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Restriction of Preferences
to the Set of Consumption Bundles,

in a Model with Production and Consumption Bundles

Sharon Schalk
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Abstract

In contrast to the neo-classical theory of Arrow and Debreu, a model of a private
ownership economy is presented, in which production and consumption bundles are
treated separately. Each of the two types of bundles is assumed to establish a con-
vex cone. Production technologies can convert production bundles into consumption
bundles, and the preferences of the consumers are assumed to lie only on the set
of consumption bundles. The main theorem of this paper states the existence of a
Walrasian equilibrium in this setting.

Keywords: general equilibrium, input-output, salient space
JEL Codes: C62, C67, D51, D57



Correspondence to:

S. Schalk

Department of Econometrics and CentER
Tilburg University

P.O. Box 90153

5000 LE Tilburg

The Netherlands

-The author would like to thank Stef van Eindhoven and Dolf Talman for their valuable comments.
-This research is part of the VF-program ” Competition and Cooperation”.

-The author is financially supported by the Cooperation Centre Tilburg and Eindhoven Universities, The
Netherlands.



Introduction

In [9], a model of a pure exchange economy is presented only in terms of convex cones,
whereas, in case of n commodities, the neo-classical models are set in terms of the Eu-
clidean space IR". As a consequence, the model of [9] recognises economy bundles, rather
than separate commodities, as entities of exchange. The model of a private ownership
economy, presented in [11], introduces production in this setting. Apart from the use
of convex cones, the model of [11] differs from the neo-classical models described in the
standard works [3] and [1], since in this model distinction is made between production and
consumption bundles.

The use of convex cones is emphasized by an axiomatic introduction of the concept of
salient half-space, a set in which addition and scalar multiplication over the positive reals
are defined such that the set is an addition semi-group. The main difference with a vector
space is that, for a salient half-space multiplication is allowed over the non-negative real
numbers only, and that addition is not a group. Each pointed convex cone in a vector
space is a salient half-space. Also, each salient half-space induces a partially ordered vector
space for which the salient half-space is the positive cone. In [11], a great deal of effort
is put in the presentation of this mathematical concept of salient half-space and related
topics. Also in [11], these concepts are incorporated in a model of a private ownership
economy.

In the first section of this paper we further investigate the concept of salient half-space.
Among the new contributions are the definitions of subcone, convex cone span, finitely gen-
erated salient half-space, cone-dependence and finite-dimensional salient half-space. The
existence of a maximal cone-independent set is proved and its relation with the vector
space reproduced by the salient half-space is given. Furthermore, the concept of interior
point is introduced, a relation between interior points and order units is given, and there
is an introduction of a metric, corresponding to an order unit of the half-dual space, which
induces a topology on the salient half-space.

Section 2 of this paper is devoted to the introduction of a model of a private ownership
economy and a suitable definition of a Walrasian equilibrium in this setting. The model
presented here is an adaption of the model described in [11].

Following [11], we do not introduce the concept of “commodity” but consider the concept
of “economy bundle”, which carries the characteristics of exchangable objects in the econ-
omy, instead. An economy bundle is a unique concatenation of a production (economy)
bundle and a consumption (economy) bundle. Only production bundles can be used as
input for a production process whereas the output of this process is always a consumption
bundle. The set consisting of all economy bundles is taken to be the direct sum of the
salient half-spaces C,,,q and C..,s, containing the production and consumption bundles,
respectively. This direct sum C,,,q @ C.... is a salient half-space, and will often be denoted
by C.

The main difference between the model of a private ownership economy described in [11]
and the model described in Section 2 of this paper, is the assumption that the preference
relations of the consumers are only defined on the set C.,,, of consumption (economy)



bundles, instead of on the direct sum C,,,q ® C.,ns. This reflects a disinterest of consumers
for production bundles, following from their inabillity to consume production bundles and
from the absence of a “second time period” in which the consumers are able to sell pur-
chased production bundles.

In a worldlike example, our model can describe the non-neo-classical situation in which
fixed links between different commodities are present, for instance an economy in which
only fixed, prescribed combinations of commodities can be traded. Examples are special
pre-packed offers, or free (sample)-products received when purchasing a commodity. Also,
this model can describe a situation in which the preferences of the agents are in terms of
characteristics of commodities, instead of in terms of the commodities themselves. In the
labour market, for instance, a firm may ask for an employee with a certain education, in-
telligence and working experience. In this setting, one can consider an “economy bundle”
to be a person with such (and perhaps other) specific attributes. In general, an “economy
bundle” can be considered to be a carrier of several attributes (cf. the work of Lancaster,
[6]). Moreover, the same attribute may appear in more than one economy bundle. This
mixture of attributes can be inextricable both in characteristics and in time.

In Section 3, the concept of production technology, introduced in Section 2, is explored
and, in comparison with [10], some new properties are derived regarding the closedness of
a production technology and the closedness of its efficient set. Furthermore, some assump-
tions are introduced, which imply that we can deal with supply functions instead of with
supply sets. Also, these assumptions imply that the supply functions are continuous on
a domain which possibly is larger than the domain defined in [10]. More specifically, this
new approach allows for zero prices for certain production (economy) bundles. Typically,
production bundles which can only be used to produce certain consumption bundles, for
which there is a cheaper way of producing them, will have zero-prices. As a consequence,
several proofs of the stated lemmas and propositions differ from the corresponding ones
in [10].

Section 3 ends with the definiton of the total supply function and with the derivation of
some lemmas concerning production technologies and supply functions which will be use-
ful in Section 5, where the existence of a Walrasian equilibrium pricing function is proved.

The arrangement of Section 4 is similar to the one of Section 3, only here the topic con-
cerns the agents instead of the production technologies. Firstly, the concepts of budget
set and demand set, defined in Section 2, are further explored. Some assumptions which
guarantee continuous demand functions on (a subset of) the domain of the total supply
function, are introduced. The total demand function is defined and, finally, some useful
lemmas will be derived. The main difference with the corresponding section of [10] will be
the restriction of most concepts to the salient half-space C.,,, of consumption (econcomy)
bundles. This is a consequence of the restriction of the preference relations of the agents
to Coons

The Equilibrium Existence Theorem, the main theorem of this paper, is presented in
Section 5. It states that under rather weak conditions, among which the assumptions
introduced in Sections 2 and 3, the existence of a Walrasian equilibrium pricing function
is guaranteed. The paper ends with a proof of this main theorem.



1 Mathematical concepts

One of the essential differences between the model of a private ownership economy in
this paper and the well-known models of Arrow and Debreu (cf. [1] and [3]) is the use
of so-called salient half-spaces to describe the set of all exchangable objects and the set
of all prices. Before we start with the description of our model, which will be done in
Section 2, we give a formal introduction to the concept of salient half-space and related
topics. This section is divided into three parts. The first part introduces the concept of
salient half-space and describes the construction of the vector space reproduced by it and
the partial order relation induced by it. Also, other concepts closely related to salient half-
spaces, such as the concept of cone span, of cone dependancy, of finitely generated salient
half-space and of order unit, are introduced. The second part of this section focusses on
the half-dual space, i.e., the dual set of a salient half-space. Finally, in the third part titled
“Topology”, we present conditions on the half-dual space which guarantee existence of a
metric on the salient half-space. Also, several properties for finite-dimensional, reflexive
salient half-spaces are derived, among which an adaption of the well-known Brouwer Fixed
Point Theorem.

Salient half-space

As mentioned above, we start with the formal introduction of the concept of salient half-
space and the vector space reproduced by it.

Definition 1.1 A salient half-space is a set C with the following properties:
e An addition is defined on C, which is commutative, associative and satisfies

1.1.a) there exists an element v € C, called the vertex of C, such that z + y =
V= =9y =0,

1.1.b) for every z € C the mapping add, : C — C, defined by add,(y) := y + =z, is
injective.

e To every pair z € C and a > 0, there corresponds an element ax € C, called
the (scalar) product of @ and z. Scalar multiplication over IR" thus defined, is
associative and satisfies the distributive laws. Furthermore, 1z = = holds for every
xeC.

Note that Condition 1.1.a implies that the mapping add, is surjective if and only if z = v.
It is not difficult to prove that the vertex of a salient half-space is unique and satisfies

e Va>0 :av=wuv,
e YVze(l :z+wv=nrz,
e Yz el :0zx=w.

From the second property together with the first conditions of Definition 1.1, we conclude
that (C,+) is an addition semi-group with zero-element v. Since in a salient half-space,
scalar multiplication is defined only over IR and due to Condition 1.1.a, (C,+) is not a
group. However, we can extend (C,+) to a group in a similar way as IN U {0} extends to
77, by defining the equivalence relation ~ on the product set C' x C by:

(1, 22) ~ (Yy1,Y2) = 21 + y2 = Y1 + Z2.



Let V[C] be the collection of all equivalent classes [(y1,y2)] := {(21,22) € CxC'| (z1,22) ~
(y1,y2)}, so V[C] := (C x C)/~. Unambiguously, we can define the following addition and
scalar multiplication over IR on V[C]:

(Y1, y2)] + [(21,22)] = [(y1 + 21,92 + 22)]
[(ay1, ay2)] fa>0
ol )] { ((—a)yas (—a)y)]  ifa <0,

With these definitions, V[C] becomes a real vector space. We call V[C] the vector space
reproduced by the salient half-space C'. Identifying each element z € C with the vector
[(z,0)] € V]C], we regard the salient half-space C' to be a subset of V[C]. Note that C' is
total in V[C], i.e., the linear span of C', denoted by spany¢(C), equals the vector space
V[C]. The vertex v of C' coincides with the origin of V[C], and henceforward we shall
denote the vertex of a salient half-space by 0. Also, C' is a convex cone in V[C], which
means that C is a convex set that is closed under addition and scalar multiplication over
R".

Definition 1.2 A subset S of a salient half-space C is a subcone of C, if S, endowed with
the addition and scalar multiplication over IR" of C, is a salient half-space.

Proposition 1.3 A subset S of a salient half-space C is a subcone of C' if and only if
Ve,ye SVa € IRt :x+ye€ S and ax € S.

Definition 1.4 For any subset S of a salient half-space C the convezr cone span of S,
denoted by cone(S), is the intersection of all subcones of C, that contain S. If there is a
finite set S such that cone(S) = C then C is a finitely generated salient half-space.

Note that by definition, cone() = {0}. Furthermore, for every S C C : V|[cone(S)] =
spany¢(S), and so cone(S) C spanyc(S) where cone(S) is regarded as a subset of V[C].
As aresult, if S is a finite set in C, then V'[cone(S)] is a finite-dimensional subspace of V[C].

The proof of the following proposition is similar to the proof of Theorem 2.3 of [7], stating
that the convex hull of a set S consists of all (finite) convex combinations of the elements
of S. Henceforth, we call an element of cone(S), a (finite) cone combination of S.

Proposition 1.5 Let S be a subset of a salient half-space C, then for every x € cone(S),
there is a finite set F C S such that x € cone(F'). Hence,

n
cone(S)={r € C|Ine€ N Jz,...,5, €S IN1,..., \n € RT ::Jc:z}\ixi}.
i=1
Definition 1.6 On a salient half-space C' the partial order relation <¢ is given by
r<cy = dzelC:zx+z=y,
r<cy <= JzeC\{0}:z+z=y.

Above, we mentioned that a salient half-space C' can be identified with {[(y1,y2)] C V[C] |
dz € C : [(y1,y2)] = [(z,0)]}. The partial order relation <, defined on C, can be extended
to a partial order relation < on V[C] by defining for all [(y1,y2)], [(21,22)] € V[C]:

[(y1,92)] <[(0,0)] = w1 <cye



and
[(y1,92)] < [(21,22)] = [(y1 + 22,92 + 21)] < [(0,0)].

