ol

%{} HOKKAIDO UNIVERSITY
N

x‘

<\

Title HOMOGENIZATION OF COMPOSITE BEAMS WITH PERIODIC MICROSTRUCTURES
Author(s) SAIKI, I; YARI, K.; YAMADA, M.; SETOGAWA, A.; IWAKUMA, T.
Citation Proceedings of the Thirteenth East Asia-Pacific Conference on Structural Engineering and Construction (EASEC-13),
September 11-13, 2013, Sapporo, Japan, F-6-4., F-6-4
Issue Date 2013-09-12
Doc URL http://hdl.handle.net/2115/54404
Type proceedings
Note The Thirteenth East Asia-Pacific Conference on Structural Engineering and Construction (EASEC-13), September 11-

13, 2013, Sapporo, Japan.

File Information

easec13-F-6-4.pdf

®

Instructions for use

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp

HOMOGENIZATION OF COMPOSITE BEAMS WITH PERIODIC
MICROSTRUCTURES

l. Saiki**?, K. YARI, M. YAMADA 1, A. SETOGAWA' and T. IWAKUMA*

1Department of Civil Engineering, School of Engineering, Tohoku University, Japan
ABSTRACT

Some kinds of element test are generally conducted in order to evaluate mechanical characteristics of
structural members that have complex microstructures such as steel and concrete composite beams.
However, the element test with a part of the structural member can not faithfully reconstruct deforma-
tion state in actual structures. To that end, we formulate a beam with averaged mechanical properties
in order to evaluate mechanical properties of Timoshenko beams with microstructures.

Keywords: homogenization method, periodic boundary condition, Timoshenko beam

1. INTRODUCTION

Nowadays, various types of steel and concrete hybrid structures are used. Hybrid structures enables
us to get great performance that is never obtained by a single material. In this context, it is most
important to ensure the integration offérent materials for hybrid structures to provide high per-
formance. For the steel and concrete hybrid structures, the mechanical integration by some kinds of
shear connectors are usually employed. Since the shear connector is very small compared to the struc-
ture, it is hard to simulate the microstructure such as the shear connectors in the numerical analysis
of the whole structure, no matter how computers are improved. Therefore, the averaged mechanical
properties of the microstructure is generally evaluated prior to the analysis of the whole structure.

For the headed studs, the averaged mechanical properties such as shear strength and shear force-slij
relationship are studied through the element test called push out test[1]. However, unlike the case of
the element test of materials, the deformation and the stress distribution of the microstructure in the
whole structure are not trivial. Moreover, the element test of the microstructure has limitations of the
reproductivity of the complex deformation state. For instance, in the push out test of headed studs,
the shear force is applied as single shear between steel and concrete interface whereas the shear stres
in actual steel and concrete composite beam is distributed in the beam.

On the other hand, for the average property evaluation of the periodic microstructure, e.g., those of
composite materials, the mathematical homogenization method is well suited. Hence, the mathemat-
ical homogenization method gets a lot of attention for an average technique of composite materials
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with periodic microstructures. Although the shear connectors in the composite beam can be also
regarded as the periodic microstructure, application of the homogenization method to the structural
members such as beams and plates is rarely reported.

Approaches of the application of the homogenization to the structural members are twofold. One
includes application of the homogenization to the second order goverriggeditial equation of

the continuum followed by introduction of the kinematic field of beams or plates to the microscale
problem of the continuum. The other approach includes application of the homogenization method to
the fourth order governing flerential equation of beams or plates. The analysis of sandwich panels

by Takano et. al[2] and the analysis of beam and plate structure by Okada et. al[3] can be classified
into the former approach. The formulation of the homogenization of the plate bending based on the
asymptotic expansion by Kohn and Vogelius[4] should be classified into the latter. On the other hand,
authors have been applied the homogenization method on the basis of the generalized convergence
theory to the linear[5] and nonlinear[6] bending problems of plates.

Although many reports on the homogenization for the structural members are published, those for
the structural members considering the shear deformation has not been available so far. Therefore,
in this paper, a method to evaluate the mechanical properties of the heterogeneous Timoshenko beam
is developed. For this purpose, a periodic boundary condition that is applicable to the representative
volume element discritized by the solid element is also introduced.

