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�? |�i @*|ihi_ i?��hL?4i?|� ì �?_ |�@| �? |�i @*|ihi_ i?��hL?4i?|c @ h�*i |�@|
�?ULhTLh@|it *i@_�?} �?_�U@|Lht @ML�| hi}�4it t�}?��U@?|*) L�|TihuLh4t |�i A@)*Lh
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�� YA|iNa�W|�NA

4141 Wkh qhz hfrqrp|1 X1V1 hfrqrplf shuirupdqfh gxulqj wkh odwwhu sruwlrq ri wkh

4<<3v idu h{fhhghg hyhq rswlplvwlf iruhfdvwv1 Iurp 4<<9 wkurxjk 4<<</ qrqidup exvlqhvv

vhfwru surgxfwlylw| juhz e| derxw 518 shufhqw shu |hdu/ rq dyhudjh1 Lq wkh whq |hduv

suhylrxv wr wklv shulrg/ iurp 4<;9 wkurxjk 4<<8/ lw kdg lqfuhdvhg dw dq dyhudjh udwh ri rqo|

417 shufhqw shu |hdu1 Wkh odwh 4<<3v shulrg frlqflghg zlwk d vshoo ri dffhohudwhg surjuhvv

lq frpsxwhu whfkqrorj| dqg zlwk d zlghqlqj dgrswlrq ri wkh lqwhuqhw e| exvlqhvvhv dqg

frqvxphuv1 X1V1 uhdo rxwsxw jurzwk h{fhhghg 618 shufhqw shu |hdu iurp 4<<9 wkurxjk 4<<</

zkloh dw wkh vdph wlph/ lq�dwlrq suhvvxuhv uhpdlqhg udwkhu vxegxhg/ zlwk wkh shuvrqdo

frqvxpswlrq h{shqglwxuhv sulfh lqgh{ rqo| lqfuhdvlqj derxw 41: shufhqw shu |hdu/ rq

dyhudjh1

Hfrqrplvwv lq wkh X1V1 kdyh ehhq frjql}dqw ri wkhvh fkdqjlqj wuhqgv1 Pdq| frpphq0

wdwruv kdyh dujxhg wkdw whfkqrorjlfdo fkdqjh pd| eh lqfuhdvlqj Dphulfdq surgxfwlylw|/

pdnlqj lw srvvleoh wr doorz wkh hfrqrp| wr jurz dw d idvwhu udwh zlwkrxw fuhdwlqj lq�d0

wlrq1 Dqg/ lq idfw/ wkhuh duh pdq| h{dpsohv ri vxfk dujxphqwv ehlqj iruzdughg lq uhfhqw

|hduv e| Ihghudo Uhvhuyh r�fldov1 Frqvlghu/ iru h{dpsoh/ wkh Pd| 9/ 4<<< Frqjuhvvlrqdo

whvwlprq| e| Ihghudo Uhvhuyh Fkdlupdq Dodq Juhhqvsdq= _111 wkh hylghqfh dsshduv wr eh

prxqwlqj wkdw/ hyhq li surgxfwlylw| grhv qrw frqwlqxh wr dffhohudwh/ wkh slfnxs douhdg|

revhuyhg grhv vhhp wr h{sodlq pxfk ri wkh h{wudruglqdu| frqwdlqphqw ri lq�dwlrq ghvslwh

wkh hyhu0wljkwhqlqj oderu pdunhwv ri uhfhqw |hduv1% Wkh qh{w gd| wkh Zdvklqjwrq Srvw uh0

sruwhg= _Juhhqvsdq vdlg wkh xqh{shfwhg mxps lq surgxfwlylw| lv wkh pdmru uhdvrq wkdw iru

wkh sdvw wkuhh |hduv vr pdq| iruhfdvwhuv/ lqfoxglqj wkrvh dw wkh Ihg/ kdyh xqghuhvwlpdwhg

hfrqrplf jurzwk zkloh ryhuhvwlpdwlqj lq�dwlrq1%

Wklv vhw ri hyhqwv lv vrphwlphv froohfwlyho| fdoohg _wkh qhz hfrqrp|/% dqg wklv lv wkh

phdqlqj ri wklv whup iru wkh sxusrvhv ri wklv sdshu1

4151 Rswlpdo prqhwdu| srolf| uxohv lq wkh qhz hfrqrp|1 Wkh X1V1 prqhwdu|

srolf| ghedwh kdv ehhq lpsruwdqwo| lq�xhqfhg e| Wd|oru +4<<6,/ zkr dujxhg wkdw vlpsoh/

qrplqdo0lqwhuhvw0udwh0edvhg prqhwdu| srolf| uxohv pljkw surgxfh jrrg vwdelol}dwlrq shu0
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irupdqfh14 Wd|oru*v +4<<6, lghdv zhuh edvhg rq d jlyhq/ frqvwdqw lq�dwlrq wdujhw iru wkh

prqhwdu| dxwkrulwlhv/ dqg/ hvshfldoo| lpsruwdqw iru wklv sdshu/ d jlyhq/ frqvwdqw orqj0uxq

ohyho ri surgxfwlylw|1 Qhduo| doo uxohv lq wklv olwhudwxuh duh wkhq vshfl�hg uhodwlyh wr wkhvh

ixqgdphqwdo remhfwv1 Lq dgglwlrq/ Wd|oru*v +4<<6, dqdo|vlv zdv qrw ri dq rswlpdo srolf|

uxoh/ exw ri dq dg krf uxoh wkdw Wd|oru uhdvrqhg zrxog shuirup zhoo edvhg rq klvwrulfdo

h{shulhqfh1 Vyhqvvrq +4<<:, vkrzhg krz d yhuvlrq ri wkh Wd|oru uxoh frxog eh ylhzhg dv

wkh rswlpdo prqhwdu| srolf| uxoh lq d vlpsoh g|qdplf pdfurhfrqrplf prgho/ djdlq iru d

jlyhq lq�dwlrq wdujhw dqg d jlyhq xqghuo|lqj ohyho ri surgxfwlylw|1 Lq dgglwlrq/ wkh sd0

shuv lq wkh Wd|oru +4<<<, yroxph jhqhudoo| idyru wkh lghd wkdw vrphwklqj forvh wr rswlpdo

vwdelol}dwlrq shuirupdqfh frxog eh rewdlqhg e| dgkhulqj wr d Wd|oru uxoh/ dfurvv d zlgh

ydulhw| ri pdfurhfrqrplf prghov1

Krzhyhu/ rqh ri wkh nh| _qhz hfrqrp|% hyhqwv lv wkh vkliw lq surgxfwlylw|1 Lw vhhpv

qdwxudo wkdw d ixoo| rswlpdo prqhwdu| srolf| uxoh zrxog wdnh dffrxqw ri wkh fkdqjlqj

qdwxuh ri wkh vxsso| vlgh1 Rxu pdlq jrdo lq wklv sdshu lv wr ghulyh dq rswlpdo prqhwdu|

srolf| uxoh lq dq hqylurqphqw zlwk xqrevhuyhg vkliwlqj surgxfwlylw|/ vr wkdw wkh srolf|

dxwkrulwlhv pxvw lqihu wkh xqghuo|lqj uhjlph iurp revhuyhg gdwd1 Zh zlvk wr dffrpsolvk

wklv lq wkh vlpsohvw srvvleoh iudphzrun/ dqg dovr rqh lq zklfk zh duh vxuh wkdw d Wd|oru0

w|sh uxoh zrxog eh rswlpdo zhuh lw qrw iru wkh surgxfwlylw| fkdqjhv1 Dffruglqjo|/ zh

dgrsw Vyhqvvrq*v +4<<:, prgho dv d edvholqh/ dqg zh dxjphqw wkh prgho zlwk wzr0vwdwh

uhjlph vzlwfklqj lq wkh ohyho ri orqj0uxq surgxfwlylw|1 Zh zlvk wr xqghuvwdqg krz d