Note that this partial order relation on V[C] satisfies:

[(y1,92)] <[(21,22)] <= 3F(z1,22)] € C = [(y1,92)] + [(z1,22)] = [(21, 22)],

where C' is regarded as a subset of V[C].

Definition 1.7 An element u of a salient half-space C' is an order unit (for C) if
Vee CaAA>0:z <g Au.

Lemma 1.8 Let u be an order unit for C, and let [(y1,y2)] € V[C]. Then

X =0 =A[(u,0)] < [(y1,92)] < Al(u,0)].

Proof
A > 0:y1 <¢ \u

Since u is an order unit for C, we find { Tho > 0: 1y <c At

Y1 <c Y2 + Au
Define X\ := max{\;, A2}, the
N max{hr, Ao} n{y2§cy1+>\u.

We next introduce the definition of internal point, and lay the relation with order unit.

Definition 1.9 Let S be a subset of a salient half-space C'. Then an element sqg € S is
an internal point of S if Vo,y € C e >0V7 € (0,¢) : 5o + 72 € {7y} + S.

When we consider S as a subset of the vector space V[C], then an internal point sy of S,
as defined above, is an internal point of S, in accordance with the definition in [2, Chapter
IV.1].

Corollary 1.10 Let C be a salient half-space and let sy € C'. Then sqy is internal point
of C if and only if Vy € C' e > 0: s € {ey} + C.

Proof

Clearly, the statement Yy € C' 3¢ > 0 : s9 € {ey} + C is implied by the definition of an
internal point of a salient half-space C'. Furthermore, Vy € C' 3¢ > 0 : s € {ey} + C is
equivalent with Vz,y € C 3¢ > 0: sp +ex € {ey + ex} + C C {ey} + C. Since the set
{ey} + C is convex and contains sy, we conclude Vz,y € C 3¢ > 0V71 € (0,¢) : s + 72 €
{ey} +C C{ry} +C. 0

By definition, u € C is an order unit if and only if Vz € C IA > 0:u € {%:1:} + C. This
proves the following lemma.

Lemma 1.11 Let C be o salient half-space and let u € C. Then u is an order unit in C
if and only if u is an internal point of C.

The set of all internal points of a salient half-space C' will be denoted by int(C). Using
the definition of order unit, it is not difficult to check that int(C) U {0} is a subcone of C'.
By bd(C) we denote the set C'\ int(C).



Definition 1.12 Let C, and C} be two salient half-spaces. Their direct sum is the salient
half-space C, ® C}, consisting of all ordered pairs z = (z¢,z?) with 2¢ € C, and z° € C,
The salient half-space operations are for all z,y € C, ® Cp and for all a > 0 given by:

{(x+y)“ =ty @y) = 2ty
(az)?

= az® (ouz)® = ozl

For every z € C, ® Cp, there are unique z¢ € C, and z* € Cj such that z = (2, z?).
Since C, & (Y is a salient half-space, every property derived for salient half-spaces is also
applicable to C, ® Cy.

On the direct sum C, @ C} the partial order relation <c, gc, satisfies:

z* <c, y°

T SCQEBC y <
b .’,Ub SC,, yb‘

We conclude this short introduction to direct sums by remarking that
V[Cy & Cp) = V[Cy] & V[Ch],

where the second @ denotes the usual direct sum defined for two vector spaces (cf. [4]).
In the following, we present the definition of a cone-dependent set of a salient half-space C'
and state its relationship with the definition of a linear dependent set in V[C]. We conlcude
this subsection by stating that every salient half-space C' has a maximal cone-independent
set and that this set is a basis for the vector space reproduced by C.

Definition 1.13 Let S be a subset of a salient half-space C. Then S is cone-dependent
if 0 € S or if there is a non-empty, finite subset U of .S such that

cone(U) Ncone(S\ U) # {0}.

The set S is cone-independent if S is not cone-dependent, i.e., if 0 ¢ S and every non-
empty, finite subset U of S satisfies

cone(U) Ncone(S\ U) = {0}.
Lemma 1.14 Let S be a subset of a salient halfspace C'. Then

S is cone-dependent <= S is linearly dependent in V[C].

Proof

The above lemma, is obviously true in case 0 € S, hence, throughout this proof, we assume
0&S.

If S is cone-dependent, there is z € C'\ {0} and there is a non-empty, finite set U C S
such that = € cone(U) Ncone(S \ U). Clearly, x € spany¢)(U) N spanyc(S \ U), and so
S is linearly dependent in V[C].

For the converse, assume S is linearly dependent in V[C]. Then 3In € IN Jsy,...,s, €

S, satisfying s; # s; (¢ # 7) IAi,... Ay € R\ {0} : > Nis; = 0. Since C is pointed,
i=1
there is k¥ € IN such that 1 < £k < n and Vi € {1,...,k} : \; < 0 and Vi € {k +
k n
L,...,n}: XA >0. Now, if z = Y (—X;)s; then z #0 and x = Y. N;s;, i.e., z # 0 and

i=1 i=k+1
z € cone({s1,...,sk}) Ncone({Skt1,---,Sn})- O



Corollary 1.15 Let S be a subset of a salient halfspace C. Then
S is cone-independent <= S is linearly independent in V[C].

For every salient half-space C, the family M of cone-independent sets can be partially
ordered by inclusion: for all S1,S2 € M define 57 < Sy <= S; C S3. A totally
ordered family or chain is a partially ordered set such that every two elements of the
set are comparable. An upper bound of a subset N' C M is an element U € M such
that VS € N : § < U. A maximal element of M is an element U € M such that
vVSeM: UL<S = U=25S.

Proposition 1.16 Let C be a salient half-space. Then C' has o mazimal cone-independent
subset.

Proof

To prove the proposition, we use Zorn’s Lemma. So, let IC be a chain in the family M

of cone-independent subsets of C. We show that sup(K) := (J S is an upper bound
Sexrx

for this chain. Clearly VS € K : S C sup(K), so we only have to prove that sup(K)
is cone-independent. Let U be a non-empty, finite subset of sup(K). Let x € cone(U) N
cone(sup(/C)\U), then there is a finite set V' C sup(K)\U such that z € cone(U)Ncone(V).
Since K is a chain, there is a Sy € K such that U UV C Sy. Since UNV = () we find
z € cone(U) Ncone(Sy \ U) and since Sy is cone-independent, we conclude = = 0. O

For two maximal cone:independent sets Sp... and S'max, each z € S,.. can be associated
vyith a finite subset of S,,,.. So, the cardiI}ality of Sp.x 18 not greater than the cardinality of
Smax- Interchanging the role of S, and S...., we find that they have the same cardinallity.

Definition 1.17 Let C be a salient half space, and let S,,,, be a maximal cone-independent
set of C'. The dimension of C, denoted by dim(C'), equals the cardinality of S,,,..

As a result, a salient half-space C' is finite-dimensional if S, is finite.

Lemma 1.18 FEvery maximal cone-independent set S,.... in a salient half-space C, satisfies
SpanV[C](Smax) = V[C]

Proof

Since S,,., is maximal, we find that for every z € C'\ {0} : Spac U {z} is cone-dependent,
i.e., for every z € C '\ {0} there is a finite subset U C S,,,, such that cone(U U {z}) N
cone(Sua, \ U) # {0}. So, Ju € cone(U) Fv € cone(S,.. \ U) such that = + u = v. Hence,
[(z,0)] = [(v,u)], which is an element of spany 1(Smax)- O

Corollary 1.15 and Lemma 1.18 imply that for a salient half-space C, every maximal cone-
independent set is a basis for V[C]. However, in general, S,.., is too small to fully describe
C; clearly, cone(S,..) = C does not have to hold, since this would imply that every cone
in a finite-dimensional vector space is finitely generated.



Half-dual space
Let C be a salient half-space, as defined in the previous subsection.

Definition 1.19 A positive functional p : C — IR" is half-linear if p satisfies

{ ple+y) =p(e) +p(y) VoyeC
p(az) = ap(z) Ve e CVa > 0.

The set of all positive half-linear functionals defined on C' will be denoted by C*. If in
C*, addition and positive scalar multiplication are defined pointwise, then C* is a salient
half-space with the zero-functional as its vertex. We call C* the half-dual space of C.

Note that for a direct sum C, & C}, of two salient half-spaces
(Co®Cy)" =C, &y,
where the action of p € C; @ C}y on an element z € C, ® C}, is defined by

[xap]Ca@Cb = []:a’pa]ca + [xbapb]cb-
It turns out that existence of one order unit in a salient half-space C is sufficient to

guarantee that the half-dual space C* is non-trivial, i.e., C* # {0}.

Proposition 1.20 If C has an order unit, then C* # {0}.

Proof
Let u be an order unit for C. Define the set U C V[C] by U := {A[(u,0)] | A € IR}, then
U is a subspace of V[C]. By Lemma 1.8, we find

VI(y1,92)] € VIC] 3IA 2 0 =A[(w, 0)] < [(y1, 42)] < A[(u,0)].
Thus, we can define the sublinear functional ¢ : V[C] — IR by

q([(y1,92)]) == nf{A | [(y1,92)] < A[(u,0)]}-

Define f(A[(u,0)]) := A, for every A\ € IR. With this definition, f : U — IR is a positive
linear functional on U satisfying VA € IR : f(A[(u,0)]) = ¢(A[(u,0)]). By the Hahn-Banach
Theorem, there exists a linear functional f : V[C] — IR such that on the set U, f is equal

to f, and V[(y1,y2)] € VIC] : f([(y1,92)]) < q([(y1,92)]). For every [(z1,z2)] € C it holds
that ¢([(z1,z2)]) > 0. We conclude that the functional f acts positively on C' since for all

[(z1,22)] € C: f(=[(z1,72)]) < q(~[(z1,72)]) <O. O

The partial order relation <c+ on C'* satisfies
p<c-q = VzeC:p(z)<qz).
p<c-q = (VzeC:p(x)<qx)AEzeC:plr)<q).

Besides a partial order relation on V[C*] (cf. Definition 1.6 and subsequent construction),
the partial order relation <+ on C* also induces a partial order relation <, on (V[C])*:

f<vg = Vzel: f(z) <gla)
f<ig = (VzelC:f(z) <g(z)AEzeC: f(z) <g(@)).

Next, we examine the relationship between the vector space V[C*], reproduced by the
half-dual C* of C, and the dual space (V[C])* of V[C].



Proposition 1.21 V[C*] is canonically, linearly injected in (V[C])*. Furthermore, C* =
{p e (VIC])" | V& € C: p(x) = 0}

Proof
Let [(p1,p2)] € V[C*] and define for every [(y1,y2)] € VI]C]:

[(p1,p2)] ([(y1,92)]) == p1(y1) — p1(y2) — p2(y1) + P2(y2)-

It is easy to check that this definition is independent of the choice of the representatives
(y1,y2) and (p1,p2), and that with this definition [(p1,p2)] acts as a linear functional on
V[C]. Secondly, it is easy to check that the mapping, described above, which associates
a linear functional to every pair [(p1,p2)] € V[C*] is linear. Furthermore, this mapping
is injective: if V[(z1,z2)] € V[C] it holds that [(p1,p2)]([(z1,z2)]) = 0, then Vz € C :
[(p1,p2)]([(z,0)]) = pi(xz) — p2(x) = 0, and we conclude p; = p2, or, in other words,
[(p1, p2)] = [(0,0)]. =

In the sequel we shall regard C* and V[C*] as a subset of (V[C])*.

