and the Shapley value is a core element.
Our game is not concave since, for instance, ¢({1,3,4})—c({1,3}) =2 <4 =
c({1,2,3,4}) — ¢({1,2,3}). That is, the marginal contribution of agent 4 to
coalition {1,3} is less than his marginal contribution to coalition {1,2,3}.
<&

1.2 Games and graphs

In this section we first introduce notation we use throughout this monograph.
Then we formally introduce TU games, and several solution concepts and
properties. We also recall some basic terminology from graph theory and

two duality theorems.

1.2.1 Notation

The set of natural numbers is denoted by N, the set of real numbers by R,

the set of non-negative reals by R, and the set of positive reals by Ry .
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For a finite set X, the set R¥ is the space of | X|-dimensional vectors with
real entries indexed by the elements of X, where | X| denotes the cardinality
of X. Throughout this thesis we assume that finite sets are of the form
{1,...,z}, where x is the cardinality of the finite set. Let X be a finite set
and let S C X. The vector e(S) € R is such that e;(S) = 1 if i € S, and
0 otherwise. For any y € R, y4 is equal to the maximum of y and 0, i.e.
y+ = max{y,0}, and [y] is the smallest integer exceeding y.

Let N be a finite set. An order on N is a bijection from {1,...,|N|}
to N. If o is an order on N, then, for each i € {1,...,|N|}, o(i) is at
the i-th position of ¢. An order o on N will alternatively be denoted by
(o(1),...,0(]V])). The set of all orders on N is denoted by II(N). For
each o € TI(N), the inverse of o is denoted by o~!. So o71(i) = j if and
only if o(j) = i. Let o € II(N), and let ¢ € {1,...,|N| — 1}. The i-th
neighbour of o is the order o; € II(N) obtained from o by interchanging
the players at the i-th and (i + 1)-st position of o. Formally, o;(j) = o(j)
for each j € {1,...,|N|} with j # i and j # i+ 1, 04(i) = (i + 1), and
oi(i+1) =o0(i).

The identity order ¢ € TI(N) is such that ¢'@(i) = i for each i €
{1,...,|N|}. Anorder is called even if it can be transformed into the identity
order by pairwise interchanging the position of players an even number of

times. If an order is not even, then it is called odd.

1.2.2 Games

A transferable utility game (N,v), or TU game for short, consists of a finite
player set N and a map v : 2V — R. The map v : 2V — R is called
the characteristic function and describes for each coalition S C N its worth
v(S). By convention, v(()) = 0. For convenience, a game (N, v) is sometimes
only denoted by v. The set of all TU games with player set N is denoted
by TUN. Let T C N. The subgame associated with coalition 7 is the game
vr € TUT, where vr(S) = v(S) for each S C T.

Let v € TUY. Coalition S C N is called essential if for each partition
P of S it holds that > ,cpv(T) < v(S). A coalition which is not essential

is inessential.
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A game v € TUV is called monotone if for all S,7 C N with S C T,
v(S) < o(T),
and it is called superadditive if for each S,T C N with SNT = 0,
v(S)+u(T) <v(SUT).
A game v € TUV is called convez if for all S,T C N,
v(S)+v(T) <v(SUT)+v(SNT). (1.1)
Convexity of a game is equivalent to
v(SU{i}) —v(S) <v(T U{i}) —v(T), (1.2)

foralli € N and S,T C N\{i} with S C T'. Hence, if a game is convex, then
the marginal contribution of a player to a coalition is at most his marginal

contribution to a larger coalition. Further, convexity is equivalent to

v(SU{i}) —u(S) <w(SU{i,j}) —v(SU{j}), (1.3)

foralli,j € N,i1+# j,and S C N\{4,j}, as well.
Let v € TUN. The imputation set I(v) is the set of all efficient and

individual rational allocation vectors, i.e.

I(v) ={z e RV : Zmz =v(N),z; > v({i}) for each i € N},
€N

and the core C'(v) is defined by

Cv)={z e RV : ZJ:Z = U(N),in > v(S) for each S C N}.

iEN =
Intuitively, the core is the set of payoff vectors for which no coalition has an
incentive to split off from the grand coalition. We remark that the core of
a game can be empty. However, it is shown in Shapley (1971) that convex
games have non-empty cores. An important result on non-emptiness of the
core is shown in Bondareva (1963) and Shapley (1967). This result uses the
definition of so-called balanced collections. A collection B C 2V\ {0} is called
balanced if there exists a map A : B — (0,1] such that ) g_5 A(S)e(S) =
e(N).
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Theorem 1.2.1 (Bondareva (1963), Shapley (1967)) Let v € TUY.
Then C(v) # () if and only if for each balanced collection B C 2V\{0} and
each map A : B — (0,1] such that ) g_p A(S)e(S) = e(N), it is satisfied
that > g A(S)v(S) < v(N).

The upper-core U(v) is the set of not necessarily efficient payoff vectors that

are stable against possible split offs, i.e.

Uw) ={zcRY: Z:cz > v(S) for each S C N}.
€S
Let v € TUN and o € TI(N). Then the marginal vector m°(v) associated
with o is defined by

Mg (v) = v([o(i),0]) —v(lo(i - 1),0]),

foreach i € {1,...,|N|}, where [0(i), 0] is the set of predecessors of (i) with
respect to o. That is, [0(i),0] = {o(1),...,0(i)}. We will slightly abuse
notation by defining [0(0),0] = () for every o € II(N). So at a marginal
vector each player receives his marginal contribution to the coalition he
joins. The Shapley value ®(v) (Shapley (1953)) can be interpreted as the

average of the marginal vectors, i.e.

" oell(N)

1.2.3 Cost games

In some circumstances the value of a coalition at a TU game is not inter-
preted as its worth, but as its cost. In those cases we speak of cooperative
cost games and we denote the game by (N, ¢). For a cost game ¢ € TUV,

the core is given by

Clc) ={z e RV : le = C(N),sz‘ < ¢(S) for each S C N}.
1EN €S

Observe that if ¢ € TUY is monotone and has a non-empty core, then for
each z € C(c), z; = c¢(N) = X jen gy @5 = ¢(N) — c(N\{i}) = 0 for every
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i € N. That is, each core element of a monotone game is non-negative. A
cost game ¢ € TUY is called concave if for all S,T C N,

c(S)+c¢(T)>c(SUT)+¢(SNT).

Equivalently, a cost game is concave if and only if for all 4,7 € N, i # j, and
S € N\{i,j},

c(SU{i}) —e(S) =2 (S Ui, j}) —e(SU{j}).

Hence, for concave cost games the marginal contribution of a player to any
coalition is at most his marginal contribution to a smaller coalition. We

remark that cores of concave cost games are non-empty.

1.2.4 Graphs

A graph G is a pair (V, E) where V is a finite set of vertices, and F is the
set of edges, i.e. a set of unordered pairs of V. If {v,w} € E for all distinct
v,w € V, then G is called complete. The subgraph induced by V' C V is the
graph Gy = (V', Ey+), where Ey is the set of edges having both endpoints
in V.

Two distinct vertices v,w € V are called adjacent if {v,w} € E. For
v,w € V, a (v,w)-path of length m is a sequence (v,v1,...,Upm—1,w) of
pairwise distinct vertices, where each subsequent pair of vertices is adjacent,
ie. {v,un1} € E, {vj,viy1} € Eforalli e {1,...,m—2} and {vp,—1,w} € E.
A cycle is a sequence (v,v1,...,Un,v) vertices with m > 2, such that the
vertices of v, v1, ..., v, are pairwise distinct. A graph is said to be connected
if for any two vertices v,w € V the graph contains a (v,w)-path. The
maximal connected parts of a graph are called components.

A tree is a connected graph without any cycles. A leaf of a tree is a
vertex adjacent to only one other vertex. A chain is a tree with only two

leaves.

1.2.5 Duality theorems

In this section we recall two well-known duality theorems from linear pro-

gramming. In both theorems we implicitly assume that the feasible regions
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are non-empty.

Theorem 1.2.2 Let A be an n X m-matrix, w € R™ and b € R"™. Then
max{wz : Az <b,x >0} = min{by : yA > w,y > 0}.

Theorem 1.2.3 Let A be an n X m-matrix, w € R™ and b € R®. Then
max{wz : Ax = b,x > 0} = min{by : yA > w}.

1.3 Overview

In this section we give an overview of the contents of this monograph.

In Chapter 2 we study convexity, permutational convexity and marginal
vectors. First we focus on the relation between convex games and marginal
vectors. Our results strengthen well-known results of Shapley (1971) and
Ichiishi (1981), and Rafels and Ybern (1995). Subsequently we study per-
mutational convexity (Granot and Huberman (1982)). We show that per-
mutational convexity is equivalent to a restricted set of inequalities and we
introduce a refinement of permutational convexity that is still sufficient for
a corresponding marginal vector to be a core element.

Chapter 3 discusses core stability of tree-component additive games and
several related concepts such as exactness, largeness and extendibility. A
tree-component additive game is a superadditive game with a restricted
cooperation structure. Other models in game theory with restricted coop-
eration possibilities include games with coalition structure (Aumann and
Maschler (1964)), partitioning games (Kaneko and Wooders (1982)) and
graph-restricted games (Myerson (1977)). Tree-component additive games
have also been studied in LeBreton, Owen, and Weber (1991) where non-
emptiness of the core is shown, and in Potters and Reijnierse (1995) where
it is proved that the core coincides with the bargaining set, and that the
kernel consists of the nucleolus only. Solymosi, Aarts, and Driessen (1998)
and Kuipers, Solymosi, and Aarts (2000) present algorithms to compute the
nucleolus of tree-component additive games.

In Chapter 4 we introduce cooperative games arising from dominating

set problems. The dominating set problem is a graph theoretical model that
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is essentially a location problem. Suppose there is a number of regions that
require the service of some facility. Placing a facility in each region is too
expensive, and therefore the regions decide to select a subset of the regions,
and only place facilities in the selected regions. However, the regions which
are not selected need to be served by a facility in a selected region, and so
these regions demand that at least one region in their neighbourhood is se-
lected. The first problem the regions face is to select a subset of regions such
that the total placement costs are minimised, and all proximity constraints
of the regions are met. A second problem is how to divide the total cost
among all participating regions. We introduce three cost games to model
this cost allocation problem. We focus on the structure and non-emptiness
of the core, and we consider concavity as well. Other game theoretical ap-
proaches to location problems include facility location games (Kolen and
Tamir (1990), Tamir (1992)) and minimum spanning forest games (Granot
and Granot (1992)).

In Chapter 5 we discuss a variant of fixed tree games. In a fixed tree
problem there is a rooted tree and a group of agents, each agent being located
at precisely one vertex of the tree and each vertex containing precisely one
agent. The maintenance of each edge in the tree entails a certain cost. The
main question is how to assign the total maintenance cost of the tree to the
agents. The fixed tree problem was first modelled as a cooperative cost game
by Megiddo (1978). Fixed tree games have also been studied in Galil (1980),
Granot, Maschler, Owen, and Zhu (1996), Koster, Molina, Sprumont, and
Tijs (2001) and Maschler, Potters, and Reijnierse (1995). Variants of fixed
tree games where it is allowed that one vertex is occupied by more agents or
by no agent are considered in, for example, Koster (1999) and Van Gellekom
(2000). However, these variants still require that every agent is located in
precisely one vertex. In Chapter 5 we introduce fixed tree problems where
agents can occupy more than one vertex. We show that the associated games

have non-empty cores, and we study several one-point solution concepts.

Chapter 6 is dedicated to sequencing games. In operations research, a
sequencing situation consists of a finite number of jobs and one or more

machines. A single decision maker wants to determine a processing schedule
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of the jobs on the machines that minimises a certain cost criterion, possi-
bly taking into account restrictions like due dates and release times. This
single decision maker problem can be turned into a multi decision maker
problem by associating an agent to each job. This approach was first taken
in Curiel, Pederzoli, and Tijs (1989). They consider sequencing situations
with one machine, a linear cost criterion, and no extra restrictions on the
jobs. With these sequencing situations they associate the class of sequenc-
ing games. Nowadays there exists a wide variety of sequencing games. For
instance, Van den Nouweland, Krabbenborg, and Potters (1992), Hamers,
Klijn, and Suijs (1999) and Calleja, Borm, Hamers, Klijn, and Slikker (2002)
investigate sequencing games arising from multiple-machine sequencing situ-
ations. Hamers, Borm, and Tijs (1995) and Borm, Fiestras-Janeiro, Hamers,
Sanchez, and Voorneveld (2002) impose release times and due dates on the
jobs, respectively. Slikker (2003) considers sequencing games where coali-
tions are allowed more possibilities to generate cost savings. In Chapter 6
we discuss several sequencing games. First we introduce sequencing games
with controllable processing times. These games arise from situations where
the processing times are not fixed, but can be reduced at extra cost. We
prove non-emptiness of the core in two ways, and we study convexity for
some special instances. Subsequently we introduce the class of precedence
sequencing games. These games arise from sequencing situations with prece-
dence constraints on the jobs. We show convexity in case the precedence
constraints consist of chains and the initial order is a concatenation of these
chains. Then we focus on weak-relaxed sequencing games. These games
allow some coalitions extra possibilities to generate cost savings. We show
non-emptiness of the core by means of permutational convexity. Finally,
we consider cooperation in queue allocation of indivisible objects, and show

that there exist side-payments that guarantee stability.



Chapter 2

Marginal vectors

2.1 Introduction

Marginal vectors are allocation vectors that divide the worth of the grand
coalition using an order on the player set. In particular, each player receives
his marginal contribution to the coalition he joins. In literature, several
papers explore the relation between marginal vectors and convexity. It is
shown in Shapley (1971) that if a game is convex, then all marginal vectors
are core elements. The reverse of this statement is shown in Ichiishi (1981).
A similar result is proved in Rafels and Ybern (1995). That paper showed
that if all even, or all odd marginal vectors are core elements, then the
corresponding game is convex.

Granot and Huberman (1982) also studies the relation between convexity
and marginal vectors. That paper introduces permutational convexity as a
refinement of convexity and show that if an order is permutationally convex
for a game, then the marginal vector associated with this order is a core
element. By applying this result to minimum cost spanning tree games, it
is shown that specific marginal vectors are core elements.

The approach of Granot and Huberman (1982) is adopted by, e.g., Al-
idaee (1994) and Meca, Timmer, Garcia-Jurado, and Borm (2004). In Al-
idaee (1994) the permutational convexity of minimum cost spanning forest
games is shown, and in Meca, Timmer, Garcia-Jurado, and Borm (2004) the

non-emptiness of the core of holding cost games is shown with the use of
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permutational concavity. In Sections 6.3 and 6.5 of this thesis we will apply
permutational convexity to two types of sequencing games.

In this chapter, which is based on Van Velzen, Hamers, and Norde (2002,
2004, 2005), we study marginal vectors, and in particular their relation to
convexity. First we show that if two consecutive neighbours of a marginal
vector are core elements, then this marginal vector is a core element as well.
This result is then used to provide sets of orders that characterise convexity,
i.e. a set of orders with the property that the corresponding marginal vectors
are only core elements if the corresponding game is convex. In particular,
we provide an alternative proof for the result of Rafels and Ybern (1995).
Furthermore we investigate the number of orders in minimal convexity char-
acterising sets. Subsequently, we characterise the convexity characterising
sets of orders, and we provide a formula for the minimum cardinality of
these sets. Finally, we investigate permutational convexity. We introduce
a refinement of permutational convexity and show that this refinement is
still sufficient for the corresponding marginal vector to be a core element.
Furthermore we show that permutational convexity can alternatively be de-
scribed by a restricted set of inequalities. We conclude the chapter by con-
sidering neighbours of permutationally convex orders and we show that if an
order is permutationally convex, then its last neighbour is permutationally
convex as well.

The remainder of this chapter is organised as follows. In Section 2.2
we recall some early results. In Section 2.3 we take a first approach to
finding sets of orders that characterise convexity. In Section 2.4 we provide
the formula for the minimum cardinality of convexity characterising sets.

Finally, Section 2.5 considers permutational convexity.

2.2 Marginal vectors and convexity

In this section we recall well-known theorems from literature and we intro-
duce permutational convexity.
In Shapley (1971) an important relation between convexity of TU games

and marginal vectors is discovered. It is shown that if a game is convex,



2.2 Marginal vectors and convexity 17

then all marginal vectors are core elements. In Ichiishi (1981) the reverse is
shown. That is, if all marginal vectors belong to the core, then the game is

convex. These two results are summarised in the following theorem.

Theorem 2.2.1 (Shapley (1971), Ichiishi (1981)) A gamev € TUY is
convex, if and only if m?(v) € C(v) for each o € II(N).

Theorem 2.2.1 was strengthened in Rafels and Ybern (1995). It is proved
in that paper that if all even marginal vectors are core elements, then all
odd marginal vectors are core elements as well, and vice versa. Hence, a
characterisation of convexity of games is provided by means of @ specific

marginal vectors.

Theorem 2.2.2 (Rafels and Ybern (1995)) Let v € TUY. Then the

following statements are equivalent:
1. (N,v) is convex;
2. m?(v) € C(v) for each even o € TI(N);
3. m?(v) € C(v) for each odd o € II(V).

The relation between convexity and marginal vectors is further explored in
Granot and Huberman (1982). In that paper permutational convexity is
introduced as a refinement of convexity and it is shown that if a game is
permutationally convex with respect to an order, then the corresponding
marginal vector is a core element of that game.

Let v € TUN and o € II(N). Then (N, v) is permutationally convex with

respect to o if
v([o(i), 0] U S) +v([o(k), 0]) < v(lo(k), 0] US) +o(lo(i),a])  (2.1)

for all i,k € {0,...,|N| — 1} with ¢ < k, and S C N\[o(k), o] with S # (.
If v € TUV is permutationally convex with respect to o € II(N), then o is

called permutationally convez for (N,v).

Theorem 2.2.3 (Granot and Huberman (1982)) Let v € TUN. If
o € II(N) is permutationally convex for (N,v), then m?(v) € C(v).
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We remark that the reverse of Theorem 2.2.3 is not true in general. Let
v € TUN. Then checking if o € II(N) is permutationally convex for
(N, v) requires the checking of many inequalities. In fact, for each i,k €
{0,...,|N| — 1} with i < k, there are precisely 2/N1=% — 1 choices of S C
N\[o(k), o] with S # (. Hence, for each i,k € {0,...,|N| — 1} with i < k,

there are precisely 2/V1=F — 1 permutational convexity inequalities. In total

there are
|N|—=2 [N|-1 |N]—2
SO RN = SN2 (N i)
i=0 k=i+1 =0
1
— 2VHI_ 4 - 2(N| - 1) - S(IN - 1IN
1 1
= oNHT 9 JINP - 12N
2 2
inequalities.

2.3 Neighbour-complete sets

In this section we first show that if two consecutive neighbours of a marginal
vector are core elements, then that marginal vector is a core element as well.
We will exploit this result to formulate an alternative proof of Theorem 2.2.2.
Furthermore we find other sets of orders that provide a characterisation of
convexity and we find upper bounds on the number of orders needed to
characterise convexity.

We first show that if two consecutive neighbours of a marginal vector

are core elements, then that marginal vector is a core element as well.

Lemma 2.3.1 Let v € TUY with [N| > 3 and let o € TI(N). If there is an
he{l,...,|N|—2} with m?(v),m?+1(v) € C(v), then m?(v) € C(v).

Proof: Without loss of generality we assume that o(i) = i for each i €

{L,...,|N|}. We need to show that », o m(v) > v(S) for each S C N.
Let SC N. If h,h+1 € S,orif hyh+1 ¢ S, then ) ,.¢mi(v) =

Yicsmi"(v) > v(S). Here the inequality is satisfied because m? (v) €

C(v). We now distinguish between two possibilities.
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Case 1: h¢g S, h+1€S.

Consider coalition [h,o]. Then,

> omitw) = mPtw)+ Y. mi*(v)
i€[h,o] i€[h—1,0]
= v([h+1,0]) —v([h+ 1,0]\{h}) +v([h —1,0])

> v([h,0]).
The inequality is satisfied because m?(v) € C(v). We conclude that
o(h+1,00) — v(lh + 1L,o]\{h}) + o((h = 1,0]) — (o)) 2 0. (22)
Now observe that

Z mg (v) = Z m{" (v) —mph, (v) +mf 4 (v)

€S €S
= om0 [ollhe+ LlVAY) — o 1,0)
€S
+ |:U([h +1,0]) — v([h, a])}
> v(9).

The inequality is satisfied because m?"(v) € C(v) implies Y ,cgm;"(v) >
v(S), and because of (2.2).

Case 2: he S, h+1¢S5.
If h+2 ¢ S, then it follows straightforwardly that > ,_gm7(v) =
Siesmi " (v) > v(S). So assume that h +2 € S. Since now h+1 & S

and h + 2 € S, it can be shown in a similar fashion as in Case 1, that

>iesmf (v) = v(S). O

Example 2.3.1 Let v € TUY with N = {1,2,3}. The first and second
neighbour of (1,2,3) are (2,1,3) and (1, 3,2), respectively. From Lemma
2.3.1 it follows that if m>!3)(v) € C(v) and m32(v) € C(v), then
m1:23) (v) € C(v). <&
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In Rafels and Ybern (1995) Theorem 2.2.2 is proved by showing that if all
even or all odd marginal vectors are core elements, then (1.3) is satisfied
forall i,j € N, i # j, and all S C N\{4,j}. We remark that Lemma 2.3.1
provides an alternative proof of Theorem 2.2.2, in case |N| > 3. Just observe
that each neighbour of an even marginal vector is odd, and vice versa. So if
all even marginal vectors are core elements, then we can deduce from Lemma
2.3.1 that each odd marginal vector is a core element as well. In fact, Lemma
2.3.1 allows us to obtain different sets of orders that characterise convexity
as well. Before we develop such sets, we first introduce some notation.

Let {T1,...,Tx} be a partition of N. Let o' € II(T;) for each i €
{1,...,k}. Then the combined order o' ---o* € II(N) is that order that
begins with the players in T} ordered according to o', followed by the play-
ers in Ty ordered according to o2, etcetera. The set II(T1, ..., ;) contains
those orders which begin with the players in 77, followed by the players
in Ty, etcetera, i.e. II(TY,...,Tx) = {o'---0F : o' € II(T;) for every i €
{1,...,k}}. These definitions are illustrated in the following example.

Example 2.3.2 Let N = {1,2,3,4,5}, T1 = {1,5}, T» = {3} and T35 =
{2,4}. If o' = (5,1), 0% = (3) and 03 = (2,4), then o'0%0? = (5,1,3,2,4),
and T1({1,5},{3},{2,4}) = {(1,5,3,2,4),(1,5,3,4,2),(5,1,3,2,4),

(5,1,3,4,2)}. O

Now we introduce an operator by : 20T — 2(T) for every T C N. For
|T| = 1,2, we define by (A) = A for all A CII(T). For |T'| > 3, we define

br(A) =AU { oc€ll(T): thereisan h € {1,...,|T| -2}

with Oh,Oh+1 € A}

We introduced the operator by for the following reason. Let v € TUYN and
A CII(N). If m?(v) € C(v) for each o € A, then it follows from Lemma
2.3.1 that m?(v) € C(v) for each ¢ € by(A). So if all marginal vectors
corresponding to orders in A are core elements, then all marginal vectors
corresponding to orders in by (A) are core elements as well. The application

of by is illustrated in the following example.
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Example 2.3.3 Let N ={1,2,3,4} and A = {(2,1,3,4),(1,3,2,4),

(1,4,2,3)}. Leto = (1,2,3,4) and 7 = (1,2,4,3). Because o1 = (2,1,3,4) €
A and o9 = (1,3,2,4) € A, it follows that o € by(A). Furthermore, note
that 7 ¢ A, 1 = (2,1,4,3) ¢ A and 73 = (1,2,3,4) ¢ A. This implies that
T & by (A). However 7o = (1,4,2,3) € by(A) and 73 = (1,2,3,4) € by (4).
Therefore, 7 € by (by(A)) = b3 (A). <&

In Example 2.3.3 we observed that a repeated application of by makes sense.
So let T C N. We define the closure of A C II(T"), denoted by b%(A), to
be the largest set of orders that can be obtained by repetitive application of
br, i.e. bi(A) = bh(A) for k € N with bk (A) = b5 (A).

Let C C IKT). If A C C is such that C C b} (A), then A is called
neighbour-complete, or n-complete, in C. If A C II(T') is n-complete in
II(T), then A is called n-complete. From Lemma 2.3.1 it follows that if
A C II(N) is n-complete, then m?(v) € C(v) for each o € A implies that
(N,v) is convex. Before we obtain n-complete sets, we first find n-complete
sets for II(T1,...,T), where {T1,...,T}} is a partition of N.

Lemma 2.3.2 Let {T4,...,T;} be a partition of N and let 4; C II(T;). If
A; is n-complete in TI(T}) for each i € {1,...,k}, then A = {7!...7F . 7l ¢
A; for each i € {1,...,k}} is n-complete in II(71,...,T}).

Proof: Let o'---o% € TI(Ty,...,T}). We use induction on j to show for
eachj € {1,...,k+1},that ot --- /179 ... 7k € b3 (A) for all (17,...,7F) €
Aj X ... x Ag. This shows, with j = k + 1, that o1 - - 0% € b3 (A).

First note, for the induction basis, that 71 ... 7% € b%,(A) for all
(74, ..., ) € Al x ... x Ay,

As the induction hypothesis, assume that j* € {1,...,k+1} is such that
for all j € {1,...,7*} it is satisfied that o' --- /7177 ... 7% € %, (A) for all
(9., %) € Aj x ... x Ay.

If 7 = k4 1, then we are done, so assume that j* < k + 1. Let
(77 TR € Ajogq x o x Ay and let O(777 L L TR =
{ol.. g "lrpi™+t.. 7k o 1 € A}, According to our induction hypoth-
esis, C(77"t1, ..., 7%) C b%(A4). Because o/ € b}j*(Aj*) it follows that
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ol gl el 7" 7R € b3, (C) C by (A). Therefore ol .- gd 73"+ .. 7k
€ by (A) for all (77" 1, ... 7F) € Ajiiq x ... x Ay.

Example 2.3.4 Let N = {1,...,6}, T1 = {1,2,4} and T> = {3,5,6}.
Let A1 = {(1,2,4),(2,4,1),(4,1,2)} and A2 = {(3,5,6),(5,6,3),(6,3,5)}.
Note that A; and Ay are n-complete in II(77) and II(73), respectively. It
follows from Lemma 2.3.2 that A = {07 : 0 € A1, 7 € Ay} is n-complete in

I1({1,2,4},{3,5,6}). &

In the remainder of this section we focus on the cardinality of n-complete
sets. We will call A C II(T") minimum n-complete in II(T) if it is an n-
complete set in II(7) of minimum cardinality. Because of symmetry, the
cardinality of minimum n-complete sets in II(7T") does not depend on T,
but only on the cardinality of T. Let the neighbour number Q¢ denote
the cardinality of a minimum n-complete set in I1(T), where t = |T|.! So
Q¢ = min{|A| : A C II(T) is n-complete in II(T)}. By definition, Q1 = 1
and Q2 = 2. From Theorem 2.2.2, and our alternative proof of this theorem,
it follows that @, < "7' for each n > 3. Finally, define the relative neighbour
number F, = % The following proposition, which is a direct consequence
of Lemma 2.3.2, gives a strengthening of the bound obtained from Theorem
2.2.2.

Proposition 2.3.1 Let nq,...,ni,n € N be such that Zle n; = n. Then
! k
Qn S #’nk' Hizl Qni'

Proof: Let N be a finite set of cardinality n. Observe that II(/N) can be
partitioned into —™%— sets of the form II(T1,...,T}), with |Tj| = n; for

PR
each i € {1,... ,k}l, anii {Ty,...,T}} a partition of N. Now let {T7,..., Ty}
be a partition of N with |T;| = n; for each ¢ € {1,...,k}. The n-complete
set in II(7y, ..., T)) from Lemma 2.3.2 contains H?Zl QQn, elements. Hence,

From Proposition 2.3.1 it follows that Q.11 < MQan = (n+1)Qn.

—  nll!
This implies that F,,11 < F), for each n € N. So F}, is non-increasing. In

In the remainder of this section we denote the cardinality of a finite set T by t.
Similarly, the cardinality of a finite set /N is denoted by n.
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fact, the next theorem exploits Proposition 2.3.1 to conclude that F,, — 0 if
n — 00. So the relative number of orders needed to characterise convexity

converges to zero.
Theorem 2.3.1 If n — oo, then F,, — 0.

Proof: Let k € N, and n; = 3 for every i € {1,...,k}. From Proposition
2.3.1 we deduce, using n = 3k, that

(3k)!
(3DF

Qsk < 3k,

Here we have used that Q3 < 3. We conclude that Fy, < (3)* for every
k € N and therefore that Fs, — 0 if & — co. Because F,,+1 < F,, for each
n € N, it follows that F,, — 0 if n — oo. O

The final result of this section gives lower bounds for Q.

L. If n € Nis odd,

n—z

272

Proposition 2.3.2 If n € N is even, then Q,, > n!
then Q,, > nl—r.
272

Proof: Let n € N be even, let N = {1,...,n}, and let k = ”TH Let

{T1,..., T} be a partition of N, with |T}| = |T}| = 1, and |T;| = 2 for each
i€{2,...,k—1}. Let C =1II(T1,...,Tx). Note that if o € C, then o, € C

for each even i € {1,...,n —1}.
Now let A C II(N) be such that ANC = (). Let 0 € C. Because for
each i € {1,...,n — 2} either ¢ or i + 1 is even, we conclude that for all

i€{l,...,n — 2} it is satisfied that o; € C, or 0,41 € C. This implies for
every i € {1,...,n — 2} that 0; ¢ A or 0,11 ¢ A. Hence, o & by(A). We
conclude that by (A) N C' = . By repetition, we find b3, (A) N C = 0.

So if A CII(N) is n-complete in II(N), then it is true that |[ANC| > 1.
Since we can partition II(/V) into 2,?—_'2 sets of the form II(T1,...,T)), with
{T1,..., T} a partition of N, |T1| = |Tx| = 1, and |T;| = 2 for every
i€{2,...,k— 1}, we conclude that @, > 2,?—,'2 = n!2% :

Now let n € N be odd, let N = {1,...,n}, and let k = ”TH Let
{T1,..., T} be a partition of N with |T1| = 1, and |T;| = 2 for every
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i € {2,...,k}. We can conclude, similarly to the case where n is even,
that if A is complete, then A NII(7T7,...,T;) # (. Because II(N) can be
partitioned into 2,?—,'1 sets of the form II(Th,...,Ty), with {T1,..., T} a
partition of N, |T1| = 1, and |T;| = 2 for every i € {2,...,k}, we conclude
that @, > 2,?—_'1 =nl—L . O

272

Now combining Theorem 2.2.2 with Proposition 2.3.2 gives @J3 = 3 and
@4 = 12. Furthermore, we obtain from Theorem 2.2.2 that 5 < 60 and
from Proposition 2.3.2 that Q5 > 30. Therefore Q5 € [30,60]. However, in
Van Velzen, Hamers, and Norde (2002) it is shown, using ad hoc methods,
that @5 = 30. Some other bounds are given in Table 2.1. These other
bounds all follow from Propositions 2.3.1 and 2.3.2.

n |3 4 5 6 7 8 9
nl [6 24 120 720 5040 40320 362830
213 12 60 360 2520 20160 181440

2
Qn |3 12 30 180 [630,1260] 5040  [22680,45360]
Folz 3 1 1 e 5 15+ ]

Table 2.1: New bounds

2.4 A characterisation of minimum cardinality

In this section we continue our exploration of convexity characterising sets.
However, in this section we trail a more efficient method than that of Section
2.3. First we introduce complete sets, and then characterise these sets.

A set A C TI(N) is said to be complete if for every v € TUY the following

assertions are equivalent:
1. (N,v) is convex;
2. m?(v) € C(v) for each o € A.

First note, according to Theorem 2.2.1, that II(N) is a complete set. From
Theorem 2.2.2 we deduce that the sets of even and odd orders are also

complete sets. Furthermore we remark that each n-complete set is complete
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as well. We are interested in the minimum cardinality of complete sets.

Therefore we introduce
M,, = min{|A| : A CII(N) is complete},

where n = |N|.2 Note that M,, < Q, for each n € N. Before we characterise
complete sets, we first introduce some notation. Let 7,7 € N, i # j, and
S C N\{4,j}. Then P(S,{i,j}) is the set of orders that begin with the
players in S, followed by the players in {7, j}, and end with the players in
N\(SU{i,j}). Note that we allow for S = () and S = N\{i,j}. We are now

ready for our characterisation of complete sets.

Lemma 2.4.1 The set A C II(V) is complete if and only if
ANP(S,{i,j}) #0 (2.3)

foralli,j € N,i# j,and S C N\{4,j}.

Proof: First we show the "if’ part. Let v € TUY and let A C II(N) satisfy
(2.3). We need to show that m?(v) € C(v) for each o € A implies that
(N,v) is convex. So assume that m?(v) € C(v) for each o € A. For showing
that (IV,v) is convex, we need to show that (1.3) is satisfied for all 7,5 € N,
i # jand all S C N\{i,j}. Soleti,j € N,i# j,and S C N\{3,j}. By
assumption there is a 0 € A with o € P(S,{i,5}). Assume without loss of
generality that o(|S| + 1) =i and o(|S| +2) = j. Then,

w(SULH < Y mi(v) =o(SU{ij}) — o(S U {i}) + o(S).

keSU{j}

The inequality is satisfied because m?(v) € C(v). We conclude that (N, v)
is convex.

It remains to show the ”only if” part. Assume that A C II(N) does
not satisfy (2.3). We will show that A is not complete by constructing a
non-convex game for which all marginal vectors corresponding to orders in

A are core elements.

2In the remainder of this section we denote the cardinality of a finite set N by n.
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Because A does not satisfy (2.3), there are i,5 € N, i # j, and S C
N\{i,j} with An P(S,{i,j}) = 0. Define v € TUY by

) = 1 if T=SU{i},Su{j
v = max(0,|T] —|S] — 1) otherwise.

We will show that m?(v) € C(v) if and only if o & P(S,{4,j}). This implies
that (N,v) is not convex, and that m?(v) € C(v) for each o € A.

First we show that m?(v) € C(v) for each o € P(S,{i,j}). Let o €
P(S,{i,j}). Without loss of generality assume that o(|S| + 1) = ¢ and
o(|S| +2) =j. Then

Y mi() = w(SU{ij}) —o(Su{i}) +ou(s)

keSu{j}
= 1—-140
< 1
= v(SU{s}.

Hence, m?(v) ¢ C(v). It remains to show that m?(v) € C(v) for each
o & P(S,{i,j})-

Let o ¢ P(S,{i,j}). First observe that by definition of (N,v), it is
satisfied that v(T U{k}) —v(T) € {0,1} for all k € N and T C N\{k}. This
implies that

mi(v) € {0,1} (2.4)

for each k € N. Now let T'C N. For showing that }, ..-m{(v) > v(T) we

distinguish between two cases.

Case 1: T # SU{i},SU{j}.

If |T| < |S|+ 1, then it follows by definition of (N,v) that v(T") = 0.
This implies, using (2.4), that >, ., mZ(v) > 0 = v(T).

If |T| > |S| + 1, then we conclude using (2.4) that ;o n\pmf(v) <
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|N\T'|. This implies

dYomi(v) = o(N)— Y miv)

keT kEN\T
> N[ =[S| =1 [N\T]
= |TI=15-1
= o(T).

Case 2: T=SU{i}or T =SU{j}.

Without loss of generality assume that 77 = S U {i}. Observe that
v(SU{i}) = 1. Because of (2.4), it is sufficient to prove thereisa k € SU{i}
with m{(v) = 1.

Let h € SU{i} be that player ordered last with respect to o, i.e. o~1(k) <
o~1(h) for all k € SU {i}. Note that by definition, c=*(h) > |S| + 1. We

distinguish between three subcases.

Subcase 2a: o l(h) =S|+ 1.
So o is an order that starts with the members of SU{i}. Hence, mj (v) =

v(SU{ip) —o((SU{ih\{h}) =1-0=1.

Subcase 2b: o l(h) =S|+ 2.

First assume that h # i. Then h € S and this implies that [k, o]\{h} #
SuU{i},SU{j}. So v([h,o]) =1 and v([h,o]\{h}) = 0. We conclude that
m7 (v) = v([h,0]) = v([h,0]\{h}) =1 -0=1.

Secondly, assume that h = i. If 071(j) > o~ 1(h), then [h,o]\{h} #
S U{j}, and because h = i it is satisfied that [h,o|\{h} # S U {i}. This
implies that v([h, o]\{h}) = 0. From v([h, 0]) = 1 we conclude that mf (v) =
v([h,0]) —v([h,0o]\{h}) =1 -0 =1

If 0= 1(j) < o~1(h), then it follows from o ¢ P(S, {i, j}) that o(|S|+1) #
j. Now let k € S be such that o(|S| + 1) = k. Then, [k,o] = S U{j}. This
implies that m7 (v) = v([k,0]) —v([k,0]\{k}) =1-0=1.

Subcase 2c: o 1(h) > |S| + 3.
Then |[h,o]| > |S| + 3, and |[h,c]\{h}| = |[h, ]| — 1. Hence, m7(v) =
v([h, o]) = v([h, o]\{h}) = ([[h, o] = [S| = 1) = ([[h, o]\ {R} = [S| = 1) = 1. O
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Before we give the formula for the minimum cardinality of complete sets,
it is convenient to introduce some terminology. Let N be a finite set and
define, for each k € {0,...,n — 2},

Gn(k) ={P(5{i,j}) - i,j € N,i#j,5 € N\{i,j} and |S| = k}

as the collection of sets P(S,{i,j}) where S contains precisely & members.
Now let k£ € {0,...,n — 2}. Obviously, for each o € II(NV) there is precisely
one P(S,{i,j}) € Gp(k) with 0 € P(S,{i,j}). In other words, G, (k) is
a partition of II(N) for each k € {0,...,n — 2}. Observe that |G, (k)| =
(1 ("2")-

From Lemma 2.4.1 it follows that complete sets are those sets that cover
all elements of G, (k), for each k € {0,...,n —2}. That is, A C II(N) is
complete if and only if AN B # 0 for all B € |J}—3 Gn(k). So we can easily
find complete sets by choosing, for each k& € {0,...,n — 2}, an order from
every B € G,(k). In this way we obtain a complete set containing at most
Zz;g |G (k)| orders. Of course, there are complete sets containing less than
S P2 |G (k)| orders. The main result of this section is the formula for the
minimum cardinality of a complete set. In particular, we give a method to
construct minimum cardinality complete sets. It turns out to be convenient
to distinguish between odd n € N and even n € N. Therefore we distinguish
between those two possibilities.

First we focus on odd n € N. Let n € N, n > 3, be odd and let
N ={1,...,n}. First we introduce the concepts of right-hand side and left-
hand side neighbours, and that of perfect coverings. Let k = ”T_l Assume
that the players are seated at a round table such that for all 7 € N the
person on the right-hand side of player j is player (j — 1) mod n and the
person on his left-hand side is player (j + 1) mod n. For each j € N, the
set of right-hand side neighbours of j, denoted by R;, consists of the first k&
players on the right-hand side of player j, i.e.

R;={(j—1) modn,...,(j—k)modn}.

Similarly, for each j € N, the set of left-hand side neighbours of j, denoted
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by L;, consists be the first k players on the left-hand side of player j, i.e.
Lj={(j +1) mod n,...,(j + k) mod n}.

The notion of left-hand side neighbours and right-hand side neighbours is
illustrated in Example 2.4.1.

Example 2.4.1 Let N = {1,...,9}, ¥k = 4 and j = 3. Then R3 =
{1,2,8,9} and L3 = {4,5,6,7}. These sets are illustrated in Figure 2.1.
&

Figure 2.1: The left-hand side and right-hand side neighbours of 3.

It is straightforward to verify the following properties of R; and L, for all
1,7 € N.

(P1) LynR; =0
(P2) LjUR;U{j} =N;
(P3) i€ L; if and only if j € R;;

(P4) i € R; if and only if j € R;.
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Now we introduce the concept of perfect coverings, which is closely related to
the concepts of right-hand side and left-hand side neighbours. Let i,j € N,
i # j,and S C N\{i,j}. Then o € P(S,{i,j}) is said to perfectly cover
P(S,{i,j}) if o(|S|+1) € Ry(s5)42) It is easily verified, using (P4), that half
the number of orders in P (S, {i,j}) perfectly covers this set. We illustrate

perfect coverings in the following example.

Example 2.4.2 Let N = {1,...,9}, S = {1,4,5}, ¢ = 8 and j = 3.
Then, 8 € R3, but 3 ¢ Rg. Hence, 0 € P({1,4,5},{3,8}) is a perfect
covering of this set if and only if 0(4) = 8 and o(5) = 3. So, for in-
stance, (5,1,4,8,3,2,9,6,7) is a perfect covering of P({1,4,5},{3,8}), but
(5,1,4,3,8,2,9,6,7) is not. &

The last concept we introduce before we state the formula of minimum
cardinality of complete sets is that of perfect completeness. A set A C II(V)
is called perfect complete if for each i,j € N, i # j, and S C N\{i,j} there
is a 0 € A that perfectly covers P(S,{i,7}). Observe that if a set is perfect
complete, then it follows by Lemma 2.4.1 that it is complete as well.

The following theorem provides the minimum cardinality of a complete
set for odd n € N. The proof of this theorem is constructive in the sense
that it contains a procedure to obtain a perfect complete set of minimum

cardinality.

Theorem 2.4.1 Let n € N with n > 3 be odd. Then

n!
2(22) (%)Y

Proof: Let k£ = "Tfl First we show that M, > W‘l(”—_l)' Since
2 : 2 °

Gy (k) forms a partition of II(V), it follows that to cover all elements of
Gn(k) at least |Gy, (k)| orders are needed. Note that |Gy (k)| = (}) (";k) =

n! _ n!
kl(n—k—2)12! 2("7_3)!(”7_1)!'

Mn 2 sz

Now we show that M, < 2"7" We do this by inductively con-

() (50!

structing a perfect complete set of size |G, (k)| =

M, =

Therefore, using Lemma 2.4.1, it follows that

n!

m First we



2.4 A characterisation of minimum cardinality 31

construct a set A C II(/V) containing |G, (k)| orders that perfectly covers
each element of G, (k).

Since for each i,5 € N, i # j, and S C N\{3,j} with |S| = k the set
P(S,{i,j}) contains perfect coverings, it is trivial to obtain a set A C II(N)
containing |Gy, (k)| orders that perfectly covers each element of G, (k). In
particular, A can be obtained by choosing precisely one perfect covering
from each element of G, (k).

Now assume that A perfectly covers each element in Ulgzm Gn(p) for
some m € {0,...,k}. Obviously m = k satisfies this property. Suppose that
P(S,{i,j}) € Gp(m — 1) is not perfectly covered by A. We will replace one
order o € A by an order & € II(N)\A to obtain the set A = (A\{o})U {7}
Our selection of o and & will be such that A perfectly covers one more
element of Uk Gp(p) than A does. In particular, A perfectly covers the

p=m—1 "1

same elements of | J Grn(p) as A, except for P(S,{i,j}) € Gp(m — 1)

p:m_l n

which is only perfectly covered by A, but not by A.

Without loss of generality assume that ¢ € R;. This yields that if 7 €
II(N) perfectly covers P(S,{i,j}), then 7(|S| + 1) =i and 7(|S]| 4+ 2) = j.
Let B be the set of orders in A that begin with S U {i} followed by j, i.e.
B =TI(S U {i}, {4}, N\(SU{i,5})) N A. We will replace an order o € B
with an order ¢ € II(IV)\ A.

Now first suppose that there is an order in B that is not a perfect covering
of an element in G, (m—1), i.e. suppose thereisa o € B with o(|S|+1) € R;.
Now interchange o(|S|+ 1) and ¢ to obtain the order 5. Note that ¢ and o
only differ in two positions, namely in position o~!(i) < m and in position
|S| +1 = m. This yields that & perfectly covers the same elements of
U];:m Gn(p) as o. Furthermore, ¢ perfectly covers P(S,{i,j}). Because
o was not a perfect covering of an element of G, (m — 1) it follows that
A = (A\{o}) U {5} perfectly covers one more element of U];:m_l Grn(p)
than A.

Now suppose that all orders in B are perfect coverings of elements in
Gp(m — 1), i.e. suppose that 7(|S| + 1) € R; for all 7 € B. We will
show that there are m,p € B with «(|S| +1) = p(|S| + 1) = h for some
h € S. That is, we show that P((S U {i})\{h},{h,j}) € Gp(m — 1) is
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perfectly covered twice by orders in B. If we then take ¢ = 7w and obtain
& from o by interchanging h and i, it follows that A = (A\{c}) U {5} still
contains a perfect covering of P((SU{i})\{h},{h,j}), namely p. Moreover,
A perfectly covers P(S,{i,j}). Hence, A perfectly covers one more element
of U’;:m_l Gr(p) than A.

We will now show that there are orders m,p € B with 7(|S| + 1) =
p(|S|+1). Note that, by supposition, 7(|S|+1) € R; for all 7 € B. Because
we have assumed that P(S, {7, j}) was not perfectly covered by an order in
A, it follows that 7(|S| + 1) # i for all 7 € B. Therefore, 7(|S|+ 1) € S
for all 7 € B. This implies that 7(]S| + 1) € SN R; for all 7 € B. Hence,
showing that there are orders m,p € B with 7(|S|+ 1) = p(|S| + 1) boils
down to showing that |B| > |S N R;|.

