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Abstract

In Borm and Tijs (1992) it was shown that the strong core of a superadditive
NTU-game can be implemented in strong Nash equilibria. In this note it is
demonstrated that it can be implemented in modified strong and coalition

proof Nash equilibria.
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1 Introduction

In Borm and Tijs (1992) it was shown that the strong core elements of a superad-
ditive nontransferable-utility game are implemented by the strong Nash equilibria of
a corresponding so-called strategic claim game. This result confirms the apparent
analogy between the definition of the (strong) core and the definition of strong Nash
equilibrium: both reflect the unprofitability of coalitional deviations.

Ray (1989) and Greenberg (1987) independently proposed a modification of the
core in the following sense. A coalitional deviation is allowed as long as it is not
credible, which means that there exists a subcoalition which, at its turn, can deviate
credibly and profitably from the original deviation. They showed that the (strong)
core already satisfies this internal stability requirement, so that imposing this seem-
ingly weaker condition instead of the usual (strong) core constraints never leads to a
larger set. This brings one to the conjecture that the - analogous - weakening of the
notion of strong Nash equilibrium to so-called modified strong Nash equilibrium in
the strategic claim games of Borm and Tijs (1992) might still entail implementation
of the strong core. This note will show that, indeed, this conjecture is true.

The above notion of modified strong Nash equilibrium seems related to the more
familiar weakening of strong Nash equilibrium to coalition proof Nash equilibrium
as introduced by Bernheim, Peleg and Whinston (1987). However, we provide an
example showing that for general strategic games these equilibrium concepts are
logically independent. Then, interestingly, we will prove that for the special class of
strategic claim games the sets of modified strong and coalition proof Nash equilibria
coincide. In particular, this implies that the strong core of a superadditive NTU-game
can be implemented by coalition proof Nash equilibria.

Finally, it should be noted that this last result establishes an asymmetry with
the results of Otten, Borm, Storcken and Tijs (1992) in the context of effectivity
functions. There, similar to the NTU-case, it is shown that the core of an (upper
cycle free) effectivity function (at a given preference profile) can be implemented by

strong Nash equilibria of an associated claim game correspondence (at that profile).



However, using the (equivalent) reformulation of Abdou and Keiding (1991) for coali-

tion proofness, it was shown that this could not be achieved by coalition proof Nash

equilibria.

2 Strategic claim games

Let N = {1,...,n} denote the set of players. An n-person strategic game is repre-

sented by
I' = ((Xi)ien, (Ki)ien)

where X; is player ¢’s strategy set, and K; : [T;ey Xi — R is player ¢’s payoff function.
For every S € 2V \ {0} let X5 := [T;es Xi, and for z € X let 25 := (z;)iecs. Elements

of 2NV are called coalitions.

Definition. A strategy combination z € Xy is a Nash equilibrium if there do not

exist a player 1 € N and a strategy y; € X; such that

Ki(zmgn i) > Ki().

Further, z is a strong Nash equilibrium if there do not exist a coalition S and a

strategy vector ys € X such that
I(s(mN\s,ys)ﬁ Ks(z).
The concept of strong Nash equilibrium was introduced by Aumann (1959).
Let V be a map assigning to every non-empty coalition S a subset V(S) of RS
such that:
(i) V(S) is comprehensive (i.e. z € V(S) and y < z imply y € V(S5))

(ii) For each z € V(S) thereisay € V(S) withy >z and [z 2 y = 2z = y] for all
z € V(9).



Condition (ii) is a weak boundedness condition. Combined, conditions (i) and
(ii) imply that each V({:}) is of the form (—oo,v(i)]. The pair (N,V) or just V
is called an NTU-game. The strong core SC(V) consists of those payoff vectors
which are attainable by the grand coalition N and which are “stable” with respect

to domination. More specifically,
SO(V):={a€V(N)|-3S €2\ {#} Fbc V(S):b 3 as}.