We recall that for a vector space W, a set S C W* is said to be separating the elements
of a subset M C W ifVo,y € M,z # y 3f € S: f(z) # f(y). If M is linear, this comes
down to Vo € M \ {0} 3f € S: f(x) #0.

Lemma 1.22 A set S C C* separates the elements of C if and only if the collection
Svic) = {l(p1,p2)] € VIC*] | p1,p2 € S} separates the elements of V[C].

Proof
Let z,y € C. Consider the following sequence of equivalent statements

Vp € S:p(z) =ply),

Vp1,p2 € S : p1(x) + p2(y) = p1(y) + p2(z),

V[(p1,p2)] € Syicy i p1(x )+pz( ) —p1(y) — pa(z) =0,
i1 : [(p1,p2)] ([(%,y)]) = 0.

Note that x # y is equivalent with [(z,y)] # [(0,0)]. O

V[(p1,p2)] € Syic

For each x € C' there is a natural action of  as a positive half-linear functional ¢, on C*.
So, the set {e; | z € C} separates the elements of C*. The canonical mapping z — €,
from C into C**, defined by €,(p) := p(z), p € C*, is injective and linear. With C** = C
we mean that the canonical injection from C to C** is also surjective, i.e., all positive
functionals on C* arrise from elements of C, or, in symbols: C** = {¢, | x € C'}.

Definition 1.23 A salient half-space C' is reflezive if C** = C.

Clearly, if a salient half-space C is reflexive, then C* separates the elements of C. Using
Lemma 1.22, this yields that for a reflexive salient half-space C, the vector space V[C*]
separates the elements of V[C]. Furthermore, if C* separates the elements of C' and if C
is finite-dimensional, then

VT = (V)"



Conversely, if C is a finite-dimensional salient half-space for which C* does not separate
the elements of C, then, by Lemma 1.22, V[C*] does not separate V|[C], hence V[C*] #
(VIC])*. So, if C is a finite-dimensional salient half-space satisfying V[C*] = (V[C])*,
then C* separates the elements of C'. Hence, we find the following lemma.

Lemma 1.24 Let C be a finite-dimensional salient half-space. Then
C* separates the elements of C <= V[C*] = (V[C])".

Note that, in general, it is not true, that V[C*] = (V[C])* implies that C' is reflexive, since
reflexivity is related to a topological condition on C' (cf. Corollary 1.33).

If C is reflexive, then we like to identify each z € C' with the functional ¢, € C**. Since in
this situation also C* is reflexive, we introduce the notation [z, p] for every p(z) and e, (p),
z € C,p € C*. Note, that if C' is a reflexive salient half-space, then dim(C) = dim(C**).

If C is a reflexive salient half-space then x <¢ y is equivalent with Vg € C* : [z, q] < [y, q].
Indeed, let z,y € C, then

r<cy << dzelC:z+z=y

— JzelC"™:zx4+2z=y

= VYgeC:g,z] <lqy]

= VYgeC :z,q] <[y,q]|
Topology
Let C be a salient half-space. If || . || is a norm on the vector space V[C], then
d:C x C — IR', defined by d(z,y) := || [(z,y)] || is a metric on C. Clearly, the func-
tion d, thus defined, is real-valued, finite and non-negative. Furthermore, d is symmetric
since d(z,y) = || [(z,y)] | = | =[(y,2)] [ = Il [(y,2)] [| = d(y,z). Finally, the triangle

inequality and d(z,y) = 0 if and only if x = y follow from the equivalent properties of the
norm.

Conversely, if d : C x C — IR" is a metric on C, satisfying

Vz,y € CVa >0: d(az,ay) = ad(z,y), (homogeneity of degree 1),
Vr,y,z€ C: d(x + z,y + z) = d(z,y), (translation invariance),

then by || [(z1,22)] || := d(z1,22) a norm is defined on V[C]. Indeed, this norm is
defined independently of the choice of representatives: if [(z1,z2)] = [(y1,¥2)], ie., if
z1+Yy2 = x2+y1, then || [(z1,22)] || = d(z1,22) = d(z1 +y1,22+11) = d(z14+y1, 21 +y2) =
d(y1,y2) = || [(y1,92)] || . Furthermore, the norm defined above satisfies the triangle in-
equality: || [(z1,22)] + [(y1,v2)] || = d(z1 + y1,22 + y2) < d(z1 + y1,22 +y1) + d(z2 +
y1, 72 + y2) = d(z1,22) + d(y1,y2) = || [(z1,z2)] || + || [y, 2)] || -

—

Recall, that for a metric d on C, a subset S of C' is d-bounded if and only if dzg € C da >
0:SC{zxeC|d(zgz)<a}l,ie.,ifand only if Ja > 0Vs,t € S :d(s,t) < a.

Since we regard the salient half-space, rather than the vector space V[C], to be the essential
concept of this paper, we would like to have a salient half-space related introduction of

10



topology on C. Hence, in the following proposition, we present conditions on C* which
guarantee the existence of a metric on C, which is related to an internal point of the half
dual-space C*.

Proposition 1.25 Let C' be a salient half-space for which C* admits an order unit pg.
Then dy, : C x C — IR™, defined by

dpo(z,y) := inf{[v + w,po] | v,w € C with z +v =y + w},

is a semi-metric on C (cf. [5]).
For every x,x1,y,y1,2 € C and o, B > 0 this semi-metric satisfies

o dy (az,ay) = ady,(z,y) (homogeneity of degree 1),
o dp,(x+ 2,y+2) =dp(z,y) (translation invariance),
o ifz+y =x1 +y then dpy(z,y) = dpy(z1,91),

o dpy(ax, fr) = |0 = Bldp, (2,0),

e dy,(z,0) = [z,po].

If, in addition, C* separates the elements of C, then dp, is a metric on C.

Proof

It can be easily checked that dp, is finite, non-negative and symmetric and satisfies Vz €
C : dpy(z,z) = 0. So, in order to complete the proof that d,, is a semi-metric, we prove
that the triangle inequality holds. Let z,y,z € C, then

(2, ) + dpo (y, 2)

= inf{[v1 + w1, po] | vi, w1 € C with z +v1 =y +w;}

+ inf{[vy + wa, po] | v2, we € C with y + vy = z + wo}

= inf{[v1 + w1 + v2 + wa,po] | v1,v2, w1, wa € C, z+v; =y +w and y + vy = z + wa}
Zinf{[vl—l—wl—i-vg—i-wQ,po] |U1,U2,’w1,’w2 eC, z4+vi+y+uwve :y+w1+z+w2}

= inf{{v + w,po] | v,w € C with z + v =z + w} = dp, (z, 2).

Translation invariance and homogeneity of degree 1 are easily checked by the reader. The
fact that  +y1 = 1 +y implies dp, (z,y) = dp, (21, y1), is already proved at the beginning
of this subsection. It is not difficult to prove that this, combined with the symmetry of
dy,, implies Vo € C Vo, 8 > 0 : dp, (az, Bz) = |a — B|dy, (x,0).

To prove that Vo € C : dp,(z,0) = [z,po], we remark that Vz € C : [z,po] < dp,(z,0),
since for all v, w € C satisfying  +v = w it holds that x <¢ x+2v = v+ w. Furthermore,
we can choose v = 0 and w = z to obtain that d,,(z,0) < [z, po].

Finally, we show that if the half-dual space C* separates the elements of C, then d,, (z,y) =
0 implies © = y. If dy,(7,y) = 0, there are sequences (v,), .y and (wy), v in C such
that Vn € IN : z + v, = y + wy, and nl’l)rgo[vn,pg] = nli_)rgo[wn,po] = 0. Since pg is an order

unit, we find that Vg € C* : le [Un, q] = le [wn,q] = 0. Hence, Vg € C* : [z,q] — [y, q] =
n oo n (0]

lim [wy,, q] — lim [v,,¢] = 0. Since C* separates C, we conclude z = y. O

n—o0 n—o0
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The previous proposition implies that for a salient half-space C, every element ¢ of its
half-dual space C* generates a semi-metric d; on C. If q1,q2 € C* satisfy q1 <c~ g2,
then for all z,y € C we find dy, (z,y) < dy,(z,y). Furthermore, in case C* separates the
elements of C, then every element of int(C*) generates a metric on C. (Recall that for
every reflexive salient half-space C, the half-dual space C* separates the elements of C'.)
Since for all pg, g € int(C™*) there are p, A > 0 such that upy <c- go <c+ Apo, we conclude
that all these metrics, generated by internal points of C*, are equivalent. We denote the
topology on C, generated by any py € int(C*), by T (C,int(C™)).

A subset S C C is called bounded if S is d,,-bounded for any py € int(C*). Note that S
is bounded if and only if dpy € int(C*) Ja > 0Vs € §: [s,po] < a.

On a direct sum C' = C, & C} of salient half-spaces, where C* separates the elements of
C, every element py € int(C*) = int(C}) @ int(C}) induces a metric d,, on C, where d),
satisfies Vz,y € C': dp, (z,y) = dpa(z%,y*) + dpg (z®, ).

As mentioned at the beginning of this subsection, we can relate a norm on V[C] to every
metric d,,, with pg € int(C*), by defining

H [((I;lvq'?)] “po = dpo(xlva)a

for every [(z1,z2)] € V[C]. Hence, every order unit of C*, where C is a salient half-space
for which C* separates C, induces a norm on V[C]. Note that all these norms are equivalent
and therefore all topologies, generated by these norms, are equal. By 7 (V[C], int(C*)), we
denote the unique topology on V[C], generated by any order unit of C*. Regarding C as
a subset of V[C], the topology 7T (C,int(C*)) is the relative topology of T (V[C],int(C*)).
Note that if C is finite-dimensional, the set int(C), consisting of all internal points of C,
coincides with the T (V[C], int(C*))-interior of C. Hence, every T (V[C],int(C*))-interior
point of C' is an order unit.

Lemma 1.26 Let C be a salient half-space for which C* separates the elements of C, and
let po € int(C*). Then

Vg€ C* 3INg >0V, y € C: [z, q] — [y, ]| < A, (2,Y)-
Proof

Since pg is an order unit for C*, we find Vg € C* I\; > 0 : ¢ <c= Agpo. Hence, for all
z,y,v,w € C, satisfying  + v = y + w, and for all ¢ € C* we find

| [z,q) = [y,q] | < [v,q]+[w,q] < Ag([v,po] + [w, po]).
Taking the infimum of [v + w, pg] over v,w € C we find

Vge C*"Vr,y e C: | [z,q] = [y,q) | £ Ndpo(z,y).

Corollary 1.27 Let C be a salient half-space for which C* separates C, and for which
int(C*) # 0. Then every q € C* is a continuous positive half-linear functional on C, with
respect to toplogy T (C,int(C*)).
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The following proposition follows directly from Lemma 1.26 and the fact that every linear
functional [(p1,p2)] € V[C*] can be written as [(p1,p2)] = [(p1,0)] — [(p2,0)].

Proposition 1.28 Let C be a salient half-space for which C* separates C', and for which
int(C*) # 0. Then every linear functional [(p1,p2)] € V[C*] is continuous with respect to

T(V[C],int(C™)).

Proposition 1.29 Let X be an infinite-dimensional normed vector space. Then there is
an unbounded linear functional F : X — IR.

Proof

Let H = {h; | i € IN} be a maximal linearly independent subset, or Hamel basis (cf. [2]),
in X, such that Vi € IN : || h; || = 1, and for every z € X, let the function H, : H — IR
be defined by £ = >~ H,(h;)h;. Now define the linear functional F : X — IR by

icIN
icIN
Since for every i € IN we find F(h;) = i, we conclude that F is unbounded. O

Let C be a salient half-space for which C* separates C, and for which int(C*) # ), and
V[C*] = (V[C])*. Then every linear functional on V[C] is continuous with respect to
T(V[C],int(C™)), hence V[C], and therefore also C, is finite-dimensional.

