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Devwudfw

Zh frqvlghu d prgho ri +vsdwldo, yrwlqj zlwk hqgrjhqrxv wlplqj1 Lq olqh zlwk zkdw lv revhuyhg

lq dfwxdo srolwlfdo fdpsdljqv/ fdqglgdwhv fdq ghflgh hqgrjhqrxvo| zkhq dqg zkhuh wr orfdwh1

Pruh vshfl�fdoo|/ zh dqdo|}h hqgrjhqrxv wlplqj lq d wzr0shulrg q0fdqglgdwh vsdwldo0yrwlqj

jdph rq wkh xqlw lqwhuydo1 Zh vkrz wkdw wklv jdph srvvhvvhv d sxuh vwudwhj| htxloleulxp � 1
Wkh htxloleulxp � frqfhsw lv d vlpsol�hg yhuvlrq ri vxejdph shuihfwlrq gh�qhg e| Rveruqh

+4<<6, iru xvh lq jdphv wkdw srvvhvv qr�ru rqo| yhu| frpsoh{�vxejdph shuihfw htxloleuld1 Zh

ghprqvwudwh wkh odwwhu srlqw e| dovr dqdo|}lqj wkh vxejdph shuihfw htxloleuld lq wkuhh0fdqglgdwh

vsdwldo yrwlqj zlwk hqgrjhqrxv wlplqj1 Rxu uhvxowv vkrz wkdw dffrxqwlqj iru hqgrjhqrxv wlplqj

fdq holplqdwh vrph ri wkh pruh xqdsshdolqj htxloleulxp fkdudfwhulvwlfv ri wkh vwdqgdug prgho1

� W?|hL_�U|�L?

Dprqj wkh pdq| vlpsoli|lqj dvvxpswlrqv ri wkh Grzqvldq yrwlqj prgho wkh/ shukdsv/ prvw vhulrxv

lv wkdw fdqglgdwhv vhohfw wkhlu srvlwlrqv vlpxowdqhrxvo|1 Lq idfw/ dvvxplqj dq| vshfl�f h{rjhqrxv

rughu lq zklfk fdqglgdwhv vhohfw wkhlu sodwirupv dsshduv lq frq�lfw zlwk wkh hylghqfh1 W|slfdoo|/
�
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srolwlfdo fdpsdljqv odvw iru vhyhudo zhhnv/ li qrw prqwkv/ dqg fdqglgdwhv ghflgh hqgrjhqrxvo|

rq zkhq wr wdnh zklfk vwdqfh lq lpsruwdqw pdwwhuv1 Zlwk wkh h{fhswlrq ri Rveruqh*v +4<<6/

5333, slrqhhulqj zrun/ zklfk dqdo|}hv hqgrjhqrxv wlplqj zlwk wkuhh fdqglgdwhv/ wkh olwhudwxuh kdv

uhpdlqhg uhpdundeo| txlhw rq wklv lvvxh1 Lq sduwlfxodu/ zh duh qrw dzduh ri jhqhudo uhvxowv iru

pruh wkdq wkuhh fdqglgdwhv1
�

Wklv sdshu dwwhpswv wr pryh d vwhs iruzdug lq prgholqj hqgrjhqrxv

wlplqj lq yrwlqj zlwk dq duelwudu| qxpehu ri fdqglgdwhv1

Uhpdundeo|/ lqwurgxflqj hqgrjhqrxv wlplqj holplqdwhv vrph ri wkh ohvv dwwudfwlyh surshuwlhv

ri wkh vwdqgdug prgho1 Wkh vwdqgdug prgho suhglfwv/ iru h{dpsoh/ wkdw zlwk q � 7 sduwlhv/

erwk prvw h{wuhph srvlwlrqv/ wkh h{wuhph ohiw dqg wkh h{wuhph uljkw/ duh wdnhq e| wzr fdqglgdwhv

hdfk= Jlyhq wkdw zh duh qrw dzduh ri dq| frxqwulhv zlwk wzr h{wuhph ohiw0 dqg wzr h{wuhph uljkw0

zlqj sduwlhv wklv dsshduv wr eh d sduwlfxoduo| xqdsshdolqj ihdwxuh ri wkh vwdqgdug prgho1 Zlwk

hqgrjhqrxv wlplqj zh fdq uhfrqfloh wkhru| dqg hpslulfv lq wkdw uhvshfw vlqfh zh �qg htxloleuld lq

zklfk wkh prvw h{wuhph srvlwlrqv duh qrw wdnhq e| wzr fdqglgdwhv1 Udwkhu/ fdqglgdwhv duh pruh

htxdoo| glvwulexwhg ryhu wkh srolwlfdo vshfwuxp1

Zh prgho hqgrjhqrxv wlplqj lq yhu| pxfk wkh vdph zd| dv lw kdv ehhq hpsor|hg lq wkh

lqgxvwuldo rujdql}dwlrq olwhudwxuh +vhh/ h1j1/ Vdorqhu 4<;:/ Kdplowrq dqg Voxwvn| 4<<3/ ru Urevrq

4<<3,1 Wkh jhqhudo lghd lv wkh iroorzlqj1 Vxssrvh J lv d qrupdo irup jdph zlwk q sod|huv zkrvh

vwudwhj| vhwv duh V � > V � > = = = > V 	 1 Ohw J 
 eh d wzr0shulrg jdph lq zklfk doo sod|huv dfw vlpxowdqhrxvo|

lq wkh �uvw shulrg1 Lq wkh �uvw shulrg hdfk sod|hu l fkrrvhv dq dfwlrq iurp V � ru fkrrvhv wr zdlw1 Lq

shulrg 5/ doo shulrg 4 dfwlrqv ehfrph frpprq nqrzohgjh/ dqg wkhq doo sod|huv zkr fkrvh wr zdlw

lq shulrg 4 fkrrvh wkhlu dfwlrqv vlpxowdqhrxvo|1 Sd|r�v duh dvvljqhg xvlqj wkh sd|r� pdwul{ ri wkh

jdph J1 Wkhq J 
 lv d jdph zlwk hqgrjhqrxv wlplqj1

Lq wklv sdshu zh lqyhvwljdwh wkh htxloleulxp vwuxfwxuh ri d vsdwldo yrwlqj hohfwlrq jdph zlwk

hqgrjhqrxv wlplqj1 Pruh sduwlfxoduo|/ zh vwduw zlwk d vwdqgdug vsdwldo yrwlqj hohfwlrq jdph lq

zklfk q fdqglgdwhv vlpxowdqhrxvo| fkrrvh srvlwlrqv rq wkh srolwlfdo vshfwuxp ^3> 4` dorqj zklfk

yrwhuv duh xqlirupo| glvwulexwhg1 Hdfk yrwhu vxssruwv wkh qhduhvw fdqglgdwh1 Hdfk fdqglgdwh*v

sd|r� lv wkh ohqjwk ri wkh vhw ri yrwhuv vxssruwlqj khu1 Wkhq zh lqwurgxfh hqgrjhqrxv wlplqj dv

deryh1 Zh �uvw frqvlghu vxejdph shuihfw htxloleuld1 Gxh wr wkh frpsoh{lw| ri wkh sureohp/ zh

rqo| dqdo|}h wkh vshfldo fdvh zlwk q @ 6= Zh vkrz wkdw lq wklv fdvh wkh jdph kdv qr vxejdph

shuihfw htxloleulxp +VSH, lq sxuh vwudwhjlhv1 Krzhyhu/ wkhuh lv d udwkhu frpsoh{ VSH lq pl{hg
�
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vwudwhjlhv1 Rq wkh htxloleulxp sdwk ri wklv pl{hg VSH/ wzr fdqglgdwhv orfdwh lq shulrg 4 dw 427 dqg

627/ uhvshfwlyho|/ zkhuhdv wkh wklug fdqglgdwh orfdwhv vrphzkhuh lq ehwzhhq wkhvh wzr srvlwlrqv lq

shulrg 51

Gxh wr wkh gl�fxowlhv zh hqfrxqwhu wr �qg d VSH lq wklv vshfldo fdvh/ zh qh{w frqvlghu dq

dowhuqdwlyh htxloleulxp frqfhsw�wkh htxloleulxp 
 qrwlrq lqwurgxfhg e| Rveruqh +4<<6,1 Xqolnh d

