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A quantum electrodynamical treatment of second harmonic generation
through phase conjugate six-wave mixing: Polarization analysis
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The theory underlying a six-wave mixing experiment is developed using the methods of molecular
quantum electrodynamics. This general theory allows the intensity of the second harmonic radiation
generated by the six-wave process to be found for arbitrary arrangements of the generating laser
beams. Several different polarization geometries are treated in detail, and comparison is made to
experiments performed using near-resonant conditions. The agreement is good in all cases and
allows detailed information pertaining to the six-wave tensor to be extracted. The information thus
obtained provides evidence of a marked departure from Kleinman symmetrt998 American
Institute of Physicg.S0021-960808)01948-3

I. INTRODUCTION the development of the theory centers on the three beams
. L impinging on the sample, S. Of these, two are counterpropa-
It has been shown in a number of recent publications that pinging P . erprop
. ) . : gating fundamental beams of frequensythe third being a
high order nonlinear optical experiments are capable of pro= ] . .

2 . : ! . seeding second-harmonic beam making a small angle
viding novel information that is not available from lower

: -9 . 6~4.5° to the fundamentals. We describe these beams as
order experiments:® A well-known example is the nonreso-

nant fifth-order Raman experiments, which provide detaile®"9 Of modesmy=(k\), m,=(—kA\'), and ms

. ) : - =(k’,\"), wherek is a wave vector and a polarization
insights into the ultrafast dynamics of liquidis® Recently, Iak(JeI. Tr?e phase-conjugated second-harmonﬁc beam is pro-

. O . _
this group® and anothét described a resonant, nondegener duced in the opposite direction to the seeding beam and is

ate, six-wave mixing experiment. This partlcular experlmentrepresemed by modm4=(— k,,)\,,,). The pulsed sources

is of interest for two reasons. First, it leads to the generatlorLIjsed for the experiment are carefully adjusted to ensure that

of second harmonic radiation from a medium which is mac- : oo
. . 1017 . all pulses arrive at the sample at the same moment in time.

roscopically isotropi¢®~1’ Second, it has been demonstrated

that by employing this experiment in a time resolved geom-

etry it is possible to extract quite new information on the

orientational dynamics of solutio8.The purpose of this ) I M

paper is to treat the theory underlying a nondegenerate six- i

wave mixing processes in a rigorous and fully quantized

manner, to compare the results with experimental measure-

ments, and to act as a precursor to a forthcoming one on .

dynamical aspect$. The theories that we propose offer an 2 m

alternative to the more usual treatments based on the use of

response functior§>1°-2Given that six-wave mixing ex-

periments are becoming increasingly common, it is impor- X

tant that such detailed theoretical models are developed to

facilitate complete extraction of information. Here we pro-

vide a detailed quantum electrodynamical analysis of a six-

wave mixing (SWM) process: The following section com-

prises a general theory of the SWM process and, in Sec. lll

the polarization dependence of the signal is considered. In

Sec. IV details of the experiment are described, and in Sec. V

a comparison between the experimentally measured and Detector

theoretically predicted polarization dependence is made.

Good agreement between theory and experiment is obtaine@lG. 1. Schematic diagram of the six-wave mixing experiment described in
this work. The counter-propagating fundamental beams of mode
=(k,\) andm,=(—k,\"), each contribute two photons while the stimu-

Il. THEORY lating beamms=(k’,\"), ar_1d_signa| beamm,=(—k’,\""), each gain one
photon.[In the mode description ea¢hrefers to the wave vector andto

. ; the polarization statg.Laboratory axes are as shown and other symbols
We first deVEIOp theory for the adopted eXperlmemalrepresent: A—Aperture, BS—beam splitt80:50 at 400 nry C—chopper,

arrangement_ shown in Fig. 1. A diSCU_SSion of the optical_400 nm bandpass filter, P—polarizer, S—sample, and WP—wave plate
components is deferred to Sec. IV—the important feature forquarter- or half-wave
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We shall consider an ensemble consisting of a large numbéhat each fundamental mode contributes two photons to the
of molecules all deemed to be initially in their electronic process, the seeding@r stimulating harmonic and signal
ground state. A representative Feynman diagram for the sixnodes each gaining one photon. The initial and final wave
wave process of interest is given by Fig. 2, where we notdunctions for the system will be written as