Conversely, at the end of the previous subsection, we have seen that if C is a finite-
dimensional salient half-space for which C* separates C, then V[C*] = (V[C])*. Hence,
we find the following corollary.

Corollary 1.30 Let C be a salient half-space for which C* separates C. Then

vicr] = (V)

int(C*) # 0 } < C is finite-dimensional.

Lemma 1.31 Let C be a reflexive salient half-space. Let py € int(C*) and let (zn),c v
be a Cauchy sequence in C' with respect to metric dp,. Then

dre CVqeC*: nlgr{}o[xn,q] = [z, q].

Proof
By Lemma 1.26, for all ¢ € C*, ([zy,q]),cpv is a Cauchy sequence in IR". Define the
function F : C* — IR* by F(q) := nlgrgo[xn,q]. Since C' is reflexive, 3z € C Vq € C* :

F(q) = [z,q]. O

Corollary 1.32 Let C be a finite-dimensional reflexive salient half-space. Then the metric
space C is complete.

Proof
On the one hand, given a Cauchy sequence (z,),.pv in C, with metric dp,, there is
y € V[C] such that nll)rgo | £n — y |lpy = 0. On the other hand, 3z € C' Vg € C* : [z,q] =

Jim [%n,q]. We conclude z = y. O
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Corollary 1.33 Let C be a finite-dimensional salient half-space for which C* separates
the elements of C. Then C is reflexive if and only if C is closed in V[C].

In the remainder of this paper, we use a finite-dimensional reflexive salient half-space to
model the set of all economy bundles. In this section, we have seen that every finite-
dimensional reflexive salient half-space is a complete metric space, where the metric is
generated by any element of the (non-empty) interior of the half-dual space. The following
statements will be needed in the proof of the main theorem of this paper.

Corollary 1.34 Let C be a finite-dimensional, reflexive salient half-space.

a) Let po € int(C*) and let (z,),.v be a sequence in C. Then (zy), v converges to 0
with respect to the relative topology T (C,int(C™*)) if and only if nli_)nolo[acn,po] =0.

b) Let S be a subset of C and let py € int(C*). Then S is bounded if and only if the set
{[z,po] | z € S} is bounded.

c) For all py € int(C*), the sets {z € C | [z,po] < 1} and {x € C | [x,po] = 1} are
compact.

Lemma 1.35 Let C be a salient half-space for which C* separates C and int(C*) # 0,
let S be a subset of C, and let ug € int(C). Then S is bounded if IXN>0: S C {zx € C |
z <c Aug}. If, in addition, C is reflexive and finite-dimensional, then boundedness of S
implies S C {z € C'| z <¢ Aug}, for some X > 0.

Proof

Suppose X > 0Vz € S : z <¢ Aup. Let py € int(C*), then Vz € S : [z,po] < Auo, pol,
hence S is bounded.

Now, suppose VA >0 3z € S : =(z <¢ Aup), i.e., VA > 03z € STp € {g € C* | [ug,q] =
1} : [z,p] > A[ug, p]. Then, for every n € IN there is z, € S and p, € {q € C* | [ug, q] = 1}
such that %[mn, Pn] > [uo, pu]- To prove the lemma, we show that the sequence (z,), v
is unbounded. Suppose (), gy is bounded. Since C'is assumed to be finite-dimensional
and reflexive, we may assume that the sequence (z,), v is convergent with limit = € C,
and the sequence (py,),, . v is convergent with limit p € {qg € C* | [ug, q] = 1}. This implies
0= nlgrgo %[mn,pn] > 1. We conclude that S is unbounded. O

Next, we present a salient half-space related characterisation of int(C').

Lemma 1.36 Let C be o finite-dimensional salient half-space and let x € C. Then x €
int(C) if and only if Vg € C*\ {0} : [z,¢] > 0.

Proof

Let z € int(C) and let ¢ € C* \ {0}. There is y € C with [y,¢] > 0. Since z is internal
point of C, there is ¢ > 0 and z € C such that z = ey + z. We conclude [z, ¢] > 0.

For the converse, suppose z € bd(C) \ {0}. Since C is a convex cone, int(C) is a convex
set. By the Weak Separation Theorem of Minkowski ([8, p.60])

VA>0: p(Az)

dpe (VIC)"\ {0} Fa e R: { Y ug € int(C) 1 plug) zécj
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Choosing A equal to 0, and choosing a sequence in int(C) converging to 0, we find o = 0.
As a consequence p € C* \ {0}. By subsequently choosing A equal to 1, we find [z, p] < 0.
O

Note, that as a consequence of this lemma, we find (int(C))* = C*.

Let C be a finite-dimensional, reflexive salient half-space and let zo € int(C'). Then
by Corollary 1.34.c, the set L := {p € C* | [zo,p] = 1} is compact. When we define
Up, : C — IR and L, : C — IR" by

Us,y (2) = max{[z,p] | p € L)
L1y() := min[z,p] | p € L},

then L, (z) < [z,p] < Uy (z) for all p € L and = € C. Clearly, L,,(z) > 0 if z € int(C).
Note, that this also proves that every xy € int(C) is an order unit.

Lemma 1.37 Let C' be a finite-dimensional, reflevive salient half-space, and let (xn),c v
be a sequence in int(C'), with limit zo € int(C). Then, the functions Uy, : C — IR™ and
Ly, : C — IR satisfy

Vn € IN : Lévo(xn)xﬂ <c zn <¢ uxo(xn)xﬂ and nlggo L:vo(xn) = nli_)rgouxo(xn) =1

Proof

Using the definition of L, U, and L,,, given above, let p € L satisfy [z, p] = Uy, (x0) =1
and, similarly, for all n € IN, let p, € L satisfy [z,,pn] = Uy, (x,). Since, for all n €
IN : Uy (z) > [2p,p], we find that linn_lggf Upo(Tr) > [x0,p] = 1. Let (zn,),cqv be

a subsequence of (z,), v, satisfying limsup U, (z,) = lim U, (z,x). The sequence
ne n—00 k—o0

(Pnk) e v lies in the compact set L, so (pny), v can be assumed convergent with limit
q € L. Now, we find

limsup Uy, (zn) = lm Uy (Tnk) = Hm [Tnk, Pnk] = [T0,q] = 1 < liminf Uy, (x,,).
n—o00 k—o00 k—o0 n—oo
A similar argument can be used to prove le Ly (zn) = 1. O
n o0

The proof of the main theorem of this paper makes use of a cone-related fixed point the-
orem, which is a corollary of the well known fixed point theorem of Brouwer.

Brouwer’s Fixed Point Theorem ([2, Theorem V.9.1])

Let K be a non-empty compact convex subset of a finite-dimensional normed vector space
X and let F : K — K be a continuous function, then there exists x € K such that
F(z) =z, i.e., F has a fized point in K.

Brouwer’s Fixed Point Theorem has the following consequence for continuous functions
on a salient half-space.

Proposition 1.38 Let C be a salient half-space satisfying V[C] is finite-dimensional and
C* =C. Let G: C\ {0} — C be a continuous function. Then there exists an z € C'\ {0}
such that G(x) = ax for some a > 0. In fact, for all py € int(C*) there is x € C such that
G(z) = [G(x), pol.
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Proof
Let pp € int(C*). The set Li(pg) := {z € C | [z,po] = 1} is non-empty, convex, and
compact by Corollary 1.34.c. Define the function F : Li(pg) — L1 (po) by

_ z+G(z)
7@ = 6wl

Then F is a continuous function. By the preceding theorem the function F has a fixed

point z in L (po), so z = F(x) = %ﬁ;o]‘ .
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2 Introduction of the model

As mentioned in the introduction, all aspects of the model of a private ownership economy,
described in this paper, resemble those of the model presented in [11], except for a slight
alteration in the definition of production technology and the fact that we assume that the
preference relations of the agents are defined only on the set of consumption bundles.

A recapitulation of the model of [11] with these adaptions, and the definition of an equi-
librium concept analogous to the concept of Walrasian equilibrium in this setting, are the
main items of this section.

Economy bundles and pricing functions

Both this model and the model of a private ownership economy, presented in [11], differ
from the neo-classical models in the following two aspects.

e The model recognises production and consumption as two different features in an
economy. Thus, two different types of economy bundles occur: production bundles
and consumption bundles. Production bundles are used as input for production
processes. The output of a production process is always a consumption bundle.
Agents have an initial endowment which may contain bundles of both types, their
preference relation, however, is defined only on the set of consumption bundles.

e Also, we follow the idea of [9], where a mathematical model of a pure exchange econ-
omy is presented in which commodities are not assumed to occur separately. Instead
of introducing the commodity space (IR")* describing n different commodities, only
appearance of so called economy bundles is assumed. Here, the term “economy bun-
dle” is used to describe exchangable objects in the economy. Thus, economy bundles
can represent single commodities, bundles of commodities or fixed combinations of
commodities.

The above described situation is incorporated as follows.

Firstly, considering economy bundles instead of separate commodities, we model the set
of all economy bundles by a salient half-space C, reflecting that the only possible ma-
nipulations with these bundles are adding and scaling over IR". If z,y € C represent
two economy bundles then we can speak of the sum z + y of  and y, and if & > 0 we
can speak of the scaled version az of . Both z 4+ y and az are economy bundles in C.
Requiring the economy bundle set C' to be salient (Condition 1.1.a) describes the fact that
it is impossible for two economy bundles to cancel each other out after addition.
Secondly, considering two types of economy bundles, production and consumption bundles,
we assume that C is the direct sum of two salient half-spaces C,,,q and C.,,s, where C,.q
consists of all production bundles and C.,,, consists of all consumption bundles. Both
Chroa and C,,,, are assumed to be non-trivial, i.e., assumed to be not equal to {0}
and {0}, where 0°°¢ and 0°" denote the vertex of C,,,q and C..,., respectively. So,
C is also non-trivial. In every economy bundle z € C, each of the two types is uniquely
represented: z = (zP°¢, z°°") with 7% € C,,0q and ™ € Clpps.

At the moment, no further mathematical conditions are imposed on the salient half-
space C.
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Since in our model commodities are not assumed to occur separately, the price of a single
commodity is not a meaningful concept. Instead, we speak of the value of an econ-
omy bundle, which will be determined on the basis of “pricing functions”. These pricing
functions are described by positive half-linear functionals on C'. The set of all such func-
tionals has been introduced in Section 1 as the half-dual space C* and we have seen that
C*r=C* ®C% . So, for z € C and p € C*, the value V(z,p) of economy bundle z with

prod cons”

respect to the pricing function p equals

V(‘/I;?p) = [xap] = [xpmdﬂppmd]prod + [xconsapcons]cons'

Economic agents

The features of an economic agent are an economy bundle w = (wP™¢, w*™) € C, mod-
elling his initial endowment, a preference relation > defined on C,.,, modelling his taste,
and share rates, to be defined in the subsection titled “Equilibrium”. By z" = y®" we
denote that the agent considers consumption bundle 2" to be at least as preferable as
bundle y®"s. By z" = y®"™ we mean x" > y°" and —(y®" = z¢"¢). This preference
relation = on C,,, satisfies reflexivity, transitivity and completeness. The budget set

B(pcons, K/) = {xcons S Ccons | [xCODS’pCODS]ConS S H}’

consists of all consumption bundles that can be afforded at a given value x > 0 and given
pricing function p™ € C7, ..
There are I agents in the economy, indexed by i € {1,..., I}, with initial endowment w; €
C and preference relation >; defined on C,,,,. The set

Di(pcons,ﬁ/i) e {xcons E B(pcons’l{i) | Vycons E B(pcons’l{i) . xcons tz ycons}

is called the demand set of agent 7 at given value x; and pricing function p°s. Later on,
for each agent ¢ the value, or income, x; at pricing function p € C* will be defined as being
the value V(w;, p) of his initial endowment plus his shares in the profits of production.