First note that our assumption states that each element of U];:m Gr(p)
is perfectly covered by A. This implies that P(S U {i}, {j,{}) is perfectly
covered for all I € N\(S U{i,j}). Therefore P(S U {i},{j,1}) is perfectly
covered for all I € (N\(SU{i}))NL;. Let 7 € A be a perfect covering of
P(SU{i},{j,1}) for some I € (N\(SU{i})) N L;. Because of (P3) it follows
that j € R;. Therefore 7(p) € SU{i} for all p < [S|+ 1, 7(|S| + 2) = j and
7(]S| 4+ 3) = I. We conclude that 7 € B. This implies that

B > [(N\(S U{i})) N L. (2.5)

It holds that [(N\(SU{i})) N L;|+|(SU{i})NL;| =|L;| = k. Using (P2)
it follows that |(SU{i})NL;|+|(SU{i}) N R;| = |SU{i}|. From these two

expressions we derive that

(N\(SU{ih))NnL;| = k—[(SU{i})N Lyl
= k—|SU{i}|+|(SU{i}) N R,
> |(Su{i}) N Ry, (2.6)

where the inequality is satisfied because k > m = |S| + 1. Combining (2.5)
and (2.6) yields

1Bl = |(Su{i}) N Rl
> ‘SﬂRj’,
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where the strict inequality holds because i € S U {i} and i € R;.

So if we start with a set A containing |G, (k)| elements that perfectly
covers each element of Uk Gp(p), then we can find a set A that perfectly
Gr(p) than A. This means that we can

construct a set of orders that perfectly covers all elements of UI;:() Gn(p).

covers one more element of Up 1
Now let m € {k,...,n — 2} be such that A perfectly covers all elements
of U?:o Gn(p). Obviously, m = k satisfies this property. Suppose that
some P(S,{i,j}) € Gn(m + 1) is not perfectly covered by A. It is now
straightforward to show that there exists a set A that perfectly covers one
more element of Um+1 Gn(p) than A. It follows that there exists a set
containing |G, (k)| orders that perfectly covers all elements of Uz;g Gn(p).

Because of Lemma 2.4.1 this set is complete. This concludes the proof. O

The following example illustrates the possibility in the proof of Theorem
2.4.1 that there is a 0 € B with o(|S| + 1) € R;.

Example 2.4.3 Let N = {1,...,5}. Then k = 2. According to the proof
of Theorem 2.4.1, we first need to find a set A C II(NV) that perfectly covers

each element of G5(2). This can be done by taking one perfect cover from
each P(S,{i,7}) € G5(2). For example, let A =

{(1,2,3,4,5), (1,4,2,3,5), (2,3,4,1,5), (5,2,1,3,4), (3,5,1,2,4),
(1,2,3,5,4), (1,4 5,2,3), (2,3,5,1,4), (2,5,4,1,3), (3,5,4,1,2),
(1,2,4,5,3), (1,4,3,5,2), (2,3,4,5,1), (2,5,3,4,1), (3,5,2,4,1),
(1,3,2,4,5), (1,5,2,3,4), (2,4,1,3,5), (3,4,1,2,5), (4,5,1,2,3),
(1,3,5,2,4), (1,5,2,4,3), (2,4,5,1,3), (3,4,5,1,2), (4,5,1,3,2),
(1,3,4,5,2), (1,5,3,4,2), (2,4,3,5,1), (3,4,5,2,1), (4,5,2,3,1) }.

It is straightforward to check that A indeed perfectly covers all elements
of G5(2). However, not all elements of G5(1) are perfectly covered. For in-
stance, A does not cover P({5}, {3,4}), and hence it does not perfectly cover
this set. We will now obtain a set A that perfectly covers P({5}, {3,4}).
Let S = {5}, i = 3 and j = 4. Note that i € R;. Now define B =
I({3,5},{4},{1,2}) n A = {(3,5,4,1,2)}. For o = (3,5,4,1,2) € B it
is satisfied that o(|S| 4+ 1) = 5 € R4. According to the proof we need to
interchange o(|S|+1) = 5 and ¢ = 3. This yields & = (5,3,4,1,2). Note that
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(5,3,4,1,2) perfectly covers P({5},{3,4}). Now let A = (A\{(3,5,4,1,2)})
U{(5,3,4,1,2)}. Then A perfectly covers P({5},{3,4}). O

The following example illustrates the possibility that for all o € B,
O'(’S| + 1) S Rj.

Example 2.4.4 Let N, k, and A be the same as in Example 2.4.3. Al-
though (5,2,1,3,4) € A covers P({5},{1,2}) € G5(1), it does not per-
fectly cover this set. Moreover, P({5},{1,2}) is not perfectly covered by
any order in A. Now let S = {5}, ¢ = 1 and j = 2. Note that i € R;.
Define B = TI({1,5},{2},{3,41) n A4 = {(1,5,2,4,3),(1,5,2,3,4)}. For
all 0 € B it is satisfied that o(|S| + 1) = 5 € Rz. So, P({1},{2,5})
is perfectly covered twice by orders in B. Take ¢ = (1,5,2,4,3) € B.
Now interchange o(|S| + 1) = 5 and i = 1 to obtain & = (5,1,2,4,3) and
let A= (A\{(1,5,2,4,3)}) U{(5,1,2,4,3)}. Then A still perfectly covers
P({1},{2,5}), and, moreover, A perfectly covers P({5},{1,2}). O

In the final part of this paper we deal with even n € N. Although the proof
of the formula for even n € N is similar to the proof for odd n € N, there
are some differences between the two proofs. The main difference is that
for even n € N we have to redefine the concepts of right-hand side and left-
hand side neighbours. The concept of perfect coverings remains the same,
although it uses the adapted definitions of right-hand side and left-hand side
neighbours.

Let n € N, n > 4, be even, N = {1,...,n} and k = ”T_2 For each
J € N, define the set of right-hand side neighbours R; by

Rj={(j—1)modmn,...,(j — k) mod n,(j —k—1) mod n}
and the set of left-hand side neighbours L; by
Li={(+1) modn,...,(j+k)modn,(j+k+1) mod n}.

The intuition of L; and R; is similar as for odd n. For convenience, we
define 0; = (j + k+ 1) mod n for all j € N. Intuitively, o; is the player
seated at the round table exactly opposite to player j. It is straightforward
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to show that o(j4k11) mod n = Jj and that o; = (j —k — 1) mod n. The

following properties can easily be verified.
(Q1) LjN R;j = {oj};

(Q2) L UR; U{j} =N;

(Q3) i€ Ljif and only if j € R;;

(Q4) i€ Rjor j €R,.

For each j € N, player o; is a member of L; and R;. This observation
implies that (P1) does not hold anymore and that (P4) is only satisfied
in a weakened version. Let i,j € N with ¢ # j and S C N\{i,j}. Then
o € P(S,{i,j}) is said to perfectly cover P(S,{i,j})if o(|S|+1) € Ry(|5/+2)-
Note that if @ # o;, then half the number of orders in P(S, {3, j}) perfectly
covers this set, while if i = 0;, then each order in P(S, {3, j}) perfectly covers
this set. A set A C II(N) is called perfect complete if for each i,j € N,
i # j,and S C N\{i,j} there is a o € A that perfectly covers P(S,{i,j}).
Again, note that from Lemma 2.4.1 it follows that each perfect complete
set is complete as well. The following theorem provides the formula for the
minimum cardinality of a complete set for even n. Again we remark that the
proof of this theorem is constructive in the sense that it provides a method

to construct a perfect complete set of minimum cardinality.

Theorem 2.4.2 Let n € N with n > 4 be even. Then

n!
M, =—————.
t2(2)(5R)!
Proof: Let k = "T_Q First we show that M,, > — bt First observe that

= 2(("F)?
G (k) forms a partition of II(N). This implies that to cover all elements of

Gulk) at least [Ga(h)] = () (') = i = sy

5 orders are needed.

So, using Lemma 2.4.1, M,, > %
2((%5=)

It remains to show that M, < Néﬁ The proof will be similar
—2)!
as for odd n. First construct a set A C II(N) containing |G, (k)| orders

that perfectly covers each element of G, (k). Now assume that A perfectly
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covers each element of U];:m Gn(p) for some m < k, and suppose that
P(S,{i,j}) € Gp(m—1) is not perfectly covered by A. Assume without loss
of generality that i € R; and let B =TII(S U {i}, {j}, N\(SU {3,5})) N A.

If there is an order o € B with o(|S| + 1) € Rj, i.e. if B contains an
order that is not a perfect covering of some element in G, (m—1), then using
the same technique as for odd n, it is straightforward to obtain a set A that
perfectly covers one more element of U];:m_l Gr(p) than A.

So suppose that for all 7 € B, 7(|S| + 1) € R;. That is, all orders in B
are perfect coverings of some element of G, (m — 1). Again, we will show
that there are m,p € B with 7(|S| + 1) = p(|S| + 1) = h for some h € S,
i.e. that P((SU{i})\{h},{h,j}) € Gn(m — 1) is perfectly covered twice by
orders in B. This boils down to showing that |B| > [SNR;|. We distinguish

between two cases to show this inequality.

Case 1: oj € N\(SU{i}).

We assumed that each element of Ul;:m G (p) is perfectly covered by A.
So P(S U{i},{j,1}) is perfectly covered for all I € N\(S U{4,j}). Hence,
P(SU{i},{j,1}) is perfectly covered for all | € (N\(SU{i,0;}))NL;. Letl €
(N\(SU{i,0;}))NL; and let 7 € A be a perfect covering of P(SU{i}, {j,1}).

Because | # o;, we conclude because of (Q1) that [ ¢ R;. Because 7 is a
perfect covering it follows that 7(p) € SU{i} for all p < |S|+1, 7(|S[+2) = j
and 7(|S| + 3) = [. This implies that 7 € B.

It follows that

[Bl = [(N\(SU{i,05})) N Lj]

= [(N\(Su{ih)nLj|—1.

The equality is satisfied since o; € (N\(S U {i})) N L;. Trivially, |(INV\(S U
{i})NL;|+|(Su{i})NL;| = k+1. Because of 0; € N\(SU{i}), (Q1) and
(Q2) it is satisfied that |(SU{i}) N L;|+[(SU{i}) N R;| = |SU{i}|. Hence,

1Bl = [(N\(Su{i}))nL;| -1
= k+1-[(Su{i})nL;| -1
= k+[(SU{i})NR;|—[SU{i}|
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> [(Su{i}) N Rl
> ’SﬂRﬂ

The first inequality follows from k& > m = |[(S U {i})|. The strict inequality
follows from i € SU {i} and i € R;.

Case 2: oj € SU{i}.

We assumed that each element of U’;:m G (p) is perfectly covered by A.
So P(S U{i},{4j,1}) is perfectly covered for all I € N\(S U {4,j}). Hence,
P(S U {i},{j,1}) is perfectly covered for all I € (N\(S U {i})) N L;. Let
I e (N\(SU{i}))NL; and let 7 € A be a perfect covering of P(SU{i},{j,[}).

Because o; € SU{i} it follows that [ # o;. This implies, using (Q1), that
| ¢ R;. Hence, 7(p) € SU{i} for all p < |S|+1, 7(|S|+2) = j and 7(|S|+3) =
[. Tt follows that 7 € B. We conclude that [B| > |[(N\(S U {i})) N L;|. It
also holds that [(N\(S U {i})) N L;| + [(SU{i}) N L;| = k+ 1. Because of
0 € SULi}, (Q1) and (Q2), [(SU{IN N L] +|(SU{ih) N Ryl = [SU{i} +1.

Hence,

|B| [(NA\(S U {i})) N Ly
kE+1—[(Su{i})n Lyl
kE+14+|(SU{i})NR;|—(|SU{i}|+1)
[(SU{i}) N Ry

1SN Ry|.

AV T

V

The first inequality follows from k& > m = |S U {i}|. The strict inequality
follows from i € SU {i} and i € R;.
Using the same argument as in the proof of Theorem 2.4.1 we can now

obtain a perfect complete set, and hence a complete set, of size G, (k). O

Theorems 2.4.1 and 2.4.2 provide formulas for the minimum number of
marginal vectors needed to characterize convexity. For n € {3,...,9} these

numbers are presented in Table 2.2. Note that M, is relatively small for

My,
n!

large n. Furthermore observe that the convergence of is much faster

than the convergence of F), in Section 2.3.
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n |3 4 5 6 71 8 9
n! [ 6 24 120 720 5040 40320 362880
213 12 60 360 2520 20160 181440

2

My, |3 12 30 90 210 560 1260

My, | 1 1 1 1 1 1 1
nl [ 2 2 1 8 24 72 288

Table 2.2: The minimum cardinality of complete sets.

2.5 Permutational convexity

In this section we introduce a refinement of permutational convexity. We
show that the conditions of this refinement are still sufficient for the corre-
sponding marginal vector to be a core element. Furthermore we show that
permutational convexity can be redefined using a restricted set of inequali-
ties. In particular we reduce the number of inequalities by a factor two. To
conclude the section we will consider neighbours of permutationally convex
orders, and we show that if an order is permutationally convex, then its last
neighbour is permutationally convex as well.

Let 0 € TI(N). Let S C N, S # (0 and define h(S) = max{j €
{1,...,IN|} : 0(j) € S,S < [0(j),0]} as the position of the highest or-
dered player outside S that precedes at least one player in S. We remark
that h(S) only exists if S is not a head? of o.

We will call v € TUN weak permutationally convex with respect to o if
for each i,k € {0,...,|N|—1} with i < k and for each S C N\[o(k), o] with

o(k+1) € S at least one of the following two inequalities is satisfied:

o(T) +v([o(k), o) < v(lo(k), 0] US) +v([o(i), o]) (2.7)

o(T) + (o (h(5)),0]) < v([o(h(S)), o] UT) +v(T N o (h(S5)),0]), (2.8)

where T' = [0(i),0]US. We remark that (2.7) coincides with (2.1), but that
the domain of (2.7) is more restricted because of the condition o(k+1) € S.
Secondly we remark that if S is connected, then (2.7) and (2.8) coincide

3A head of o is a coalition S C N such that S = {o(1),...,0(i)} for some i €
{1,...,|N]|}.
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since in this case h(S) = k. In the following example we illustrate weak

permutational convexity.

Example 2.5.1 Let N = {1,2,3,4,5}, v € TUY and ¢ € TI(N) be given
by o(i) = i for each i € {1,2,3,4,5}. Let : = 1, k = 2 and S = {3,5}.
Then h(S) = 4. Hence, the corresponding condition for weak permutational
convexity is v({1,3,5}) +v({1,2}) <v({1,2,3,5}) +v({1}) or v({1,3,5}) +
v({1,2,3,4}) < v(N)+v({1,3}). Note that if i =1, k = 3 and S = {4,5},
then h(S) = 3 = k. So both (2.7) and (2.8) boil down to v({1,4,5}) +
0({1,2,3}) < v(N) +v({1}). o

The following theorem shows that weak permutational convexity is sufficient

for the corresponding marginal vector to be a core element.

Theorem 2.5.1 Let o € II(N). If v € TUY is weak permutationally con-
vex with respect to o, then m?(v) € C(v).

Proof: Since marginal vectors are efficient by definition, we only need
to show » ;yymf(v) > v(W) for each W C N. We will first show that
Yiew M (v) = v(W) for each W C N consisting of only one component.
Then we show the inequality for coalitions consisting of multiple compo-
nents.

Let W C N consist of only one component. If o(1) € W, then W is a
head of o, and trivially >, iy m7(v) = v(W). So assume that o(1) ¢ W.
Let s € N\W be the highest ordered player in N\W preceding all players
in W, and let ¢t € W be the highest ordered player in W. Then

> mf(v) = o[t 0]) = v([s, 0]) = v(W).

ieWw
The inequality is satisfied because both (2.7) and (2.8), with ¢ = 0, k =
o71(s) and S = W, coincide with v(W) + v([s, o]) < v([t, o]).

Now suppose that W consists of a > 2 components. Let Wy,..., W, be
these components. We assume that these components are ordered, i.e. if
i,k € {1,...,a} with i < k, then W; C [j,0] for each j € Wj. For each
i €{1,...,a}, let t; be the highest ordered player in W;, and let s; be the
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highest ordered player in N\W preceding all players in W;. Define s; = 0
in case o(1) € W;. We will now show by induction on ¢ — p that

E:E: v) 2 v([sp,0 ULJWi—MMnD (2.9)

l=p €W, l=p

for all p,q € {1,...,a} with p < ¢. First we show the induction basis. So
let p,q € {1,...,a} with p < ¢ be such that ¢ — p = 1. Then,

sz = ([t o)) — v([sp,0)) + v(tg. 01) — v([sg.0])

l=p €W,
> v([ty, 0] UW,) — v([sp, 0])
= v([sp, 0] UW, UWy) — v([sp, 0]).

The inequality is satisfied because both (2.7) and (2.8), withi = 0= 1(t,), k =
07 Y(sq) and S = Wy, coincide with v([t,, o] U Wy) + v([sq, 0]) < v([tg, o)) +
v([tp, o])-

Now assume, as the induction hypothesis, that j € {1,...,a— 1} is such
that (2.9) is satisfied for all p,q € {1,...,a} with p < gand ¢ —p < j. If
j = a — 1, then we are done, so assume that j < a — 1. For the induction
step, let p*, ¢* € {1,...,a} be such that p* < ¢* and ¢* — p* = j + 1. From
(2.7) and (2.8) with i = 0~ (tp+), k = 0 1(sp+41) and S = Ul—p o1 Wi, we
conclude that at least one of the following two inequalities is satisfied:

*

q

oty ol U | W)+ o([sp41,0])
l=p*+1

! (2.10)
<v([sp*+41,0) U U W) + v([tp+, o),
l=p*+1
e
o([tysolu | W) +o((sgr,0])
=p*+1 (2.11)

g —1

<v([tg+,0]) + v([ty, 0] U U Wi).
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First suppose that (2.10) is satisfied. Then,

q q
Yo miw) = vty o)) —vlls o)+ Y Y mi(v)
I=p* i€W; I=p*+1ieW,
> o([tp, 0]) —v([sp=, 0])
+o([sper1,0]U - (W) = o([spera,0])
I=p*+1
> o[ty 0lU | W) = v([spr,0])
l=p*+1
&
= o([spr,0]U |J W) = o([spr, 0)).
l=p*

The first inequality is satisfied since, according to the induction hypothesis,
(2.9) is satisfied for each p,q € {1,...,a} with p < gand ¢ —p < j. In
particular, (2.9) is satisfied for the pair p* 4+ 1, ¢*. The second inequality is
due to (2.10).

Now suppose that (2.11) is satisfied. Then,

*

q g —1
YD miw) = >0 > mIw) +o(ltyr,0]) = v([sg, o))
l=p* ieW) l=p* i€eW)
q—1
v([sps, 0] U [ W1) = v([sp+, 0))
l=p*
+0([tg=, 0]) — v([sq~, 0])
g -1
= v([tp,0]U U W) = v([sp=, o))
I=p*+1
Fo([tg, o]) = v([sq, 0])

*

vty olu [ W) = v((spr0))
I=p*+1

*

— w(lsprs0] U [ W) = o[se, o).

l=p*

v

Y

The first inequality is satisfied since, according to the induction hypothesis,

(2.9) is satisfied for each p,q € {1,...,a} with p < gand ¢g—p < j. In
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particular, (2.9) is satisfied for the pair p*,¢* — 1. The second inequality is
due to (2.11).

We conclude that (2.9) is satisfied for each p,q € {1,...,a} with p < q.
It follows from (2.9), with p =1 and ¢ = a, that

> mf(v) = v([s1,0 uUm v([s1,0]) = v([s1, o] UW)—=v([s1,0]). (2.12)

ieW =1

If s1 = 0, then we are done. So assume that s; # 0. In order to show that
Y icw mf (v) > v(W), we need to prove one more assertion with induction.

To be more precise, we show for each r € {1,...,a} that

> > miw) = (M) (2.13)
=1

=1 1ieW,;

This implies, using r = a, that

Yomiw) =3 mi(v) >

iew =1 ieW, i

-

W) = v(W).

It remains to show that (2.13) is indeed satisfied for all » € {1,...,a}. For
the induction basis, let » = 1. Then (2.13) is satisfied since we already
showed this inequality for coalitions consisting of one component only.
Now assume, as the induction hypothesis, that j € {1,...,a} is such
that (2.13) is satisfied for all » € {1,...,j}. If j = a, then we are done, so
assume that j < a. For the induction step, let r* = j + 1. From (2.7) and
(2.8), withi =0, k = 07 1(s1) and S = U;;l Wi, we conclude that at least

one of the following two inequalities is satisfied:

v(([ W) +v(ls1,0]) < w([s1, 0] U W) (2.14)
=1 1=1
r* r*—1

U(U W) +v([sp=,0]) < v([ty=,0]) + v( U wy). (2.15)
=1 =1

First suppose that (2.14) is satisfied. Then,

r* *

ZZm ) > v([s1,0 UUWl —v([s1,0]) = v(| | W).

=1 ieW, =1 =1

<
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The first inequality follows from (2.9) with p = 1 and ¢ = r* and the second
from (2.14).
Now suppose that (2.15) is satisfied. Then

r* r*—1
YoX miw) = DY miw) +u(lty,0]) = v([sp, 0)
=1 €W, =1 ieW;
r*—1
> o(|J W)+ o([tre, 0]) = 0[50+, 0])
=1

> v([) w).
=1

The first inequality is due to our induction hypothesis that (2.13) is satisfied
for all r € {1,...,j}. In particular, (2.13) is satisfied for r = r* — 1. The
second inequality holds because of (2.15). O

We remark that weak permutational convexity is a weaker condition than
permutational convexity. For weak permutational convexity one needs to
check a pair of inequalities for each i, k € {0,...,|N|—1} with i < k and each
S C N\[o(k),o] with o(k + 1) € S. In fact, for each i,k € {0,...,|N| —1}
with i < k, there are precisely 2/VI=F=1 choices of S C N\[o(k), o] such
that o(k + 1) € S. Therefore, weak permutational convexity requires the

checking of

IN|-2 |N|-1 IN|—2
Z Z 9IN[=k=1 _ Z [2INI=i=1 _q]
i=0 k=i+1 i=0
2N =2 — (IN| - 1)
2N IN| =1

pairs of inequalities. The following example is meant to illustrate that weak
permutational convexity is not a necessary condition for the corresponding

marginal vector to be a core element.

Example 2.5.2 Consider v € TUY with N = {1,2,3,4}, v(S) =0 if S €

oN\{{1,2},{2,4},{1,2,3}, N} and v({1,2}) = v({2,4})) = v({1,2,3}) =
v(N) = 1. Let o € II(N) be given by o(i) = i for each i € {1,2,3,4}.
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Observe that (IV,v) is not weak permutationally convex with respect to
o, since the corresponding condition is not satisfied for ¢ = 0, £k = 1 and
S = {2,4}. However, m?(v) = (0,1,0,0) € C(v). <&

In the upcoming proposition we consider a set of inequalities and show that

these inequalities are equivalent to permutational convexity.

Proposition 2.5.1 Let v € TUY. Then (N,v) is permutationally convex
with respect to o € II(N) if and only if

v([o(@), 0] U S) +v([o(k), 0]) <v([o(k),0]US) +v([o(i),0])  (2.16)
for all i,k € {0,...,|N|—1} with i+1 =k and S C N\[o(k), o] with S # 0.

Proof: Observe that (2.16) coincides with (2.1), but that the domain of
(2.16) is restricted by the extra condition i+1 = k. Hence, the ”only if” part
follows directly from the definition of permutational convexity. Therefore
we only show the ”if” part. Assume that (2.16) is satisfied for all i,k €
{0,...,IN| =1} with i+ 1 =k and S C N\[o(k),o] with S # (). We need
to show that (2.16) is satisfied for all i,k € {0,...,|N| — 1} with i < k and
S C N\[o(k), o] with S # 0. We use backwards induction on i.

For the induction basis let : = |[N| =2, k = |[N|—1 and S C N\[o(|N]| —
1),0] with S # (. In this case, (2.16) is satisfied by assumption since
i+ 1=k.

For the induction hypothesis we assume that for some i* € {1,...,|N|—
2} we have shown that (2.16) is satisfied for all 4,k € {0,...,|N| — 1} with
i* <i,i<k,and S C N\[o(k), o] with S # (.

For the induction step, let i,k € {0,...,|N|—1} be such that i = i* — 1,
i < kand S C N\[o(k),o] with S # 0. If i + 1 = k, then our inequality
is satisfied by assumption so assume that i + 1 < k. From our induction
hypothesis it follows that (2.16) is satisfied for i = i*, k = k and S. Hence,

v([o(i%), 0] U S) + v(lo(k), o]) < v([o(k), o] US) +v(lo(i), 0]). (2.17)

We also know from our initial assumption that (2.16) is satisfied for i = i,
k =i* and S, since i + 1 = k. This yields

(o (@), 0] U S) +v([o(i%), 0]) < v([o(i®),0]US) + v(lo(i), 0]). (2.18)
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Now adding (2.17) and (2.18) gives
v([o(i), 0] U S) +v([o(k), o]) < v([o(k), 0] US) 4+ v([o(i), o)),
which is precisely the inequality we needed to show. O

Let v € TUN and o € TI(N). According to Proposition 2.5.1, permutational

convexity of o requires the checking of precisely 2V1=% — 1 inequalities for

each pair i,k € {0,...,|N| —1} with i + 1 = k. So permutational convexity
can be checked by considering

|N]—1

SN = N2 (v -1

k=1

2Nl _IN| -1

inequalities. In particular, Proposition 2.5.1 reduces the number of permu-
tational convexity inequalities by a factor two, approximately.

We conclude this section by considering neighbours of permutationally
convex orders. In particular, we present a condition such that a neighbour

of a permutationally convex order is permutationally convex as well.

Proposition 2.5.2 Let v € TUYN. Let ¢ € II(N) be a permutationally
convex order for (N,v) and let [ € {1,...,|N| —1}. If

U([Ul(i),(fl] US)+U([01(1€),U[]) < ’U([Jl<k‘),al] US)+U([01(i),Jl]), (2.19)

fori=1—-1,k=1and all S C N\[oy(l + 1), 0] with S # 0, and for i =,
k=1+1andall S C N\[o;(l+1), 0] with S # (), then oy is permutationally

convex for (N, v).

Proof: According to Proposition 2.5.1 showing that o; is permutationally
convex boils down to showing (2.19) for all i,k € {0,...,|N| — 1} with
i+1=Fkand S C N\[oy(k),o;] with S # (. We distinguish between three

cases.

Case 1: 1 <l—2o0ri1>1+1.
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In this case [0y(i),07] = [0(i),0] and [oy(k),01] = [o(k),0]. Let S C
N\[oy(k),01] = N\[o(k), o] with S # (). Since o is permutationally convex
for (N, v) we conclude that (2.1) is satisfied for i, k = ¢+ 1 and S. Observe
that (2.1) coincides with (2.19).

Case 2: 1 =1[0—1.

In this case k¥ = i+ 1 = I. We need to show that (2.19) holds for
all S C N\[o(k),o;] with S # (). First note that if o;(k + 1) € S, then
S C N\[oy(k+1),01] = N\[oy(l +1),0y]. In this case (2.19) is satisfied by
assumption. So now suppose that o;(k+ 1) € S. Let T'= S\{oy(k + 1)}.
Since o is permutationally convex for (N, v) it follows that (2.1) holds with
i=i,k=kand S={o(k+1)},ie.

v([o(2), o]u{o(k+1)})+v([o(k), 0]) < v([o(k), o]u{o(k+1)})+u([o (i), o]),
which is equivalent to
v([o(i),o]U{o(k+1)})+v([o(k),o]) < v(lo(k+1),0])+v([o(i),0]). (2.20)

Now if T # ), then (2.1) is satisfied for i =i+1=Fk, k=k+1and S =T,

since ¢ is permutationally convex by assumption. This implies
v([o(k),oclUT)+v([o(k+1),0]) <v(lo(k+1),0]UT)+v([o(k),o]). (2.21)

Note that (2.21) is trivially satisfied in case T = ) as well. Now adding
(2.20) and (2.21) yields

v([o(k),c)UT)+v([o(i),o] U{o(k+1)})

(2.22)
<ov([o(k+1),0]UT) +v([o(7),0]).

Observe that [o(k),o]UT = [0y(2),00]US, [0(i), 0] U{o(k+1)} = [01(k), o1,
[o(k+1),0]UT = [oy(k),0;) U S and [0(i), 0] = [07(i), 0y]. This shows that
(2.22) coincides with (2.19).

Case 3: i =1.
In this case k =i+1=1+1. Let S C N\[oy(I+1), 0] with S # (. Now
(2.19) is satisfied by assumption. O
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Proposition 2.5.2 easily constitutes the following corollary. This corollary
shows that if one order is permutationally convex, then its last neighbour
is permutationally convex as well. Hence, for each game an even number of

orders is permutationally convex.

Corollary 2.5.1 Let v € TUY. If o € II(N) is permutationally convex for

(N, v), then oy _; is permutationally convex for (IV,v) as well.

Proof: According to Proposition 2.5.2 it is sufficient to show that

v([on)-1(2), o1n -1 U S) + v([on—1(K), o3 -1])

< v([on=1(k), 0N =11 U S) + v([o1n=1(2), o 3)-1])
is satisfied for i = |[N| =2, k = [N| — 1 and all S C N\[o|x—1(|N]), oyn|-1]
with S # 0, and for i = [N|—1, k = [N| and all S € N\[o|n|—1(|N]), on|-1]
with S # ). However, if S € N\[o|x_1(IN|),o|n|-1], then S = 0, so the

condition is an empty one. O






Chapter 3

Tree-component additive
games

3.1 Introduction

In cooperative game theory, the cooperative possibilities between players are
often severely restricted. For instance, in assignment games (cf. Shapley and
Shubik (1972)), bridge games (cf. Shubik (1971)) and neighbour games (cf.
Klijn, Vermeulen, Hamers, Solymosi, Tijs, and Villar (2003)) only small
coalitions play an essential role. In sequencing games (see Chapter 6) it
is often assumed that only the so-called connected coalitions have full co-
operative possibilities, and in Myerson (1977) the cooperative possibilities
between players are restricted by an exogenously given graph.

We will also assume that the cooperative possibilities between players
are restricted by an exogenously given graph. In particular, we consider
the case where this graph is a tree, and we assume that associated games
are superadditive. The resulting class of cooperative games is the class
of tree-component additive games. It can be shown that tree-component
additive games satisfy several nice game theoretical properties. For instance,
it is proved in LeBreton, Owen, and Weber (1991) that tree-component
additive games have non-empty cores. Furthermore, it is shown in Potters
and Reijnierse (1995) that the core coincides with the bargaining set and

that the kernel only consists of the nucleolus. In Solymosi, Aarts, and
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Driessen (1998) a primal and in Kuipers, Solymosi, and Aarts (2000) a dual

type algorithm is presented for the efficient computation of the nucleolus.

This chapter, which is based on Van Velzen, Hamers, and Solymosi
(2004), mainly focuses on core stability. Several related properties like large-
ness of the core and exactness are also considered. The main tool for this
study will be covering families. A covering family is, bluntly speaking, a
minimal set of connected coalitions that covers the entire player set. By
associating an inequality with each covering family we derive a characteri-
sation of largeness of the core in tree-component additive games. We will
also characterise exactness by applying a result of Schmeidler (1972) to tree-

component additive games.

To obtain a sufficient condition for core stability we restrict the set of
covering families. In particular, we introduce the set of basic covering fam-
ilies, consisting of those covering families for which at most one coalition
does not contain a leaf. The corresponding restricted set of inequalities is
proved to be sufficient for core stability. In fact, we will show that this set
of inequalities is sufficient for a refinement of extendibility, called essential
extendibility. Essential extendibility is the property that each core element
of each subgame corresponding to an essential coalition can be extended
to a core element. By showing that essential extendibility is a sufficient
condition for core stability of any TU game, we are able to prove that the
basic covering family inequalities give rise to a sufficient condition for core
stability.

Finally, we apply the results we derived for tree-component additive
games to the special situation where the tree is a chain. Furthermore we
show that for the corresponding class of chain-component additive games
largeness of the core is equivalent to exactness. Moreover, we prove that
essential extendibility is equivalent to core stability, and both concepts are
characterised in terms of linear equalities and inequalities. The necessity
of these linear equalities and inequalities is shown using a dual approach.
First we appoint a certain subset of the imputation set and we show, using
a variant of Farkas’ Lemma, that this subset contains an undominated im-

putation outside the core if and only if all vectors from a related polyhedron
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satisfy a well-chosen linear inequality. We then decompose each member of
this polyhedron into a sum of three types of basis vectors. Finally we use
these basis vectors to show that the well-chosen linear inequality is indeed
satisfied for each member of the polyhedron.

The remainder of this chapter is organised as follows. Section 3.2 for-
mally introduces the class of tree-component additive games. In Section
3.3 largeness of the core as well as exactness are characterised for tree-
component additive games. Section 3.4 introduces essential extendibility
and shows its relation to core stability. Furthermore a sufficient condition
for essential extendibility is provided. The special case of chain-component
additive games is treated in Section 3.5. Finally, in Section 3.6 some lemmas
are proved that are needed for the characterisation of essential extendibility

and core stability.

3.2 Tree-component additive games

In this section we formally introduce tree-component additive games, and
we develop some notation. We begin the section with the definition of core
stability, exactness, largeness and extendibility.

Let v € TUY and z,y € I(v). Then z is said to dominate y via coalition
SCNif) ,cgx; <v(S) and z; > y; for all i € S. The core is called stable
if for each imputation y outside the core there is a core element x and a
coalition S C N such that = dominates y via S. A game v € TU is said
to be eract if for each S C N there is an z € C(v) with Y, gz; = v(9).
The core is large if for each x € U(v) there is a y € C(v) with y; < x;
for each ¢ € N. Finally, a game is extendible if each core element of each
subgame can be extended to a core element of (N,v). In other words, a
game v € TUY is extendible if for each T C N and each x € C(vy) there
exists a y € C(v) with y; = z; for each ¢ € T..

In Sharkey (1982) it is shown that largeness of the core is a sufficient
condition for core stability. It is proved in Kikuta and Shapley (1986) that
extendibility is necessary for largeness of the core and sufficient for core sta-

bility. If a game has a non-empty core, and if all subgames have non-empty
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cores as well, then largeness is sufficient for exactness (Sharkey (1982)), as
well as extendibility is sufficient for exactness (Biswas, Parthasarathy, Pot-
ters, and Voorneveld (1999)). In general, exactness and core stability do
not imply one another (cf. Biswas, Parthasarathy, Potters, and Voorneveld
(1999) and Van Gellekom, Potters, and Reijnierse (1999)).

Let G = (N, E) be a tree. The subgraph of G with respect to coalition
S C N is given by (S, Eg), where {i,j} € Eg if {i,j} € E and i,j € S. For
each S C N, the subgraph (S, Eg) consists of several maximally connected
subtrees. Denote the set of vertex sets of these maximally connected subtrees
by C(S). A game v € TU" is called tree-component additive with respect
to G if it is superadditive, and if v(S) = > pec(s) v(T) for each S C N.
That is, the worth of each coalition is equal to the sum of the worths of
its maximally connected components. If G = (N, E) is a chain, then (N, v)
is called chain-component additive. In the remainder of this chapter we
assume, without loss of generality, that tree-component additive games are
zero-normalised, i.e. if v € TUY is a tree-component additive game, then
v({i}) = 0 for each i € N.

The following example illustrates the concept of tree-component additive

games.

Figure 3.1: A tree G = (N, E).

Example 3.2.1 Let G = (N, F) be the tree depicted in Figure 3.1. Then
{1,2,4,5} consists of three maximally connected components. In particular,
C({1,2,4,5}) = {{1},{2},{4,5}}. If v € TUV is tree-component additive
with respect to G, then v({1,2,4,5}) = v({1}) + v({2}) + v({4,5}). &

In tree-component additive games only the connected coalitions play a vital

role in determining the shape of the core and the upper-core. To be more
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precise, let G = (N, E) be a tree and v € TU N a tree-component additive
game with respect to G. Denote the set of connected coalitions with respect
to G by S. Hence, S € S if and only if |C(S)| = 1. Then C(v) = {z € RV :
Sien i = v(N), > cgxi > v(S) for each S € S}, and U(v) = {z € RV :
Y ics Ti = v(S) for each S € S}.

The following two results are shown in LeBreton, Owen, and Weber
(1991). The first result states that each balanced collection being a subset
of & necessarily contains a partition. The second result shows that tree-
component additive games have non-empty cores. Note this result can be
straightforwardly proved by combining Lemma 3.2.1 with Theorem 1.2.1

while using superadditivity of tree-component additive games.

Lemma 3.2.1 (LeBreton, Owen, and Weber (1991)) Let G =
(N, E) be a tree. Let B C S be a balanced collection. Then B contains a

partition of N as a subset.

Theorem 3.2.1 (LeBreton, Owen, and Weber (1991)) Let G =
(N, E) be a tree and let v € TU™ be tree-component additive with respect
to G. Then C(v) # 0.

Because tree-component additive games have non-empty cores, it easily fol-
lows that forest-component additive games have non-empty cores as well.
This implies that subgames of tree-component additive games have non-
empty cores, since each subgame of a tree-component additive game is forest-

component additive.

3.3 Largeness and exactness

In this section we introduce covering families and we associate with each
covering family an inequality. We show that these inequalities provide a
characterisation of largeness of the core. Furthermore we use a result of
Schmeidler (1972) to characterise exactness.

First we introduce covering families. Let G = (N, E) be a tree. Then
7 C S is called a covering family if T # {N}, and if
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(A1) U T=N;
TeT

(A2) |y S#Nforall TeT,
SeT\{T}

(A3) if S,T € T with SNT =0, then SUT ¢ S.

Requirement (A1) states that every player is covered by 7, and (A2) states
that every element of 7 is necessary to cover the complete player set. Finally,
requirement (A3) implies that two members of a covering family are either
intersecting, or non-adjacent. The following example illustrates covering

families.

N
3 \{1/ 5

Figure 3.2: A tree G = (N, E).

Example 3.3.1 Let G = (N, E) be the tree depicted in Figure 3.2. Note
that 7 = {{1,3,4},{2,3,4},{4,5,6},{4,5,7}} forms a covering family. In-
deed, N is covered by 7 and each element of 7 is needed to cover N. Further-
more, SNT # () for each S, T € T, which shows that (A3) is satisfied as well.
The sets {{1,2,3},{1,2,3,4,5},{5,6,7}} and {{1,3,4}, {2}, {4,5,6,7}} do
not form covering families, since conditions (A2) and (A3) are violated, re-

spectively. &

With each covering family we will associate a so-called covering family in-
equality. These covering family inequalities will provide a characterisation of
largeness of the core in tree-component additive games. Before we introduce
covering family inequalities, we first need to introduce 7 -balancing vectors.

Let 7 C S be a covering family. Define \;(7) = [{T'€ 7 :i € T'}|—1 for
all i € N and W(T) = {i € N : \j(7) > 0}. That is, A\;(7) is the number
of times that 7 is covered more than once, and W (7) consists of the players

covered more than once. The vector y : § — Ry is called 7 -balancing if
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Y sesyse(S) = A(7T). Note that if y is 7-balancing, then > ;.7 e(T) =
e(N) 4+ > ges yse(S). The set of T-balancing vectors is denoted by B(7).
We remark that B(7) is non-empty and compact. The covering family

inequality associated to 7 is

Z v(T) <v(N)+ max{z ysv(S):y € B(T)}. (3.1)
TeT Ses

We illustrate the concept of covering family inequalities in the following

example.

Example 3.3.2 Consider Figure 3.2. In Example 3.3.1 it is shown that
7 ={{1,3,4},{2,3,4},{4,5,6},{4,5,7}} forms a covering family. Observe
that X\i(7) = 0 for i € {1,2,6,7}, A3(7) = X5(7) = 1 and M\(7) = 3.
Furthermore, W(7) = {3,4,5}. Finally, observe that, for instance, y : § —
Ry with yy = yqsay = ypasy = 1 and ys = 0 if S € S\{{4},{3,4},{4,5}}
is 7-balancing. The covering family inequality associated to 7 is:

v({1,3,4}) + v({2,3,4}) + v({4,5,6}) + v({4,5,7})
< o(N)+ max{z ysv(S):y € B(T)}. &
Ses

Before we present our characterisation of largeness of the core, we first find
an alternative expression for max{} g .sysv(S) : y € B(7)}. Let G =
(N, E) be a tree and 7 a covering family. For notational convenience, define
SW(T) ={5e€S8S:5CW(T)} Lety e B(7T). Then y > 0 and
Y sesyse(S) = XT). This implies that yg = 0 for all S ¢ S(W(7)).

Therefore,

B(T) ={yeRS: y>0,ys=0if S¢SW(T)),

> ys = \i(T) for all i € W(T)}.
SeS(W(T)),ieS

We conclude that

max{) _ysv(S) :y € B(T)} (3.2)
Ses
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= max{ Z ysv(9) : Z ys = N(7T) for all i € W(7T),y > 0}.

SeS(W(T)) SGSZ(ZI/S(T)):
= min{ Y A(T)zi: Y x> v(S) for all § € S(W(T))}. (3.3)
€W (T) i€S

The second equality follows from Theorem 1.2.3.

The following theorem provides a characterisation of largeness of the
core in terms of covering family inequalities. For the proof of this theorem
it is convenient to show two lemmas first. The first lemma uses the following
definition. Let 2 € RY. Define S(z) = {S € S: Y gz =v(9)}, i.e. S(x)
are the connected coalitions that are tight at . Lemma 3.3.1 shows that if
at an allocation in the upper-core two disjoint coalitions with a connected
union are tight, then this union is tight as well. Lemma 3.3.2 shows that if
a subset of S is closed under union of disjoint elements, and if it covers all

players, then it contains a covering family as as subset.

Lemma 3.3.1 Let G = (N, E) be a tree. Let v € TU™ be tree-component
additive with respect to G and let z € U(v). If A, B € S(z) with ANB =)
and AUB € S, then AU B € S(x).

Proof: Since z € U(v), >_;caup @ = V(AU B). Observe

S oai=> z+ > z;=v(A)+v(B) <v(AUB),
jEAUB jeA jeB
where the inequality holds because of superadditivity. Since jeAuBTj =
v(AUB) and AU B € S we conclude that AU B € S(x). O

Lemma 3.3.2 Let G = (N, FE) be a tree. Let V C S. If for all A, B €V
with ANB = () and AUB € S it holds that AUB € V, and if ¢, T = N,

then V contains a covering family as a subset.

Proof: Let X ={T €V :T ¢ S for all S € V\{T'}} be the set of maximal
elements in V. We will show that X contains a subset X? that satisfies (A1)
and (A2). Subsequently we show that X7? also satisfies (A3). Hence, X7 is

a covering family.
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We recursively construct a subset X? C X that satisfies (A1) and (A2).
First note that X satisfies (A1), since the assumption (J;¢y, T = N implies
Urex T = N. If X satisfies (A2) as well, then we are done, so assume that
(A2) is violated. Clearly there is a T! € X with Urex\fr1y T = N. This
means that X' = X\{T'} still satisfies (A1). If X! now violates (A2), then
we can apply the same reasoning to obtain an X2 C X! that satisfies (A1).
We recursively obtain an X? C X, p > 1, that satisfies (A1) and (A2). Note
that this recursion finishes in a finite number of steps since the cardinality
of X is finite. It remains to show that (A3) is satisfied by XP.

If A,B € X? are such that ANB =0 and AUB € S, then AUB €V
by assumption, contradicting the fact that A and B are maximal elements
in V. So (A3) is satisfied as well. O

We are now ready to characterise largeness in terms of covering family in-

equalities.

Theorem 3.3.1 Let G = (N,E) be a tree and let v € TUY be tree-
component additive with respect to G. Then C(v) is large if and only if

all covering family inequalities are satisfied.

Proof: First we show the ”if” part. Assume that all covering family in-
equalities are satisfied. Let z € U(v). If ) ;. y i = v(N), then z € C(v)
and we are done, so assume that ),y z; > v(N). We need to show the
existence of a y € C(v) with y < z. Instead, we show the existence of an
z! € U(v) with a;; < x; for some j € N and x} = x; for all i € N\{j}.
Observe that >,.y 2! < Doy zi- We then argue that, by proceeding in
the same way, we can construct an zP € C(v) with 2P < x in p < |N| steps.

First we show, by contradiction, the existence of a j € N with j &
Ures(z) I~ Suppose that j € Upeg(y) T for each j € N. From Lemma 3.3.1
it follows that if A, B € §(z) are such that AN B = () and AUB € S, then
AUB € S(z). Hence, we can apply Lemma 3.3.2 with V = S(x) to conclude
that S(z) contains a covering family. Let 7 C S(x) be a covering family.
Since T' € S(x) for each T' € T, we have ), . x; = v(T) for all T € 7. This
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yields

2 2 m = ) ()

TeT i€T TeT

v(N) + max{z ysv(S) 1y € B(T)}
Ses

v(N) —|—max{z ySin cy € B(T)}

Ses €S

< Y wi+max{) ys» zi:yeB(T)}

ieEN Ses €S

= > zi+ Y X(Tz.