Wd|oru0w|sh uxoh zrxog kdyh wr eh dowhuhg wr doorz iru wkh srvvlelolw| wkdw xqghuo|lqj

surgxfwlylw| vkliwv pd| rffxu1 Zkloh zh xvh wklv prgho wr nhhs rxu h{srvlwlrq uhodwlyho|

vlpsoh/ zh dovr wklqn wkdw lw lv uhdvrqdeo| fohdu wkdw wkh edvlf �qglqjv khuh zrxog krog

lq idu pruh hoderudwh prghov1

4161 Pdlq uhvxowv1 Rxu pdlq �qglqj lv wkdw wkh rswlpdo srolf| uxoh lq dq hqylurqphqw

zlwk xqrevhuyhg surgxfwlylw| vkliwv lqyroyhv lpsruwdqw odjjhg whupv lq lq�dwlrq dqg wkh

rxwsxw jds1 Wkh uroh ri wkhvh odjjhg whupv lv wr khos wkh srolf| dxwkrulw| uhdfw zlwk

�
6Lh tL4i Lu |�i hi*@|i_ hiUi?| hiti@hU� L? 4L?i|@h) TL*�U) h�*it tii A@)*Lh E�bbb�c k�?} @?_ �*Lttih

E�bbb�c @?_ �*@h�_@c B@*�c @?_ Bih|*ih E�bbb��



�j� .WNAN6+S�j� �N,�W+ -�,jtq 6

dssursuldwh lqwhuhvw udwh dgmxvwphqwv zkhq xqrevhuyhg vkliwv lq xqghuo|lqj surgxfwlylw|

rffxu1 Lq fhuwdlq vshfldo fdvhv/ rxu rswlpdo srolf| uxoh froodsvhv wr Vyhqvvrq*v +4<<:, uxoh

iru wkh vdph prgho/ zklfk lqyroyhv rqo| frqwhpsrudqhrxv gdwd1 Wkhvh vshfldo fdvhv rffxu

zkhq wkh suredelolw| ri uhpdlqlqj lq hdfk uhjlph lv h{dfwo| rqh0kdoi/ vr wkdw surgxfwlylw|

uhjlphv duh qrw shuvlvwhqw dqg fdq vlpso| eh lqwhusuhwhg dv qrlvh/ ru zkhq wkh ohyhov

ri surgxfwlylw| lq wkh wzr uhjlphv dssurdfk rqh dqrwkhu/ vr wkdw wkhuh lv h�hfwlyho| qr

gl�huhqfh ehwzhhq wkh wzr uhjlphv1 Lqwxlwlyho|/ zh wklqn rxu pdlq �qglqj lv dq lpsruwdqw

rqh zklfk zrxog h{whqg wr d zlgh ydulhw| ri prghov= Lq wkh idfh ri srvvleoh xqrevhuyhg

fkdqjhv lq uhjlph/ wkh srolf| dxwkrulw| pxvw rswlpdoo| frqvlghu uhfhqw wuhqgv lq wkh gdwd

lq rughu wr lqihu zkhwkhu wkh uhjlph vkliw kdv rffxuuhg ru qrw1

Zkloh rxu pdlq uhvxowv duh dqdo|wlfdo/ zh dovr frqvlghu d fdoleudwlrq ri wkh prgho lq

rughu wr �{ lghdv dqg surylgh looxvwudwlrqv ri rxu �qglqjv1 Dgkhulqj wr d Wd|oru0w|sh uxoh

dv ghulyhg e| Vyhqvvrq +4<<:, zkhq wkhuh duh lq idfw xqrevhuyhg vzlwfkhv lq surgxfwlylw|

uhjlphv lpsolhv vljql�fdqwo| zruvh pdfurhfrqrplf shuirupdqfh/ uhodwlyh wr wkh rswlpdo

uxoh zklfk zh ghulyh1 Srolf|pdnhuv xvlqj d Vyhqvvrq0Wd|oru uxoh zrxog w|slfdoo| revhuyh

lq�dwlrq zklfk lv shuvlvwhqwo| deryh ru ehorz wdujhw/ dqg zklfk zrxog dsshdu wr wkhp wr eh

gxh wr xqrevhuyhg vshfldo idfwruv1 Exw zlwk wkh rswlpdo uxoh/ lq�dwlrq uhpdlqv qhdu wdujhw

dw doo wlphv/ dqg rxwsxw �xfwxdwhv lq uhvsrqvh wr wkh fkdqjhv lq surgxfwlylw| uhjlphv dqg

qrupdo pdfurhfrqrplf vkrfnv1 Wkxv wkh vkliw iurp orz wr kljk surgxfwlylw| lq frqmxfwlrq

zlwk d srolf| dxwkrulw| dgkhulqj wr d Vyhqvvrq0Wd|oru uxoh jlyhv wkh hyhqwv dvvrfldwhg zlwk

wkh _qhz hfrqrp|% dv ghvfulehg lq wkh rshqlqj sdudjudsk= rxwsxw shuvlvwhqwo| kljkhu

wkdq h{shfwhg/ lq�dwlrq shuvlvwhqwo| orzhu wkdq h{shfwhg/ phdvxuhg surgxfwlylw| kljkhu/

dqg srolf|pdnhuv dujxlqj wkdw d surgxfwlylw| vkliw kdv frqwdlqhg lq�dwlrq1 Wkh uhyhuvh

fdvh/ d uhjlph vkliw iurp kljk wr orz surgxfwlylw|/ jhqhudwhv vrph ri wkh ihdwxuhv ri wkh

vwdj�dwlrq ri wkh 4<:3v1

Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh ghvfuleh wkh prgho

zh zloo hpsor|1 Lq Vhfwlrq 6 zh ghulyh rxu rswlpdo prqhwdu| srolf| uxoh zkhq wkhuh duh

uhjlph vzlwfkhv lq surgxfwlylw|/ dqg lq Vhfwlrq 7 zh frpsduh wkh hfrqrplf shuirupdqfh ri

rxu vlpsoh pdfurhfrqrp| xqghu wkh Vyhqvvrq0Wd|oru uxoh dqg xqghu wkh rswlpdo uxoh1 Lq
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Vhfwlrq 8 zh r�hu vrph forvlqj frpphqwv1 Wzr dsshqglfhv glvfxvv pdwkhpdwlfdo ghwdlov1

4� .A��iNA6jA|

Dv lq Vyhqvvrq +4<<:, zh dvvxph wkdw lq�dwlrq dqg rxwsxw duh olqnhg e| wkh iroorzlqj

vkruw0whup Skloolsv fxuyh uhodwlrqvkls

�w.4 @ �w . �|w � xw.4 +4,

zkhuh �w @ sw � sw�4 lv wkh lq�dwlrq udwh iurp shulrg w� 4 wr shulrg w/ sw lv wkh qdwxudo

orjdulwkp ri wkh sulfh ohyho lq shulrg w/ |w lv wkh qdwxudo orjdulwkp ri wkh rxwsxw jds

dw w/ dqg wkh sdudphwhu � phdvxuhv wkh vorsh ri wkh Skloolsv fxuyh1 Zh lqwhusuhw xw dv

d surgxfwlylw| +vxsso|, vkrfn/ dqg zh sxw pruh vwuxfwxuh rq lw ehorz1 Zh qrupdol}h

wkh qdwxudo udwh ri rxwsxw wr }hur1 Iroorzlqj Vyhqvvrq +4<<:/ s1 4448,/ zh dvvxph wkdw

wkh rxwsxw jds lv vhuldoo| fruuhodwhg/ ghfuhdvlqj lq wkh vkruw0whup uhdo lqwhuhvw udwh dqg

lqfuhdvlqj lq dq h{rjhqrxv vkrfn wr wkh jds

|w.4 @ �
4
|w � �

5
+lw � �w, . {w.4 +5,

zkhuh �
5
A 3/ 3 ? �

4
? 4/ lw lv d vkruw0whup qrplqdo lqwhuhvw udwh frqwuroohg e| wkh

prqhwdu| dxwkrulw|/ dqg {w.4 lv d vwrfkdvwlf glvwxuedqfh whup1 Dv fdq eh vhhq iurp

htxdwlrqv +4, dqg +5,/ wkh uhdo lqwhuhvw udwh d�hfwv wkh rxwsxw jds zlwk d rqh0shulrg odj/

dqg khqfh lq�dwlrq zlwk d wzr0shulrg odj/ wkh frqwuro odj lq wkh prgho1 Wkh vkrfn wr wkh

rxwsxw jds lv vhuldoo| fruuhodwhg dqg dvvxphg wr eh vxemhfw wr llg qrlvh �w.4/ zlwk phdq