Production processes and technologies

Since we deal with an exchange economy with production, we have to model so called
production processes which we regard as processes that incorporate the possibility of
converting production bundles into consumption bundles. In our model, the production
process that converts production bundle zP* € C,,,q into consumption bundle z** €
Cleons, 18 uniquely represented by the economy bundle z = (zP™¢, z¢) € C.

A production technology T' C C' will be defined as a collection of production processes,
that satisfies

e the production process “no production” belongs to 7',
e a production process in T" with zero input has zero output,
e the free disposal properties.

The following concepts, related to a direct sum of salient half-spaces, are needed in the
formal definition of production technology.
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Definition 2.1 For all z € C,,,q4 @ C.,., the set F, is given by
Fp:={z€ C |27 <,10q 27°% and 2°™ < ons ™}
Let T C C. For all z € T the set R,(T) is given by
Ry(T):={2z€T|x€F,and F, CT}.
Furthermore, the set E(T) is given by
B(T) = {e € T | R(T) = {e}.
The following three properties immediately follow from the above definition.

Lemma 2.2 Let x € C. Then
e t€R,(T)<—F,CT.
e Vyc F,:F,CF,.
eycF,andreF, < z=y.

Note that the set F), is closely connected with the notion of “free disposal of commodities”.
Later, we show that the set E(T') describes the set of all efficient elements of a set T' of
production processes.
First, we give the definition of a production technology. Note that it is different from the
definition used in [11].

Definition 2.3 A set T C C is a production technology if
a) (Oprod’ Ocons) € T’
b) If (Oprod’ xcons) c T then xcons — Ocons’

c)T= U F..
ecE(T)

A production process (zP™¢, z°"*) in a production technlogy T is said to be efficient, if at
least zP™¢ is needed to produce z°*, and if it is not possible to produce more than z°°"®
out of zP4. Mathematically speaking, this boils down to the following definition.

Definition 2.4 For a production technology 7', a production process e € T is efficient if
Ve eT:
$pr0d Sprod eprod
eCODS < xCODS

—cons

} — T =e€.

Put differently, e € T is efficient if and only if e € E(T) (cf. Definition 2.1). Note that
(Oprod, Ocons) c E(T)

Given a pricing function p € C* and a production process € C, we define the profit or
gain G(z,p) by
g($’p) = [$cons’pcons]cons _ [l,prod’pprod]prod.

Note that the following two properties are a direct consequence of the definition of G and
F,.
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e Let z € C, pe C* and y € F,, then G(x,p) > G(y,p).

e Let z € C, p € int(C*) and let y € F,, satisfy y # z, then G(z,p) > G(y,p).

So, for every pair (z,p) € C x C* we can speak both of its value, where z is considered as
an economy bundle, and of its gain, where x is considered as a production process. Note
that V(z,p) € R and G(z,p) € IR.

There are J production technologies in the economy, denoted by T}, j € {1,...,J}. Given
p € C*, the (possibly empty) set of all gain maximizing production processes in 7} is called
the supply set S;(p) of T}, i.e.,

Si(p) ={x €Tj | Yy € Tj : G(x,p) > G(y,p)}.

Equilibrium

For agent i, i € {1,...,1I}, 0;;G(x;,p) is the share in the profit of production technology
Tj, j € {1,...,J}, when production process z; € T; is executed at pricing function p.
For all i € {1,...,I} and j € {1,...,J} the share rates satisfy 6;; > 0. Furthermore,

I
> 0;;=1,forall je{1,...,J}.
i=1

Given pricing function p € C* and production processes z; € T} for all j € {1,...,J}, the
value k;i(p;z1,...,2zy) of agent 4,4 € {1,...,I}, is

7
ki(p; 1,5 g) i = V(wi,p) + Y 055G (x5, ).
7=1

In this setting, an equilibrium concept analogous to that of the neo-classical Walrasian
equilibrium can be introduced.

Definition 2.5 An element p., € C* is a (Walrasian) equilibrium pricing function if
Vie{l,...,J} 3sj € Sj(peq) Vi € {1,..., I} 3d5™ € Di(peg, £i(Peg; S1s---,57))

I J I J
Z(Oprod’ dgons) + Z(S.l;_rod’ Ocons) SC’ Z w; + Z(Oprod’ 5;‘0[]5),
i=1 j=1 i=1 j=1
i.e.
, J d ! d
ro ro
E S_I]) Sprod E 'U): 9
1 1 J
E ;:ons Scons E w;_:ons + E S;_ons.
1=1 1=1 7=1
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3 From production technology to supply

In this section, we derive some properties of production technologies, and introduce some
new related items. Thereafter, we show that under Assumption 3.6, stated below, for each
j €{1,...,J} and for every pricing function p, taken from some specific set Domain[j] C
C* (c.f. Definition 3.4), the supply set S;(p) = {z € T; | Yy € T} : G(z,p) > G(y,p)}
consists of exactly one element. Furthermore, we show that Assumption 3.6 implies that
the supply function S;, defined on the set Domain[j], such that S;(p) = {S;(p)} for all
p € Domain[j], is continuous. Finally, for each 7 € {1,...,J}, the behaviour of the
supply function S; is investigated regarding a sequence (py,) nelN € Domain[j] with limit
p ¢ Domainlj].

Before we make several assumptions for every production technology, note that the fol-
lowing lemma is a direct consequence of the definition of production technology and of the
continuity of the order relations > ,,4 and > ,.,.

Lemma 3.1 Let T} be a production technology and let (xn)ndN be a convergent sequence
in T, with limit x € C. Let (en), v be a sequence in E(T}) satisfyingVn € IN : x,, € Fp,.
If (en),cv is convergent with limit e € E(T}), then x € F, C Tj.

The following lemma implies that if a production technology T satisfies Ve, f € E(Tj) V1 €
[0,1] : Te + (1 — 7) f € T}, then T} is convex.

Lemma 3.2 Let S be a subset of the salient half-space C = C,,0q @ Ceons. Assume S =

U Fe and assume Ve, f € E(S) VT € [0,1] : Te+(1—7)f € S. Then the set S is convex.
ecE(S)

Proof
Let z,y € S and 7 € [0,1]. By the first property of S, there exist e, f € E(S) such that
xz € F, and y € Fy. Thus,

Ek%prod c Cprod . xprod — eprod + jprod d Elgprod c Cprod . yprod — fprod + gprod
aicons 6 C . econs — $cons + j,cons an Elgcons E C . fcons — ycons + gcons
cons * - cons * - .

To prove convexity of S we shall show that 72 + (1 — 7)y € F(zeq(1-r)p)- Indeed, this
proves the assertion since both properties of S, combined with the second property of
Lemma 2.2, yield F oy1_r)p) C S.

Firstly, note that

Tl,prod + (1 _ T)yprod — T(eprod + j,prod) + (1 _ T)(fprod + gprod)
— (,Teprod + (1 _ T)fprod) + (Tiprod + (1 _ T)gprod)’

and secondly,
(Txcons + (1 _ T)ycons) + (Ti,cons + (1 _ 7_)gcons) — 7_econs + (1 _ 7_)fcons.

Since 7P + (1 — 1)y € Ciroq and 7% + (1 — 7)y® € Clons, we conclude that
T2+ (1= 7)y € Flreyq-n)p)- -

In order to define the above mentioned sets Domain[j], j € {1,...,J}, we need the fol-
lowing definition.
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Definition 3.3 For every production technology T}, j € {1,...,J}, the extended real
function x; : C* — [0, 00] is given by

xj(p) := sup G(z,p) = sup G(e,p).
.’L'ETJ' CEE(T]‘)

Note that for every j € {1,...,J}, the function x; is convex, i.e.,
Vp1,p2 € C7 VT €[0,1] : x(mp1 + (1 = 7)p2) < 7xj(p1) + (1 = 7)x;(p2)-
Definition 3.4 For every j € {1,...,J} the set Domain[j] is given by
Domain[j] := {g € C*\ {0} | Fz4 € Tj : G(z4,9) = x;j(9)}-
With this definition, the supply set S;(q) is, for every ¢ € Domainlj], is given by

Si(q) = {z €Tj | G(z,q) = x(q)}-

For every ¢ ¢ Domain[j] we find Sj(g) = 0.
Note that Vj € {1,...,J} Vg € Domain[j] : S;(¢) N E(T}) # 0.

In order to state the assumptions concerning production technology 7}, j € {1,...,J},
which are needed in the proof of the main theorem of this paper, we need a topology on the
salient half-space C'. Furthermore, since some of the statements in this section make use
of the compactness of bounded, closed subsets of C, we make the following assumption,
which will be one of the conditions of the main theorem of this paper.

Assumption 3.5 The salient half-space C, used in the model of a private ownership
economy of Section 2 to model the set of all economy bundels, is finite-dimensional and
reflexive.

Under this assumption, C' can be endowed with the topology 7 (C,int(C*)), defined in
Section 1. For the remainder of this section, let d be a metric on C, corresponding with
topology 7 (C,int(C*)).

Next, we lay assumptions on the production technologies T}, j € {1,...,J}. These as-
sumptions imply that we can deal with continuous supply functions S; : Domain[j] — C,
and will be part of the conditions of the main theorem.

Assumption 3.6 FEvery production technology T; C C, j € {1,...,J} satisfies
a) ifer,ex € E(Tj), e1 # ea, T € (0,1) then Te; + (1 — 7)es € int(T}),

b) E(T}) is closed with respect to the topology T (C,int(C*)).

Note that these assumptions on the production technologies of our model are different
from the corresponding ones concerning production technologies in [11]. Firstly, part a is
related to the concept of internal point, introduced in Section 1, where the former version
was not. Secondly, part b only requires closedness of E(T}) instead of closedness of Tj.
The connection between closedness of T; and E(T}) is investigated below. Also, note that
under these assumptions, every production technology is convex.
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Lemma 3.7 Let T; be a production technology, let a”°? € C,.q and let C.,., satisfy
int(Ceons) # 0. If Tj is closed, then the set {z°"° € Coops | (aP?, 2°°) € T}} is bounded.

Proof
Let by € int(Cl,ns). Suppose the set {z°°* € C.,, | (a*?, 2°°*) € T}} is unbounded, then,
by Lemma 1.35, for every n € IN there exists 5" € C.,,s such that

{ (aprod’x;Lons) c 1".7

x;:Lons Zcons nbaﬂns‘

By Definition 2.3.c we find (a*°?,nby™*) € T; for all n € IN. Since T} is convex and
contains (07°¢,0°"*) (Definition 2.3.a), we find Vn € IN : (La"°4 bg™*) € Tj. Taking the
limit for n — oo, the clossedness of T; implies (0°°¢, b¢*) € T}, which is in contradiction
with Definition 2.3.b. O

Lemma 3.8 Let Tj be a production technology and let S C Tj satisfy JaP* € C,,0q YV
€8 aPd < g a0 If T} is closed, then S is bounded.

Proof
Let € S. By Definition 2.3.c, we find that z*°¢ < ,,4 aP® implies (a™¢, z*°™) € F, C Tj,
so S C{y € C| (a?, y*™) € T;}. By the previous lemma we find that S is bounded. O

Lemma 3.9 Let T; be a production technology, satisfying E(T}) is closed, and assume
every sequence (en), v in E(T;) satisfies

(ezrod)neﬂv Z‘S bounded N (en)neﬂv Z.S bounded-
Then T} is closed.

