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1 Introduction

The standard model (SM) of particle physics is a quite successful theory, which can explain
experimental data so far. However, there are still several mysteries and puzzles. For
example, the SM has many free parameters including the neutrino masses. Most of such
free parameters appear in Yukawa couplings of quarks and leptons, i.e., in the flavor sector.
Recent experiments of neutrino oscillations reported relatively large mixing angles in the
lepton sector. They are completely different from the quark mixing angles. Therefore, it is
quite important to study a realistic and natural model that can simultaneously explain such



mixing patterns of quarks and leptons. A certain symmetry could control Yukawa couplings
among three generations. Indeed, quark and lepton masses and mixing angles have been
studied from the viewpoint of flavor symmetries, in particular non-Abelian discrete flavor
symmetries [1-5].

Superstring theory is a promising candidate for the unified theory of all the interactions
including gravity and all the matter fields and Higgs fields. Superstring theory is defined in
ten-dimensional (10D) spacetime and then predicts extra six dimensions compactified on
some compact space in addition to the observed four-dimensional (4D) spacetime. Further-
more, supersymmetric Yang-Mills (SYM) theory in higher dimensional spacetime appears
as effective field theory of superstring theory. That leads to quite interesting aspects from
both theoretical and phenomenological points of view. (See ref. [6] for a review of super-
string phenomenology.) It is important to study the structure of such an internal compact
space, especially, from the latter viewpoint. The detailed structure of the internal space de-
termines important aspects of particle phenomenology in four-dimensional (4D) low-energy
effective field theory (LEEFT), e.g., mass spectra including the generation number, cou-
pling selection rules, coupling strength, symmetries in 4D LEEFT, etc. For example, the
toroidal compactification is one of the simplest compactifications, but 10D SYM theory on
the 6D torus without any gauge background as well as superstring theory leads to AN/ = 4
supersymmetry in 4D spacetime. That is non-chiral theory and not realistic. The orbifold
compactification and the torus compactification with magnetic fluxes as well as the orbifold
with magnetic fluxes can reduce the number of 4D supersymmetric currents and lead to

4D chiral theory. Thus, these are quite interesting to study.

Recently, magnetic fluxes in extra dimensions have been receiving many attentions.!

The N = 4 supersymmetry is broken by magnetic fluxes down to N' = 0, 1 or 2, which
depends on the configuration of magnetic fluxes. It is quite interesting that the simplest
toroidal compactifications with magnetic fluxes in extra dimensions lead to 4D chiral spec-
tra, starting from higher-dimensional SYM theories which might be obtained as LEEFT of
superstring theories [8-12]. In addition, the structure of compact six dimensions determines
generations of chiral matters, masses and couplings of the 4D LEEFT after dimensional re-
ductions. For example, the degeneracy of chiral zero-modes, i.e., the number of generation,
is determined by the magnitude of magnetic fluxes, and the overlap integrals of localized
zero-mode wavefunctions yield Yukawa couplings for chiral matter fields in the 4D LEEFT.
Indeed, many phenomenologically important properties of the SM, such as the 4D chirality,
the number of generations and hierarchical Yukawa couplings [13, 14] could be originated
from the magnetic fluxes.

Furthermore, it is known that magnetized D-brane models as well as intersecting
D-brane models can derive certain non-Abelian discrete flavor symmetries such as Dy,
A(27) and A(54) [13, 15-22].2 Similar flavor symmetries can be obtained from heterotic
orbifold models [24-26]. Thus, non-Abelian discrete symmetries which play a role in
particle physics can arise from the underlying theory, e.g., superstring theory. In addition,

!See for a review of phenomenological aspects in orbifold compactification [7].
%See also ref. [23].



non-Abelian discrete symmetries are interesting ideas for controlling flavor structures
in model-building in the bottom-up approach as mentioned above. These could provide
a bridge between the low-energy phenomenology and the underlying theory, especially
superstring theory. Therefore, it is interesting and important to study the non-Abelian
discrete flavor symmetry obtained from the magnetized brane models as the low-energy
effective theory of superstring theory.

In our previous paper [27], we studied the flavor structures realized by non-factorizable
fluxes on toroidal extra dimensions. That expanded the possibilities for new types of model
building, and indeed we have obtained several new types of models with the SM particle
content as massless modes. Then, it turned out that non-factorizable fluxes can lead rich
flavor structures in three-generation models of quarks and leptons. Because of these facts,
it is quite attractive to study the flavor symmetry realized in the magnetized models with
the extension to non-factorizable fluxes.

This paper is organized as follows. In section 2, we review the magnetized 10D SYM
theory and the fields appearing in its action. In addition, we explain the chiral zero-
modes and Yukawa couplings in two cases with factorizable and non-factorizable fluxes,
respectively. Then we develop a way to label the zero-modes with non-factorizable fluxes in
detail in section 3. In section 4, we show the non-Abelian discrete flavor symmetries realized
in the 10D SYM theory with generic configurations of magnetic fluxes in extra dimensions.
In addition, we confirm that these flavor symmetries could be rederived from the perspective
of the non-Abelian discrete gauge symmetry, in section 5. Section 6 is devoted to discussions
and conclusions. In appendix A, we refer to the number of generation-types for the arbitrary
degeneracy of zero-modes and give some interpretations for them. In appendix B and C,
we enumerate and discuss the examples of some configurations of magnetic fluxes in three-
and four-generation models, respectively, which are not explained in section 4.

2 Magnetized brane models

We start with 10D SYM theory. We consider 4D flat Minkowski spacetime and factorizable
three tori 72 x T? x T2, that is, R>! x (T?)3. The Lagrangian is given by

1 i _
L=——Tr(FMNF —Tr (ATM D\ 2.1
T (P i) + T G0 D). 2
where ¢ is a 10D YM gauge coupling constant and M, N = 0,1,...,9. The field strength

Fynv and the covariant derivative Dy, are written by

Fyn =0 AN — ONAn — i[Anr, AN, (2.2)
Dy = 0Oy X —i[Ap, A (2.3)

In the following, we use z; and y; as two real coordinates on the i-th T2 for i = 1,2, 3. The
SYM theory includes a 10D vector field Ay; and a 10D Majorana-Weyl spinor field A. The
trace in the above Lagrangian acts the indices of YM gauge group.



For convenience we adopt complex coordinates z; and complex vector fields A; for

1 =1,2,3, which are defined as
z; = %(ﬂfz‘ +Tivi), A= Irin- (Asy2i — Tido42:). (2.4)
The 10D SYM theory possesses N’ = 4 supersymmetry counted in terms of 4D supercharges.
The 10D vector field Ay; and Majorana-Weyl spinor field X are decomposed into 4D N = 1
single vector and triple chiral multiplets, i.e., V' = {A,, Ao} and ¢; = {A;, \;} (1 =1,2,3).
For 4D positive chirality, these spinor fields Ag, A1, A2 and A3 have the 6D chiralities,
(+,+,+), (+,—,—), (=, +,—), and (—,—,+) on 6D spacetime R>! x T? for i = 1,2,3,
respectively. The 4D A = 1 single vector and triple chiral multiplets can be expressed in

terms of vector superfield V' and chiral superfields ¢; (i = 1,2, 3).

2.1 Magnetized torus model with factorizable fluxes

We consider the 10D SYM theory with two types of magnetic fluxes, factorizable flux and
non-factorizable flux. In this subsection, we review the former factorizable case based on
ref. [12], and assume the following magnetic background:

() = = (MDZ+G), (4 = (o) = () =0, (2.5)

s

ImTZ’

where M) and ¢; are N x N matrices of (Abelian) magnetic fluxes and Wilson-lines,
respectively,® given as

M1i)1N1 C%i)1N1

(4) (i)
MO — My 1w, . . G= SR _ . (2.6)

My(f) 1y, (l) 1N,

with a positive integer N, (a = 1,2,...,n) satisfying > | N, = N, and 7; denotes the
complex structure parameter that characterizes the shape of the i-th 72. When there are
non-vanishing magnetic fluxes and Wilson-lines, the form of VEV (2.5) leads to factorizable
fluxes. Here, the magnetic fluxes satisfy Ml( ), MQ(Z)7 ce M,Ef) € Z due to Dirac’s quanti-
zation condition. In the case that the magnetic fluxes Ml(i), Mz(i), e, My ) take different
values from each other, U(NN) gauge group breaks into U(N7) x U(N2) x ... x U(N,). The
same holds for Wilson-lines. We use indices a, b, ... for labeling the unbroken subgroups
U(Ng), U(Np), ... of U(N), respectively. The block off-diagonal part (¢;)ap of chiral super-
field ¢; is the b1 fundamental representation under U(N,) x U(N;) and the block diagonal
part (¢;)aq is the adjoint representation under U(N,).

Next, we refer to the zero-mode equations for chiral matter superfields ¢;. The zero-
mode equations are found as [28]

aifl + \}5 (A0, 1] =0 (i=3), (2.7)

3For simplicity, we assume the following forms of magnetic fluxes and Wilson-lines, although those are not

general forms. In general, we can choose the different forms of magnetic fluxes and Wilson-lines from each
torus T7?. However, we do not require such general forms when we study only non-Abelian flavor symmetries.



L

()

(4. 1] =0 (i #), (2.8)

where f]@ denotes the zero-mode wavefunction of the chiral superfield ¢; on the i-th T2
and then 0; = 0/0z;. Note that a difference of the signs in egs. (2.7) and (2.8) comes
from the chirality structure. The zero-mode wavefunctions fJ@, in general, satisfy different
equations on each TZ-2 for i = 1,2,3. Due to the existence of non-vanishing magnetic fluxes,
chirality projection occurs.