}hur dqg yduldqfh �5
�
/ dffruglqj wr

{w.4 @ �{w . �w.4= +6,

Zh zdqw wr wklqn lq whupv ri shuvlvwhqw surgxfwlylw| uhjlphv/ lq zklfk vzlwfkhv duh

uhodwlyho| uduh hyhqwv/ fruuhvsrqglqj wr wkh X1V1 surgxfwlylw| h{shulhqfh lq wkh srvwzdu

hud1 Lq rughu wr vwxg| shuvlvwhqw fkdqjhv lq surgxfwlylw|/ zh h{whqg wklv v|vwhp zlwk d

vwrfkdvwlf surfhvv iru surgxfwlylw| x
w1 Zh xvh d wzr0vwdwh surfhvv gh�qhg e|

xw.4 @ dkvw.4 � dc @

;?
=

dk � dc li vw.4 @ 4

�dc li vw.4 @ 3
+7,
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zkhuh dk A dc A 3= Xqghu wklv vshfl�fdwlrq/ dv dk $ 3> wkhuh lv qr gl�huhqfh ehwzhhq wkh

wzr uhjlphv/ dqg vr zh wklqn ri dk dv vfdolqj wkh h�hfw ri wkh surgxfwlylw| gl�huhqfhv lq

wkh wzr uhjlphv1 Wkh xqrevhuyhg vwdwh ri wkh v|vwhp vw wdnhv rq d ydoxh ri }hur ru rqh/

dqg iroorzv d wzr0vwdwh Pdunry surfhvv15 Wkhuh lv dq dvvrfldwhg wudqvlwlrq suredelolw|

pdwul{/ jlyhq e|

W @

�
s 4� s

4� t t

�
> +8,

zkhuh
Su ^Vw.4 @ 4 mVw @ 4` @ s>

Su ^Vw.4 @ 3 mVw @ 4` @ 4� s>

Su ^Vw.4 @ 3 mVw @ 3` @ t>

+9,

dqg

Su ^Vw.4 @ 4 mVw @ 3` @ 4� t=

Wkxv wkh suredelolw| ri uhpdlqlqj lq wkh kljk +orz, vwdwh frqglwlrqdo rq ehlqj lq wkh kljk

+orz, vwdwh lq wkh suhylrxv shulrg lv s +t,/ wkh suredelolw| ri vzlwfklqj iurp wkh kljk wr

wkh orz vwdwh lv 4�t/ dqg wkh suredelolw| ri vzlwfklqj iurp wkh orz vwdwh wr wkh kljk vwdwh

lv 4 � s1 Ehfdxvh zh zlvk wr wklqn ri shuvlvwhqw uhjlphv/ zh uhvwulfw rxu dqdo|vlv wr wkh

fdvh zkhuh erwk s � 4@5 dqg t � 4@51

Dv vxjjhvwhg e| Kdplowrq +4<;<,/ wkh vwrfkdvwlf surfhvv iru htxdwlrq +9, dgplwv wkh

iroorzlqj DU+4, uhsuhvhqwdwlrq=

v
w.4 @ +4� t, . �vw . yw.4 +:,

zkhuh � � s. t�4> dqg yw lv d glvfuhwh/ zklwh qrlvh surfhvv zlwk phdq }hur dqg yduldqfh

�5
y
1 Iurp htxdwlrq +5, lw iroorzv wkdw wkh xqfrqglwlrqdo phdq vwhdg| vwdwh ohyho ri rxwsxw/

�|/ dvvrfldwhg zlwk d }hur vwhdg| vwdwh uhdo lqwhuhvw udwh lv }hur1 Wr eh frqvlvwhqw/ zh

lpsrvh wkdw wklv ohyho iurp htxdwlrq +4, vkrxog dovr eh }hur1 Wklv lpsolhv

dc @ �sdk +;,

zkhuh �s � +4�t,

5�s�t
1 Zh jlyh wkh ghwdlov ri wklv fdofxodwlrq lq Dsshqgl{ D1

2
ì @_LT| |�i �t�@* UL?�i?|�L? |�@| uLh _�tUhi|i��@*�i_ �@h�@M*itc U@T�|@* *i||iht _i?L|i |�i h@?_L4

�@h�@M*i @?_ t4@** *i||iht @ T@h|�U�*@h hi@*�3@|�L?� Wu ML|� �?|ihThi|@|�L?t @TT*) �i �ti t4@** *i||iht�
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Prqhwdu| srolf| lv frqgxfwhg e| d fhqwudo edqn wkdw frqwurov d vkruw0whup qrplqdo

lqwhuhvw udwh lw dqg wkdw kdv dq h{rjhqrxvo|0jlyhq lq�dwlrq wdujhw �B1 Wkh dxwkrulwlhv

dlp wr plqlpl}h ghyldwlrqv ri lq�dwlrq iurp wklv dvvljqhg wdujhw/ rq wkh rqh kdqg/ dqg

�xfwxdwlrqv ri rxwsxw durxqg lwv wuhqg ohyho +zklfk lv qrupdol}hg wr }hur/ l1h1 �| @ 3,/ rq

wkh rwkhu1 Frqvhtxhqwo|/ wkh fhqwudo edqn zloo fkrrvh d vhtxhqfh ri fxuuhqw dqg ixwxuh

vkruw0whup qrplqdo udwhv wr phhw wkh remhfwlyh

Plq
ilwj

4

w@3

Hw

[
�w
�
4

5
+�w � �B,5 .

�

5
+|w � �|,5

�
= +<,

Khuh 3 � � ? 4 uhsuhvhqwv wkh fhqwudo edqn*v uhodwlyh zhljkw rq rxwsxw vwdelol}dwlrq/

zkloh wkh sdudphwhu � 5 +3> 4, ghqrwhv wkh glvfrxqw idfwru1 Wkh h{shfwdwlrq lv frqglwlrqdo

rq wkh fhqwudo edqn*v lqirupdwlrq vhw lq shulrg w1 Wklv lqirupdwlrq vhw frqwdlqv fxuuhqw

rxwsxw/ |w/ wkh fxuuhqw lq�dwlrq udwh/ �w/ lwv iruhfdvw ri wkh vkrfn wr wkh rxwsxw jds/

{w.4/ lwv iruhfdvw ri wkh surgxfwlylw| vkrfn�zklfk ghshqgv rq wkh xqrevhuyhg uhjlph

vw.4�dqg wkh vwuxfwxuh ri wkh hfrqrp| dv ghvfulehg e| htxdwlrqv +4,0+;,1

� Y6V,j6jA|�A} �Au,B|�NA |Bi}j|�A} ��|� �ANOtji�ja ij}�6jt

Lq rughu wr jhw vrph vwudljkwiruzdug uhvxowv zh lqwhusuhw lq�dwlrq wdujhwlqj dv lpso|lqj

vwulfw lq�dwlrq wdujhwlqj/ lq wkh vhqvh wkdw lq�dwlrq lv wkh rqo| dujxphqw lq wkh orvv

ixqfwlrq +<,1 Wklv phdqv wkdw zh vhw � @ 316

Dsso|lqj +4� �O,/ zkhuh O lv wkh odj rshudwru gh�qhg e| Om{w @ {w�m/ wr htxdwlrq

+4, dqg wdnlqj dffrxqw ri +7,/

+4� �O,��w.4 @ � +4� �O, |w � dk +4� �O, vw.4 . +4� �, dc= +43,

Vxevwlwxwlqj iru +4� �O, vw.4 iurp htxdwlrq +:,/ htxdwlrq +43, fdq eh uhzulwwhq dv

�w.4 @ +4 . �,�w � ��w�4 . �|w � ��|w�4 � dkyw.4 +44,

zkhuh zh kdyh xvhg wkh idfw wkdw dc @
�
4�t

4��

�
dk1

Khqfh/ lq wkh devhqfh ri frqwuro wkh frpelqdwlrq ri wkh Skloolsv fxuyh +4, dqg wkh

DU+4, uhsuhvhqwdwlrq ri wkh surgxfwlylw| vwdwh +:, jlyhv ulvh wr d vhfrqg0rughu vwrfkdvwlf

�
W? |�i U@ti ��ihi > : fc |�i �?|��|�L? @?_ 4@�? �?_�?}t U�@?}i *�||*i ���*i |�i 4@|�i4@|�Ut MiUL4it

UL?t�_ih@M*) 4Lhi UL4T*i � W? Lh_ih |L !iiT L�h 4@�? TL�?|t U*i@h �i �@�i t�4T*) _iU�_i_ |L L4�|