An NTU-game V is superadditive if for all S,T € 2V \ {#},S N T = § implies
V() xV(T)cV(SuT).
Given an NTU-game V the claim game ['(V) = ((Xi)ien, (Ki)ien) is defined as
follows. For: € N
X;={Se2V|ieS} xR
and, for z = (5;,t;);en € Xn,
t; if §; =5;Vje€S; and (tj)jes,' € V(S;)
Ki(z) =
min{t;,v(i)} otherwise.
In the claim game, each player mentions a coalition and a payoff, and exactly
those coalitions are formed that are mentioned by all their members, provided that

the payoffs are feasible.

Theorem 1. (Borm and Tijs (1992)) If the NTU-game V is superadditive, then
a € SC(V) if and only if there is a strong Nash equilibrium z of the corresponding
claim game T'(V) = ((Xi)ien, (Ki)ien) with Kn(z) = a.

In section 3 and 4 will be shown that in this theorem “strong” can be replaced

by “modified strong” or “coalition proof”, respectively.

3 Modified strong Nash equilibria

We now introduce a weakening of strong Nash equilibrium to modified strong Nash
equilibrium based on Ray (1989) and Greenberg (1987).
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Let I' = ((Xi)ien, (Ki)ien) be an n-person strategic game.
For § € 2V \ {0}, =z € Xu, ys € Xs, we say that yg is blocked by T C S given =z if

there is a vector zp € X7 such that

Kr(zr,ys\1,ams) 3 Kr(ys, oms)-

S is credible given z if there is a ys € Xg, ys # Ts, that is not blocked by any credible
T?Ce S given z.

Note that a strategy vector cannot be blocked by the empty coalition. Conse-
quently (if | Xi| > 1 for all ¢ € N) all 1-person coalitions are credible, and the notion
of credibility is well-defined.

Definition. A strategy combination z € Xy is a modified strong (m-strong) Nash

equilibrium if it is not blocked by any credible coalition (given ).

Clearly, since z is a strong Nash equilibrium if it is not blocked by any coalition
(given z), and a Nash equilibrium if it is not blocked by any 1-person coalition (given

), strong implies m-strong and m-strong implies Nash.

The following simple example shows that an m-strong Nash equilibrium need not

be strong.

Example 1. Consider the prisoner’s dilemma game as represented in figure 1. Player
1 chooses between the rows A; and Aj,, player 2 between the columns B; and B,. In
each éell the first number corresponds to the payoff to player 1, the second to the
payoff to player 2.



Figure 1. Prisoner’s dilemma

B, B,
A [3,8]1,4
Ag | 4,112,2

This game has a unique Nash equilibrium z = (A2, By). This equilibrium is not
strong since it can be blocked by the coalition {1, 2} using (A1, By). However, z is an
m-strong equilibrium because {1, 2} is the only coalition that can block z while {1, 2}
is not credible given z: every strategy combination y # z is blocked by a (credible)
1-person coalition.

* in the definition of cred-

Remark. Example 1 shows that the condition “ys # z¢’
ibility can not be dispensed with. In fact, without this condition it is not hard to

show that the concepts of strong and m-strong equilibrium coincide.

For the special case of strategic claim games m-strong and strong Nash equilibria

do coincide.

Theorem 2. Let V be an NTU-game and I’ = ((X;)ien, (Ki)ien) the corresponding
claim game. Then © € Xy is a strong Nash equilibrium if and only if it is a modified

strong Nash equilibrium.

In the proof of this theorem we will use the following notation.
For z = (Sk,tk)ken, S € Fy if and only if S; = S for all j € S and (¢;);es € V(9).
Proof. Since any strong Nash equilibrium is m-strong only the converse implication
needs to be proved. Let £ € Xy be an m-strong Nash equilibrium, and suppose z is

not strong. Then there exists a coalition S and a strategy vector ys € Xg with

Ks(ys, zn\s) ;—i Ks(z) > (v(5))jes

where the second inequality follows since z is a Nash equilibrium. With j € S such
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that K;(ys,zn\s) > K;(z) and letting ys = (Sk, t)res, we have that t; > v(j) and
S; € Flys,ens), hence