2. Formulation of two-scale boundary value problem of Timoshenko beam by generalized
convergence method

A set of spatially fixed orthonormal base vecteré = 1, 2, 3) is defined as shown in Figure 1. Then
the position vectok is expressed by its componentsasx = x;g in terms of the base vectors.

The equivalent variational problem to the boundary value problem of the Timoshenko beam is the
problem finding the stationary point of the functional

fwb( )dx1+f\’\’s(—+e1x0)dxl
f ( )olx1 fvva( )dxl—fq vdxl—ffudxl

The independent variables of the functional @ré, u andy. Here,W?, W5, Wt andW? are strain
energy density functions of the bending strain, the shear strain, the torsional shear strain and the axial
strain, respectively.

(1)

The generalized() convergence theory[7] states that the convex functiofa) of a functionw with
a parametee converges to

ai(w) = f WH(V,wP) dx (2)
ase — 0. HereW" is the homogenized strain energy density function defined as

WH(V,WP) := inf (W(T.W° + V). (3)
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L1, Y1

T3, Y3

Figure 1. beam and basis vectors

Furthermore, it is known thatw converges t&,w° + V,w! ase — 0, where(e) denotes the volume

average oveY defined as
1
=— | odY, 4
= fY (4)

whereY does the representative volume element consists of unit periodic structure (unit cell). If the
function w represents the displacemenf, andw! respectively correspond to the macroscale dis-
placement and the microscale displacement which has the periodicity over the representative volume
element ¥-periodicity). V denotes the gradiant operator, which coincides with the derivative with
respect tax; along the beam axig/ is the microscale coordinate definedyas é

The homogenized functional™ correspond to the original functionBlis given by
de® det v
H _ b~ - - 0
I1 —f<W (dxl+dyl)>dx1+f<\/\/5(dxl+dy1+e1><0)>dx1 5
1

(A dy du®
f<W(dX1 dY1)>d ! f<wa(dxl dy1)>dxl_fq Vodxl—ffu dxq,

whered® and 6* are respectively the macroscale rotational angle of the cross section and the mi-
croscale oney® andv! are respectively the macroscale deflection (the displacement transverse to the
beam axis) and the microscale opé€ andy?® are respectively the macroscale torsional angle and the
microscale ong,® andu® are respectively the macroscale axial displacement and the microscale one.
It should be emphasized that all @, v*, y* andu! haveY-periodicity. The stationary condition of

the homogenized functional is given by

dse® dse* dsv®  dovt
_ orH _ o (Y0 _ 0 0
0 = ¢I1 _f<M (dx1 + & )>d 1 f<Q (dxl + — & e1><60)>dx1
doy® doyt dou®  dout
_ o, = _ o (=2 6
f <T ( B + ™ dx; f N i + & dx, (6)
- f q- oVPdx, — f fouldxy,

whereM? is, for example, the bending moment defined as

mo= W __ (7)
a di + di
dx; dy;
de® det
arises from the total curvatw;?— + — &,
1



Equation (6) can be rearranged in terms of the variation of the independent variables as

0 0
f<|v|°~fTH—QO-(elxaao»dxl:fM 400 - Q- (&1 x 56%) dx
1

Xy -
:[M-aao]z—f(z—'vl'JreleO) 56%dx, = 0

f<q oV +Q°- V0>dx1_[Q 6v°] f( %]-&del:o (9)

f <T0. dj)‘(”lo>dx1_ T, f d—l&podxl_ (10)

f<f5u°+N°-‘f—)f>dx1:[N-5u0]2+f(f—S—E)auodxlzo (11)

whereM, Q, T andN are the averaged bending moment, the averaged shear force, the averaged
tortional moment and the averaged axial force, respectively. These internal forces are defined as