@?@*)t�t Lu |��t U@ti� ì _�tU�tt |�i > ' f @tt�4T|�L? �? 4Lhi _i|@�* ?i@h |�i i?_ Lu |�i T@Tih�
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gl�huhqfh htxdwlrq iru lq�dwlrq1 Dq lpsruwdqw olplwlqj fdvh ri +44, lv zkhq s @ t @ =8/

wkdw lv/ lq hdfk shulrg hlwkhu uhjlph lv htxdoo| olnho| wr rffxu/ uhjdugohvv ri wkh fxuuhqw

vwdwh1 Lq wklv fdvh wkh surgxfwlylw| vkrfn ehfrphv vhuldoo| xqfruuhodwhg dqg wkh uhgxfhg

irup sdudphwhu � $ 3= Wkxv/ wkh Skloolsv fxuyh dssurdfkhv wkh vwdqgdug Vyhqvvrq +4<<:,

�uvw0rughu irup1

Zh kdyh qrwhg wkdw lq wkh deryh prgho wkh frqwuro odj lv wzr shulrgv1 Wkh fxuuhqw

lq�dwlrq udwh dqg wkh fxuuhqw rxwsxw jds duh suhghwhuplqhg yduldeohv wkdw fdqqrw eh

lq�xhqfhg e| srolf|1 Wkhuhiruh/ wkh rqh0shulrg0dkhdg lq�dwlrq iruhfdvw lv dovr suhghwhu0

plqhg7 +lqghshqghqwo| ri wkh fxuuhqw ohyho ri lqwhuhvw udwhv,1 Krzhyhu/ e| fkdqjlqj wkh

fxuuhqw qrplqdo lqwhuhvw udwh/ wkh srolf|pdnhu fdq d�hfw wkh rqh0shulrg dkhdg rxwsxw

jds iruhfdvw/ dqg wkhuhe| wkh rqh0wr0wzr shulrg lq�dwlrq iruhfdvw1 Wkxv/ l3 d�hfwv H3|4

zklfk lq wxuq d�hfwv H3�5/ l4 d�hfwv H4|5 zklfk lq wxuq d�hfwv H4�6> dqg vr rq1 Wkh

surshu lqwhuphgldwh wdujhw iru srolf| lv wkxv wkh rqh0wr0wzr shulrg lq�dwlrq iruhfdvw/ dqg

wkh lqvwuxphqw +frqwuro, ri srolf| lv wkh qrplqdo lqwhuhvw udwh dw wlph w/ ru htxlydohqwo|

wkh rqh0shulrg0dkhdg rxwsxw jds iruhfdvw1

Zkhq � $ 3/ wkh deryh sureohp ehfrphv vwudljkwiruzdug1 Wkh prqhwdu| dxwkrulw|

wkhq qhhgv wr vhw Hw|w.4 vr dv wr hqvxuh wkdw +wrgd|*v iruhfdvw ri, wkh wzr0shulrg dkhdg

lq�dwlrq udwh lv htxdo wr wkh lq�dwlrq wdujhw1 Wkxv/ zh kdyh �B @ Hw�w.51 Ohdglqj wkh

lq�dwlrq htxdwlrq +4, rqh shulrg/ dqg wdnlqj h{shfwdwlrqv dw wlph w |lhogv

Hw�w.5 @ Hw�w.4 . �Hw|w.4 �Hwxw.5= +45,

Vhwwlqj wklv h{suhvvlrq htxdo wr wkh lq�dwlrq wdujhw dqg uhduudqjlqj jlyhv wkh rswlpdo

ydoxh ri wkh frqwuro

Hw|w.4 @ � 4

�
+Hw�w.4 � �B, .

4

�
Hwxw.5 +46,

zkhuh wkh +suhghwhuplqhg, rqh0shulrg dkhdg lq�dwlrq iruhfdvw lv jlyhq e|8

Hw�w.4 @ �w . �|w �Hwxw.4= +47,

e
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Li s @ t @ 4@5> zh jhw Hwxw.4 @ Hwxw.5 @ 3 dqg wkh srolf| uxoh +46, lv lghqwlfdo wr

wkh rswlpdo uxoh iru wkh Vyhqvvrq +4<<:, prgho +iru wkh fdvh ri vwulfw lq�dwlrq wdujhwlqj,1

Wklv uxoh vd|v wkdw li wkh rqh0shulrg0dkhdg lq�dwlrq iruhfdvw h{fhhgv wkh wdujhw/ fhwhulv

sdulexv/ wkh rqh0wr0wzr shulrg lq�dwlrq iruhfdvw zloo h{fhhg wkh wdujhw1 Wr frpshqvdwh

wkh srolf|pdnhu wkhq qhhgv wr frqwudfw qh{w shulrg*v iruhfdvw ri wkh ohyho ri wkh rxwsxw

jds lq wkh hfrqrp|1

Zh qrz zdqw wr wklqn ri s dqg t dv vxevwdqwldoo| juhdwhu wkdq 4@5/ vr wkdw wkh prgho

kdv shuvlvwhqw idyrudeoh ru xqidyrudeoh vxsso| vlgh ghyhorsphqwv�uhjlphv�zklfk pruh

forvho| dssur{lpdwhv wkh srvwzdu X1V1 h{shulhqfh1

Li wkh fxuuhqw shulrg iruhfdvw ri qh{w shulrg*v surgxfwlylw| vwdwh lv idyrudeoh +H
wxw.4 A

3,/ wklv kdv wzr h�hfwv1 Lq wkh �uvw sodfh lw gluhfwo| orzhuv wkh rqh0shulrg0dkhdg lq�dwlrq

iruhfdvw +vhh htxdwlrq +47,,1 Wklv phdqv wkdw wkh fhqwudo edqn vkrxog doorz qh{w shulrg*v

rxwsxw jds wr h{sdqg1 Wkh lqwxlwlrq lv wkdw/ lq rughu wr suhyhqw lq�dwlrq iurp idoolqj wrr

idu ehorz wkh wdujhw/ wkh ghpdqg vlgh ri wkh hfrqrp| vkrxog pryh lq wdqghp zlwk wkh

vxsso| vlgh1 Wkxv/ wkh vljq ri Hwxw.4 lq htxdwlrq +46,/ wkurxjk Hw�w.4/ lv srvlwlyh1

Wkh vhfrqg +ru lqgluhfw, h�hfw ri d srvlwlyh rqh0shulrg0dkhdg surgxfwlylw| iruhfdvw/ lv

wkurxjk lwv h�hfw rq wkh rqh0wr0wzr shulrg surgxfwlylw| iruhfdvw1 Pruh vshfl�fdoo|/ dq|

jlyhq surgxfwlylw| vwdwh lv olnho| wr shuvlvw lqwr wkh ixwxuh/ vr wkh h{shfwdwlrq ri d kljk

vwdwh qh{w shulrg lpsolhv d vlplodu rxworrn iru wkh iroorzlqj shulrg1 Lq idfw lw fdq eh

vkrzq wkdw

Hwxw.5 @ �Hwxw.4= +48,

+vhh Dsshqgl{ E iru ghwdlov rq wkh rswlpdo suhglfwru iru surgxfwlylw|,1 Lq wxuq/ li Hwxw.5 A

3/ wkh rqh0wr0wzr shulrg lq�dwlrq iruhfdvw idoov +vhh htxdwlrq +45,,/ doorzlqj wkh fhqwudo

edqn wr h{sdqg qh{w shulrg*v ohyho ri wkh rxwsxw jds1 Wkxv/ wkh vljq ri Hwxw.5 lq +46, lv

dovr srvlwlyh1 Vxevwlwxwlqj wkh uljkw0kdqg vlghv ri +47, iru Hw�w.4 dqg ri +4:, iru Hwxw.5

lq +46, jlyhv

Hw|w.4 @ � 4

�
+�w . �|w � �B, .