|1)=]0)[n(my))|m(my,))|p(m3))|0(m,)) )
[¢)=10)|(n—=2)(mMy))|(M—2)(My))|(p+1)(M3))|1(my))

where the first ket on the right refers to the molecular state and those thereafter the radiation stated) lih&gadiation is
described in terms of Fock states with input modgs- -mj initially occupied byn, m, andp photons, respectively, and the
signal mode is empty. The equivalence for two pairs of photons implies that there are88@2{(2!) Feynman diagrams to
be considered in all; the total matrix element for moleciilgill hence be of the form
hck \2( fick’
— 1) A(1) A(2) A(2)5E3) 54

M= x| ] || (- 2y 1) 1) @
wherex(?) is the sixth-rank index-symmetrized six-wave tensor for molegalade™ are the unit polarization vectors for the
nth mode. In Eq.(2), parentheses amongst indices are used to indicate equivalence of photons. Thus, for example, the
parentheses around the and 8 indices correlate with the invariance (% with respect to interchange of the vector
componente!) andel” . Using perturbation theory the nonsymmetrized six-wave tensor is found to have the form

Mg Me MMy pg Mg
(ELo—2w)(Eyo— 4% 0)(Ejg— 3 w)(Egp— 2k w)(Ep—fiw)

) _
X (fﬁyasas— .

Ov wvu ut ts sr rO
sl ®
v

.....

where we have only shown explicitly the term arising from diagonal(coherenk response through the constructive inter-
the Feynman diagram of Fig. 2, the ellipsis representing théerence of signals from different molecules. For an ensemble
179 terms produced by taking all other distinct time order-consisting of a large number of moleculds the latter
ings. The energy denominators in H§) have been written  strongly dominates and we arrive at a coherent response

in the complex formg,,=E,—Ey—il", to account for the

damping associated with,, the linewidth of the excited

state|v). Note also that the convention used here for the sign

of the damping factor is that determined unequivocally by

consideration of time-reversal symmetfyThe symmetrized |0> m,

tensor is now given by the relation

&) _ 18 ©
X(ap)(y5)ed= 5 Xapyses T X payses

+ XaBvest Xfasyes): @ |v)

The possibility of more extensive index symmetry is an issue
we address in Sec. V. At this stage we simply note that an
assumption of full Kleinman symmetry, with the extensive |u>
simplification that would ensue, could only be warranted in
substantially off-resonant applicatiofrs.

The rate of production of second-harmonic photons into
mode 4 is now found by use of the Fermi rule

2
S wif] or. ®
wherepg is the density of finalradiatior) states. For fluids

and other isotropic media this expression must be averaged
over the ensemble to arrive at the net response m,

2
<F>=%<’§ M > ©®)

The sum over all_m()leCUle_S g_er_1erates both a diagned-  rig 2. Representative Feynman diagram labeled according to the modes in
herenj signal derived from individual molecules, and an off- which photons are created or annihilated.

1_‘_277
T h

Uy

m,
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2 X

_27Tp|:N2 hck \ 4 hck’
coh™ ﬁ 260V 260V

X[n(h—=1)m(m—=1)(p+1)]

1 1 2 2 3 4)12
X|<X(aﬁ><y5>e¢>e(a)e(g)e(y)e(a)éi )Equ)l : (7)

w>

The sixth-rank average is computed using established
technique<? giving
_271'pFN2 hck \ 4 hck'\?
coh™ g 260V] \ 26,V

6

> XqE,

n=1

2
(8) FIG. 3. Definition of the azimuti®, and ellipticity 7, =tan (b/a) describ-

ing the general polarization state of, in this case, beam 1.ZThais here

- s . . points into the plane of the paper so that beam 1 propagates towards the
where the set of six independent susceptibility invariants iSeader.

given by the following(using the Einstein convention of
implied summation over repeated indiges

X[n(n=1)m(m—1)(p+1)]

i ] The final expression for the signal intensitify” is then
8 -5 -5 4 4 -5 expressible as
-5 11 4 -6 -6 4