For the zero-mode wavefunction f;i:j ) in the ab-sector, if Mé? = Méi) — Mb(i) > 0,

then there exist |M é?| solutions of zero-mode equation (2.7),

; 1D @ ; i
(N = g0y Moo () (1) =12, M), (29)
- (@) /3,
(4) (i) . i Ia /Ma i i
Oy M (o) = s im0 M), (210)

where 2z = z; + Cg)) /M CE?, CC(LZ) = C(gi) — C,Ei), and ¢ denotes Jacobi ¥-function,

9 a (I/,T) _ Z erri(a+l)27627ri(a+l)(u+b)' (2'11)
b I€Z

On the other hand, there is no normalizable zero-mode wavefunction if MCEZ) < 0 and,

finally, the zero-mode wavefunction is constant if M é? =0.

For the zero-mode wavefunction f](#j ) in the ab-sector, if M CE? < 0, the zero-mode
wavefunctions can be written as the complex conjugate of the wavefunction (2.9). There
is no normalizable zero-mode wavefunction if M iz) > 0 and the zero-mode wavefunction is
constant if M é? = 0. Notice that the degeneracy of the zero-modes in the chiral superfield
¢; on the i-th torus is determined by the number of the magnetic fluxes MC(L,? that the ¢;
feels on the i-th torus. With three toroidal compactifications, the total degeneracy N, of
the chiral zero-modes in (¢;)q, can be written by Ny, = H?:1‘Méz)‘-

The Yukawa couplings between chiral zero-modes in the 4D effective theory are given
by the overlap integrals,

3
Mgk =1 / d?z/det O (1) an(£5 Ve £5 ) ca (2.12)
i=1

where ¢V denotes the metric for the i-th torus T? and T = (Iéllj),lﬁ),fg)) labels the
total generation of zero-modes in ab-sector. The same holds for the other sectors. We can

calculate the overlap integral (2.12) under M é? + Mb(é) + MY = 0, which are evaluated as

3
Mg =] AL )10 (2.13)
i=1



Ml

Azggf,g;)z;g) x Z 5[2?+I£?+M(§ib)m, 1Y (2.14)
m=1
(@) 7@ _ @ 10 4 (0 3,0
L RY LR
—M M) M @) F@) _ a0 (1) (@)
x ap Mea My (MO — MDD 7 A A ar),
0

where we omit an overall factor, because the factor has no effect on the flavor symmetry
in magnetized torus models.
2.2 Magnetized torus model with non-factorizable fluxes

Next, we review the generalization of the above results including non-factorizable fluxes,
based on refs. [12, 29, 30]. We assume the following magnetic background,

(A)) = (M“)z + Mz g) , (2.15)

Im T

(Ap) = (Xo) = (M) =0, (2.16)
with i # j, where M) is a N x N matrix of an additional (Abelian) magnetic fluxes,
Ml(ij)lf\h

MZ(ij)lNz

M) — , (2.17)

M1y,

with a positive integer N, (a/ = 1,2,...,n/) satisfying ZZ,, Ny = N.* 1t holds that
Ml(ij ),Mz(ij ), e ,MT(Lij ) ¢ 7 due to Dirac’s quantization condition. The magnetic back-
ground (2.15) is a straightforward extension of eq. (2.5) and leads to non-factorizable
magnetic fluxes.

We substitute the VEVs (2.15) into zero-mode equations (2.7) and (2.8) and find
that the zero-mode wavefunctions and the degeneracy of zero-modes are changed from the
factorizable case. Again, we focus on chiral superfields ¢; (i = 1,2,3) and then explain
their zero-mode wavefunctions in the following. In this paper, we consider the case that
only magnetic fluxes M2 and M®Y in the first and the second tori T? x T3 are turned
on. The extensions to the other non-vanishing magnetic fluxes M) are straightforward.
Now, we define the matrix

(1) 3 @D

MYy M

Ngp = ( b ) : (2.18)
My M)

M) =M — M, (2.19)

i) _ Imm o ij i ji
My = (M) = M)+ (D = 2, (2.20)
J

4 As mentioned in eq. (2.6), these magnetic fluxes and Wilson-lines are not general forms.



which determines the degeneracy of zero-modes. Note that diagonal elements of the matrix
Ny correspond to the magnetic fluxes defined in eq. (2.6).

Next, in order to obtain the normalizable wavefunctions with the matrix N and complex
structure parameters 7; (i = 1,2), we must impose the Riemann conditions

N“ € Z, (Ngp - Im Q)7 =Ny - ImQ,  Ng-ImQ >0,  Va,b, (2.21)

where 2 = diag(m1,72) is a 2 X 2 matrix constructed from complex structure parameters.
For a while, we consider the case with vanishing Wilson-lines, i.e., {; = (o = 0. Only if
the matrix Ny, and the complex structure 2 satisfy the Riemann condltlons (2.21), there
exist the normalizable zero-mode wavefunctions in the ab-sector on the first and second
tori, which are expressed as

(£ = g3 (2), (222)
= Zab

@;aby b(2) = NemiNap2) (ImQ)~H(Im 2) (Ngp - 2, Ny - ), (2.23)
0

where 2 = (21, 22) and ¢ denotes the Riemann ¥-function,

-

0| me=3% mill4a)-Q-(I4@) 2 ([+@)- (F+5) (2.24)
lez?

QL

S

The vector iy labels degenerated zero-modes (generations), and we will explain its meaning
in detail in the next section.

Note that the expression of the wavefunction (2.22) is for (totally) positive chirality
matters, which namely have the chirality (+,+) and (—, —) on the first and second tori.
In 10D SYM theory with the superfield description [28] we adopt in this paper, the
wavefunction (2.22) is valid for a chiral superfield ¢3 that has the chirality (—, —) on the
first and second tori. For chiral superfields ¢ and ¢9, they need to be mixed up to be the
solution of the zero-mode equations. As stated in refs. [29, 30], we consider the following
parameterizations,

(01)ab = @apPas, (#2)ab = BarPap- (2.25)

The Riemann conditions (2.21) to obtain normalizable zero-mode wavefunctions and an
explicit form of the zero-mode wavefunction (2.22) can be also applied for @, by replacing
the complex structure 2 with the effective complex structure Q = Qg - €2, where

. 1 1—¢q% —2
Opp=—— ( Qab q“”) . (2.26)

2
1+ Qap _QQab ng -1

Mixing parameters qup = Bap/qp are given for individual bi-fundamental representations
labeled by a and b (a # b), and their values are determined by the second condition of the
Riemann conditions.



On the third torus, the zero-mode wavefunction is the same as the expression (2.9)
or the complex conjugate to that. Thus, the degeneracy of zero-modes N, with non-
factorizable ﬂuxes is determined by the matrix N, and the flux M C(Lg), i.e., Ngp = | det Ny x

| for M 75 0 in the present situation.

Next, the Yukawa couplings in the 4D effective theory is also evaluated by the overlap
integral

Mk = Ny [ EaadafdetgDg® () 220)

where 7 = (fab, IU(LZ’)) labels the total generation of zero-modes in ab-sector. The same holds
for the other sectors. We consider the case that there are zero-modes with the total negative
chirality on the first and second tori. Then, we can calculate the overlap integrals (2.27)
under N, 4+ Np. + N, = 0 and M(b) + Mb( )4 Mc(g) =0 [12, 29, 30|, which are evaluated as

ALTK = A7 i /\153;)152)1;3)7 (2.28)
?ab;ca;bc x Z 6;bc’N;71 (Nab?ab+NCa;Ca+Nabm)
m
B . K L
% /dyldyz e—Wy'(Naanb-l-Ncana-i—Nch)'y 9 (ZY|ZQ) , (2.29)
0

where § = (y1,y2) and m denote the integer points in the region spanned by

¢/; = & (det Nop det Nog ) Noot (Nyp, + Neg )N (2.30)

1y . (o
(). () .

€1

K= ( b ) 2.52)
- Nab(Nop+Nea) 'Nea | ‘
’Lab - 'Lca + m) bd(et I\blz, det)Nca
a Qa +NCQQCQ+N cQ y
— b cab b ) ’ (2‘33)
(det Ny det Nca)(Naanb(N ) Ncaﬁca(N ) )y
_ aanb + Ncana + Npef2 - (det Ngp det Nca)(Naanb(Ni ) Q (NG, ) )
— \ (det Ny det Neg) (Qap — Qea) (det Ny det Ngg )2 (QabNab Q NZD) ‘
(2.34)

In eq. (2.29), again, we omit an overall factor, because of the same reason as the model
with factorizable fluxes in the previous subsection. Note that the integrals over z; and zo
are non-factorizable, while the one over z3 is factorized in the Yukawa couplings (2.27), as
a consequence of the flux configuration assumed above. The overlap integral on the third
torus yields the factor )\Iéi)lé?lé? that is exactly the same as eq. (2.14) for i = 3. The



property of non-factorizable fluxes appears in the overlap integral on the first and second
tori. Therefore it is interesting to investigate the factor Afaﬁcafbc in eq. (2.29).