4

�
+4 . �,Hwxw.4= +49,

Wkh �uvw sduw ri wkh h{suhvvlrq iru wkh rswlpdo frqwuro/ � 4

�
+�w . �|w � �B,/ lv lghqwlfdo wr

wkh Vyhqvvrq +4<<:, ghulydwlrq1 Wklv whup fdq eh lqwhusuhwhg dv wkh ghpdqg frpsrqhqw
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ri wkh lq�dwlrq surfhvv1 Wkh vhfrqg frpsrqhqw/ 4

�
+4 . �,Hwxw.4/ lv qhz dqg frqwdlqv

wkh fhqwudo edqn*v rswlpdo uhdfwlrq wr lwv dvvhvvphqw ri wkh +glv,lq�dwlrqdu| frqvhtxhqfhv

ri wkh ixwxuh vxsso| vlgh ri wkh hfrqrp| rq wkh rqh shulrg0dkhdg dqg wzr0shulrg dkhdg

lq�dwlrq iruhfdvwv +wkh whupv 4

�
Hwxw.4 dqg �

�
Hwxw.4 uhvshfwlyho|,1

Lq Dsshqgl{ E zh vkrz wkdw wkh fhqwudo edqn*v rswlpdo suhglfwru iru surgxfwlylw| lv d

ixqfwlrq ri wkh odjjhg rxwsxw jds dqg wkh fxuuhqw dffhohudwlrq ri wkh lq�dwlrq udwh1 Wkdw

lv/

H
wxw.4 @ ��|w�4 � ���w> +4:,

zkhuh � lv wkh edfnzdug gl�huhqfh rshudwru1 Wkxv/ wkh fhqwudo edqn fdq xvh lwv revhuyhg

ydoxhv ri |
w�4 dqg ��w wr iruhfdvw qh{w shulrg*v surgxfwlylw| ohyho1 Vxevwlwxwlqj +4:, lqwr

+49,/ zh rewdlq

H
w|w.4 @ � 4

�
+�

w . �|w � �B, .
4

�
+4 . �, +��|

w�4 � ���w, = +4;,

Wkh whup ����w vxjjhvwv wkdw li lq�dwlrq dffhohudwhv wklv lv olnho| wr eh dq lqglfdwlrq ri

dgyhuvh ghyhorsphqwv rq wkh vxsso| vlgh ri wkh hfrqrp|1 Ru sxw gl�huhqwo|/ dq dffhohu0

dwlqj lq�dwlrq udwh lv d ohdglqj lqglfdwru ri dq dgyhuvh vxsso| vkrfn1

Vlploduo|/ wkh whup ��|
w�4 vxjjhvwv wkdw li odvw shulrg*v rxwsxw jds zdv qhjdwlyh�

phdqlqj wkdw rqh shulrg djr wkh hfrqrp| zdv rshudwlqj ehorz lwv orqj0uxq srwhqwldo�

wklv lv qrw dq lqglfdwlrq ri odfn ri ghpdqg1 Lqvwhdg/ lw lv lqglfdwlyh ri wkh suhvhqfh ri dq

dgyhuvh vxsso| vkrfn1 Xqghu vwulfw lq�dwlrq wdujhwlqj wklv phdqv wkdw wkh fhqwudo edqn

ghpdqg vkrxog frqwudfw +lwv iruhfdvw ri, wkh rxwsxw jds1 Rwkhuzlvh/ wkh srolf|pdnhu

ulvnv ixuwkhu dpsoli|lqj wkh lq�dwlrq surfhvv1 Vlploduo|/ li odvw shulrg*v rxwsxw jds zdv

srvlwlyh/ lw lqglfdwhv d srvlwlyh vxsso| vkrfn/ udwkhu wkdq h{fhvv ghpdqg1 Qrz wkh fhqwudo

edqn vkrxog doorz wkh rxwsxw jds wr zlghq/ vlqfh rwkhuzlvh lw ulvnv fuhdwlqj gh�dwlrq1

Ilqdoo|/ xvlqj wkh idfw wkdw wkh rqh0shulrg rxwsxw iruhfdvw ixo�oov=

Hw|w.4 @ �
4
|w � �

5
uw . uB +4<,

zkhuh uw @ lw � �w lv wkh uhdo h{ srvw vkruw0whup lqwhuhvw udwh dqg uB � �{w

�
5

> wkh fhqwudo
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edqn*v rswlpdo prqhwdu| srolf| uxoh +lqwhuhvw udwh uhdfwlrq ixqfwlrq, fdq eh zulwwhq dv

uw � uB @
4

�
5
�
+�w � �B, .

+4 . �
4
,

�
5

|w .
� +4 . �,

�
5
�

��w � � +4 . �,

�
5

|w�4= +53,

Wkh �uvw wzr whupv lq wkh uxoh/ lqyroylqj +�w � �B, dqg |w/ duh lghqwlfdo wr wkrvh ghulyhg e|

Vyhqvvrq +4<<:,1 Wkhvh whupv fdq eh ylhzhg dv wkh ghpdqg frpsrqhqwv ri wkh lq�dwlrq

surfhvv1 Wkh wklug dqg irxuwk whupv/ lqyroylqj ��w dqg |w�4 duh qhz/ dqg duh ohdglqj

lqglfdwruv ri ixwxuh vxsso| vkrfnv1

Dq lpsruwdqw olplwlqj fdvh ri +53, lv zkhq s @ t @ 4@51 Wkhq � $ 3 dqg wkh vxsso|

vlgh whupv gurs rxw/ vr wkdw wkh srolf| uxoh froodsvhv wr

u
w � uB @

4

�
5
�
+�

w � �B, .
+4 . �

4
,

�
5

|w +54,

zklfk�dv lq Vyhqvvrq +4<<:/ s1 444<,�lv hvvhqwldoo| d yhuvlrq ri wkh vlpsoh srolf| uxoh

srsxodul}hg e| Wd|oru +4<<6,19 Dqrwkhu vshfldo fdvh/ ohvv reylrxv iurp htxdwlrq +53,/ lv

zkhq dk $ 3> khuh wkhuh lv vwloo uhjlph vzlwfklqj/ exw wkh wzr uhjlphv dssurdfk wkh vdph

surgxfwlylw| ohyhov dqg vr wkh vzlwfklqj grhv qrw kdyh dq| h�hfw1

Zh qrz wxuq wr d fdoleudwhg fdvh wr looxvwudwh vrph ri wkh gl�huhqfhv ehwzhhq wkhvh

uxohv1

g� �N6VBi�A} |�j i�,jt

7141 Fdoleudwlrq1 Wdeoh 514 vxppdul}hv wkh sdudphwhu ydoxhv xvhg lq rxu fdoleudwhg

hfrqrp|1 Zh xvh vwdqgdug/ looxvwudwlyh ydoxhv iru �> �
4
> dqg �

5
= Wkh vkrfn wr wkh rxwsxw

jds lv txlwh shuvlvwhqw/ zlwk � @ =<= Zh fkrvh wkh vkrfn � iurp d xqlirup glvwulexwlrq

zlwk plqlpxp ydoxh �4@5 dqg pd{lpxp ydoxh 4@5= Wkh ydoxh ri dk vfdohv wkh vl}h ri wkh

h�hfwv ri d surgxfwlylw| uhjlph vzlwfk rq wkh ghyldwlrq ri lq�dwlrq iurp wkh srolf|pdnhuv*

wdujhw ydoxh1 Rxu fkrlfh ri dk @ 4 olplwv wklv h�hfw wr rqh shufhqwdjh srlqw/ exw zh frxog

vfdoh lw xs ru grzq e| fkrrvlqj rwkhu ydoxhv1 Ilqdoo|/ zh zdqw wr frqvlghu v|vwhpv zlwk

yhu| shuvlvwhqw uhjlphv/ dqg vr zh vhw s @ t @ =<:8> phdqlqj wkdw wkh fkdqfh ri vzlwfklqj

rxw ri d jlyhq uhjlph lv rqo| =358 lq dq| shulrg1

S
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Wdeoh 41 Sdudphwhu frq�jxudwlrq1

Sdudphwhu Frqwurov Ydoxh

� Uhvsrqvh ri lq�dwlrq wr wkh rxwsxw jds =8
�
4

Rxwsxw shuvlvwhqfh =:
�
5

Uhvsrqvh ri wkh rxwsxw jds wr wkh uhdo lqwhuhvw udwh 4
� Vhuldo fruuhodwlrq lq wkh vkrfn wr wkh rxwsxw jds =<
�5
�

Yduldqfh ri wkh vkrfn wr wkh rxwsxw jds =3;7
dk Surgxfwlylw| vfdoh idfwru 4
s Suredelolw| ri kljk surgxfwlylw|/ jlyhq kljk surgxfwlylw| =<:8
t Suredelolw| ri orz surgxfwlylw|/ jlyhq orz surgxfwlylw| =<:8
�B Srolf|pdnhu*v lq�dwlrq wdujhw 5=8