1EN iEN

IN

IN

The first inequality holds since we assumed that all covering family inequal-
ities are satisfied, and the second because = € U(v) gives ) ;g x; > v(S) for
each S € S. The strict inequality is due to our assumption that » ,_ x; >
v(N). The last equality is due to the definition of 7-balancing vectors and
the definition of A(7').

We obtained that Y rcq > icr i < Dojen @i + 2ien Mi(7T)x;. However,
since 7 is a covering family, > pcr > icr @i = D ey Tit D ien Mi(T )i Be-
cause of this contradiction we conclude that it cannot occur that (Jp. S T
=N.

Now let j € N be such that j & Upeg(,) T Define ¢ = min{} ;g i —
v(S) :j € 8,5 €S} Observe that € > 0, since ), .gx; > v(S) for all
S € S with j € S. Define 2! by x} = x; for each i € N\{j} and ."L‘Jl =xj—¢.
Note that 2! € U(v). Indeed, for all T € S with j & T' we have Y, .zl =
>ier @i > v(T). Furthermore, >, cpaf =Y ,crzi—e > v(T) forall T € S
with j € T', since e = min{} ;. gx; —v(S):j € 5,5 € S} <> icpxi—v(T).
We conclude that z! € U(v), 2! <z, and Y ,cy 2} < 3,y @i. Also note
that S(x) € S(z!), since all coalitions that are tight at z are also tight at
2!, while at 2! at least one more coalition is tight. In fact, Ure S(a) T C
Ure S T, because at x! a coalition containing player j is tight.

If Y.cnzi = v(N), then we are done. If Y, vzl > v(N), then we
can apply the same procedure to obtain an z? € U(v) with 2? < 2! < =,

and ),y m? < D ieN acll < > ien Ti- Recursively we obtain a sequence



3.3 Largeness and exactness 59

xl, ... 2P with 2™ € U(v) for all m € {1,...,p}, 2P < 2P~1 < ... <z, and
Sien T < ien et < . < Xen wi- Observe that by definition of ¢ it
is satisfied that S(z) € S(z') € ... € S(zP). Since the set of players not
covered by the families S(z), S(x!),...,S(zP) is strictly shrinking, it follows
that we construct an 2 € C'(v) in p < |N| steps. Hence, C'(v) is large.

We now prove the ”only if”-part. Let 7 be a covering family for which the
corresponding inequality is violated. We will construct an x € U(v) with
z ¢ C(v) for each z < & with ), 2 = v(IN). This shows that C(v) is
not large and therefore the covering family inequality associated with 7 is
necessary.

Let 2* € RY(7) be a solution of (3.3). Define z € RN by x; =
if i € W(T) and z; = v(N) if i € N\W(T). We claim that z € U(v).
Indeed, if S € S is such that S C W(T), then ) ;g x; > v(S) is satisfied by
definition of (3.3). If S € § is such that S  W(T), then ), ¢ x; > v(N) +
Yicsow(r) % = v(N) = v(S5). The first inequality is satisfied because
(N, v) is zero-normalised and superadditive, which implies that v(N) > 0.
The second inequality follows from z} > v({i}) = 0, for each ¢ € W (7).
The last inequality follows from superadditivity and the fact that (N,v) is
zero-normalised.

Let z < 2 be such that >,y 2 = v(IN). We show that z ¢ C(v).
Observe that

TeT ieT iEN €W (T)

= o(N)+ Y M)z

IN
<
E
+
(]
&
3
8
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The first equality is satisfied by definition of A(7") and W (7') and the second
because ) ;. 2 = v(N). The first inequality is due to z < x. The fourth
equality holds because the optimal value of (3.2) coincides with the optimal
value of (3.3), and because we assumed that z* is an optimal solution of
(3.3). Finally, the strict inequality is satisfied because we assumed that the
covering family inequality associated with 7 is violated.

From » rcr > icr 2i < D orer v(T), we conclude there is a T € 7 with
Y ier % <v(T). Therefore, z & C(v). O

The next example illustrates the ”only if” part of the proof of Theorem
3.3.1.

Example 3.3.3 Let G = (N, E) be the tree depicted in Figure 3.1 on page
52. Let v € TUYN be the tree-component additive game with respect to G
given by v({i}) = 0 for all i € N, and

0, if S={1,3},{4,5};

1, if S={3,4};

v(S)=1<¢ 2, if S={1,2,3},{1,2,3,4},{1,3,4},{1,3,4,5},{2,3}
{2,3,4},{2,3,4,5},{3,4,5};

4, if §=N.
The worths of the disconnected coalitions can be obtained from the tree-
component additivity of (N, v).

Obviously, 7 = {{1,3,4},{2,3},{3,4,5}} is a covering family with

A7) =1(0,0,2,1,0) and W(7T) = {3,4}. Observe that

max{) ysv(S) :y € B(T)} = v({3}) +v({3,4}) = 1.

SeSs
Since, v({1,3,4}) + v({2,3}) + v({3,4,5}) = 6 > 5 = v(N) + v({3}) +
v({3,4}), we conclude that the covering family inequality associated with 7°
is violated.

For showing that C(v) is not large, we construct an x € U(v) with

z ¢ C(v) for every z < x with ),y 2 = v(IN). First consider

min{ Z Ni(T )z Zl‘z >w(S) for all S € S(W(T))}

€W (T) i€S
= min{2z3 + x4 23+ 24 > 1,23 > 0,24 > 0}.
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The optimal solution for this linear programming problem is given by (z3, x})
= (0,1). Now let z = (v(N),v(N), 2%, xf,v(N)) = (4,4,0,1,4) € U(v). Let
z < x be such that ) ;. n 2 = v(N) = 4. Then

ZZzi = Zzi+223+Z4

TET i€T iEN
< u(N)+2x3+ 24
=5
< v({1,3,4}) + v({2,3}) + v({3,4,5}).

We conclude that z1 + 23 + 24 < 2 =v({1,3,4}), 22+ 23 < 2 =v({2,3}), or
z3+ 24 + 25 < 2 =v({3,4,5}). This shows z & C(v). <&

The remainder of this section is dedicated to exactness. First we recall
a result proved in Schmeidler (1972). Then we apply this result on tree-
component additive games. We conclude with an example that shows that
largeness is not a necessary condition for exactness in tree-component addi-

tive games.

Theorem 3.3.2 (Schmeidler (1972)) A game v € TUV is exact if and
only if for each T'C N, and each y : 2V — R, with > scn.s2N Yse(S) =
yne(N) + e(T),

S ysu(S) < yvo(N) +o(D).
SCN,S#N
In tree-component additive games all essential coalitions are connected. This
implies that if we apply Theorem 3.3.2 to tree-component additive games,
we only need to consider connected coalitions on the left-hand side of the

equality and inequality.

Theorem 3.3.3 Let G = (N,E) be a tree and let v € TUY be tree-
component additive with respect to G. Then (N, v) is exact if and only if for
each T C N, and each y : § — Ry with } S gc o\ (ny yse(S) = ynve(N) +e(T),

S ysu(S) < ynu(N) + u(T).
SES\{N}
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We conclude this section with an example of a tree-component additive
game that is exact, but without a large core. This shows that largeness is
not equivalent to exactness for tree-component additive games. However,
we will show in Section 3.5 that these concepts are equivalent on the class

of chain-component additive games.

Example 3.3.4 Let v € TUY be the tree-component additive game with-
out a large core from Example 3.3.3. Observe that z! = (0,2,0,2,0),
z? =(0,0,4,0,0), 23 = (1,1,1,0,1), z* = (2,0,2,0,0) and 2° = (0,0,2,0,2)
are core elements. It is straightforward to check that for each S C N there
isan i € {1,...,5} with 3. g% =v(S). Thus, (N,v) is exact. &

3.4 Core stability

In this section we focus on core stability in tree-component additive games.
We will introduce a refinement of extendibility, called essential extendibility,
and show that this refinement is a sufficient condition for core stability of any
TU game. Finally, we derive a sufficient condition for essential extendibility
of tree-component additive games.

We begin this section with the introduction of connected marginal vec-
tors. Subsequently we show that connected marginal vectors provide core
elements in tree-component additive games. Let G = (N, E) be a tree. An
order o € TI(N) is said to be connected with respect to G if N\[o(j),0] is
a single component in G for each j € {1,...,|N|}. A marginal vector is
called connected if the corresponding order is connected. The next example

illustrates connected orders.

Example 3.4.1 Consider Figure 3.1 on page 52. Then o = (1,2,3,4,5) is a
connected order. However, the order 7 = (1,3,2,4,5) is not connected, since
for j =2, N\[7(2),7] = {2,4,5} consists of two components with respect to
G, namely {2} and {4,5}. &

Connected marginal vectors allow for a nice expression for the payoff of
connected coalitions. Before we show this expression, we first develop some
notation. Let G = (N, E) be a tree, o € II(N) a connected order and S € S a
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connected coalition. Define M(S) = {j € N\S: {i,j} € E for some i € S}
to be the set of players of N\S that are adjacent to a player in S. Let
M(S) ={j € M(S) : S € [j,0]} consist of those players of M(S) that
precede a player in S with respect to 0. Note that the connectedness of o
implies that [M(S)\M?(S)| <1 for each S € S. Finally, let C; € C(N\S)
be the maximally connected component of N\ S containing player j € M(S).

We illustrate the notation we just introduced.

Example 3.4.2 Consider Figure 3.2, which is depicted on page 54. Clearly,
o=(1,2,3,4,5,6,7) is connected. If S = {4,5}, then M(S) = {3,6,7} and
M?(S) = {3}. Furthermore C5 = {1,2,3}. <&

The following lemma describes the payoff of connected coalitions at con-

nected marginal vectors.

Lemma 3.4.1 Let G = (N, E) be a tree and v € TUY be tree-component
additive with respect to G. Let o € TI(IV) be connected with respect to G.
If Se€S8, then

Y omiw)y=v(Su |J - D ().

€S JjEM(S) JEM(S)

Proof: Let k € S be such that S C [k,o]. Now first observe that

Y omi() = Y miv) (3.4)

i€S i€lk,o]

- > Y mi) (3.5)

jeMe(S) i€[k,0]NC}
- Z Z m{ (v). (3.6)
JEM(S)\M?(S) i€lk,0]NC;
Let j € M?(S). Note that j € [k, o] by definition of M?(S). Let h € S be
such that {h,j} € E. We claim that j € [h,o]. Indeed, if h = k, then clearly
j € [kyo| = [h,o]. If h # k and j & [h,o], then N\[h, o] contains at least
two components, namely a component containing player j and a component
containing k. This contradicts the connectedness of o.
Now let i € Cj. We claim i € [j, o]. Indeed, if ¢ & [j, o], then N\[j, o] con-

tains at least two components, namely a component containing player ¢ and a
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component containing player k. Again, this contradicts the connectedness of
o. We conclude that i € [h, o] for each i € Cj. This implies that C; C [k, o]
for each j € M9(S). Furthermore, using the tree-component additivity of
(N,v), we conclude that Ziecj m{ (v) = v(Cj) for each j € M7(S). Hence,
expression (3.5) can be rewritten as

- > > m - > (@) (3.7)

jeMe(S) ig[k,0]NCy JjeEMPe(S)

Furthermore, for expression (3.4) it is satisfied that

domiw)y=v(SuU J Cju U (C; N[k, 0]))

i€lk,o] jEMO(S) JEM(S)\M“(S)
=v(Su |J o+ U (@nlko]). (3.8)
jEM () JEM(S)\M?(S)

The first equality holds by definition of marginal vectors. The second
equality follows from tree-component additivity of (IV,v) and the fact that
SUUjenmes) C5 and Ujenr(s)\me(s)(Ci N [k, o) are not connected.

Now finally note that the tree-component additivity of (N, v) implies
that

-y Yo mfw=—v(  |J  (€n[k0)). (3.9)
JEM(S)\M? (S) ic[k,0]NC; JEM(S)\M° (S)

The lemma now follows by substituting (3.7), (3.8) and (3.9) into (3.4), (3.5)

and (3.6). O

Example 3.4.3 Consider Example 3.4.2. Let v € TUY be tree-component
additive with respect to G. Let S = {4,5}. Then, ) ;. ¢m{(v) =

U(S U UjEM"(S) C]) - EjEM"(S) U(Cj) = U({lv 2,3,4, 5}) - U({lv 2, 3}) <&

The following theorem shows that for tree-component additive games con-

nected marginal vectors are core elements.

Theorem 3.4.1 Let G = (N,E) be a tree and let v € TUY be tree-
component additive with respect to G. If o € II(N) is connected with
respect to G, then m?(v) € C(v).
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Proof: Let o € II(/N) be a connected with respect to G. Since m?(v)
is efficient by definition, we only need to show that » ..¢m?(v) > v(95)
for each S C N. In fact, since (IN,v) is tree-component additive, it is

sufficient to show coalition rationality for connected coalitions. Let S € S.

Straightforwardly,
Yomiw=usu {J - Y el@) = us),
i€S JEM7(S) JjeMe(S)

where the equality is satisfied due to Lemma 3.4.1 and the inequality because

tree-component additive games are superadditive. O

The remainder of this section is dedicated to core stability and essential
extendibility. First we introduce essential extendibility and we prove that
for any TU game essential extendibility is a sufficient condition for core
stability.

A game v € TUV is called essential extendible if for all essential coali-
tions S C N and all x € C(vg) there is a y € C(v) with y; = z; for all
1 € S. Obviously, largeness of the core and extendibility are sufficient condi-
tions for essential extendibility. The following theorem shows that essential

extendibility is sufficient for core stability.
Theorem 3.4.2 Let v € TUY be essential extendible. Then C(v) is stable.

Proof: Let x € I(v)\C(v). Let S C N be such that ), gx; < v(5)
and Y, cpx; > v(T) for each T'C S. We claim that S is essential. Indeed,
suppose S is inessential. Then there is a partition P of S with >, p v(U) >
v(S) > D icg®i = D yep Dicy Ti- This implies that at least one coalition
in P is dissatisfied with the payoff at x, which contradicts our choice of S.
Now let y € R be given by y; = x; + U(S)_‘ETJEM for each ¢+ € S. This
yields, y € C(vg). Because (N,v) is essential extendible, and because S is
essential, there is a z € C(v) with z; = y; for each ¢ € S. Observe that z

dominates x via S. O

We will now develop a sufficient condition for essential extendibility in tree-

component additive games. In order to do so, we introduce basic covering
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families. Let G = (IV, E) be a tree and let 7 be a covering family. Then
T is called basic if at most one coalition in 7 does not contain a leaf of G.
If 7 is basic and contains a coalition without a leaf, then this coalition is

called the central coalition.

(D) (" )
—O—CEO—O©—=C

Figure 3.3: A tree G = (N, E).

Example 3.4.4 Observe that the covering family from Example 3.3.1 is
basic, since each covering family element contains a leaf. Now consider the
tree depicted in Figure 3.3. The covering family {{1, 2,3}, {3,4, 5,6},

{6,7,8,9}} is a basic covering family with central coalition {3,4,5,6}. The
covering family {{1,2,3},{3,4,5},{5,6,7},{7,8,9}} is not a basic covering
family since both {3,4,5} and {5,6,7} do not contain leaves. <&

The following theorem describes a sufficient condition for essential extendibi-

lity in terms of basic covering family inequalities.

Theorem 3.4.3 Let G = (N, E) be a tree and v € TUY be tree-component
additive with respect to G. If for each basic covering family without a central
coalition and for each basic covering family with an essential central coalition

the associated inequality is satisfied, then (N, v) is essential extendible.

Proof: Let T C N be essential and let z € C(vy). We will extend z to
y € C(v). First we introduce some notation and definitions. Since (N, v) is
tree-component additive it follows that T' € S. For notational convenience,
we will write M = {ji1,...,jja} instead of M(T'). For each j € M, let ol €
I1(C}) be such that N\[o7(l), 07] is connected for all [ € {1,...,|C;|}. Hence,
o7 is a connected order for the subtree (Cj, Ec;) and o7 (|Cj|) = j. With each
o’ we associate a partial marginal vector in the following straightforward
way. Let m?” (v) = v([i,07]) — v([i,07]\{i}) for each j € M and i € C;.
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Observe, using Theorem 3.4.1 and our definition of o7, that Yies mgﬂ (v) >
v(S) for each j € M and S C Cj. Therefore, ), ¢ m?” (v) > v(S) for each
j €M and S C C;\{j}.

Now define y; = z; ifi € T, y; = m;-’j(v) if i € C;\{j} for some j € M,

and recursively define

P
y; = max{v(U) — Z ye U CTU Ule,i eU,U € S}
keU\{i} I=1
if i = j, for some p € {1,...,|M|}. First we show that y € U(v). Subse-
quently we show that ) ._ny = v(V), which proves y € C(v). Since by
definition, y; = x; for each ¢ € T, this proves the theorem.

Let S € S. Observe that if S C C;\{j} for some j € M, then ), qy; =
Yies mg’j(v) >wv(S). If S CT, then Y, .qyi = > ;cqxi > v(S). Finally,
if j, € S, and j, & S for each ¢ € {p,...,|M|}, then y;, = max{v(U) —
D keng,y Yk U CTUUL, Cjp iy € U, U € S} implies 3, gy > v(S). We
conclude that ), gy > v(S) for each S € S and therefore that y € U(v).
It remains to show that ),y yi < v(IV).

For each p € {1,...,[M[}, let S} € argmax{v(U) — > ey, ¥k : U C
TUU_,Cj,jp € U,U € S} be maximal with respect to inclusion. To be
more precise, if R € argmax{v(U) — EkeU\{jp} yr : U CTUU_,Cj,dp €
U U € S}, and R # S]’-‘p, then S;p Z R. Note that the following three
properties, (P1), (P2) and (P3), are satisfied.

(P1) 87 nS; #0or 57 US; ¢S for each p,q € {1,..., [M[} with p <gq.

Indeed, suppose that S;p and S;‘-‘q are such that S ;pﬁSJ’-‘q = () and S;‘-‘pUS jq €Ss.
By definition of S, >~ 51 Yk = v(S} ). Now observe that

o(SE) = Y e = oS = D wktu(SE) = Y wk
ke \ i} KeSt i) keS,

v(Sj, U S;,) = > Yk-
ke(sy USE )\ o)

IN

The inequality follows from superadditivity. We conclude that S;-; U S;-*q €
argmax{v(U) — > yengjp ¥k * U € TUUL, Cj.jq € UU € S} This

contradicts the maximality of S;fq.
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(P2) Cj, C S for each p € {1,...,|M]|}.

Indeed, if C;, & S;‘-‘p, then ij\S;p # (. Let W C ij\Sijbe maximally
connected. By definition of y and o, > ey ¥ = Dicw ™y T (v) = v(W).
Hence, from superadditivity we obtain that W U 57 = € argmax{v(U) —
D ke U €T U U_,Cj.jp € U.U € S}. This contradicts the
maximality of S;fp.

(P3) TNS; #0for each p € {1,...,[M[}.
Indeed, suppose T' N S;-‘p = (). Since j, € S;-‘p, it follows that T U S’;-‘p €
S. Hence, using » ;. y; = v(T) and superadditivity, we have T'U 55 €
argmax{v(U) = X yengjy ¥k + U € TUUL, Cjiojp € UU € S} This

contradicts the maximality of S ;-‘p.

Now observe that USG({T}U{S;?:]‘GM}) S = N. From (P1) and (P3) it follows
that if A,B € {T}U{S} :j € M} with ANB = 0, then AUB ¢ S.
By applying Lemma 3.3.2, with V = {T'} U {S;‘ 1 j € M}, we conclude
that {T} U {S; : j € M} contains a covering family as a subset. Let
T C{T}uU{S; :j € M} be a covering family. From (P2) we deduce that
each S, j € M, contains at least one leaf. This implies that if 7" contains a
leaf, orif T' ¢ T, then 7 is a basic covering family without a central coalition.
If T € T, and T does not contain a leaf, then 7 is a basic covering family
with an essential central coalition. In any case, the associated covering

family inequality is satisfied by assumption. We conclude

Syio= D> wi— > My

ieN SeT ieS ieEN
= > u(S) =) ATy
SeT iEN
< w(N)+ max{z usv(S):ue B(T)} — Z Xi(T)ys
SesS 1EN
= o(N)+ max{z ugv(S) :ue B(T)} — Z Xi(T)yi
Ses ieW (T)

< w(N).
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The first equality is satisfied by definition of A(7"). The second equality
holds because } ;cqyi = v(S) for each S € {T}U{S; : j € M}. The
first inequality is satisfied because of our assumption that the basic covering
family inequality associated with 7 is satisfied. The third equality holds
because A\;(7) = 0 for each ¢ ¢ W(7). Finally, the last inequality holds

because

Z Ai(T)y; > min{ Z Ni(T)z; - Zzi > v(S) for all S € S}
)

1€W(T) 1E€EW(T €S
min{ Z Ni(T)z Zzi > vu(S)
€W (T) i€S
for all S € S(W(T))}

= max{z usv(S) :u e B(T)}.
Ses

Y

We conclude that ),y y; < v(V), and therefore y € C(v). O

In the following example we illustrate the proof of Theorem 3.4.3.

Example 3.4.5 Let G = (N, E) be the tree depicted in Figure 3.2 on page
54. Let the worths of the essential coalitions of the tree-component additive
game v € TUY be given by v({i}) = 0 for each i € N and

1, if S ={3,4},{4,5};
o(S) =4 2, if §={1,3,4},{2,3,4},{4,5,6},{4,5,7};
6, if S=N.

The worths of the inessential coalitions are determined by superadditivity.
In particular, if S is inessential, then there is a partition P of S such that
Y repv(T) > v(S). By superadditivity it also follows that >, pv(T) <
v(9S) for each partition P of S. So if S is inessential, then v(S) = max
{>-repv(T) : P is a partition of S}.

It is straightforward to verify that (N, v) satisfies the condition of The-
orem 3.4.3. Indeed, since the value of v(INV) is relatively high, the only
basic covering family whose corresponding inequality might be violated is
{{1,3,4},{2,3,4},{4,5,6},{4,5,7}}. However, the corresponding inequal-

ity is satisfied with equality in this case.
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Let T = {1,3,4} and (z1,23,74) = (3,1,1) € C(vr). Note that T is
essential. We will extend x to a core element using the proof of Theorem
3.4.3.

Observe that M = {2,5}, Co = {2} and C5 = {5,6,7}. Let oo = (2)
and o5 = (6,7,5). Clearly, N\[07(l),07] is connected for each j = 2,5
and I € {1,...,|Cj|}. Let y1 = 21 = 3, y3 = 23 = 1 and ys = 24 = 3.
Furthermore,

y» = max{v(U)— Z yi - U C{1,2,3,4},2 € U,U € S}
jeU\{2}
({27 374}) — Y3 — Y4

I
S

N =

Finally, yo = m (v) = v({6}) = 0, yr = mg" (v) = v({6,7}) — v({6}) = 0
and

ys = max{v(U) — Z y;:UCN,5e€UU € S}

jeU\{5}
= o(N)—y1—Y2— Y3 —¥ya— Y6 — Yr
1
— 3=
2
Observe that y = (3, 3,1,2,31,0,0) € C(v) is an extension of z. &

Note that by virtue of Theorem 3.4.2 the condition of Theorem 3.4.3 is also
sufficient for core stability. We conclude this section with several examples.
The first example shows that the condition of Theorem 3.4.3 is not neces-
sary for essential extendibility. Secondly, an example of a tree-component
additive game is provided that has a stable core, although this game is
not essential extendible. Hence, the basic covering family inequalities are
not necessary for essential extendibility, and essential extendibility is, on its
turn, not necessary for core stability. In the upcoming section we show that
in chain-component additive games essential extendibility is equivalent to
core stability, and we characterise these concepts in terms of basic covering

family inequalities.
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Example 3.4.6 Let G = (N, E) be the tree depicted in Figure 3.2 on page
54. Let v € TUY be the tree-component additive game with respect to G,
where the worths of the essential coalitions are given by v({i}) = 0 for each
i€ N,v({3,4}) = v({4,5}) = 1, v({1,3,4}) = v({2,3,4}) = v({4,5,6}) =
v({4,5,7}) = 2 and v(N) = 5. The worths of the inessential coalitions are
determined by superadditivity (as explained in Example 3.4.5).

First note that the inequality associated to the basic covering family
{{1,3,4},{2,3,4},{4,5,6},{4,5,7}} is violated. Indeed, it is straightfor-
ward to show that max{} ¢ sysv(S) :y € B(7)} = v({4}) +v({3,4}) +
v({4,5}) = 2. This yields, v({1,3,4})+v({2,3,4})+v({4,5,6})+v({4,5,7})
=8> T7=v(N)+max{) ges¥ysv(S) :y € B(T)}. However, we will show
that (N,v) is essential extendible. Let S C N be essential.

If S is a singleton, i.e. S = {i} for some i € N, then each x € C(vg)
can easily be extended to a core element. Just observe that x = 0 for each
z € C(vg), and note that (0,0,0,5,0,0,0) and (0,0,2%,0,2%,0,0) are core
elements.

Now suppose S = {3,4} and let (x3,24) € C(vs). So x3 + x4 = 1 and
x3,x4 > 0. This implies that x can be extended to y = (1,1, x3,x4,2,0,0) €
C(v). Note that by using similar arguments it is straightforward to extend
each core element of C(vg), if S = {4, 5}.

Finally, let S = {1, 3,4} and let (z1,x3,24) € C(vg). So z1+x3+74 = 2,
x3 + x4 > 1 and x1, 23,24 > 0. We conclude that y = (21,1, x3,24,2,0,0)
is a core element that extends x. Again, using similar arguments, it is
straightforward to extend each core element of C(vg) if S = {2, 3,4}, {4, 5,6}
or {4,5,7}. <&

Example 3.4.7 Let G = (IV, E) be the tree depicted in Figure 3.4. Let
v € TUN be the tree-component additive game with respect to G, where
the worths of the essential coalitions are given by v({i}) = 0 for each
i € N,v({1,2}) = v({3,4}) = v({4,6}) = v({7,8}) = v({2,4,5,7}) =1
and v(IN) = 4. The worths of the inessential coalitions now follow from
superadditivity (as explained in Example 3.4.5).

First we show that (IV,v) is not essential extendible. Observe that
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O—@O—Gf—0—@

Figure 3.4: A tree G = (N, E).

{2,4,5,7} is essential. However, (r2,74,75,27) = (0,0,1,0) € C(vf2457})
cannot be extended to a core element. Indeed, let y be such that y; = x; =0
for each i € {2747 7}7 ys =5 =1, y1 +y2 > U({172})7 Y3 +ys 2 U({374})7
ys +ye > v({4,6}) and y7 + ys > v({7,8}). This implies y; > 1, y3 > 1,
ye¢ > 1 and yg > 1. Therefore, >, yi > 5 >4 = v(N). We conclude that
y ¢ C(v).

Now we show that C(v) is stable. Let € I(v)\C(v) and let S C N be
an essential coalition with » . ¢z < v(S5).

First suppose that S = {1,2}. Then z is dominated, via coalition {1,2},

by the core element

1,2}) —ay — L2y) —a -
L2 Zn e, LB 202 g 0,0,1,0)

y=(x1+

Secondly, suppose that S = {3,4}. Then z is dominated via {3,4} by the

core element

4}) — a5 — 4}) — a5 —
'U({3’ }) x3 $47$4+U({3, }) x3 1'47071’1’0)'

= (0,1
Y (7,333+ 2 2

By using similar arguments it is straightforward to obtain core elements that
dominate z if S = {4,6},{7,8}.

Finally, suppose that S = {2,4,5,7}. We may assume that z1 +z9 > 1,
r3+w4 > 1, x4+x6 > 1 and z7+zg > 1, since if one of these inequalities is not
satisfied, then x can easily be dominated, as we have seen above. Adding the
four inequalities yields ) ;. y i + x4 — x5 > 4. Together with >, x; = 4
we obtain x4 > x5. Now define ¢ = v({2,4,5,7}) — z9 — x4 — x5 — x7 and



3.4 Core stability 73

let y be such that y; = x; + § for i € {2,4,5,7}, y1 = 1 —yo, y3 = 1 — 4,
ys = 1 —y7 and ys = v(N) — ZjeN\{G} yj =4 - ZjeN\{6} y;. Clearly, y
dominates x via {2,4,5,7}. It remains to show that y € C(v).

First observe that by definition of yg, Zje N Yj =4 =v(N). Secondly,
observe that xo + x4 + 5 + x7 < 1 and x4, x5, 27 > 0 imply that zo < 1.
Therefore also yo < 1. As a result, y; > 0. Similarly, it follows that y3 > 0,
ys > 0 and yg = 4 — ZieN\{G}yi = 1—ys > 0. Because y; + y2 > 1,
ys+y4 > 1, yr +ys > 1 and y2 + ya + Y5 + y7 > 1, it remains to show that
ya + y¢ > 1. Note that

yatye = 4d—Y1—Y2—Ys—Ys —Yr — s
= 2—-y3—ys
> 2-ys—ya
= 1.

The inequality is satisfied since x4 > x5 and therefore y4 > y5. We conclude
that y € C(v) dominates x via {2,4,5,7}. &

The last example of this section proves that exactness is not a sufficient
condition for core stability in tree-component additive games, although in
the next section it is proved that exactness is sufficient for core stability on

the class of chain-component additive games.

Example 3.4.8 Let G = (N, E) be the tree depicted in Figure 3.1 on page
52 and v € TUY be the tree-component additive game of Example 3.3.3.
In Example 3.3.4 we have shown that (N,v) is exact. We claim that « =
(3,2,0,1,1) € I(v)\C(v) cannot be dominated by a core element. Indeed,
suppose that y € C(v) dominates x. Then this domination must occur via
coalition {1,3,4} or coalition {3,4,5}, since these are the only dissatisfied
coalitions at x.

First suppose that the domination occurs via {1,3,4}. Then y;+ys3+ys =
2, y1>x1:%,y3>m320andy4>$4:1. Hence,y3:2—y1—y4<%
and ys+ys =2 —1y1 < 1%. Since y € C(v), y2 > v({2,3}) —y3 > 2—% = 1%
and y5 > v({3,4,5}) —y3 —ys > 2— 15 = 5. We conclude that >,y i > 4,
which contradicts y € C(v).
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Finally, suppose that the domination occurs via {3,4,5}. Then y3 +
Yya+uys = 2,y3 > a3 =0, 94 > x4 =1and ys > x5 = % Therefore,
Y3 =2—ys —ys < % and y3 +ys =2 —y5 < 1%. From y € C(v) we deduce
that Yo = ’U({2,3}) - Y3 > 1% and Yy = U({1,3,4}) — Y3 —Ys > % SO,

ZieN y; > 4, and therefore y ¢ C(v). &

3.5 Chain-component additive games

In this section we study largeness, exactness, essential extendibility and
core stability on the class of chain-component additive games. We show the
equivalence between largeness and exactness. Furthermore we prove that
essential extendibility is equivalent to core stability and we characterise both
concepts in terms of polynomially many linear equalities and inequalities.
We begin this section with a description of covering families on chains.

Let G = (N, E) be a chain. We will, without loss of generality, assume
throughout this section that {i,i + 1} € E for each ¢ € N\{|N|}. For
convenience, we now redefine the concept of covering families in a slightly

different way. An ordered set {T%,...,T,,} C S is an m-covering family if

(B1) U Ti = N;
=1

m
(B2) U T;# N foreach je{1,...,m};
i=1,i#j

(B3) T;NTip1 # 0 foralli e {1,...,m —1}.

Requirements (B1) and (B2) are similar to requirements (Al) and (A2)
for covering families on trees. The third requirement, (B3), states that
two subsequent elements of an m-covering family should not be disjoint.
Observe that if an ordered set 7 C S satisfies (B1), (B2) and (B3), then
it necessarily also satisfies (A1), (A2) and (A3). Similarly, if an unordered
set 7 C S satisfies (A1), (A2) and (A3), then it satisfies (B1) and (B2).
Furthermore, the elements of 7 can be ordered such that (B3) is satisfied

as well.
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Figure 3.5: A chain G = (N, E).

Example 3.5.1 Let G = (N, E) be the chain depicted in Figure 3.5. Then
{{1,2,3},{2,3,4,5},{5,6}} forms a 3-covering family. But for instance,
{{1,2,3},{2,3,4},{4,5,6}} is not a 3-covering family, since (B2) is violated.
&

Observe that an m-covering family could equivalently be described by the
alternating sequence of 2m — 1 non-empty blocks of consecutive players who
are covered by exactly one or exactly two family-member coalitions. It
follows that in an m-player chain-component additive game the number of
different m-covering families is (2:;;12

Let G = (N,E) be a chain, and let v € TUY be chain-component

additive with respect to G. For each m-covering family 7 = {Ty,...,Ty}

), provided, of course, that 2m—1 < n.

the associated covering family inequality (3.1) boils down to

m—1
S o(T) <o)+ Y (TN Tipa).
i=1 =1

Observe that max{} ¢csysv(S) :y € B(T)} = Z?i_ll v(T; N T;41) because
Xi(T) € {0,1} for each i € N and because of superadditivity. The follow-
ing theorem characterises largeness, extendibility and exactness in terms of

covering family inequalities.

Theorem 3.5.1 Let G = (N, E) be a chain, and let v € TU" be a chain-
component additive game with respect to G. The following statements are

equivalent:
1. Each covering family inequality is satisfied;
2. C(v) is large;

3. (IV,v) is extendible;
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4. (N,v) is exact.

Proof: The equivalence between 1 and 2 is proved in Theorem 3.3.1. It
is shown in Kikuta and Shapley (1986) that 2 = 3, and 3 = 4 follows
from Biswas, Parthasarathy, Potters, and Voorneveld (1999) since chain-
component additive games have non-empty cores, as well as all subgames of
chain-component additive games. It remains to show that 4 = 1.

Assume that (N,v) is exact. Let 7 = {T1,...,T,,} be an m-covering
family. Since (N, v) is exact it follows from Theorem 3.3.3 that for each
T C N, and each y: S — Ry with Y gcq\ vy yse(S) = yne(N) +e(T),

S ysu(S) < yno(N) +o(D). (3.10)
SeS\{N}

Now let T' = U:’i_ll(TZ NT;+1) and let y : S — R4 be given by yg =11if S €
TU{N} and yg = 0 otherwise. Clearly, > gc s\ ny yse(S) = yne(N)+e(T).
It follows that

o) = Y ysu(S)

=1 SES\(N}
< ynv(N) +o(T)

m—1
= o(N)+ ) o(TiNTiga).
i=1
The inequality follows from (3.10). The last equality is satisfied by definition
of T', and the chain-component additivity of (N,v). 0

Observe that for an n-player chain-component additive game there are ex-
actly 2"~2 — 1 covering families. Indeed, for each S C N\{1,n} with S # 0
there is a covering family 7 = {T1,..., Ty} with U (T; N Ti1q) = S.
Hence, our characterisation requires the checking of 2"~2 — 1 linear inequal-
ities. Also note that, since largeness of the core is a sufficient condition
for essential extendibility and core stability, exactness is sufficient for essen-
tial extendibility and core stability on the class of chain-component additive

games as well.
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In the final part of this section we characterise essential extendibility and
core stability in chain-component additive games. Of course, Theorem 3.4.3
provides a sufficient condition for essential extendibility and core stability
on the class of tree-component additive games. We show that for chain-
component additive games these conditions are necessary as well. First
observe that if G = (N, E) is a chain, then a basic covering family without
a central coalition is a 2-covering family, and a basic covering family with a
central coalition is just a 3-covering family.

Before we show the characterisation of essential extendibility and core
stability, we first apply Theorem 3.4.1 to chain-component additive games.
Then we recall a variant of Farkas’ Lemma, which was first proved in Haar
(1918). This lemma is also recorded in e.g. Schrijver (1986).

Theorem 3.5.2 Let G = (N, E) be a chain and let v € TU" be a chain-
component additive game with respect to G. If o € II(N) is connected with
respect to G, then m?(v) € C(v).

Note that from Theorem 3.5.2 it follows that m?(v),m”(v) € C(v) with
o,7 € II(N) such that o(i) =14, 7(i) = |[N|+1—i for all i € {1,...,|N|}.
This is also indirectly proved in Curiel, Potters, Rajendra Prasad, Tijs, and
Veltman (1994).

Lemma 3.5.1 (Haar (1918)) Let A € R™*" and b € R such that P =
{r e R": Ax < b} #0. Let c€ R" and § € R. Then cx < ¢ for all x € P if
and only if there exists a y € R with yA = c and yb < 6.

Theorem 3.5.3 Let G = (N, E) be a chain, and let v € TU" be tree-
component additive with respect to G. The following statements are equi-

valent:

1. Each 2-covering family inequality is satisfied. For each 3-covering fam-
ily {11, Ts, T35} with essential T, the corresponding inequality is sat-
isfied;

2. (N,v) is essential extendible;
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3. C(v) is stable.

Proof: We only show 3 = 1 since 1 = 2 follows from Theorem 3.4.3, and
2 = 3 from Theorem 3.4.2. We first show that the inequalities corresponding
to 2-covering families are necessary. We then proceed with the necessity of
the condition involving 3-covering families.

Suppose that the inequality corresponding to the 2-covering family
{T1,T,} is violated. In other words, suppose that v(Ty) + v(T3) > v(N) +
v(Th N'Ty). We will show that the core is not stable by constructing a
non-core imputation that is not be dominated by any core element.

Let t* be such that T3 = {1,...,t*}, and consider the order o € II(N)
with o(i) = t*+1—iforeachi € {1,...,t*} and o(i) = |N|+t*+1—i for each
i€ {t"+1,...,|N[}. Observe > ;.r, mf(v) = v(N) —v(T1) +v(T1 NTy) <
v(T3), where the inequality follows by assumption. Thus, m?(v) € C(v).
Furthermore, from superadditivity we conclude that m?(v) € I(v).

Now we will show that ;g m{ (v) > v(S) forall S € S with t*+1 & S.
This implies that ) ;g m{ (v) > v(S) for all S € N\{t* + 1}, and therefore
that m?(v) can only be dominated by coalitions containing player t* 4 1.

Let S € S be such that t* +1 ¢ S, and let T' € C(N\{t* + 1}) be
such that S C T. Consider the subgame (T, vr), and let op € II(T) be
o restricted to T, i.e. o is such that for all i,5 € T, o.(i) < o.'(j) if
and only if ¢71(i) < ¢7!(j). From the chain-component additivity of (N,v)
it follows that mZ(v) = m]" (vr) for all i € T. Therefore .. ¢mJ(v) =
Yicsmi " (vr) > vr(S) = v(S), where the inequality is satisfied because of
Theorem 3.5.2 and the fact that or is connected with respect to (T, Et).

We concluded that m?(v) can only be dominated via coalitions that
contain player t* 4+ 1. However, at m?(v) player t* + 1 receives a payoff of
mi 1 (v) =v(N)—v({L,...,t*})—v({t*+2,...,n}) = v(N)—v(N\{t"+1}).
But for any z € C'(v), zp+41 < v(IN) —v(N\{t* +1}). We therefore conclude
that m?(v) cannot be dominated by a core element via a coalition containing
player t* + 1. This implies that m?(v) cannot be dominated by any core
element. So the core is not stable. Consequently, the inequalities arising

from 2-covering families are necessary for core stability.
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We now show that the condition for 3-covering families is necessary. As-
sume that the inequalities corresponding to 2-covering families are satisfied.
Furthermore suppose that for the 3-covering family {T,7%, T3} the corre-
sponding condition is violated, i.e. suppose that v(T1) 4+ v(T2) + v(T3) >
v(N)+v(T1NTy)+v(T> NT3) while T is essential. Again, we show that the
core is not stable by showing the existence of a non-core imputation that
can not be dominated by any core element. Before we actually start the
proof, we first introduce some notation.

Define 7% = N\(T1 UT3) and T ={T € S: T* € T'}. So T is the set of

connected coalitions not containing T*. Define P by

P ={zeR": inzv(T)forallTGT,ingv(N),

€T 1EN
> @i > o(N) —o(Th) - o(T3)}.
€T

Firstly we show that P # () and that P C I(v). Secondly we show,
by applying Lemma 3.5.1, the existence of an x € P\C(v) that cannot be
dominated by any core element. This implies the necessity of the condition
involving 3-covering families.

Let 71 = {1,...,t1} and consider o € II(V) with o(i) = 4 for all
ie{l,....t:} and o(i) = |[N|+t1+1—iforalli € {t +1,...,|N|}.
From Theorem 3.5.2 it follows that m?(v) € C(v). Consequently, we have
Yicrmi(v) >wv(T) for all T € T, and that ) ;. mf(v) = v(N). Further-
more, observe that Y mf(v) = v(N) — v(T1) — v(T3). We conclude that
m?(v) € P, and thuéeghat P 0.

Next we show that P C I(v). Let z € P. We need to show that
> ien Ti = v(N) and ; > v({i}) for alli € N. Since T1,T3 € T, Y ;cp, i >
v(Th) and ) ;cp, 2 > v(T3). Because ) ,cp. i > v(N) — v(T1) — v(T3) it
follows that >, . x; > v(NN). By definition of P, >,y x; < v(N). So
we conclude that >, v z; = v(N). Because {i} € 7 for each i ¢ T,
x; > v({i}) for all ¢+ ¢ T*. If |T*| > 1, then {i} € 7 for all ¢ € T*. So in
this case we have that z; > v({i}) for all i € N. If |T%| = 1, then T* = {i}
for some i € N, and consequently we have that {i} ¢ 7. However, observe
that z; = 3 ez > v(N) — v(T1) — v(T3) > v(T*) = v({i}), where the
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first inequality follows since x € P and the second by superadditivity. So if
|T*| = 1, then x; > v({i}) for all i € N. We conclude that P C I(v).

It remains to show the existence of an x € P\C(v) that cannot be
dominated by any core element. In order to do so, we define a matrix A and a
vector b such that = € P if and only if Az < b. So for each T' € TU{T"*} there
is a corresponding row —e(7") in A and for coalition N there is a row e(N) in
A. Similarly, b; = —v(T) if the i-th row in A is —e(T"), T' € 7. Furthermore,
b = —v(N) +v(T1) + v(T3) if the i-th row in A is —e(T™), and b; = v(N) if
the i-th row in A is e(/N). Since P is non-empty, Az < b has a solution. So
we can apply Lemma 3.5.1, with ¢ = —e(7%) and § = —v(T3), to conclude
that for all z € P, —e(T2)r = — ) _;cp, i < —v(T2) if and only if there is a
y > 0 with yA = —e(T») and yb < —v(T3). However, we will show that for
ally > 0 with yA = —e(T%), yb > —v(T%). This means there is an z € P with
= ien, Ti > —v(T»). Hence, ), 7 < v(T3) and therefore z ¢ C(v). By
definition of P, x can only be dominated by coalitions containing T*. But
for every y € C(v) we have that > ., y; > v(Th), > ojer, y; = v(13) and
> jen Yj = v(INV). Consequently, > cr- y; < v(N) —v(T1) — v(T3) for every
y € C(v). That is, at = coalition T receives a payoff that is at least as much
as its highest payoff at any core allocation. So x can not be dominated by a
core element via a coalition that contains T*. Consequently, the core is not
stable. This implies that for core stability the conditions corresponding to

3-covering families are necessary.

It remains to show that for all y > 0 with yA = —e(1%), yb > —v(13).
For each |7 U {T*, N}| -dimensional vector u > 0 we write, with abuse of
notation, ug instead of w; if the i-th row of A is the row corresponding
to coalition S. Define Y(u) = {S € T U{T*,N} : ug > 0} as the set
of coalitions that u assigns a positive weight to. Let y > 0 be such that
yA = —e(T3). Instead of calculating yb directly, we first decompose y by
using Lemmas 3.6.1, 3.6.4 and 3.6.5. These lemmas are stated and proved
in Section 3.6. Then we derive the product of these decomposition vectors

with b. This enables us to obtain a bound for yb.

According to Lemma 3.6.1 we can decompose y into » ¢!, Apu 4+t
with r! >0, r'A = —e(Tz), Y(r')\{NN} contains no partition of N and for
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all k € {1,...,a1}, Az > 0 and ¥ satisfies (A1). Observe that r! satisfies
the conditions of Lemma 3.6.4. It follows that r! = 72, prwk + r? with
r2>0,r% =0, 392, up < 1and for all k € {1,...,a2}, px > 0 and wk
satisfies (A2). This implies, because 7' A = —e(Ty) and w*A = —e(Ty) for
all k € {1,...,a2}, that r?A = (1 — 392, ug)(—e(T2)). Note that, since
0<1-372,m <1, it follows that r? satisfies the condition of Lemma
3.6.5. Therefore we can write 72 = 302  vp2F with 3% v = 1302 1
and for all k € {1,...,a3}, vy > 0 and z* satisfies (A3). Concluding, we have
Y= 2ol Ak + 202w + 305 vz with 3R g+ 300 vk =1

Before we show that yb > —v(T%) we first find bounds for u*b, w*b and
2Fb. Let k € {1,...,a1}. First suppose that T* ¢ J(u”*). Then

o= > [—u(S)] +v(IV) > 0.
SEV(ur)\{N}

Here the inequality is satisfied because of superadditivity and because
Y(u*)\{N} is a partition of N. Now suppose that T* € Y(u¥). Since
Y(uF)\{N} is a partition of N it follows that Y(u*)\{T*, N} consists of a
partition A of T} and a partition B of T3. It follows that

u'h = Yo [FuS)]+ () + o(T5) = v(N)] +v(N)
SEV(uF)\{T*,N}

= D [—vS]+ D [v(9)] +v(T) + v(T3) > 0.