We have limited the above discussion to the case with vanishing Wilson-lines. In
this paragraph, we show the zero-mode wavefunction and the Yukawa coupling with non-
vanishing Wilson-lines, i.e., (1, (s # 0. Indeed, by means of shifting the coordinates, such

a zero-mode wavefunction can be obtained as

( f](m)ab = g @l (), (2.35)
where 2/ = 7+ N;bl . @b and gt;b = (Clgllj), Céi)). By calculating the overlap integral of the
above zero-mode wavefunctions on the first and second tori, the relevant part of the Yukawa

couplings in the 4D effective theory can be obtained as

g‘abzc(l.;bc X Z 5;bc7Nb_Cl (Nabg‘ab‘i'Nca;ca‘i‘NabTﬁ) (236)
m
e . K| _
x/dy1dy2 e TV abNabQab Y ap Y ca Nealleay ca t b Noc 1) | g9 (1Y[iQ)|,
0

up to an overall factor. Moreover, we should replace Y in eq. (2.36) with
Y = ( Naanb ’ y_;ab + NCGQC& ) zjlca + Npe2 - y_;bc ) (2.37)

(det Ny, det Nca)(Naanb(N;l})T V' ab = NeaQea (N - ¥/ )

where we define ¢/ b = Jap+ (NgpIm Qgp) 1 - Im Cop for the zero-mode wavefunction ( f1(12))ab.
The same holds for the zero-mode wavefunction ( f2(12))m. For the ca-sector in chiral su-
perfield ¢3, we replace i, with gj’bc = P + (NpeIm Q)= - Im C_;,c.

2.3 Magnetized orbifold model with non-factorizable fluxes

Finally in this section we review the orbifold projection with non-factorizable fluxes based
on ref. [27]. In our previous paper [27], we extend the model proposed in ref. [31] (see also
ref. [17]) where the orbifold models with factorizable fluxes are constructed. The number of
the (degenerate) zero-modes is changed by the orbifold projection. We consider the 7°/Z,
orbifold where the Zs projection acts on the first and second tori. It is constructed by
dividing 7% by the Zy projection z; — —z; and z3 — —zs, simultaneously. Such an iden-
tification prohibits (continuous) non-vanishing Wilson-lines. Here, we consider vanishing
Wilson-lines. On such an orbifold, we impose the following boundary conditions for 10D
superfields V' and ¢;,

+PV($}M 21,22, 23)P_17

Vv Ly, —21, —22,23

d1(xp, —21, —22,23) = —Pd1(xy, 21, 22, 23
V4

(

( ) P
Go(Tp, —21, —22,23) = —PQZ)Q(ZUH,Zl,ZQ,Zg)P_l,

( ) )P

<

+Po3(xp, 21, 22, 23

3 'CC,UJ —Z1, 722,23



|detNg| 001 2 3 4 5 6 7 8 9 10
even 1 1 2 2 3 3 4 4 5 5
odd 0O 0 0 1 1 2 2 3 3 4 4

Table 1. The degeneracy of zero-modes for even- and odd-modes.

where a projection operator P acts on the YM indices and satisfies P2 = 1. Then,
either even- or odd-modes among the zero-modes can survive depending on P. Instead of
eq. (2.22), we find the zero-mode wavefunctions in the following form,

@i‘z}ben(g) — @{abvNab (2‘) + @g_{abvNab (2), (242)
Ol (2) = @arNov (2) — @FTanNan(3), (2.43)

up to a normalization factor, where we define & = €} + €3 in terms of eq. (2.31) and utilized
the following formula,
©tabs Nap (-2) = ©Ftab Nab(g’)' (2.44)

We will also explain the label of generation i, in the next section. After the orbifold
projection, the degeneracy of these zero-modes on the first and second tori is changed as
shown in table 1. Note that table 1 is the same as the corresponding one given in ref. [31]
by replacing M with det N. Because of this replacement, we can obtain more various flavor
structures. We remark that there are exceptions in the above table 1 that will be illustrated
in the subsection 3.3 in detail after explaining the label fab in the next section.

3 Degenerated structures of zero-modes

In this section, we propose a way to investigate the properties of the degenerated zero-modes
on the magnetized torus with non-factorizable fluxes and classify the degeneracy based on it.

3.1 Generation-types

The degeneracy of zero-modes generated by non-factorizable fluxes are labeled by b ap-
pearing in eq. (2.22). Unlike the magnetized torus model with factorizable fluxes, the
zero-mode label fab is more complicated. In the magnetized model with non-factorizable
flux, we can no longer naively count the degeneracy of zero-modes in terms of the label I,
shown in eq. (2.9). Since the degeneracy of zero-modes can be identified with the genera-
tion, it is quite important to be familiar with a suitable way for labeling them, when we
discuss the flavor symmetry obtained from the models with non-factorizable fluxes.

For simplicity, hereafter in this subsection we omit the YM indices a, b those becomes
implicit. First we consider the case where three zero-modes are induced by non-factorizable
fluxes: | det N| = 3. We can also extend the following analysis to the case that det N equals
to an arbitrary prime number. We can generally parametrize the matrix N as

N (37111 + n’n 3no1 + n’21>

= / / (3.1)
3n12 + Ny 3naz + Ny

,10,



(nhy,m51), (ng, )
Type 1 (0,1) or (0,2)
Type 2 (1,2) or (2,1)
Type 3 (1,1) or (2,2)
Type 4 (2,0) or (1,0)

Table 2. The integer sets satisfying eq. (3.2).

where n11,n12,n21, 22 are integers and each of nfy,n},,nhy,nby is either 0, 1, or 2. For
det N = +3, we obtain the relation

Ny nbhy — nianh; =0 (mod 3). (3.2)

We can easily find a trivial pattern nj; = nb; = 0 or nfy, = nb, = 0 satisfying eq. (3.2). In
addition, we find four patterns of the non-trivial solution as shown in table 2.
From the condition
N-i€Z, (3.3)

given in ref. [12] in order to obtain the normalizable zero-mode wavefunctions, we find four
types of the three-generation label i= (i1,12), which are given as

Type 1:
12
(0 (1B) (23 5.9
o/'\o/) \o)’ '
(1
Type 2:
2;2
(0 (13) (23 . 53)
0/ \1/3) " \2/3)" . '
o——— il
Type 3:
2;2
(0 (1B) (23 . 50
0/ \2/3) \1/3)’ . '
o—— il
Type 4:
i2
OO
o) \1/3) \2/3
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(a) i=(0,0) (b) i=(1/3,0) (c) i=(2/3,0)

Figure 1. The probability densities of zero-mode wavefunctions ‘G;’N(Z)F on (y1,y2)-plane for
Type 1, where we set (21, 22) = (0,0). These figures show that the peaks of the probability densities

—

are located at i = —i.

(a) =(0,0) (b) i=(1/3,1/3) (c) i=1(2/3,2/3)

Figure 3. The probability densities on (y1, y2)-plane for Type 3. The peaks are located at ¥ = —i.

where the three sets of (i1,i2) label three generations in every type. We denominate
these types of the label i generation-types. Recall that the label I has only single type,
ie., I = 1,2,3 in magnetized torus model with factorizable fluxes. In contrast to such
a model, in general there are multiple generation-types in those with non-factorizable
fluxes. It is remarkable that the above labels represent the localization profiles of zero-
mode wavefunctions on (yi,y2)-plane. We show these profiles for each of generation-types
in figure 1, 2, 3 and 4.

— 12 —



(a) i=(0,0) (b) i=(0,1/3) (c) i=1(0,2/3)

Figure 4. The probability densities on (yi,ys2)-plane for Type 4. The peaks are located at i = —i.

When we deal with the arbitrary degeneracy of zero-modes, det N € Z, the number of
generation-types is given as the sum of divisors of det N € Z, that is, a divisor function in
number theory. We will mention it in appendix A.

3.2 The relation between generation-types in each sectors

We now identify ab-sector as left-handed matter sector, ca-sector as right-handed matter
sector and be-sector as Higgs sector, and study the degeneracy of Higgs fields in terms of
the generation-types developed in the previous subsection. In three generation models with
| det Ngp| = | det Ney| = 3, we have 16 patterns of flavor structures, since each of left- and
right-handed matter sectors has four generation-types. Among these 16 patterns, if the
generation-types for ab- and ca-sector are the same, the degeneracy of be-sector is limited
to 3n (n : integer). For example, we consider the case that the generation-types of ab- and
ca-sector are both Type 2. Then, we find

(nlllvnél)bc = (n/117n/21)¢1b + (n/nan/m)ca = (172) or (27 1) or (0’0) (mOd 3)7 (38)

(M9, M2)be = (M2, Ng9)ab + (Mg, M2)ea = (1,2) or (2,1) or (0,0) (mod 3). (3.9)
Thus, the generation-type of be-sector is also Type 2 and we obtain
detNe, =0 (mod 3). (3.10)

The same holds for the generation-types other than Type 2. After all, we claim that the
degeneracy of zero-modes in the be-sector equals to 3n (n : integer). On the other hand, if
the generation-types for ab- and ca-sector are different from each other, the degeneracy of
be-sector is not limited to 3n (n : integer).

3.3 Exceptional generation-types in magnetized orbifold model

We refer to the exceptions for table 1 in the subsection 3.1. If detN = 4k (k : integer),
there are exceptional generation-types that is inconsistent with table 1. For example, we
consider the case with det N = 4 and then the degeneracy of zero-modes equals to four on
magnetized torus model. With the Zs projection, the degeneracy of zero-modes is expected

,13,



to reduce to three for the periodic condition or one for the anti-periodic condition according
to table 1. However, there exists the following generation-type for det N = 4,

19
- 0 0 1/2 1/2
1= , , / , / . ° (3.11)
0 1/2 0 1/2
{51
Then, four Zs-even zero-mode wavefunctions
oll(2),  elwz), L&),  elsP(), (3.12)

survive after the Zy projection. On the other hand, no Zs-odd zero-mode wavefunctions
survive. Because similar exceptions occur for det N = 4k, in this case, we must count the
number of zero-modes after the Zs projection in terms of the relations (2.42) and (2.43),
instead of using table 1.