VSH/ dq htxloleulxp 
 lv qrw uhtxluhg wr eh d Qdvk htxloleulxp rq/ ru hyhq wr eh gh�qhg rq/ hyhu|

vxejdph1 Lq sduwlfxodu/ dq htxloleulxp 
 lv uhtxluhg wr eh d Qdvk htxloleulxp rq dq| vxejdph wkdw

lv uhdfkhg e| d klvwru| lq wkh frxuvh ri zklfk qr wzr sod|huv ghyldwh lq wkh vdph shulrg iurp wkh

sod| suhvfulehg e| wkh htxloleulxp 
 1 Lw fdq eh dujxhg wkdw dq htxloleulxp 
 srvvhvvhv wkh vdph

vwdelolw| wkdw lv wkh gh�qlqj fkdudfwhulvwlf ri vxejdph shuihfwlrq1 Zh vkrz wkdw lq wkh jhqhudo

q0sod|hu fdvh/ rxu yrwlqj prgho zlwk hqgrjhqrxv wlplqj kdv dq htxloleulxp 
 lq zklfk dq| q � 4

fdqglgdwhv orfdwh dw htxlglvwdqw orfdwlrqv lq shulrg 4 zkhuhdv wkh q0wk fdqglgdwh zdlwv xqwlo shulrg

5 dqg wkhq orfdwhv vrphzkhuh lq0ehwzhhq wkh rxwhuprvw srvlwlrqv rffxslhg lq wkh �uvw shulrg1

Zkloh hpsor|lqj wklv surfhgxuh uhvroyhv wkh xqlqwxlyh ihdwxuhv ri wkh vwdqgdug prgho/ lw

dovr ghprqvwudwhv/ rq d pruh whfkqlfdo ohyho/ wkh dgydqwdjh dqg xvhixoqhvv ri wkh htxloleulxp 

frqfhsw= Dq hdv| wr surri htxloleulxp 
 pd| h{lvw iru d jdph wkdw kdv qr VSH dqg wkhuh pd| eh d

vlpsoh htxloleulxp 
 iru d jdph wkdw kdv rqo| frpsoh{ ru kdug0wr0�qg VSH1

Uhodwhg Olwhudwxuh= Wkh prgho zh vwxg| lv uhodwhg wr wkh rqhv lq Sdoiuh| +4<;7,/ Rveruqh

+4<<6, dqg Rveruqh +5333,1 Sdoiuh| vwxglhv d wkuhh0fdqglgdwh wzr0shulrg prgho zlwk h{rjhqrxv

wlplqj lq zklfk wzr fdqglgdwhv orfdwh lq wkh �uvw shulrg dqg wkh wklug orfdwhv lq wkh vhfrqg

shulrg diwhu revhuylqj wkh rwkhu wzr fdqglgdwhv* fkrlfhv1 Fdqglgdwhv duh dvvxphg wr eh yrwh0

pd{lpl}huv1 Sdoiuh| vkrzv wkdw lq wklv vhwxs wkhuh h{lvwv d olplw0htxloleulxp lq zklfk wkh �uvw0

shulrg fdqglgdwhv orfdwh dw gl�huhqw srvlwlrqv dqg wkh wklug fdqglgdwh orfdwhv lq ehwzhhq wkh wzr

lq wkh vhfrqg shulrg1 Sdoiuh|*v dqg rxu prgho vkduh wkh ihdwxuhv ri wzr orfdwlrq shulrgv dqg yrwh0

pd{lpl}lqj fdqglgdwhv1 Krzhyhu/ zkhuhdv Sdoiuh| rqo| frqvlghuv wkh fdvh ri q @ 6/ zh frqvlghu wkh

q0sod|hu vhwxs1 Pruhryhu/ zkhuhdv wlplqj ghflvlrqv duh lpsrvhg h{rjhqrxvo| lq Sdoiuh|*v prgho/ zh

hqgrjhql}h wklv ghflvlrq1 Lqwhuhvwlqjo|/ uhvwulfwlqj rxu uhvxow wr wkh 60sod|hu fdvh/ Sdoiuh|*v wlplqj

dqg orfdwlrq sdwwhuq hphujhv hqgrjhqrxvo| lq rxu prgho1

Rveruqh +4<<6, vwxglhv wzr yhuvlrqv ri d 60fdqglgdwh pdq|0shulrg prgho1 Li fdqglgdwhv

pryh lq d �{hg rughu/ dv lw lv dvvxphg lq rqh yhuvlrq/ wkhq wkhuh lv d xqltxh sxuh VSH rxwfrph/

lq zklfk wkh �uvw fdqglgdwh hqwhuv dw wkh phgldq yrwhu*v idyrulwh srvlwlrq/ wkh vhfrqg fdqglgdwh

vwd|v rxw/ dqg wkh wklug fdqglgdwh hqwhuv dw wkh phgldq1 Lq dqrwkhu yhuvlrq ri wkh prgho wkhuh lv
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dq lq�qlwh vhtxhqfh ri shulrgv 4> 5> === Lq hdfk shulrg hyhu| sod|hu zkr kdv qrw douhdg| fkrvhq d

srvlwlrq hlwkhu fkrrvhv d srvlwlrq qrz ru fkrrvhv wr zdlw xqwlo wkh qh{w shulrg1
�

Jlyhq d vwudwhj|

sur�oh ri wkh fdqglgdwhv/ wkhuh lv d gdwh diwhu zklfk qr qhz hqwu| lqwr wkh frpshwlwlrq rffxuv1 Dw

wklv gdwh dq hohfwlrq lv khog1 Wkh zlqqhu lv wkh fdqglgdwh uhfhlylqj prvw yrwhv1 Rveruqh vkrzv wkdw

lq hyhu| VSH ri wklv prgho rqo| rqh fdqglgdwh hqwhuv dqg wkh rwkhu wzr vwd| rxw ri wkh frpshwlwlrq1

Rveruqh +5333, djdlq xvhv wkh vhwxs lq zklfk hdfk ri wkuhh fdqglgdwhv pd| pryh zkhqhyhu

vkh zlvkhv1 Exw wklv wlph fdqglgdwhv duh xqfhuwdlq derxw wkh glvwulexwlrq ri wkh yrwhuv* idyrulwh

srvlwlrqv1 Pruhryhu/ hdfk fdqglgdwh zlvkhv wr pd{lpl}h wkh suredelolw| ri zlqqlqj/ kdv d +v|pphw0

ulf, plqlpdo dffhswdeoh suredelolw| ri zlqqlqj/ s � / dqg suhihuv wr vwd| rxw ri wkh frpshwlwlrq wkdq

wr hqwhu dqg zlq zlwk suredelolw| ohvv wkdq s � = Dv Rveruqh vkrzv/ li wkhuh lv vx�flhqw xqfhuwdlqw|/

_wkh jdph kdv dq htxloleulxp +hvvhqwldoo| d VSH, lq zklfk wzr sod|huv hqwhu dw glvwlqfw srvlwlrqv

vlpxowdqhrxvo| lq wkh �uvw shulrg dqg wkh wklug sod|hu hlwkhu vwd|v rxw/ ru/ li wkhuh lv hqrxjk xq0

fhuwdlqw|/ hqwhuv lq wkh vhfrqg shulrg dw d srvlwlrq ehwzhhq wkrvh ri wkh rwkhu fdqglgdwhv1% +s1