ScA SeB

The inequality holds because of superadditivity and because A is a partition
of T1 and B a partition of T3. Concluding, for all k € {1,...,a1},

ukb > 0. (3.11)

Now let k € {1,...,as}. First suppose that 7% ¢ Y(w"*). Then Y(w*) =
U U Vi U{N}, where Uy is a partition of T3 U Ty and Vi a partition of
Ty UTy with U, NVi, = 0. Let Vj, consist of those elements of Vj, that are
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not a subset of Ty, i.e. Vi, = {T € Vi : T € Ty}. Therefore
wkh = > [Fu(9)] +v(N)

SeY(wk)\{N}
= > [o(9)]+ D [-v(S)] + v(N)
SeU; Sev;
> S [oS)]+ Y o) + 0T uT) +o( | T)
SeUy SEVE TV,
(TN (| J 1)
TeVy
> N [—u@)+o(|J 1) —v@n(J 1)
SevV;, TeV, TeV,
> D [~o©))+ D o - (| 1)
SeVy TeV; TV,
= 3 [u®) -u@n(|J 1)
Ser\Vk TeV,
> U S —’U T2 U T
SeVi\Vi TeV,
> —v(Ty).

We first explain the first inequality. According to Lemma 3.6.6 there is
a T € Vi, with TNTy # 0. This implies that {T1 U Ty, Upcp, T} forms
a 2-covering family. Observe that because of Lemma 3.6.6, (77 U 1) N
(Urey, T) = To N (Urey;, T)- Since we have assumed that the inequalities
corresponding to 2-covering families hold, the first inequality is satisfied.
The second inequality holds because of superadditivity and because Uy, is
a partition of T7 U T5. The third and fourth inequalities are satisfied due
to superadditivity. Finally we explain the last inequality. According to
Lemma 3.6.6, V}, and V;\V}, are both non-empty, and there is a T' € Vj, with
T'NT; # 0. This means that {Ugey,\v, S 12N (Urey, T)} forms a partition
of Tb. Because of our assumption that 75 is essential the last inequality is
satisfied.

Now suppose that T* € Y(w"). Since Uy NV}, = 0, either T* € Uy, or
T* € Vi. Without loss of generality assume that T* € Ug. Now observe,
since Uy, is a partition of 71 U Ty, that Ui \{T™} consists of a partition C' of
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T7 and a partition D of T NT3. Therefore

whh = > [—v(S)] + [v(T1) + v(T3) — v(N)] 4+ v(N)
Sey(wk)\{T*,N}
> Z [—0(S)] + [v(Ty NT2) + v(To N T3) — v(Ty)] + v(N)

SeY(wk)\{T*,N}

= D [+ Y[+ D [—uS)] +v(TinTy)
SeC SeD SeVy
+U(T2 N T3) — 'U(TQ) + 'U(N)

> —U(Tl) — U(TQ N Tg) — U(Tg U Tg) + U(Tl N TQ) + U(TQ N Tg)
—v(T2) + v(N)
Z —’U(Tz).

The first inequality holds since we have assumed that the 3-covering family
inequality corresponding to {T4,T5, T3} is violated. The second inequality
because of superadditivity and because C' is a partition of T, D is a partition
of To NT5 and V} is a partition of 75 U T3. The last inequality is satisfied
because {11, ToUT3} forms a 2-covering family with 71N (T2 UT3) = T1 N7y,
and because of our assumption that all 2-covering family inequalities are
satisfied. Concluding, we have for all k£ € {1,...,as} that

whb > —v(Ty). (3.12)

Finally let k € {1,...,a3}. According to Lemma 3.6.5, Y(2¥) is a partition
of Ty. Now first suppose that 7* ¢ J(z*). Then

Fo= " —v(S) > —v(Ty).

SeY(zk)

Here the inequality is satisfied because ) (zk) is a partition of T, and because
T, is essential.

Now suppose that T* € Y(z*). Since Y(2*) is a partition of Ty, it follows
that Y(2%)\{T*} can be split into a partition A of Ty N Ty and a partition
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B of T5 N T3. Therefore

Hp = S o) = v(N) + v(Th) + v(Ts)
sey(z'w\{T*}
= D [+ > [-v N) +v(Th) + v(T3)
SeA SeB
> —o(T1NTy) —v(TaNT3) — v(N) 4+ v(Ty) + v(T3)
> —U(Tg).

The first inequality follows by superadditivity and the second by our as-
sumption that v(T1) + v(T2) + v(T3) > v(N) + v(Th N T) + v(Te N T3).
Concluding, we have for all k € {1,...,as} that

Kb > —u(Th). (3.13)

Summarising we find for yb that
al a2 as
yb = Z \euFb + Z ukwkb + Z vE2"b
k=1 k=1 k=1
as as
Z ,ukwkb + Z vi2"b
> Z pr(—v(12)) + Z vk (—

Y

v

The first inequality holds because of (3.11). The second inequality is satisfied
because of (3.12) and (3.13). The last equality is satisfied since > ;2 | i +

223:1 v = 1. O

The next example illustrates the decomposition lemmas that are used in the
proof of Theorem 3.5.3. In particular we decompose a specific y > 0 with
yA = —e(T3) and show that yb > —v(T3).

Example 3.5.2 Let N = {1,...,7} and consider the 3-covering family
(T1, Ty, T3} with Ty = {1,2}, T» = {2,3,4,5,6} and T3 = {6,7}. Let

v € TUN be a chain-component additive game for which all 2-covering
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family inequalities are satisfied, and for which v(Ty) + v(T3) + v(T3) >
v(N) +v(Ty NTz) + v(T> N T3) while T5 is essential.

Now T = N\(T3 UT3) = {3,4,5} and T = {S € S : {3,4,5} ¢ S}.
Define the matrix A and the vector b as described in the proof of Theorem

3.5.3. Now let y be given by

3. if S =1{1,2,3},{2},{2,3,4},{3,4},{4,5,6},{5,6};

)1, it S ={1,2,3,4};
ST 1L it 9= {5,6,7}, N;
0, otherwise.

Observe that yA =} gcqi ) ys(—e(S)) +yne(N) = —e(T2). So we need
to show that yb > —v(T3). We will do this by decomposing y. Note that
Y(y)\{ N} contains a partition of N, for instance U = {{1, 2, 3,4},{5,6,7}}.
Therefore we write y = u! 4+ r!, with

1 1, if §=1{1,2,3,4},{5,6,7}, N;
| 0, otherwise.

and

3 108 ={1,2,3},{2},{2,3,4}, {3,4},{4,5,6},

rs = {5,6},{5,6,7}, N;

0, otherwise.
Now Y(r')\{N} does not contain a partition of N. However, it contains a
subset that covers each player of N\T» exactly once, and each player of T5
exactly twice. For instance {{1,2,3},{4,5,6},{2},{3,4},{5,6,7}} is such a
subset. Therefore we decompose 7! into %wl +r2, with

Wl — 1, if §={1,2,3},{4,5,6},{2},{3,4},{5,6,7}, N;
S 0, otherwise.

and

rg = .
o 0, otherwise.

2 —{ 5 if §=1{2,3,4},{5,6}

Finally we note that Y(r?) = {{2,3,4},{5,6}} is a partition of T5. Hence,

we write 2 = %zl with

1 _{ 1, if S =1{2,3,4},{5,6};

Zg = .
S 0, otherwise.
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So we have decomposed y into u! + %wl + %zl.

yb = (u! + 3w' + 121)b > —v(T). First note that superadditivity of (V,v)

implies

We will now show that

uth = —v({1,2,3,4}) — v({5,6,7}) + v(N) > 0.
Furthermore,
wd = —v({1,2,3}) —v({4,5,6}) —v({2}) — v({3,4})
—v({5,6,7}) +v(N)
-v({1,2,3,4,5,6}) —v({2,3,4}) — v({5,6,7}) + v(N)
(
(

>
> —o({2,3,4}) — v({5,6})
> —u(Th).

Here the first inequality is satisfied due to superadditivity. The second holds
because the 2-covering family inequality corresponding to {{1,2,3,4,5,6},

{5,6,7}} is satisfied by assumption. The strict inequality is satisfied by our
assumption that 75 is essential. Finally observe that this assumption also

proves that

2= —v({2,3,4}) — v({5,6}) > —v(T3).

We conclude that yb = (u' + Jw! + 221)b > 0 — J0(Th) — 20(Th) = —v(T2).
&

Let G = (N,E) be a chain. If T € S is inessential, then there exists
a partition {A,B} of T, A,B € S, with v(A) + v(B) = v(T). Hence,
checking whether 7' € S is essential requires the checking of |T'| — 1 linear
equations. So our characterisation of core stability requires the checking
of polynomially many linear inequalities and equations. Indeed, in an n-
player chain-component additive game there are (" ) 2-covering and (" 1)
3-covering inequalities, and for each 3-covering inequality that is violated
there are at most n — 3 linear equations to consider.

The last theorem of this chapter also characterises essential extendibility
and core stability. In fact, this theorem reduces the number of linear equa-

tions one needs to check in case a 3-covering family inequality is violated.
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Theorem 3.5.4 Let G = (N, E) be a chain, and let v € TU" be a chain-
component additive game with respect to G. The following statements are

equivalent:

1. Each 2-covering family inequality is satisfied. For each 3-covering fam-
ily {11, T, T3}, if v(A) +v(B) < v(T3) for each partition {A, B} of T»
with ' NTy C A, ToNT3 C B, and A, B € S, then the corresponding

inequality is satisfied;
2. (N,v) is essential extendible;
3. C(v) is stable.

Proof: Because of Theorem 3.5.3, we only show 3 = 1. Assume that
the core is stable. From Theorem 3.5.3 it follows that each 2-covering
family inequality is satisfied. Assume that there is some 3-covering fam-
ily {11, T5, T3} with v(Th) + v(T2) +v(T3) > v(N) +v(Th NTe) + v(Toa N T3)
and v(A) + v(B) < v(T3) for every partition {A, B} of Ty with Ty NTy C A,
ToNT; C B and A, B € §S. We show that this leads to a contradiction.

Assume that {Th,T», T3} is a smallest 3-covering family with v(T7) +
v(Ta) +v(T3) > v(N)+ov(ThNTe) +v(ToNT3) and v(A) +v(B) < v(T) for
every partition {A, B} of To, with TYy N1y C A, ToNT3 C Band A,B € S
in the following sense: for each 3-covering family {51, S2, S3} with Sy C Tp
either v(S1)+v(S2)+v(S3) < v(N)+v(S1NS2)+v(S2NS3) or v(A)+v(B) =
v(S2) for some partition {A, B} of Sy with S1 NSy C A, SN S3 C B and
A, BeS.

Since the core is stable, it follows from Theorem 3.5.3 that T5 is inessen-
tial. Hence, there is a partition {A, B} of Ty, A, B € S with v(A) +v(B) =
v(Ty). By assumption, either A C Ty NTy or B C To N'T3. Without loss of
generality assume that A C Ty NT5.

First suppose that A = T} N T,. Then obviously B = T5\T;. Conse-
quently

’U(Tl) + U(Tg) + U(Tg)

U(Tl) -+ ’U(Tl N TQ) + U(TQ\Tl) + U(Tg)
U(Tl U Tg) + ’U(Tl N TQ) + U(T3)
U(N) + U(Tl N Tg) + ’U(T2 N T3)

IA

IN
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The first inequality holds because of superadditivity and the second because
{Th U Ty, T3} is a 2-covering family with (77 U T2) N T3 = T» N T5. Since
v(Th) +v(Ta) +v(T3) < v(N)+v(T1 NTy) +v(Te NT3) is a contradiction to
our assumption, we conclude that A # Th NT5.

Now suppose that A C T1 NT,. Observe that

v(T1) +v(B) +v(T3) = v(T1) +v(A) +v(B) +v(T3) — v(A)
= v(Th) +v(Tz) +v(T3) — v(A)
> o(N)+v(ThNT) +v(TeNT3) —v(A)
> o(N)+o(Ty NTe)\A) + v(Te NT3)
= o(N)+v(T1NnB)+v(BNTs).

The first inequality holds by assumption and the second one because of
superadditivity. The last equality comes from (77 N T3)\A = T3 N B and
ToNT3 = BN Ts. Obviously, {11, B, T3} is a 3-covering family with B C Ty
and v(T1) +v(B) +v(T3) > v(N) +v(Th N B) +v(BN1T3). By assumption,
there is some partition {C, D} of Bwith TyNB C C, BNT3C D, C,D € S
and v(C) +v(D) = v(B). From v(A4) + v(B) = v(T2) and v(C) + v(D) =
v(B) it follows that v(A) 4+ v(C) + v(D) = v(1%). From superadditivity we
conclude that v(AUC) +v(D) = v(T2). Note that BNT5 € D and therefore
ToNT5 € D. Furthermore, since 71 N B C C, we have that 71 N1, C AUC.

This contradicts our initial assumption. O

3.6 Proofs of lemmas

In this section we prove the decomposition lemmas needed for the proof of
Theorem 3.5.3. Furthermore, we prove some auxiliary lemmas. Throughout

this section we use the notation introduced in the proof of Theorem 3.5.3.

Lemma 3.6.1 Let y > 0 be such that yA = —e(T%). Then y = > §L | Agu”
+ 7l with 1 > 0, 1A = —¢(T3), Y(r')\{N} does not contain a partition
of N, and for all k € {1,...,a1}, At > 0 and u"* satisfying

(A1) uk € {0,1} for all S € T U{T* N}, ukA = 0 and Y(u*) = U, U {N}

for some partition Uy of N.
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Proof: Let y > 0 be such that yA = —e(T). We show the decomposition by
recursion. Suppose that for some a* > 0 we have written y = ZZ;I Au® +
r1, with 1 > 0, r!A = —¢(T}) and for all k € {1,...,a*}, Ay > 0 and ¥
satisfies (A1). Note that this certainly holds for a* = 0 and r! = y.

Now if Y(r1)\{N} does not contain a partition of N, then we are done,
so suppose that Y(r!)\{N} contains a partition, say U, of N. Define

o ul Tt =1if Se UU{N};
o ul T =0if SEUU{N}
e \grp1 =min{ry: S € UU{N}}.

Note that A\g«y1 > 0 and that Y(u®+1) = U U {N}. Observe, since U is a
partition of N, that u® t1A = 0. Thus, u® *! satisfies (A1). Furthermore,
by definition of Agx41 and u® T, 71 = 1 — \pequ® 1 > 0. Finally, note,
because u¥A = 0 for all k € {1,...,a* + 1} and because yA = —e(T%), that
FlA=yA— ZZ:{I Mub A = —e(Ty).

Soy = ZZ;{I Aeuf 4 71 with 7 > 0, 7' A = —e(T3), and for all k €
{1,...,a* + 1}, Ay, > 0 and ¥ satisfies (A1).

Observe that because of our choice of Mg+« 11, Y(71) € Y(r!). This implies
that in a finite number of steps we can decompose y into > %, PYRTLIE
with 7t > 0, 71 A = —e(T%), Y(r')\{N} does not contain a partition of N,
and for all k € {1,...,a1}, A, > 0 and u* satisfies (A1). O

Lemma 3.6.2 Let 72 > 0 be such that 7?24 = f(—e(T3)) for some f €
R with 0 < f S 1. Then, ZSGJJ(TQ)\{N}ZCLEST% Z ZSEJ)(TQ)\{N}ZG—IGST»%
for all @ € T3 U Ty with a > 1. Furthermore, ZSey(r2)\{N}:a+1eS 7’% =
ZSEy(Tz)\{N}:G,ES 7“?9 fOI' all a & T3\T2 Wlth a<n.

Proof: Let 7> > 0 be such that r2A = f(—e(T3)) for some f € R with
0< f<1. Let a e Ty UTs with a > 1.

If a € T1\ Ty, then it follows that a — 1 € Ty\T3. It follows from r2A =
f(—e(T»)) that

SeY(r2)\{N}:aes SeY(r2)\{N}a—1€S
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If a € T and a — 1 € T1\ Ty, then it follows from r2A = f(—e(T%)) that

Z i =f+ri>ri = Z r%.

SeY(r2)\{N}:aes SeY(r2)\{N}a—1€S

Finally, if a — 1 € T, then it follows from 724 = f(—e(T)) that

Z r%:f—i—r?\;: Z 'r?g.

SeY(r2)\{N}:aes SeY(r2)\{N}:a—1€S

So we conclude that

Z r?g > Z r?g.

SeY(r?)\{N}.aeS SeY(r2)\{N}:a—1€S8

Similarly it can be shown for all a € T3\T with a < n that

> rg = > . O
SeY(r2)\{N}:a+1eS SeY(r2)\{N}:aeS
Lemma 3.6.3 Let 72 > 0 be such that r?A = f(—e(Ty)) for some f € R
with 0 < f <1, 7" > 0 and Y(r?)\{N} does not contain a partition of N.
Then Y(r?) contains a partition U of T} U T, and a partition V of Th U T3
with UNV = 0.

Proof: We will show how to obtain a partition of 7} UT5. Analogously one
can find a partition of To U T3. First we will show that we can find disjoint
elements Sy, € Y(r?), k € {1,...,q}, such that Ty UTy C [JI_, Sk. We will
do this by giving a recursive argument.

Because 124 = f(—e(Ty)) for some f € R with 0 < f < 1 and 1 & Ty,
we have ) g7 (T*}:1€8 r% = 7“]2\,. By assumption 7“]2\, > 0 and we conclude
that - geru(ryies r% > 0. Hence, there exists an 51 € Y(r?), with 1 € Sj.

Now suppose that we have selected disjoint Sy, € Y(r?), k € {1,...,t},
such that N\(U}_, Sk) = {b,...,n} for some b € N. Note that t = 1 and
S1 satisfy this property.

If b & T1 U Ty, then we are done, so suppose that b € T UTs. According

to Lemma 362, Wlth a = b, ZSG)Kﬂ)\{N}:bES 7’% 2 Zsey(TQ)\{N}:b—IGS Tgv.
Since b—1 € Sy, b ¢ S; and S; € Y(r?), there is an S;11 € Y(r?) with
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b—1¢ Siy1 and b € Siry. We conclude that N\ Ui, S, = {e,...,n}
with ¢ > b. By recursion we obtain disjoint Sy € Y(r?), k € {1,...,q}, with
TiUTy C UZ:l Sk.

We will now show that 77 U T, = U%Zl Sk by contradiction. Suppose
that Ty UTy € UF_; Sk. Then N\(U{_; Sk) = {b,...,n} for some b € T3\T
with b—1 € T5\T». According to Lemma 3.6.2, with a = b—1 it follows that
Y Sey(raN\(N}bes TS = 2osey(r)\ (N)h-1e 75 Since b— 1€ Sy, b ¢ Sy and
S, € Y(r?), it follows that there is an Syy1 € Y(r?)\{N} with b — 1 & S;11
and b € S;41. Note that N\(UZS1 Sk) ={c,...,n} with ¢ > b. By recursion
we therefore obtain a partition of N. However, initially we assumed that
Y(r?)\{N} does not contain a partition of N. From this contradiction we
conclude that 77 U Ty = J{_; Sk.

Now let U = {S1,...,5,} C Y(r?) be a partition of Ty U Ty such that
for all a € S; and b € S; it is satisfied that a < b if ¢ < j. Similarly, let
V ={R1,...,Rn} C Y(r?) be a partition of T UT3 such that for all a € R;
and b € R; it is satisfied that a < bifi < j. f UNV # 0, then S; = R; for
some i € {1,...,q}, j € {1,...,m}. Hence, {S1,...,5, Rj41,...,Rn} is a
partition of N. This contradicts the assumption that Y(r2) \ {N} does not
contain a partition of N. We conclude that U NV = (). |

Lemma 3.6.4 Let y > 0 be such that yA = —e(T) and Y(y)\{N} does
not contain a partition of N. Then y = > ;2 wpw® + 2, with 72 > 0,
rd =0,>%2, < landforall k€ {l,...,as}, ug > 0 and wk satisfies

(A2) wk € {0,1} for all S € T U{T*,N}, wkFA = —e(T2) and Y(w*) =
U UV, U{N} for some partition Uy of T} U T, and some partition V
of T U T3 with U, NV, = 0.

Proof: Let y > 0 be such that yA = —e(T»), and such that Y(y)\{N}
does not contain a partition of N. We show the decomposition recursively.
Suppose that for some a* > 0 we have written y = 22:1 ppwk + 12 with
r2 >0, ZZZI pr < 1 and for all k € {1,...,a*}, ux > 0 and w” satisfies
(A2). Note that this certainly holds for a* = 0 and r? = y. If 7%, = 0 then
we are done, so suppose that 73, > 0. Observe that since Y(y)\{N} does not
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contain a partition of N, and since J(r?) C Y(y), it follows that Y(r?)\{N}
does not contain a partition of V.

We will first show that ZZ; i < 1 by contradiction. Suppose that
S, pu, = 1. Then it follows, using yA = —e(Ty) and w*A = —¢(Ty) for all
ke{l,...,a*}, that r2A = yA=Y"0"  ppwb A = (1=3907, i) (—e(Ty)) = 0.
Since 73, > 0, it follows that Y(r?)\{N} is a balanced collection of N. From
Lemma 3.2.1 we conclude that }(r2)\{N} contains a partition of N, which
contradicts the fact that )(72)\{N} does not contain a partition of N. We
conclude that ZZ;l g < 1.

Since 24 = (1 — ZZ; pr)(—e(Tz)) with ZZ;l pe < 1, r% > 0 and
Y(r?)\{N} does not contain a partition of N, it follows that r? satisfies
the conditions of Lemma 3.6.3. According to Lemma 3.6.3, )(r?) contains a
partition Uy« 1 of T1UTs and a partition Vx4 of ToUTs with Ugx+1NVgx 1 =
0.

Define

o wi Tt =1if S € Upry1 UVpeiq U{N};
o Wi Tt =0if S ¢ Upy1 UVpeiq U{N};
® ligry] = min{’r% : S €Ugr41 U Vg1 U{N}}

Note that pe«11 > 0. We will now show that w® *'A = —¢(T3). For each
i € T, there are unique S € Uy+y1 and T € Vg«yq with i € S and i € T.
Note that since Ugs41 N Vyxp1 =0, S # T. Furthermore, for each i € T1\T
there is a unique S € Ug+4+1 with i € S and for each i € T5\T5 there is a
unique 7' € Vi with i € T. We conclude that w® 1A = —e(T3).

Since w* T'A = —¢(T3) we now observe that w® ! satisfies (A2). Also
note that 72 = r? — pg«qw® 1 > 0. We will now show by contradiction
that ZZ:{l pr < 1. Suppose that ZZ:? ur > 1. Because ZZ; e < 1,1t
follows that there is a d € R with 0 < d < pgx41 with ZZ*:l wr +d = 1.
Trivially, v = 22:1 prw® + dw® 1+ (r2 — dw® *1). By definition of d,
(r? — dw® 1) > (r2 — pgrpw® ) > 0. Since yA = —e(Ty), wbA =
—e(Ty) for all k € {1,...,a" + 1} and ZZ;I pr +d = 1, it follows that
(r? — dw” 1A = 0. Because d < pg=41, 13 — dw% ' > 0. Therefore
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it follows that Y(r? — dw® *1) # () is a balanced collection. By Lemma
3.2.1 it now follows that Y(r? — dw® *1)\{ N} contains a partition of N.
Since Y(r? — dw® 1) C Y(r?), Y(r?)\{N} contains a partition of N. This
is clearly a contradiction to our initial assumption, so we conclude that
St e < 1.

It follows that y = Z;{l pwpwk + 72, with 72 > 0, ZZ;{I pur < 1 and for
all k € {1,...,a* + 1}, ux > 0 and w* satisfies (A2).

Observe that because of our choice of pig«11, Y(72) € Y(r?). This implies
that in a finite number of steps we can decompose y into Y 72, ppwk 4+ 12,
with 72 >0, 73, = 0, Y72, up < 1 and for all k € {1,... a2}, ur > 0 and
w” satisfies (A2). O

Lemma 3.6.5 Let y > 0 be such that yy = 0 and yA = d(—e(T3)), for
some d € R with 0 < d < 1. Then y = >°7* , vx2* with 302 v = d, and
for all k € {1,...,a3}, vx > 0 and 2* satisfies

(A3) 28 € {0,1} forall S € TU{T*,N}, z*A = —e(T3) and Y(z*) = Uy, for

some partition Uy of T5.

Proof: Let y > 0 be such that yy = 0, and yA = d(—e(T»)) for some d € R
with 0 < d < 1. We recursively show the decomposition. Suppose that for
some a* > 0 we have written y = ZZ; vp2* 4+ 13, with ZZ; v, <d, 3 >0
and for all k € {1,...,a*}, vx > 0 and that z* satisfies (A3). Note that this
certainly holds for a* = 0 and 73 = y.

Now if ZZ; vp = d, then it follows, because yA = d(—e(T3)) and zFA =
—e(Ty) for all k € {1,...,a*}, that 734 = yA — 3¢ 1.zF A = 0. Because
r}g’\, =0, r3 > 0 and because A has only non-positive entries in each row
that does not correspond to IV with at least one negative entry, we conclude
that r3 = 0. Soy = ZZ; v2" and we are done. Therefore suppose that
S e < d.

Now A = yA — 0 zbA = (d — Y0, ) (—e(Ty)), with d —
22:1 v, > 0. Since rf’v = 0, and because in A the only row with posi-
tive entries is the row corresponding to N, this means that r% = 0 for all
S € TUu{T*, N} with S € T». This implies that J(r3) is a balanced collec-
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tion on Ty. From Lemma 3.2.1 it follows that Y(r3) contains a partition of
T5. Now let U be such a partition. Define

. zgﬁ*H:lifSGU;
o 22Tl =0if S¢U;
e Vg1 =min{ri : S € U}.

Note that vg+41 > 0. Since 24 T1A = —e(Ty), it follows that 2% ! satis-
fies (A3). Also observe that by definition of vg«y; and 2% +1, 7 = 3 —
Var412% T1 > 0. Tt remains to show that Zz*jll v, < d.

Suppose that Zz:ﬁl v, > d. Then it follows that A =
(d— S0 ) (—e(Ty)), where d — 3941 1y, < 0. Hence, 7 A = fe(Ty) for
some f > 0. However, this is impossible, since 7% > 0, F?V = 0 and because
A contains only non-positive entries in the rows not corresponding to V.
Therefore we obtain that 3¢ 1, < d.

Hence, we have that y = ZZ:{I vp2* + 7, with EZ:{l v, <d, 7 >0
and for all k € {1,...,a* + 1}, v > 0 and 2" satisfies (A3).

Observe that by definition of v4«4 1 and 2%+, Y(73) € V(). Hence,
in a finite number of steps we obtain that y = > ;2 v2*, where v, > 0
and 2" satisfies (A3) for all k € {1,...,a3}. Since yA = d(—e(T»)) and
KA = —e(Ty) for all k € {1,...,a3} it follows that 3¢ v, = d. O

Lemma 3.6.6 Let k € {1,...,a2} and let Y(wy) = U, UV, U{N} with Uy a
partition of T1UT5 and Vj, a partition of ToUT5. Let Vi, = {T € Vi : T € Tb}.
Then Vi # 0 and Vi \Vi # 0. Furthermore, TNTy = @ for all T € V}, and
there is a T € V}, with TN Ty # 0.

Proof: Note that V} # (), since V}, is a partition of 75 U T3 and T3\Ts # ().

We will now show that for all T € Vi, Ty N T = () by contradiction.
Suppose that there is a T' € Vj, with Ty NT # (. Since T € V}, it follows that
T ¢ T,. That is, there is a j € T with j € T5\T5. Since T is connected it
follows that T* C T'. This is a contradiction since the coalitions containing
T* are not in 7 and therefore also not in Y (r?)\{N}. Hence, for all T € V4,
TNT, =0. Because Ty NTy # 0, there is an S € V}, with SN T} # (). This
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implies that S ¢ Vj, and hence that Vj, # Vj. Finally, we prove that there is a
T € V}, with TNTy # (). Suppose that for all T € Vj,, TNTy = (. According
to Lemma 3.6.3, Y(r2) contains a partition U of T} U T,. This implies that

U UV}, forms a partition of N, contradicting our initial assumption. O






Chapter 4

Dominating set games

4.1 Introduction

A domination problem consists of a given graph G = (V,E), a positive
integer £ € N, and a non-negative function w : V" — R, that assigns a
fixed cost to each vertex. A k-dominating set is a set D C V such that the
distance between any vertex in V' and at least one vertex in D is at most k.
The k-domination problem is the problem of finding a so-called minimum
weighted k-dominating set of G, i.e. a k-dominating set that minimises the
total cost of its vertices.

Domination problems are widely studied in graph theory. Meir and
Moon (1975) investigate domination problems on trees. Some results of
Meir and Moon (1975) are extended to larger classes of graphs in Farber
(1981). In Haynes, Hedetniemi, and Slater (1998) an overview of literature
on domination problems is given.

An illustration of domination problems is the following example. A num-
ber of regions is discussing the placement of several facilities within their
regions. The placement of a facility in a region entails a certain fixed cost.
Therefore, the regions decide to restrict the number of facilities that will
be placed. However, each region demands that a facility is placed within
a reasonable distance. The problem of placing the facilities at minimum
cost can now be regarded as a domination problem. Let G = (V,E) be

the graph where regions correspond to vertices, and where edges represent
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pairs of neighbouring regions. The proximity condition of the regions can
be described by an integer k and the cost of placing the facilities by a map
w : V — Ry. Placing the facilities at minimum cost is now equivalent to
finding a minimum weighted k-dominating set on G.

A natural question that now arises is how to allocate the total costs of
placing the facilities among the participating regions. This chapter, which
is based on Van Velzen (2004a), uses game theory to study this problem.
We introduce three cost games that model this cost allocation problem.

Our three dominating set games have in common that the cost of the
grand coalition N coincides with the minimum weighted k-domination num-
ber. However, coalitions are allowed different possibilities of placing the fa-
cilities in each of the three games. In the relazed dominating set game the
vertices in the graph are considered to be public vertices. Specifically, we
allow coalitions to place facilities in regions corresponding to non-members.
Furthermore, coalitions are allowed to use every edge present in the graph
in order to meet the proximity condition of its members.

For the intermediate dominating set game we assume that the vertices in
the graph are private. It might, for instance, be the case that regions outside
the coalition can block the placement of a facility within their region. So
coalitions are forced to place the facilities in their own regions. However, we
still assume that coalitions are allowed to use all the edges present in the
graph in order to meet the proximity condition of its members.

The last situation we consider also contains private vertices. However,
in this situation, coalitions are only allowed to use those edges with both
endpoints being member of the coalition. The resulting game is called the
rigid dominating set game.

In spite of the differences between these three games, we will obtain a
common necessary and sufficient condition for non-emptiness of their cores.
In particular, if one of the dominating set games possesses core elements,
then the other two dominating set games possess core elements as well. We
also derive relations between the cores of the dominating set games and we
present a class of graphs for which the corresponding dominating set games

have a non-empty core for all cost functions w : V' — R4 and all £ € N.
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Finally we study concavity.

Other game theoretical approaches to location problems include facil-
ity location games (Kolen and Tamir (1990), Tamir (1992)) and minimum
spanning forest games (Granot and Granot (1992)). In Kolen and Tamir
(1990) and Tamir (1992) a general class of facility location problems is stud-
ied. They mainly focus on trees, and for these graphs non-emptiness of the
core is established. In Granot and Granot (1992) no restrictions are made
on the proximity of the facilities. In case the underlying graph is a tree,
non-emptiness of the core is shown.

The remainder of this chapter is organised as follows. In Section 4.2 we
recall some basic concepts and notation from graph theory. In Section 4.3
we introduce three dominating set games. In Section 4.4 we study the cores

of the dominating set games. Finally, in Section 4.5 we study concavity.

4.2 Stars, substars and dominating sets

In this section we introduce some basic concepts and notation from graph
theory. We conclude the section with the definition of combinatorial opti-
misation games.

Let G = (V,E) be a graph. The distance dg(v,w) between v,w € V
is the length of a shortest (v,w)-path. If v,w € V are not connected via
any path, then dg(v,w) = co. The eccentricity of v € V is the maximum
distance to v in G, i.e. eg(v) = max{dg(v,z) : € V'}. The diameter A(G)
is the maximum over all eccentricities, i.e. A(G) = max{eg(v) : v € V}.
Observe that A(G) is equal to the maximum distance within G. The radius
r(G) is the minimum over all eccentricities, i.e. 7(G) = min{eg(v) : v € V}.
For each vertex v € V, the k-neighbourhood of v, denoted by Ny (v), consists
of the vertices at distance at most k of v, i.e. Ni(v) ={w €V :dg(v,w) <
k}. The k-neighbourhood of v is also called the k-star at v. For technical
purposes, we introduce two other star-like concepts. If T' C N (v) contains v,
then T is called a k-substar at v. The set of k-substars at 7 € V is denoted
by Sk(j), i.e. Sk(j) = {S C V : Sisa k—substar at j}. If T C Ng(v),
T # 0, is such that dg, (v,2) <k for all z € T, then T is called a proper k-
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substar at v. Note that if T' is a proper k-substar at v, then G is necessarily
connected and contains v. The set of proper k-substars at j € V is denoted
by Pr(j), i.e. Pr(j) ={S CV : S is a proper k—substar at j}.

Example 4.2.1 Let G = (V, E) be the graph depicted in Figure 4.1 and let
k =2. Then {1,2,3} is a 2-star at 1 and {1, 3} is a 2-substar at 1. However,
{1,3} is not a proper 2-substar at 1, since G (1,3} 1s a disconnected subgraph
and therefore d¢, ,,(1,3) = co. Also note that {1,3} is not a l-substar at

2 because it does not contain 2 itself. O

O—0@—06

Figure 4.1: The set {1,3} is a 2-substar at 1.

Let G = (V,E) be a graph and let T C V. Let K C T be such that
Uver NkGT(v) =T, where NkGT (v) is the k-neighbourhood of v in Gp. For
future purposes we now show that we can partition 7" into disjoint proper
k-substars at v, v € K. We do this by assigning each vertex in T\ K to
exactly one vertex in K. In particular, we assign v € T\ K to the closest
vertex in K. In case of a tie, we pick the vertex in K with lowest index
number. So write K = {v1,...,v,}. Define for each v € V, A(v) = {l €
{1,...,m} 1 dg,(v,v) < dg,(v,v;) for each ¢ € {1,...,m}} to be the index
set of vertices of K that are closest to v. Then, for each [ € {1,...,m}, let
Uy={veV:l=minA)}.

Lemma 4.2.1 The sets Uj, [ € {1,...,m}, are proper k-substars at v; that
partition T

Proof: By definition of U, I € {1,...,m}, it is satisfied that the sets Uy,
I € {1,...,m}, form a partition of T. Therefore we only show that each
Uy, l e {l,...,m}, forms a proper k-substar at v;. Let [ € {1,...,m} and
let ¢ € U;. Let P be the vertex set of a shortest (¢, v;)-path in Gp. We
show that U; is a proper k-substar at v; by showing that z € U for each

z € P\{q,v}.
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Let z € P\{q,v;} and let ¢ € {1,...,m}. Then

dGT(Z,Ul) = dGT(qavl)_dGT(QVZ)

IN

dGT <Q7 U’i) - dGT (q') Z)

IN

dGT (Za Ui)'

The equality is satisfied because a shortest path from ¢ to v; passes through
z. The first inequality holds because g € U;. Note that this inequality can
only be an equality in case [ < i. The second inequality is satisfied due to
the triangle inequality.

We now note that the distance between z and v; in G7 is at most the
distance between z and v;, and that equality can only occur in case [ < i.
We conclude that z € Uj. O

Let G = (V,E) be a graph and let £k € N. A set D C V is called a k-
dominating set if each v € V is at distance at most k from a vertex in D.
Formally, D is a k-dominating set if for all v € V\ D, there is a z € D with
dg(v,z) < k. The k-domination number v;(G) is the minimum number
of vertices in a k-dominating set. A fractional k-domination is a vector
of non-negative weights on the vertices such that for each k-neighbourhood
the weights sum up to at least one. The fractional k-domination number
74(G) is the minimum sum of the weights in a fractional k-domination. Let
w:V — R4 be a cost function on the vertices. The weighted k-domination
number v, (G,w) is the minimum sum of the costs in a k-dominating set
and the fractional weighted k-domination number v} (G, w) is the minimum

sum of the costs in a fractional k-domination.

Example 4.2.2 Let G = (V, E) be the graph depicted in Figure 4.2, let
wy; = (1,1,1,1) and let & = 1. The minimum number of vertices in a

1-dominating set is 2. Hence, 71(G) = 71 (G,w1) = 2. Note that y =
(5353
Vik(G?wl) = %

Now let wy = (10,1,10,1). Clearly, D = {2,4} is an optimal 1-domina-
ting set, and (0,1,0,1) is an optimal fractional 1-domination. Hence,

11(G,w2) = (G, w2) = 2. &

) is an optimal fractional 1-domination. Therefore, vj(G) =
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Figure 4.2: A graph G = (V, E).

The k-neighbourhood matriz of G = (V, E) is the |V| x |V|-matrix Ax(G),
defined by (Ax(G))yw = 1 if w € Ng(v) and (Ax(G))pw = 0 if w & Ni(v).
The k-th power of G = (V, E) is the graph G* = (V, E¥), where (v,w) € EF
if and only if dg(v, w) < k. Note that Ax(G) = A;(G*). Observe that

(G, w) = min{yw : yAx(G) > e(V),y € {0,1}V}
and that
(G, w) = min{yw : yAx(G) = e(V),y = 0},

Let A be a {0,1}-matrix of size m x n. Let M = {1,...,m} and N =
{1,...,n}. Then A is called ideal if each extreme point of the polyhedron
P ={r € RM:gzA > e(N),z > 0} is integer. According to Lehman
(1990), A is ideal if and only if min{zw : xA > e(N),z > 0} = min{zw :
zA > e(N),z € {0,1}M} for all w € RY. Note that if Aj(G) is ideal, then
(G, w) = v/ (G, w) for every w : V' — Ry. The matrix A is called balanced
(cf. Berge (1972)) if it does not contain an odd sized square submatrix with
exactly two non-zero entries in each row and each column. If A is balanced,
then all extreme points of {y € RY : Ay < e(M),y > 0} are integer.
Furthermore, if A is balanced, then it is ideal (cf. Fulkerson, Hoffman, and
Oppenheim (1974)).

We conclude this section with the definition of combinatorial optimisa-
tion games. Let N and M be finite sets, A a {0, 1}-matrix with its column
set indexed by N, its row set indexed by M, each column containing at
least one non-zero entry, and w € R]\f . The combinatorial optimisation

game (N, c) associated with A and w, as introduced in Deng, Ibaraki, and
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Nagamochi (1999), is defined by
c(S) = min{yw : yA > e(S),y € {0,1}},

for each S C N. We remark that throughout this thesis we slightly abuse
notation by omitting all transpose signs. The following two theorems are
due to Deng, Ibaraki, and Nagamochi (1999).

Theorem 4.2.1 (Deng, Ibaraki, and Nagamochi (1999)) Let N and
M Dbe finite sets, A a {0, 1}-matrix with its column set indexed by N, its
row set indexed by M, each column containing at least one non-zero entry,

w € Rf , and (IV, ¢) its associated combinatorial optimisation game. Then
z € C(c)if and only if 2 > 0, Az <w, and ) .y 2 = c(N).

Theorem 4.2.2 (Deng, Ibaraki, and Nagamochi (1999)) Let N and
M be finite sets, A a {0, 1}-matrix with its column set indexed by N, its
row set indexed by M, each column containing at least one non-zero entry,

w € RY and (N, ¢) its associated combinatorial optimisation game. Then
C(c) # 0 if and only if

min{yw : yA > e(N),y € {0, 1}M} = min{yw : yA > e(N),y > 0}.

In such a case, z € Rf is in the core if and only if it is an optimal solution
of the dual of min{yw : yA > e(N),y > 0}.

4.3 Dominating set games

In this section we introduce three cooperative dominating set games that
model the cost allocation problem arising from domination problems on
graphs. Throughout the remainder of this chapter we assume that graphs
are connected. For disconnected graphs the cost allocation problem can be
analysed for each of its components.

Let G = (V,FE) be a graph, kK € N and w : V — R,. The relazed
dominating set game (N,cvy’) allows coalitions to place facilities in every
vertex present in the graph. Furthermore, coalitions are allowed to use

every edge present in the graph. Formally, (IV,cv})’) is defined by N =



104 Dominating set games

V and cv?(S) = min{yw : yAR(G) > e(S),y € {0,1}N}. Observe that
v (S) < ev(T) for all S C T. Hence, (N,cv}’) is a monotone game.
We remark that relaxed dominating set games are included in the class of
combinatorial optimisation games.

In the intermediate dominating set game (N, ce}’) coalitions are not al-
lowed to place facilities in vertices corresponding to non-members. How-
ever, coalitions are allowed to use any edge present in the graph. Formally,
(N, ce}) is defined by N =V and ce}’(S) = min{yw : yAi(G) > e(S5),y; =
0if i g S,ye{0,1}V}.

The corresponding rigid dominating set game (N, c}!) is defined by N =
V and ¢/(S) = (Gs,ws) = min{yws : yA,(Gs) > e(5),y € {0,1}°},
where wg is w restricted to S. So the cost of a coalition is equal to the
minimum weighted k-domination number of the subgraph induced by this
coalition. Obviously, the rigid dominating set game does not allow coalitions
to place facilities in vertices corresponding to non-members. Furthermore,
coalitions are only allowed to use those edges with both endpoints being

member of the coalition in order to meet the proximity condition.

Example 4.3.1 Let G = (V, E) be the graph depicted in Figure 4.1, k = 2
and w = (3,1,2). Then ¢4 ({1,3}) = 5, because coalition {1,3} cannot use
any edge present in graph G. In (N, ce¥), coalition {1,3} can use all edges
of G. Therefore, ce¥ ({1,3}) = 2. Finally, cv¥({1,3}) = 1, because coalition
{1, 3} can place a facility at the location of player 2. &

Let G = (V,E) be a graph, k € Nand w: V — Ry. Let (V,cf), (N, ce}l)
and (N, cv)’) be the corresponding dominating set games. Obviously, the
rigid dominating set game is more restrictive for coalitions than the in-
termediate dominating set game. Similarly, the intermediate dominating
set game is more restrictive than the relaxed dominating set game. This
yields for all S C N that cv’(S) < cef(S) < ¢f(S). Also note that
cf(N) = cef!(N) = cvf(N) = 7(G,w). Finally observe, because making
use of edges with endpoints outside the coalition makes no sense if k = 1,
that ¢}’(S) = ce{’(S) for all S C N.
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4.4 Cores of dominating set games

In this section we study the cores of dominating set games. We derive
a relation between the cores, and we provide descriptions of these sets in
terms of stars, substars and proper substars. Furthermore we derive one
necessary and sufficient condition for the non-emptiness of the cores of all
three dominating set games. So if the core of one dominating set game is
non-empty, then the cores of the other two dominating set games are non-
empty as well. Finally, we provide graphs with the property that the induced

dominating set games has core elements for all cost functions w: V — R..

Let G = (V, E) be a graph, k € N and w : V — R. In the previous section
we concluded that cv)’(S) < cell(S) < ¢f(S) for every S € N, and that
cvl (N) = cef! (N) = ¢(N). This implies that C(cv}’) C C(cef) € C(cf)-
Moreover, the upcoming theorem shows that the core of (N, cv}’) coincides
with the non-negative part of the core of (IV,c}’), as well as with the non-

negative part of C(ce}).

Theorem 4.4.1 Let G = (V,F) be a graph, k € Nand w: V — Ry. Let
(N,cff), (N,cel!) and (IV, cvp’) be the corresponding dominating set games.
Then C(cv) = C(c¥) NRY, and C(cv?) = C(ee?) NRY.

Proof: We only show C(cv) = C(c¥) N RY. The proof of C(cv¥) =
C(ce?) NRY runs similar.

First we show that C(cv) € C(c¥) NRY. As noted before, C(cvl) C
C(cy). Because (N,cvy) is a monotone game, > 0 for all x € C(cvp).
Hence, C(cvl’) C C(cP) NRY.

Now we show that C(c¥) NRY C C(cv?). Let x € C(c¥) NRY. Obvi-
ously, > icy i = ¢ (N) = cvp (N). It remains to show that ). 2; > v(T)
for each T'C N. Let T C N. If ¢/(T) = cvi’(T), then ), po; <
cf(T) = cv)(T). So assume that ¢’(T') > cv)’(T). Let K C N be such
that 7' C U;cx Ni(j) and 3 e w; = cvp/(T). That is, for coalition T
it is optimal in the relaxed dominating set game to place the facilities in
the locations corresponding to K. Let T = Ujex Nik(j). 1t follows that
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(T) < > jex wj = cvp(T). Therefore,

in < Zwl < (T < evp(T).

i€T €T
The first inequality is satisfied because £ > 0 and 7" C T. The second
inequality is due to x € C(c}’). We conclude that ) . rz; < cvp’(T) for
every T'C N. O

Now we provide descriptions of the cores of the dominating set games in
terms of stars, substars and proper substars. The first proposition provides
a description of the core of (IV,cv}’) in terms of k-stars. This proposition
can be proved using Theorem 4.2.1. However, for the sake of completeness
we provide a proof as well, which is based on the proof of Theorem 4.2.1 in
Deng, Ibaraki, and Nagamochi (1999).