4 Non-Abelian discrete flavor symmetry on magnetized brane models

4.1 Magnetized torus model with factorizable fluxes

First of all, we refer to the non-Abelian discrete flavor symmetry from the magnetized torus
model with only factorizable fluxes. In this model, the flavor symmetry is investigated in
detail in ref. [13]. In this subsection, we briefly review the flavor symmetries revealed in
ref. [13].

First, we show the generic case with non-vanishing Wilson-lines. For
ged(Myp, Meg, M) = 3, there exists three Z3 symmetries, which act
Z?]ab:lXIabJab@Javaab’ where

100 w00 010
X=2z7,0,Z=|0wo0 |, Z=|0owo0o|, C=]001], (4.1)
00 w? 00w 100
and w = >™/3. The generator C' acts on ©la»Mab a5 cyclic permutations
3
Z (Cn)IabJab(_)Jab7Mab — @lavtn, Mab, (4.2)
Jap=1

with an integer n. The generators Z and C' do not commute each other. However, there
exists the closed algebra consisting of Z, Z/ and C,

CZ=277C. (4.3)

In this closed algebra, diagonal matrices are denoted by Z™Z'™. These generators generate

the non-Abelian discrete flavor symmetry (Z3 x Z5) x Z?()C) =~ A(27), which has 27 elements

totally. For ged(Map, Mea, M) = g, there appears the flavor symmetry (Z, x Z;) x Zéc)

— 14 —



In the remainder of this subsection, we consider the case with vanishing Wilson-lines.
In this case, we can define a Z, transformation which acts as

@Iavaab — @Mab_lavaab‘ (44)

We denote the generator of this Zs transformation by P. For simplicity again, we consider
the case with ged(Myp, Meq, Myp.) = 3 and the zero-modes of ab-sector with | My, = 3.
Then the representations of four generators Z, Z’, C' and P can be expressed as follows:

100 w0o0 010 100
Z=|0w o0 [, Z=|lowo0]|, C=]001|, P=|001]|. (45)
00 w? 00w 100 010

The closed algebra for these generators is A(54) = (Z3 x Z4) x Ss.
For ged(Myp, Mea, My.) = g, notice that generators Z and P satisfy

PZ =7"'P, (4.6)

and the closed algebra of C' and P is D,. Therefore the flavor symmetry, which is generated
by Z, Z', C and P, is nothing but (Z, x Z;) x D,. Note that in particular for g = 3,
D3 = S3 and then (Z3 x Z4) x Ss is isomorphic to A(54).

4.2 Magnetized torus model with non-factorizable fluxes: aligned generation-
types

We study the magnetized torus model with non-factorizable fluxes. In this model, Yukawa
couplings are given by eq. (2.27). Because the Yukawa couplings are written by Riemann
J-function which is an extension of Jacobi ¥-function, the flavor symmetries possessed
by these couplings would be different from those obtained in the factorizable case. By
focusing on and investigating the labels of generations, we study on the selection rule and
the character in the Riemann ¥-function in order to analyze the flavor symmetry. In the
expression (2.27) of Yukawa couplings, we look at the factors coming from the overlap
integral on the first and second tori, that is )\;ab;m;bc shown in eq. (2.29), because such
factors reflect the property of non-factorizable fluxes. As shown in eq. (2.29), these factors
consist of the selection rule

Z 6me N:},l (Nab;’ab‘f'Ncu;ca +Nab7ﬁ)7 (47)
and the Riemann ¢-function -
Kl _ 2
0 (1Y |iQ). (4.8)
0
The value of the Riemann J-function is determined by the character of ¥-function
- - — NCL N(L —"_ Nca _INC(I
(Zab — leq T m) b( b ) (49)

det N, detN,,
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Generation-type  The set of the label {Zab} The 2-vector 7@

Type 1 (0,0), (1/3,0), (2/3,0) (1/3,0)
Type 2 (0,0, (1/3,1/3), (2/3,2/3)  (1/3,1/3)
Type 3 (0,0, (1/3,2/3), (2/3,1/3)  (1/3,2/3)
Type 4 (0,0), (0,1/3), (0,2/3) (0,1/3)

Table 3. The 2-vector 77 determined by the matrix Ng.

which appears in K. Notice that the generation labels fab, i and Zbc appear only in the
selection rule (4.7) and the character (4.9). Accordingly, the flavor structure of the Yukawa
coupling is completely determined by them. Thus we focus on these parts for the purpose
to identify the flavor symmetries.

We study the case with ged(det Ny, det Neg, det Np) = 3. In the following part of
this subsection, we analyze the case that the generation-types of ab-, ca- and bc-sectors
are aligned, and then study the case that the generation-types are not aligned in the next
subsection.

First we consider a general case where Wilson-lines are turned on. The selection
rule (4.7) reduces to the following relation,

Nab;ab + Nca;ca + Nbc;bc = _Nabm + Nbc(llgl + l2€2)7 (4-10)

where [; and ly are integers and ¢€; (¢ = 1,2) are defined in eq. (2.31). Therefore the
selection rule (4.7) yields a couple of constraints represented by two component equations
in eq. (4.10) which restricts the flavor symmetry. On the other hand, we should notice that
the selection rule (4.7) remains intact under the following simultaneous translation,

Tap — Tap + ﬁ, teq — lea + 7_7:, The — Tpe + ﬁ, (4.11)

with a 2-vector 77 determined by the generation-type in ab-sector. By using the periodicity
of the Riemann ¥J-function, we can set the 2-vector 77 as the difference between the two
of the set of the label {fab} without loss of generality, as shown in table 3. Actually, we
can confirm that the value of the character in the Riemann 9J-function would not change
under such a translation, and then it preserves the value of the Yukawa coupling. Such an
invariance under the above translation is guaranteed by the relation Ny, + Np. + N, = 0
for the zero-modes of the three matters that construct the Yukawa coupling.

table 3 shows that the translation (4.11) is identified with the Z:gc) transformation

iaby Na Gab 7, Ny ica, N icatil, N ibes Noe Gpe i, Npe

@74 b by 974 b+ b’ @lca ca _y @an+n ca’ @Zb be _y @Zb +n, Ny, . (412)
. C . .

The representation of the Z:g ) generator is written as

010
c=1]oo01], (4.13)
100
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which acts on the basis
(,_)’?0, N

o || (4.14)
@’?2, N
where we label the three-generation one by one, i.e., {;} = {ZO, ;1, ;2} There always exists
a Z3 invariance under Z?EC) generator in the case with aligned generation-types.
In the following, we investigate additional Z5 symmetries similar to those shown in as

eq. (4.1) in the factorizable case. For concreteness, we consider the flux configuration with
| det Ngp| = | det Ney| = 3 and | det Ny.| = 6, e.g.,

-1 =2 54 —4 =2
Nab = ) Nca = ) Nbc = . (4'15)
-1 1 21 -1 -2

In this case, the generation-types in both the ab- and the ca-sectors are of the Type 2 and
the generation labels in bc-sector are given as

The,0 = <0> : be,l = (1/2> : be,2 = <1/3> ; (4.16)
. (13 (23 . (2
ihe,3 = (5/6) , bed = (2/3> 7 be,s = (1/6) : (4.17)

Then, the relevant factors in the Yukawa couplings are written as

)\0 0 0 0 )\1 0

A;abzca;bc,o = Azabzcazbc,l = O 0 )\1 ’ AZabzcazbc,Q = )\Z?abzcazbc,S = A2 0 O ) (418)
0 X O 0 0 X
0 0 Ao

)\;abZCaanA = )‘fabfmfbcﬁ = O )\O 0 Y (419)
A 0O

where values of Ay, A1 and A9 are different from each other. The numerical values of Ay, A1
and A9 can be calculated in terms of the fluxes N, N, and Ny, however, they are irrelevant
to the flavor symmetry itself which the above Yukawa couplings possess.

In this example, in addition to the above Z3 generator C' shown in eq. (4.13), there
exists the Z3 symmetry under the generator Z defined by

100
Z=|0w 0 |, (4.20)
00 w?

with w = ¢2™/3. Thus we can obtain non-Abelian discrete flavor symmetry, because these
generators C' and Z do not commute each other,

CZ =wzC. (4.21)
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Similarly to the argument in the previous subsection, the closed algebra of Z and C is
A(27) with the generator of another Zs transformation,

w00
Z'=1l0wo]|. (4.22)
00w

Thus, in the aligned case with |detN| = 3 for all sectors, we have the possibility to
obtain A(27) flavor symmetry in 4D effective theory from the magnetized model with non-
factorizable fluxes. Notice that, because the flux configuration yielding the same value
of the determinant of flux matrices is not unique, various flavor structures are possible
with such A(27) symmetry, due to the variety of the generation-types. Yukawa couplings
are written by the overlap integral of zero-modes on toroidal extra dimensions, as stated
before. The localization profiles of the zero-modes which govern the generation-types are
determined by the configuration of magnetic fluxes. We show the probability densities
of zero-mode wavefunctions ‘@j ’N(E)‘Q on each torus in figure 5 and 6, for two different
configurations of magnetic fluxes. Those figures imply that if the generation-type is differ-
ent, the overlap integral of zero-modes on tori would be different, because the profiles of
zero-modes in Type 1 are universal among three generations on the second torus (z2,y2),
while those in Type 2 are dependent on generations on the same torus (z2,y2).
Furthermore, when the Wilson-lines are all vanishing in the present situation, we can
define a Z5 generator which acts as ©tav:Nav — @F=ian:Nav| The Zy generator is given by

100
P=1]o0o01]. (4.23)
010

If the intersection of three sets of labels {i} in each sector corresponds to the labels of any
one from Type 1 to Type 4, the flavor symmetry is enhanced to A(54) = (Z3 x Z4) » S
in 4D effective theory, as in the magnetized torus model with factorizable fluxes.