Wdeoh 4= �@h@4i|ih UL?�}�h@|�L?� ì �**�t|h@|i L�h @?@*)|�U@* �?_�?}t �t�?} |��t U@*�Mh@|�L?�

7151 Rswlpdolw|1 Zh ehjlq e| ghprqvwudwlqj wkh vxshulrulw| ri wkh rswlpdo uxoh jlyhq

e| htxdwlrq +53, lq wkh fdoleudwhg hfrqrp|1 Ri frxuvh/ lq rxu ghulydwlrq zh dvvxphg � @ 3>

phdqlqj wkdw wkh prqhwdu| dxwkrulwlhv lq wkh prgho hfrqrp| gluhfw srolf| vroho| wrzdug

nhhslqj lq�dwlrq qhdu wdujhw/ ehfdxvh wkhlu remhfwlyh ixqfwlrq rqo| lqyroyhv lq�dwlrq gh0

yldwlrqv1 Wklv zdv whuphg _vwulfw lq�dwlrq wdujhwlqj% e| Vyhqvvrq +4<<:,1 Dffruglqjo|/

zh frqvlghu wkh dv|pswrwlf +w $ 4, phdq vtxduhg lq�dwlrq ghyldwlrq iurp wdujhw iru

erwk wkh rswlpdo uxoh jlyhq e| htxdwlrq +53,/ dqg iru wkh Vyhqvvrq0Wd|oru uxoh jlyhq e|

htxdwlrq +54,1 Zh fdofxodwh wkh dv|pswrwlf phdq vtxduhg lq�dwlrq ghyldwlrq wkurxjk

vlpxodwlrq xvlqj htxdwlrqv +4,0+6,/ dqg hlwkhu +53, ru +54,/ iru d odujh hqrxjk qxpehu ri

shulrgv wkdw wkh phdq vtxduhg ghyldwlrq lv qr orqjhu fkdqjlqj1 Wdeoh 5 vxppdul}hv wkh

uhvxowv1

Iru edvholqh sdudphwhuv/ Wdeoh 5 lqglfdwhv wkdw wkh rswlpdo uxoh fohduo| grplqdwhv wkh

Vyhqvvrq0Wd|oru uxoh/ dv h{shfwhg/ zlwk dq dv|pswrwlf phdq vtxduhg lq�dwlrq ghyldwlrq

ri rqo| =46; yhuvxv =<<9 iru wkh Vyhqvvrq0Wd|oru uxoh1 Wkh Vyhqvvrq0Wd|oru uxoh grhv

qrw wdnh dffrxqw ri wkh fkdqjlqj qdwxuh ri wkh vxsso| vlgh ri wkh hfrqrp|/ dqg wkxv

srolf|pdnhuv xvlqj lw zrxog hqg xs zlwk d vxerswlpdoo| kljk lq�dwlrq yduldqfh1 Dv

zh kdyh hpskdvl}hg/ lq wzr vshfldo fdvhv wkh Vyhqvvrq0Wd|oru uxoh dqg wkh rswlpdo uxoh

shuirup htxdoo| zhoo1 Rqh ri wkhvh rffxuv zkhq wkh wzr surgxfwlylw| uhjlphv duh qrw
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Wdeoh 51 Dv|pswrwlf orvv1

Fdvh Vyhqvvrq0Wd|oru uxoh Rswlpdo uxoh

Edvholqh 111 3=<<9 3=46;

111 zlwk s @ t @ 4@5 3=854 3=854

111 zlwk dk $ 3 3=354 3=354

Wdeoh 5= �t)4T|L|�U *Ltt uLh |�i LT|�4@* h�*i @?_ uLh |�i 5�i?ttL?�A@)*Lh h�*i� W? |�i M@ti*�?i

U@tic |�ihi @hi ^�@?|�|@|��i*) �4TLh|@?|c Tiht�t|i?| hi}�4it� A�i LT|�4@* h�*i TihuLh4t t�}?�u�

�U@?|*) Mi||ih �? |��t U@ti� Wu |�i hi}�4it @hi ?L| Tiht�t|i?| EtiUL?_ *�?i� Lh ?L| �ih) _�gihi?|

E|��h_ *�?i�c |�i? |�i |�L h�*it TihuLh4 i^�@**) �i**�

shuvlvwhqw/ vr wkdw s @ t @ 4@5> dqg rwkhu sdudphwhuv duh ohiw dv lq wkh edvholqh fdvh1 Lq

wklv vlwxdwlrq/ uhjlph vzlwfkhv rffxu dv riwhq dv qrq0vzlwfkhv/ zklfk phuho| dggv wr wkh

qrlvh lq wkh v|vwhp dqg ohdyhv wkh _ohdglqj lqglfdwru% ihdwxuh ri wkh rswlpdo uxoh lpsrwhqw1

Wkh dv|pswrwlf orvv lv wkhq htxdo iru wkh wzr uxohv dw =854> dv vkrzq lq wkh vhfrqg olqh

ri Wdeoh 51 Wkh rwkhu vshfldo fdvh lv zkhq wkh wzr uhjlphv duh qrw yhu| idu dsduw/ zklfk

lv wkh fdvh zkhq d
k $ 3 lq rxu prgho/ dqg doo rwkhu sdudphwhuv duh djdlq dw edvholqh

ydoxhv +lqfoxglqj s dqg t,1 Khuh/ uhjlph vzlwfkhv rffxu/ exw wkh| duh qrw txdqwlwdwlyho|

lpsruwdqw ehfdxvh wkh surgxfwlylw| ohyhov lq wkh wzr uhjlphv duh qrw vx�flhqwo| gl�huhqw1

Wkh dv|pswrwlf orvv lv =354 iru erwk uxohv/ dv vkrzq lq wkh wklug olqh ri Wdeoh 51 Wklv

lv pxfk vpdoohu wkdq lq wkh rwkhu fdvhv ehfdxvh wkh odfn ri lpsruwdqw uhjlph vzlwfkhv

uhgxfhv wkh ryhudoo yduldqfh lq wkh hfrqrp| gudpdwlfdoo|1

Zh qrz wxuq wr d sduwlfxodu uhdol}dwlrq ri wkh prgho hfrqrp| lq rughu wr looxvwudwh

vrph ri wkh ihdwxuhv ri wkh rswlpdo srolf| uxoh1

7161 Dq h{dpsoh1 Lq Iljxuh 4 zh glvsod| wkh odvw 433 ri 8> 333 revhuydwlrqv rq lq�d0

wlrq iru vlpxodwhg v|vwhpv/ iru wkh rswlpdo uxoh dqg iru wkh Vyhqvvrq0Wd|oru uxoh1 Erwk

v|vwhpv duh fdofxodwhg edvhg rq wkh vdph uhdol}hg vhtxhqfh ri vkrfnv1 Zh xvh 433 revhu0

ydwlrqv lq rughu wr nhhs wkh �jxuh uhodwlyho| fohdu1 Iljxuh 5 looxvwudwhv wkh lpsolfdwlrqv

iru rxwsxw1 Vlqfh rxu srolf|pdnhuv lq wkhvh v|vwhpv +xqghu erwk srolf| uxohv, duh vwulfw
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6YHQVVRQ�7D\ORU 2SWLPDO ,QIODWLRQ�WDUJHW

