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HOMOGENIZATION OF COMPOSITE BEAMS WITH PERIODIC
MICROSTRUCTURES

I. Saiki1∗†, K. YARI1, M. YAMADA 1, A. SETOGAWA1 and T. IWAKUMA1

1Department of Civil Engineering, School of Engineering, Tohoku University, Japan

ABSTRACT

Some kinds of element test are generally conducted in order to evaluate mechanical characteristics of

structural members that have complex microstructures such as steel and concrete composite beams.

However, the element test with a part of the structural member can not faithfully reconstruct deforma-

tion state in actual structures. To that end, we formulate a beam with averaged mechanical properties

in order to evaluate mechanical properties of Timoshenko beams with microstructures.

Keywords: homogenization method, periodic boundary condition, Timoshenko beam

1. INTRODUCTION

Nowadays, various types of steel and concrete hybrid structures are used. Hybrid structures enables

us to get great performance that is never obtained by a single material. In this context, it is most

important to ensure the integration of different materials for hybrid structures to provide high per-

formance. For the steel and concrete hybrid structures, the mechanical integration by some kinds of

shear connectors are usually employed. Since the shear connector is very small compared to the struc-

ture, it is hard to simulate the microstructure such as the shear connectors in the numerical analysis

of the whole structure, no matter how computers are improved. Therefore, the averaged mechanical

properties of the microstructure is generally evaluated prior to the analysis of the whole structure.

For the headed studs, the averaged mechanical properties such as shear strength and shear force-slip

relationship are studied through the element test called push out test[1]. However, unlike the case of

the element test of materials, the deformation and the stress distribution of the microstructure in the

whole structure are not trivial. Moreover, the element test of the microstructure has limitations of the

reproductivity of the complex deformation state. For instance, in the push out test of headed studs,

the shear force is applied as single shear between steel and concrete interface whereas the shear stress

in actual steel and concrete composite beam is distributed in the beam.

On the other hand, for the average property evaluation of the periodic microstructure, e.g., those of

composite materials, the mathematical homogenization method is well suited. Hence, the mathemat-

ical homogenization method gets a lot of attention for an average technique of composite materials
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with periodic microstructures. Although the shear connectors in the composite beam can be also

regarded as the periodic microstructure, application of the homogenization method to the structural

members such as beams and plates is rarely reported.

Approaches of the application of the homogenization to the structural members are twofold. One

includes application of the homogenization to the second order governing differential equation of

the continuum followed by introduction of the kinematic field of beams or plates to the microscale

problem of the continuum. The other approach includes application of the homogenization method to

the fourth order governing differential equation of beams or plates. The analysis of sandwich panels

by Takano et. al[2] and the analysis of beam and plate structure by Okada et. al[3] can be classified

into the former approach. The formulation of the homogenization of the plate bending based on the

asymptotic expansion by Kohn and Vogelius[4] should be classified into the latter. On the other hand,

authors have been applied the homogenization method on the basis of the generalized convergence

theory to the linear[5] and nonlinear[6] bending problems of plates.

Although many reports on the homogenization for the structural members are published, those for

the structural members considering the shear deformation has not been available so far. Therefore,

in this paper, a method to evaluate the mechanical properties of the heterogeneous Timoshenko beam

is developed. For this purpose, a periodic boundary condition that is applicable to the representative

volume element discritized by the solid element is also introduced.

2. Formulation of two-scale boundary value problem of Timoshenko beam by generalized

convergence method

A set of spatially fixed orthonormal base vectorsei (i = 1,2,3) is defined as shown in Figure 1. Then

the position vectorx is expressed by its componentsxi asx = xiei in terms of the base vectors.

The equivalent variational problem to the boundary value problem of the Timoshenko beam is the

problem finding the stationary point of the functional

Π :=
∫

Wb

(
dθ
dx1

)
dx1 +

∫
Ws

(
dv
dx1
+ e1 × θ

)
dx1

+

∫
Wt

(
dψ
dx1

)
dx1 +

∫
Wa

(
du
dx1

)
dx1 −

∫
q · vdx1 −

∫
f udx1

(1)

The independent variables of the functional arev, θ, u andψ. Here,Wb, Ws, Wt andWa are strain

energy density functions of the bending strain, the shear strain, the torsional shear strain and the axial

strain, respectively.

The generalized (Γ) convergence theory[7] states that the convex functionalπ(w) of a functionw with

a parameterϵ converges to

πH(w) :=
∫

WH(∇xw
0) dx (2)

asϵ → 0. HereWH is the homogenized strain energy density function defined as

WH(∇xw
0) := inf

w1

⟨
W(∇xw

0 + ∇yw
1)
⟩
. (3)
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Figure 1: beam and basis vectors

Furthermore, it is known that∇w converges to∇xw0 + ∇yw1 asϵ → 0, where⟨•⟩ denotes the volume

average overY defined as

⟨•⟩ :=
1
|Y|

∫
Y
• dY, (4)

whereY does the representative volume element consists of unit periodic structure (unit cell). If the

function w represents the displacement,w0 andw1 respectively correspond to the macroscale dis-

placement and the microscale displacement which has the periodicity over the representative volume

element (Y-periodicity). ∇ denotes the gradiant operator, which coincides with the derivative with

respect tox1 along the beam axis.y is the microscale coordinate defined asy = x
ϵ
.