M:=(M%., Q:=(Q%. T:=(T%., N:=(N°. (12)
Considering periodicity of the microscale quantities, we also define, e.g., the averaged curvature
de® de'\ de°
Vo = —_— 13
< dY1> dxg (13)

as the deformation counterparts of the averaged internal forces.
Finally, the macroscale problem is described by the original boundary conditions and the equilibrium
equations Finally, the macroscale equillibrium is obtained as

dm 0 . — o do° dTo dN©
— = VxM = & g Lo S 14
o e xQ’ thatis VxM =Q°, . g, . 0, o f (14)

Similarly, equation (6) also yield the microscale equilibrium equations

1 0 1
0=-(we- 57 = (g o). o=-(<" ‘ff;} (& 5> a9
_ 0.d5¢1 are NS dsut\  /dN°
0= <T a )\ ) T\ w ) T e 0w (16)

3. Microscale problem of the homogenized Timoshenko beam

In this section, exploiting the homogenization method for the microstructures which are modeled as
the frame structures proposed by the reference [8], we formulate the periodic boundary conditions for
the three-dimensional beam with periodic microstructures and realize the multiscale finite element
analysis of the beam.

We characterize the representative volume element by the unit structure of the beam which has the
one dimensional periodicity with the periodic vectgrthe norm of which ise, and focus on the

4



domainQ of the representative volume element as the domain of interest. Since the periodicity of
the beam is one dimension, we can assume, = 0 (@ = 2,3) and hence = re; without loss of
generality. Then, the bounda#2 of the representative volume element is expressed as the union of
boundaries as

A =Tuiru'T. (17)

Although the cross sectionsyat= 0 andy; = r undergo same deformation because of the periodicity,
the former cross section g = 0 is referred to as the independent cross seciiprwhich has
independent degree of freedom, and the latter cross sectign=at is referred to as the dependent
cross sectiofil’, which is dependent on the independent cross selitor the sake of convenience.

3.1 Constraint of the relative displacement and the rigid body rotation
Integration of the total curvature and the total torsional angle per unit length yields the total rotation
6:(y2) = VOy: + 6 (18)

and the total torsional angle

Ye(yr) = Vo ys + gt (19)
respectively. Due to the periodicity of the rotational angfleand the torsional angke!, the relative
rotation and the relative torsional angle can be written as

0:(y1+1) = 6:(y)) = VOr and yi(yr+1) = ¢i(y1) = Vyr, (20)

respectively. Under the assumption of infinitesimal displacement, both of the relative rotation and the
relative torsional angle are also infinitesimal. Thus, the relative axial displacement arising from the
relative rotation and the relative transversal displacement cased by the relative torsional angle can be
written as

Ur(y1 + I, Y2, Y3) — Ur(Y1, Yo, ¥3) = {(VOT1) X ¥°} - € (21)
and
Ve(Yr + 1. Y2, Y3) — Ve(Y1, Y2, ¥3) = (VYT e) x ¥, (22)

respectively, wherg/ denotes the position vector of an arbitrary point which initial point is the
centroid of the cross section and henfee; = 0.

By integrating the total shear strain and the total axial strain with respect to the microscale, the real
lateral displacement and the real axial displacement are obtained, respectively, as

Ve(yr) = yy1 + Vi u(y) = Vuys + Ut (23)

By virtue of the periodicity of the real lateral displacemehtthe torsional anglg! and the axial
displacement® in the microscale, the relative real lateral displacement and the relative real axial
displacement are expressed as

Vi(yr + 1) = Ve(y) =71, Ulys+r1)—U(y) = Vur. (24)
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Figure 2: Rigid body rotation due to relative displacement

Since the real aixial displacement is induced by both the bending deformation and the axial one, the
relative real axial displacement is obtained by summing both contributions as

Ur(Y1 + 1, Y2, Y3) — Ur(Y1, Y2, ¥3) = {(VOTr) x ¥°} - €1 + Vur. (25)

At the same time, since the real lateral displacement is induced by both the shear deformation and the
torsional one, the relative real lateral displacement is obtained by summing both contributions as

Ve(Yr + 1, Y2, ¥3) — Ve(Y1, Y2, ¥3) = (Vyre) x Yo +yr. (26)

Then, prescription of the relative displacement determined by equations (25) and (26) is equivalent
to the periodic boundary condtion in the microscale problems.