However, we remark that there does not always exist an invariance under the Zj
transformation generated by Z. Here and hereafter, we assume vanishing Wilson-lines in
the expressions of Yukawa couplings. We consider the flux configuration with |det Ngp| =
| det Neg| = | det Npe| = 3, e.g.,

-1 -1 52 -4 -1
Ngp = , Neo = , Npe = . (4.24)
-3 0 41 -1 -1

Then, generation-types are all of the Type 3, i.e.,

. (o . (s o (2
Gab0 = <0> ; abl = <2/3> : ab2 = (1/3> ; (4.25)
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(d) i=1(0,0) (e) i=(1/3,0) (£) i=(2/3,0)

Figure 5. The probability densities of zero-mode wavefunctions |@;’N(E)\2 on (x1,y1)-plane for
Type 1 are shown in (a), (b) and (c), while those on (z9, y)-plane are depicted in (d), (e) and (f).

and the same holds for ca- and be-sector. The Yukawa couplings are written as

Ao A1 A1 A2 A3 Ao A2 A2 A3
)\Zabzca;bc,o - A2 )\2 )\3 ’ )\Zabzcafbc,l - )\3 )\2 )\2 ’ AZ;zb'_[Ca;l)c,Q - >\1 >\0 )\1 ’ (426)

A2 A3 Ao A1 A1 Ao A3 A2 Ao

where values of A\g, A1, Ao and A3 are different from each other. In the above example,
Yukawa couplings are not symmetric under the generator Z and the flavor symmetry is
(Z?()C) X Zo) X Zh =2 Sy x Z4 (Zéc) X Z& in the case with non-vanishing Wilson-lines). We
give another example, which corresponds to |det Nyy| = |detNg,| = 3 and |det Np.| = 6,
but does not have the Z3 invariance under Z generator (4.20). The magnetic fluxes

30 12 —4 =2
Nab = 5 Nca = 5 Nbc = ) (4-27)
1 -1 45 -5 —4

yield the same generation-types as those in the previous example (4.15). Then, the Yukawa
couplings are written by

o A1 A A1 A3 Ao
=Xca o= h |, Ma =M =AM |, (428)

iablcaibc,o Zablcaibc,l iabzcaibc,Q iablcaibc,S

)\2 )\3 )\3 >\3 )\1 )\0

i
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(b) i=(1/3,1/3) (c) i=1(2/32/3)
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(d) 7=(0,0) (e) i=(1/3,1/3) (f) i=(2/3,2/3)

Figure 6. The probability densities of zero-mode wavefunctions |@ZN(E)\2 on (x1,y1)-plane for
Type 2 are shown in (a), (b) and (c), while those on (3, y2)-plane are depicted in (d), (e) and (f).

A Ao Az
Ao = oo = [ a0 A ] (4.29)

lablealea,d iabicaibc,S
A3 A2 A1

Such Yukawa couplings have (Zg(c) X Zy) X Z4 = Sy x Z4 symmetry. Therefore, the same
degeneracies and generation-types of zero-modes do not always yield the same flavor sym-
metry. Accordingly, we investigate the flavor symmetries for the other flux configurations
as systematically as possible, which is shown in appendix B.

Next, we extend the above argument and consider the case with
ged(det Nyp, det Nog, det Np.) = g > 3. We substitute the following generators in the
representation of a g X g matrix,

Z = 0> , (4.30)
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with p = €279, and

010---0
001---0

C = _ , (4.31)
100---0

those are the generalizations of egs. (4.20) and (4.13). Then, ch) or (Zy x Zg) % Z;C) can
be realized as the flavor symmetry in 4D effective theory.® Similarly to the case with ¢ = 3,
when the Wilson-lines are all vanishing, we can obtain (Zéc) X Z3) = Dy or (Zyx Zy) x Dy
flavor symmetry enhanced by the Z, generator which is the generalization of P. For g = 4,
we can obtain D4 flavor symmetry for which some examples are shown in appendix C.

So far we have shown the flavor symmetry obtained from the magnetic fluxes yielding
aligned generation-types, by identifying the explicit forms of its generators. Now we discuss
about the representations realized under this symmetry. The most typical example is the
representation under the A(27) flavor symmetry for g = 3. We focus on a single sector
and then omit the YM indices like ab. We first consider a sector where three zero-modes
are generated by | det N| = 3 and label them with {7} = {ig,1,%2}. These three generations
of zero-modes are represented as

@;(),N
©%) = e, (4.32)
@ZQ,N

that is identified with the triplet representation 3 under A(27).

Next, we consider a sector where six zero-modes are generated by | det N| = 6 and label

them with {i} = {ig,1,...,75}. We can decompose these six zero-modes into two triplet
representations,
@ZO,N (-)7?37N
©%)=]e=N|, |09 =|e5N]|. (4.33)
@Z4,N @ZlyN

The generator C' of the Zs transformation Zéc) acts as C|03); for |detN| = 3 and
C|6%); (i = 1,2) for |detN| = 6. On the other hand, the representations |©%); (i = 1,2)
behave as the complex conjugate to the triplet representation |©3);. Accordingly, both
|©%); (i = 1,2) are 3 representation under A(27).

We further mention about a sector where nine zero-modes are generated by | det N| =9
and label them with {7} = {49, i1, ...,is}. Also in this case, we decompose these nine zero-

5There is an additional Z3 symmetry (Z4) which is allowed due to the fact that Yukawa couplings are
three-point couplings.
5The irreducible representation under the A(54) symmetry is equivalent to table 4 in ref. [13].
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| det N| Representation under A(27)
3 3
6 2x3
9 11,10, 13,14, 15, 16, 17, 15, 1o
12 4x3
15 5% 3
18 2x{11,12,15,14, 15,16, 17,15, 1o}

Table 4. Examples of A(27) representations consisting of the zero-modes for g = 3.

modes into three triplet representations,

@zo,N @fl,N @Z‘Q,N
|®9>1 = 673’N ) |®9>w = 974’N ) |®9>w2 = 625’N ) (434)
@?G,N @7?7,N @zg,N

where w = ¢2™/3, Note that these triplet representations are reducible. The triplets 1©%) n
have Z3 charges n, and they are decomposed into nine singlets, which are expressed as

Lo g+ O N fm@intam N o 2mgintom N (4.35)

up to normalization factors. We find that no new representation other than the above
three appears for |det N| > 9, because these three appear repeatedly, as shown in table 4.
Table 4 is exactly the same as that in ref. [13] if we replace M with det N.

In the remainder of this subsection, we explain irreducible representations under
Zéc) X Zo = S5 constructed by zero-mode wavefunctions. It is known that the irreducible
representations under Ss are two singlets 1, 1" and single doublet 2. Since the triplet (4.32)
for | det N| = 3 is reducible representations under Ss, it is decomposed a singlet

1: 00NNy gl (4.36)

@;Q,N o G;O’N
2: . (4.37)

@’?LN _ @Zo,N

and a doublet

On the other hand, the irreducible representations extracted from six zero-modes for
|detN| = 6 are found as follows. With the flux matrix (4.15), the Z generator P is

written as

100000
010000
000010
P = , (4.38)
000001
001000

000100
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|det N| Representation under Ss
3 1,2
6 2x{1,2}
9 3% {1,2}
12 4% {1,2}

Table 5. Examples of irreducible representations under S3 =2 Z:gc) X Zs.

on the basis

@ZO’N
@Zl,N
@;z,N
|e%) = ot | (4.39)
@'ZA,N

@’Z5,N

This sextet (4.39) is a reducible representation and it is decomposed into two singlets

1: @?O,N+932,N+@?4,N’ @717N+@73,N+@75,N’ (4.40)
and two doublets
@%N _ @707N @%,N o @Zl,N
2: = N =N = N =N (4.41)
O8N _ @, N _ @4,

Even for |detN| > 6, we can not obtain the remaining irreducible representation, i.e.,
singlet 1’. Singlet 1 and doublet 2 appear repeatedly for |det N| > 6, as shown in table 5.

4.3 Magnetized torus model with non-factorizable fluxes: not-aligned
generation-types

In this subsection, we study the case that generation-types in three sectors are not aligned.
Indeed, since there is no systematic way in general to identify the charges under the Z3
transformations, we explain the flavor symmetry by means of concrete examples. It is still
interesting to consider the three-generation model of quarks and leptons, and we focus on
the case with ged(det Ny, det N, det Np.) = 3 in this paper.

First, we focus on the case with |det N| = 3 for each sector and non-vanishing Wilson-

1 -1 01 -1 0
Ny = , Ng, = , Ny = . (4.42)
-3 0 33 0 -3

Then, a generation-type for ab-sector are identified as Type 2, for ca-sector Type 1 and for

lines, e.g.,

be-sector Type 4. We label the localization points of zero-modes as

o o (13 o (23
lab,0 = (()) y ab,1 — <1/3> ’ ab,2 — <2/3> N (443)
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- 0 - 1/3 - 2/3

ica,O = ) Z'ca,l = / R ica,Q = / , (444)
0 0 0

. 0 ; 0 ; 0

Ube,0 = ) Lhe,1 = ) lpe,2 = . (4.45)
0 1/3 2/3

Yukawa couplings Ay Jioul,. ATE written as
Ao 0 0 0 0 Ao 0 X 0
Niino = | O M 0 | Xz =X 0 0| X505 ,=]0 02X, (4.46)

0 0 M\ 0 A3 0 A3 00

where values of A\g, A1, A2 and A3 are different from each other. We find a Z3 symmetry,
the generator of which is Z defined in eq. (4.20). Thus, Z3 x Zj symmetry is realized in
4D effective theory. Note that there does not exist an invariance under the Z3 generator
C' in the case that generation-types for each gauge sector are not uniformly aligned. If
Wilson-lines are turned off, we can find an invariance under the Z, generator (4.23). The
discrete group generated by Z,Z’ and P is (Z3 x Zy) X Z5 = S3 X Zj.