75,1

Wkhuh duh wzr pdlq gl�huhqfhv ehwzhhq Rveruqh*v prghov dqg rxu dssurdfk1 Iluvw/ zh

doorz iru rqo| wzr shulrgv lq zklfk fdqglgdwhv pd| fkrrvh sodwirupv zkhuhdv Rveruqh doorzv iru

lq�qlwho| pdq|1 Vhfrqg/ dqg pruh lpsruwdqwo|/ zh duh qrw prgholqj d zlqqhu0wdnh0doo hohfwlrq/

lq zklfk d sd|r� ri/ vd|/ 4 iru rqh fdqglgdwh dqg 3 iru doo rwkhuv zrxog eh dssursuldwh/ exw d

sursruwlrqdo uhsuhvhqwdwlrq hohfwlrq lq zklfk/ iru h{dpsoh/ rxu fdqglgdwhv fdq eh wkrxjkw ri dv

srolwlfdo sduwlhv/ dqg hdfk sduw| lv dzdughg d qxpehu ri vhdwv lq sduoldphqw sursruwlrqdo wr wkh

qxpehu ri yrwhv lw uhfhlyhv1
�

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh gh�qh vsdwldo yrwlqj zlwk hqgrjhqrxv

wlplqj1 Lq Vhfwlrq 614 zh frqvlghu VSH lq wkh wkuhh0sod|hu fdvh1 Wkhq/ lq Vhfwlrq 615/ zh glvfxvv wkh

htxloleulxp 
 frqfhsw dqg vkrz wkdw wkh q0fdqglgdwh vsdwldo0yrwlqj prgho zlwk hqgrjhqrxv wlplqj

kdv d sxuh vwudwhj| htxloleulxp 
 = Vhfwlrq 7 r�huv d vkruw glvfxvvlrq ri rxu �qglqjv dqg frqfoxghv

zlwk d vkruw olvw ri rshq sureohpv1
�
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2 A�i 4L_i*

Iru vlpsolflw| ri h{srvlwlrq
�

zh dvvxph yrwhuv wr eh xqlirupo| glvwulexwhg dorqj ^3> 4` zlwk ghqvlw|

41 Wkhuh duh q+� 6, fdqglgdwhv odehohg 4> 5> ===> q1 Wkh yrwlqj jdph frqvlvwv ri wzr shulrgv1 Lq

shulrg 4 doo q fdqglgdwhv dfw vlpxowdqhrxvo|1 Iru hdfk l> fdqglgdwh l fkrrvhv d srvlwlrq { � 5 ^3> 4`

ru fkrrvhv wr zdlw xqwlo shulrg 51 Wkh fkrlfhv wkhq ehfrph frpprq nqrzohgjh1 Lq shulrg 5

wkrvh fdqglgdwhv zkr fkrvh wr zdlw lq shulrg 4 vlpxowdqhrxvo| fkrrvh srvlwlrqv1 Diwhu shulrg 5/

fdqglgdwhv orfdwhg dw { vkduh doo wkh yrwhuv qhduhu wr { wkdq wr dq| rwkhu rffxslhg srvlwlrq1 Wkxv/

wkh sd|r� � � wr fdqglgdwh l @ 4> 5> ===> q lv wkh ohqjwk ri wkh yrwhu vhw zrq e| srvlwlrq { � glylghg e|

wkh qxpehu ri fdqglgdwhv orfdwhg dw { � = Zh dvvxph wkdw d fdqglgdwh zkr orfdwhv dw wlph w @ 5 dw

dq douhdg| rffxslhg orfdwlrq { pd| vshfli| { � ru { � 1 Zlwkrxw wklv vwdqgdug dvvxpswlrq wkhuh lv

qr krsh iru d Qdvk htxloleulxp hyhq iru pdq| ri wkh 40sod|hu vxejdphv ri wkh orfdwlrq jdph zlwk

hqgrjhqrxv wlplqj1 Wkh iroorzlqj h{dpsoh vkrzv krz sd|r�v duh dvvljqhg xqghu wkh dvvxpswlrq=

� � +7@8> 5@8> +5@8, � , @ 4@8> � � +7@8> +7@8, � > +7@8, � , @ 5@8=

Wkh dvvxpswlrq vd|v wkdw d fdqglgdwh fdq dgrsw dq rssrqhqw*v srolwlfdo srvlwlrq/ |hw vrph0

krz vljqdo wkdw vkh lv voljkwo| wr wkh ohiw ru wr wkh uljkw ri wkdw rssrqhqw1 Wkh dvvxpswlrq surylghv

d qlfh frpsurplvh ehwzhhq wkh frqwlqxrxv yrwhu glvwulexwlrq ri rxu prgho dqg wkh idfw wkdw uhdo

hohfwlrqv kdyh rqo| �qlwho| pdq| yrwhuv1

� �?@*)t�t

Dv phqwlrqhg lq wkh Lqwurgxfwlrq/ rxu dqdo|vlv frphv lq wzr sduwv1 Zh zloo �uvw frqvlghu VSH1

Krzhyhu/ lq grlqj vr/ zh zloo frq�qh rxuvhoyhv wr wkh vshfldo fdvh ri q @ 6= Wkh uhdvrq lv wkdw wkh

jhqhudo fdvh dsshduv wr eh lqwudfwdeoh1 Dv lw wxuqv rxw/ lq wkh vshfldo fdvh ri q @ 6 wkhuh lv qr sxuh

VSH dqg �qglqj d VSH lq pl{hg vwudwhjlhv lv douhdg| h{wuhpho| fxpehuvrph hyhq iru wklv vshfldo

fdvh1 Lw wkxv vhhpv hoxvlyh wr �qg d VSH iru wkh jhqhudo fdvh ri q sod|huv1 Lq wkh vhfrqg sduw

ri wkh dqdo|vlv zh wkhuhiruh frqvlghu wkh qrwlrq ri dq htxloleulxp 
 dv gh�qhg lq Rveruqh +4<<6,1

Xvlqj wklv frqfhsw zh zloo suryh pxfk pruh hdvlo| wkdw wkhuh duh htxloleuld 
 lq sxuh vwudwhjlhv lq

wkh jhqhudo q0sod|hu fdvh1
�
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Qrwh wkdw d vwudwhj| lq dq h{whqvlyh0irup jdph lv d frpsohwh sodq ri ehkdylru lq wkh vhqvh wkdw

lw dvvljqv dq dfwlrq wr d sod|hu dw hdfk ri klv lqirupdwlrq vhwv1 Wkxv/ lq wkh deryh yrwlqj jdph d

vwudwhj| ri d fdqglgdwh lv d wxsoh +{
�
� > i � +{

�
� � ,, zkhuh {

�
� hlwkhu vshfl�hv d srvlwlrq iru shulrg 4 ru

lqglfdwhv wkdw wkh fdqglgdwh zdlwv/ l1h1 {
�
� 5 ^3> 4` ^ izj zlwk z lqglfdwlqj wkh ghflvlrq wr zdlw1 Wkh

ixqfwlrq i � +{
�
� � , lv d pdsslqj ����� � +^3> 4` ^ izj, $ ^3> 4` vshfli|lqj wkh fdqglgdwhv*v srvlwlrq fkrlfh

lq shulrg 5 lq uhvsrqvh wr zkdw wkh rwkhu fdqglgdwhv glg lq wkh �uvw shulrg lq fdvh vkh kdv ghflghg

wr zdlw1 Vr/ d vwudwhj| lq wkh yrwlqj jdph lv d udwkhu frpsolfdwhg pdwkhpdwlfdo remhfw1 Exw wr

ixoo| vshfli| d sod|hu*v vwudwhj| lv qhfhvvdu| li rqh zdqwv wr dsso| wkh qrwlrq ri d VSH lq rughu wr

vroyh wkh jdph1

61414 D Pl{hg Vwudwhj| Vxejdph Shuihfw Htxloleulxp iru wkh 60sod|hu jdph

Lq wklv vxevhfwlrq zh zloo frqvlghu wkh fdvh q @ 6= Zh zloo ehjlq e| vwxg|lqj d jdph fdoohg Wzr

Hqwudqwv dqg dq Lqfxpehqw 1 Wzr Hqwudqwv dqg dq Lqfxpehqw lv d 50shuvrq jdph1 Yrwhuv duh

xqlirupo| glvwulexwhg rq ^3> 4` zlwk ghqvlw| 4 dqg dq lqfxpehqw lv orfdwhg dw d 5 ^3> 4`1 Wkhq wzr

hqwhulqj fdqglgdwhv +wkh wzr sod|huv, orfdwh vlpxowdqhrxvo| rq ^3> d � ` ^ ^d � > 4`=