Proposition 4.4.1 Let G = (V,E) be a graph, ¥ € N and w : V —
R.. Let (N, cvy) be the corresponding relaxed dominating set game. Then
z € Clevy) if and only if z > 0, 30y, ;)2 < w; for each j € V, and
2ien @i = cv (N).

Proof: First we show the ”only if’-part. Let 2 € C(cvy’). Obviously,
Y ien Ti = cvi’ (N). Furthermore, cvp!(Ng(j)) < w; for each j € V' implies
that ey, () T < cvp(Nk(j)) < w; for each j € V. Finally, monotony of
(N, cv}’) implies that « > 0.

It remains to show the ”if”-part. Let z > 0 be such that ZieNk(j) T < wj
for each j € V, and >, .y z; = cvp’(N). It is sufficient to show for each
T C N that Y ,cpa; < cvf(T). Let T C N and let K C N be a set
of vertices that minimises the cost of placing the facilities for coalition T,
iLe. K C N is such that T C U, pe Ni(j) and >, wj = cvp’(T). Then
2oier Ti S Djer 2uieny() Ti < 2jex Wi = cvy (T). The first inequality
is satisfied because T" C Uje x Ni(j) and = > 0. The second inequality is
satisfied because we assumed that Eie Ni(5) Ti < wj for each j € V. O

Proposition 4.4.1 provides a description of the core of relaxed dominating

set games in terms of k-stars. Similarly, the next proposition provides a core
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description for intermediate dominating set games in terms of k-substars.
In particular, an efficient cost allocation vector is a core element of an in-
termediate dominating set game if and only if no coalition corresponding to

a k-substar has an incentive to leave the grand coalition.

Proposition 4.4.2 Let G = (V, E) be a graph, k € Nand w : V — Ry.
Let (N, ce}’) be the corresponding intermediate dominating set game. Then
x € C(cef) if and only if ), g2; < wj for all j € V and S € Si(j), and
Zz’eN z; = ce (N).

Proof: First we show the ”only if” part. Let z € C(ce}’), j € V, and
S € Si(j). From the definition of k-substars it follows that j € S. Hence,
cef(S) < wj and we conclude that ), gx; < cef(S) < wj. Trivially,
ien @i = e (N).

Now we show the ”if” part. Let z € RY be such that Y ics T < wj for
all j € Vand S € Si(j), and ),y 2 = ce))(N). Let T C N andlet K C T
be an optimal weighted k-dominating set of T, i.e. T C UjeK Ni(7) and
> jer wj = cep (T'). There exist disjoint k-substars S; € Sk(j), j € K, such
that (J;cpe Sj =T It follows that >, i =3 g Ziesj T <D e Wi =
ce)l(T'). Therefore, x € C(ce}). O

Finally we consider the cores of rigid dominating set games. In Proposition
4.4.3 we provide a description of the core of these games in terms of proper
k-substars. In particular, an efficient cost allocation vector is in the core if
and only if no coalition corresponding to a proper k-substar has an incentive

to leave the grand coalition.

Proposition 4.4.3 Let G = (V, E) beagraph, k € Nandw : V — R. Let
(N,c}’) be the corresponding rigid dominating set game. Then z € C(c})
if and only if }°, g2; < wy, for all j € V and S € Pi(j), and Y,y x; =
& (N).

Proof: First we show the ”only if” part. Let z € C(c{), 7 € V, and
S € Pr(j). Obviously, ¢/(S) < wj. Therefore Y . .gx; < ¢f(5) < wy.
Trivially, Y .y i = ¢ (N).
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Now we show the ”if” part. Let € RY be such that Yics Ti < wj for
eachj € Vand S € Pr(j),and ),y xi = ¢/ (N). Let T C Nandlet K C T
be an optimal k-dominating set of Gr. Hence, UjeK NkGT(j) = T and
A (T) = > jcx wj- Write K = {v1,...,vn}. According to Lemma 4.2.1, T
can be partitioned into disjoint proper k-substars U; at v, | € {1,...,m}.
This implies that

m m
D wi=) ) m<) wy=cf(D)
i€T I=1 €U, =1
where the inequality holds by assumption. O

In the remainder of this section we focus on non-emptiness of the cores of
dominating set games. We will provide one necessary and sufficient con-
dition for non-emptiness of the core of all three dominating set games. In
particular, dominating set games have non-empty cores if and only if the
fractional weighted k-domination number equals the weighted k-domination
number. Before we show our main theorem, we first state and prove two

technical lemmas.

Lemma 4.4.1 Let G = (V, E) be a graph and k € N. Let v,w € V and
S € Prp(w) such that v # w and v € S. Let W = {l € S : dgq(l,w) =
das(L,v) + dgg(v,w)}. Then, S\W € Pj(w).

Proof: We show the lemma by contradiction. Suppose that S\W & Py (w).
Then there is a ¢ € S\W with dG g\ (q,w) > k > dgg(gq, w), where the
second inequality is satisfied because S € Pi(w). Because the length of
every shortest (¢, w)-path in G g\ is strictly larger than the length of every
shortest (¢, w)-path in Gg, it must hold that every shortest (¢, w)-path in
Gs uses an element [ € W. Let [ € W be such that dg,(q,w) = dgg(q, 1) +
dgs(l,w). Because | € W it follows by definition of W that dg (I, w) =
dgs(l,v) + dgg (v, w). We conclude that dgg(q, w) = dgg(q,1) + dag(l,v) +
dgg (v, w), which implies that there is a shortest (¢, w)-path in Gg which
uses v. Therefore ¢ € W, contradicting ¢ € S\W. |
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Lemma 4.4.2 Let G = (V,E) be a graph and k € N. Let v,w,z € V
be distinct and S € Pg(w) be such that v € S and z ¢ S. Let P be the
vertex set of a shortest (v, z)-path. Finally, let W = {l € S : dg,(l,w) =
das(l,v) + dgg(v,w)}. If SUP & Pi(w), then dg(q,v) < dg(z,v) for all
qgeWwW.

Proof: Assume that SU P ¢ Py(w). First we show that dgg,,(2,v) +
dgg,p (v, w) > k by contradiction. Suppose that dgg (2, v)+dag,p(v,w) <
k. Then, for each ¢ € P,

dasp (q,w) < dasp (q, v)+dGSUP (v,w) < dasp (Z7U>+dGSUP (v,w) < k.

The first inequality is due to the triangle inequality. The second inequality
is satisfied because ¢ € P, and the last inequality holds by assumption.
Since S € Pk (w) it is true that for each ¢ € S, dgg (¢, w) < dag(g, w) <
k. We conclude that S U P € Pj(w) which contradicts our assumption.
Hence, dgg ,p»(2,v) + dag,p (v, w) > k.
Because S € Pj(w), we have for all ¢ € W that dg(q,w) < k. This
implies that

dGSUP(Z7v) + dGSUP(v’w) >k > dGs (Qaw)

= dGS (Qa U) + dGS (Ua w) > dGS (Qa U) + dGSuP (U, U))
The equality is satisfied because ¢ € W. So we have obtained that
dgg,p(2,v) > dgg(q,v). This implies that

dG(Q:”) < dGs(Qv ’U) < dGSUP(Z,’U) = dG(za’U)'

The last equality is satisfied because P is the vertex set of a shortest (z,v)-
path. O

Theorem 4.4.2 Let G = (V,E) be a graph, k € Nand w: V — Ry. Let
(N,cvl), (N,ce) and (N, c}’) be the corresponding dominating set games.

The following statements are equivalent:

L. (G, w) =v(G,w);
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2. Clcvy) #0;
3. C(cey) # 0

4. C(cy) #0.

Proof: First we show that 1 and 2 are equivalent. We remark that this
equivalence follows directly from Theorem 4.2.2, but for the sake of com-
pleteness we provide a proof as well.

According to Proposition 4.4.1, C(cv}’) # 0 if and only if there is an
z > 0 with ZieNk(j) z; < wj for each j € V, and Y .y = cvp(N).
Now first observe that ) .. Ne() Ti < wj for each j € V if and only if
Ap(G)z < w. So the conditions x > 0, > ey, (j) @i < w; for each j €V,
and ),y #; = cv’(N) are feasible if and only if

cvp (N) < max{z zi» Ag(G)z < w, z > 0}. (4.1)

iEN
We conclude that C(cv}’) # 0 if and only if (4.1) is satisfied. Now observe
that the right-hand side of (4.1) coincides, according to Theorem 1.2.2, with

min{yw : yAx(G) > e(N),y > 0}.

We recognise this last expression as v;(G,w). Since cvi’(N) = (G, w),
we conclude that C(cvy) # 0 if and only if 74 (G, w) < (G, w). Since
(G, w) < (G, w) by definition, it follows that C(cvy’) # 0 if and only if
(G w) = 7 (Gw).

Implications "2 = 3” and "3 = 4” follow from the observation that
C(evy) € Cleey) € C(cp). So it remains to show "4 = 2”. We will show
that if C'(c}) # 0, then there is a y € C(c}’) with y > 0. This implies,
according to Theorem 4.4.1, that y € C(cvy).

We produce a non-negative element of C'(c}’) by means of an algorithm.
This algorithm uses as input a core element of (N, c}’). Then, in each step,
the core element is altered by raising the amount given to one player, and
lowering the amount given to another player. We will argue that the result-
ing allocation is still a core element. Furthermore we show that, in a finite

number of steps, the algorithm converges to a non-negative core element.
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Algorithm: Construction of a non-negative core element of C(c}!).
Step 1: Let y € C(cfY), p =1 and 2P = y.
Step 2: If 2P > 0, then stop. Else go to step 3.

Step 3: Let (i?,j?) € argmin{dg(i,j) : 2 < 0,28 > 0}. Let ¢ =

1 ]
: D D p+1l _ _p p+1 _ p p+1
min{zf,, —zj,} > 0. Let 2}, = aj, + €, 2%, = 2%, :

all j € N\{:*,jP}. Let p=p+ 1, and return to step 2.

—¢eP and x = :L‘? for

First we show that a? € C(c}’) for all p by induction on p. Subsequently
we prove that the algorithm stops after a finite number of steps, and hence
converges to a non-negative core element.

Note that 2! € C(c¥). As the induction hypothesis, assume that z? €
C(c¥). Suppose that 2P # 0. Let (i, jP) € argmin{dg(i,j) : 2% < O,x? >
0}. Let P be the vertex set of a shortest (7, j7)-path. By definition of P
and jP, x; = 0 for each | € P\{iP, jP}.

According to Proposition 4.4.3 it is sufficient to show for all j € N and
all S € Py(j), that Y ;g a:f“ < wj. In fact, since 2P € C(c}), it suffices to
consider those proper k-substars that are allocated a larger amount at zP*!
than at zP. Hence, we only need to consider those coalitions that contain
iP, but do not contain jP. So let j € N and S € Pi(j) be such that ¥ € S

and jP ¢ S. We distinguish between two cases.

Case 1: SUP € Pr(j).

From 2P € C(c}’) and the assumption that S U P € Py(j), we obtain
that Y°,cq p 27 < wj. Because 2 = 0 for all [ € P\{i?, j7},

fo <wj; — :cgp. (4~2)
les
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It follows that

p+1 P P p+1
g x; = E T, —Tp T Tpp

leS leS

IA
&
8

§ ’LUj.

The first equality is satisfied because af = z} for each [ € S\{i"}. The
first inequality follows from (4.2). The last inequality is satisfied because

el < x?,,.

Case 2: SUP & Pr(j).

First suppose that j = . Because S U P ¢ Pi(i?), it follows that
dgs,p(iP,3P) > k. Since S € Pi(j), we have dg4(i”,1) < k for each [ € S.
This yields for all [ € S,

dg(iP,1) < dgs(iP,1) < k < dgg,p (i, j*) = da(i®, j7).

The equality is satisfied because P is the vertex set of a shortest (i?, j7)-path.
We conclude that each player in S is located closer to ¢ than j? is located
to i*. It follows by definition of i? and j? that z} < 0 for all [ € S\{i}.
Since :Uf;rl < 0 it follows that » ;.o xfﬂ <0< w;p.

Secondly, suppose that j # i?. Let W ={l € S : dg,(l,j) = dag(1,iP) +
dgs(iP,7)} be the set of vertices in S for which a shortest path to j uses iP.
From Lemma 4.4.1, with v = i and w = j, it follows that S\W € Pg(j).
According to Lemma 4.4.2, with v = i, w = j and z = jP, it is satisfied
that dg(l,?) < dg(jP,iP) for all [ € W. Using the definition of i and j? it
follows that xf +1 <0 for all I € W. Therefore

p+1 D D p+1
Zwl = Z x; + Z T, + T
les leS\w leW,l1#iP
1
< wi+ Y ab+abf
leW,i£ip
wj.

IN
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The first inequality is satisfied since S\W € Py(j) and therefore, 3¢ o\ 2]
< wj. The last inequality follows from zf < 0 for all [ € W and bt L<o.

We conclude that 2 € C(c}!) for all p. It remains to show that the algo-
rithm converges. First observe that the algorithm continues as long as there
are players that are allocated a negative amount. However, note that by
definition of €?, either x?jl =0 and wfjl <0, or x?{fl > 0 and x?jl = 0.
Hence, 2P*! contains at least one zero entry more than xzP. Because 2P is an
| N|-dimensional vector, the algorithm produces a non-negative core element

in at most | N| steps. O

The cores of the dominating set games are non-empty if and only if 74 (G, w)
= 7;(G,w). Unfortunately, the problem of determining ~;(G,w) is NP-
complete in general. Hence, it is difficult to determine whether v4(G,w) =
75(G,w). For some classes of graphs however, the k-domination problem is
relatively easy to solve. For example, a special subclass of chordal graphs
satisfies this property.

A circuit is a connected graph on at least three vertices such that each
vertex is adjacent to precisely two other vertices. A circuit on n vertices is
denoted by C),. A graph is called chordal if it does not contain a circuit of
length at least four as an induced subgraph. A sun is a chordal graph on 2n
vertices for some n > 3, whose vertex set can be partitioned into two sets,
W ={wi,...,wy} and U = {uy,...,u,} such that any two vertices of W
are non-adjacent, and for each i,j € {1,...,n}, w; is adjacent to u; if and
only if i = jori = j+1 (modn). A graph is called an odd (even) sun if it is
a sun on 2n vertices, with n odd (even). An (odd-)sun-free chordal graph is a
chordal graph which does not contain an (odd-)sun as an induced subgraph.
Sun-free chordal graphs are called strongly chordal graphs in Farber (1981).

The concept of an even sun is illustrated in the following example.

Example 4.4.1 Let G = (V, E) be the graph depicted in Figure 4.3. Ob-
serve that G is chordal. Moreover, the sets W = {wi,...,wg} and U =
{u1,...,us} form a partition of V. Any two vertices of W are non-adjacent,
and, w; is connected to u; if and only if i = j or i = j + 1 (mod 6). Hence,

G is a sun. Because |U| = |W| = 6 we conclude that G is an even sun. <
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Figure 4.3: An even sun.

If a graph is sun-free chordal, then it is necessarily odd-sun-free chordal.
Trees, line graphs of trees, interval graphs and block graphs are examples
of sun-free chordal graphs (cf. Farber (1981)). It can be determined in
polynomial time whether a graph is sun-free chordal (cf. Farber (1981)).
Theorem 4.4.3 states that odd-sun-free chordal graphs are characterised by

balancedness of their 1-neighbourhood matrices.

Theorem 4.4.3 (Brouwer, Duchet, and Schrijver (1983)) Let G be
a graph. Then A;(G) is balanced if and only if G is odd-sun-free chordal.

Lubiw (1982) showed that powers of sun-free chordal graphs are sun-free
chordal as well. Hence, if G = (V,E) is a sun-free chordal graph, then
Ap(G) = A1(G*) is balanced for all k& € N. This implies that (G, w) =
(G, w) for all w: V' — Ry and all £ € N. Straightforwardly we have the

following proposition.

Proposition 4.4.4 Let G = (V, E) be sun-free chordal. Then the corre-
sponding dominating set games have core elements for all £ € N and for all
w:V — R,

Powers of odd-sun-free chordal graphs are not necessarily odd-sun-free chor-
dal. For example, let G = (V| E) be the 6-sun depicted in Figure 4.3. Then
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the subgraph of G? induced by {w,...,wg} is a circuit on 6 vertices. This
implies that G2 is not chordal and therefore also not odd-sun-free chordal.

Obviously, circuits are not chordal, and therefore not sun-free chordal.
However, Cornuéjols and Novick (1994) showed that A;(Cg) and A1 (Cy) are
ideal matrices. Moreover, they showed that A;(Cs) and A;(Cy) are the only
ideal matrices of the form Ay(C,) with k,n € N such that k£ < ”T_Z Note
that if £ > ”T_Q, then Ag(C),) is the matrix with every entry a one.

Theorem 4.4.4 (Cornuéjols and Novick (1994)) The matrices
A1(Cs) and A1(Cy) are ideal.

From Theorem 4.4.4 it follows that v1(Cs, w) = 75 (Cs,w) and v, (Cy, w) =

71 (Cq,w) for every w: V — R.. Hence, we have the following proposition.

Proposition 4.4.5 Let G = Cg or G = Cy. Then the corresponding domi-

nating set games have core elements for k =1 and for all w: V — R,..

We conclude this section with the observation that a special subclass of
relaxed dominating set games satisfies the CoMa-property. A gamev € TUN
with C(v) # 0 is said to satisfy the CoMa-property if all extreme points of
the core are marginal vectors. Obviously, all concave games satisfy the
CoMa-property, but the contrary does not necessarily hold (cf. Kuipers
(1993) and Hamers, Klijn, Solymosi, Tijs, and Villar (2002)).

The next theorem shows that a special subclass of combinatorial opti-
misation games satisfies the CoMa-property. We then apply this theorem
to the class of relaxed dominating set games, since relaxed dominating set

games form a subclass of combinatorial optimisation games.

Proposition 4.4.6 Let A be a {0, 1}-matrix of size m x n. Let w; =1 for
each i € {1,...,m}. If A is balanced, then the combinatorial optimisation

game (N, c¢) associated with A and w satisfies the CoMa-property.

Proof: Since A is balanced it follows that A is ideal. This implies that
each extreme point of the polyhedron {z € RM : zA > e(N),z > 0} is
integer and therefore that min{zw : xA > e(N),z > 0} = min{aw : A >
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e(N),z € {0,1}M}. According to Theorem 4.2.2 it follows that C(c) # 0. Tt
remains to show that each extreme point of C'(c) corresponds to a marginal
vector. First we show that each extreme point of C(c) is a {0, 1}-vector,
and then we argue that this vector is indeed a marginal vector.
Let M = {1,...,m} and N = {1,...,n}. Since each extreme point of
the polyhedron {z € RM : A > ¢(N),z > 0} is integer, it follows that
c¢(N) = min{z z;: A > e(N),z € {0,1}M}
ieM
= min{z x; A >e(N),z >0}
ieM
= max{z yi » Ay < e(M),y > 0}. (4.3)
1EN
The third equality is satisfied due to Theorem 1.2.2. According to Theorem
4.2.2) it holds that y € C(c) if and only if y is an optimal solution of
(4.3). From the balancedness of A we conclude that each extreme point of
{y € RN : Ay < e(M),y > 0} is integer (cf. Berge (1972)). Because the set
of optimal solutions of (4.3) is a facet of {y € RV : Ay < e(N),y > 0}, we
conclude that each extreme point this facet, and hence each extreme point of
C(c), is integer. In particular, each extreme point of C(c) is a {0, 1}-vector.
Now let z € C(c) be an extreme point and let S = {i € N : z; = 1}. Let
o € II(N) be such that o(i) € S for each i € {1,...,|S|}. That is, o begins
with the members of S, and ends with the members of N\S. We show that

m?(c) = x.

Let ¢ € {1,...,]S|}. Because z € C(c), it follows that |[o(i),0]] =
2 =1%0(j)
< ¢([o(i),0]). By definition of (N,¢), ¢(T') < |T| for each T C N. We
conclude that ¢([o (i), 0]) = |[0(4), o]| for each i € {1,...,]S|}. This implies
that

To() = 1= ¢([0(i), 0]) = c([o(i = 1), 0]) = mg;) ().

Since ¢(S) = > ;cq Ti = Y _ien Ti = ¢(IN), it follows from monotony of (N, c)
that ¢(S) = ¢(T') = ¢(N) for each S C T C N. This implies that

Zo(i) = 0= c([0(i), 0]) = e([o(i = 1), 0]) = mZ;) (¢),
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for each i € {|S|+1,...,|N|}. We conclude that x = m7(c). O
We immediately have the following corollary.

Corollary 4.4.1 Let G = (V, E) be a graph, k£ € N and w; = 1 for each
i € V. If G* is odd-sun-free chordal, then (N,cv¥) satisfies the CoMa-

property.

Unfortunately, Corollary 4.4.1 does not extend to arbitrary cost functions.

This is illustrated in the following example.

Example 4.4.2 Let G = (V, E) be the graph depicted in Figure 4.4 and let
k = 1. Clearly, G is a tree, and therefore odd-sun-free chordal graph. Let
w = (6,4,4,4). Then,
4, if|SN{2,3,4} <1, S ;
6, if |SN{2,3,4} > 2.

It is straightforward to check that (3,1, 1,1) is an extreme point of C(cv}’).

However, x does not correspond to a marginal vector.

Figure 4.4: An odd-sun-free chordal graph.

4.5 Concavity

In this section we consider concavity of dominating set games. We charac-
terise concavity of dominating set games in terms of the underlying graph
if w; =1 for all i € V. First we show that a relaxed dominating set game
with parameter k is concave if and only if the corresponding graph contains

a vertex with distance at most k to all other vertices.
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Proposition 4.5.1 Let G = (V, E) be a graph, k € N and w; = 1 for all
i € V. Let (N,cvy) be the corresponding relaxed dominating set game.
Then (N, cv}’) is concave if and only if k > r(G).

Proof: Note that k£ > r(G) if and only if there is a v € V' with N(v) = V.
First we show the sufficiency part. Assume thereisav € V with Ni(v) = V.
Then cv}’(S) =1 for all S C N, S # 0. Hence, (N, cv)’) is concave.

Now we prove necessity. Assume that Ni(v) # V for all v € V. We show
that (IV,cv}’) is not concave. Hence, the condition that there is a v € V
with Ni(v) =V is necessary for concavity.

Let v € V be such that Ng(v) is a maximal k-neighbourhood in the
sense that it is not a proper subset of any other k-neighbourhood. By
assumption, Ni(v) # V. Now let u € V\Ng(v) be such that dg(v,u) =
k + 1. Obviously, Ni(v) N Ni(u) # 0, cvi(Nig(v)) = 1, cv) (Ng(u)) = 1
and cv)’ (Np(v) N N(u)) = 1. Because Ni(v) is a maximal k-neighbourhood
and u & Ni(v), we conclude that (Ng(v) U Ni(u)) € Ni(y) for each y € V.
Thus, cv)’ (Ni(v)UNg(u)) = 2. Therefore cvi’ (N (v) NNy (u)) + cvpl (Ni(v)U
Ni(u)) =3 > 2 = cvp (N (v)) + cvf (N (u)) and we conclude that (N, cv)?)

is not concave. O

Next we consider concavity of rigid dominating set games. Before we char-
acterise concavity for these games in case w; = 1 for all ¢ € V', we introduce
the concept of block graphs.

A vertex is called a cutverter if the subgraph (V\{v}, Ey, ) consists
of more components than G. A bridge is an edge e € F with the same
property, i.e. if (V, E\{e}) has more components than G. A graph with at
least three vertices is called 2-connected if it does not contain a cutvertex.
A subgraph B is called a block if it is a bridge or a maximal 2-connected
subgraph. A connected graph is a block graph if every block is complete.
Note for example that a tree is a block graph. The concept of block graphs

is illustrated in the following example.

Example 4.5.1 Let G = (V, E) be the graph depicted in Figure 4.5. The
vertices 5, 6 and 9 are cutvertices, and the edge {5, 6} is a bridge. The blocks
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are {1,2,3,4,5}, {5,6}, {6,7,8,9} and {9,10,11}. Because each block is
complete, G is a block graph. O

Figure 4.5: A block graph.

The following lemma that is used in the proof of our characterisation of
concave rigid dominating set games, provides a relation between the radius

and the diameter of a block graph.

Lemma 4.5.1 Let G = (V, E) be a block graph and k € N. If A(G) < 2k,
then r(G) < k.

Proof: Block graphs are 3-sun-free chordal graphs. For 3-sun-free chordal
graphs, r(G) = [%G)] (cf. Theorem 3.6 in Chang and Nemhauser (1984)).
Hence, if G is a block graph satisfying A(G) < 2k, then r(G) < k. 0

Proposition 4.5.2 Let G = (V, E) be a graph, k € N and w; = 1 for all
i€ V. Let (N, c¢}) be the corresponding rigid dominating set game. Then
(N, c}Y) is concave if and only if G is a block graph satisfying A(G) < 2k.

Proof: First we show the ”only if” part. Suppose that G does not satisfy
A(G) < 2k. Let v,u € V be such that dg(v,u) = 2k+1. Let P be the vertex
set of a shortest (v,u)-path. Observe that ¢’ (P\{v,u}) = ¢/(P\{u}) =
cf (P\{v}) =1 and ¢}/(P) = 2. Therefore, ¢’ (P\{v,u}) +c/(P) =3>2=
cf (P\{u}) + ¢’(P\{v}). We conclude that (N, c}’) is not concave.

Now suppose that G is not a block graph. Then there is an incomplete
block. Hence, G contains C, with m > 4 or the graph depicted in Figure
4.6 as an induced subgraph. We distinguish between three cases.

Case 1: G contains C), as an induced subgraph with m € {4,...,2k + 2}.
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Figure 4.6: A possible subgraph of an incomplete block.

Let w and v be non-adjacent vertices in C),. Obviously, C,, contains
two disjoint paths connecting u and v. Let P, and P» denote the vertex
sets of these paths. Because {u,v} ¢ F it follows that P;\{u,v} # () and
Po\{u,v} # (. Because u and v are non-adjacent, c}’({u,v}) = 2. Further-
more, ¢ (P1) = 1, ¢ (P) = 1 and ¢}/(P1 U Py) > 1. Thus, ¢ ({u,v}) +
F(PLUPy) >3 >2=c)(P1)+ cf(P2). Hence, (N, c}) is not concave.

Case 2: G contains C,, as an induced subgraph with m > 2k + 2.

Let u, v, z be vertices in C,,, with v and v adjacent, as well as v and z.
Let H = Cy,\{v} be the induced subgraph of C,, obtained by deleting v.
Obviously, H is an induced subgraph of G satisfying dp (u, z) > 2k+1. It is
now straightforward to show, similar to the first part of this proof, that the
subgame of (NN, ¢}’) associated with coalition H is not concave. This implies

that (N, c}’) is not concave as well.

Case 3: G contains the graph depicted in Figure 4.6 as an induced sub-
graph.

It is clear that ¢}’({2,4}) = 2, ¢/({1,2,4}) = 1, ¢({2,3,4}) =1
and ¢’({1,2,3,4}) = 1. Hence, ¢}’({2,4}) + ¢({1,2,3,4}) =3 > 2 =
cf({1,2,4}) + ¢({2,3,4}). Therefore, (N,c}’) is not concave.

It remains to show the ”if” part. Assume that G = (V, E) is a block graph
satisfying A(G) < 2k. We will show that the corresponding rigid dominating
set game is concave. First we show that the cost of each connected coalition
is equal to 1.

Let T' C N be such that Gp is connected. Then Grp is again a block
graph satisfying A(Gr) < 2k. It follows from Lemma 4.5.1 that r(Gr) < k.
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So there is a v € T with dg,(v,u) < k for every u € T. As a result,
(1) =1.

Now let 4,5 € N, i # j, and S C N\{¢,j}. We will show that
cf(SU{i,ji})+c2(S) < c(SU{i}) + ¢ (SU{j}). Denote the maximally
connected components of S by S1,...,S,. Since the cost of each component
is equal to 1, ¢}’(S) = p. Let I C {1,...,p} be the index set of the compo-
nents that are connected with 7. That is, for all [ € I there is a v € S; with
{v,i} € E. Note that ¢/(SU{i}) = p+1—|I|. Similarly, let J C {1,...,p}
be the index set of the components that are connected with j and note that
PSULG =p+1- .

First we show that |[INJ| < 1 by contradiction. Suppose that [INJ| > 2.
Then at least two components, say S7 and Ss, are connected with both ¢
and j. Let my,my € S; be such that {mq,i},{mq,j} € E. Similarly,
let mg,myq € So be such that {mg,i},{m4,j} € E. Let Pi C S; be the
set of vertices corresponding to a shortest (mi,ma)-path in Gg,, and let
P, C S5 be the set of vertices corresponding to a shortest (mg,my)-path in
Gs,. The subgraph induced by P; U P U {i,j} forms a circuit, and hence
a 2-connected subgraph. Because G is a block graph, it follows that this
subgraph is complete. This implies that {m,m3} € E, contradicting that
S1 and Sy are disconnected components. We conclude that |1 N J| < 1.

If|INJ) =0and {i,j} € Eorif [INJ| =1 and {i,j} € E, then
cf(SU{i,j}) =p+2—|I|—|J|. If|[INJ|=0and {3,j} € Eorif [INJ| =1
and {i,j} ¢ E, then ¢’(SU{i,j}) = p+1—|I| —|J|. In either case,
(S U{i,j}) < p+2—|I| —|J|. Therefore, ¢¥(SU {i}) + ¢ (SU{j}) =
20+ 2 — |I| = |J| > &2(S) + ¥ (SU {3, 5}). O

The final part of this section is dedicated to concavity of intermediate dom-
inating set games. Let G = (V, E) be a graph, and let w; = 1 for alli € V.
First note that for £ = 1 the corresponding intermediate dominating set
game coincides with the rigid dominating set game. From Proposition 4.5.2
we obtain that (N, ce}’) is concave if and only if G is a block graph satisfying
A(G) < 2. For k > 2 the intermediate dominating set game does not nec-
essarily coincide with the rigid dominating set game. The characterisations

of concavity do also not coincide. In fact, the following proposition shows
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that intermediate dominating set games with parameter k are concave if and

only if the diameter of G is at most k.

Proposition 4.5.3 Let G = (V, E) be a graph, k € N with k£ > 2, and w; =
1 for all i € V. Let (IV,ce}’) be the corresponding intermediate dominating
set game. Then (N, ce}’) is concave if and only if A(G) < k.

Proof: First note that A(G) < k if and only if Ni(v) =V for all v € V.
First we show the ”if” part. Assume that Ng(v) =V for all v € V. Then,
cel)(S) =1 for all S C N. Trivially, (IV,ce}’) is concave.

It remains to show the ”only if” part. Assume that there is a v € V
with Ni(v) # V. Then there is a v € V with dg(v,u) = k+ 1. Let
P be the vertex set of a shortest (v,u)-path. Let a,b € P be such that
{a,v} € E and {b,u} € E. Since k > 2, the shortest path between v and u
contains at least 4 vertices. Therefore a # b. Now note that ce}’ ({v,u}) = 2,
cel ({v,a,u}) = 1, cef!({v,b,u}) = 1 and ce’({v,a,b,u}) = 1. It follows
that CGZJ({% a,b,ut) + ce}‘c”({v, up) =3>2= ce}:({v, a, u}) + Ce?({% b, u})
d



Chapter 5

Fixed tree games with
multi-located players

5.1 Introduction

In this chapter we consider a generalisation of the fixed tree problem, intro-
duced by Megiddo (1978). In a fixed tree problem a rooted tree I'" and a set
of agents N is given, each agent being located at precisely one vertex of I’
and each vertex containing precisely one agent. Megiddo (1978) associates
to such a problem a cooperative cost game (N, c), a fized tree game, where
¢(S) denotes the minimal cost needed to connect all members of S to the
root via a subtree of I, for every coalition S C N.

Fixed tree games and variants of fixed tree games have also been studied
in Galil (1980), Granot, Maschler, Owen, and Zhu (1996), Koster, Molina,
Sprumont, and Tijs (2001) and Maschler, Potters, and Reijnierse (1995).
The special case where the tree is a chain corresponds to airport games,
which have been considered in Littlechild (1974), Littlechild and Owen
(1977) and Littlechild and Thompson (1977). Variants of fixed tree games,
where it is allowed that one vertex is occupied by more players or by no
player, are considered in e.g. Koster (1999) and Van Gellekom (2000). How-
ever, these variants still require that every player is located in precisely one

vertex.

In this chapter, which is based on Miquel, Van Velzen, Hamers, and
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Norde (2003), we generalise the model of Megiddo (1978) in the sense that
players may be located in more than one vertex of the given tree. As a
motivation for this generalised model one can consider the following irriga-
tion problem. Consider a set of parcels in a desert environment which need
to be irrigated from a well. For that reason, a network has been designed
which allows the transportation of water from the well to at least one of the
corners of each parcel. Consider, for example, the situation with five parcels

in Figure 5.1.

well

Figure 5.1: An irrigation network.

Bold lines indicate the network that has already been constructed. The
players are facing the problem of dividing the maintenance costs of this
network, so they are facing a fixed tree problem where the tree is as depicted
in Figure 5.2.
With this fixed tree we can associate in a natural way a cooperative cost
game (N, c). For every coalition S C N, ¢(S) denotes the minimal cost
needed to connect all members of S at least once to the root via a subtree.
This leads to the class of fized tree games with multi-located players.
Standard fixed tree games and the variants of these games are known to
be concave. We will show that this needs not be true for fixed tree games
with multi-located players. However, we will show that these games have

non-empty cores by showing that the core of a fixed tree game with multi-
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Figure 5.2: Fixed tree of the problem in Figure 5.1.

located players coincides with the core of a related standard fixed tree game.
Furthermore we analyse which marginal vectors provide core elements and
conclude that only standard fixed tree games are concave. We show that
the Shapley value need not be a core element and we study the average of
the extreme points of the core.

The remainder of this chapter is organised as follows. In Section 5.2
we formally introduce fixed tree games with multi-located players and in
Section 5.3 we focus on the structure of the core of these games. The last

section, Section 5.4, is dedicated to three one-point solution concepts.

5.2 Fixed tree problems with multi-located play-
ers and games

In this section we introduce fixed tree problems with multi-located players

and its associated cooperative games. First we introduce some notation.
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A tree (V, E) is called rooted in case V' contains a special element referred
to as the root. For each v € V there is a unique path from the root to v.
We denote the vertex set of this path by P(v). A trunk of (V, E) is a set of
vertices T' C V such that P(v) C T for each v € T. The set of followers of a
vertex v is the set F'(v) = {v/ € Vv € P(v')}. A vertex v is called a leaf? if
F(v) = {v}. Analogously we define the set of edges F'(e) following an edge
e. Note that e € F(e).

Now we introduce fixed tree problems with multi-located players. A fized
tree problem with multi-located players, FMP problem for short, is a 5-tuple
I'=(N,(V,E),0,S,a), where

1. N is a finite set of players;
2. (V,E) is a tree with vertex set V' and edge set E;
3. 0 is a special element of V', called the root of the tree;

4. S : V — 2N is a map assigning to each vertex a (possibly empty)

subset of players;
5. a: E — Ry, is a map expressing the maintenance cost of each edge;
and which satisfies the following assumptions:
(A1) for every i € N there is av € V with i € S(v);

(A2) for each leaf t € V, there is an ¢ € N such that ¢ € S(t) and i ¢ S(v)
for every v € V\{t}.

Assumption (A1) states that every player should occupy at least one vertex
in the tree. Assumption (A2) states that the tree (V, E) is “optimal” for the
grand coalition NV, in the sense that no proper subtree of (V, E') provides at
least one connection to the root for every i € N.

Players who occupy at least two vertices are called multi-located players,

and players who occupy precisely one vertex are called single-located. If

4We remark that this definition of leaf is not consistent with its definition in Section
1.2.4. The difference is that the definition in Section 1.2.4 allows the root to be a leaf,
while the definition in this section forbids this possibility.
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an FMP problem does not contain multi-located players, then it is called a

standard FMP problem.

Figure 5.3: A tree depicting a cost sharing problem.

Example 5.2.1 In Figures 5.2 and 5.3 two cost sharing problems are de-
picted. We can easily see that the tree of Figure 5.3 does not correspond to
an FMP problem because after removing the edge between the vertex occu-
pied by players 1 and 4, and the vertex occupied by players 1, 2 and 4, all
players remain connected to the root. Hence, Assumption (A2) is violated.

The tree of Figure 5.2, on the contrary, corresponds to an FMP problem.
It has two leaves and each of them is occupied by one single-located player.
Nevertheless, it is not a standard tree problem as defined in Megiddo (1978)

since players 1, 2 and 4 are located in more than one vertex. &

For an FMP problem we define the associated cost game as follows. Let
I'=(N,(V,E),0,S,a) be an FMP problem. The associated fized tree game
with multi-located players, FMP game for short, is the cost game (N, c)
defined by

¢(S) = Jnin (;TS a(e)> :



128 Fixed tree games with multi-located players

for each S C N, where Ag is the collection of admissible subtrees for coalition
S. A subtree is admissible for coalition S C N if it provides at least one
connection to the root for every member of S. In the following example we

illustrate the concepts of FMP games and admissible trees.

Figure 5.4: An FMP problem.

Example 5.2.2 In Figure 5.4 an FMP problem is depicted. The set of ad-
missible trees for player 1is Agy = {{{A, B}},{{4,C}},{{A4, B},{A,C}}}.
So ¢({1}) = min{3,5,3 + 5} = 3. Also note that ¢({2,3}) =3+5=8. <

From the definition of FMP games it easily follows that FMP games are
monotone games since for every S CT C N, we have Ag O Ar.

Note that in the tree of Figure 5.2, the position of player 1 in the vertex
also containing player 2 seems irrelevant since the path from the root to this
vertex contains another vertex occupied by player 1. We formalise this idea
below. Given an FMP problem I' = (N, (V, E), 0, S, a) we define the reduced
problem T4 = (N, (V, E),0, 57, a), where for every v € V

STed(y) = {i € S(v) : there is no v’ € P(v),v' # v with i € S(v')}.

That is, from the set of players occupying vertex v, those which also occupy
a preceding vertex are dropped. Observe that the single-located players
remain in their initial vertex. The cost game associated with the reduced
problem will be denoted by (N, ¢"*?). This reduction is illustrated in Exam-
ple 5.2.3.

Example 5.2.3 In Figure 5.5 the reduced FMP problem arising from the
problem in Figure 5.2 is depicted. In the tree of Figure 5.2 player 2 can
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Figure 5.5: The reduced problem arising from the problem in Figure 5.2.

choose among four different paths to be connected to the root. However,
the path that ends in the vertex occupied by players 1 and 2 is part of the
path that ends in the vertex occupied by players 2 and 3. Therefore player
2 will never choose this second path to connect himself to the root, since
this path yields a higher cost. So we can delete player 2 from the vertex
occupied by players 2 and 3 without changing the game. Proceeding in this
way we obtain the reduced problem which is depicted in Figure 5.5. Note
that this problem is not a standard FMP problem since it still contains a

player located in two vertices. <&

The proof of the following proposition is straightforward and therefore omit-
ted.

Proposition 5.2.1 Let (N, (V, E),0,S,a) be an FMP problem, and
(N, (V,E),0,S7 a) be its corresponding reduced problem. Let (N, c) and
(N, c"*?) be the associated cost games. Then (N, c) and (N, c"?) coincide.
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Henceforth we assume in the remainder of this chapter, without loss of

generality, that FMP problems are reduced.

5.3 Core and concavity

In this section we show that the core of an FMP game coincides with the
core of a related standard FMP game. Since the core of each standard FMP
game is non-empty we then conclude that FMP games have non-empty cores.
Furthermore we investigate which marginal vectors are core elements and
conclude that only standard FMP games are concave.

First we show that FMP games have non-empty cores. Consider the
FMP problem I" = (N, (V, E),0, S,a). We obtain the related standard FMP
problem I'** by relocating the multi-located players. In particular, each
multi-located player gets relocated to precisely one vertex. This new situ-
ation is defined by the 5-tuple 't = (N, (V, E),0, 5%, a), where S%(v) is

obtained from S(v) as follows:

1. If player ¢ € N is a multi-located player in I', then there is more
than one path connecting him to the root. Since (V, E) is a tree, the
common part of all these paths is again a path. Let v* € V be the
furthest vertex from the root on this common path. Then, in I'*,

player i is located only in vertex v*;

2. If player i € N is single-located in T, then in I'** this player remains

in the same vertex.

In the following example the construction of I'! is illustrated.

Example 5.3.1 Consider the FMP problem I' depicted in Figure 5.5. We
obtain the related standard FMP problem I'*!, which is depicted in Figure
5.6, by changing the position of player 2. Player 2 can choose between two
paths in order to be connected to the root. The intersection of these two
paths is the path which contains the root and the vertex occupied by player
1. In I player 2 is located in the furthest vertex from the root on this

intersection path, i.e, the vertex occupied by player 1. &
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Figure 5.6: The standard FMP problem arising from the FMP problem of
Figure 5.5.

In Granot, Maschler, Owen, and Zhu (1996) it is shown that fixed tree
games are concave. The following proposition weakly generalises this result

and can be proved in a similar way. Therefore the proof is omitted.

Proposition 5.3.1 LetI' = (N, (V, E),0, S, a) be a standard FMP problem

and (N, c) its corresponding game. Then (N, c¢) is concave.

In the following theorem we show that the cores of the cost games associ-
ated with an FMP problem and its corresponding standard FMP problem

coincide.

Theorem 5.3.1 Let I' = (N, (V, E),0,S,a) be an FMP problem and let
rst = (N,(V,E),0,5% a) be the corresponding standard FMP problem.
Let (N,c) and (N, ) be the associated cost games. Then, C(c) = C(c*).
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Proof: First note that ¢**(S) < ¢(S) for every S C N and ¢ (N) = ¢(N).
Consequently, C(c) C C(c).

Now we show that C(c) C C(c*). Let z € C(c). From the monotony
of (N,c) it follows that x > 0. We need to show that for every S C N,
Yieg i < (), or equivalently that 2iens Ti = ¢(N) — cst(9).

Let S C N, and let Vg be the set of vertices in which the members of S
are located in T'*! i.e. Vg = {v € V|S¥(v)NS # 0}. Let Ts be the smallest
trunk containing Vg, and let Eg be the subset of edges corresponding to
this trunk. By definition of Ts, ¢*(S) = > eeng ale). Now let Og denote
the set of outgoing edges of Tg, i.e. Og = {{i,j} € Eli € Ts and j & Ts}.
Furthermore let, for all e € Og, V. be the set of vertices corresponding to
edges of F'(e)\{e}. Finally, let I¢ = ¢y, S(v) and let I, = N\I{. In other
words, I, are those players which appear only in vertices of Ve, and I is its
complement. Because of Assumption (A2) it follows that I, # () for each
e € Og.

Let e € Og. Since each member of IS appears at least once in a vertex
of V\V., the edges in F(e) are not needed to connect the members of IS
to the root. Hence, c(If) < Y scp ror(e) a(f) and therefore 3 ;e xi <
ZfEE,fQF(e) a(f). From the efficiency of x we deduce that

dowzeN)= > alf)= > alf). (5.1)
i€le fEE,f¢F (e) fEF(e)
Hence, the players which appear only in one branch of the tree pay the entire

cost of that branch. If j € S, then it follows that j & I. for every e € Og.
Therefore, UeGOS I. € N\S. By definition of I, it follows that I, N Iz = ()

for all e,é € Og, e # é. That is, the I.’s are pairwise disjoint. Hence,
> > ) Y m= ), wm= ) owm
e€0s feF (e) e€0g i€l i€Uccog Ie i€EN\S

where the first inequality follows from (5.1), and the second from = > 0.

From 3-.co. > pep(e) alf) = Xpep alf) = Xpep, alf) = c(N) — c*(S), we
now conclude that > ;e\ g zi = ¢(IV) — csL(S). O

The following corollary is an immediate consequence of Theorem 5.3.1 and

the fact that concave games have non-empty cores.
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Corollary 5.3.1 Let I' = (V, (V, E),0, S, a) be an FMP problem and (N, ¢)
its corresponding game. Then C(c) # ().

The next part of this section is dedicated to marginal vectors. We will
characterise those orders whose corresponding marginal vectors are core el-
ements. First we need some definitions. Let I' = (N, (V, E),0, S, a) be an
FMP problem and I'** = (N, (V, E), 0, S%, a) be the corresponding standard
FMP problem. For every i € N we define

N; = {j € N| there exist v,v" € V with v' € F(v), i € S(v), j € S*(')}.

Note that for every single-located player i € N we have i € N; and thus
N; # 0. A coalition S C N is called proper if for every i € S there exists a
player j € SN N;. These definitions are illustrated in Example 5.3.2.

Example 5.3.2 Consider the FMP problem depicted in Figure 5.5. Player
2 is a multi-located player who appears in two different vertices, say v; and
v9. Consider these two vertices v1 and vo in the standard problem and the
corresponding sets of vertices F'(v1) and F(v2). The set of players located
in these sets of vertices in the standard problem is No. More precisely,
Ny = {3} U {5} ={3,5}.

Consider coalition S = {2}. We can easily see that SN Ng = (). Therefore
coalition S is not proper. On the contrary, coalition 7' = {2, 3} is proper.
Since, 3 is single-located, 3 € T'N N3. It is also obvious that 3 € TN Ny, <

The following lemma states that proper coalitions have the same cost in
the FMP game and in its associated standard FMP game, while non-proper
coalitions have a strictly larger cost in the FMP game than in its associated
standard FMP game.