1\4~(2) 4(2)N2
11-5 4 11 -6 -6 4 2o (K)7077 02 N

X=— 9T 256m°cteg
05| 4 -6 -6 16 2 -6 €0

4 -6 -6 2 16 -6
=5 4 4 -6 -6 11] whereg(? is the degree of second-order coherence of the
modei fundamental beam of mean intensify?, and!$*

o) (o 2w
(l(l )|(2 ))2|g )

(11)

iizz;izlj;;: is the intensity of the seeding second harmonic. We are now
in a position to derive expressions for the signal intensity for
x| X(@p)aBryy | (99  any given arrangement of field polarizations. This we shall
X(ap)(anBy do for several configurations that have been studied experi-
X(ap)(ay)vB mentally: The agreement between theory and experiment
L X(aB)(yy)aB 4 proves to be good in all cases.

and the corresponding polarization factors are

Ei=(e-€)(6 &)(6-€6) E,=(e-e)(e,6)(e&) lll. POLARIZATION ANALYSIS
Es=(e1- &) (& &) Es=(er-&)(e-63)(€-€y) ¢ . Here we are interested only in the polarization charac-
Es=(e;-8)(e,-8)(e,8%) Es=(e,-8)(e,e)(e- &) teristics of the second-harmonic signal and so we write Eq.
(11) as
(10)
To arrive at an intensity expression we assume that the seed- 6 2
ing beam is of sufficiently high intensity that>1, general- (20) _
! highiin _ , 12— k| >, XqE, (12)
ize to accommodate radiation fields with arbitrary photon n=1
statistics, and we introduce the usual expression for the den- ] o
sity of states for the emitted harmofiic The laboratory frame that we shall use is shown in Fig. 1. In
' this frame the polarization vectors for the four beams, as
_(k)7vdQ characterized by their azimuth and ellipticity, defined using
PF (2m)%he the convention shown in Fig. 3, are given by
e,=(cos®; cosn;—i sin ©; sin 7;)X+(sin @, cos 7;+i cosO; sin 7)Y
€,=(c0s®, cos 7,—i sin O, sin 7,)X—(sin @, cos 7,+i cosO, sin 7,)Y 13

e;=(c0s®; cos73—i sin O3 sin 73)X—(sin @5 cos 73+i cosO; sin 73)(cos Y —sin 52)
e,=(cos@, cosn,—i Sin ©,4 sin 7,)X+(sin @4 cos 7,+i cosO, sin 5,)(cos Y —sin 52)
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The four arrangements used experimentally are shown in

Fig. 4. In each case we look at linearly polarized output
(7,=0) and measure components of the signal polarized in
turn in theX (0,=0) andY (®,==/2) directions, which
respectively. There are six

; X Y
we will denote bylg, and g,

combinations of the six-wave tensor that feature in these

cases(five of which are linearly independegnand so we

define
Ci1=X1+X, C,=2X1+X3+X4
Co=X3+ X+ X5+ Xg Cs=X3—Xg
C3=X5+Xg C=X4+Xg=C,—C3—Cs

19

In terms of the six tensor combinations given in E®). we
hence find that

L 3 6 -1 -2 -2 -1
Cy

C, -2 -4 3 6 6

Cs| 1 |-1 -2 -2 -4 10

C,| 105/ 6 -2 5 -4 -4

Cs o 0 7 0 0 -7
- -1 -2 -2 10 -4 5

X(aa)(BB)vY |
X(aa)(By) By
X(ap)(aB)yy
X(ap)anBy |
X(aB)(ay)vB
L X(aB)(yy)apd

(19
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15= 4|2(C1+C2)COS D,—iC, sirf 20,|?
(18
1 5= 4|cs| cog 8(1—co¢ 20,)
Case D

Input beams are all linearly polarized aloﬁ@ except
beam 1 which is changed continuously from linear to circular
polarization through the rotation of ®/2 wave plate {;
=e||ipticity=ang|e of rotation of wave plat&),=0)

S|g =«k|Cy cos 27, +C, cos 771|
(19

1 4= 4|C3| cog § sirf 29,

IV. EXPERIMENT

The optical arrangement used is shown in Fig. 1. Mea-
surements were made using a regeneratively amplified tita-
nium:sapphire laser producing output pulses at 800 nm with
a repetition frequency of 5 kHz and width100 fs. The 800
nm beam was divided into three parts, one of which passed
through a BBO second-harmonic generating crystal to yield
a beam at 400 nm. The polarization of each beam was inde-
pendently controlled by broadband half- and quarter-wave
plates. Beam 1 was modulated at 500 Hz by a mechanical
chopper and all three beams were temporally and spatially
overlapped in the sample with an illuminated area of
~1 mn?. Pulse energies were kept below 0.