Sursrvlwlrq 4 Wzr Hqwudqwv dqg dq Lqfxpehqw kdv d sxuh vwudwhj| Qdvk htxloleulxp li dqg rqo|

li d 5 ^3>
�� ` ^ ^

�� > 4` ^ i
�
� j=

Surri Vxssrvh d 5 ^
�� > 4`1 Ohw erwk hqwudqwv orfdwh dw d@61 Vxssrvh fdqglgdwh 4 uhorfdwhv wr {1 Li

3 � { ? d@6/ wkhq � � +{> d@6, ? d@6 @ � � +d@6> d@6,1 Li d@6 ? { � d � / wkhq � � +{> d@6, @ d@6 @

� � +d@6> d@6,1 Li d � � { � 4/ wkhq � � +{> d@6, � 4 � d � 4 � 6@7 @ 4@7 � d@6 @ � � +d@6> d@6,1

Li { @ d/ wkhq � � +{> d@6, @ 4@5 � d@6 � 4@7 � � � +d@6> d@6,1 Wkhuhiruh/ +d@6> d@6, lv d Qdvk

htxloleulxp li d 5 ^6@7> 4`1

Vlploduo|/ li d 5 ^3> 4@7` wkh vwudwhj| frpelqdwlrq +4 � +4 � d,@6> 4 � +4 � d,@6, lv d Qdvk

htxloleulxp dqg li d @ 4@5/ wkhq +d � > d � , lv d Qdvk htxloleulxp1

Qh{w vxssrvh d 5 +4@5> 6@7, dqg fdqglgdwhv 4 dqg 5 orfdwh dw { � dqg { � uhvshfwlyho|1 +Fdvh 41,

{ � 5 ^d � > 4`^idj dqg { � 9@ d � 1 Wkhq � � +{ � > d � , @ d A � � +{ � > { � ,1 +Fdvh 51, { � 5 ^d � > 4`^idj

dqg { � @ d � 1 Wkhq � � +4 � d> { � , @ +d . 4 � d,@5 @ 4@5 A 4 � d � � � +{ � > { � ,1 +Fdvh 61, { � 5

^d � > 4`^idj1 Surfhhg dv lq fdvhv 4 dqg 51 +Fdvh 71, { � > { � 5 ^3> d � ` dqg { � 9@ { � 1 Zlwkrxw orvv

ri jhqhudolw|/ { � ? { � 1 Wkhq � � ++{ � . { � ,@5> { � , A � � +{ � > { � ,1 +Fdvh 81, 3 � { � @ { � � d@61
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Wkhq � � +d � > { � , @ 4 � d A 4@7 A d@6 � � � +{ � > { � ,1 +Fdvh 91, d@6 ? { � @ { � � d � 1 Wkhq

3 ? +{ � . d,@7 ? { � @ { � vr wkdw � � ++{ � . d,@7> { � , A +{ � . d,@7 @ � � +{ � > { � ,1

Wkhuhiruh/ wkhuh lv qr sxuh vwudwhj| Qdvk htxloleulxp li d 5 +4@5> 6@7, ru v|pphwulfdoo|/ li

d 5 +4@7> 4@5,1�

Sursrvlwlrq 5 Wzr Hqwudqwv dqg dq Lqfxpehqw kdv d v|pphwulf/ frqwlqxrxv pl{hg vwudwhj| Qdvk

htxloleulxp zkhq d 5 +4@7> 6@7,1

Surri Il{ d 5 +4@7> 6@7,1 Ohw

I +{, @

;

A

A

A

A

A

A

?

A

A

A

A

A

A

=

3 iru 3 � { � e

4 . f+d � 6{, �
�����

iru e � { � d �
n+5 . d � 6{, �

�����
iru d � � { � E

4 iru E � { � 4

+4,

zkhuh 3 ? f ? +5d,
�����

/ e @ +d . f
�
,@6/ 3 ? n ? +5 � 5d,

�����
dqg E @ +5 . d � n

�
,@61 Qrwh

wkdw I / e dqg E ghshqg rq f dqg n1 Zh ehjlq wr vkrz wkdw iru wkh surshu fkrlfh ri f dqg n

+I> I , lv d pl{hg vwudwhj| Qdvk htxloleulxp e| hvwdeolvklqj vrph idfwv derxw I 1 Xvlqj wkh

gh�qlwlrqv ri f/ e/ n/ dqg E/

d@6 ? e ? d ? E ? 4 � +4 � d,@6 +5,

E| +5,/ I lv zhoo gh�qhg1 E| +4,/ I lv lqfuhdvlqj rq ^e> d � ` ^ ^d � > E` dqg frqwlqxrxv rq

^3> d � ` ^ ^d � > 4`1 Wr lqvxuh wkdw I +d � , @ I +d � ,/ vhw 4 . f+�5d, �
�����

@ n+5 � 5d, �
�����

1 Vroylqj/

n @ +5 � 5d,
�����

. f+4 � 4@d,
�����

+6,

Dv f ydulhv ehwzhhq lwv erxqgv 3 dqg +5d,
�����

/ n ydulhv ehwzhhq lwv erxqgv +5 � 5d,
�����

dqg 31

Qh{w/ iru f �{hg/ � � +|> I , lv d frqvwdqw ixqfwlrq ri | rq +e> d � , vlqfh

g� � +|> I ,

g|
@ 3 iru | 5 +e> d � ,>

dv zloo qrz eh vkrzq=

g� � +|> I ,

g|
@ g

#

] �
� ++d � {,@5,I 
 +{,g{ .

]  "!

� ++{ . |,@5,I 
 +{,g{ . +4 � I +d � ,,+d . |,@5

$

2g|

@ ++d � |@5,I 
 +|, � +|@5,I 
 +|, . g++|@5,+I +d � , � I +|,,,@g| . +4 � I +d � ,,@5

@ I 
 +|,+d@5 � 6|@5, � I +|,@5 . 4@5

:



E| +4,/ I +|, @ 4 . f+d � 6|, �
�����

iru | 5 +e> d � , vr wkdw

g� � +|> I ,

g|
@ f+d � 6|, �

�#���
+d@5 � 6|@5, � +4 . f+d � 6|, �

�����
,@5 . 4@5 @ 3=

Wklv frpsohwhv wkh surri wkdw iru f �{hg/ � � +|> I , lv d frqvwdqw ixqfwlrq ri | rq +e> d � ,1 Lq

idfw/ wkh gh�qlwlrq +4, zdv ghulyhg e| vroylqj wkh gl�huhqwldo htxdwlrq
$�% ��& �(' )+*$ � @ 31

Vlqfh I lv frqwlqxrxv rq ^3> d � `/ � � +|> I , lv d frqwlqxrxv ixqfwlrq ri | iru | 5 ^e> d � ` vr wkdw

� � +|> I , lv d frqvwdqw ixqfwlrq ri | iru | 5 ^e> d � `1

Dovr/ lw lv fohdu wkdw iru | 5 ^3> e,/ � � +|> I , ? � � +e> I , vlqfh zlwk suredelolw| 4 fdqglgdwh 5

orfdwhv lq ^e> d � ` ^ ^d � > E` vr wkdw fdqglgdwh 4 lqfuhdvhv klv yrwhu vhw e| prylqj iurp | wr e1

Lq vxppdu|/ li fdqglgdwh 4 lv olplwhg wr sod|lqj | 5 ^3> d � `/ fdqglgdwh 4 pd{lpl}hv klv sd|r�

djdlqvw I e| fkrrvlqj dq| | 5 ^e> d � `1

Wr vkrz wkdw fdqglgdwh 4 olplwhg wr sod|lqj | 5 ^d � > 4` pd{lpl}hv klv sd|r� djdlqvw I e|

fkrrvlqj dq| | 5 ^d � > E`/ lw lv qhfhvvdu| wr vkrz
$�% ��& �(' ),*$ � @ 3 iru | 5 +d � > E,1

g� � +|> I ,

g|
@ g

�

I +d � ,+4 � +d . |,@5, .