Lemma 5.3.1 LetT' = (N, (V, E),0, 5, a) be an FMP problem and let T'$! =
(N, (V,E),0, 5%, a) be the corresponding standard FMP problem. Let (N, c)
and (N, c**) be the associated cost games. Then, ¢(S) = ¢*(S) for all proper
S C N and ¢(S) > ¢*(S) for all non-proper S C N.
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Proof: Let S C N. Let T* be the optimal tree for S in I'** and let V(T*) be
the vertex set corresponding to this tree. Since T* C T for every T' € Ag(T'),
it is satisfied that c(S) > c¢(S). Moreover, c¢(S) = ¢*(9) if and only
if T* € Ag(I"). Hence, we need to prove that S is proper if and only if
T* E_AS(F)

First assume that S is proper. Let ¢ € S and let j € N; 1S. There are
v,v' € V with v' € F(v), i € S(v) and j € S (v'). Since T* is optimal for
S in Tt and j € S%(v'), it is satisfied that v' € V(T*). Since v’ € F(v) this
implies that v € V(T™). We conclude that 7™ connects all i € S to the root
in I'. Therefore we have that 7% € Ag(T").

To show the reverse, assume that 7% € Ag(I"). Let ¢ € S. Since T* is
admissible for S in I' there is a v € V(T™) with ¢ € S(v). Because T is
optimal for S in I'*!, there is a j € S and a v’ € V(T™*) with v' € F(v) and
j € S8 (v'). Thus j € SN N;. Hence, S is proper. O

The next theorem characterises those orders whose corresponding marginal

vectors are core elements.

Theorem 5.3.2 Let (N, (V, E),0,S,a) be an FMP problem, (V,c) the as-
sociated FMP game and o € II(N). Then, m?(c) € C(c) if and only if for
every i € N there exists a j € N; with o7 1(j) < o71(4).

Proof: Let (N, (V,E),0,5% a) be the associated standard FMP problem,
and (N, c!) its associated game. First we show the “if” part. Assume that
o € II(N) is such that for every player ¢ € N there is a player j € N; with
o~ 1(j) < o71(i). Now let k € N. Then, for all i € N with o~1(i) < o~ 1(k)
there is a j € N; with o71(j) < o71(i). Hence, 07 1(j) < o~ !(k) and we
conclude that [o(k), o] is proper. This implies for all S C N,

S i) = Z(c<[o<k>,a]>—c([a(k—n,a]))

kesS kesS

= (k) - (ioth - 1,0

kesS

= Y mie)

kes
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IA

o
&

=

< ¢(9).

The second equality follows by Lemma 5.3.1 and the fact that [o(k), o] and
[0(k—1), o] are proper. The first inequality is due to concavity of (N, ¢*!) and
the last inequality again by Lemma 5.3.1. We conclude that m?(c) € C(c).

Secondly, we show the “only if” part. Let o € II(N) be such that
there is an i € N with o71(j) > o~!(i) for all j € N;. Consider coalition
S = [i,o]. Note that S is non-proper, because S N N; = (. Then, by
Lemma 5.3.1, ¢(S) > ¢*(S). Since Y ,cgm?(c) = ¢(S), it follows that
SicgmI(c) > ¢(S), and therefore m?(c) ¢ C(c*"). Hence, by Theorem
5.3.1 we have m?(c) € C(c). O

Let I' = (N, (V, E),0,S,a) be a non-standard FMP problem and (N, ¢) its
associated game. Let ¢ € N be a multi-located player. Since ¢ is multi-
located, it follows that ¢ ¢ N;. Now let o € II(N) be such that o(1) = i.
According to Theorem 5.3.2 it follows that m?(c) ¢ C(c) and we conclude

that (IV,c) is not concave. Hence, we obtain the following corollary.

Corollary 5.3.2 An FMP problem is standard if and only if the associated

game is concave.

5.4 One-point solution concepts

In this section we consider three one-point solution concepts. First we re-
mark that the nucleolus of an FMP game coincides with the nucleolus of its
associated standard FMP game. Secondly, we consider the Shapley value
and we show that for each non-standard FMP problem there exists a cost
function on the edges such that the Shapley value is not a core element of the
associated game. Furthermore we study the average of the extreme points
of the core. We obtain a weight vector w such that if we divide the cost of
each edge among its users proportionally to w, then we obtain an allocation
that coincides with the average of extreme points of the core.

The nucleolus is a well known one-point solution concept introduced in

Schmeidler (1969). The nucleolus has the property that it is a core element
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whenever the core is non-empty. In Potters and Tijs (1994) it is proved
that if two games have the same core, with one of the games being concave,
then both games have the same nucleolus as well. Hence, we conclude using
Proposition 5.3.1 and Theorem 5.3.1 that the nucleolus of an FMP game

coincides with the nucleolus of its associated standard FMP game.

Corollary 5.4.1 Let I' = (N, (V, E),0,S,a) be an FMP problem and let
['$! be its corresponding standard problem. Let (N,c) and (N, c*!) be the

associated games. Then nucleolus(c) = nucleolus(c).

In the upcoming part of this section we study the Shapley value. We show
that if an FMP problem contains a multi-located player, then there exists a
cost function on the edges such that the Shapley value is not a core element
of the associated game. In the proof we denote the set edges going out of
v eV by Oy, ie. Oy, ={{v,w} € E:we F(v)}.

Theorem 5.4.1 Let (N, (V,E),0,S5) satisfy all relevant conditions of the
definition of FMP problems. If (N,(V,E),0,S) contains a multi-located
player, then there is an a : E — R, such that ®(c) € C(c), with (N, c) the
FMP game associated with (N, (V, E),0, 5, a).

Proof: Let i € N be a multi-located player. Then there is more than one
path connecting i to the root. Since (V| E) is a tree, the common part of all
these paths is again a path. Let v™ € V' be the furthest vertex from the root
on this common path. Finally, let p > 0 be the number of edges on the path
from the root to v* and let m > 1 be the number of edges on the shortest
path from v* to a vertex where player ¢ is located.

First suppose that p = 0. Let a(e) = 1 for all e € E. Let ' =
(N,(V,E),0,S,a) be the corresponding FMP problem and (IV,c) its as-
sociated FMP game. Furthermore, let 't = (N, (V, E), 0, S, a) be the cor-
responding standard FMP problem, and (N, ¢*t) its associated game. Since
p=0,i€ S%(0). That is, i is located at the root in I'*!. Hence, we have that
c'({i}) = 0. However, since at T' player i is not located at the root, it fol-
lows that ®;(c) > 0. Indeed, each o € II(N) with (1) = 7 yields a marginal

vector m?(c) with mZ(c) > 0. Furthermore, monotony of (N, c*!) implies
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that each marginal vector is non-negative. Hence, ®;(c) > 0 = ¢*({i}), so
d(c) € C(ct) = C(c).
Now suppose that p > 0. Define
1, if € € Oys;
a(e) :{ ﬁ, otherwise.
Now consider the FMP problem I' = (N, (V, E),0,S,a) and its associated
game (N, c). Furthermore, let I'*t = (N, (V, E), 0, 5%, a) be the correspond-
ing standard FMP problem and (N, c*) its associated game. Now observe
that m{(c) = 1—|—(m+p—1)u\ﬁ for each o € TI(N) with o(1) = i. Note that
there are (|N| — 1)! orders with (1) = i. Again we remark that because of

monotony each marginal vector is non-negative. This yields

7(]\]’E\f_ul)!(l—I—('m—l—p—1)L ! !

®;(c) > ]N]p) > W :Pm = " ({i}).
We conclude that ®(c) € C(c*) = C(c). O

According to Theorem 5.4.1 the only FMP problems for which the Shapley
value is a core element of the associated game, regardless of the cost function
on the edges, are FMP problems without multi-located players. Therefore we
consider an alternative solution concept, namely the average of the extreme
points of the core. This average, denoted by «(c), is obviously a core element
for each FMP game. Note that for each FMP game «(c) can be calculated
straightforwardly, since each extreme point of C(c) coincides with a marginal
vector of a related standard FMP game. However, we provide an alternative
method for obtaining a(c). In fact, we will introduce a weight vector w such
that dividing the cost of each edge among its users proportionally to w yields
the same allocation as a(c). First we develop some notation.

Let T' = (N,(V, E),0,S,a) be a standard FMP problem and (N, ¢) its
associated game. For each e € F, let v, € V be the endpoint of e located
furthest away from the root. Furthermore, denote the set of users of edge
e € E by I.. For each i € N, let E; C E be the set of edges on the
path from i to the root. Define n(e) = [S(ve)| + |Oy,| for each e € E, and
w; = [leep, ﬁ for each 7 € N. Finally, for each e € F and ¢ € I, let

wi =] FEENF(e) ﬁ The following example illustrates these definitions.
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Example 5.4.1 Let I' be the standard FMP problem depicted in Figure 5.7.
The edges are denoted by f1,..., f¢. Observe that, for instance, n(f1) = 4,

n(f2) =2 and n(fy) = 1. Furthermore, wy = wy = %, w3 = %, wy = i% =1

- 8
and ws = %. Also observe that wf =1 &

2
®
f5

O

Ja

Figure 5.7: A standard FMP problem.

The remainder of this section is dedicated to showing that «;(c) =

> ceE,; %a(e) for each i € N. In order to do so, we need two lemmas.
Lemma 5.4.1 Foralle € E, ., wf = 1.

Proof: For each e € E, let k(e) denote the maximal length of a path from
ve to a leaf of (V, E'). We prove the lemma by induction on k(e).

Let e € E be such that k(e) = 0. Then v, is a leaf of (V| E). Therefore,
|0y, | = 0, n(e) = |S(ve)|, I. = S(ve) and w§ = — for each i € I,. This

n(e)
implies

e R U
Zwi_ Z n(e) ‘S( 6)"5(08)’ L.

iEIe iES(’Ue)

Now assume, as the induction hypothesis, that x > 1 is such that ), I wzf

=1 for each f € F with k(f) < k. Let e € E be such that k(e) = k. Note
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that for each f € O,, we have that k(f) < x — 1 < k. This implies

Sui = ¥ ui+ Y Y

i€l, i€S(ve) FEO,, icly
1 I
- Z n(e) - Z Z nie) i
1€5(ve) fEOy, i€ly
1 1
— 1S(v.)]—— =
| (U€)|n(e) + Z n(e)
fE€O,
1 1
= 1S(v)|—— + |0, |——
| (v€)|n(6) + | v8|n(e)
= 1.
The second equality is satisfied because w§ = ﬁ for each i € S(v.), and
because w{ = ngEmF(e)ﬁ = ﬁHgEEmF(f)ﬁ = ﬁwzf for each
f € Oy, and i € Iy. The third equality is due to our induction hypothesis
that Zielf wlf =1 for each f € E with k(f) < k. O
Lemma 5.4.2 For alle € F and i € I, w{ = <«

Zje]e wj

Proof: Observe that

w¢
wp = =
2jer, W

_1

HfEEiﬁF(e) n(f)
1

Zje[e erEjﬂF(e) n(f)

1

o HfEEi,fQF(e) n(f) HfGE,-ﬂF(e) n(f)

1 1
HfEEi,fQF(e) n(f) Zjele erEij(e) n(f)

1
yee, atp

1 1
Zje[e erEi,ng(e) n(f) erEij(e) n(f)

1
yee, 7tp

Zjele HfEEj ﬁ

Wy
2jer, Wi
The first equality is satisfied because of Lemma 5.4.1. For the fifth equality
we have used that {f € E; : f & F(e)} = {f € E; : f & F(e)} for each
j € I.. The last equality is satisfied by definition of w. O
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It will be convenient to describe the set of extreme points of C(c) in terms
of so-called consistent edge-assignments. An edge-assignment is a map 7 :
E — N that assigns each edge to precisely one player. An edge-assignment
T is consistent if T(e) € I, for each e € E, and if 7(e) =i and f € E; N F(e)
imply 7(f) = 4. In other words, e € F is assigned to a user of e, and ife € E
is assigned to ¢ € I, then all edges on the path from e to i are assigned
to 7 as well. Let Y be the set of consistent edge-assignments. With each
7 € Y we associate an allocation vector in the following straightforward
way: T = zeeE:T(e):ia(e) for each i € N. That is, each player pays for
the edges that are assigned to him. Let XY = {27 : 7 € Y'}. Since a(e) > 0
for each e € E, it follows that the correspondence between Y and XV is a
one-to-one correspondence. Hence, |Y| = | XY .

We will now argue that the set of extreme points of C'(c) coincides with
XY, Let X be the set of extreme points of C(c) and let x € X. Since z
corresponds to a marginal vector, the cost of each edge is allocated to a
single user. In fact, if the cost of edge e is allocated to player ¢, then the
cost of all edges on the path from e to i are allocated to i. Hence, z can be
associated with a consistent edge-assignment. We conclude that X C XV

Now let 7 € Y. Let o € II(N) be such that for all 4,5 € N, 0=1(i) <
o~1(j) if 7(e) = i for some e € E;. In other words, if an edge at the path
from j to the root is assigned to 4, then ¢ is ordered before j. Observe,
since 7 is consistent, that o exists. Indeed, for all 4,5 € N, ¢ # j, it cannot
happen that we require that o=1(i) < 071(j) and 0~!(j) < o~!(i). Finally,
note that m?(c) = z7. We conclude that X7 C X.

The coincidence between X and XY implies that a( ) = 4] er YT =

m > rey 7. We will now show that a;(c) = cp. dez o a(e).

Theorem 5.4.2 Let I' = (N, (V, E),0, S,a) be a standard fixed tree prob-

lem and (NN, ¢) be the associated fixed tree game. Then «;(c) =
Y ek, %a(e) for each i € N.

Proof: First observe that

1
a;(c) |Y| Z Z Z ale) = 4l . ‘a(e).

TeY TEY ecE:T(e)=i
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We claim that |Y| = [[.cgn(e). Indeed, at a consistent edge-assignment
edge e € F can be assigned to precisely n(e) players. In particular, it can be
assigned to a player in [S(ve)|, or to player 7(f) € Iy, f € O,,. By definition
of consistency it is not allowed to assign the cost of e € E to j € I;\{7(f)}.

Similarly it can be seen that [{r € Y : 7(e) = i}| = [[ e p.pepnr(e) M(f)
for each e € F and ¢ € I.. If e € F is assigned to i, then, because of
consistency, all edges in E; N F(e) are assigned to player i as well. The
remaining edges can be assigned in [] FEB: fENF(e) n(f) different ways.

We conclude that

ai(c) = |Z > ale)

eEl; TeY:r(e)=

_ ale [ sep.pepnre n(f)
B Ezj O Mepn(h)

= Z a(e) !

> =——ale)
e ale).
ocB, Zje]e wy

The last equality is satisfied because of Lemma 5.4.2. O

Example 5.4.2 Let ' be the FMP problem depicted in Figure 5.7 with a :
E — Ry the cost function on the edges. Let (IV, ¢) be the associated FMP
game. Then a1(c) = qa(fr), a2(c) = ja(f1), as(c) = ja(fi) +a(fs)+a(fs),
aq(c) = ga(f1) + ga(f2), and as(c) = ga(fi) + za(f) +a(fa) +a(fs). O






Chapter 6

Sequencing games

6.1 Introduction

In operations research, sequencing situations are characterised by a finite
number of jobs, lined up in front of one (or more) machine(s), that have to
be processed on the machine(s). A single decision maker wants to determine
a processing order of the jobs that minimises a cost criterion and takes
into account possible restrictions on the jobs (e.g. due dates, precedence
constraints, etc.) This single decision maker problem can be transformed
into a multiple decision maker problem by taking agents into account who
own at least one job. In such a model a group of agents (coalition) can
save costs by cooperation. The question then arises how to divide the total
cost savings among the group of agents. This question was first addressed
in Curiel, Pederzoli, and Tijs (1989). In that paper sequencing games are
introduced, arising from sequencing situations where weighted completion
times are the cost criteria of the agents. It was shown that sequencing
games are convex, and thus have non-empty cores. Moreover, an allocation
rule dividing the total cost savings obtained from complete cooperation was
introduced and characterised.

The paper by Curiel, Pederzoli, and Tijs (1989) turned out to be the
starting point of a vast growing literature on the interaction between schedul-
ing theory and cooperative game theory. Van den Nouweland, Krabbenborg,
and Potters (1992), Hamers, Klijn, and Suijs (1999) and Calleja, Borm,
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Hamers, Klijn, and Slikker (2002) investigate sequencing games that arise
from multiple-machine sequencing situations. These papers mainly focus on
the non-emptiness of the core of the related sequencing games.

Hamers, Borm, and Tijs (1995) introduce sequencing games arising from
situations with ready times (release dates) on the jobs. In this case the cor-
responding sequencing games have non-empty cores, but are not necessarily
convex. For a special subclass, however, convexity could be established.
Similar results are obtained in Borm, Fiestras-Janeiro, Hamers, Sanchez,
and Voorneveld (2002), in which due dates are imposed on the jobs.

The remainder of this chapter is organised as follows. In Section 6.2 we
introduce sequencing situations and games as introduced in Curiel, Peder-
zoli, and Tijs (1989).

In Section 6.3, which is based on Van Velzen (2004b), sequencing games
are introduced arising from situations with controllable processing times. In
particular, it is assumed that jobs can be processed in shorter durations,
but at extra cost. The main focus is non-emptiness of the core. Convexity
is studied for some special instances.

Section 6.4 is based on Hamers, Klijn, and Van Velzen (2005). That sec-
tion introduces sequencing games arising from situations with a precedence
relation on the jobs. Convexity is shown for games arising from situations
where the precedence relation is a network of parallel chains, and the initial
order is a concatenation of these chains.

Weak-relaxed sequencing games are introduced in Section 6.5. These
sequencing games arise from sequencing situations by considering a less re-
stricted set of admissible processing orders. The section, based on Van
Velzen and Hamers (2003), shows non-emptiness of the core of these games.

Finally, in Section 6.6, which is based on Hamers, Klijn, Slikker, and Van
Velzen (2004), we introduce a model where a finite number of indivisible
objects need to be allocated to the same number of agents. We assume that
the agents are allowed to choose the objects according to some prescribed
order. Furthermore we assume that the agents will collaborate in order to
achieve a society-efficient assignment of the objects and we show that this

assignment is supported by side-payments that guarantee stability, i.e. such
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that each group of agents has an incentive to collaborate with the other

agents.

6.2 Sequencing situations and games

In this section we introduce sequencing situations and games as introduced
in Curiel, Pederzoli, and Tijs (1989).

In a sequencing situation there is a queue of agents, each with one job,
in front of a machine. Each agent has to process his job on the machine.
The set of agents is denoted by N. The positive processing time p; of the
job of agent i € N is the time the machine takes to handle this job. Each
agent has a cost function that is linear in the completion time of its job. In
particular, if ¢ is the completion time of the job of agent i, then ¢;(t) = «a;t
with «; > 0. We assume that the machine can only handle one job at
once, and that processing schedules are semi-active, i.e. there are no idle
times in between the processing of jobs. Hence, a processing schedule is
merely an order o : {1,...,|N|} — N that specifies the positions of the jobs
in the queue. The set of all processing orders is denoted by Pr(N). We
assume there is an exogenously given initial processing order oy € Pr(N).
This initial processing order has the interpretation that the jobs will be
processed according to this order, unless the agents decide to reorder their
jobs. A sequencing situation is formally described by the tuple (N, og, a, ).

If 0 € Pr(N) is the processing order of the jobs, then
Zje{l,...,|N\};j§r1(z’) Do(j) 1 the completion time of job i € N. Therefore,
the cost of agent i € N at processing order o is given by

CZ(O') = Qy < Z pa(j)> .
JE{L N[} <o~ 1(d)
A processing order is called optimal if it minimises the sum of the costs of
all agents. Formally, o € Pr(N) is optimal if
Z Ci(o) < Z C;(7) for each 7 € Pr(N).
1EN iEN
In Smith (1956) it is shown that a processing order is optimal if and only

if the jobs are lined up in decreasing order of urgency indices, where the
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urgency index of i € N is given by u; = % We refer to this result as the
Smith-rule.

In the remainder of this section we formally introduce sequencing games.
The characteristic function of a sequencing game describes the maximal cost
savings that coalitions can obtain by means of admissible rearrangements
of the initial processing order. Obviously, the worth of a coalition depends
on the interpretation of the clause “admissible rearrangements.” We call a

processing order o € Pr(N) admissible for coalition S C N if

{ieN:07'(j) <o '(i)}

={j € N:oy"(j) <oy'(i)} for each i € N\S. (6:1)

This condition implies that the completion times of the players outside the
coalition remain the same. Furthermore, players in S are not allowed to
jump over players outside S. The set of all admissible processing orders
for coalition S C N is denoted by A(S). The (standard) sequencing game
(N,v) is now defined by

v(8) =) _Ci(og) = min Ci(o)

A
ies 7€AWS) i3

for each S C N. It can be easily seen that sequencing games are superaddi-
tive. In fact, sequencing games are chain-component additive with respect
to 0¢.> This result follows directly from admissibility condition (6.1).

We call S C N connected with respect to oy if there are 4, j € {1,...,|N|}
with S = {09(i),...,00(j)}. If a coalition is not connected, then it consists
of several connected components. We denote the components of S C N with
respect to oo by C(S5).

Let 0 € Pr(N) and let 4,5 € N be such that agent 7 is directly in
front of agent j with respect to 0. The cost savings that can be obtained
by switching ¢ and j equal g;; = max{0, o;p; — a;pj}. Observe that this

amount is positive if and only if u; > u;. Since optimal processing orders

5This is a small abuse of terminology since we introduced component additivity of
games with respect to trees and not with respect to orders. However, the initial order o¢
constitutes a chain in a straightforward way.
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can be reached by series of switches of neighbours, it follows that

v(S) = > > g

TeC(S) i,j€T:i<]

for each S C N. Using this last expression it is easily verified that sequencing
games are convex, and therefore have non-empty cores (cf. Curiel, Pederzoli,
and Tijs (1989)).

6.3 Sequencing games with controllable process-
ing times

In reality processing jobs does not only require a machine, but also additional
resources such as manpower, funds, etc. This implies that jobs can be
processed in shorter or longer durations by increasing or decreasing these
additional resources. Of course, deploying these additional resources entails
extra costs, but these extra costs might be compensated by the gains from
job completion at an earlier time. Sequencing situations with controllable
processing times, or cps situations for short, are investigated in, among
others, Vickson (1980a), Vickson (1980b) and Alidace and Ahmadian (1993).
An overview of literature on cps situations is given in Nowicki and Zdrzalka
(1990).

In this section, which is based on Van Velzen (2004b), we consider se-
quencing games arising from cps situations. For these so-called cps games
we obtain two core elements that depend only on an optimal schedule for
the grand coalition. Furthermore we show that many marginal vectors are
core elements, in spite of the fact that these games are not convex in general.

Finally, we consider convexity for some special instances of cps games.

6.3.1 Sequencing situations with controllable processing
times and games

A sequencing situation with controllable processing times, or cps situation
for short, is a tuple (N, 09, «, 3,p,p). Here, N, 0p, @ and p have the same

interpretation as in Section 6.2. For the sake of notational simplicity we



148 Sequencing games

assume throughout this section that o(i) = ¢ for each i € {1,...,|N|}.
However, in this section we assume that the processing times of the jobs are
not fixed. In particular, the processing time p; of ¢ € N can be reduced to
at most p;, the crashed processing time of 7. The amount of time by which
the processing time of 4 is reduced is called the crash time of i. We assume
that 0 < p; < p; for each i € N. The cost of each agent is linear in the
completion time of its job, and in the crash time of its job. That is, if ¢ is

the completion time and y the crash time of job %, then
Ci(t,y) = ait + Biy.

Of course, «; and §; are both positive constants for each i € N. Since
crashing a job requires additional resources, we assume that «; < 3; for all
i € N. That is, reducing the processing time of a job by one time unit costs
more than the processing of that job by one time unit.

Since processing times are not fixed, a processing schedule is a pair
(0,2) with ¢ € Pr(N) and = a vector of feasible processing times. At
processing schedule (o, z), the completion time of job i € N is equal to
Zje{l,...,|N|}:j§a*1(i) Ts(j), and its crash time is p; — ;. Hence, the cost of

agent ¢ € N at processing schedule (o, z) is

Ci(av x) = ai( Z xa(j)) + ﬂl(pl - ‘TZ)

FE{1,INT} <o~ (i)

A processing schedule (o, z) is called optimal if it minimises the sum of the

costs of all agents, i.e. if

Z Ci(o,x) < Z C;(t,y) for any processing schedule (7, ).

i€EN i€EN
Finding an optimal processing schedule for a cps situation falls into the class
of NP-hard problems (Hoogeveen and Woeginger (2002)). The difficulty of
this problem lies in finding optimal processing times. Once a vector of opti-
mal processing times is known, it is straightforward to find a corresponding
optimal processing order by applying the Smith-rule. Although finding op-

timal processing schedules is difficult, the following lemma, due to Vickson
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(1980a), is helpful for our purposes. This lemma states that there is an op-
timal processing schedule such that the processing time of each job is either
equal to its initial processing time, or its crashed processing time. We note
that this result easily follows from the linearity of the cost functions of the

agents.

Lemma 6.3.1 (Vickson (1980a)) Let (N,o0¢,,3,p,p) be a cps situa-
tion. There exists an optimal processing schedule (o, x) such that z; €
{pi,p;} for all i € N.

From Lemma 6.3.1 it follows that an optimal processing schedule can be
found by considering all 2V possibilities for the processing times and apply-
ing the Smith-rule for each of these possibilities. Without loss of generality
we assume throughout this section that optimal processing schedules satisfy
the property of Lemma 6.3.1, i.e. if (o, ) is an optimal processing schedule,
then x; € {p;,p;} for all i € N.

In the remainder of this section we introduce sequencing games with
controllable processing times, or cps games for short. Let (N, 09, , 3, p, D)
be a cps situation. The characteristic function of a cps game will express
the maximal cost savings each coalition can obtain by means of an admis-
sible alteration of the initial processing schedule. For this we have to agree
upon which processing schedules are admissible for a coalition. We call
a processing schedule admissible for a coalition if it satisfies the following
three properties. First, the processing times of the players belonging to the
coalition should be feasible, i.e. in between the crashed processing time and
the initial processing time. Secondly, the processing times of players out-
side the coalition should remain unchanged. Finally, the schedule should
be such that the jobs outside the coalition remain in their initial position
and no jumps take place over players outside the coalition. Let AS(S) de-
note the set of admissible schedules for coalition S C N. Mathematically,
(o,2) € AS(S) if

pi<xz; <p; forall i€§ (6.2)
x;=p; forall i€ N\S (6.3)
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and if o satisfies (6.1). The cps game (N, v) is now defined by

:ZCi(ao,p) amrrelng(S ZC ()

€S

for each S C N. The following lemma shows that cps games are superaddi-

tive.

Lemma 6.3.2 Let (N, 09, «, 3,p,p) be a cps situation and let (IV,v) be the

corresponding game. Then (N, v) is superadditive.

Proof: Let S,T C N be non-empty sets with SNT = (. Let (o°,2%) €
AS(S) be an optimal processing schedule for coalition S, and (o7, 27) €

AS(T) be an optimal processing schedule for coalition 7. Now let 2“7 be
given by
x?, ifieS;
PV = 2l ifieT,

pi, ifie N\(SuT);

Furthermore, let °“7 € Pr(N) be a “merger” between ¢ and o7, i.e. let
YT € Pr(N) be such that

(o) 74), ifies;
(@) @) =3 (")), ifieT;
oy (i), ifie N\(SUT);

Now observe that (Y7, 29YT) € AS(SUT). It is easily verified that
Ci(o%YT 59T < Cy(0°, %) for each i € S. Indeed, the position of player

i € S is the same at both orders, and the crash time of 7 is the same as well.

SUT’xsuT)

However, the completion time of i at (o might be smaller than at

( S S) ( SUT SUT)

since at player ¢ might benefit from possible crashes of

JObS corresponding to players in T. Similarly, C;(o°"T, 25T < Cy(oT, 27T)
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for each ¢ € T'. It is straightforward to verify that

v(SUT) = Z Ci(o0,p) — min Z Ci(o,x)

(o,2)EAS(SUT) .

1€SUT 1eSUT
> Y Ciloo,p)— Y Ci(e®",2%T)
ieSuT ieSuT
= ) Ci(oo,p) =Y Ci(a®T,25T)
ieS i€S
+ Z Ci(o0,p) — Z CZ'(O'SUT, JJSUT)
i€T ‘T
> Y Ci(oo,p) = Y Ci(a®,2")
i€s ics
+>_ Ci(oo,p) = > _ Ci(o™,2T)
ieT €T
= v(S) +v(T).

The first inequality is satisfied because (0“7, 2°YT) need not be optimal

for SUT. O

Similarly to Lemma 6.3.1 it is straightforward to see that for each coalition
S C N there is an optimal processing schedule with the processing time of
each job either equal to its initial processing time, or to its crashed processing
time. Therefore we assume throughout this section that optimal processing
schedules satisfy this property. We now give an example of cps games. This
example illustrates that cps games need not be chain-component additive

with respect to oy nor convex.

Example 6.3.1 Let (N,00,a,03,p,p) be given by N = {1,2,3,4}, a =
(1,1,1,1), B = (2,2,2,2), p = (10,4,3,15), p = (4,3,2,5), and let (N, v) be
the corresponding cps game. Now consider for instance coalition {1,2, 3}.
An optimal schedule for this coalition is given by (o,z) € AS({1,2,3}) with
o= (3,2,1,4) and x = (10,4, 2,15). This yields cost savings v({1,2,3}) =
15.

It can be verified that v({1}) = v({1,3}) = v({3,4}) = 0,v({1,3,4}) =6
and v(NN) = 17. We conclude that v({1}) + v({3,4}) =0 < 6 = v({1, 3,4}).
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Hence, (NN, v) is not chain-component additive with respect to og. Further-
more, v({1,2,3}) + v({1,3,4}) = 21 > 17 = v(N) + v({1,3}). This shows
that (N, v) is not convex. <&

Note that non-emptiness of the core of many extensions of standard sequenc-
ing games is proved by means of chain-component additivity with respect to
oo (e.g. Borm, Fiestras-Janeiro, Hamers, Sanchez, and Voorneveld (2002)
and Hamers, Borm, and Tijs (1995)). Since cps games need not be chain-
component additive with respect to op nor convex, another approach is
needed to establish non-emptiness of the core. This will be the main issue

of the upcoming section.

6.3.2 Cores of sequencing games with controllable processing
times

In this section we prove non-emptiness of the core of cps games. In particu-
lar, we provide two core elements that depend only on an optimal processing
schedule for the grand coalition. Furthermore we show that many marginal
vectors are core elements.

In the first part of this section we provide two core elements that only
depend on an optimal processing schedule for the grand coalition. For the
perception of these two core elements it is important to note that the optimal
processing schedule for the grand coalition can be reached from the initial
processing schedule in several ways. For example one could first reduce the
initial processing times of the jobs to the optimal processing times, and
then rearrange the jobs. But one could also first rearrange the jobs and
then reduce the initial processing times to the optimal processing times.
We emphasise these two possibilities since the construction of our two core
elements depends on them.

Let (N, 00, a, 3,p,p) be a cps situation. Let (o,z) € AS(N) be an opti-
mal processing schedule for the grand coalition. For our first core element,
denoted by ~(o,z), we will reach this optimal processing schedule by first
crashing jobs, and then rearranging them. Let v(o,z) be obtained as fol-

lows. First give the cost savings (or costs) obtained by the crashing of a job



6.3 Sequencing games with controllable processing times 153

to the job that crashes and secondly, allocate the cost savings obtained by

interchanging two jobs to the back job. Or to put it in a formula:

Yi(o, @) = ( > aj- @') (pi—m)+ Y (ouwy — o)y,
JEN:j>i JEN:j<i
for all i € N. Here (3_;cn.j>; @ — Bi)(pi — xi) are the cost savings obtained
by crashing job ¢ by p; — x; units of time. The cost savings obtained by
moving job ¢ up in the queue equal > .. ;(ozj — ojzi) 4.

For our second core element, denoted by d(c,x), we reach the optimal
processing schedule (o, z) by first interchanging jobs to the optimal order,
and then crashing them. Let §(o, z) be the following allocation. First give
the cost savings (or costs) of each neighbourswitch to the back job, and
secondly, allocate the cost savings due to the crashing of a job to the job
that crashes. That is,

di(o,x) = Z (qipj — ajpi)

JEN:j<i,o~1(§)>0~1(i)

+ ( > o — ﬁz) (pi — ;).
keN:o—1(k)>0—1(3)

for each i € N. Clearly, v(-) and (-) depend on which optimal processing
schedule is used. However, because of notational convenience we will write
~ and 9§ instead of v(o, z) and 6(o, ) if there can be no confusion about the
optimal processing schedule that is used.

Before we show that v and ¢ are core elements, we need two lemmas. In
the first we obtain an expression for § that we use in the proof of Theorem
6.3.1. The second lemma is a technical but straightforward lemma which we

use throughout this section.

Lemma 6.3.3 Let (N,o00,,3,p,p) be a cps situation and let (o,2) €
AS(N) be an optimal processing schedule. Then,

o = vi-— > aj(pi — ;)
JEN:j>i,0-1(j)<o—1(4)

+ > ai(pj — ;).

JEN:j<i,o~1(j)>01(7)
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for all 7 € N.

Proof: Let i € N. Then

0 = > (aipj — a;pi) (6.4)

JEN:j<i, o= 1(j)>0—1(3)

+ ( > Q — ﬁz‘) (pi — i) (6.5)

keN:o—1(k)>0—1(4)

First note for expression (6.4) that

> (aipj — a;pi)
JEN:j<i, o= 1(§)>0—1(3)
= Z (Ozix]‘ — Oszz') (6.6)
JEN:j<i, o= 1(§)>01(3)
+ > ai(pj — ;). (6.7)

JEN:j<i, o= 1(j)>01(3)

Furthermore, note for expression (6.5) that

> a — ﬁi) (pi — 25)

kEN: o~ 1(k)>0—1(1)
= ( > - /31‘) (pi — i) (6.8)
kEN:k>i
— Z Oéj(pi — l‘z) (6.9)
JEN:>i, o~ 1(j)<o—1(4)
+ > o (pi — ;). (6.10)

JEN:j<i, o71(j)>071(3)

Now adding expressions (6.6) and (6.10) yields

> (cvizj — api) + > o (pi — ;)

JEN:j<i, o= 1(j)>01(3) JEN:j<i, o=1(j)>071(d)
= E (Ozi.%’j — aja:i)
JEN:j<i, o=1(j)>0~1(2)

= Z (O[Z'CE]' - Ozjl‘i)Jr. (611)

JEN:j<i
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The last equality is satisfied because according to the Smith-rule, o=1(j) >
o~ 1(i) implies oz —ajx; > 0, and 0~ 1(j) < 071 (i) implies ajz; — aja; < 0.
Observe that the sum of expressions (6.8) and (6.11) coincides with 7;. We

conclude that

o = %i— > a;(pi — i)

JEN:j>i, o~ 1(j)<o~1(3)

+ > ai(pj — ;). H

JEN:j<i, o= 1(j)>0—1(4)
Lemma 6.3.4 Let a1,a2,q1,q1,q2 > 0 with ¢1 > ¢1. Then,
az(q1 — q1) + (a2q1 — a1q2)+ > (a2q1 — a1G2)+.

Proof: If (a2q1 — a1g2)+ = 0, then the inequality is trivially satisfied,
so suppose that (a2qi — a1q2)+ > 0. This implies that asqi — aiga > 0.
Straightforwardly it follows that

a2(q1 — q1) + (a2q1 —a1q2)+ > a2(q1 — @1) + (a2q1 — a1q2)
= a2q1 —a1q2

= (a2q1 — a1q2)+- O

Theorem 6.3.1 Let (N, 09, ,3,p,p) be a cps situation and (N, v) its cor-
responding cps game. Let (0,2) € AS(N) be an optimal processing schedule.
Then, 7,0 € C(v).

Proof: Since y and ¢ are efficient by definition, we only show that » .., v; >
v(T) and ), .7 6; > v(T) for each T'C N. Let T'C N. We need to show
that > ;v > v(T) and ), 1 0; > v(T). We will equivalently show that
Yienmr Vi (1) < v(N) and  ;cpyp 0; + 0(T') < v(N) by constructing a
suboptimal processing schedule (o0t psubort) ¢ AS(N) that depends on
an optimal processing schedule of T. We show that the total cost savings
obtained at this processing schedule exceed both }_,cx\p7vi + v(T) and
Y ic N\T di +v(T). Obviously the cost savings at the suboptimal processing

schedule are at most v(N).
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We first find usable expressions for » ;. yy 7% and 3,y 6i- Note that

D= D, ( > Oéj—ﬁz‘)(pi—él?i) (6.12)

1EN\T 1EN\T “jEN:j>i
+ Z (aiwj - ozjml-)+ (6.13)
4,jEN\T:j<i
+ Z (Oéiﬂjj - OéjCCZ')_;,_ (614)
JETHEN\T j<i
and that
2 %= >
1EN\T 1€EN\T

- Z Z aj(pi — i) (6.15)

1EN\T JEN:j>i,0-1(j)<o—1(3)

+ D > ai(pj — ), (6.16)

1EN\T JEN:j<i,o~1(j)>0—1(3)

= Y (6.17)

iEN\T

- Z Z aj(pi — ;) (6.18)

i€EN\T JET:5>i,0~1(j)<o—1(4)

+ D > ai(pj — ), (6.19)

1EN\T jeET:j<i,0~1(j)>0—1(4)

where the first equality holds because of Lemma 6.3.3. The second equality
is satisfied because for each pair i, j € N\T with j >4 and o~1(j) < o7 1(i)
every term in (6.15) also appears in (6.16) but with opposite sign.

Let (67, p") € AS(T) be an optimal processing schedule for coalition 7.
Consider the processing schedule (o5u0Pt psubort) ¢ AS(N), where pS"*P" =

J

p? ifjeT, p;UbOP b = z; if j € N\T, and o*“%P! is the order obtained by
applying the Smith-rule using the suboptimal processing times. The total

cost savings for the grand coalition at this processing schedule equal

P= (X a-a) e (6:20)

FET NETH>5
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+Z< > Oéz')(pj—pj“bom) (6.21)

JET MeN\T:i>j

+ D ( > arﬁj)(pj—pj“b"pt) (6.22)

JEN\T “MEN:i>j

+ Z (aipjubopt _ ajpfubopt)+ (623)
JAEN\T:5<1i

+ Z (Oéipjumpt — ajprbOpt)+ (6.24)

FEN\TieTj<i

n Z (aip;ubopt B ajpfubopt)+ (6.25)
JETHEN\T:j<i
D (] = agp ) (6.26)
€T j<i
Expressions (6.20) and (6.21) are the cost savings obtained by crashing the
jobs of T', and expression (6.22) the cost savings obtained by crashing the
jobs of N\T'. The cost savings obtained by rearranging the jobs are equal
to the sum of expressions (6.23), (6.24), (6.25) and (6.26).

Now we will show that the sum of (6.12), (6.13), (6.14), (6.19) and v(T")
is exceeded by P. Since (6.19) is non-negative, this shows that > ;e\ vi +
v(T) is exceeded by P. Furthermore, since (6.18) is non-positive, it also
shows that ;e np 0i + v(T) is exceeded by P.

First note that the sum of expressions (6.20) and (6.26) exceeds v(T')
because p**P" = pT for all i € T. It also holds that (6.22) coincides with
(6.12) as well as (6.23) coincides with (6.13) because pj“b‘)pt = z; for all
j € N\T. Finally, note that expression (6.24) is non-negative. Hence, for
showing that the sum of expressions (6.12), (6.13), (6.14), (6.19) and v(T)
is exceeded by P it is sufficient to show that the sum of (6.14) and (6.19) is
exceeded by the sum of (6.21) and (6.25). We will show this by comparing
these sums for each pair ¢,j € N with j € T, i € N\T and j < i.

Let j € T and i € N\T be such that j < i. Note that prbOpt = x; and

that p;“b(’p b= JT We distinguish between two cases.

Case 1: o 1(j) < o 1(i).

In this case, ¢ and j do not have a corresponding term in (6.19). There-
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fore we only need to compare the term in (6.14) corresponding to i and j
with the terms in (6.21) and (6.25) corresponding to ¢ and j.

It p;ubopt > 2, then (aip;ubopt B ajpfubopt)+ _ (aip;ubopt —aym)s >
(a;xj — ojx;) 4. Hence, the term in (6.14) corresponding to ¢ and j is ex-
ceeded by the term in (6.25) corresponding to i and j. Since the term in
(6.21) corresponding to i and j is non-negative we conclude that the term
in (6.14) corresponding to ¢ and j is exceeded by the sum of the terms in
(6.21) and (6.25) corresponding to ¢ and j.
subopt

So assume that p’

i < x;. Since optimal processing times only take

two values by assumption, ijb(’p " = p; and x; = p;. It is easily verified, using

Lemma 6.3.4 with a1 = o, a2 = o4, 1 = pj, 1 = p‘(’f“b‘)pt and ¢ = pf“bopt,
bopt bopt bopt bopt

that a;(p; —pj ")+ (cip; " —agp; ") = (eipj—ayp; )y = (-

ajz;)+. Here the equality holds because p; = x; and prbOp =

We conclude that the terms in (6.21) and (6.25) corresponding to ¢ and

j exceed the term in (6.14) corresponding to i and j.

;.

Case 2: o (j) > o~ 1(i).

Since o 1(j) > o71(i) we conclude, using the Smith-rule, that the ur-
gency index of ¢ exceeds the urgency index of j. That is, % > x—j and

therefore, c;x; — ajz; > 0. Straightforwardly we obtain

i(py — P} ") - (apf* " — a4

subopt subopt subopt
> ai(pj—p; )+ (cup; ™ —agp )
_ subopt
= qPj — Q5P

b
= (i —ap"™") + ilp; — )

= (airj — oyzi)y + i(pj — 7)),

where the last equality holds since prbOp t — z; and oxj — ajz; > 0. We
conclude that the terms in expressions (6.21) and (6.25) corresponding to i
and j exceed the terms in expressions (6.14) and (6.19) corresponding to i

and j. a

In the upcoming part of this section we study marginal vectors that provide

core elements. In the next theorem we show that many marginal vectors are
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core elements by showing that the corresponding orders are permutationally
convex. In particular we show that any order with players 2,. .., |N| ordered
backwards is permutationally convex. First we need a lemma. This lemma
states that if a coalition consists of several components, then each optimal
processing schedule of this coalition is also optimal for its last component.
The intuition behind this result is that the jobs from other components do

not benefit from the crashing of jobs in the last component.

Lemma 6.3.5 Let (N, 09, ,3,p,p) be a cps situation. Let S C N and let
T € C(S) be the last component of S. Then every optimal schedule for S

restricted to T is optimal for 7.
The proof is omitted since it is trivial.

Theorem 6.3.2 Let (N, 09, ,3,p,p) be a cps situation and (N, v) its cor-
responding cps game. Let j € {1,...,|N|} and let o € II(IV) be such that
o(i) = |N|+1—idforalie{l,...,5—1}, o(i) = |N|+ 2 —i for all
i€ {j+1,...,|N|} and o(j) = 1. Then, o is permutationally convex for
(N,v). In particular, m?(v) € C(v).

Proof: We need to show that for all i,k € {0,...,|N| — 1} with ¢ < k and
all S C N\[o(k),o] with S # () that expression (2.1) is satisfied.

So let i,k € {0,...,|N| — 1} with ¢ < k and S C N\[o(k), o] with
S # (). We assume that ¢ > 1, because for i = 0 expression (2.1) is satisfied
due to superadditivity. For notational convenience, let I = [o(i), 0] and
K = [0(k),o]. Observe that (2.1) now boils down to

V(IUS) +v(K) < v(K US) +v(I). (6.27)

Because of the structure of o, I and K both consist of at most two connected
components. In particular, they consist of possibly player 1 and a tail® of oy.
If 1 € K, then we denote the first component by K7 = {1} and the second
by Ky = K\{1}. If 1 ¢ K, then there is one component which we denote by

A tail of og is a coalition T' C N such that T = {o0(j),...,00(|N|)} for some j €
{1,...,|N|}.
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K and we define Ky = (). Similarly, if 1 € I, then I; = {1} and I = I'\{1}.
We remark that it can occur that Iy = (), in case o = (1, |N|,|N| —1,...,2)
and ¢ = 1. If 1 ¢ I, then there is one component which we denote by I and
we define I; = 0.

Let (TIUS ,pts ) be an optimal processing schedule of coalition I U S,
and (75, pX) an optimal processing schedule of coalition K. We will create
suboptimal processing schedules for coalitions K U .S and I, depending on
(7195 plYS) and (75, p). In particular we “allocate” the processing times
of coalitions 1 U S and K to coalitions K US and I. By applying the Smith-
rule we then obtain processing schedules that give lower bounds for v(K US)
and v(I). We will show that the sum of these lower bounds exceeds the sum
of v(I'US) and v(K). We distinguish between two cases.

Case 1: Ir C Ko.
Before we obtain our suboptimal processing schedules, we first derive
expressions for v(K) and v(I U S). Observe that

oK) = 3 (Z - —ﬂl><pl ) (6.28)

leK1 "meK
+ v(Ky). (6.29)

The cost savings of coalition K can be divided into two parts. The cost
savings obtained by a possible crash of job 1 equal (6.28). Note that if
1 ¢ K, then Ky = () and expression (6.28) is zero by definition. The other
cost savings are obtained by interchanging and crashing jobs of K5. These
cost savings equal (6.29) according to Lemma 6.3.5.