However, subscription of the relative real lateral displacement (26), which includes the periodic
boundary condition related to shear deformation, induces only the rigid body rotation and does not
realize shear deformation of the representative volume element as illustrated in Figure 2. Therefore,
it is necessary to constrain the rigid body rotation. In this paper, we introduce constraint of the rigid
body rotation of the representative volume element. Regarding the rigid body rotation of the represen-
tative volume element as the averaged rigid body rotation of the all cross sections in the representative
volume element, the constraint of the rigid body rotation can be expressed as

1 r
0.7 [ odn=0 @=23) @)
0

whered' (y1) is the real rotation of the cross sectioryaboutx,-axis, i.e.,d}, := 6" - e,. Here, the
rotation of the cross sectidf)(y,) is defined by the slope of the least-square regression line of the
positions on a cross section. Henégy;) which minimizes

Re(r) i= f (U +0hys—b)2 dA and Ro(yy) i= f (U — Bhys — bo)? dA (28)

is the rotation of the cross section. The surface of the integral in the above equation is the cross
section aty; andb, is the intersect with,-axis of the cross section. Owing to the condition tRat
becomes minimum

OR,
o0,

=0 (summation convention is not adopted) (29)



the cross sectional rotatiaf) can be expressed in termswafas

—fyzuldA+ bng

l33

f yaup dA — bsG,

22

05(y1) = and 6(y:) = : (30)

whereG, is the first moment of cross section abeHaxis, |, is the second moment of cross section
aboutx,-axis. Assuming that the cross section is uniforngiilirection and that the origins g and
Y3 is coincide with the centroid of the cross section, the first moments of the cross section are

Gz = fyz dA = 0, Gj:= fyg dA=0. (31)

Then, the rotations of the cross sect#rare obtained by

f yauy dA f yau; dA
s lp
Therefore, substituting the equation (32) into the equation (27), we obtain the constraint equations

for the rigid body rotation as
1 (" fY2U1 dv fygul av
[T UG
0

I'f|33dy1 rf'ZZdyl

Since neither of the denominators in the right hand sides of the above equations are zero, the constraint
equation for the rigid body rotation can be expressed in another form as

d5(y1) = . by(y1) = (32)

)
=0 and %f 0, dy; = (33)
0

93 = fyzul dV = O, 92 = fygu:L dV = O (34)

Then, the constraint equation (34) can be discretized and is expressed in terms of the nodal displace-
mentu? as

Go= ) WU =0. (35)

In the above equation, a ddieientw), of U} is defined by

W = ﬂ;{ym | i | i | i NNdet] ds; de, dfs}, (36)

where A denotes the ensemble of the finite elemediss the sum of all nodes belonging to the
elementJ is the Jacobian of the natural coordinate of the isoparametric shape function.

4. Numerical example

In order to examine the accuracy of the proposed method, the averaged properties of a homogeneous
beam with zero Poisson’s ratio which analytical solution is available are computed.
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Figure 3: bending deformation (o11) Figure 4: shear deformation (12)

First, the curvature$ = 0.1/r aboutys-axis is applied to the homogeneous beam model. The bending
stiffness obtained by beam theoryE$ = %E On the other hand, the ratio of the averaged bending
stiffness EI)" computed by the proposed methodEb is 1.00125. The deformation and the;
distribution of this case is illustrated in Figure 3.

Next, the macroscopic shear deformatjdn= 0.1 is applied. The shear ftiess by the Timoshenko
beam theory IkKGA = %\ On the other hand, the ratio of the averaged shefinssis kKGA! to
kGAis 1.00208. The deformation and the, distribution of this case is illustrated in Figure 4.

5. Conclusion

In this paper, the periodic boundary condition of the beam with the microstructures has been formu-
lated. Moreover, the problem arising from the rigid body rotation has been solved by introducing
the constraint of the rotation of the cross section of the beam. Finally, the method of the evaluation
of the averaged mechanical properties of the beam with the microstructures has been proposed. The
accuracy of the proposed method is examined through the numerical example of the homogeneous
beam.
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