In the remainder of this subsection, we consider irreducible representations under
Z3 X Zy = S3 constructed by zero-mode wavefunctions, those are two singlets 1,1’ and
single doublet 2. Since the triplet (4.32) for | det N| = 3 is a reducible representation, we
decompose it into a singlet

1: @by (4.47)

@?LN
2: | g ) (4.48)

In order to find the representations for | det N| = 6, we consider the flux configuration as

21 0 —1 -2 0
Nab = s Nca = ) Nbc = 5 (449)
30 -3 3 0 -3

where det Ny, = 6 and
0
, (4.50)
1/3

o= ;) =)

10 = s 1= )

0 0

- (1/2 7 0 P 1/2

" (1/3)’ o (2/3)’ - (2/3) oy

for be-sector. Then zero-modes in ab- and ca-sector with det Ny, = det N, = —3, can be

and a doublet

19

decomposed into singlets 1 and doublets 2. The irreducible representations constructed
by six zero-modes in be-sector are found as follows. In the present case, the Z, generator
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|det N| Representation under Ss
3 1,2
6 2x{1,2}
9 3x2 2x1, 1
12 4% {1,2}

Table 6. Examples of irreducible representations under S3 = Z3 X Zs.

P is expressed as

100000

010000

000010

pP= , (4.52)
000001

001000

000100

on the basis

@;O,N
@;LN
@ZQ,N
0% = g |- (4.53)

@Zz;,N
@’%,N

though this sextet is decomposed into two singlets

1. ©@oN giLN (4.54)
and two doublets
GZQ,N @fg,,N
2: . , . . (4.55)
@Z4,N @Z5,N
For |detN| = 9, we can obtain the other irreducible representation, i.e., the remaining

singlet 1’. We summarize the representations for | det N| > 6 in table 6.

4.4 Magnetized orbifold model with non-factorizable fluxes

In this section, we study the flavor symmetry realized from the magnetized orbifold model
with non-factorizable fluxes. This model is obtained after the Z5 projection by which the
symmetry (Zg X Z;) % Zéc) before orbifolding is broken into its subgroup.

First, we study an illustrating model, the model with ¢ = 4, where we set
det Ny = detN.,, = —4 and detN,. = 8. In such a model, the flavor symmetry is
(Z4 X Z}) x ZZEC) before the Z; projection. We consider the zero-modes for det Ny, = —4
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where three Zs-even zero-modes survive, while the Z-odd zero-mode is projected out.
The basis of these even modes is written as

@;o,N
|@gven> = Gzl’N + ®Z37N . (456)
@fQ,N
The same holds for the zero-modes with det N., = —4. For such a basis, we can define the
generator of a Z, transformation as
7 0 0
Z=10-10 |, (4.57)
00 —i

which is equivalent to the generator (4.30). In addition to this operator, we can also define
the generator of a cyclic permutation as

001
C=lo10]. (4.58)
100

The closed algebra for these generators is D4. This implies that (Z4 x Z)) x Z i(]) breaks
into its subgroup Dy. Notice that Dy is the symmetry for interchanging 00N with @ N,
Thus, for ged(det Ny, det Neg, det Np) = 2k (k : integer), the flavor symmetry Dy is
invariably realized in 4D effective theory. Such a result is quite similar to the one stated
in ref. [19] in type ITA intersecting brane models on T°¢/Z; or T%/Zy x Z} orbifolds.

As stated in the previous section, there exist the exceptions on the mag-
netized orbifold model with non-factorizable fluxes. = We consider the case with
ged(det Ny, det Ny, det Np.) = 4 and the same generation-types (3.11) at least for the
two of three matters. Then we have (Z4 x Z}) x Zic) as the flavor symmetry before the
Zy projection. After the projection, we obtain (Z; x Z)) x ZZEC) in 4D effective theory.
Namely, the orbifold projection does not affect the flavor structure for such a setup.

5 Non-Abelian discrete flavor symmetry from gauge symmetry breaking

In refs. [21, 22], it was mentioned that the non-Abelian discrete flavor symmetry is
originated from the remnant of gauge symmetries, and recently the method to study the
discrete flavor symmetry has been developed in refs. [18, 19]. In this section, we study the
appearance of the non-Abelian discrete flavor symmetry in the magnetized torus model
with non-factorizable fluxes, by using the method proposed in ref. [18]. They restrict their
analysis to the magnetized torus model with factorizable fluxes in ref. [18] and to the
magnetized orbifold model in ref. [19]. We apply their method to the magnetized torus
model with non-factorizable fluxes in this section.
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In the following, we assume the complex structures as 71 = 7 = i, without loss of
generality. It is due to the fact that the values of the complex structure parameters do
not affect the flavor symmetry in 4D effective field theory. In addition, we also assume
vanishing Wilson-lines, i.e., (; = 0 (i = 1,2) for simplicity. We consider T? x T? toroidal
compactifications with two U(1) gauge field backgrounds,

Ay = aMD Im (z1dz1) + M2 Im (Z2d22), (5.1)
Ay = 7MY Im (z1dz1) + M Im (Z2dz2), (5.2)

in differential forms, so that

Fy =27 MW dzy A dyy + 2r M dxy A dys, (5.3)
Fy =20 M@V day A dy; 4 20 MPdzy A dys. (5.4)

The above expressions are the straightforward extensions of those appearing in refs. [12, 18].
For vanishing F; (i = 1,2), the model possesses the translational invariances generated by
Oz, and 0y, on the first torus and by d,, and 9,, on the second torus. For non-vanishing
F; (i = 1,2), the model no longer has such invariances, because gauge fields 4; (i = 1,2)
depend explicitly on the coordinates x;, y; (i = 1,2),

Al(xl +)\;yl,1’2792) A1($17y17$2ay2) +)‘Xx1 ’ thll) - M(l)y17 (55)
Al(xlayl +)\,9U27y2) A1($17y1a$27y2) +)‘Xy1 ’ Xg(/ll) - _WM(l)xla (56)
Al(xlay17x2 +)\792) :Al(xlvylax27y2) +>\Xx2 ) Xc(clg) :WM(H)Z/Z, (57)
Ay (1, y1, 22,92 + A) = Ay (21, 51, 72, y2) + A, X\ = —m Mz, (5.8)
and similarly

Ag(x1 + A y1, w2, y2) = Az(x1, Y1, 2, Y2) + /\chzl)» chl) =My, (5.9)
Ag(z1,y1 + A, w2, 92) = Az(x1, Y1, 2, Y2) + /\Xg(ﬁ), Xfl) WM(Ql)l’la (5.10)

2(x1,y1, 2 + N, y2) = Aa(x1, Y1, T2, Y2) + )\X%)a X.(r22) =M@ y,, (5.11)
As(z1,y1, 22,92 + A) = Az(x1, Y1, 2, 92) + )\Xﬁ), Xé? = —nMPz,. (5.12)

In order to preserve the action unchanged, we need to perform gauge transformations that

compensate the changes in A; (i = 1,2). That is, we perform the following operations for
a wavefunction of charge ¢,

—ipny =il

¢<$lay1,$27y2) — e e zl¢ :1:1+/\,y1,x2,y2

i) i@

(@1, Y1, @2, y2) — e Ve NV Y (21, 1 + A, @2, 92

(1) (2)

( )

( )

( ) = e

( ) =
V(w1 Y1, T, y) — e 9Nw2 e TUNT 0 (21 gy, 9 + N, Y2)

( )

3317y17$2;y2 ;

)
AX
el 1, Y1, %2, Y2),

)
)
)
)

X9(62>¢

r1,Y1,22,Y2),

1) @)
e~z o) (21, y1, T2, Y2 + A

¥(
¥(
(
= X7 Y(w1,y1, 72, Y2).