Since Ko is a tail of 09, o € Ky and Ko NS = (), we conclude that

S is not connected to Io. Now let S1,...,S5¢, t > 1, be the components of
(I US)\Iz. We assume that if 1 € I, then 1 € S;. Now

v(IUS) = Z( > om —ﬁ,>(p, — pivo) (6.30)

lel; “melusS

+Z( > am—ﬁz>(pz—pl“5) (6.31)

leS “melauS:m2>l1
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+ Y (ol —apl®) s (6.32)

I,meSy:l<m

t
3> (! =l (6.33)

a=21l,meSq:l<m

If 1 € I, then expression (6.30) denotes the cost savings obtained by a
possible crash of job 1. The cost savings obtained by crashing the jobs in
S equal (6.31). Expressions (6.32) and (6.33) are the cost savings obtained
by switching the jobs in I; U S. Because of Lemma 6.3.5 the cost savings
obtained by crashing and rearranging jobs in I3 can be expressed as (6.34).

Now we will create suboptimal processing schedules (7!, p’) and

(7S pEUS) for coalitions I and K U S, respectively. Let
pros, if | € Io;
pi =14 max{p/Y% pi}, ifl=1;
iy itle NI, 1+1.

Note that if 1 ¢ I, then 1 ¢ K or 1 ¢ TUS. So if 1 € I, then pf = p; or
p{US = p1. Therefore, p{ = p1. We conclude that p! satisfies admissibility
constraints (6.2) and (6.3).

Furthermore let 7!/ be obtained from o by rearranging the jobs of I
according to the Smith-rule using processing times p!, taking of course into
account admissibility constraint (6.1). This processing schedule restricted
to I» is an optimal processing schedule for I according to Lemma 6.3.5.

This yields

o) > Z(Z s — ﬁl) (0~ pl) (6.35)

lel; “mel
+ v(Iy). (6.36)
Similarly, let
le, if I € Ko;
pEUs _ ) Pl if €S, 1#1;
: min{p{"%, p[}, if1=1;

s ifl e N\(KUS), 1+ 1.



162 Sequencing games

Observe that if 1 € KU S, then 1 ¢ TUS and 1 € K. Hence, if 1 € KU S,
then pi = p1, pIY = p; and piY9 = p;. We conclude that pXUS satisfies
admissibility constraints (6.2) and (6.3).

Now using these processing times, let 7“9 be the order obtained from o
by interchanging the jobs according to the Smith-rule, while of course taking
into account admissibility constraint (6.1). However, only interchange two
jobs if both jobs are in Ko, or both jobs are in Iy US. This last condition is
a technical detail in order to keep the number of terms of our lower bound
for the cost savings of coalition K U S more manageable. Observe that this
restriction only lowers our lower bound of v(K U.S). Again note, by Lemma
6.3.5, that this processing schedule restricted to K5 is optimal for K5. This
yields

v(KUS) = < > om - ﬁl) (o =21 (6.37)

leK1 "meKUS

+ Z( Y. am-— 51) (1 — p*%) (6.38)

1€S “meK,US:m>l

+ > (amp = apko) (6.39)
I,meS1:l<m
t
+> > (o = apf) (6.40)
a=21,meS,:l<m
+ v(Ka). (6.41)

Now first observe that expressions (6.36) and (6.34) coincide, as well as
expressions (6.41) and (6.29). Furthermore expression (6.38) exceeds ex-
pression (6.31) since I» C Ko and pf = pIYS for all [ € S. It also holds
that expression (6.33) coincides with expression (6.40) because p/tV% = p/“9
for all [ € S. So showing (6.27) is satisfied boils down to showing that the
sum of expressions (6.35), (6.37) and (6.39) exceeds the sum of expressions

(6.28), (6.30) and (6.32). We now distinguish between three subcases.

Subcase la: 1¢ K.
This implies that Ky = (), and thus that I; = (). Therefore, expressions
(6.28), (6.30), (6.35) and (6.37) all are equal to zero. Hence, it is sufficient
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to show that (6.39) exceeds (6.32). Because 1 ¢ K, it follows that p¥ = p;.
By definition of p{US it is now satisfied that pKYS = plYS. Therefore,

p]I-US = JKUS for all j € S;. We conclude that (6.39) and (6.32) coincide.

Subcase 1b: 1€ K and pKYS = piUs,

Because piUS = plUS it follows from the definition of pfY9 that pfV9 <
p¥. We conclude that p! = pf. Note that (6.39) and (6.32) coincide, since
p]I-US = pJKUS for all j € S;. So showing that (6.27) is satisfied, boils down
to showing that the sum of expressions (6.35) and (6.37) exceeds the sum of
expressions (6.28) and (6.30).

Now first suppose that p{( = p1. Then, expression (6.28) is equal to
zero. Since p! = pi it follows that expression (6.35) is equal to zero as well.
Now if I # (), then (6.37) exceeds expression (6.30), since pXY% = p{Y9 and
I C K. So assume that I; = (). In this case expression (6.30) is equal to
zero, so it remains to show that expression (6.37) is non-negative. Because
1 € K, it follows that 1 ¢ S, and therefore 1 ¢ TU S. So p{Y% = p;, and
therefore pf*YS = p; as well. Hence, expression (6.37) is equal to zero. We
conclude that (6.27) is satisfied.

Secondly, suppose that p{( < p1. Since optimal processing times can
only take two values we conclude that pf = py. Since by assumption of
subcase 1b, pKUS = min{pK, pIYS} = plYS it follows that p{Yd = p;. We
conclude that p! = max{pX, pIY*} = max{p1,p1} = p1.

Observe that because 1 € K, that 1 ¢ S. Since p{US < p1, this im-
plies that 1 € I. Thus, K1 = I; = {1}. Hence, it follows for the sum of

expressions (6.28) and (6.30) that

Z(Z O‘m—ﬁl>(pl—pf()+z< > am_gl)(pl_p{us)

leK1 "meK lel; “melus
= <Z Oém—51>(p1 —p) + < > Oém—51>(p1 — P1)
meK melus
= ( > Oém—51>(171—p1)+ (Z Oém—51>(p1—101)7
meKUS mel

where the first equality is satisfied since K1 = I; = {1} and pf = pI" = p;.

Note that this last expression is equal to the sum of expressions (6.35) and
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(6.37) since pi = pKUS = p; and Ky = I = {1}. We conclude that (6.27) is
satisfied.

Subcase 1c: 1€ K and pKbS < plUs,

We now necessarily have that pKYS = pK and that p] = pl“. Since
optimal processing times can only take two values it follows that p{ms =
pl = py and that p! = pIYS = p;. Therefore expressions (6.30) and (6.35)
are both equal to zero. So showing that (6.27) is satisfied boils down to
showing that the sum of expressions (6.37) and (6.39) exceeds the sum of

expressions (6.28) and (6.32). First observe for expression (6.37) that

z( 3 am—ﬂl)m—p{w%

R \meRus

= (m;KjUS W — m) (p1 —P1)

> (;{ =51 )01 = 1) (6.42)
n (mg\m an ) 1 = 7). (6.4

where the equality holds because K1 = {1} and because p{(US = p1. The
inequality holds since (S1\{1}) € S. Since K1 = {1} and pf = py, it
follows that expression (6.42) coincides with expression (6.28). Therefore
it is now sufficient to show that the sum of expressions (6.39) and (6.43)
exceeds expression (6.32). If 1 ¢ Sy, then expression (6.39) coincides with
expression (6.32) since pEYS = pIYS for all m € S;\{1}. The non-negativity
of expression (6.43) now implies that the sum of expressions (6.39) and (6.43)
exceeds expression (6.32). So assume that 1 € Sj, and rewrite expression
(6.39) as

> (emp = aph®)

Il,meSy:l<m

= > (omp[ — cuphP%) 4 (6.44)
I,meS1\{1}:l<m
+ > (ompr — a1phd). (6.45)

meS1\{1}
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For the equality we have used that pK us —

(6.43) and (6.45) we have that

< Z am) (p1 —p1) + Z (ampr — Oélprlyius)Jr

p1. For the sum of expressions

meS1\{1} meS1\{1}

2 Z (ompr — 1ph2%) 4
meS1\{1}

= Y (ampf” =l (6.46)
meS1\{1}

The inequality holds because of Lemma 6.3.4 by taking a1 = a1, as =
Qm, q1 = P1, 1 = p1 and g2 = pfgus . The equality is satisfied because

plYS = p; and pEYS = pIY for all m € S;1\{1}. Now observe that the
sum of expressions (6.44) and (6.46) coincides with expression (6.32) since
pEUS — pIUS for all m € S;\{1} and our assumption that 1 € S;. We

conclude that (6.27) is satisfied.

Case 2: I, = K.
Since we have assumed that ¢ < k& and hence that I # K we conclude,
using the structure of o, that I; = ) and K; = {1}. We have

oK) = (3 an—6) -5t (6.47)
meK
+ o(Ks) (6.48)

and

v(IUS) = Z( > am—ﬁl>(pz—p{U5) (6.49)

leIUS “meluS:m2>l

+ > D> (amp™ — ey (6.50)

TeC(IUS) I,meT:l<m
First we note, because I1 = (), that v(I) = v(I2) = v(K3). So showing that
(6.27) is satisfied boils down to showing that the sum of expressions (6.47),
(6.49) and (6.50) is exceeded by v(K U S). We will obtain a lower bound of
v(K U S) by creating a processing schedule for coalition K U S, which we
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will denote by (755 pKU9). Let the processing times be given by

plYS, iflelus;

leUS: le, ifl=1;
D1, if le N\(KUS).

Let 7599 be constructed by rearranging the jobs of coalition K U S using
the Smith-rule and our suboptimal processing times. However, only switch
jobs if both are in I U S. Observe that (pYs, 75Y5) € AS(K U S). We can
conclude for the cost savings of K U S that

v(KUS) > (Z Oy — 51> p1 — pkY9) (6.51)

meKUS
+ Z < Z Qo — /Bl> (m — pY%) (6.52)
IE(KUS\{1} “meKUS:m>1

+ > > (amp(Y = apf) (6.53)

TeC(IUS) l,meT:I<m

Expression (6.47) is exceeded by expression (6.51) since piYS = pi. Note

that expression (6.52) coincides with expression (6.49) since (K U S)\{1} =
TU S and because p/<US = p/Y for all [ € T U S. Furthermore we have that
expressions (6.50) and (6.53) coincide because p/Ys = pfUS for all [ € TUS.
We conclude that the sum of v(K US) and v([) exceeds the sum of v(IUS)
and v(K). O

The orders described in Theorem 6.3.2 are not the only permutationally
convex orders of cps games. Using Corollary 2.5.1, we conclude that if
o € II(N) is permutationally convex, then o|n|—1 Is permutationally convex
as well. Moreover, we will show for cps games that if o € II(N) is permu-
tationally convex, then o is permutationally convex as well. We first need

the following lemma.

Lemma 6.3.6 Let (N, 00, a,3,p,p) be a cps situation and (N, v) its corre-
sponding cps game. Let S, 7 C N with |[SNT| = 1. Then, v(S) +v(T) <
v(SUT).
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Proof: Let S,7 C N and i € N be such that SNT = {i}. Let T* € C(T)
be such that i € T*. Define T} = {m € T : m < i} be those players in T**
on the left-hand side of ¢, and T;' = {m € T™ : m > i} be those players in T*
on the right-hand side of i. Let (0°,p®) € AS(S) be an optimal processing
schedule for coalition S and (o7, T) € AS(T) be an optimal processing

schedule for coalition T'. Then

v(S) = Z( > ak—ﬁj>(pj—pf) (6.54)

JES \keS:k>j

D DL (omp] —app) (6.55)

UeC(S) l,meU:l<m

The cost savings for coalition S can be split into two parts. The first part,
(6.54), are the (possibly negative) cost savings that are obtained by crashing
jobs. The second part of the cost savings, displayed in expression (6.55), are

the cost savings obtained by interchanging jobs. Similarly,

oT) = Z( T ak—ﬁj)@j—p?) (6.56)

JET “keT:k>j

+ > DL (bl — )+ (6.57)

UeC(T) l,meU:l<m

We will now construct a suboptimal processing schedule for coalition
SUT. We will show that the cost savings obtained at this processing
schedule exceed the sum of v(.S) and v(T"). Consider the processing schedule
(oY, pSUT) € AS(S UT) for coalition S U T, where

pi, if j € S\{i};
sur _ ) Pjs if j € T\{i};
by = mm{p] ,p]T}, if j =1
Pj, if j e N\(SUT).

Note that p°“7 satisfies admissibility constraints (6.2) and (6.3). Further-

sSuT

more, let o be the order obtained by rearranging the jobs of S U T

according to the Smith-rule using as processing times p®“7 and taking into
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account admissibility constraint (6.1). This yields

W(SUT) > Z( > ak—ﬂj)(~ )

JESUT “keSUT:k>j

+ > > (ampUT =)y

UeC(SUT) I,meU:l<m

= Z( > arﬂ;‘)(pj—pf) (6.58)

FES\{i} “kESUT:k>j

+ D ( > ak—ﬁj>(Pj—p;F) (6.59)

JET\{i} “kESUT:k>j

+< > ak—ﬁi)( - ;") (6.60)

keSUT:k>i

+ > D> (T —apy ")y (6.61)

UeC(SUT) I,meU:l<m

We distinguish between three cases in order to prove our inequality.

Case 1: piS:piT:pi

SuT

First note that p; = pj for all j € S and that pSUT = pJT for all

j € T. Therefore, expression (6.60) is equal to zero because pSUT = p;.
Furthermore, expression (6.58) exceeds expression (6.54), as well as expres-
sion (6.59) exceeds expression (6.56), since pf = p!' = p;. So showing that
v(S)+v(T) < v(SUT) boils down to showing that expression (6.61) exceeds
the sum of expressions (6.55) and (6.57). Let U € C(S) and j,h € U with
j < h. It follows that j,h € W for some W € C(SUT). We conclude that
the term in (6.55) dealing with j and h also appears in (6.61). Similarly, for
each U € C(T') and each pair j,h € U with j < h, thereisa W € C(SUT)
with j,h € W. Therefore, the term in (6.57) dealing with j, h also appears
n (6.61). Observe that each pair in S is not in 7', and that each pair in T’
is not in S, because |S N T| = 1. We conclude, due to the non-negativity of

every term in (6.61), that (6.61) exceeds the sum of (6.55) and (6.57).

Case 2: p;g :pZT = D;.
Note, by definition of p?“T, that p?YT = p? = p!. This implies that

SuT suT

p;t = pS for all j € S and p7— = pj for all j € T. First we develop a
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lower bound for (6.60):

Qg — ﬁz’)( —pih)

(kGSUT k>i

Y -@) _ Ty

keS:k>1

+( > oag— Bl> =79 + (B — i) (pi — pi7)

keT:k>i

( > O‘k—ﬁz)(pz'—pf) (6.62)

keS:k>i

+ ( > —&) (pi —p}) (6.63)

keT:k>i

Y

where the inequality is satisfied since 3; > «;, and by assumption pisUT =
p? = pI. Observe that the sum of expressions (6.58) and (6.62) exceeds
expression (6.54) and that the sum of expressions (6.59) and (6.63) exceeds
expression (6.56). Hence, showing that v(S) + v(T') < v(SUT) boils down
to showing that expression (6.61) exceeds the sum of expressions (6.55) and
(6.57). For this last statement we refer to Case 1, where we already showed
this inequality. Note that we can refer to Case 1, since in both cases we
have that pSUT = pjs for all j € S and p]SUT = p? forall j €T.

Case 3: pf ;ép;f
Without loss of generality assume that p;g < pZT, or equivalently pf = D;
and p! = p;. Hence, by definition of p?YT, p?YT = p? = p,. First we derive

a lower bound for (6.60):

< > Oék;—@')( - ;")

keSUT:k>i

= ( > Oék—ﬁz) —p)+ ( > Oék)(pi—]?f)
KESH>i KETh>i

> < > a- 5i) (pi — pf) (6.64)
keSk>i

+( > am> (pi = 7)), (6.65)

meTx
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where the equality holds because pSUT = pf and the inequality because
Tr C{k e€T:k>1i} Observe that expression (6.59) exceeds expression
(6.56), since p! = p;. Furthermore, the sum of expressions (6.58) and (6.64)
exceeds expression (6.54). Therefore, showing that v(S) 4+ v(T) < v(SUT)
boils down to showing that the sum of expressions (6.61) and (6.65) exceeds
the sum of expressions (6.55) and (6.57). Note that, because |SNT| = 1,

we have the following lower bound for (6.61):

> > (empVT = ap ")y

U€eC(SUT) I,meU:1<m

> > > (empT —apy’ ")y (6.66)
UeC(S) l,meU:l<m
+ 3 Y (T a4 (6.67)

UeC(T) I meU:l<m

Obviously, (6.66) coincides with (6.55), since p“T = p¥ for all I € S. So
we only need to show that the sum of expressions (6.67) and (6.65) exceeds
expression (6.57). For (6.67) we have that

>N (e —app)

UEC(T) lmeU:1<m

= > > (emp??T —ap M)y + Y (i — aupfT) 4
UeC(T) LmeU\{i}:d<m €Ty
+ > (VT — aiph?T) 4
meT}
> ) > (ampl —aph)r + Y (cipl —ap])y  (6.68)
UeC(T) LmeU\{i}:d<m €Ty
+ 3 (amp] — iph)+- (6.69)
meTx

The inequality holds since p}g VT = p]T for all j € T\{i}, p?"" < p! and
pPYT = p?. Now adding (6.65) and (6.69) yields

(5 o) S st

meTr meTr
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> Z (mpi — iply)+
meT}

= > (amp] —aipy)+, (6.70)

meTy
where the inequality holds because of Lemma 6.3.4 by taking a1 = ay,
ag = Qum, Q1 = Pi, 1 = pf and g2 = pl . The equality is satisfied because
pl' = p;. Observe that the sum of expressions (6.68) and (6.70) coincides
with expression (6.57). O

We remark that superadditivity together with Lemma 6.3.6 implies that 3-
player cps games are convex. As promised, we now show that if o € TI(V)

is permutationally convex, then o is permutationally convex as well.

Theorem 6.3.3 Let (N, 00, , 3, p,p) be a cps situation and (V,v) its cor-
responding cps game. If o € II(IV) is permutationally convex for (N, v), then

o1 is permutationally convex for (IV,v) as well. In particular, m?! (v) € C(v).

Proof: We need to show for all i,k € {0,...,|N| — 1} with ¢ < k, and all
S C N\[o1(k),o1] with S # () that

v([o1(2), 01] U S) + v([o1(k), 01]) < v([o1(k), 01] U S) + v([o1(i), 01]).-

If 4 = 0, then the inequality is trivially satisfied because (N, v) is superad-
ditive. If ¢ > 2, then the inequality is satisfied since [01(i),01] = [0(7), 0],
[01(k),01] = [o(k), o] and because of our assumption that o is permutation-
ally convex. So let ¢ = 1. Since ([01(3),01] U S) N [o1(k),01] = {o1(1)}, the
inequality is satisfied by Lemma 6.3.6 and the fact that v({j}) = 0 for each
jeN. O

The final theorem of this section shows a way to alter a core element slightly,

such that the new allocation is still in the core.

Theorem 6.3.4 Let (N, 09, «, 3,p,p) be a cps situation and (N, v) its corre-
sponding cps game. Let z € C(v) and let j, k € N with j # k. Furthermore
let A > 0 be such that A\ < (v({j,k}) — zx)+ and let z be such that z; = z;
for all i € N\{j,k}, Z; = z; — X and Z;, = z; + A\. Then, z € C(v).
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Proof: If A = 0, then z = 2. Trivially Z € C(v). So assume A > 0. It
follows by definition of A that v({j, k}) — zx > 0 and that z; + X < v({j, k}).

Showing that z € C'(v) boils down to showing that for each S C N\{k}
with j € S, > ;cgZ > v(S5). Let S € N\{k} be such that j € S. Now note

>z = u(SU{k}) = u(S) +u({4 k}), (6.71)

i€SU{k}

where the first inequality holds because z € C(v) and the second by Lemma
6.3.6. Thus

Zii = Zzi—A: Z zi—zk—A > v(S)+v({j, k}) —zr—A > v(9),

€S €S 1€SU{k}

where the first inequality follows by expression (6.71), and the second be-
cause z + A < v({j,k}). O

Theorem 6.3.4 enables us to show that an even number of marginal vectors is
in the core of a cps game. Let (N, 09, a, 3,p,p) be a cps situation and (N, v)
its corresponding cps game. Let o € II(N) be such that m?(v) € C(v).
If £ and j are the first and second player with respect to o, respectively,
then mg(v) = 0 and mJ(v) = v({j,k}). Let A = v({j,k}). According to
Theorem 6.3.4, z € C(v), with Z given by 2z, = m{(v) + X = v({j, k}),
zj = mj(v) — A =0 and z = m{(v) for all i € N\{j,k}. Observe that
zZ = m7'(v), and thus that m?' (v) € C(v). Therefore we have the following

proposition.

Proposition 6.3.1 Let (N, 00, a,3,p,p) be a cps situation and (NV,v) its
corresponding cps game. If o € II(V) is such that m?(v) € C(v), then
m?t(v) € C(v). In particular, the number of marginal vectors in C(v) is

everl.

6.3.3 Convexity

In this section we investigate convexity of cps games. We will show that
cps situations with equal completion time cost coefficients, equal crash time

cost coefficients and equal maximal crash times lead to convex cps games.
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Furthermore we show that by relaxing these conditions, convexity might be

lost.

Theorem 6.3.5 Let (N, 09, a, 3,p,p) be a cps situation with oy = o, 3; =
Bj and p; — p; = p; — pj for all 4,5 € N, and let (N, v) be its corresponding

cps game. Then (V,v) is convex.

Proof: For notational convenience we write o; = «, 3; = 6 and p; — p; = ¢q
for all i € N, where «, 8 and ¢ denote scalars and not vectors. We will
first show that (IV,v) is equal to the sum of the corresponding standard
sequencing game and a symmetric game. We then show that this symmetric
game is convex. Since standard sequencing games are convex as well, it
follows that (N,v) is convex.

Let S C N. Each optimal processing schedule for S can be reached by
first interchanging the jobs, and then reducing the initial processing times to
the optimal processing times. We claim that the cost savings due to reducing
the initial processing times can be easily determined. This can be seen as
follows. Let o € A(S) be a processing order, and let k& € S be the [-th job of
S with respect to 0. Then there are |S| — [ jobs of S in the queue behind k.
Hence, if job k crashes, then this yields cost savings of ((|S| — 1+ 1)a — 03)q.
This term is non-negative only if (|S| — 1+ 1)aa— 3 > 0. Observe that these
cost savings do not depend on o or on k. We conclude that the cost savings
for coalition S, due to crashing jobs will equal ¢ Z‘lill((\S\ —l+1Da—-0)4.
Note that this expression only depends on the size of .S, and not on S itself.

Because the cost savings obtained from optimally crashing jobs are inde-
pendent of the order in which the jobs are processed, it follows that the total
cost savings are maximised if the cost savings obtained from interchanging
jobs are maximised. In particular, the total cost savings are maximised if

the jobs are lined up in order of decreasing urgencies. Therefore

|S|

v(S) = Z Z (Oéjpi—aipj)++QZ((|S|—l+1)a—ﬁ)+-

TeC(S) i,j€T:i<] =1

In Curiel, Pederzoli, and Tijs (1989) it is shown that (NN, z), with 2(S) =
ZTGC(S) > i jeric(@jpi — aipj)4 for each S C N, is convex. Hence, for



174 Sequencing games

convexity of (N,v) it is sufficient to show that (N,w) is convex, where
w(S) = ¢V (1] = 1+ D)o — B)4 for each S € N. So let i,j € N, i # j,
and S C N\{i,7}. We distinguish between three cases in order to show
w(SU{i}) +w(SU{j}) <w(SU{i,j}) +w(S).

Case 1: w(SU{i}) =w(SU{j}) =0.
Trivially, w(S U {i}) + w(SU{j}) =0 < w(SU{i,j}) +w(S).

Case 2: w(SU{i}) =w(SU{j}) >0 and w(S)=0.
Since w(SU{i}) > 0 it follows that ¢ > 0. Because w(S) =0 and ¢ > 0,
|S|ae = B < 0. Therefore, w(S U {i}) = w(SU{j}) = ((|S] + Da — B)g.

Hence,

w(SU{i}) +w(SU{j}) 2((1S[+ Ve = B)q
((151+Da = B)g+ ((I1S[ +2)a = B)q
w(SU{i,j})

w(SU{i,j})+ w(S).

IN

Case 3: w(S) > 0.
Because w(S) > 0, w(SU{i}) = ((|S| 4+ 1)a — B)g +w(S). Furthermore,
w(SU{i,j}) = ((|S] +2)a— B)g +w(SU{j}). Therefore,

(ISI+ D = B)g + w(S) + w(SU{j})
(I51+ 2)a = B)g + w(S) + w(S U{j})
w(SU{i,j}) + w(S). O

w(SU{i}) +w(SU{j}) = (
(

Let (N, 00, a, 3,p,p) be a cps situation with o; = a5, 8; = ;5 and p; — p; =
pj —pj for alli,j € N. Let (IV,v) be its corresponding cps game. According
to the proof of Theorem 6.3.5, (N,v) is the sum of a symmetric game and
the standard sequencing game. Hence, the Shapley value of (N, v) coincides
with the sum of the Shapley value of the symmetric game and the Shapley
value of the standard sequencing game. Since both can be computed easily
it follows that the Shapley value of cps games arising from these special cps

situations can be computed easily.
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The following examples show that by relaxing the conditions of Theorem
6.3.5 convexity might be lost. The first example shows that cps games,
arising from cps situations with equal completion time cost coeflicients, equal
crash time cost coeflicients and equal crashed processing times, need not be

convex.

Example 6.3.2 Let (N,o00,a,3,p,p) be given by N = {1,2,3,4}, a; = 2,
Bi =5 and p; = 2 for all i € N. Furthermore, let p = (7,3,3,7). Let (IV,v)
be its corresponding cps game. For each coalition, the optimal process-
ing schedule can be reached by first interchanging jobs, and then crashing
them. Since 2a < 3, it follows that 2-player coalitions cannot obtain pos-
itive cost savings by crashing jobs. Since coalition {1,3} is not allowed to
rearrange the processing order of its jobs, we conclude that v({1,3}) = 0.
Because 2a < 8 and 3a > [, coalition N will decide to crash exactly
two jobs. In particular, the jobs in the first and second position of the
optimal processing order will be crashed. Using this fact, it is straight-
forward to see that the schedule ((2,3,1,4),(7,2,2,7)) € AS(N) is opti-
mal. As a result, v(N) = 20. Now observe that ((2,3,1,4),(7,2,3,7)) €
AS({1,2,3}) and that ((1,2,3,4),(2,3,3,7)) € AS({1,3,4}). These sched-
ules yield cost savings of 17 and 5 for coalitions {1,2,3} and {1,3,4}, re-
spectively. Therefore v({1,2,3}) > 17 and v({1,3,4}) > 5. We conclude
that v({1,2,3}) +v({1,3,4}) > 22 > 20 = v(N) + v({1,3}), and thus that

(N,v) is not convex. <&

The following example shows that cps games, arising from cps situations
with equal completion time cost coefficients, equal processing times, and

equal crashed processing times, need not be convex.

Example 6.3.3 Let (N, 00,«,3,p,p) be given by N = {1,2,3,4,5}, a;; = 2,
pi = 2 and p; = 1 for all i € N. Furthermore, let 3 = (6,6,3,3,6).
Let (N, v) be its corresponding cps game. For each coalition, the optimal
processing schedule can be reached by first interchanging jobs, and then
crashing them. Since o; = 2 and p; = 2 for all i € N, it follows that
a;pj — ajp; = 0 for all 7,5 € N. That is, first rearranging jobs yields no
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cost savings and no extra costs. Hence, the cost savings for each coalition
consist of cost savings due to crashing only. Because o; =2 and p; —p; = 1
for all ¢ € N, it is optimal to put the jobs with lowest 3; to the front of
the queue as much as possible. In particular, for coalitions {1,3,4} and N
the optimal schedules are ((1,2,3,4,5),(2,2,1,2,2)) € AS({1,3,4}) and
((3,4,1,2,5),(2,2,1,1,2)) € AS(N), respectively. This yields cost sav-
ings of v({1,3,4}) = 1 and v(N) = 12. For coalitions {1,2,3,4} and
{1,3,4,5} the optimal schedules are given by ((3,4,1,2,5),(2,2,1,1,2)) €
AS({1,2,3,4}) and ((1,2,3,4,5),(1,2,1,1,2)) € AS({1,3,4,5}), respec-
tively, with cost savings v({1,2,3,4}) = 8 and v({1,3,4,5}) = 6. We con-
clude that v({1,2,3,4}) + v({1,3,4,5}) = 14 > 13 = v(N) + v({1, 3,4}),
and thus that (N,v) is not convex. &

The last example shows that cps games, arising from cps situations with
equal crash time cost coefficients, equal processing times, and equal crashed

processing times, need not be convex.

Example 6.3.4 Let (N, 09,0, (,p,p) be given by N = {1,2,3,4}, §; = 5,
p; =2 and p; = 1 for all i € N. Furthermore, let « = (1,1,5,1). Let (N,v)
be its corresponding cps game. Since coalition {1,3} is a disconnected coali-
tion, it can only obtain cost savings by crashing job 1. Hence, v({1,3}) = 1.
For the grand coalition the schedule ((3,1,2,4),(2,2,1,2)) € AS(N) is op-
timal, with cost savings v(N) = 19. Furthermore, ((3,1,2,4),(2,2,1,2)) €
AS({1,2,3}) and ((1,2,3,4),(1,2,1,2)) € AS({1,3,4}). These schedules
lead to cost savings of 18 and 3 for coalitions {1,2,3} and {1, 3,4}, respec-
tively. We conclude that v({1,2,3}) + v({1,3,4}) > 21 > 20 = v(N) +
v({1,3}), and thus that (IV,v) is not convex. <&

As a final remark we conjecture that if a cps situation (V,oq,«, 3, p,D)
satisfies a; = o, 3; = B and p; = p; for all 4, j € N, then its corresponding

Cps game is convex.



6.4 Precedence sequencing games 177

6.4 Precedence sequencing games

In this section we study convexity of sequencing games arising from se-
quencing situations where precedence relations are imposed on the jobs.
Precedence relations prescribe an order in which jobs have to be processed.
Specifically, some jobs can only be processed if some other job(s) have been
processed already. In practice many examples can be found where prece-
dence relations play a role. For example, scheduling programs on a com-
puter. In many cases one program needs the output of another program as
input data. Another situation where precedence relations are involved is in
the manufacturing of a car. Before you can paint the car you need to have
the chassis, before you can place the wheels you need already the axles, etc.

In this section, which is based on Hamers, Klijn, and Van Velzen (2005),
we are specifically interested in sequencing situations with chain precedence
relations, and where the initial order is a concatenation of chains. A chain
precedence relation is a precedence relation where each job is preceded by,
and precedes, at most one job. A concatenation of chains arises if, for ex-
ample, all jobs of a chain arrive at the machine at the same moment, and
the jobs are initially ordered according to a first come first serve principle.
We will show that sequencing games arising from these situations, i.e. se-
quencing situations with chain precedences and where the initial order is a

concatenation of chains, are convex.

6.4.1 Precedence sequencing situations and games

In this section we first introduce precedence relations and subsequently we
introduce precedence sequencing games.

A precedence relation P on a finite set N is a set of ordered pairs of N. A
precedence relation is called feasible if it does not contain circuits. Formally,
P is feasible if (i,7) & P for each i € N, and if there are no ji,...,jr € N
with (i, jm+1) € P foreachm € {1,...,k—1}, and (jg, j1) € P. We assume
throughout this section that precedence relations are feasible. Furthermore
we assume that precedence relations are minimal in the sense that there are

no superfluous pairs in P. More precisely, if ji,...,jx € N are such that
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(Jis ji+1) € P for each i € {1,...,k — 1}, then (j1, jr) &€ P.

A precedence sequencing situation is a tuple (N, P, 0g, a, p), where N, o,
« and p have the same interpretation as in Section 6.2. Additionally, there
is a precedence relation P on N with the interpretation that if (i,5) € P,
then the job of agent ¢ has to be processed before the job of agent j. A
processing order is called feasible with respect to P if for all (i,5) € P, i is
processed before j. We denote the set of all feasible processing orders with
respect to P by Pr(N,P). Of course, we assume that oy € Pr(N,P). A
processing order is called optimal if it minimises the total cost of all agents.
Formally, o € Pr(N,P) is optimal if

Z Ci(o) < Z C;(r) for each 7 € Pr(N,P).

i€EN iEN
In the remainder of this section we introduce precedence sequencing games.
The worth of a coalition in a precedence sequencing game is the maximal
cost savings obtainable by this coalition by means of an admissible and
feasible rearrangement of the initial order. Formally, o € Pr(N,P) is called
admissible for coalition S C N if it satisfies (6.1). The set of admissible
and feasible processing orders for coalition S C N is denoted by AF(S).
Given a precedence sequencing situation (N, P, 0q, «, p, ) the corresponding

precedence sequencing game (N,v) is defined by

v(S) = lezs Ci(og) — Ueri\lg%S) 2 Ci(o)
for each S C N. It is straightforward to see that precedence sequencing
games are chain-component additive games with respect to gg. So cores of
precedence sequencing games are non-empty.
The following example illustrates a precedence sequencing game in case

the directed graph associated to the precedence relation is a tree.

Example 6.4.1 Let (N, P,00,q,p) be a precedence sequencing situation,
with N = {1,2,3,4}, P = {(1,2),(2,4),(1,3)}, o0 = (1,2,3,4), a =
(1,2,3,4) and p = (1,1,1,1). Consider coalition {2,3,4}. The admis-
sible and feasible processing orders for this coalition are AF({2,3,4}) =
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{(1,2,3,4),(1,3,2,4),(1,2,4,3)}. Both (1,3,2,4) and (1,2,4,3) yield cost
savings of 1 for {2,3,4}. Hence, v({2,3,4}) = 1.

It is straightforwardly verified that the worths of the other connected
coalitions are given by v({i}) = 0 for i € {1,2,3,4}, v({1,2}) = 0, and
v(S)=1 if §S=1{2,3},{3,4}, {1,2,3},{1,2,3,4}. o

6.4.2 Convexity

In this section we will establish convexity of precedence sequencing games
corresponding to situations where the precedence relations consist of parallel
chains and the initial orders are concatenations of these chains.

The following example shows that a precedence sequencing game aris-
ing from a sequencing situation where the directed graph associated to the

precedence relation is a tree need not be convex.

Example 6.4.2 Consider the precedence sequencing game of Example
6.4.1. Then v({2,3}) + v({3,4}) = 2 > 1 = v({2,3,4}) + v({3}), which

implies that (N, v) is not convex. o

Let (N, P, 09, a,p) be a precedence sequencing situation. Then P is said to
be a network of parallel chains if each player precedes at most one player,
and is preceded by at most one player. Formally, if for each i € N, |[{j € N :
(i,j) € P} <land|{j € N: (j,i) € P}| <1. A chain is a maximal ordered
set of players {iy,... it} with (i,4;41) € P for each l € {1,...,k — 1}.

Let (N,P,00,,p) be a precedence sequencing situation where P is a
network of parallel chains. Let P(c), ¢ € {1,...,C}, denote these chains.
Obviously, the sets P(c), ¢ € {1,...,C}, form a partition of N. We will
show that if oy is a concatenation of these chains, then the corresponding
precedence sequencing game is convex. First we illustrate concatenations of

chains.

Example 6.4.3 Let (N, P,00,a,p) be a precedence sequencing situation,
where N = {1,2,3,4,5,6}, P ={(1,2),(3,4),(4,5),(5,6)}, a =

(2,5,6,6,3,6) and p; = 1 for each ¢ € N. The precedence relation P consti-
tutes two chains, {1,2} and {3,4,5,6}. If o¢ is a concatenation of chains,
then either oo = (1,2,3,4,5,6) or g = (3,4,5,6,1,2). o
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Let (N,P,00,a,p) be a precedence sequencing situation where P is a net-
work of parallel chains, and oy a concatenation of these chains. Let P(c),
c€{l,...,C}, denote these chains. Without loss of generality we assume,
throughout the remainder of this section, that the first positions of o( are
taken by the members of P(1), followed by the members of P(2), etc. Let
S C N be a connected coalition. Then there are ¢*,d* € {1,...,C}, ¢* < d*,
with

1. SN P(c) =0 for each c € {1,...,C} with ¢ < ¢* or ¢ > d*;
2. SN P(c) #0 for c=c* and ¢ = d*;
3. P(c) C S for each c € {1,...,C} with ¢* < ¢ < d*.

For any c € {c*,...,d*}, let ch.(S) = SN P(c) be the (non-empty) intersec-
tion of S with the players of chain ¢. Observe that each ch.(S) inherits in
a natural way the ordering induced by o9, and note that ch.(S) = P(c) for
each c € {1,...,C} with ¢* < ¢ < d*.

Before stating Sidney’s algorithm, that provides a method to calculate an
optimal order for each connected coalition in case the precedence relation is a
network of parallel chains, we introduce a few more notations and definitions.
Let U = {i1,...,ix} be a connected subset of some chain P(c), such that
(i1,9141) € P for each [ € {1,...,k —1}. A head of U is a set T' C U such
that T' = {i1,...,4;} for some [ € {1,...,k}. Similarly, a tail of U is a set
T C U such that T' = {ij,...,i} for some [ € {1,...,k}. For any T C N,
T # 0, we define a(T) = Y, cp i, p(T) = 3, cppi and u(T) = AT where

p(T)
u(T) is called the urgency index of coalition 7.

Sidney’s algorithm: Optimal order of connected S

Step 1: Construction of Sidney-components
For every c € {c*,...,d*}, find the following coalitions:

TY, the largest head of ch.(S) that satisfies

uw(Ty) = max{u(T) : T is a head of ch.(S)}.
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For m > 1, let T, be the largest head of ch.(S5)\ (Uzm11 Tf) that satisfies

uw(Ty,) = max{u(T) : T is a head of chC(S)\< U Tf) }.

Let m, be the number of sets we obtain in this way. Then, [J"¢; T = che(S).
The sets T¢ (¢ € {c*,...,d*} and r € {1,...,m.}) are called the Sidney-

components of S.
Step 2: Ordering Sidney-components

Order the Sidney-components of S in weakly decreasing order with respect

to their urgency indices.

The following theorem follows from Sidney (1975).

Theorem 6.4.1 An order resulting from Sidney’s algorithm is admissible,

feasible and optimal for S.

Example 6.4.4 Let (N,P,o00,,p) be as defined in Example 6.4.3 with
oo = (1,2,3,4,5,6). Let S = {2,3,4,5,6}. Then chi(S) = {2} and
cha(S) = {3,4,5,6}. Following the first step of Sidney’s algorithm we ob-
tain T} = {2}, T? = {3,4} and T§ = {5,6}, with u({2}) =5, u({3,4}) = 6
and u({5,6}) = 43, respectively. From the second step of the algorithm and
Theorem 6.4.1 it follows that processing the jobs in the order (1,3,4,2,5,6)

is optimal for coalition S given the precedence relation P. o

The following lemmas, which describe relations between urgency indices,

facilitate the proof of our main result.

Lemma 6.4.1 Let S,7 C N be disjoint and non-empty. If u(S) > u(T),
then u(S) > u(SUT) > u(T). If u(S) > u(T), then u(S) > u(SUT) > u(T).
If u(S) = u(T), then u(S) =u(SUT) = u(T).
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Proof: Note that

p(9) p(T)
p(S) +p(T) p(S) +p(T)

All assertions of the lemma follow directly from the observation that u(SUT")

u(SUT) = u(S) + u(T).

is a convex combination of u(S) and u(T). O

Lemma 6.4.2 Let S, T, W C N be pairwise disjoint and non-empty. If
u(W) > u(T) > u(S), then u(SUTUW) > u(SUT).

Proof: Because u(7) > u(S) it follows from Lemma 6.4.1 that u(7T") >
u(SUT) > u(S), and therefore u(W) > w(S UT). Applying Lemma 6.4.1
again gives u(W) > uw(SUTUW) > u(SUT). O

Lemma 6.4.3 Let T C N, T" # () and let T7,..., Ty, be the Sidney-
components of T' for some chain c. Then u(TY) > u(T5) > --- > u(Ty, ).

Proof: Follows immediately from the definition of the Sidney-components
and Lemma 6.4.1. O

To prove our main result we need the following notation. For two coalitions

UV CN withUNV =0, we define
g(U, V) := max{0,a(V)p(U) — a(U)p(V)}.

Observe that g(U,V') > 0, and that g(U, V) > 0 if and only if w(V') > u(U).
So ¢g(U, V) are the cost savings that can be obtained by interchanging the
jobs of coalitions U and V, if the jobs of U are ordered directly in front of
the jobs of V. Extending to two collections U,V C 2V with UNV = () for
each U e U,V €V, we define

GU,V) = > gUV). (6.72)
Ueu,vey

Before we prove convexity of precedence sequencing games, we recall a the-

orem of Borm, Fiestras-Janeiro, Hamers, Sanchez, and Voorneveld (2002).

This theorem show that convexity of chain-component additive games is

equivalent to a restricted set of inequalities.
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Theorem 6.4.2 (Borm, Fiestras-Janeiro, Hamers, Sanchez, and
Voorneveld (2002)) Let oo : {1,...,|N|} — N be an order on N, and
let (N,v) be chain-component additive with respect to og. Then (NV,v) is

convex if and only if
v(SU{i}) +u(SU{j}) <v(SU{i,j})+v(S) (6.73)

for each i,j € N, i # j, and each connected S C N\{4,j} such that SU {i}

and S U{j} are connected as well.

Let og : {1,...,|N|} — N be an order on N and i,j € N, i # j. Then the
only connected coalition S C N\{4,j} such that S U {i} and S U {j} are
connected as well, is the coalition consisting of the players “in between” 4
and j, with respect to 0g. Now we are ready to state and prove our main

theorem.

Theorem 6.4.3 Let (N, P,00,a,p) be a precedence sequencing situation
where P is a network of parallel chains and oy a concatenation of these
chains. Then the corresponding precedence sequencing game (N, v) is con-

vex.

Proof: According to Theorem 6.4.2 we need to show that (6.73) is satisfied
foralli,j € N,i+# j,and S C N\{4,j} such that S consists of all players in
between i and j, with respect to og. Solet i,5 € N, i # j,and S C N\{i,j}
consist of all players in between ¢ and j, with respect to og.

If 4 and j are in the same chain, then no reordering of the players is
feasible, and therefore v(S U {i,j}) = v(SU{j}) = v(SU{i}) = v(S) = 0.
Obviously, (6.73) is satisfied in this case. So assume that ¢ is an element
of chain P(c*) and j is an element of chain P(d*), with ¢* < d*. We will
now partition each of the coalitions S, SU {i}, SU{j} and SU{i,j} into
four sets in order to obtain a usable expression for (6.73). In particular we
use that some elements of the partition of S coincide with elements of the
partitions of S U {i} and S U {j}. Similarly, some elements of the partition
of SU{i,j} coincide with elements of the partitions of S U {i} and SU{j}.
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For an illustration of these sets we refer to Figure 6.1, where the Sidney-

components are the connected sets of jobs that have the same color.”

For V.=5U{i,j},SU{i} let C1(V) be the collection of Sidney-compo-
nents of V' that are contained in P(c*) and that are not Sidney-components
of SU{j}. Note that C1(SU{i,j}) = C1(S U {i}), because P(c*) N (S U
{i,j}) = P(c*) N (S U{i}). From Lemma 6.4.4, which is stated and proved
in Section 6.4.3, it follows that C1(S U {7,j}) contains only one Sidney-
component. Let U* be the unique element of C1(S U {i,5}) = C1(S U {i}).

For V.= SU{j},S let Ci(V) be the collection of Sidney-components
of V that are contained in P(c*) and that are not Sidney-components of

SU{i,j}. Note that C1(SU{j}) = C1(9).

For V.= S U {i,7},S U {j} let C4(V) be the collection of Sidney-
components of V' that are contained in P(d*) and that are not Sidney-
components of SU{i}. Note that Cy(SU{i,j}) = C4(SU{j}). From Lemma
6.4.4 it follows that C4(S'U{i,j}) contains only one Sidney-component. Let
V* be the unique element of Cy(S U {i,75}) = C4(SU{j}).

For V.= S U {i},S let C4(V) be the collection of Sidney-components
of V' that are contained in P(d*) and that are not Sidney-components of
S U{i,j}. Note that Cy(SU{i}) = Cs(5).

Note that, in case C1(S) = C1(S U {j}) is non-empty, then the last
job of C1(V) with respect to oy coincides in all four situations, i.e. V =
Su{i,j},SuU{i},SU{j},S. This follows straightforwardly from Lemma
6.4.4. Similarly, in case C4(S) = C4(S U {i} is non-empty, then the first job
of C4(V') with respect to og coincides for V =S U {i,5}, SU{i},SU{j},S

as well.