] �

 "- +4 � +{ . |,@5,I 
 +{,g{ .

] .

� ++{ � d,@5,I 
 +{,g{

�

2g|

@ �I +d � ,@5 . +4 � |@5,I 
 +|, � g++|@5,+I +|, � I +d � ,,,@g| � ++| � d,@5,I 
 +|,

@ I 
 +|,+5 . d � 6|,@5 � I +|,@5

E| +4,/ I +|, @ n+5 . d � 6|, �
�����

iru | 5 +d � > E, vr wkdw

g� � +|> I ,

g|
@ n+5 . d � 6|, �

�#���
+5 . d � 6|,@5 � n+5 . d � 6|, �

�����
@5 @ 3

Iru | 5 +E> 4`1 � � +|> I , ? � � +E> I ,/ vlqfh zlwk suredelolw| 4 fdqglgdwh 4 lqfuhdvhv klv pdunhw

vkduh e| prylqj iurp | wr E1 Li fdqglgdwh 4 lv olplwhg wr | 5 ^d � > 4`/ wkhq fdqglgdwh 4

pd{lpl}hv klv sd|r� e| fkrrvlqj dq| | 5 ^d � > E`1

Wr vkrz wkdw +I> I , lv d Qdvk htxloleulxp iru vrph fkrlfh ri f/ lw lv vx�flhqw wr vkrz

wkdw iru wkh surshu fkrlfh ri f/ fdqglgdwh 4 pd{lpl}hv klv sd|r� djdlqvw I e| orfdwlqj lq

^e> d � ` ^ ^d � > E`1 E| rxu zrun deryh lw lv hqrxjk wr vkrz wkdw iru wkh surshu fkrlfh ri f/

� � +d � > I , @ � � +d � > I ,1

Lw lv qrz frqyhqlhqw wr lqwurgxfh f lqwr rxu qrwdwlrq dqg zulwh I / +{, lq sodfh ri I +{,1 Il{

{ � 5 +d@6> d � `1 Dv f $ 3/ e $ d@61 Wkhuhiruh olp /10 � I / +{ � , @ olp /20 � +4.f+d�6{ � , �
�����

, @ 41

Lq rwkhu zrugv/ iru vpdoo f sod|hu 5 sod|lqj I / doprvw fhuwdlqo| orfdwhv qhdu d@61 Wkhq iru

;



vpdoo f

� � +d � > I / , � d@6 ? 4 � d � � � +d � > I / , +7,

Qh{w �{ { � 5 ^d � > 4 � +4 � d,@6,1 Dv f $ +5d,
�����

/ n $ 3 dqg E $ +5 . d,@6 @ 4 � +4 � d,@61

Wkhuhiruh olp /10 & �  3* �54 � I / +{ � , @ olp /20 & �  3* �64 � n+5 . d � 6{ � , @ 31 Iru f qhdu +5d,
�����

/ sod|hu 5

sod|lqj I / doprvw fhuwdlqo| orfdwhv qhdu 4 � +4 � d,@61 Iru f qhdu +5d,
�����

� � +d � > I / , � d A +4 � d,@6 � � � +d � > I / , +8,

Vlqfh � � +d � > I ,�� � +d � > I / , lv d frqwlqxrxv ixqfwlrq ri f/ e| +7, dqg +8, dqg wkh Lqwhuphgldwh

Ydoxh Wkhruhp wkhuh pxvw eh d f 5 +3> +5d,
�����

, vxfk wkdw � � +d � > I / , @ � � +d � > I / ,1 Iru wklv

f/ +I / > I / , lv d Qdvk htxloleulxp1�

Zh fdq qrz hvwdeolvk wkh fodlp pdgh dw wkh ehjlqqlqj ri wklv vhfwlrq1

Sursrvlwlrq 6 Wkh 60sod|hu orfdwlrq jdph zlwk hqgrjhqrxv wlplqj sod|hg rq ^3> 4` zlwk frqvxphuv

glvwulexwhg xqlirupo| kdv d pl{hg vwudwhj| vxejdph shuihfw htxloleulxp/ exw qr sxuh vwudwhj| vxejdph

shuihfw htxloleulxp1

Surri E| Sursrvlwlrq 4/ li wzr sod|huv zdlw lq shulrg 4 dqg wkh wklug sod|hu orfdwhv dw d 5

+4@7> 4@5, ^ +4@5> 6@7, lq shulrg 4/ wkh uhvxowlqj vxejdph kdv qr sxuh vwudwhj| Qdvk htxl0

oleulxp1 Wkhuhiruh wkh 60sod|hu orfdwlrq jdph zlwk hqgrjhqrxv wlplqj kdv qr sxuh vwudwhj|

VSH1

Vlqfh wkh 60sod|hu orfdwlrq jdph zlwk hqgrjhqrxv wlplqj srvvhvvhv dq htxloleulxp 
 +v 
 ri

Sursrvlwlrq 7, wr vkrz wkdw lw srvvhvvhv d pl{hg vwudwhj| VSH/ lw lv hqrxjk wr vkrz wkdw

hyhu| surshu vxejdph srvvhvvhv d VSH1

Vkdnhg +4<;5, vkrzhg wkdw wkh vxejdph wkdw uhvxowv zkhq doo wkuhh sod|huv zdlw lq shulrg rqh

kdv d pl{hg vwudwhj| Qdvk htxloleulxp1 Hdfk vxejdph wkdw uhvxowv zkhq h{dfwo| wzr sod|huv

zdlw lq shulrg 4 kdv d sxuh ru pl{hg vwudwhj| Qdvk htxloleulxp e| Sursrvlwlrqv 4 dqg 51 Lw

lv txlwh hdv| wr vhh wkdw hyhu| vxejdph wkdw uhvxowv zkhq h{dfwo| rqh sod|hu zdlwv lq shulrg

4 kdv d sxuh vwudwhj| Qdvk htxloleulxp= li sod|huv 4 dqg 5 orfdwh dw { � dqg { � uhvshfwlyho| lq

shulrg 4/ wkhq { �� > { � � > { �� ru { �� lv d Qdvk htxloleulxp ri wkh 40sod|hu shulrg 5 jdph1 Vlqfh

doo wkh vxejdphv lq wklv sdudjudsk duh vlpxowdqhrxv sod| jdphv/ doo wkhvh Qdvk htxloleuld duh

wulyldoo| vxejdph shuihfw1�

<



Uhpdun 4 Qrwh wkdw rq wkh htxloleulxp sdwk ri wkh pl{hg vwudwhj| vxejdph shuihfw htxloleulxp

lq Sursrvlwlrq 6 wzr fdqglgdwhv orfdwh dw 427 dqg 627/ uhvshfwlyho| lq shulrg 4 zkhuhdv wkh wklug

fdqglgdwh orfdwhv dw 427 � lq shulrg 51

��2 ,^��*�Mh��4 


Wr flufxpyhqw wkh gl�fxowlhv ri ixoo| vshfli|lqj vwudwhjlhv iru hdfk ri wkh sod|huv dqg ri vkrzlqj

wkdw wkhvh vwudwhjlhv frqvwlwxwh d +pl{hg, Qdvk htxloleulxp lq hdfk vxejdph/ zh surfhhg dv lq

Rveruqh +4<<6/ 5333, e| dsso|lqj wkh qrwlrq ri dq htxloleulxp 
 = Wklv qrwlrq uhtxluhv rqo| d sduwldo

vshfl�fdwlrq ri wkh sod|huv* vwudwhjlhv1 Wkh jhqhudo lghd ri dq htxloleulxp 
 lv _wkdw qr sod|hu

vkrxog eh deoh wr lqfuhdvh khu sd|r� e| fkdqjlqj khu dfwlrq lq dq| shulrg/ jlyhq wkdw wkh ehkdylru

ri wkh sod|huv lq wkh vxejdph wr zklfk wkh ghyldwlrq ohdgv lv rswlpdo% +Rveruqh 4<<6/ s1 475,1