Proof

Let (zn),c v be a convergent sequence in 7 with limit z € C. By Definition 2.3.c we find
a sequence (e), v in E(Tj) satisfying Vn € IN : z, € Fe, . Hence, Vn € IN : 25 >4
en°d. Since the sequence (ef?), _pv is bounded, the assumption implies that (e,), v is
bounded. Without loss of generality, we may assume that (e,),, c I\ 1s convergent with limit
e € E(T}). By the continuity of the order relations > .4 and >.,,s, and by Definition 2.3.c
we find x € F, C Tj. O

In case int(C,,.,) # 0, the previous three lemmas imply that for a production technology T’
satisfying E(T}) is closed, the following two statements are equivalent:

e T} is closed,

e “bounded input yields bounded output”.

Next, we show that Assumptions 3.5 and 3.6, indeed imply that we can deal with contin-
uous supply functions S;, defined on the set Domain[j], j € {1,...,J}. For the remainder
of this section, let j be any fixed element of {1,...,J}, and assume Domain[j] # (. Before
we are able to define the supply function S;, we need uniqueness of the supply, for every
p € Domain[j]. This, combined with some properties of the unique element of the supply
set, is proved in the following lemma.
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Lemma 3.10 Let p € Domain[j]. Then there is a unique e, € E(Tj) such that G(ep,p) =
Xj(p). Furthermore, e, satisfies Vo € Sj(p) : x € Fe,. Finally, if p € Domain[j] Nint(C*),
then ey is the unique element of supply set S;(p).

Proof

Since p € Domain[j], the set S;(p) N E(T}) is non-empty. Suppose e, es € S;(p) N E(T})
and e; # es. Then by Assumption 3.6.a, 2 := 7e; + (1 — 7)es is an internal point of Tj.
Hence, for a fixed order unit ug of C there exists ¢ > 0 such that (z°°9, z°" + cuf™) €
(guf™?,0) + Tj. Let y € Ty satisfy (euf™®®,0™) +y = (2P, 2% + euf™). Since
p # 0, we find G(y,p) > G(x,p) which is in contradiction with the optimality of e; and
ea. We conclude that there is a unique e, € S;(p) N E(T}), maximising G(e, p), e € E(Tj).
Furthermore, Vz € Sj(p) : z € F,.

Let p € Domain[j] Nint(C*) and let « € T \ E(T;). Then Je, € E(T}) : € F,,. Since
p € int(C*) and z # e, we find G(z,p) < G(ez,p) < G(ep, D). O

Definition 3.11 The supply function S; : Domain[j] — E(Tj) is given by S;(¢)NE(T}) =
{S;(q)}, for all ¢ € Domain]yj]

Lemma 3.12 Let (pn), v be a sequence in Domain[j], with limit p # 0. If the sequence
(Sj(Pn))peqv 18 convergent with limit s € C, then p € Domain[j] and s = S;(p).

Proof

Since Vn € IN Vz € Tj : G(Sj(pn),pn) > G(x,pn), continuity of G guarantees Vo € T :
G(s,p) > G(z,p). Since E(Tj) is closed (Assumption 3.6.b), s € E(T}), so p € Domain][j].
Furthermore, Lemma 3.10 implies s = S;(p). O

Lemma 3.13 The supply function S; : Domain[j] — E(T}) is continuous with respect to
the relative topology on Domain[j].

Proof

Let (pn),c v be a sequence in Domain(j], with limit p € Domain[j]. Suppose (S;(pn)), v
does not converge to S;(p). Without loss of generality, we may assume Je >0 Vn € IN :
d(Sj(pn),S;j(p)) > e. Define z,, := 7,8j(pn) + (1 — 7,)S;(p), with 7, := SIS ) ©
(0,1). Then d(z,,S;j(p)) = € and by Assumption 3.6.a we find that z, is an internal point
of Tj. Both the sequences (7,), . pv and (z5),, . pv are bounded. Without loss of generality
assume lim 7, = 7 and lim z, =z € C. Note that z # S;(p) implies 7 > 0. Since

n—oo
G(@n,pn) = min{G(S;(pn), pn), G(Sj(p);pn)} = G(Sj(p),pn), the continuity of G implies
G(x,p) > G(S;(p),p). Since Vn € IN : G(xn,p) < X;(p), we find G(z,p) = x;(p)-
Since for all n € IN : z,, = 7,8 (pn) + (1 — 72)S;(p), the sequence (S;(pn)), v in E(T})
is convergent with limit e € E(T}) satisfying © = 7e + (1 — 7)S;(p)). Note that = # S;(p)
implies e # S;(p). However, G(e,p) = 1(G(z,p) — (1 — 7)G(S;(p),p)) = x;(p). This is in

T

contradiction with S;(p) being the unique element of the set Sj(p) N E(Tj). O

Corollary 3.14 The function x; is continuous on Domain][j].
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The continuity of the supply function is proved, so we can now concentrate on some other
properties of this function. First, we derive some limit behaviour, especially regarding a
sequence (py), .y € Domain[j], with limit p ¢ Domain[j]. Also, we will investigate the
set Domain[j] in more detail.

Lemma 3.15 Let C,..q satisfy int(Cyoa) # 0, let po € int(C*), let « € IR, and let
{x €T} | G(z,po) > a} be an unbounded subset of C. Then the set {z € T; | G(x,po) = a}
is unbounded.

Proof
Let uf®® € int(Cy,0q). Then, by the free-disposal property of T}, for every y € {z € Tj |
G(w,po) > a} there is A > 0 such that (y*°d + Auf™®?, y») € {z € T} | G(z,po) = a}. O

Lemma 3.16 Let pg € int(C*), let o € IR satisfy o < xj(po) and let {x € T} | G(x,po) =
a} be a bounded set. Then x;(po) < 0.

Proof

Let (en),c v be a sequence in E(T}), satisfying sup G(en,po) = x;(po). By Lemma 3.15,
ncIN

the set {z € Tj | G(z,po) > «} is bounded, so (e,), v has a convergent subsequence

with limit e € E(T};) N S;j(po). O

Corollary 3.17 Let py € int(C*) and let o € IR. If xj(po) = oo then the set {x € T} |
G(x,po) = a} is unbounded.

Lemma 3.18 Let py € Domain[j] Nint(C*). Then there is a T (C,int(C*))-open neigh-
bourhood O of py such that every q € O satisfies x;(q) < co.

Proof

Let (gn),c v be a sequence in int(C*), converging to po, such that ¥n € IN : x;(gn) = oo.
By the previous corollary, for all n € IN, the set L, := {z € T} | G(2,qn) = G(S;(po),qn)}
is unbounded, so Vn € IN 3y, € Ly, : V(yn,po0) > 1 +V(S;(po),po). Since L,, is convex,
and contains S;(pg), for all 7 € [0,1] we find 7y, + (1 — 7)S;(po) € L. Now choose
Tn = SO VS o) € (0,1) then z, := Tpyn + (1 — 7,)Sj(p0) € L, N U where
U:={z¢€C | V(z,p) =1+V(S;j(po),po)}. Since U is compact (Corollary 1.34.c),
we may as well assume that (z,),.pv is convergent, with limit z € C. Note that the
continuity of G implies G(z,po) = x;(po)-

By Definition 2.3.c, there is a sequence (ey), v in E(7}) satisfying Vn € IN : z, €
Fe.,. Hence, G(zn,p0) < Glen,po) < Xxj(po) and xp°¢ > 4 el So, the sequence
(G(€en,Po))pe v is convergent with limit x;(po), and the sequence (ef°?), - v is bounded.
Moreover, [€5°"%, p5*™ |ons < Xj(P0) +[€5°% PG proas SO the sequence (eg™), - v is bounded.
Without loss of generality, we assume that (ey), .y is convergent. Let e € E(T}) be its
limit, so G(e,po) = x;(po). By Lemma 3.10 we find e = Sj(pyg). Continuity of > ,,4 and
> cons implies € F,, C T;. Now, € Tj and G(z,po) = x;(po) imply that z is an element
of the supply set Sj(pg). Since z € U implies z # S;(py), we arrive at a contradiction since
po € Domain[j] N int(C*) combined with Lemma 3.10 implies that S;(py) is the unique
element of the supply set S;(po). O

25



Lemma 3.19 Let py € int(C*), let « € IR, and let {z € T; | G(z,po) > a} be an
unbounded set. Then py ¢ Domainl[j].

Proof

Let (zn),cpv be an unbounded sequence in {z € Tj | G(z,po) > a}. Let 0 < e <1
and define p. := ((1 — )p§™, (1 + €)p§™). Since for all n € IN the gain G(z,,p.) equals
G(2n,po) + e[z, 5 oroa + (25, DF"Jeons, the sequence (G (zy,pe)),,c v is unbounded.
Hence, Ve € (0,1] : x;(p.) = oo. Using Lemma 3.18, we conclude pg ¢ Domain]j]. |

Corollary 3.20 Let py € int(C*). If po € Domain[j], then for all a € IR, the set {z €
Tj | G(x,po) > a} is compact.

Corollary 3.21 Let (pn), v be a convergent sequence in Domain[j], with limit p € C*\
Domain[j]. Then Vpy € Domain[j] N int(C*) : limsup G(S;(py), po) = —o0.
n—0o0

Proof
The sequence (S;(pn)),c v does not have a point of accumulation, since existence of such
a point would lead to a contradiction with Lemma 3.12. Let pg € Domain[j]Nint(C*). For
all @ € R, the set {x € T} | G(x,po) > a} is compact (Corollary 3.20), and so we find that
Va € RIN € IN Vn > N : G(S;(pn),po) < a. We conclude limsup G(S;(pn),po) = —o0.
n—o0
a

Proposition 3.22 Domain[j] N int(C*) = int(Domain]j]).

Proof

We only have to prove Domain[j]Nint(C*) C int(Domain[j]). Let pg € Domain[j]Nint(C*).
By Lemma 3.18, there is a 7 (C,int(C*))-open neighbourhood O of py such that every
q € O satisfies x;(q) < co. Let ¢ € O. We shall prove that Je € E(T}) : G(e,q) = x;(q)-
Let (en),cpv be a sequence in E(Tj) satisfying nlggo G(en,q) = xj(gq) < oo. Then, for
@ € IR chosen sufficiently small, (e,), v is a sequence in {z € T; | G(r,q) > a}.
So, by Corollary 3.20, without loss of generality, we may assume (ey), .y is convergent
with limit e € E(Tj) C T; (Assumption 3.6.b). Since G(e,q) = x;(¢q), we conclude that
g € Domainl[j]. O

Corollary 3.23 The set int(Domain[j]) U {0} is a subcone of C*.

Proof

Since the function G : C'x C* — IR is homogeneous of degree one, Domain[j]U{0} is closed
under scalar multiplication over IR". Let p;,ps € int(Domain[j]) and let 7 € (0,1). We
prove that ¢ := 7p; + (1 — 7)p2 € Domain[j]. We first note that p;, ps € Domain[j] implies
xi(q) < x;j(p1) + (1 — 7)x;(p2). Since there is nothing to prove in case G(S;(p1),q) =
x;j(q), we may as well assume that 3¢ > 0 such that G(S;(p1),q) < x;(¢) — ¢ Define
U:={r€Tj|G(z,p2) > G(S;j(p1),p2)}, then U is compact (Lemma 3.20). Let (es), v
be a sequence in E(T}) satisfying sup G(en,q) = x;(q).

ncIN
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Let n € IN. If €n € Ua i'e'a if g(enapQ) < g(S](pl)aPQ) then g(enaQ) = Tg(enapl) + (1 -
7)G(en, p2) < 7G(Sj(p1), 1)+ (1 =7)G(S;(p1),p2) = G(Sj(p1), ) < X;(q) —e. We conclude
that 3N € INVn > N : e, € U. Since U is compact, ¢ € Domain][j]. O

We conclude this section on production technologies and their corresponding supply func-
tions, with the definition of the total supply function, on the set Domain C C*, where
Domain is defined by
Domain := ﬂ Domain|[j].
Ge{l . J}

One of the conditions of the main theorem of this paper, will imply that Domain # {).

