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Passive Shimming by Eliminating Spherical Harmonics Coefficients
of All Magnetic Field Components Generated by Correction Iron

Pieces
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1Graduate School of Information Science and Technology, Hokkaido University, Sapporo 060-0814, Japan
2Graduate School of Natural Science and Technology, Okayama University, Okayama 700-8530, Japan

3Francis Bitter Magnet Laboratory, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

When a magnet generating highly homogeneous magnetic field is designed, a shimming is required. The shimming is usually
performed so that the magnetic field only in the axis direction is compensated by iron pieces and/or coils. The compensation is
commonly achieved by eliminating the coefficients of the spherical harmonics expansion of the magnetic field generated by the main
magnet. Some papers showed the coefficients of the spherical harmonics expansion in only thez-direction for passive shimming.
However, recently some magnets generate a magnetic field tilted from thez-axis, such as a magic-angle-spinning NMR/MRI. It is,
therefore, necessary to eliminate the coefficients of the spherical harmonics expansion in thex- and y-directions.

Index Terms—Magnetic moment, MRI, NMR, passive shimming, spherical harmonics expansion.

I. I NTRODUCTION

I T is necessary to compensate a magnetic field around
the center with shimming when it is required to generate

highly homogeneous magnetic field, such as MRI and NMR.
The passive shimming, one of the shimming methods, is to
compensate the magnetic field using some pieces of iron [1]–
[3]. Since the magnetic field homogeneity of a few PPM is
required around the magnet center, the spherical harmonics
expansion of the magnetic field is usually employed [4], [5].

A magnet for MRI or NMR is commonly axially symmetric.
Therefore, only thez-component of the magnetic moment of
correction iron pieces used for passive shimming is taken into
account so that only thez-component of the magnetic field
is homogenized [4]. The paper [5] presented the spherical
harmonics coefficients of thez-component of the magnetic
field generated by all the components of magnetic moment be-
cause the open MRI magnet generates the axially asymmetric
magnetic field. In addition, the configuration of the correction
iron pieces was optimized in order to eliminate the spherical
harmonics coefficients.

Recently a newly developed magnet generates a magnetic
field tilted from thez-axis for a magic-angle-spinning NMR
[6]. Hence, the coefficients of the spherical harmonics ex-
pansion of all the magnetic field components, that are gen-
erated by all the components of the magnetic moment, are
strongly desired to be eliminated by the passive shimming.
Consequently, we derived the spherical harmonics coefficients
of all the magnetic field components to all the magnetic
moment components, and then we tried the passive shimming
of the magic-angle-spinning NMR. In the passive shimming,
the configuration of the correction iron pieces are optimized
by the micro genetic algorithm (µGA) in order to the spherical
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harmonics coefficients of all the components.

II. COEFFICIENTS OFSPHERICAL HARMONICS

A. Spherical Harmonics Coefficients by Magnetic Moment

The magnet fluxdΦ generated by the magnetic momentdm
at point Q as shown in Fig. 1(a) is presented by

dΦ = − dm

4πµ0
∇Q

(
1

R

)
(1)

whereµ0 andR are the permeability of free space and the
distance between the points Q and P [7], respectively. Using
the spherical harmonics function,1/R is given as

1

R
=

∞∑
n=0

n∑
m=0

{
εm

(n−m)!

(n+m)!

rn

rn+1
0

Pmn (cosα)

×Pmn (cos θ) cos [m(ψ − ϕ)]} (2)

where εm is the Neumann factor,Pmn is the associated
Legendre function,r andr0 are the distance from the origin to
the points P and Q, andα, θ, ψ, andϕ are the angle shown in
Fig. 1(a), respectively. The magnetic fielddBm is expressed
as

dBm = −µ0∇P dΦ. (3)

Here, the dimension of the correction iron piece with magnet
momentdm = (dmρ, dmϕ, dmz) in cylindrical components
is given in Fig. 1(b). The magnetic fieldBm generated by
the correction iron piece is obtained by the integration of the
volume, as follows:

Bm =

∫ z2

z1

∫ ρ2

ρ1

∫ ψ2

ψ1

dm

4π
∇P∇Q

(
1

R

)
ρdψdρdz. (4)

Here, it is assumed that the magnetic momentdm is constant
in a correction iron piece. The following equation is derived
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from calculating (4).