Dv Rveruqh +4<<6/ s1 475, dujxhv/ _^w`r fkhfn wkdw d vwudwhj| sur�oh � phhwv wklv frqglwlrq/ qr

lqirupdwlrq lv qhhghg derxw wkh ehkdylru wkdw � suhvfulehv lq vxejdphv wkdw duh uhdfkhg zkhq

pruh wkdq rqh sod|hu ghyldwhv iurp � lq vrph shulrg1% Pruh suhflvho|/ dq htxloleulxp 
 lv gh�qhg

dv iroorzv +dgdswhg iurp Rveruqh 4<<6/ s1 475,=

D vxevwudwhj| � � ri sod|hu l iru d jdph J lv d vxevhw K+� � , ri wkh vhw ri klvwrulhv ri J wrjhwkhu

zlwk d ixqfwlrq wkdw dvvljqv dq dfwlrq ri sod|hu l wr hyhu| klvwru| lq K+� � ,1 Pruh dffxudwho|/ wkh

ixqfwlrq pxvw dvvljq dq dfwlrq ri sod|hu l wr k 5 K+� � , xqohvv sod|hu l lv qrw uhtxluhg wr dfw lq wkh

shulrg iroorzlqj k +lq rwkhu zrugv/ xqohvv sod|hu l kdv qr lqirupdwlrq vhw lq wkh jdph wuhh lq wkh

shulrg iroorzlqj k,1 D sur�oh � ri vxevwudwhjlhv lv dq htxloleulxp 
 li +4, iru hyhu| sod|hu l/ K+� � ,
lqfoxghv doo klvwrulhv wkdw uhvxow zkhq dw prvw rqh sod|hu ghyldwhv iurp � lq dq| jlyhq shulrg dqg

+5, diwhu dq| vxfk klvwru|/ qr sod|hu fdq lqfuhdvh khu sd|r� e| d xqlodwhudo fkdqjh ri vwudwhj|/ jlyhq

wkdw wkh rwkhu sod|huv frqwlqxh wr dgkhuh wr �=

Fohduo|/ lqfoxglqj frqglwlrq +4, lq wkh gh�qlwlrq ri dq htxloleulxp 
 pdnhv vxuh wkdw wkh

vxevwudwhjlhv frqwdlq hqrxjk lqirupdwlrq wr ghwhuplqh zkhwkhu frqglwlrq +5, lv vdwlv�hg1 Qrwh

wkdw lw lv pxfk hdvlhu wr zrun zlwk wklv qrwlrq ri htxloleulxp udwkhu wkdq VSH vlqfh rqh grhv qrw

kdyh wr zruu| derxw wkh h{lvwhqfh ri dq htxloleulxp lq vxejdphv wkdw fdq rqo| eh uhdfkhg e| d

ghyldwlrq ri wzr ru pruh sod|huv lq d jlyhq shulrg1

Zh qrz xvh wzr h{dpsohv wr looxvwudwh wkh gh�qlwlrq ri htxloleulxp 
 1 Lq Iljxuh 4 vxejdph N

ehjlqv dw qrgh f1 Vxssrvh N lv d vlpxowdqhrxv sod| jdph zlwk qr pl{hg vwudwhj| Qdvk htxloleulxp

+iru h{dpsoh/ vxssrvh sod|huv 4 dqg 5 vlpxowdqhrxvo| fkrrvh d srvlwlyh lqwhjhu dqg wkh sod|hu zkr

fkrrvhv wkh odujhu lqwhjhu zlqv 43 zkloh wkh rwkhu sod|hu zlqv 71 Lq fdvh ri d wlh hdfk zlqv :1 Wkhq

43
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Iljxuh 4= Dq h{dpsoh

J srvvhvvhv qr pl{hg vwudwhj| VSH dqg frqvhtxhqwo| qr sxuh vwudwhj| VSH> krzhyhu/ v 
 gh�qhg e|

wkh erog olqhv lq Iljxuh 4 lv d sxuh vwudwhj| htxloleulxp 
 1 Qrwlfh wkdw v 
 vdwlv�hv frqglwlrq +4, ri

wkh gh�qlwlrq ri htxloleulxp 
 vlqfh wkh klvwru| ri J ohdglqj wr N uhtxluhv wkdw wzr sod|huv ghyldwh

iurp v 
 lq wkh �uvw shulrg ri wkh jdph1

Rq wkh rwkhu kdqg/ frqvlghu wkh jdph ri Iljxuh 4 dowhuhg voljkwo| e| pdnlqj wkh lqirupdwlrq

vhw odehohg e lqwr wzr lqirupdwlrq vhwv1 Wkhq v 
 lv qrw dq htxloleulxp 
 vlqfh N lv wkh uhvxow ri d

klvwru| lq zklfk sod|hu 4 ghyldwhv lq shulrg 4 dqg sod|hu 5 wkhq ghyldwhv lq shulrg 5 +qrwh wkdw

e| wxuqlqj e lqwr wzr lqirupdwlrq vhwv/ zh qr orqjhu kdyh erwk sod|huv sod|lqj lq shulrg 4/ exw

zh qrz kdyh sod|hu 4 sod|lqj lq shulrg 4 dqg sod|hu 5 sod|lqj lq shulrg 5,1 Lq idfw wkh qhz jdph

srvvhvvhv qr htxloleulxp 
 1
Frqfhuqlqj wkh uhodwlrq ehwzhhq dq htxloleulxp 
 dqg d VSH/ qrwh wkdw d VSH lv dq htxloleulxp 
 >

dqg wkdw li hyhu| surshu vxejdph kdv d VSH wkhq dq| htxloleulxp 
 fdq eh xvhg dv d vwduwlqj srlqw

lq wkh frqvwuxfwlrq ri d VSH1

Dv zdv vwdwhg deryh/ wkh vwuhqjwkv ri wkh htxloleulxp 
 frqfhsw duh �uvw wkdw dq htxloleulxp 

vwudwhj| sur�oh srvvhvvhv wkh vdph vwdelolw| wkdw lv wkh gh�qlqj fkdudfwhulvwlf ri d VSH> dqg vhfrqg

wkdw d vlpsoh htxloleulxp 
 pd| h{lvw iru d jdph zlwk qr VSH ru iru d jdph zklfk srvvhvvhv rqo|

frpsolfdwhg/ ru kdug0wr0�qg VSH1 Zh wklqn wklv zloo ehfrph fohdu zkhq frpsdulqj wkh uhvxowv lq

wkh suhfhglqj vxevhfwlrq zlwk wkh rqhv wkdw zloo eh ghulyhg lq wkh iroorzlqj vxevhfwlrq1
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61514 D sxuh htxloleulxp 
 iru wkh q0sod|hu jdph

Frqvlghu wkh iroorzlqj vxevwudwhj| sur�oh v 
 = 8

+l, Fdqglgdwhv 4> 5> ===> q � 4 orfdwh dw n> 6n> 8n> ===> 4 � n zlwk n @
�

� & 	 �
� * > uhvshfwlyho|/ lq wkh �uvw

shulrg1 Diwhu d klvwru| lq zklfk rqo| fdqglgdwh l 5 i4> 5> = = = > q � 4j ghyldwhv e| fkrrvlqj wr

zdlw xqwlo shulrg 5/ fdqglgdwh l orfdwhv dw wkh srlqw kh ghyldwhg iurp/ +5l � 4,n1

+ll, Fdqglgdwh q fkrrvhv wr zdlw lq wkh �uvw shulrg dqg

� orfdwhv dw n diwhu d klvwru| lq zklfk wkh rwkhu fdqglgdwhv fkrvh wr orfdwh dv ghvfulehg lq wkh

�uvw vhqwhqfh ri +l,>

� orfdwhv dw {. diwhu d klvwru| lq zklfk wkh vhw ri rffxslhg srvlwlrqv lv i{> 6n> 8n> ===> 4�nj zlwk