The SWM signal at 400 nm was detected in the phase-
matched direction after transmission through the 50% beam

The details of these particular arrangements are as followssplitter. The signal was then monitored by a photomultiplier

Case A

Here, all input beams are linearly polarized alofigx-
cept beam 1 which makes an an@¥e to the others

Slg K|Cl+C2 COS2 ®1|2
(16)

l3g= 7 |C3|2 cog 6 sir? 20,

Case B

Here the beams are as in Case A except for beam

which is linearly polarized along th¥ direction

S|g_4 |C4 C5 Ccos Bl|2

(17)
S,g—4 |C(5|2 cog & sir? 20,
Case C

Input beams are all linearly polarized alotg except

tube(PMT) via an analyzing polarizer and a monochromator.
The PMT output was measured by a lock-in amplifier refer-
enced to the frequency of the mechanical chopper. Prelimi-
nary checks on the intensity of the second-harmonic signal as
a function of pump and probe beams confirmed its six-wave
origin. In all the experiments reported here the sample was a
100 um pathlength cell containing a 18 M solution of 4-
dimethylamino-4-nitrostilbene (DMANS) in tetrahydrofu-
ran.

V. RESULTS AND DISCUSSION

In our experiments, the sample is absorbing at the
gecond-harmonic frequency {,,=430 nm). Thus one can
expect that some of the sample population will be raised to
the excited state during the course of the interaction between
the sample and pump pulses. The effect could be explicitly
accounted for within the parametric theory presented here by
simply modifying Eq.(6) to include a sum over the small
subset of excited molecules. However, only if the six-wave
tensor associated with these molecules were to be markedly
different from that of the ground state would our results need
modification. Even in this case the conclusions that follow
from Eq. (6) concerning the polarization characteristics of

beam 1 which is changed continuously from linear to circularthe second-harmonic generatit8HG) signal are unchanged

polarization through the rotation of ®/4 wave plate @,
= 5, = angle of rotation of wave plate fror)?i)

and so we expect the polarization analysis of Sec. Ill to be
valid.
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Equation(3) certainly indicates that in our experiments  CaseA
significant resonance enhancement of ghéensor is to be
expected. This is simply due to the fact that 96 of the 180
terms contributing toy have denominators containing factors
of the formE ,,— 2hw=Aw—iI',, whereAw is the detun-
ing. These terms become very large near resonadee (
—0). In this frequency region the tensgrcan be expected
to depart substantially from full index symmetry and its
imaginary part will become highly significant. Thus, one
would not expect to observe Kleinman symmetry in the ex-
periments we have performed, and the six parameters
X(a)(88)yy— X(ap)(vy)ep N EQ. (9) should both be complex
and differ in magnitude. The second-harmonic intensities — /
collected for Cases A-D are shown in Fig. 5. We first con- &7
firm the departure from Kleinman symmetry by noting that if
that condition held, the six parameters wa)sp)yy
—X(ap)(yy)ap Would become equal and, writingy
= X(aapgyy)» EQ-(15) would then reduce to

_X T
C=fl142207" 20

An interesting observation here is the disappearand@sof
Examination of Eq(17) indicates that in this case the com-

ponent of the signal in Case B that is polarized in the
direction should lose its dependence®np. Figure 5 clearly
indicates that this is not so, immediately verifying that Klein-
man symmetry is not exhibited by our data. We are thus
correct to treat the coefficien®,—Cg as complex quantities
and take this into account when fitting the experimental data
to the theoretical expressions given in EQ0)—(19).

The resulting least squares fits are shown in Fig. 5. In
each case the number of floating parameters have been kep
to a minimum. For example, in Case A, three variables were

used to fit theX—poIarized intensity component and one theFIG' 4. Four schematic diagrams showing the types of polarization varia-
. tions used in our experiments. Case A: All beams linearly polarized verti-
Y-polarized component

cally in the laboratory except beam 1 whose polarization angle is varied,;
X _ 2 Case B: As for Case A except that the plane of beam 2 is rotatesl/.