(a1, y1, T2, y2) — e X2

The above compensations are generated by the operators Xg(ci) and Xéi) (1 = 1,2), which
are defined as

XM =0y, —inMWy; —irM®@yy, X =0y, +irMWzy +inM@Pay,  (5.17)

T
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XP =0y, —inMWy; —irM@yy, X =0y, +irM Pz +inMP s, (5.18)

These generators satisfy the Heisenberg algebras,

[Xa(cz)’XgSi)] — MO X 5.19)
X0, XV =[x, x9) =0, (5.20)

where 7,7 = 1,2 and we define Xg) = 2mi. The Heisenberg algebras exponentiate to the

group element,
(e, @, 6N e ) &) (5.21)
(1) (2) (1) (2) e (2)

— €z X @, 9% v, 9 v@ Q1) Q@
eXpN +NX+NX +NX+NX +NXQ,

where N = det N and

MO prh
N = . 5.22
M2 pr2) ( )
Accordingly, the following relation is satisfied:
g(eg)/a 63(1:2)/7 63(,/1) 63(/ y 6(Q1)/7 Eg),) g(€x1)7 65:2)7 61(/ )7 3(,/ ) (Ql) (Q)) (523)
1 (2 2) (1 1 (2 2
= (0 el P D 4 2,

1
622) te (1)+W( (1)/6(1)_61(/1)/6:(51))]\4(1)76(Q2)/+6(2)+2N2( ) (2) (2)'63(62))1\/—’(2))-

This implies that there exist discrete symmetries with respect to parameters eg), e?gl), 6552),

@ 2)

€, € and €0 Since two tori are compactified, we must impose periodic boundary

conditions, namely

(%) . (4)
77b(xl + 1,?/17$2,y2) = equzl¢($17y1, $27y2)7 ¢($17y1 + ]-7 $27y2) - eZqX?Jl 1/1(x17yl7$2,?/2)7
(5.24)

O G
¢(1‘17 Y1, T2 + 17y2) = equz2¢(xlayla x27y2)a 7/1($1,y17$2>y2 + 1) = equwa(x17y17$27y2)7
(5.25)

for i = 1,2. The generators Xg(gi), X?Si) and XS) (1 = 1,2) must be compatible with the
above conditions. The generator Xg) (i = 1,2) satisfies automatically the above require-
ment, while the others not so. Since the following condition:

) ) 1) (D)
11X "X a1, g1, T2, y2) = €DV MK (2, g1, T2, ya), (5.26)

must be satisfied, the magnetic flux is quantized as ¢M1) € Z. In particular, we have
M® e Z for a wavefunction with ¢ = 1. The same holds for the other magnetic fluxes,
e, M2 MY AR e 7. After all, we obtain N € Z. This is exactly the same as
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Generation-type of j (nxl), nf)) (nél),néz))
Type 1 (1,0) or (2,0) (1,0) or (2,0)
Type 2 (I,1) or (2,2) (1,1) or (2,2)
Type 3 (1,2) or (2,1) (1,2) or (2,1)
Type 4 (0,1) or (0,2) (0,1) or (0,2)

Table 7. The constraints that is indispensable for the equality in eq. (5.29).

the Dirac’s quantization condition. For particles with charge ¢ = 1, the discrete symmetry
corresponds to the following set characterized by discrete parameters:
@ 1,2 1) (2
P= {g(n; )’n(m )’ng )’ng )aE(Q)aG(Q)) |

In fact, we have the zero-mode wavefunction on magnetized tori, which is written as

YIN(z,Q) = r DM m)  17 (N 2N - Q), (5.28)
0

up to a normalization factor. For simplicity we set N = 3. We can straightforwardly check
that the action of the group element (5.21) is calculated as

@ D @ D) D)yl Nz, Q) (5.29)

— exp |2mi- 2L (O ¢ M(znngp)} exp {Qm.ff(M(m 1) 4 p@p)

&y (2) 1 2
€ t€g ng)é)M(1)+n§;)n§,)

¥ e S M@ | | Nz ),

X exp |27

where j = (j1,j2) and 7@ = (nz(,,l) /N, ngf) /N). The above relation holds only if the discrete
parameters ng? (1 =1,2, X = x,y) satisfy the constraint, which is summarized in table 7.
We can interpret the group element (5.21) as the generator of the non-Abelian discrete
flavor symmetry. Thus, the discrete parameters are mapped into the representations of the
generators appearing in the flavor symmetry. Let us study an example. We consider the

21
N = (1 2) . (5.30)

For the labels of Type 2, the group element

following matrix of magnetic fluxes,

100
9(27 27 07 07 07 O) - Ow O 5 (531)
00 w?
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corresponds to the Zs generator Z, with w = ¢2™/3. Similarly,
010
9(07071717070) =1001], (532)
100

corresponds to the Zéc) generator C. Then, the last group element
w00

9(0,0,0,0,1,0) = | 0w O |, (5.33)
00w

is necessary for the closed algebra generated by the above generators. In the end, we obtain
the non-Abelian discrete flavor symmetry,

100 w00 010
P={Z=|owo0o|,Z=]0w0].C=]001 = A(27), (5.34)
00 w? 00w 100

in the 4D effective theory. The same holds for the other generation-types, with replacing
the arguments of the group elements (5.21). One can apply the above method to the other
magnetized models with non-factorizable fluxes and obtain the generators of the other
non-Abelian discrete flavor symmetries.

6 Conclusions and discussions

We have studied the non-Abelian discrete flavor symmetries from magnetized brane models.
We have found that Z, x Zy, (Zy x Zg) X Za, (Zg %X Zg) X Zg and (Zy x Zg) x Dy symmetries
appear from the magnetized torus model with non-factorizable fluxes, if generation-types in
three sectors forming Yukawa couplings are aligned. In three-generation models of quarks
and leptons, Z3 x Z3, S3x Z3, A(27) and A(54) symmetries can appear. On the other hand,
if the generation-types are not aligned, Z3 x Z3 and S3 X Z3 symmetries can appear. The
flavor symmetries obtained from non-factorizable fluxes are phenomenologically attractive.
Such results can become a clue when we reveal the property of the magnetized brane
models. In studying the flavor symmetry, we investigated the label ;, the generation-types
of 7 and the number of zero-modes (detN). In addition, we focused on the selection rule and
the character of Riemann 9J-function. We have studied the number of the generation-types
and the classification for |det N| = 3.

We have studied the non-Abelian discrete flavor symmetry from the magnetized orb-
ifold model with non-factorizable fluxes. We have found that Dy and (Z,xZ,)xZ, (g = 4k)
symmetries can appear from such a model. Unlike the magnetized torus model only with
factorizable fluxes, (Z, x Z,) x Z, (g = 4k) can survive after the orbifold projection.

We have also analyzed the non-Abelian discrete flavor symmetry from the perspective
of gauge symmetry breaking. Especially, we applied the method developed in ref. [18] to
the model with non-factorizable fluxes, and confirmed the reappearance of A(27) flavor
symmetry.
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Here, we discuss phenomenological implications of our results. The analyses in this
paper show that one can derive several flavor structures from the torus compactification
with non-factorizable magnetic fluxes as well as the orbifold compactification. The Yukawa
couplings among left-handed and right-handed fermions and Higgs fields in each of the up-
type quark sector, down-type quark sector, charged lepton sector and neutrino sector can
have non-Abelian discrete flavor symmetries such as A(54), A(27) and S3 x Z3 as well as
Abelian flavor symmetries such as Z3 x Z3.

As shown in ref. [27], non-factorizable magnetic fluxes make it possible to construct
the models, where the charged lepton (up-type quark) sector and the neutrino (down-type
quark) sector have flavor symmetries different from each other. Then, such symmetries
are broken down into their subgroup, which is common in all of the sectors. This is quite
interesting. For example, one tries to understand the lepton mixing angles by using non-
Abelian discrete flavor symmetries in field-theoretical model building as follows [1-5]. First,
one assumes that there is a larger flavor symmetry in the full Lagrangian. Then, one breaks
it by vacuum expectation values of scalar fields such that the charged lepton sector and
the neutrino sector (the up-type sector and the down-type sector) have different unbroken
symmetries. For instance, one can derive the tri-bimaximal mixing matrix, when the
charged lepton mass terms and the neutrino mass terms have certain Z3 and Z5 symmetries,
respectively. Following such process, one can obtain other mixing angles.”

Form such a viewpoint of model building, our results are fascinating. As mentioned
above, non-factorizble magnetic fluxes can lead to different flavor symmetries between the
charged lepton sector and the neutrino sector, and also the flavor symmetries between
the up-type quarks and down-type quarks can be different from each other. That is,
the gauge backgroup in extra dimensions breaks a larger symmetry and leads to different
flavor symmetries between the charged leptons and neutrinos, up-type quarks and down-
types quarks.® In the above sense, even the Abelian symmetries in some of the charged
lepton, neutrino, up-type quark, and down-type quark sectors are interesting. When non-
Abelian discrete flavor symmetries remain in one sector of the up-type quarks, down-type
quarks, charged leptons and neutrinos, the Higgs scalar fields are also multiplets under
these symmetries. A certain pattern of the VEVs of Higgs multiplet would break non-
Abelian flavor symmetries into Z3, Z5 or the other Abelian discrete symmetry. Then, we
would find realistic mixing angles. We would study such analysis systematically including
the right-handed Majorana neutrino masses? elsewhere.
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A The generation-types for detN =n

We refer to the generation-types for det N = n. The number of generation-types is given
as the sum of divisors of det N = n, as stated. Although the strict proof is beyond the
scope of this paper, in this appendix, we provide a certain aspect of this fact based on the
label vector i.

First, we consider det N = p, where p is a prime number. For this case, the generation-
type is classified by the direction of the label i = (i1,12). For example, for p = 3, four
generation-types are schematized as follows.

I O S

The gradients on (i1,1i2)-plane of these generation-types are 0, 1/2, 1 and oo, respectively
from the left. The above gradients can be written as

0, 1/n (n=0,1,2). (A.1)

Then the number of generation-types is 1 + 3 = 4. For det N = 5, generation-types are
shown as follows.

19 )

A1
Also in this case, the gradients can be written as
0, 1/n (0,1,...,4). (A.2)
For arbitrary p, the gradients of the label are written as,
0, 1/n (0,1,...,]|p| —1). (A.3)

Thus, for det N = p, we can classify the generation-types by their gradients and there are
(1 + |p|) generation-types.
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Next, we consider the case with det N = pq, where p and ¢ are prime numbers. For |p| =
lq|, let us show you an example, det N = 4. Then, generation-types are found as follows.