{ ? n>

� orfdwhv dw {� diwhu d klvwru| lq zklfk wkh vhw ri rffxslhg srvlwlrqv lv i{> 6n> 8n> ===> 4�nj zlwk

n ? { � 6n>

� orfdwhv dw 6n� diwhu d klvwru| lq zklfk wkh vhw ri rffxslhg srvlwlrqv lv i{> 6n> 8n> ===> 4 � nj

zlwk { A 6n>

� vlploduo| iru d ghyldwlrq lq zklfk orfdwlrqv in> 6n> 8n> ===> 4�6nj zhuh fkrvhq lq wkh �uvw shulrg

exw orfdwlrq 4 � n zdv qrw1

� orfdwhv dw +5l � 4,n diwhu d klvwru| lq zklfk wkh vhw ri rffxslhg srvlwlrqv lv i{> n> ===> +5l �

6,n> +5l . 4,n> ===> 4 � nj zlwk { 9@ +5l � 4,n/ l 5 i5> 6> ===> q � 5j=

� orfdwhv dw +5l � 4,n diwhu d klvwru| lq zklfk rqo| fdqglgdwh l 5 i4> 5> = = = > q � 4j ghyldwhg e|

fkrrvlqj wr zdlw1

Wkh qh{w sursrvlwlrq zloo vkrz wkdw v 
 lv dq htxloleulxp 
 ri wkh yrwlqj jdph1 Wkh lpsru0

wdqfh ri wklv uhvxow lv wkdw lw ghvfulehv ehkdylru wkdw lv pxfk pruh lq olqh zlwk zkdw zh fdq revhuyh

lq wkh �hog wkdq wkh htxloleuld ri wkh vwdqgdug prgho1 Wkh prvw h{wuhph srvlwlrqv/ n dqg 4 � n/

duh rqo| rffxslhg e| rqh fdqglgdwh hdfk/ l1h1/ wkhuh lv mxvw rqh fdqglgdwh rq wkh h{wuhph ohiw dqg

rqh rq wkh h{wuhph uljkw1 Wkh vwdqgdug prgho suhglfwv wkdw wkhvh srvlwlrqv duh rffxslhg e| wzr
9
�u UL�htic |�ihi �t ?L *Ltt Lu }i?ih@*�|) *i||�?} U@?_�_@|it �> 2> ===> q 3 � Mi |�i L?it ��L UL44�| �? Tih�L_ �

@UULh_�?} |L v : @?_ *i||�?} U@?_�_@|i q Mi |�i L?i ��L �@�|t �?|�* Tih�L_ 2�
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sduwlhv hdfk1 Wkh gl�huhqfh lv sduwlfxoduo| vwulnlqj iru q @ 7/ d fdvh qrw xqfrpprq lq Hxurshdq

hohfwlrqv1 Wkh vwdqgdug prgho zlwk vlpxowdqhrxv pryhv suhglfwv wzr ohiw0zlqj sduwlhv dw 4@7 dqg

wzr uljkw0zlqj sduwlhv dw 6@7 zkloh wkh fhqwhu ri wkh srolwlfdo vshfwuxp lv xqrffxslhg1 Lq frqwudvw/

v 
 suhglfwv rqh ohiw0zlqj fdqglgdwh zkr orfdwhv klpvhoi hduo| dw 4@9/ rqh uljkw0zlqj fdqglgdwh zkr

fkrrvhv dw 8@9/ d fhqwulvwlf fdqglgdwh dw 4@5 dqg d irxuwk fdqglgdwh zkr zdlwv lqlwldoo|1 Lq wkh

fdvh ri v 
 wkh irxuwk fdqglgdwh dovr fkrrvhv dq h{wuhph ohiw srvlwlrq> exw/ dv wkh surri ri wkh qh{w

sursrvlwlrq zloo uhyhdo/ lw lv hdv| wr frqvwuxfw rwkhu htxloleuld zkhuh kh fkrrvhv hlwkhu d uljkw0zlqj

ru d fhqwulvwlf sodwirup1 Lq dq| fdvh/ v 
 suhglfwv d zlghu ydulhw| ri srolwlfdo sodwirupv wkdq rqh

zrxog h{shfw lq wkh vwdqgdug prgho1 Dqg/ shukdsv prvw lpsruwdqwo|/ lw suhglfwv wkdw wkhuh zloo eh

fhqwulvwlf sduwlhv zlwk pruh wkdq wzr fdqglgdwhv1

Sursrvlwlrq 7 Wkh vxevwudwhj| sur�oh v 
 lv dq htxloleulxp 
 ri wkh yrwlqj jdph zlwk hqgrjhqrxv

wlplqj1

Surri Wr vhh wkdw v 
 lv dq htxloleulxp 
 zh kdyh wr vkrz wkdw qrqh ri wkh fdqglgdwhv kdv dq

lqfhqwlyh wr ghyldwh iurp wkh ehkdylru suhvfulehg e| v 
 1 Ohw xv �uvw frqvlghu fdqglgdwh q1

Lw lv hdv| wr vhh wkdw v 
 suhvfulehv rswlpdo ehkdylru iru fdqglgdwh q lq hdfk ri wkh fodvvhv

ri vxejdphv wuhdwhg lq +ll,1 Iru h{dpsoh/ li qr rqh ghyldwhv/ fdqglgdwh q orfdwhv dw n/ hduqv

sd|r� n/ dqg fdq gr qr ehwwhu> li fdqglgdwh l 5 i4> 5> = = = > q � 4j ghyldwhv e| zdlwlqj/ wkhq

erwk q dqg l orfdwh dw +5l � 4,n/ q hduqv sd|r� n dqg fdq gr qr ehwwhu> li fdqglgdwh q � 4

ghyldwhv e| orfdwlqj dw 4 � 5n lq shulrg 4/ wkhq q orfdwhv dw +4 � 5n, � / hduqv sd|r� 5n dqg

fdq gr qr ehwwhu> hwf1

Qh{w frqvlghu fdqglgdwh 4= Li qr rqh ghyldwhv erwk 4 dqg q orfdwh dw n dqg 4 hduqv sd|r�

n1 Fdqglgdwh 4 fdq gr qr ehwwhu dv lv vhhq e| fkhfnlqj fdqglgdwhv q*v uhdfwlrq wr doo ri 4*v

srvvleoh ghyldwlrqv1 Iru h{dpsoh/ li 4 zdlwv/ q orfdwhv dw n dqg 4 hduqv dw prvw n1 Li 4 orfdwhv

dw 5n lq shulrg 4/ q orfdwhv dw +5n, � lq shulrg 5 dqg 4 hduqv n@51

Frqfhuqlqj fdqglgdwh q � 4/ li qr rqh ghyldwhv iurp v 
 / q � 4 hduqv 5n dqg fdq gr qr ehwwhu1

Iru h{dpsoh/ li q � 4 zdlwv/ q orfdwhv dw 4 � n dqg q � 4 fdq hduq dw prvw n1 Li q � 4 orfdwhv

dw 4 � 5n lq shulrg 4/ q orfdwhv dw +4 � 5n, � dqg q � 4 hduqv n@51

Ilqdoo| frqvlghu fdqglgdwh l 5 i4> 5> = = = > q � 4j1 Li qr rqh ghyldwhv l zlqv 5n dqg fdq gr qr

ehwwhu zklfk fdq eh vhhq zlwkrxw hyhq frqvlghulqj q1�
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61515 Frpsdulqj rwkhu htxloleuld-