Bm =
∞∑
n=0

n∑
m=0

[rnPmn (cos θ)

×{Cs(n,m) cosmψ +Ds(n,m) sinmψ}] (5)

where[
Cs(n,m)
Ds(n,m)

]
= ix

[
Cs
x(n,m)

Ds
x(n,m)

]
+ iy

[
Cs
y(n,m)

Ds
y(n,m)

]
+iz

[
Cs
z(n,m)

Ds
z(n,m)

]
(6)

and ix, iy, and iz are the unit vector in thex-, y-, and z-
direction, respectively. The detail of the coefficientsCs and
Ds cannot be given here because of no space [8].
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Fig. 1. (a) Magnetic momentdm at point Q generates magnetic fluxdΦ at
point P and (b) dimension of a piece of iron withdm = (dmρ, dmϕ, dmz)
in the cylindrical components.

B. Spherical Harmonics Coefficients by Current

The current densityj with length of ds generates the
following magnetic vector potentialdA:

dA = µ0
jds

4πR
(7)

whereR is the distance between the points P and Q, replacing
the magnetic momentdm with the current density element

jds in Fig. 1(a). The following equation is derived from (2)
and (7):

dA = µ0
jds

4πr0

∞∑
n=0

n∑
m=0

{
εm

(n−m)!

(n+m)!

rn

rn0
Pmn (cosα)

×Pmn (cos θ) cos [m(ψ − ϕ)]} (8)

The magnetic field generated by the currentBc is

Bc =

∫
v

∇× dAdv (9)

wherev is the volume of the magnet. Finally, we can obtain
using (7) – (9)

Bc =

∞∑
n=0

n∑
m=0

[rnPmn (cos θ)

×{Cc(n,m) cosmψ +Dc(n,m) sinmψ}](10)

where[
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Dc(n,m)

]
= ix

[
Cc
x(n,m)
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]
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[
Cc
y(n,m)
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]
+iz

[
Cc
z(n,m)

Dc
z(n,m)

]
. (11)

The coefficientsCc andDc of the ring coil are represented
in [7]. It is, however, necessary to compute the coefficients
Cc and Dc by a numerical integration when the magnet
configuration is axially asymmetric, such as a dipole magnet.

When the main magnet generates a tilted magnetic field, the
spherical harmonics coefficients can be transformed using the
method presented in [9].

C. Passive Shimming

For compensating the magnetic field with passive shimming,[
Cs(n,m)
Ds(n,m)

]
+

[
Cc(n,m)
Dc(n,m)

]
=

[
0
0

]
(12)

with n ≥ 1 has to be satisfied.
In the passive shimming, the configuration of the correction

iron pieces has to be optimized in order to eliminate the
coefficientsCc(n,m) and Dc(n,m) by adding Ds(n,m)
andDs(n,m). The magnetic momentdm is computed by a
numerical simulation method, such as a finite element method
or a magnetic moment method.

III. PASSIVE SHIMMING

A. Magic-Angle-Spinning NMR

The passive shimming is applied to a pair of dipole magnets
of the magic-angle-spinning NMR [6]. Fig. 2 shows the dipole
magnets with the tilt of 54.74 deg. in they-z plane, the center
magnetic field is 0.3 T, and its dimensions are referred in
[6]. Table I shows the spherical harmonics coefficients of the
magnetic field generated by the dipole magnets, howevern ≤
4.

For passive shimming, theµGA [10] optimizes the configu-
ration of the correction iron pieces. Considering the symmetry,
the design region of the correction iron pieces, as shown in
Fig. 2, is divided into 2 (radially)× 36 (circumferentially)
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Fig. 2. Dipole magnets for magic-angle-spinning NMR. The configuration of
the iron piece is optimized by theµGA. The quarter region of the configuration
is considered due to the symmetry, and it is divided into 2 (radially)× 36
(circumferentially)× 18 (heigtwise) segmental elements.

TABLE I
SPHERICAL HARMONICS COEFFICIENTS OFDIPOLE MAGNETS

Coefficient x component y component z component
Cc(0, 0) 0.0 –0.24444 0.17281
Cc(1, 0) 0.0 0.0 0.0
Cc(1, 1) 0.0 0.0 0.0
Cc(2, 0) 0.0 –0.74069 1.06713
Cc(2, 1) –0.86867 0.0 0.0
Cc(2, 2) 0.0 0.45035 –0.26435
Cc(3, 0) 0.0 0.0 0.0
Cc(3, 1) 0.0 0.0 0.0
Cc(3, 2) 0.0 0.0 0.0
Cc(3, 3) 0.0 0.0 0.0
Cc(4, 0) 0.0 1004.881 –70.779
Cc(4, 1) 296.141 0.0 0.0
Cc(4, 2) 0.0 –82.389 58.331
Cc(4, 3) –63.652 0.0 0.0
Cc(4, 4) 0.0 18.288 –12.930
Dc(1, 1) 0.0 0.0 0.0
Dc(2, 1) 0.0 0.14871 –0.19576
Dc(2, 2) 0.61434 0.0 0.0
Dc(3, 1) 0.0 0.0 0.0
Dc(3, 2) 0.0 0.0 0.0
Dc(3, 3) 0.0 0.0 0.0
Dc(4, 1) 0.0 –27.0566 0.0
Dc(4, 2) –140.003 0.0 –0.19576
Dc(4, 3) 0.0 39.791 0.0
Dc(4, 4) 25.005 0.0 0.0