12 7
[ ]
°
°
{51 A1
19
L
51

The first five generation-types can be classified by their gradients, as above. There are

19 2

19 19
° °
°

° °

1 i 11

19

[ ] [ ]
L 51

two more generation-types, where two of four points reside in the i;-axis. Note that when
det N equals to composite number, we can not classify the generation-types only by their

gradients.
For |p| # |q|, we show an example, det N = 6. Then, generation-types are depicted as
follows.
02 02
°
°
. L4 .
(31 3
12
i1 i1

These generation-types can be classified by their gradients. The number of generation-types
with two points existing on the ¢;-axis are three, as shown in the graphs below.

19

i1
While the number of generation-types with three points existing on the i;-axis are two, as
shown in the graphs below.

19 19

1 {51
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Notice that the number of generation-types with |p| points existing on the i;-axis are |¢]
types, and vice versa. Thus, we can classify all the generation-types by their gradients and
the number of the points existing on the 7;-axis.

We can straightforwardly apply the above argument to the case with detN =
pqr, pqrs, . ... Accordingly, we would demonstrate that the number of generation-types
is given as the sum of divisors of det N = n.

B More about flavor symmetries in three-generation models: aligned
generation-types

It is shown that there exists A(27) or Z?(’C) X Z5 (A(54) or S3 x Z5) as the flavor symmetries

in the case with aligned generation-types. In this appendix, some other configurations of

magnetic fluxes for g = 3 and the resultant flavor symmetries are analyzed. These results

are enumerated in table 8 and 9.

C Flavor symmetries in four-generation models

We study the flavor symmetries for ¢ = 4, i.e., Zic) and (Z4 X Z)) % ZAEC) with non-
vanishing Wilson-lines or Dy and (Z4 x Z))) x Dy without Wilson-lines, depending on the
zero-mode degeneracies, the combination of generation-types and the existence of non-
vanishing Wilson-lines. In the following, we assume the vanishing Wilson-lines in the
expressions of Yukawa couplings. First, we consider the configuration of magnetic fluxes,
which is given as

-2 =2 6 4 —4 =2
Nab - ( ) ) Nca - ( ) 5 Nbc - < > . (Cl)
0 2 4 2 —4 —4

Then, the labels of zero-modes are given by

;ab,(] = (8) ) fab,l = <1(/)2> ) ;ab,Z = <1é2> ) g’ab,3 = (1;;) ’ (02)
- - 0 7 - 0 7 B 1/2 ; _ 1/2
Lea,0 = <0> ) ca,l = (1/2> > ca,2 = < 0 ) ) ca,3 (1/2> . (CS)

and
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# of zero-modes Nap Neg Npe generation-types flavor symmetry
bo) () () AT
. Gy &) (O 2 79 x 74
<—1 g) <—56 33> <74 —36> 4 7z x 74
(03 _D (2 ‘;’) <_§ _i> 1 789 x 7
(g j) (g 2) (:2 :D 1 A(27)
2 2 —1 71
336 <‘i‘ 1>1 <—§ 20 ) <—£ —1) 3 79 x 74
G G G oo )
<3 6) ( : _3) <_3 _3> 4 749 x 7t
23 -1 0 -1 -3 3 3
SRR son
@ é) (3 —01) (:2 :D ! 2 x z4
230 g i) (11 _D (_Z _3,) 2 79 x 74
(—01 _53> (—52 _14) <_35 —76> 3 259 x 24
() () () 402
Gy G @) o 20
3-3-12 g i> <—13 01) <—L2L —421> : %7 % 24
( y _3> (1 1) <_4 ’ > 3 2O o
5 4 30 9 4 3 3
<(1) g) <41 _03) <_04 3> 4 29 x 7

Table 8. The configurations of magnetic fluxes and flavor symmetries. Flavor symmetries are
written in the case with non-vanishing Wilson-lines.

This is exactly the case with aligned generation-types. Then, Yukawa couplings are written

as

- - -

7;cl,bicailu:,O -

- o o

7:a,b’icaibc,l

A 0 0 0
0 0 0 X\
0 0 X O
0 A& 00

il
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- o o

iabicaibc,ii -

0 0 A O
0 X 0 O

I

A0 00
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(C.6)



# of zero-modes Ngp Neg Npe generation-types flavor symmetry
3 =5 3 3 —6 2 ) Zéc) « 7,
-3 4 0 -2 3 -2
G GY) G e A
3-6-6 h o
3 -3 ~12 -2 1 ; 29 5 71
-5 4 30 2 —4
3 =3 —-13 -2 0 4 Zéc) « 7,
-1 0 1 3 0 -3
3 4 3 =5 -6 1 1 Zéc) « 7,
0 -1 -3 3 3 =2
01 3 —1 -3 0
1 A(27)
34 -3 —1 0 -3
1 -1 5 —2 —4 1 ) Z:,()C) « 7,
0 3 -3 0 3 -3
72 -2 —1 -5 —1
2 A(27)
51 -4 1 -1 =2
3-6-9
11 5 —4 -6 3 5 Z:)(,C) « 7,
30 —4 2 1 -2
-1 -1 4 -2 -3 3
3 A(27)
2 5 -5 1 3 —6
-10 33 -2 -3 4 Z?(,C) « 7,
—4 3 53 -1 —6
1 -3 23 -3 0
4 A(27)
-2 3 20 0 -3

Table 9. The configurations of magnetic fluxes and flavor symmetries. Flavor symmetries are
written in the case with non-vanishing Wilson-lines.

00 0 X 0 A3 00
- o000 _ _[0 00
Zabzca;bc,4_ Zab;cazbc,B - 0 )\2 0 O ’ Z‘a,I)'ZCLz'Zl)c,GS_ Zab;caZbCJ B 0 0 0 )\3
00X 0 A2 000

(C.7)

Thus, there do exist the symmetries under the three Z; generators, i.e., Z, Z' and C in
these Yukawa couplings, and therefore we obtain (Zy x Z}) x Zic) with non-vanishing
Wilson-lines or (Z; x Z4) x (Z2\) x Z5) with vanishing Wilson-lines.

Next, the magnetic fluxes
44 —-10 -3 -4
Ngp = ) Neo = ) Npe = ) (CS)
54 —-14 —4 =8
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lead to the following aligned generation-types:

- 0 > 0 > 0 > 0
Lab,0 = ) lab,1 = ) ab2 = ) lab,3 = ) (Cg)
0 1/4 1/2 3/4
> 0 - 0 > .
tca,0 = ) lca,l = ) lea,2 =
0 1/4

Zbc,O = <8> ) ;bc,l = (1(/)2> ) Zbc,2 = <lé2> y ;bc,3 = (1;2) ’ (Cll)
Theq = <1?4> , Tbes = (3(/)4) : Tbe,6 = (12) , ibe,7 = (;;i) : (C.12)

Then, the selection rule does not rule out any coupling, namely, Yukawa couplings have all
non-vanishing elements, which are written as

Ao A1 Aq A A5 g Ag Ag
A3 Ao A3 A A3 Ao A3 A
e oo = 32377 O 32377 (C.13)
ablcalab,0 )\8 )\6 )\5 )\6 ablcatab,l )\4 )\1 )\0 )\1
A3 A7 A3 Ao A3 A7 A3 A9
A9 Ao A3 Ao A4 A5 A7 Ats
A2 A1 A2 A A12 A1 A2 A
Ao = 12 A1 A2 A1 , oo = 12 A1 A2 Ate ’ (C.14)
’ A7 A5 Aa Ats ’ A13 Ao A9 A1
A2 A1 A2 A1t A2 A1 A2 A1
A2 A3 A7 A3 A2 A3 A7 A3
A6 A5 Ag A A1 Ao A1 A
Ao = 65687 Ao = 10147 (C.15)
ablcalab,4 )\7 )\3 )\2 A3 ablcalab,b )\7 /\3 AQ )\3
A A4 A Ao A6 A8 A6 A5
A1 A2 Atg A2 A1 A2 Atg A2
A5 A4 A5 A Ao A9 Ao A
Ao: = 15 A4 A5 A17 7 - 10 A9 Ao A13 ’ (C.16)
’ A6 A12 A11 A2 ’ A6 A2 A1l A2
A0 AM13 Ao Ag A5 A7 A5 Aig
where values of A\, (n = 0,1,...,17) are different from each other. These Yukawa cou-

plings do not allow the invariance under the Z; transformation Z, and therefore the flavor
symmetry is Z AEC), or D4 with the existence of non-vanishing Wilson-lines.
Finally, we consider the configuration of fluxes

5 —1 0 —1 -5 2
Nab = ) Nca = ) Nbc = ) (017)
1 -1 —4 3 3 =2
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which lead to the not-aligned generation-types, i.e.,

- 0 7 1/4 7 1/2 7. 3/4

Lab,0 = (O) 5 ab,1 — <1/4> 5 ab,2 — <1/3> 5 ab,3 — (3/4> ) (018)

an,O = <0> ) an,l = <1/4> ) ;ca,2 = (1/2> ) ;ca,?) = (3/4> ) (Clg)
0 0 0 0

G . (o0 . (12 . (12

ibe,0 = (()) ; ibe,l = <1/2> ; be,2 = (1/4> ; be,3 = <3/4> ) (C.20)

and Yukawa couplings are given by

M 0 0 0 0 0 X O
0 0 0 A 00X 00

Nueatng = ‘| Noatonn = 1 ) (C.21)
ablcalab,0 O 0 )\2 0 ablcalab,1 )\0 0 0 0
0 A& 0 O 00 0 X\
0 X 0 O 00 0 X\
A 000 0 030

s = | o ) M ieaians = Col (C.22)
ablcalab,2 O 0 0 )\1 ablcalab,3 0 )\1 O O
0 0 X0 A0 00

Therefore, we obtain (Z4 x Zs) x Z) = Dy X Z}, or Zy X Z; with the existence of non-
vanishing Wilson-lines.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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