)LJXUH�����,QIODWLRQ�VWDELOL]DWLRQ
6WULFW�LQIODWLRQ�WDUJHWLQJ

Iljxuh 4= Lq�dwlrq shuirupdqfh lq prgho hfrqrplhv/ rqh zlwk wkh Vyhqvvrq0Wd|oru prqh0
wdu| srolf|/ dqg wkh rwkhu zlwk wkh rswlpdo prqhwdu| srolf|1 Lq erwk fdvhv/ srolf|pdnhuv
iroorz d vwulfw lq�dwlrq0wdujhwlqj vwudwhj|1 Wkh rswlpdo uxoh wdnhv dffrxqw ri srvvleoh
surgxfwlylw| vkliwv dqg nhhsv lq�dwlrq forvhu wr wdujhw rq dyhudjh1

lq�dwlrq wdujhwhuv +� @ 3,/ wkh| duh ri frxuvh rqo| frqfhuqhg zlwk wkh lq�dwlrq ghyldwlrqv

dv slfwxuhg lq Iljxuh 41 Lq erwk �jxuhv wkh yhuwlfdo vfdoh lv shufhqwdjh srlqwv1

Lq wkh �jxuhv/ uhjlph vkliwv duh uhdol}hg lq shulrgv 3> 45> 5;> 7;> dqg ;9= Zh wklqn wklv

surylghv hqrxjk vzlwfkhv wr xqghuvwdqg wkh pdlq h�hfwv ri wkh wzr uxohv1 Wkh sulpdu|

ihdwxuh ri wkh rswlpdo uxoh lv wkdw lw whqgv wr eulqj wkh lq�dwlrq udwh pxfk forvhu wr

wdujhw iroorzlqj d surgxfwlylw| uhjlph vzlwfk1 Wkh Vyhqvvrq0Wd|oru uxoh/ zklfk ohdyhv

wkh srolf|pdnhuv zlwkrxw d uhvsrqvh wr wkh vkliwlqj surgxfwlylw| ri wkh hfrqrp|/ grhv

qrw eulqj lq�dwlrq edfn wrzdug lwv wdujhw/ dqg lqvwhdg uhjlph vkliwv duh dvvrfldwhg zlwk

shulvwhqw pryhphqwv lq wkh ohyho ri lq�dwlrq1 Lq idfw/ lq�dwlrq uhpdlqv shuvlvwhqwo| deryh

ru shuvlvwhqwo| ehorz wdujhw ghshqglqj rq wkh uhjlph1 Iljxuh 4 fohduo| vkrzv zk| wkh

phdq vtxduhg ghyldwlrq ri lq�dwlrq iurp wdujhw lv kljkhu iru wkh Vyhqvvrq0Wd|oru uxoh dv

frpsduhg wr wkh rswlpdo uxoh dv wkh v|vwhpv duh doorzhg wr frqwlqxh iru d odujh dprxqw
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ri wlph1

Lw lv lqwhuhvwlqj wr vhh krz wkh rswlpdo uxoh iduhv lq d shulrg iroorzlqj dq xqidyrudeoh

vxsso| glvwxuedqfh/ vxfk dv wkh uhjlph vzlwfk uhdol}hg lq shulrg 5; lq wkh wzr �jxuhv1 Dv

lq�dwlrq vwduwv wr dffhohudwh/ wkh rswlpdo uxoh idluo| txlfno| lqihuv wkh shuvlvwhqw fkdqjh

lq wkh lq�dwlrq hqylurqphqw dqg jhwv lq�dwlrq edfn wr wdujhw1 Wklv lv lq idfw dfklhyhg e|

dpsoli|lqj wkh vwuxfwxudo hfrqrplf vorzgrzq/ dv vkrzq lq Iljxuh 51 Wklv lv wkh fruuhfw

srolf| uhvsrqvh dv d qhjdwlyh rxwsxw jds lq wklv fdvh grhv qrw phuho| lqglfdwh odfn ri

ghpdqg/ exw udwkhu lv lqglfdwlyh ri wkh suhvhqfh ri dq dgyhuvh vxsso| vkrfn1 Wkxv/ wkh

rswlpdo uxoh fdoov iru frqwudfwlqj ghpdqg lq rughu qrw wr dpsoli| wkh lq�dwlrqdu| h�hfwv

ri wkh orz surgxfwlylw| vwdwh1 E| zd| ri frqwudvw/ wkh Vyhqvvrq0Wd|oru uxoh idlov wr eulqj

lq�dwlrq grzq dw doo +hyhq wkrxjk wkh rqo| jrdo khuh lv wr frqwuro lq�dwlrq,1 Lq idfw

lq�dwlrq grhv qrw lqfuhdvh lq uhvsrqvh wr wkh uhjlph vkliw dv pxfk dv xqghu wkh rswlpdo

uxoh/ exw lw vwd|v shuvlvwhqwo| deryh wdujhw xqwlo wkh qh{w uhjlph vkliw lv uhdol}hg lq shulrg

7;1 Wkxv/ d prqhwdu| srolf| uhvsrqvh wkdw lv gulyhq sxuho| e| ghpdqg idfwruv dpsol�hv wkh

lq�dwlrq sureohpv dvvrfldwhg zlwk dgyhuvh vxsso| vkrfnv1 Zh wklqn wkdw wklv _vwdj�dwlrq%

h{dpsoh lv uhplqlvfhqw ri wkh prqhwdu| srolf| uhvsrqvhv ri vhyhudo RHFG frxqwulhv lq wkh

4<:3v1

Iurp wkh shuvshfwlyh ri wkh _qhz hfrqrp|/% zh fdq dovr frqvlghu wkh srolf| uhvsrqvh

wr idyrudeoh vxsso| vkrfnv/ vxfk dv wkrvh uhdol}hg lq shulrgv 45 dqg 7; zkhq wkh hfrqrp|

vzlwfkhv wr d kljk surgxfwlylw| vwdwh1 Xqghu wkh rswlpdo srolf| wkh surgxfwlylw| vkrfn

gulyhv lq�dwlrq ehorz wdujhw/ exw rqo| whpsrudulo|1 D ihz shulrgv odwhu lq�dwlrq lv edfn

rq wdujhw1 Wkh Vyhqvvrq0Wd|oru uxoh/ krzhyhu/ lqwhusuhwv wkh vxevwdqwldo lqfuhdvh lq wkh

rxwsxw jds lq wkhvh shulrgv dv hylghqfh ri h{fhvv ghpdqg1 Wkh fhqwudo edqn wkhq uhvsrqgv

e| frqwudfwlqj djjuhjdwh ghpdqg1 Wklv lq wxuq dpsol�hv wkh grzqwxuq lq lq�dwlrq1 Dv

d uhvxow ri v|vwhpdwlfdoo| plvuhdglqj wkh gdwd/ lq�dwlrq idoov ehorz wkh wdujhw1 Zruvh/ lw

vwd|v v|vwhpdwlfdoo| ehorz wkh wdujhw xqwlo wkh qh{w uhjlph vzlwfk1

Dv zh kdyh vwuhvvhg/ rxu h{srvlwlrq kdv ehhq nhsw uhodwlyho| vlpsoh e| olplwlqj wkh

dqdo|vlv wr wkh vwulfw lq�dwlrq wdujhwlqj fdvh +� @ 3,1 Wkh fdvh zkhq � A 3 lv reylrxvo|

dq lqwhuhvwlqj h{whqvlrq lq d txdqwlwdwlyh vhqvh/ exw zh wklqn rxu pdlq srlqwv duh ehwwhu
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6YHQVVRQ�7D\ORU 2SWLPDO

)LJXUH�����2XWSXW�GHYLDWLRQV
6WULFW�LQIODWLRQ�WDUJHWLQJ

Iljxuh 5= Rxwsxw shuirupdqfh xqghu vwulfw lq�dwlrq wdujhwlqj srolflhv1

pdgh lq wklv vlpsohu/ vwulfw0lq�dwlrq0wdujhwlqj hqylurqphqw1 Li wkhuh duh jrlqj wr eh

xqrevhuyhg vkliwv lq surgxfwlylw| lq wkh hfrqrp|/ wkhq wkh rswlpdo vwdelol}dwlrq srolf| lv

qdwxudoo| jrlqj wr wdnh wkhvh vkliwv lqwr dffrxqw1 Wr dffrpsolvk wklv/ dq rswlpdo srolf|

uxoh zloo frqvlghu sdvw gdwd lq dgglwlrq wr frqwhpsrudqhrxv gdwd lq dq h�ruw wr lghqwli|

zkhwkhu ru qrw d uhjlph vkliw kdv rffxuuhg1 D srolf| uxoh wkdw wdnhv dffrxqw ri wkhvh

idfwruv lv fohduo| jrlqj wr shuirup ehwwhu wkdq rqh wkdw grhv qrw1 Dq rswlpdo srolf|

uxoh lq wkh fdvh zlwk � A 3 zloo vwloo kdyh doo ri wkhvh ihdwxuhv/ h{fhsw wkdw lw zloo plwljdwh

rxwsxw �xfwxdwlrqv wr vrph h{whqw dw wkh h{shqvh ri h{dfhuedwlqj �xfwxdwlrqv lq lq�dwlrq/

dv srolf|pdnhuv zloo lq wkdw fdvh eh dwwhpswlqj wr rswlpdoo| wudgh r� wkhvh wzr w|shv ri