KSj(ysj,iIJN\sj);?é Ks;(z). (1)
In view of the boundedness condition on V'(S;) we may assume that
Vz e V(Sj)[z 2 I(Sj(ysj7zN\Sj) =z = I(Sj(ysj7xN\Sj)]- (2)

By (1), since z is m-strong, S; can not be credible given . So there exists a credible

coalition T ;Cé S; and a strategy vector zr € X7 such that

Kr(zr,ys\12N\s;) 3 Kr(ys;, zms;) 2 Kr(z). (3)
Let 27 = (Ag, be)rer and 2 € T. If A; ¢ Flerusprams,) (3) implies
Ki(zr,ay\r) 2 min{b;, v(i)} = Ki(zr,ysp\1, Tms;) 2 Ki(z). (4)

If Ai € Flpysyrams,)> then Ai N (S;\T) # @ would imply A; = S; (since
S; € F(ys,a:N\s)) and, consequently, Kg\r(21, ysp\1: 2n\s;) = Kspr(¥s;, Tans;)-

However, combining this with (3), we would find

Ks,;(zr, ysp\1> TN\s;) i Ks;(ys;, Tnns;),
violating (2). Therefore, A; C TU (N \ S;). Hence, with (3):

Ki(zr,2mr) = Ki(2r,ysp\m 2v\s;) = Ki(z). (5)
Combining (4) and (5) gives:

Kr(zr,znr) 2 Ki(2). (6)

Now let ¢ € T with Ki(zT,ySJ.\T,mN\Sj) > K;(ysj,mN\Sj).
Then A; € Flapus,\rams,) SinCe otherwise, by (3), K;(z) < v(¢), violating the fact
that z is a Nash equilibrium. So, as before, A; C TU (N \ S;), and

Ki(zr,znr) = Ki(zr,ysp\rtws;) > Ki(ys;, zays;) 2> Ki(z).



Hence, by (6), Kr(2r, zn\1) ;2& Kr(z), whereas T is a credible coalition. This contra-

dicts the fact that = is m-strong,. O
Theorem 1 and theorem 2 imply

Corollary 3. If the NTU-game V is superadditive, then b is a strong core element
of V if and only if there is a modified strong Nash equilibrium of the corresponding
claim game I'(V') having payoff vector b.

4 Coalition proof Nash equilibria

Bernheim, Peleg and Whinston (1987) introduced coalition proof Nash equilibria in
the following recursive way.

Definition. Let I' = ((X;)ien, (Ki)ien) be an n-person strategic game and let
z € Xy. Then z is a coalition proof Nash equilibrium of T' if either

(i) » =1 and Ky(z) = maxyex, Ki(y)

or

(i) n > 2 and
(a) =z is self-enforcing, i.e. for all S ;Cé N, zs is a coalition proof Nash equilibrium
of the game I'Z := ((X;)ies, (K )ies) where

Ki(ys) := Ki(ys, zms)

forallys € Xsandi € S

and

(b) there is no other self-enforcing strategy combination y € Xy such that
KN(y);Zé Kn(z).

Bernheim, Peleg and Whinston (1987) note that each strong Nash equilibrium is

coalition proof and that for 2-person games the set of coalition proof Nash equilibria
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coincides with the set of Nash equilibria that are not Pareto dominated by any other
Nash equilibrium. In fact, it is not difficult to see that the same is true for m-strong
Nash equilibria. So, for 2-person games, each coalition proof Nash equilibrium is
m-strong and conversely. However, for general n-person games (n > 3) the two equi-
librium concepts are logically independent. This is seen in the following example,
which in essence is based on the example of Bernheim, Peleg and Whinston (1987)
showing that for n > 3, coalition proof Nash equilibria can be Pareto dominated

within the set of Nash equilibria (although this phenomenon does not occur here).

Example 2. We consider the 3-person game I' as represented in figure 2 in which
player 1 chooses between the rows Ay, A; and As, player 2 between the columns
B;, B; and Bs, and player 3 between the boxes C; and C,. In each cell the first
number corresponds to the payoff to player 1, the second to the payoff to 2 and the
third to the payoft to 3.