I5ig= Nx{[1+Re(C, /Cy)cos O] Case C: Beam 1 changes fropm verticall)?linear polarization throughbgllipti-
cal to vertically linear polarization agaifthe ellipticity is equal to the azi-
muth throughoyt Case D: Beam 1 again goes through elliptical polariza-
tion, but now one of the axes of the polarization ellipse is always vertical
(azimuth is zero throughoutThe beams are identified in each case by their

(20)
I

@)
13

+[Im(C,/C;)cog 0,]%},
1 4= Ny sir? 20 .

The fits are seen to be good in all the cases studied, confirnensity 1abels.

ing the theoretical development given here. Thecase depends on one of the rat®s/C; or C5/C,. This
X—polarized traces are particularly interesting. Equationgermits information to be extracted concerning these ratios.
(16)—(19) indicate that the specific variation tbi‘ig in each  Cases A, C, and D give the overall results

RgC,/Cy)=3.5+1.5, ImC,/C;)=2.06+0.63, (21
whereas case B yields

REC5/C,)=—0.111£0.010, IM(Cs/C,)=+(0.239+0.079. (22)

Using Eq.(20) we may recast these results in terms of the six-wave tensor components

~ 2X(a0)(8B) vy~ X (aa)(By)By T BX(ap)(ap) vyt OX(ap)an) By T OX(ap)(ay) v8T BX(ap)(yy)aB
3X(aa)(8B)yy T OX(aa)(By) By~ X(ap)(aB)yy™ 2X(aB)(an)By ™ 2X(ap)(ay)vB ™ X(aB)(yy)ap

=(3.5£1.5+i(2.06-0.63, (23

Downloaded 05 Nov 2003 to 139.222.112.214. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 109, No. 24, 22 December 1998 Hands et al. 10585

1.4
Case A .
> =
£ £
3 £
8 8
o
@ 2
w w
®1
1.0
0.8
5 E 0.6
= =
2 £
5 8
prs © 041
T I
7] 5]
0.2
0.0

FIG. 5. Experimental results and least squares fits to the theoretical expressiondpE€49). The cases correspond to those shown in Fig. 4—filled circles
denoting the vertically polarized signbﬂfig and open circles the horizontally polarized sigtﬁ;y.

TX(ap)(aB)yy™ [ X(aB)(yy)ap
6X(aa)(8B)yy ™ 2X(aa)(By) By OX(ap)@p)yy ™ AX(ap)(ay) By~ A X (ap)an)y8T DX (ap)(yy)ap

=(—0.111*+0.010*i(0.239+0.071).

(24)

The nonzero imaginary components here strongly signakeportedt!! The analysis of these experiments requires a
once again, the departure from Kleinman symmetry. The valmodification of the theory outlined above. For example, the
ues derived here can of course be supplemented by similéime-resolved SHG data can be understood as arising from
ratios for other components ¢f by adopting different ex- the formation of an anisotropic spatial grating in the medium
perimental arrangements. Six-wave mixing experimentsby beams 2 and 3, and its subsequent decay, as monitored by
such as those we describe, are thus capable of producinge time-delayed beam 1. A quantum electrodynamical treat-
valuable and highly detailed information about the six-wavement of this transient grating scattering mechanism forms the
tensor. In this respect they may also serve as critical tests mfubject of a separate papér.
accuracy ofab initio or semiempirical computations. In summary, we have described a phase-conjugated six-
The given theory has as its premise the simultaneousvave mixing experiment and presented data for the signal
availability of photons in modesn;, m,, and ms. This intensity as a function of beam polarization for a variety of
condition is, of course, satisfied when all of the generatingconfigurations. Using the theory of quantum electrodynamics
pulses arrive at the sample synchronously, as in the experwe have derived expressions for the signal intensity and
ments discussed. However, by introducing time delays beshown that the theory gives a good account of the experi-
tween the pulses we can examine the situation wherein thismiental data. Furthermore we have used the theory to derive
condition is violated. Experiments relating to a delay ofhighly intricate information on the high order six-wave ten-
beam 1 (in the notation of Fig. 1 have recently been sor responsible for the process in DMANS.
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