Dv lqglfdwhg deryh/ wkhuh duh rwkhu htxloleuld 
 zkhuh rqh fdqglgdwhv zdlwv dqg srvlwlrqv klpvhoi

dw d gl�huhqw orfdwlrq lq shulrg 51 Pruhryhu/ lw lv hdv| wr vhh wkdw wkhuh duh dovr htxloleuld 

zkhuh doo fdqglgdwhv pryh lq wkh �uvw shulrg�fkrrvlqj wkh htxloleulxp orfdwlrqv ri wkh vwdqgdug

vlpxowdqhrxv0pryh jdph1 Wkh uhdghu pd|/ wkxv/ dvn zkdw zh kdyh uhdoo| jdlqhg e| lqwurgxflqj

hqgrjhqrxv wlplqj1 Zh zrxog olnh wr r�hu vhyhudo srlqwv= Wkh prgho dv vxfk lv pruh sodxvleoh1 Lwv

htxloleulxp vwuxfwxuh lv ulfkhu dqg wkhuh h{lvw vrph htxloleuld� wkdw dsshdu pxfk pruh lq olqh zlwk

hylghqfh wkdq wkh htxloleuld ri wkh vwdqgdug prgho1 Pruhryhu/ frpsdulqj wkh gl�huhqw htxloleuld 

zh �qg wkdw wkh rqhv zkhuh rqh fdqglgdwh zdlwv lq wkh �uvw shulrg gr qrw rqo| |lhog d pruh

uhdolvwlf glvwulexwlrq ri sodwirupv exw duh dovr pruh vwdeoh1 Lq sduwlfxodu/ lq dq htxloleulxp 
 zkhuh

doo fdqglgdwhv pryh vlpxowdqhrxvo|/ doo fdqglgdwhv kdyh dowhuqdwlyh ehvw uhvsrqvhv +olnh fkrrvlqj

d orfdwlrq vrphzkhuh ehwzhhq rwkhu fdqglgdwhv ru zdlwlqj dqg wkhq fkrrvlqj d orfdwlrq,1 Lq

frqwudvw/ lq wkh htxloleulxp 
 lghqwl�hg deryh rqo| sod|huv 4 dqg q kdyh dowhuqdwlyh ehvw uhsolhv

zkloh doo fdqglgdwhv zrxog eh vwulfwo| zruvh r� e| fkdqjlqj wkhlu dfwlrq1 Iru q @ 6 wkhuh lv d

sxuh htxloleulxp 
 zkhuh rqh fdqglgdwhv zdlwv exw qr sxuh htxloleulxp 
 zkhuh doo fdqglgdwhv pryh

vlpxowdqhrxvo| zklfk ohwv wkh htxloleulxp 
 lghqwl�hg deryh dsshdu pruh sduvlprqlrxv1 Ilqdoo|/ ohw

xv uhlqwhusuhw rxu prgho dv rqh ri �up ehkdylru lq dq roljrsro| pdunhw zlwk surgxfw gl�huhqwldwlrq1

Zkhq q A 6/ zh vhh wkdw wkh htxloleulxp 
 lq zklfk rqh �up zdlwv wr orfdwh lv pruh h�flhqw wkdq

wkh htxloleuld lq wkh rqh0shulrg prgho dv �upv duh vsuhdg rxw pruh hyhqo|1

e �L?U*�t�L?

Zh kdyh lqyhvwljdwhg d wzr0shulrg vsdwldo0yrwlqj jdph zlwk hqgrjhqrxv wlplqj1 Rxu pdlq uhvxow/

lv wkdw lq wkh jhqhudo q0sod|hu fdvh/ wklv jdph kdv dq htxloleulxp 
 lq zklfk dq| q � 4 fdqglgdwhv

hyhqo| vsuhdg rxw lq shulrg 4 zkhuhdv wkh q0wk fdqglgdwh zdlwv xqwlo shulrg 5 dqg wkhq fkrrvhv d

sodwirup1

Rq d sxuho| jdph0wkhruhwlf ohyho zh kdyh ghprqvwudwhg wkh xvhixoqhvv ri wkh htxloleulxp 

frqfhsw iru vhtxhqwldo jdphv dv sxw iruzdug e| Rveruqh +4<<6,1 Xqolnh d vxejdph shuihfw htxlole0

ulxp/ dq htxloleulxp 
 rqo| uhtxluhv d vwudwhj| yhfwru wr eh d Qdvk htxloleulxp rq dq| vxejdph wkdw

lv uhdfkhg e| d klvwru| lq wkh frxuvh ri zklfk qr wzr sod|huv ghyldwh lq wkh vdph shulrg iurp wkh

sod| suhvfulehg e| wkh htxloleulxp 
 1 Wklv pdnhv lw pxfk pruh hdv| wr zrun zlwk1 Lq idfw/ dffruglqj

wr rxu dqdo|vlv lq Vhfwlrq 614/ wkhuh lv olwwoh krsh ri �qglqj d +pl{hg, vxejdph shuihfw htxloleulxp
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lq wkh jhqhudo q0sod|hu fdvh ri rxu vsdwldo0yrwlqj prgho/ zkhuhdv zh vkrzhg zlwk frpsdudwlyh hdvh

wkdw wkh jhqhudo prgho grhv srvvhvv dq htxloleulxp 
 lq sxuh vwudwhjlhv1

Rq d vxevwdqwlyh ohyho/ zh frqvlghu rxu dqdo|vlv dqrwkhu vwhs wrzdug pruh uhdolvwlf yrwlqj

prghov wkdw doorz iru srolwlfdo fdpsdljqlqj gxulqj zklfk fdqglgdwhv ghflgh zkhq dqg zkhuh wr

orfdwh rq wkh srolwlfdo vshfwuxp1 Dv zh kdyh vkrzq khuh/ pdnlqj wkh dvvxpswlrqv pruh uhdolvwlf

fdq dovr pdnh wkh htxloleulxp suhglfwlrqv pruh dsshdolqj1 Lq sduwlfxodu/ zh kdyh vhhq wkdw zlwk

hqgrjhqrxv wlplqj wkhuh duh htxloleuld zlwk pruh srolwlfdo ydulhw| dqg ihzhu h{wuhplvw sduwlhv wkdq

wkh vwdqgdug prgho suhglfwv1

Reylrxv dyhqxhv iru ixwxuh zrun duh wr doorz iru pruh shulrgv ru wkh dqdo|vlv ri frqwlqxrxv0

wlph prghov1 Dovr/ lw pljkw eh lqwhuhvwlqj wr uhod{ wkh dvvxpswlrq ri shuihfw frpplwphqw e|

doorzlqj fdqglgdwhv wr uhorfdwh +dw vrph frvw, ru dqdo|}lqj uhsxwdwlrq irupdwlrq lq uhshdwhg yrwlqj

jdphv1

+iuihi?Uit

^4` Kdplowrq/ M1K1/ dqg V1P1 Voxwvn| +4<<3,= Hqgrjhqrxv wlplqj lq gxrsro| jdphv= Vwdfnhoehuj

ru Frxuqrw htxloleuld/ Jdphv dqg Hfrqrplf Ehkdylru 5/ 5<0791

^5` Krwhoolqj/ K1 +4<5<,= Vwdelolw| lq frpshwlwlrq/ Hfrqrplf Mrxuqdo 6</ 7408:1

^6` Rveruqh/ P1 M1 +4<<6,= Fdqglgdwh srvlwlrqlqj dqg hqwu| lq d srolwlfdo frpshwlwlrq/ Jdphv dqg

Hfrqrplf Ehkdylru 8/ 46604841

^7` Rveruqh/ P1 M1 +5333,= Hqwu|0ghwhuulqj srolf| gl�huhqwldwlrq e| hohfwrudo fdqglgdwhv/ Pdwkh0

pdwlfdo Vrfldo Vflhqfhv 73/ 740951

^8` Sdoiuh|/ W1 U1 +4<;7,= Vsdwldo htxloleulxp zlwk hqwu|/ Uhylhz ri Hfrqrplf Vwxglhv 84/ 46<04891

^9` Urevrq/ D1M1 +4<<3,= Vwdfnhoehuj dqg Pduvkdoo/ Dphulfdq Hfrqrplf Uhylhz ;3/ 9<0;51

^:` Vdorqhu/ J1 +4<;:,= Frxuqrw Gxrsro| zlwk Wzr Surgxfwlrq Shulrgv/ Mrxuqdo ri Hfrqrplf

Wkhru| 75/ 4;604;:1

^;` Vkdnhg/ D1 +4<;5,= H{lvwhqfh dqg frpsxwdwlrq ri d pl{hg vwudwhj| htxloleulxp iru 60�up orfd0

wlrq sureohp/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 64/ <60<91
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