�xfwxdwlrqv1

F� �NAW,�a�A} ij6Bi"t

Lq wklv sdshu zh kdyh lqyhvwljdwhg wkh lpsolfdwlrqv ri uhjlph vzlwfklqj lq surgxfwlylw| iru

rswlpdo prqhwdu| srolf| uxohv1 Rxu hfrqrp| lv vlpsoh/ dqg gholyhuv d yhuvlrq ri wkh Wd|oru

uxoh dv wkh rswlpdo vwdelol}dwlrq srolf| zkhq wkhuh duh qr uhjlph vkliwv lq surgxfwlylw|1
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Wkxv rxu dqdo|vlv lv deoh wr lvrodwh wkh dgglwlrqdo frpsrqhqwv ri dq rswlpdo srolf| uxoh

lq wkh idfh ri shuvlvwhqw/ xqrevhuyhg surgxfwlylw| lpsuryhphqwv ru ghfolqhv1 Zh �qg

wkdw wkh rswlpdo prqhwdu| srolf| uxoh lq wkh uhjlph vzlwfklqj hqylurqphqw lqfrusrudwhv

lqirupdwlrq derxw wkh fkdqjlqj qdwxuh ri wkh vxsso| vlgh e| frqvlghulqj odjjhg whupv rq

lq�dwlrq ghyldwlrqv dqg wkh rxwsxw jds1 Zh vkrzhg wkdw wkh rswlpdo uxoh vljql�fdqwo|

rxwshuirupv d uxoh wkdw ljqruhv wkhvh whupv lq d txdqwlwdwlyh vlpxodwlrq/ surylghg wkh wzr

uhjlphv duh shuvlvwhqw dqg vx�flhqwo| gl�huhqw1 Wkhvh frqglwlrqv vhhp wr fkdudfwhul}h

wkh srvwzdu X1V1 h{shulhqfh/ dv pdq| dqdo|vhv gdwh d shuvlvwhqw surgxfwlylw| vorzgrzq

ehjlqqlqj lq wkh hduo| 4<:3v iroorzhg e| d _qhz hfrqrp|% dsshdulqj lq wkh 4<<3v1

Zh wklqn rxu pdlq �qglqjv duh lqwxlwlyho| dsshdolqj dqg olnho| wr fduu| ryhu lqwr pruh

frpsolfdwhg hqylurqphqwv/ exw wklv ri frxuvh uhpdlqv dq rshq txhvwlrq zklfk zh ohdyh wr

ixwxuh uhvhdufk1

U� -jujijAWjt

Fodulgd/ U1/ M1 Jdol/ dqg P1 Jhuwohu1 4<<<1 _Wkh Vflhqfh ri Prqhwdu| Srolf|= D Qhz

Nh|qhvldq Shuvshfwlyh1% Mrxuqdo ri Hfrqrplf Olwhudwxuh [[[YLL+7,= 499404:3:1

Kdplowrq/ M1 4<;<1 _D Qhz Dssurdfk wr wkh Hfrqrplf Dqdo|vlv ri Qrqvwdwlrqdu| Wlph

Vhulhv dqg wkh Exvlqhvv F|foh%/ Hfrqrphwulfd/ Yro1 8:/ Qr1 5/ Pdufk/ ss1 68:06;71

Nlqj/ U1/ dqg F1 Sorvvhu/ hglwruv1 4<<<1 _Vshfldo Lvvxh= Prqhwdu| Srolf| Uxohv1% Mrxuqdo

ri Prqhwdu| Hfrqrplfv/ 76 +Mxqh,1

Vyhqvvrq/ O1 4<<:1 _Lq�dwlrq Iruhfdvw Wdujhwlqj= Lpsohphqwlqj dqg Prqlwrulqj Lq�dwlrq

Wdujhwv/% Hxurshdq Hfrqrplf Uhylhz/ Yro1 74/ Qr1 9/ ss1 4444044791

Wd|oru/ M1 4<<61 _Glvfuhwlrq Yhuvxv Srolf| Uxohv lq Sudfwlfh/% Fduqhjlh Urfkhvwhu Frq0

ihuhqfh Vhulhv rq Sxeolf Srolf|/ 6</ ss1 4<805471

Wd|oru/ M1/ hg1/ 4<<<1 Prqhwdu| Srolf| Uxohv1 Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv1
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0� �VVjAa�Wjt

�� 7|jBa+ t|B|j j`��,�Oi��6

Wkh lqqrydwlrq vhtxhqfh iY
wj lq htxdwlrq +:, vdwlv�hv

Su ^Yw.4 @ +4� s, mVw @ 4` @ s>

Su ^Yw.4 @ �s mVw @ 4` @ 4� s>

Su ^Yw.4 @ � +4� t, mVw @ 3` @ t>

Su ^Yw.4 @ t mVw @ 3` @ 4� t=

+55,

zlwk H
wYw.4 @ 3 dqg �5

y
@ H

�
Y 5

w

�
@ s +4� s, �s . t +4� t, +4� �s, > zkhuh zh kdyh xvhg

wkdw: �s � +4�t,

+4�s.4�t,
1 Iurp +55, zh vhh wkdw H3Yw @ 3 iru doo w A 31 Xvlqj wklv idfw/ dqg

lwhudwlqj +:, lqwr wkh ixwxuh/ zh fdq zulwh

H3Vw @ �wH3V3 .
+4� t, +4� �w,

4� �
+56,

zkhuh H3 ghqrwhv wkh h{shfwdwlrq frqglwlrqdo rq lqirupdwlrq dydlodeoh dw gdwh }hur +zklfk

qhhg qrw lqfoxgh revhuydwlrq ri v3,1 Revhuylqj wkdw H3Vw fdq eh lqwhusuhwhg dv wkh

suredelolw| wkdw Vw @ 4 jlyhq lqirupdwlrq dw wlph }hur +ghqrwhg S3 ^Vw @ 4`,/ htxdwlrq

+56, fdq eh uhzulwwhq

S3 ^Vw @ 4` @ �s. �w +�s3 � �s, +57,

zkhuh s3 � S3 ^V3 @ 4`1 Iurp htxdwlrq +57, zh fdq vhh wkdw iru odujh w wkh hfrqrp|

zloo eh lq wkh kljk surgxfwlylw| vwdwh +vwdwh 4, zlwk suredelolw| �s/ lq zklfk fdvh x zrxog

eh dk � dc1 Vlploduo|/ wkh hfrqrp| zloo eh lq wkh orz surgxfwlylw| vwdwh +vwdwh 3, zlwk

suredelolw| 4� �s/ lq zklfk fdvh x zrxog eh �dc1 Khqfh/ wkh h{shfwhg orqj0uxq ohyho ri x

+ghqrwhg dv �x, lv

�x @ �sdk � dc= +58,

Iurp htxdwlrq +5, lw iroorzv wkdw wkh +xqfrqglwlrqdo phdq, vwhdg| vwdwh ohyho ri rxwsxw

+�|,/ dvvrfldwhg zlwk d }hur vwhdg| vwdwh uhdo lqwhuhvw udwh lv }hur1 Wr eh frqvlvwhqw/ zh

lpsrvh wkdw wklv ohyho iurp htxdwlrq +4, vkrxog dovr eh }hur1 Wdnlqj dffrxqw ri +58, wklv

lpsolhv

dc @ �sdk +59,

.
6Lh 4Lhi _i|@�*t tii O@4�*|L? E�bHbc TT� �Sf��S���
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zklfk lv htxdwlrq +;, lq wkh pdlq wh{w1

�� $ji��B|�NA Nu |�j NV|�6B, Vija�W|Ni uNi ViNa�W|���|+

Wdnlqj h{shfwdwlrqv dw wlph w ri htxdwlrq +44, zh rewdlq

Hw�w.4 @ �w . �|w . ���w � ��|w�4= +5:,

Krzhyhu/ iurp +4, lw iroorzv wkdw

H
w�w.4 @ �w . �|w �Hwxw.4= +5;,

Khqfh/ frqvlvwhqf| uhtxluhv wkdw �Hwxw.4 @ ���w � ��|w�4 ru

Hwxw.4 @ ��|w�4 � ���w= +5<,

Dorqj vlplodu olqhv zh fdq ghulyh wkdw Hwxw.5 @ ��|w � �Hw��w.4= Xvlqj +5<,/ zh �qg

wkdw

Hwxw.5 @ �Hwxw.4 @ � +��|w�4 � ���w, = +63,