× 18 (heightwise) segmental elements, and theµGA decides
whether the iron piece exists in a subdivision or not, like
a topology optimization [11]. The object functionF to be
minimize is

F =
∑

i=x,y,z

4∑
n=1

n∑
m=0

w(n) (|Cs
i (n,m) + Cc

i (n,m)|

+ |Ds
i(n,m) +Dc

i (n,m)|) . (13)

wherew(n) is the following weight function.

w(n) = 10−2n (14)

The weight function is decided according to the desired bore
size of the homogenized magnetic field. When whole the iron
pieces are absent, the initial objective functionF = 4.634 ×
10−4.

The magnetic momentdm of every iron piece is computed
by the magnetic moment method in the cylindrical coordinate.

B. Passive Shimming Result

Fig. 3 shows the optimized configuration of the correction
iron pieces, and Table II represents the spherical harmonics
coefficients of the magnetic field affected by the correction
iron pieces. The objective function optimized isF = 0.806×
10−4. Figs. 4 and 5 shows the absolute value of the non-
zero spherical harmonics coefficients withn = 2 and 4,
respectively. The coefficients ofn = 2 are reduced adequately,
however, those ofn = 4 are not.

x

y

z

Fig. 3. The optimized configuration of correction iron pieces byµGA. The
blue-colored pieces are in the inner layer, and the red-colored ones in the
outer.

Table III shows the inhomogeneity of the magnetic field
within 10 mm sphere to the dipole magnets with and without
passive shimming. The inhomogeneity is drastically improved
to 4.3 ppm. In this optimization, the size of the iron piece is too
large to reduce all the spherical harmonics coefficients largely.
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TABLE II
SPHERICAL HARMONICS COEFFICIENTS OFIRON PIECES

Coefficient x component y component z component
Cs(0, 0) 0.0 –0.00367 0.00217
Cs(1, 0) 0.0 0.0 0.0
Cs(1, 1) 0.0 0.0 0.0
Cs(2, 0) 0.0 0.65458 –1.06536
Cs(2, 1) 0.86747 0.0 0.0
Cs(2, 2) 0.0 –0.45050 0.25618
Cs(3, 0) 0.0 0.0 0.0
Cs(3, 1) 0.0 0.0 0.0
Cs(3, 2) 0.0 0.0 0.0
Cs(3, 3) 0.0 0.0 0.0
Cs(4, 0) 0.0 –652.938 –150.717
Cs(4, 1) –221.509 0.0 0.0
Cs(4, 2) 0.0 16.939 –83.884
Cs(4, 3) 33.197 0.0 0.0
Cs(4, 4) 0.0 10.404 5.949
Ds(1, 1) 0.0 0.0 0.0
Ds(2, 1) 0.0 –0.13893 0.43639
Ds(2, 2) –0.93808 0.0 0.0
Ds(3, 1) 0.0 0.0 0.0
Ds(3, 2) 0.0 0.0 0.0
Ds(3, 3) 0.0 0.0 0.0
Ds(4, 1) 0.0 255.983 –261.175
Ds(4, 2) 25.019 0.0 0.0
Ds(4, 3) 0.0 –21.214 8.166
Ds(4, 4) 6.058 0.0 0.0
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Fig. 4. Absolute value of the non-zero spherical harmonics coefficients with
n = 2.

However, it was successful to compute the spherical harmonics
coefficients of all the component by all the magnetic moment
components, and the optimization of the correction iron piece
configuration was done.

TABLE III
INHOMOGENEITY OFMAGNETIC FIELD WITHIN 10 MM SPHERE

w/o shimming (ppm) with shimming (ppm)
x-component 0.0 0.0
y-component 137.7 3.9
z-component 104.0 1.8
All components 172.5 4.3

IV. CONCLUSION

We calculate the spherical harmonics coefficients of all
the components generated by all the magnetic moment com-
ponents. When a main magnet is tilted, it is necessary to
eliminate the spherical harmonics of all the components by
passive shimming. We have tried to compensate the magnetic
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Fig. 5. Absolute value of the non-zero spherical harmonics coefficients with
n = 4.

field of the tilted dipole magnets so that the configuration of
the correction iron pieces was optimized by theµGA. In the
future, it is necessary to eliminate higher order coefficients
with a smaller piece of iron. In addition, it is necessary
to employ active shimming with passive one. The proposed
method in this paper is useful in the simultaneous active and
passive shimming.
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