Definition 3.24 The total supply function S : Domain — C is given by

Corollary 3.25 Let (pn), v be a sequence in Domain, convergent to p € C* \ Domain.
Then limsup G(S(pn),po) = —oo for all py € Domain N int(C*).
n—oo

Proof

Let pg € Domain Nint(C*). For all j € {1,...,J} we find that either p € Domain[j] and

lim sup G(S;(pn),po) is finite (Lemma 3.13), or p & Domain[j] and limsup G(S;(pn),po) =
n—oo n—oo

—oo (Corollary 3.21). Since there exists jo € {1,...,J} such that p € Domain[jy], we find

lim sup G(S(pn), po) = —o0. O
n—00
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4 From agent to demand

As mentioned in Section 2, an agent 4, i € {1,...,I} is characterised by

prod

e initial endowment w; = (w}

,wi) € C,

)

e preference relation >; defined on C,,,;,
J
e share rates 6;; € [0,1], : € {1,..., T}, j € {1,..., J}, satisfying > 6;; = 1.
i=1

In this section, analogous to the situation in the previous section, we introduce assump-
tions that allow for the definition of demand functions on a suitable domain. Also, the
continuity of these demand functions is proved, the limit behaviour of these functions is
examined and the total demand function is defined. As mentioned in the introduction,
the main difference between this section and the corresponding section of [10], is the re-
striction of most concepts to the salient half-space C,,,, of all consumption bundles.

Similar to Assumption 3.6, Assumption 4.1 is stated in a topological setting. Also, some
statements of this section will use the fact that every closed and bounded subset of C' is
compact. Hence, we continue Assumptions 3.5 of the previous section. Recall that under
this assumption, the salient half-space C' can be endowed with the topology 7 (C, int(C*)),
as defined in Section 1. Furthermore, int(C') # 0 and for all py € int(C*), the sets
{zr e C|[z,po] <1} and {z € C | [z, po] = 1} are compact.

Assumption 4.1 For everyi € {1,...,1}, preference relation =; is
a) monotone: V xcons,ycons E Ccons : xCOnS SCODS yCODS implz-es yCODS ti xCOnS’

b) strictly convex: Vzeos, y™ € Cepns, T € (0,1) : z = y and " # y imply
T cons + (1 _ 7_)ycons >Z ycons’

C) continuous: \V/ycons € Ccons the sels {xcons c Ccons | qeons tz ycons} and {xcons € Ccons |
Yy =z} are closed in C..,,, with respect to topology T (C.ons, int(CY ).

ons

We have seen that for given x; > 0, ¢ € {1,...,I}, and p*™ € C*

¥ . the budget set
B(p, k;) and the demand set D;(p®™, ;) are given by

B(pcons, K',i) = {xcons e Ccons | [:L‘cons’pcons]cons < Kzi}?

Di(pcons,ﬁ/i) = {xcons E B(pcons’l{i) | Vycons E B(pcons,ﬁi) . xcons tz ycons}‘

We start with the derivation of some properties of the budget and the demand sets. These
properties will be needed to prove the continuity and the limit behaviour of the demand
functions as well as for the proof of Walras’ Law. For the remainder of this section, let ¢
be any fixed element of {1,...,I}.

Lemma 4.2 Let k; > 0 and p©™ € C*

* o Then demand set D;(p*°™, k;) consists of at
most one element.

Proof
This is a direct consequence of Assumption 4.1.b. O
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Lemma 4.3 Let k; > 0, p© € C* | 2% € C... and suppose {d°™} = D;(p°™, k;)

U)Zth qeons >Cons dcons_ Th@’n qpeons g B(pcons, K'i)-

Proof

Due to the monotony of the preference relation (Assumption 4.1.a), 2% > ., d®°™ implies
x" = d°™. Since %™ # d° and the demand set D;(p“™,r;) consists of at most one
element, we arrive at a contradiction. O

Lemma 4.4 Let k; > 0 and let p* € C*

cons

Then p™ € int(C* ) <= D;(p*°™, k;) # 0.
Proof

Suppose p=* € int(Clyys). By Lemma 1.34.c, the budget set B(p", ;) is compact in C,,,.
For every b € B(p®™, k;), define the set G(b°™) := {z°™ € B(p®™™, K;) | b =; z*°™}.
The preference relation >; is continuous (Assumption A4.(c)), so every set G(b°°") is
T(C,int(C*))-open. Suppose the demand set at value functional p®™ and value r; were
empty, then every element of B(p®*, k;) is element of at least one G(b**). The collection
{G(beoms) | b € B(p®, ki)} is an open cover of the compact set B(p®", k;), so there is

a finite subset F' C B(p", k;) such that B(p©*,k;) = U G(f°"). The preference
fCOnSeF

relation »; being transitive, F' has a maximal element f{°* € F. Since, f{°* € G(fs°™)
for some fs°™ € F, fso" # f{°™, we arrive at a contradiction.

For the converse, suppose p®* € bd(C¥ ). Then there is an element z°* € C,,,, \ {0},
such that [z, p®™] ne = 0°°". Since Yy € B(p®™™, ki) : y°" + z°°™ € B(p", k;),
and since y©* + = > oy, Lemma 4.3 yields that B(p®™*,«;) does not contain a

maximal element with respect to >;. O

Lemma 4.5 Let x; > 0, let p«™ € int(C% ) and let {d*°*} = D;(p,k;). Then

cons
cons ,,cons .
[d ’ p ]Cons - K’Z .

Proof

In case k; = 0, the budget set B(p°™,k;) equals {0}, and thus [d°™,p®™].ns =
[0°°, peo¢] one = 0. Now, suppose k; > 0 and [d°™, p™].u < ki, then there is z§™™ €
int(Clons) such that z§™ > ons d°°™ and [z, p°™]eons > Ki. Consider the convex combi-
nation 72§ 4 (1 — 7)d*™ with 7 € (0, 1) so small that [7z{™ + (1 — 7)d*", p°* ] cons < Ki.
Then 725 + (1 — 7)d*°™ € B(p®™™, k;) and 7z + (1 — 7)d°* > o4, d°°*. By Lemma 4.3,
we come to a contradiction. O

Lemma 4.6 Let p© € C | k; > 0, 2™ € Cips, and suppose x° =; b for all

b € Clons Satisfying [0, P oons < Ki. Then x" =; b™ for all b € B(p°", k;).

Proof

We have to prove that z% »=; b for all b € C,,,, satisfying [, p®™] ons = Ki-
Clearly, such a b satisfies b #£ 0°°"s. Hence, for all 7 € [0, 1) we have [Th™" p=] ., <
ki and so ™ »=; 76°*. By Assumption 4.1.c, the preference relation »=; is continuous,
SO L™ =, beoms, O
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In Section 2, we already mentioned that the value, or budget, k; at pricing function
p € C* will be the value of the initial endowment of agent %, plus his shares in the profits
of production. Since the profits of production are determined by the supply functions, we
find the following formal definition of the value function.

Definition 4.7 The value function K; : Domain — IRj is given by
J
Ki(p) := V(wi,p) + Y 0:56(S;(p), p)-
j=1
For every p € Domain the budget set B;(p) and demand set D;(p) are given by
Bi(p) :== B(p***, Ki(p)),

and
Di(p) := Di(p*™, Ki(p))

Lemma, 3.13 implies that value function C; is continuous on the set Domain.

Let Domain® be defined by

Domain® := Domain () {p € C* | p*™ € int(C%,,)}-

cons

Note that Domain® U {0} is a subcone of C* and that int(Domain®) = int(Domain).

On the set Domain®, we are able to construct the demand function D; from the demand
sets D;(p), where p € Domain®.

Definition 4.8 The demand function D; : Domain® — C,,,, is, for all p € Domain®, given
by D;(p) = {Di(p)}-

We conclude this section on the agents by deriving the continuity and some other properties
of the demand functions. Again, let i be any fixed element of {1,...,I}.

Lemma 4.9 Let (pn)neﬂ\] be a sequence in Domain® convergent to pg € Domain®. Then
the following two properties hold.

a) If b € Bi(pn) for each n € IN, then there is a subsequence (b;";s) that converges

to some b € B;(po).

keIN

b) For each b € Bi(po) there exists a convergent sequence (by™), -y with limit ™™,
such that b € B;(py) for alln € IN.

Proof

a) Since p§*™ € int(CY,,,) is an order unit, Lemma 1.37 implies that the function Lpcons :

cons

C* — IR' satisfies

cons

lim L;DSO“S (p;),ons) =land Vn € IN : Lpgons (p;),ons)p(c)ons Scons p;z,ons'

n—00
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Because b € B;(py,) for all n € IN, we find

Lpgons (p;:LOnS) [b;LOnS 9 paons]cons S [b;LOnS 9 p;flOnS cons S ]CZ (pn)

Since the function K; : Domain® — IR" is continuous, the sequence (Ki(pn)),c v
is convergent. And since p{™* € int(CZ ), boundedness of [bi*™, p§™*].ons implies

cons

that the sequence (b;™), v is bounded (Lemma 1.34.b). So, (b7*),.pv has a
CIN with limit b € C. Since for every k in IV,
Lpeons (p3"°) [b5er®, 5 leons < Ki(pny,), the limit b" belongs to B;(po).

convergent subsequence (bff;s)k

b) Let b € B;(po). If [0, p§°™eons < Ki(po) then AN € IN Vn > N @ [0, pie™®] ons <

Ki(prn), and so, if we choose b := b for all n > N, we are done. Therefore,
we may as well assume [b°™, pi™*].one = Ki(po). For every n € IN, define 7, :=
%. Note that lim 7, = 1. Now put b2 := 7,b°", then Vn € IN :
[b 7p’rL }COUS n—o0 n

bcons cons — ’C a,nd hm bcons — bcons.
[ n »Pn  lcons z(pn) i Op

|

Lemma 4.9 expresses the type of continuity that we need in order to prove the continuity
of the individual demand function D;.

Lemma 4.10 The demand function D; is continuous on Domain®,

Proof

Let (pn),cpv be a sequence in Domain® converging to some py € Domain®. Suppose
the sequence (D;(pn)),cpv does not converge to D;(pg), then without loss of generality
any subsequence of (D;(pn)),cpy does not converge to D;i(py). By (a) of the preceding
lemma, the sequence (D;(pn)),.pv has a subsequence (D;(pni)),cpv that converges to
some b € Bj(pp). Now, the proof is done if we can show that b = D;(pg). Let
z™ € Bj(po). By (b) of the preceding lemma, for all n € IN there is ™ € B;(pn)
satisfying nlggo zeems = g, Since the preference relation >; is continuous (Assumption

A4.(c)), we find that if Vn € IN : D;(p,) =i 5™, then b =; z°°™. So, b = Dj(py). O

Next, the continuity of the demand function D; being proved, we derive some properties
of this function concerning its behaviour regarding a sequence (py), v € Domain® with
limit p € C* \ {0}.

Lemma 4.11 Let (pp), v be a convergent sequence in Domain® with limit p € C*\ {0},

and assume the sequence (Ki(pn)), v s convergent with limit r; > 0. If the sequence

(Di(pn)) e v 18 bounded, then p* € int(C7,,,).