"The collections of Sidney-components Cz(.) and Cs(.) are defined in Lemma 6.4.5, but
can be ignored for the moment.
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Ci() Ca() Cs() Ca()
chain |P(c*) Ichains P(c* 4+ 1) up to P(d* — 1)' chain |[P(d™)
Su{i,j} | J
1 1
chain |P(c*) : : chain |[P(d™)
sugy [
1 1
1 1
1 1
chain |P(c*) 1 1 chain |[P(d™)
SU{s} J
1 1
1 1
chain [P(c*) 1 1 chain |P(d*)
S
1 1

Figure 6.1: The sets C(-) up to Cy(-).

From Lemma 6.4.5 it follows that
v(SU{i,j}) —v(SU{i}) —v(SU{j}) +v(S)
= G(C1(SU{i,j}), Ca(S Ui, 1)) — G(CL(S U {i}), Ca(S U{i}))
— G(C1(SU{7}), Ca(S U {j})) + G(C1(S5), Cu(9))
= G{U L {V"}) - GHU™}, Ca(S U{i}))
—G(C1(SU{7}),{V"}) + G(C1(5), Ca(9))

=g(Us V) — > gUV)
VeC4(SU{i}) (6.74)
UeC:(Su{j}) UeC1(8),VeCy(S)

where the last equality holds by (6.72). Hence, (6.73) is satisfied if expression

(6.74) is non-negative. We distinguish between 2 cases.

Case 1: g(U*,V*) =0, ie. u(U*) >u(V*).
Because V* is a Sidney-component, it follows from the definition of

Sidney-components that w(V*) > u(V;), where V; is the first Sidney-compo-
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nent in Cy(S U {i}).® Hence, u(U*) > u(V1), and g(U*,V4) = 0. Using
Lemma 6.4.3 it follows that u(U*) > w(V1) > u(V) for each V' € C1(SU{j}),
and therefore that EVGC’4(SU{i}) g(U*, V) = 0. Similarly, it can be shown

that >y, sugy 90, V) =0 and Y pee, (s),vec(s) 9WU, V) = 0. There-
fore expression (6.74) is zero.

Case 2: g(U*,V*) >0, ie. uw(V*) >u(U*).
Define

vy o= U Vi

VeC4(SU{i}):g(U*,V)>0

From Lemma 6.4.3 it follows that V" is a head of V* consisting of the players
of the Sidney-components in C4(SU{i}) with higher urgency index than U*.
Note that j € V;*, and therefore V" # (). Similarly we define

Uy = U U;

U€C1(SU{j}):9(U,V*)>0
Ur = UA\U;.

From Lemma 6.4.3 it follows that U} is a tail of U* consisting of the players
of the Sidney-components in Cq(SU{j}) with lower urgency index than V*.
Note that ¢ € U} and therefore U} # ). Rewriting the first two terms of
(6.74) we obtain

g(Uu= vy — > gU*V)
VeC,(Su{i})
= g(U*V*) - > g(U*, V)

Ve (SU{i}):VCVy
= a(V*)p(U") —a(U")p(V")

S (e - awem)

VeC,(SU{i}):VCVy
= a(VI)p(U7) — (U )p(V") — (V5 )p(U™) + a(U")p(Vy)

= a(Vy)p(U7) — a(U")p(Vy), (6.75)

8If C4(S U {i}) = 0, then trivially Yvec,supip 9UT V) =0.
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where the second equality follows from w(V*) > w(U*) and u(V) > u(U*)
for all V e Cy(SU{i}) with V' C V*. Rewriting the last two terms of (6.74)

we obtain

- Y gUvH+ > gUv)

UeCy(Su{s}) UeC1(8),VEC(S)
> - > g(U,V*) + > g(U, V)
UeC1(Su{j}):Ucu; UEC1(S),VEC(S):UCU; VTV
S <a<v*>p<U>—a<U>p<v*>)

UeC (SU{5}):UCU;

n 3 <a(V)p(U) —a(U )p(V)>

U€C(S),VEeC(S):UCUy, VCVy
= —a(V)p(Uy) + a(Uy)p(V") + a(Vy)p(Uy) — Uy )p(Vy)
= —a(Vy)p(Uy) + a(Uy)p(Vy). (6.76)

The first inequality follows from the definition of U} and ¢g(U,V) > 0 for
all U,V C N. The second inequality follows from the definition of U, and
g(U, V) > a(V)p(U) — a(U)p(V) for all U,V C N.

Substituting (6.75) and (6.76) in (6.74) we obtain

v(SU{i,j}) —v(SU{i}) —v(SU{j}) +v(S)
> a(Vy)pUy) — a(Ug)p(Vy) (6.77)

To show that expression (6.77) is non-negative, we will prove that u(V;")
uw(V*) and w(U*) > w(U}). This implies, using the assumption u(V*)
u(U*), that w(V,") > u(Uy). As a result expression (6.77) is non-negative.
Suppose that V = 0, then V;* = V* and hence u(V}*) = u(V*). So
suppose that V;* # () and suppose that u(V;") > u(V;*). Then, using Lemma
6.4.1 it follows that w(V;) > u(V*) > (V). This implies that V* is
not a Sidney-component of S U {i,j}, which is a contradiction. Hence,
w(Vy)) > u(Vy) and using Lemma 6.4.1 it follows that u(V;*) > w(V*). The
proof that u(U*) > w(U}) runs similarly. O

2
>

Finally we illustrate that convexity might be lost if the initial order is not a

concatenation of chains.
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Example 6.4.5 Let the precedence sequencing situation (N, P, 0g, o, p) be
given by N = {1,2,3}, P = {(1,3)}, o0 = (1,2,3), a = (1,2,3), and
p = (1,1,1). Hence, og is not a concatenation of chains. Let (N, v) be the
corresponding precedence sequencing game. We leave it to the reader to
verify that v({2}) = 0, v({1,2}) = 1, v({2,3}) = 1 and v({1,2,3}) = 1.
Hence, v({1,2})+v({2,3}) =2 > 1 =v({1,2,3}) + v({2}). So (IV,v) is not

convex. o

6.4.3 Proofs of lemmas

In this section we state and prove two lemmas needed for the proof of The-
orem 6.4.3. We will use the notation introduced in the proof of Theorem
6.4.3.

Lemma 6.4.4 The sets C1(S U{i,j}) and C4(S U {i,7}) contain precisely

one element (i.e. Sidney-component).

Proof: From Step 1 of Sidney’s algorithm, and from the definition of
Cy(S Ui, j}), it follows immediately that Cy(S U {i,j}) contains precisely
one element.

We will now show that C1(S U {7,7}) contains a single element. If i is
the only player in P(c*) N (S U{4,j}), then C1(SU{i,j}) = {{i}} and we
are done. So assume that ¢ is not the only player in P(c*) N (SU{i,j}).

The Sidney-component of S U {7, j} containing i is the union of {i}, a
number of Sidney-components of S U {j}, and possibly a head of a Sidney-
component of SU{j}. That is, the Sidney-component of SU{i, j} containing
i is of the form {i}U{J";" AjUB, where 4; is a Sidney-component of SU{j}
for each [ € {1,...,m — 1} and B is a head of Sidney-component A,,. We
show that B = A,,. Suppose to the contrary that B # A,,.

From Step 1 of Sidney’s algorithm it follows that u({i}UJ]";" A;UB) >
w({iY U A, TEu(B) < u({i} U, A), then it follows from Lemma
6.4.1 that u({i}UU" ;" AJUB) < u({i}UU;";" A;), which is a contradiction.
Hence, u(B) > u({i} U, A)).

Moreover, since A, is a Sidney-component of SU{j}, u(A4,,\B) > u(B).
Hence, we have u(A,,\B) > u(B) > u({i} UJ";" 4;). From Lemma 6.4.2,
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by using S = {i} UU";' 4, T = B and W = A,,\B, we obtain that
w({iY U™, A) > u({i}ulU";" AjUB), which contradicts that the Sidney-
component of SU{i,j} containing i is {i} U U?;l A;UB. We conclude that
C1(S U{i,j}) contains a single element. O

Lemma 6.4.5 It holds that

v(SU{i,j}) —v(SU{i}) —v(SU{j}) +v(S)
= G(C1(SU{i,j}), Ca(S U{i,j})) — G(CL(S U{i}), Ca(S U{i}))
—G(C1(SU{j}), Cu(S U {j})) + G(C1(5), Cu(S)).

Proof: Besides the already introduced sets C1(V') and Cy(V'), where V =
SU{i,j}, SU{i}, SU{j}, S, we introduce the following collections of Sidney-
components (for an illustration see Figure 6.1). For V.= S U {3, j},SU{i}
let Co(V') be the collection of Sidney-components of V' that are contained
in P(c*) and that are also Sidney-components of S U {j}.

For V.= SU{j},S let Co(V) be the collection of Sidney-components
of V' that are contained in P(c*) and that are also Sidney-components of
S U{i,j}. Note that Co(SU{i,j}) = Co(SU{i}) = Ca(SU{j}) = Ca(S).

For V.= S U {i,5},S U {j} let C3(V) be the collection of Sidney-
components of V' that are contained in P(d*) and that are also Sidney-
components of S'U {i}.

For V.= S U {i},S let C3(V) be the collection of Sidney-components
of V' that are contained in P(d*) and that are also Sidney-components of
S U{i,j}. Note that C5(SU{i,j}) = C3(SU{i}) = Cs(SU{j}) = C5(S).

Forl € {¢*+1,...,d* —1} let D; be the collection of Sidney-components
that are contained in chain P(I).

Finally, for V = SU{i,j}, SU{i}, SU{j}, S let C1o(V) = C1(V)UCo(V)
and let C34(V) = C3(V) U Cy (V).

From Sidney’s algorithm, the definition of the game (N, v), and (6.72) it
follows that for T'= S U {i,5},S U {i},SU{j}, S we have
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d*—1
v(T) =G(Cra(T), Csa(T)) + > G(Cra(T), Dy)

l=c*+1
. (6.78)

+ Z G(Dy, Dyy,) + Z G(Dy, C34(T)).

ly;me{c*+1,...,d*—1}:l<m l=c*+1

Now it follows that

v(S UL, 1) —v(SU{i}) —o(SU{j}) +u(S)

= G(C12(SU{i, j}), Caa(SU (i, 1)) — G(Cr2(S U{i}), Caa(S U {i}))
—G(Cra(S U {j}), Caa(S U {3})) + G(Cra2(5), C34(9))

= G(CL(SU{i,j}), Caa(S Ui, 5}) — G(CL(S U {i}), C3a(S U{i}))
—G(CL(SU{3}), Caa(SU{5})) + G(C1(5), Ca(S5))

= G(C1(SU{i,j}), Ca(SU{i,j}) — G(CL(S U{i}), Ca(S U {i}))
—G(C1(SU{j}), Ca(S U {j}) + G(C1(5), Ca(S))

The first equality follows from (6.78) and C12(S U {3,j}) = Ci2(S U {i}),
Cr2(SU{j}) = C12(S), Csa(SU{i, j}) = C34(S U {j}), and Csa(S U {i}) =
C34(S). The second equality follows from Cy(S U {i,j}) = Cx(S U {i}) =
Cr(SU{j}) = Ck(S) for k = 2,3, from Cy4(SU{i,j}) = C4(SU{j}) and
from C4(SU{i}) = C4(S5). The third equality follows from C3(SU{3,j}) =
C3(SU{i}) = C3(SU{j}) = C3(S), from C1(SU{i,j}) = C1(SU{i}) and
from C1(S U{j}) = C1(5). This completes the proof of the lemma. O

6.5 Weak-relaxed sequencing games

In standard sequencing games, rearrangements of the initial order are admis-
sible for a coalition if no jumps take place over agents outside this coalition.
In Curiel, Potters, Rajendra Prasad, Tijs, and Veltman (1993) it is argued
that this notion of admissibility is too restrictive. Specifically, agents outside
a coalition will not object to jumps, as long as their completion times do
not increase. Hence, it is suggested that a reordering should be admissible

for a coalition, as long as the completion times of the agents outside the
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coalition do not increase. In this way the class of relaxed sequencing games
is defined. It is shown in Slikker (2003) that relaxed sequencing games have
non-empty cores.

In this section, which is based on Van Velzen and Hamers (2003) we
study weak-relaxed sequencing games. These games arise from sequencing
situations where exactly one agent has the power to jump. Of course, a jump
is only allowed if the completion time of the agents outside the coalition does
not increase. We will show that cores of weak-relaxed sequencing are non-
empty by proving that these games are permutationally convex with respect

to some special order.

6.5.1 Cores of weak-relaxed sequencing games

In this section we define the class of weak-relaxed sequencing games. Let
(N, 00, a,p) be a sequencing situation and let 7 € N. For the sake of no-
tational simplicity we assume throughout this section that (i) = 4 for
each i € {1,...,|N|}. Before we define the weak-relaxed sequencing game
(N, w?), we first define relaxed sets of admissible rearrangements. In order
to define these sets, we distinguish between two sets of coalitions: coalitions
that include player j and coalitions that do not include player j. If S C N
is such that j € S, then the set of weak-relaxed admissible rearrangements,
WRI(S), coincides with A(S). That is, 0 € WR/(S) if o satisfies (6.1). If
S C N is such that j € S, then a reordering is called admissible if it leaves
the positions of the players in N\S fixed, the completion times of the jobs
in N\S do not increase and at most one jump takes place, of player j with

another player in S, say player m. Formally, o € WR/(S) if
o (i) = 0q (i)

for each i € N\, if

Z Po(k) < Z Po(k)

ke{l,...,|IN|}:k<o~1(3) k€{1,...,|N|}:k<oy ' (3)

for all i € N\S, and if there exists an m € S such that

{JeEN\S:o7'(j) <o (i)} ={j € N\S: 05" (j) < 05" (h)}
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for all i € S\{j,m}. The corresponding weak-relaxed sequencing game
(N,w7) associated with j is defined by
w!(S) =) Ci(oo) = min Y Ci(o),

7
ies oEWRI(S) icg

for all S € N. We remark that weak-relaxed sequencing games are su-
peradditive. In fact, superadditivity of weak-relaxed sequencing games can
be proved similarly to superadditivity of cps games in Lemma 6.3.2. If
(N,v) is the standard sequencing game associated with (N, oq, a, p), then
v(S) < w’(S) for each S C N with equality if j € S or if S is connected.
The next example illustrates weak-relaxed sequencing games. In par-
ticular it shows that weak-relaxed sequencing games need not be chain-

component additive with respect to og, nor convex.

Example 6.5.1 Let (N, 09, a,p) be a sequencing situation with N =
{1,2,3}, « = (2,3,5) and p = (2,1,1). Let 7 = 3. The corresponding
weak-relaxed sequencing game (N, w?) is displayed in Table 6.1.

S [ {2 380 {1,2} {1,3} {23} {1,2,3}
w3 (S)] 0 0 0 4 11 2 14

Table 6.1: The weak-relaxed sequencing game (N, w?).

We explain w3({1,3}). Because p; > p3 we have that WR3({1,3}) =
{(1,2,3),(3,2,1)}. The cost savings for coalition {1,3} at the processing
order (3,2,1) are equal to 11. Hence, w3({1,3}) = 11. Observe that weak-
relaxed sequencing games need not be chain-component additive with re-
spect to o, since w3 ({1})+w3({3}) = 0 < 11 = w3({1, 3}). Moreover, weak-
relaxed sequencing games need not be convex, since w?({1,2})+w?({1,3}) =
15 > 14 = w3(N) + w3 ({1}). &

The upcoming theorem shows that cores of weak-relaxed sequencing games
are non-empty. Specifically, it shows that the order that begins with players
j — 1 up to 1, continues with j + 1 up to |N|, and ends with player j, is

permutationally convex.
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Theorem 6.5.1 Let (N, 0p,a,p) be a sequencing situation and let j € N.
Let (N,w’) be the corresponding weak-relaxed sequencing game. Let 71/ €
II(N) be such that 77(i) = j —i for each i € {1,...,5 — 1}, 7#9(i) =i+ 1
for each i € {j,...,|N|—1}, and 77(|N|) = j. Then 7/ is a permutationally

convex order for (N,w?). In particular, m™ (wi) € C(w?).
Proof: We need to show
w! ([ (3), 7] U 8) +w ([x? (k), w7]) < w! ([ (k), w?]US) +w ([« (i), 7))

for all i,k € {1,...,|N| — 1} with i < k and S C N\[r?(k), /] with S # (.
Let i,k € {0,...,|N| — 1} with i < k and S C N\[#/(k),n’] with S # 0. If
1 = 0, then the inequality follows from superadditivity, so assume that i > 0.
Observe, since i,k < |N|, that j & [77(i), 77| and j & [7?(k),n?]. Therefore,
w([w3(3), 7)) = o[ (3), 7)) and wi([w (k), 7)) = v([x(k), 7)), where
(N,v) is the standard sequencing game associated with (N, o¢, «, p).

Now let 0P € WR/([77 (i), m] U S) be an optimal processing order for

coalition [77 (i), 7/] U S. We distinguish between two cases.

Case 1: 0% € A([n7(i), 7] U S).
Observe that

w! ([ (k), @] U 8) + w ([ (i), 7))
v([r! (k), 7] U 8) + ([ (i), 77])
v([r? (@), 771U 8) + v([n? (k), 7))
= ([0 (i), 7] U S) +w! ([ (), ).

v

Y

The first inequality is satisfied because w’ ([77(k), m]US) > v([7 (k), 77]US)
and because w’ ([77 (i), 77]) = v([x7 (i), 77]). The second inequality follows
from convexity of (N,v). The equality is satisfied because w’([7/ (i), 7] U
S) = v([r (i), 7)US) follows from the assumption that o’ € A([x?(3), 7/]U
S) and because w’ ([7/ (k), 7)) = v([x?(k), 7).

Case 2: 0Pt ¢ A([n(i), ] U S).
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First observe that 0% ¢ A([n’(i), 7] U S) implies that j € S. Secondly,
observe that our assumption implies that at o°"! player j has switched po-
sition with a player, say player m, from a different component. Note that,
because [77 (i), m] U {j} is connected, it follows that m ¢ [77 (i), 7/]. Hence,
meS.

With loss of generality assume that m > j. The proof for the case m < j
runs similar, and is therefore omitted. Note that, because m > j, we obtain
from the admissibility of o that p; > py,.

Note that o°P* can be obtained from o by first switching players j and
m and then putting each component in decreasing order of urgency indices.
So the total cost savings of [77(i), 7/] U S can be decomposed into two parts
as well. Namely in cost savings obtained by switching j and m, and in cost
savings obtained by reordering the connected components. The cost savings

obtained by switching 5 and m, denoted by P, are equal to

P=an(pj+...+pm-1) —j(pjs1 + ... +Pm)
+ > (pj — Pm)th-

he[md (i),mI]US:j<h<m
The first term of P coincides with the cost savings obtained from moving job
m up in the queue. The second term expresses the (negative) cost savings
resulting from moving job j down in the queue. Finally, the completion of
the jobs in between j and m decreases with an amount of p; — p,,, and this
explains the third term of P.

The cost savings that can be obtained by reordering the players after the
switch of players j and m has taken place, can be expressed using a standard
sequencing game. Specifically, let ¢ € Pr(N) be the order obtained from o
by switching j and m. Formally, o(i) = i for each i € {1,...,|N|}\{j,m},
o(7) =m and o(m) = j. Consider the sequencing situation (N, o, a, p) and

the corresponding sequencing game (N, v, ). Then,
w? ([77 (i), 77| U S) = P + v, ([7 (i), 7] U S). (6.79)

Now we provide a lower bound for the cost savings that [77(k), /] U S can
obtain. Consider the following admissible, but not necessarily optimal, re-

ordering for [77(k), 7/]US. First switch players j and m, even if these players
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are in the same component. Secondly, reorder the connected components
using the Smith-rule. Now first observe that the cost savings obtained by

the switch of j and m, denoted by @, equal

Q =anm(pj + ... +pPm-1) —aj(Pjr1+ ... +pm)

+ > (pj — pm)own

helri(k),miluS:j<h<m

The cost savings obtained by rearranging the jobs after the switch of j and
m equal vy ([7?(k), ] U S). Hence,

w’ ([ (k), 7] U S) > Q + vy ([x? (k), 77| U S). (6.80)

From p; > py, and ([77(i), 7] U S) C ([x’(k),n’] U S) we conclude that
@ > P. This yields

w ([x? (k) 7] U S) +w ([« (i), 7))
Q + va ([ (k), 7] U 8) + vo ([x? (i), 7))
P+ v ([7 (i), 7] U S) 4 ve ([7? (k), ©7])
w ([7? (i), 7] U S) + w? ([ (k), 7).

The first inequality holds by (6.80) and because j,m ¢ [r7(i),77] imply
vy ([79 (i), 77]) = w?([x’(i),n7]). The second inequality follows from con-
vexity of (N,v,) and @ > P. The equality is due to (6.79) and because
jym & [ (k), ] imply v (79 (k), 77]) = w ([x7 (k), 77]). =

ARV

6.6 Queue allocation of indivisible objects

Many housing associations use waiting lists to allocate houses to tenants.
Typically, the tenant on top of the waiting list is assigned his top choice,
the tenant ordered second is assigned his top choice among the remaining
houses, etc. A major reason why this mechanism is considered not very
desirable is that the outcome of the procedure might not be efficient for
society. In particular, by collaboration the total group of tenants might be

able to achieve a higher utility.
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A situation where a finite number of indivisible objects need to be al-
located to the same number of individuals with respect to some queue is
studied in Svensson (1994). To be more precise, Svensson (1994) discusses
a situation with a finite number of indivisible objects, the same number
of individuals, and an exogenously given queue. Subsequently, an alloca-
tion method is proposed and it is shown that it satisfies certain desirable
properties.

This section, which is based on Hamers, Klijn, Slikker, and Van Velzen
(2004), discusses a model similar to that of Svensson (1994). The main dif-
ference is that in our model we assume that the preferences of the agents
over the set of objects are expressed in monetary units. This implies that
the allocation proposed by Svensson (1994) might not be efficient for soci-
ety. Only by collaborating will the agents be able to reach a society-efficient
allocation. Because of this collaboration individual agents might not be sat-
isfied with the final assignment of the objects. We assume that these agents
are compensated by means of side-payments. Our main result is that the
society-efficient assignment is supported by side-payments that guarantee
stability, i.e. each coalition has an incentive to collaborate with society.

Another well-known model with indivisible objects is the housing market
of Shapley and Scarf (1974). This housing market considers a finite num-
ber of agents, each initially possessing an object (house). The agents have
preferences over the set of objects. It is shown that core allocations exist
for this model. In Tijs, Parthasarathy, Potters, and Rajendra Prasad (1984)
the model of Shapley and Scarf (1974) is adapted by assuming that the pref-
erences of the agents can be expressed by monetary units. In this way the
class of permutation games is introduced and the non-emptiness of the core
is shown. Hence, our adaptation of the model of Svensson (1994) parallels
the adaptation of the housing market by Tijs, Parthasarathy, Potters, and
Rajendra Prasad (1984).
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6.6.1 Assignment games, permutation games and extensive
form games

In this section we shortly introduce some game theoretical concepts. First
we recall some notions from cooperative game theory. The section ends with
a brief description of extensive form games.

A bipartite matching situation (N, M,U) consists of two disjoint finite
sets of agents NV, M, and an |N| x |M|-matrix U. If agents i € N and j € M
collaborate they achieve a utility of U;; € R. This matching situation was
first modelled as a cooperative game in Shapley and Shubik (1972), in the
following way. Let S C N and T C M. A matching p for S UT consists
of disjoint pairs in S x T'. Let M(S,T) denote the set of all matchings for
coalition SUT. The assignment game (NUM, v,) is defined by v4(SUT) =
max{} . iye, Uij : b € M(S,T)} for all S € N and T C M. That is, the
worth of a coalition is obtained by maximising the sum of the utilities over
the set of matchings for this coalition. A matching that maximises the sum
of utilities is called optimal. It is well-known that assignment games have a
non-empty core (cf. Shapley and Shubik (1972)). In particular, let © be an
optimal matching and let z = (u,v) € RN x RM. Then, x € C(v,) if and
only if u; +v; = Uy; for each (4, ) € p, uj+v; > Uj; for each i € N, j € M,
and zp > 0 for each k € N U M.

A permutation situation (N, M,U) consists of a finite set of agents N, a
finite set of objects M, such that |N| = |M]|, and an |N| x |M|-matrix U.
Each agent ¢ € N initially possesses object i« € M. The utility that agent
i € N receives from the consumption of object j € M is given by U;; € R.
By reallocating their initially owned objects the agents can possibly achieve
a higher utility. Permutation situations can be modelled as cooperative
games in the following way. A reallocation of the objects of coalition S C N
among the members of S can be expressed by a bijection g : S — O(S),
where O(S) denotes the set of objects initially owned by coalition S. Let
I1(S, O(S)) denote the set of all bijections from S to O(S).? The permutation
game (N,vp) is defined by vp(S) = max{}_;cq Uirsq) : s € II(S,0(5))}

for all § € N. That is, the worth of a coalition is the maximum utility it

%In this section we denote the set of bijections from a set A to a set B by II(A, B).
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can achieve by reallocating their initially owned objects among its members.

Permutation games were studied first in Tijs, Parthasarathy, Potters,
and Rajendra Prasad (1984). In that paper a link was established between
the cores of assignment games and permutation games. It was shown that
each core element of an assignment game gives rise to a core element of
a related permutation game. In Quint (1996) it was shown that all core
elements of a permutation game can be obtained from the core of some

associated assignment game.

To conclude this section we shortly introduce extensive form games.'°

We first remark that we only consider extensive form games without chance
nodes, but with perfect information. An extensive form game is a 4-tuple
(P,T,C,u), where P is a finite set of players, T is a rooted tree with non-
terminal node set V7 and terminal node set Vo, C' : Vi — P is a control
function, and v : Vo — RF is a function expressing the utility that each
player receives at each terminal node. For each 7 € P let ¢; C V; be the set
of nodes controlled by i, i.e. ¢; = {v € V1 : C(v) =i}. A strategy of player
i € Pisamap y; : ¢; — V4 UVs such that (v,y;(v)) is an arc in T for all
v € ¢;. So a strategy for player ¢ describes at each node controlled by player
i the direction in which the game proceeds. The set of all strategies of player
i is denoted by ¥;. It is obvious that each strategy profile (y;);cp leads to a
unique terminal node. So each strategy profile (y;);cp induces an outcome at
the extensive form game. Hence, there exists a utility function from the set
of strategy profiles [ [, p %; to R”. We will denote this utility function, with
slight abuse of notation, by u as well. We say that y; € X; is a best reply for
player i against y—; = (y;)jer\(i} € [Ljep iy 25 i wily—i vi) = wi(y—i, z)
for all z; € ¥;. In other words, a player’s strategy is a best reply against
some strategy profile of the other players if he cannot be strictly better off
by unilaterally deviating from this strategy.

0For a full description of extensive form games, see for example Mas-Colell, Whinston,
and Green (1995).
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6.6.2 Object allocation situations and games

In this section we introduce our object allocation situation and a correspond-
ing cooperative game.

An object allocation situation is a 4-tuple (N, M,U,0p). Here N is a
finite set of agents, M is a finite set of indivisible objects, U is a non-
negative |N| x |M|-matrix that expresses the utility of each object for each
agent, and o is an initial order on N. We assume that there are as many
agents as objects, i.e. |N| = |M|.}! The initial order should be interpreted
as the order in which the agents may choose from the set of objects, i.e.
agent oo(1) has the first choice, agent o¢(2) the second, etc. Without loss
of generality, let og(i) =i for all i € {1,...,|N|}.

Let (N, M,U,o09p) be an object allocation situation. We will analyse this
situation using cooperative game theory. At our cooperative game we define
the worth v(S) of a coalition S C N as the maximum total utility it can
guarantee itself without any help from N\S. This utility can be determined
in two stages. In the first stage, all players sequentially choose an object,
respecting og. In the second stage, the members of S reallocate the chosen
objects among themselves to reach coalitional efficiency. Obviously, the
outcome of this reallocation depends on the objects chosen by the members
of S, and therefore also on the objects chosen by the members of N\S.

In order to describe the value v(S) of a coalition S C N, we define
an (auxiliary) extensive form game ({S, N\S},T,C®,u®) with player set
{S,N\S}. We first describe the rooted tree T'. Let k € {1,...,|M|}. The
set of injective maps from {1,...,k} to M is denoted by S;. A map w € S, is
interpreted as a situation where object (i) is chosen by agent i for each i €
{1,...,k}. Similarly, we define Sy as the situation where none of the objects
is chosen yet. Let T' be the rooted tree with node set ULAQJ S and root Sp.
There is an arc between m € S; and 7 € Spy; with k£ € {0,...,|M]| — 1}, if
and only if w(i) = 7(4) for all ¢ € {1,...,k}. That is, there is an arc between
m and 7 if 7 can be extended to 7 by assigning object 7(k + 1) to player
k+1. So, V1 = U‘k]‘;fl)_l S, and Vo = S|M| are the sets of non-terminal and

"' The situation where |[M| < |N| is captured by introducing worthless null objects.
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terminal nodes, respectively.

We define the control function C* : Lﬂﬂ)_l S — {S,N\S} as follows.
Let 7 € S for some k € {0,...,|M| — 1}. Then we define C%(xr) = S if
and only if £+ 1 € S. So coalition S controls the nodes at which one of its
members is to choose an object. Let Xg and X\ g be the set of all possible
strategies of players S and N\S, respectively.

Finally, we describe the utility function u® : g x Xnms — R{SN\SY
Let y = (ys,yn\s) € s x ¥n\g- Let 7 € Sy, be the terminal node reached
by strategy profile y, and let Hg(7) = {7(i) : i € S} be the corresponding
set of objects obtained by S. Now define u2(y) = max{> , g Uiriy * 7 €
II(S, Hg(7))}, and ui,\s(y) = —u3(y). So, the payoff of S at terminal node
7T € &, is the maximum utility S obtains after reallocating the initially
chosen objects and the payoff for N\S is just the opposite of the payoff of S.
Hence, N\S maximises its payoff at the extensive form game by minimising
the payoff of S.

Now we define the object allocation game (N, v) by

v(S) = max min  u2(y) for all S C N.
(%) Ys€Xs Yn\sEXLN\s s(v) -
Note that v(S) is precisely the maximum utility coalition S can guarantee
itself without any help from N\S. Also, notice that v(N) = va(N U M),
where (N U M,vy) is the assignment game corresponding to the bipartite
matching situation (N, M, U).

We illustrate the object allocation game in the following example.

Example 6.6.1 Let N = {1,2,3}, M = {A,B,C}and U =

T W
w ot O
S W N

The object allocation game (N, v) is given by

S {1 {2} {3} {12} {13} {23} {1,2,3}
(S)] 6 4 0 10 7 6 14

To see for instance why v({1,3}) = 7 consider the extensive form game
({{1,3},{2}}, T, {13} u{13}) which is depicted in Figure 6.2. If coalition
{1,3} chooses object A as a first choice, then the utility it will achieve is
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equal to 7, since player {2} will choose object B in order to maximise its
own payoff at the extensive form game. If coalition {1,3} chooses object
B or C first, then coalition {2} will obviously maximise its payoff at the
extensive form game by choosing object A. This leads to a utility of 6 for
coalition {1,3}. Hence, coalition {1,3} can guarantee itself a payoff of 7 by
first choosing object A. We conclude that v({1,3}) = 7. O

So

St

(7,—7) (11,-11) (6,—6) (11,-11) (6,—6) (7,-7)

Figure 6.2: The extensive form game ({{1,3},{2}}, T, C{1:3} {13},

6.6.3 Cores of object allocation games

In this section we show that the core of object allocation games is non-
empty. In fact, we provide a method to obtain core elements by using core
elements from a related assignment game. Furthermore, we show that for
a special class of utility profiles the object allocation game coincides with a
corresponding permutation game.

The following theorem shows the non-emptiness of the core of object

allocation games.

Theorem 6.6.1 Let (N, M,U, o) be an object allocation problem and let
(N, v) be its corresponding game. Let (N, M, U) be the corresponding bipar-
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tite matching problem and let (N UM, v4) be the corresponding assignment
game. Let (u,w) € C(va) and let 7: {1,...,|M|} — M be a bijection such
that wr;) > ... > wyn). Define z; = u; + wy ) for all ¢ € N. Then,
z € C(v).

Proof: By definition of z, >,y #; = va(NUM). Since vA(NUM) = v(N),
Y icn Ti = v(N). It remains to show that ) ;g x; > v(S) for each S C N.
Let S C N and consider the extensive form game ({S, N\S},T,C?®, u%).
Consider the following (possibly non-optimal) strategy zy\g € Xn\g for
player N\S: “always pick the object with highest w; that is still avail-
able.” More precisely, let zy\g € Xag be such that zy\g(0) = 7 for
each 0 € S, k+1 € N\S, and 7 € Spy1 with wry1) > wj for all
je M\{o(l),...,0(k)}.

Now if player S would use a similar strategy in the strategic form game
as player N\S, i.e. also “always pick the highest w; that is still available,”
then player S would acquire {7(i) : i € S} as its set of objects. If player S
uses a different strategy, then, given player N\S’s strategy zy\g, it would

obtain a set of objects A with lower w;-values. Formally,
Z Wy < Z Wr(3)- (6.81)
acA i€S

In particular, let player S play a best reply against strategy zy\g. Let A* be
the set of objects acquired by S. Let 7 : S — A* be the optimal reallocation
of the obtained objects. From (6.81) it follows that

an(i) = Z wy < ZwT(i). (6.82)

€S acA* €S
Hence,
Dowi= ity weiy 2D Uit Y wa)
1€S €S €S €S €S
(6.83)
> va(SU{m(i) i € S}) =) Uin(p).

ies
The first inequality is due to (6.82). The second inequality is satisfied be-
cause (u,w) € C(va4). The last equality is satisfied since the matching
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{(¢,m(i)) : ¢ € S} is an optimal reallocation, and hence optimal for coalition
SU{n(i) :i € S} at the assignment game (N,v4).
From the definition of the game (N, v) it follows that

Uy = max u2 S, 2 > max min  wi(y) = v(S). (6.84
iezs i (i) UsEDs S(y N\S)_ySEEs UN\SEE N 5 S(y) ( ) ( )

Now the theorem follows immediately from (6.83) and (6.84). O

The next example illustrates Theorem 6.6.1. Moreover, it shows that in
general not all core elements of the object allocation game can be obtained

via the technique of Theorem 6.6.1.

Example 6.6.2 Let (N, M,U, 0() be the object allocation situation from
Example 6.6.1, and (N,v) the corresponding game. Consider the corre-
sponding bipartite matching situation (N, M, U) and assignment game

(N UM,va). Note that (u,w) € C(va) with u = (2,3,3) and w =

(wa, wp,we) = (2,4,0). Clearly wp > wy > we. Now let 1 = uj+wp = 6,
T9 = us + wy = 5, and 3 = uz + we = 3. From Theorem 6.6.1 it follows
that z = (6,5,3) € C(v).

We will now show that not each element of C(v) is achievable by the
method of Theorem 6.6.1. Consider y = (8,4,2) € C(v). Suppose that
(v, w") € C(vy) is such that u’1+w’7(1) =38, u’2+w’7(2) =4, and ug+w’T(3) =2
where 7: {1,2,3} — M is a bijection with w’T(l) > w’T(Q) > w’T(g).

First note that (N, M,U) has a unique optimal matching 1 = {(1, B),
(2,0),(3,A)}. So, since (v/,w') € C(v4), it holds that v} + wlz = Ui = 6,
uy + wy = Use = 3, and ufy + w'y = Usqg = 5. Since u’Q—I—w/T(Q) =4
and uh + w = 3, it follows that w;_(Q) > we. So, w;_(l) > w;(z) > we.
Hence, 7(3) = C. Because u} + w’T(l) = 8 it follows that w’T(l) > wh,
and thus that 7(1) # B. We conclude that w/y > wp > wg. Hence,
uh + Wy = uhH + w’T(Q) =4 <5 =wva({2, B}) contradicting (v, w’) € C(v4).
&

Our second result deals with a special case of object allocation situations.

Let (N, M, U, 0¢) be an object allocation situation where all agents prefer the
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first object over the second, the second object over the third, etc. Then, the

object allocation game coincides with a corresponding permutation game.

Proposition 6.6.1 Let (N, M, U, 0g) be an object allocation situation with
Ujp 2 ... 2 Ujjpy for all j € N and let (N, v) be its corresponding object
allocation game. Let (N, M, U) be the corresponding permutation situation
and (N,vp) its corresponding game. Then, the games (N,v) and (N, vp)

coincide.

Proof: We show that for all S C N it holds that v(S) = vp(S). Let S C N
and consider the extensive form game ({S, N\S}, T, C°,u®). First we show,
by giving a strategy for player S, that at the extensive form game player S
can obtain a payoff of at least vp(S). This implies v(S) > vp(S5).

Consider the following strategy zg € Xg for player S at the extensive
form game: “always pick the remaining object with lowest index number,”
i.e. pick the remaining object with highest utility. In other words, zg is such
that zg(o) = 7 for each 0 € Sk, k+1 € S, and 7 € Sgyq with 7(k+ 1) =
min{j: j € M\{o(1),...,0(k)}}. Let the best reply of player N\S against
this strategy of S result in a set of objects A = {a1,...,aq;9} € M for S.
We assume, without loss of generality, that the elements of A are ordered
a1 <ag <...< a|5‘.12

Denote the set of objects initially owned by S in the permutation situa-
tion (N, M,U) by O(S) = {b1,...,bg}. We assume, without loss of gener-
ality, that this set is ordered by < by < ... < b|g|. Note that by definition of
strategy zg player S will obtain a better set of objects at the extensive form
game in the sense that a; < b; for all j € {1,...,|S|}. Now let 7*: S — B
be the optimal reallocation of the objects in B among the members of S,
ie. Y icgUinss) = max{} ;cqUirq) : m € 1I(S, B)}. Furthermore, define
7:S — A by 7(i) = a; if and only if 7*(i) = b;. In other words, assign
the j-th object of A to player ¢ if and only if it is optimal to assign the j-th
object of B to ¢. Now

vp(S) = max{) Uy : 7 €I(S,B)}
€S

12Recall that M = {1,...,m} and that a; < aj implies that U;; > Uy, for all j € N.
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<

<

<

> Ui

€S

> Uiy

i€S

max{» Uy : 7 € T(S, A)}
€S

v(S).

The first inequality holds because 7*(i) > 7 (i) for all ¢ € S. The second

inequality is satisfied because ™ might be non-optimal. The last inequality

is satisfied since the strategy of S might be non-optimal.

Finally, we prove the inequality v(S) < vp(S) by considering the follow-

ing strategy for N\S: “always pick the remaining object with lowest index

number.” It is obvious that if N\S uses this strategy, then S cannot do bet-

ter than to obtain the set of objects B. By reallocation of the objects in B

player S obtains a maximal total utility of vp(S). Therefore, v(S) < vp(S).

O
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Samenwerking in netwerken
en volgordeproblemen

Samenvatting

Het onderwerp van deze verhandeling is coGperatieve speltheorie. Deze tak
van wetenschap houdt zich voornamelijk bezig met het wiskundig beschrij-
ven en analyseren van samenwerkingsverbanden binnen een economische
context. Met name de totstandkoming en de verdeling van synergievoor-

delen ontstaan door samenwerking zijn onderwerp van studie.

Binnen de cooperatieve speltheorie wordt een wiskundig model van syn-
ergievoordelen ontsproten aan een samenwerkingsverband aangeduid met
de term “spel”. De betrokken economische agenten worden heel toepasselijk
“spelers” genoemd. Het bekendst zijn spelen met overdraagbaar nut. Een
spel met overdraagbaar nut beschrijft voor iedere groep spelers de mone-
taire waarde van de synergievoordelen die deze groep kan genereren door
middel van samenwerking. Deze waardes kunnen vervolgens worden ge-
bruikt om te bepalen welke samenwerkingsverbanden zullen ontstaan, en
hoe de synergievoordelen zullen worden verdeeld. Het moge duidelijk zijn
dat deze twee vraagstukken gerelateerd zijn. De uiteindelijke samenwer-
kingsverbanden zullen athangen van de verdeling van de synergievoordelen,
en de verdeling hangt weer af van de ontstane samenwerkingsverbanden.
Eén van de voornaamste doelstellingen binnen de coOperatieve speltheorie
is het “eerlijk” verdelen van synergievoordelen. Met dit doel is er een scala
aan oplossingsconcepten ontwikkeld. Een oplossingsconcept is grof gezegd

een afbeelding die aan ieder coGperatief spel één of meerdere verdelingen
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toekent.

Dit proefschrift behandelt verscheidene aspecten van cooperatieve spel-
theorie. Ten eerste poogt het relaties tussen eigenschappen en oplossingscon-
cepten van spelen te onderzoeken. Ten tweede worden verscheidene samen-
werkingsverbanden gemodelleerd als spelen, en worden deze spelen vervol-

gens onderzocht.

Deze verhandeling begint met een inleidend hoofdstuk, Hoofdstuk 1.
Dit hoofdstuk geeft een korte introductie tot de cooperatieve speltheorie,
alsmede een bespreking van de meest elementaire wiskundige begrippen en
notaties die dit proefschrift sieren. Het hoofdstuk eindigt met een vooruit-

blik naar de volgende hoofdstukken.

Hoofdstuk 2 is geheel en al gewijd aan marginale vectoren. Dit zijn
oplossingsconcepten die gerelateerd zijn aan volgordes op de spelersverza-
meling. Binnen de speltheorie is het welbekend dat er een relatie bestaat
tussen marginalen en convexiteit. In Hoofdstuk 2 wordt deze relatie verder
uitgeplozen. FEr wordt gepoogd verzamelingen marginalen te construeren
met de volgende eigenschap: als de marginalen in deze verzameling zich in
de kern van een spel bevinden, dan is dit spel noodzakelijkerwijs convex.
Het hoofdresultaat van het hoofdstuk is de bepaling van de minimale cardi-
naliteit van zulke verzamelingen, en een constructieve methode om tot zulke
minimale verzamelingen te komen.

Het onderwerp van Hoofdstuk 3 is boom-component additieve spelen.
Dit zijn superadditieve spelen waarbij de mogelijke samenwerkingsverban-
den van de spelers beperkt worden door een exogeen gegeven boom, d. i.
alleen samenhangende groepen spelers worden in staat geacht synergievoor-
delen te genereren. Het hoofdstuk richt zich met name op eigenschappen
als stabiliteit van de kern, exactheid, uitbreidbaarheid en grootheid van de
kern. Voor het speciale geval van keten-component additieve spelen wordt
stabiliteit van de kern zelfs gekarakteriseerd.

Het daaropvolgende hoofdstuk bespreekt kostenverdelingen bij de plaat-
sing van faciliteiten. Hierbij wordt gebruik gemaakt van het graaftheo-
retische concept “dominerende verzameling”. Er worden drie verschillende

spelen geintroduceerd die het kostenverdelingsprobleem modelleren. Deze
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spelen verschillen door de mogelijkheden die groepen spelers hebben om
faciliteiten te plaatsen. Er worden relaties tussen de spelen onderzocht,

alsmede eigenschappen als niet-leegheid van de kern en convexiteit.

Hoofdstuk 5 houdt zich bezig met de verdeling van onderhoudskosten van
netwerken. Dit is een bekend kostenverdelingsprobleem binnen de coopera-
tieve speltheorie. Echter, in de literatuur wordt de aanname gemaakt dat
iedere speler zich op precies één plek in het netwerk bevindt. In Hoofdstuk
5 wordt met behulp van een voorbeeld aangetoond dat deze aanname niet
altijd realistisch is. Vervolgens beschouwt het hoofdstuk kostenverdelings-
problemen waarbij de aanname niet geldt. Voor de bijbehorende spelen
worden niet-leegheid van de core aangetoond, alsmede verscheidene oplos-

singsconcepten bestudeerd.

Het laatste hoofdstuk is geheel gewijd aan machinevolgordeproblemen.
Bij een machinevolgordeprobleem is er een machine die verscheidene taken
moet uitvoeren die beheerd worden door verschillende spelers. De machine
kan slechts één taak tegelijk afhandelen, dus staan de spelers netjes in de rij
te wachten alvorens hun taak afgehandeld wordt. Aangezien niet alle taken
even urgent zijn, kunnen er kosten bespaard worden door spelers van plaats
te laten wisselen. De vraag is nu natuurlijk hoe deze kostenbesparingen
verdeeld dienen te worden over de spelers. In Hoofdstuk 6 worden verschei-
dene machinevolgordeproblemen bestudeerd. Ten eerste wordt een model
beschouwd waarin de spelers niet alleen de mogelijkheid hebben van plaats
te wisselen, maar tevens de mogelijkheid hebben de afhandelingstijd van
hun taak te reduceren, tegen een verhoogd tarief. Voor dit model wordt de
kern bestudeerd, alsmede convexiteit in enkele speciale gevallen. Ten tweede
wordt een model geintroduceerd waarin voorrangsrelaties een rol spelen. Er
wordt aangetoond dat als de voorrangsrelatie bestaat uit een serie parallelle
ketens, en de initi€le volgorde een aaneenschakeling van deze ketens is, dat
dan het bijbehorende machinevolgordespel convex is. Vervolgens volgt er een
korte beschouwing over machinevolgordespelen met een ruimere verzameling
toegelaten herrangschikkingen. Voor deze spelen wordt niet-leegheid van de
kern aangetoond. Het laatste gedeelte van het hoofdstuk, en proefschrift,

beschouwt de verdeling van een eindig aantal ondeelbare objecten over een
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zelfde aantal spelers. Er wordt aangetoond dat samenwerking ondersteund

wordt door stabiele zijbetalingen.