Figure 2. The 3-person game I

B, B, Bs
c, A | -2,-2,-10 | -10,-10,-10 | —10,-10,-10
As | —10,—-10,-10 1,1,-5 —10,2,-10
As | —10,-10,-10 | 2,-10,-10 0,0,10
B, B, Bs
e, A; -1,-1,5 —5,—5,0 -10,-10,-10
Ay —5,~5,0 -2,-2,-10 | —10,-10,—-10
As | —-10,-10,-10 | —10,—10,—10 | —15,—15,~15

The game I' has two Nash equilibria ' := (As, B3, C1) and z? := (Ay, By, Cs).
We show that 2! is coalition proof but not m-strong and that z? is m-strong but not

coalition proof.



(i) z* is coalition proof: z! is self-enforcing since for each S with |S| = 2 the restric-
tion z} is a Nash equilibrium of I‘gl which is not Pareto dominated by any other
Nash equilibrium of %' . Moreover, there is no strategy combination y # z such that
y Pareto dominates z.

(ii) z* is not coalition proof: z? is Pareto dominated by the self-enforcing strategy
combination z!. _

(i4) a2 is m-strong: note that the coalition {1, 2} is credible given z? since (A;, B)
can not be blocked by the coalitions {1} and {2} given z? (i.e. C; is fixed). Further,
the only coalition that can block z? is {1,2,3} (using z'). However, {1,2,3} is not
credible given z? since each strategy combination y # z? is blocked either by a 1-
person coalition or (in case y = a!) by the (credible) coalition {1,2}.

(iv) ! is not m-strong: the coalition {1,2} is credible given z! since (A, By) can not

be blocked by {1} and {2} given z'. Further, z! is blocked by {1,2} using (A2, B,).

For strategic claim games corresponding to an NTU-game coalition proof and m-
strong Nash equilibria do coincide. This is an immediate consequence of theorem 2

and

Theorem 4. Let V be an NTU-game and T' = ((X;)ien, (K:)ien) the corresponding
claim game. Then z € Xy is a strong Nash equilibrium if and only if it is a coalition
proof Nash equilibrium.

Proof. It suffices to show that each coalition proof Nash equilibrium of I'(V) is
strong. This is obvious if n = 1. So, let » > 2 and let  be a coalition proof
Nash equilibrium of I'(V). Suppose z is not strong. Then, using similar argu-
ments as in the proof of theorem 2, there exists a coalition S and a strategy vector

ys := (S, 1:)ies € Xs such that

ts = Ks(ys, tn\s) i Ks(z) (7)

and tg is Pareto undominated within V(55).

Moreover, without loss of generality we may assume that S is minimal in the sense



that there exist no U; S and 2y € Xy such that Ky(zy,zn\w) ;?é Ky(z).
Since z is coalition proof, it follows that yg is not self-enforcing in (I'(V'))%. Hence,

thereisa T ; S such that yr is not a coalition proof Nash equilibrium in the restricted

game ((Xi)ieT, (Li)ieT) where

Li(er) = Ki(er, ys\t, TN\3)

for all e € X1 and ¢ € T'. In particular, it can be seen that there exists a coalition

U C T and a strategy vector zy € Xy such that Ly(zv,yr\v) ;Zﬁ Ly(yr), i.e.,

Ky(2v,ys\v, zn\s) 2 Ko(ys, zms)- (8)

Since tg is Pareto undominated within V(S), (8) can only be true if S is not formed,

which implies

Ku(zv,ys\v, zns) = Ku(zv, zmu). (9)
However, combining (7)-(9), we obtain

Ky (zu, a:N\U) 5 Ky(ys, zms) = Ku(z)
contradicting the minimality of S. O
Corollary 5. If the NTU-game V 1is superadditive, then b is a strong core element

of V if and only if there is a coalition proof Nash equilibrium of the corresponding
claim game T'(V') having payoff vector b.
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