Proof

We may as well assume that the sequence (D;(pn)),,c v is convergent with limit d*. Us-

ing Lemma 4.6, we shall prove that {d®™} = D;(p®“™, k;). Indeed, let b € B(p", k;)

satisfy [b%°", p®|.ons < Ki. Then there is N € IN such that ¥V n > N : [b°, peo™] ons <

KCi(pn)- So, Di(py) =; b for all n > N. Continuity of the preference relation (Assump-

tion 4.1.c) yields d° »=; b***. So, by Lemma 4.6 we conclude that {d°***} = D;(p®™, k;).
O
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Corollary 4.12 A convergent sequence in Domain® with limit p € C, satisfying p™™ €
bd(CZ,.), and lirginflCi(pn) > 0, yields an unbounded sequence (Di(pn)),cN-
n o0

cons

We end this section on agents and their corresponding demand functions by defining the
total demand function and stating a property of this function which we will need in the
proof of the existence theorem in Section 5.

Definition 4.13 The total demand function D : Domain® — C,, is given by

Just like Assumptions 3.5, 3.6 and 4.1, the following assumption will be one of the require-
ments of the equilibrium existence theorem.

Assumption 4.14 For every convergent sequence (pn)neﬂ\f in Domain® with limitp € C*
such that pe* € bd(C% )\ {0}, there is ig € {1,...,I} such that linrr_1>i£flCi0 (pn) > 0.

cons

A combination of the above assumption and Corollary 4.12, has the following consequence
for the total demand function.

Corollary 4.15 Let (pn), v be a sequence in Domain® with limit p € C* satisfying
pe°™ € bd(Cy ) \ {0}. Then the sequence (D(pn)), v 5 unbounded.

cons

In Lemma 4.5, we have seen that Vi € {1,...,I} Vp € Domain® :

J
[Di(p), 0 Jeons = Ki(p) = V(wi,p) + Y 0:;G(S;(p), p)-
7j=1

So, as a consequence of this lemma, we find an adapted version of Walras’ law, namely
that for all p € Domain®:

D), P |eons = V(Wiotat, P) + G(S(p), D), (1)

I
where the total initial endowment w,..,, € C' is defined by Wi = > wj.
i=1
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5 Equilibrium

Finally, we come to the main theorem of this paper. The remainder of this section will be
devoted to the proof of the following theorem.

Equilibrium Existence Theorem

The model of a private ownership economy, described in Section 2, admits a Walrasian
equilibrium pricing function, under the following assumptions:

Assumption A C = C,,0q ® Coopns 15 a finite-dimensional, reflexive salient half-space.
Assumption B For every j € {1,...,J}, production technology T; satisfies

1) ifei,es € E(T}), e1 # ez, T € (0,1) then Ter + (1 — 7)ez € int(T}),
2) E(Ty) is closed with respect to topology Tc:.

Assumption C For every i € {1,...,1}, preference relation =; is

1) monotone‘. V xCOnS,yCODS E CCODS : xcons <cons yCOHS Z'mplies yCODS ti xcons’

2) strictly convexr: Yz, y°™ € Cepns, T € (0,1) : 2% =; y® and = # yoos
Zmply Tpcons + (1 _ T)ycons >_7, ycons’

3) continuous: Yy € Cyopns the sets {z°™ € C | z°°™ »; y°"} and {z=™ € C |
Yy = "} are closed in Cgps.

Assumption D The set Domain® satisfies

1) int(Domain®) # 0,

2) for every sequence (pn),.pv n Domain® with limit in C* \ {0}, there is iy €
{1,..., I} such that lim inf Ky, (pn) > 0.

Note that the assumption that C' is finite-dimensional, implies that C* separates the ele-
ments of C, and that int(C) # (). As a consequence, C' can be endowed with the topology
T(C,int(C*)), induced by any element py € int(C*). Hence, Assumptions B, C and D,
which make use of topological features, are properly stated.

The rather technical Assumption D.2 is related to the minimum income hypothesis. It is
obvious that Assumption D.2 is implied by Ele w; € int(C). However, we will show that
this assumption is implied by the following weaker assumption, stating that Ele w? is
an element of int(C,,.q) and that if (04 p«») € C* \ {0} adds zero value to the total
initial endowment, then there is a production technology which can produce something

with positive value.

I
Assumption 5.1 . w!™* € int(C,..q), and for all p= € C*
i=1

cons

\ {0} satisfying Vi €

{1,...,1}: [wg‘ms,p"‘;‘s]Cons =0, there is jo € {1,...,J} and x € T}, such that [z, p°°™*].ons
> 0.

Lemma 5.2 Assumption 5.1 implies Assumption D.2 of the Equilibrium Existence The-
orem.
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Proof
Let (pn),c v be a sequence in Domain® with limit p € C*\ {0}. We have to prove

~

J
Fip € {1, T Hminf([w]*", P Jowos + [W50™, D7 Jeons + D Oioj G(S; (Pn),pn)) > 0.
>0 >0 = >0

If there exists i9 € {1,...,I} such that [w;,,p] > 0, there is nothing to prove. So,
I

assume Vi € {1,...,I} : [w;,p] = 0. Since > w!™* € int(Cproa), we may as well assume
i=1

prred = 0P Note, that this implies p«©» # 0°°**. Furthermore, we may as well assume

that Vi € {1,..., 1} : [w*™, p"]cons = 0. By Assumption 5.1, Jjo € {1,...,J} Iz € T}, :

2 ?

G(z,p) > 0. The continuity of the function G yields AN € IN Vn > N : G(S;,(pn),pn) >
G(z,pn) > 3G(z,p) > 0. Take iy € {1,...,I} such that 6, # 0 and the proof is done.
O

Before giving the proof of the main theorem, we introduce the continuous function Z on
Domain® x C* by
Z(p7 q) = [D(p)7 qcons]cons - g(S(p)7 Q) - V(wtotala q) (2)

Walras’ law (1) reads
Vp € Domain® : Z(p,p) = 0. (3)

In this seting, the equilibrium concept analogous to that of the neo-classical Walrasian
equilibrium, introduced in Definition 2.5 can be characterised as follows.

Proposition 5.3 Let p., € Domain®. Then p., is a Walrasian equilibrium pricing func-
tion if and only if

(079, D)) + (S(pun) ™, 07) < it + (07, ()™,
i.e., if and only if Z(peq,q) <0 for all ¢ € C*.

In order to prove existence of such equilibrium pricing functions, and thus prove the
main theorem, we construct an auxiliary function F from the salient half-space C* to C*,
satisfying

e Vpe C*\{0}: (Ba>0:F(p) =ap) < (Vge C*: Z(p,q) <0).
e F is continuous on C* \ {0}.

Obviously, once such a function is obtained, Proposition 1.38 yields the desired result.
In Section 1, it is shown that, under the assumptions of the main theorem, the section
L(zp) :={q € C* | V(x9, q) = 1} is compact for every xy € int(C). For the rather standard

way of defining the Lebesgue measure p on such a section, we also refer to [10].

The finite-dimensionality of C' (Assumption A) implies that int(C) # (). Given some fixed
zo € int(C), the function Fj : Domain® — C* is defined by

Fo(p) := /L o) max{0, Z(p, q) yqdu(q). (4)
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Note that
Z(p, Fo(p)) = 0. (5)

We extend Fy to the whole of C* as follows. The function F : C* — C* is defined by

f(p) — { I()E - n(Z(paPO)))]:O (p) + n(Z(paPO))pO i E g(:rila]')if)l:naino, (6)

where pg is any fixed element of int(Domain®) (cf. Assumption D) and where 7 is the
sigma-oidal function defined by

0 fa<0
nla):=5 a if0<a<l (7)
1 if1<a.
Note that
Va € R : an(a) > 0, and (8)
an(a) =0 if and only if « <0 9)

Lemma 5.4 Let p € C*. Then (3a>0:F(p) =ap) < p is an equilibrium pricing
function.

Proof

Let p € Domain® be an equilibrium pricing function. By Lemma 5.3, we find Vq € C* :
Z(p,q) < 0. Hence, by (4), Fo(p) = 0, and by (7), n(Z(p,po)) = 0. By (6), we conclude
that F(p) = 0.

For the converse, suppose F(p) = ap for some o > 0. From (6) and the fact that
Domain® U {0} is a cone, it follows that p € Domain®. Walras’ law (equation (3)) yields

Z(p, F(p)) = aZ(p,p) = 0.

By (6), (5) and (8) , we find

0= Z(p,F(p)) = (1 =n(Z(p,p0))) Z(p, Fo(p)) +1(Z(p,po)) Z(p; po) -

~~ ~~

>0 >0
Clearly,
(1 =n(Z(p,p0)))Z(p, Fo(p)) =0 (10)
and
n(Z(p,po))Z(p,po) = 0. (11)

By (11) and (9) we find Z(p,po) < 0, hence, using the definition of 7, (10) implies

0=Z(pFop) = [ max(0.Z(p,0)}Z(p,0)dula).
L(zo)

So, for all ¢ € L(x) : Z(p,q) < 0. We conclude that p is an equilibrium price functional.
O
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In order to prove that the auxiliary function F is continuous, we need the following lemma.

Lemma 5.5 The function Fy is continuous on Domain®.

Proof
Recall the definition of zy and L(z¢) in the definition of the auxiliary function F. Impose
on C* the norm | . ||z, , and let || .| be the norm on C, dual to the norm | . ||,

(cf. [10]). Thus, by definition, for all ¢ € L(xo) we have | ¢q ||z, = 1. And so, for all
p1,p2 € Domain® and ¢ € C* we find

| Z(p1,9) — Z(p2,9) |
= [[D(p1), ¢°"cons — G(S(p1); @) — [D(P2), 4 Jeons + G(S(p2),9)|
<[ D(p1) = D(p2) I| + | S«(p1) — S (p2) | + || ST (p1) — S”(p2) || -

From this, and the fact that for all «, 5 € IR : |max{0,a} — max{0, 8} < |a — 3|, we find

| Fo(p1) — Folp2) |l SL(f) | max{0, Z(p1,q)} — max{0, Z(p2,q)} [du(g) <

(I D(p1) =Dlp2) [ + | S*(p1) = S™(p2) | + || S™%(p1) — 8™ p2) || ) w(L(z0)).-

Since D and S are continuous on Domain®, it follows that Fy is continuous on Domain®.
O

Proposition 5.6 The function F : C*\ {0} — C* is continuous.

Proof
The function g — 1n(Z(q,po)) is continuous on Domain®, and Fj is continuous on Domain®,
so the function F is continuous on Domain®. Remains to prove the continuity of F on
C*\ (Domain®U{0}). By definition, F(p) = po for all p € C*\ Domain®, so we only have to
consider a sequence (py),,. v in Domain® with limit p ¢ Domain®U{0}. Now, suppose the
sequence (F(pn)),,c v does not converge to py. Taking a subsequence if necessary, we may
assume F(pp) # po, for all n € IN. Note that p  Domain® means either p® € bd(C* )
or p™ € int(CY ) and Jjp € {1,...,J} : p & Domain[jo].
In the first situation, Corollary 4.15 and Lemma 1.34.b imply hnII_l) géf( [D(pn), P eons) =
00.
In the second situation, Corollary 3.25 implies lim sup G(S(py ), po) = —o0.

n—o00

Either way, we conclude

cons

liminf Z(py, po) = Uminf([D(pn), p5"Jeons — G(S(Pn),P0) = V(Wiorar, Po)) = 00

n—0o0

Hence, Ing € IN : Z(pp,y,po) > 1. So, by (6) and (7), F(pn,) = po. This is in contradiction
with the assumption that F(p,) # po for all n € IN. O

Herewith, applying Proposition 1.38 and Lemma 5.4, we have proved the Existence The-
orem.
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