The homogenized functionalΠH correspond to the original functionalΠ is given by

ΠH =

∫ ⟨
Wb

(
dθ0

dx1
+

dθ1

dy1

)⟩
dx1 +

∫ ⟨
Ws

(
dv0

dx1
+

dv1

dy1
+ e1 × θ0

)⟩
dx1

+

∫ ⟨
Wt

(
dψ0

dx1
+

dψ1

dy1

)⟩
dx1 +

∫ ⟨
Wa

(
du0

dx1
+

du1

dy1

)⟩
dx1 −

∫
q · v0dx1 −

∫
f u0dx1,

(5)

whereθ0 andθ1 are respectively the macroscale rotational angle of the cross section and the mi-

croscale one,v0 andv1 are respectively the macroscale deflection (the displacement transverse to the

beam axis) and the microscale one,ψ0 andψ1 are respectively the macroscale torsional angle and the

microscale one,u0 andu1 are respectively the macroscale axial displacement and the microscale one.

It should be emphasized that all ofθ1, v1, ψ1 andu1 haveY-periodicity. The stationary condition of

the homogenized functional is given by

0 = δΠH =

∫ ⟨
M0 ·

(
dδθ0

dx1
+

dδθ1

dy1

)⟩
dx1 −

∫ ⟨
Q0 ·

(
dδv0

dx1
+

dδv1

dy1
+ e1 × δθ0

)⟩
dx1

−
∫ ⟨

T0 ·
(
dδψ0

dx1
+

dδψ1

dy1

)⟩
dx1 −

∫ ⟨
N0 ·

(
dδu0

dx1
+

dδu1

dy1

)⟩
dx1

−
∫

q · δv0dx1 −
∫

f δu0dx1,

(6)

whereM0 is, for example, the bending moment defined as

M0 =
∂W

∂

(
dθ0

dx1
+

dθ1

dy1

) (7)

arises from the total curvature
dθ0

dx1
+

dθ1

dy1
.
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Equation (6) can be rearranged in terms of the variation of the independent variables as∫ ⟨
M0 · dδθ

0

dx1
−Q0 ·

(
e1 × δθ0

)⟩
dx1 =

∫
M̃ · dδθ

0

dx1
− Q̃ · (e1 × δθ0) dx1

=
[
M̃ · δθ0

]ℓ
0
−

∫ (dM̃
dx1
+ e1 ×Q0

)
· δθ0dx1 = 0

(8)

∫ ⟨
q · δv0 +Q0 · dδv

0

dx1

⟩
dx1 =

[
Q̃ · δv0

]ℓ
0
+

∫ q− dQ̃
dx1

 · δv0dx1 = 0 (9)

∫ ⟨
T0 · dδψ

0

dx1

⟩
dx1 =

[
T̃ · δψ0

]ℓ
0
−

∫
dT̃
dx1

δψ0dx1 = 0 (10)∫ ⟨
f δu0 + N0 · dδu

0

dx1

⟩
dx1 =

[
Ñ · δu0

]ℓ
0
+

∫  f − dÑ
dx1

 δu0dx1 = 0 (11)

where M̃ , Q̃, T̃ and Ñ are the averaged bending moment, the averaged shear force, the averaged

tortional moment and the averaged axial force, respectively. These internal forces are defined as

M̃ :=
⟨
M0

⟩
, Q̃ :=

⟨
Q0

⟩
, T̃ :=

⟨
T0

⟩
, Ñ :=

⟨
N0

⟩
. (12)

Considering periodicity of the microscale quantities, we also define, e.g., the averaged curvature

∇θ :=

⟨
dθ0

dx1
+

dθ1

dy1

⟩
=

dθ0

dx1
(13)

as the deformation counterparts of the averaged internal forces.

Finally, the macroscale problem is described by the original boundary conditions and the equilibrium

equations Finally, the macroscale equillibrium is obtained as

dM̃
dx1
= −e1 ×Q0 that is ∇ × M̃ = Q0,

dQ0

dx1
= q,

dT0

dx1
= 0,

dN0

dx1
= f . (14)

Similarly, equation (6) also yield the microscale equilibrium equations

0 = −
⟨
M0 · dδθ

1

dy1

⟩
=

⟨
dM0

dy1
· δθ1

⟩
, 0 = −

⟨
Q0 · dδv

1

dy1

⟩
=

⟨
dQ0

dy1
· δv1

⟩
(15)

0 = −
⟨
T0 · dδψ

1

dy1

⟩
=

⟨
dT0

dy1
· δψ1

⟩
, 0 = −

⟨
N0 · dδu

1

dy1

⟩
=

⟨
dN0

dy1
· δu1

⟩
. (16)

3. Microscale problem of the homogenized Timoshenko beam

In this section, exploiting the homogenization method for the microstructures which are modeled as

the frame structures proposed by the reference [8], we formulate the periodic boundary conditions for

the three-dimensional beam with periodic microstructures and realize the multiscale finite element

analysis of the beam.

We characterize the representative volume element by the unit structure of the beam which has the

one dimensional periodicity with the periodic vectorr, the norm of which isϵ, and focus on the
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domainΩ of the representative volume element as the domain of interest. Since the periodicity of

the beam is one dimension, we can assumer · eα = 0 (α = 2,3) and hencer = re1 without loss of

generality. Then, the boundary∂Ω of the representative volume element is expressed as the union of

boundaries as

∂Ω = iΓ ∪ dΓ ∪ fΓ. (17)

Although the cross sections aty1 = 0 andy1 = r undergo same deformation because of the periodicity,

the former cross section aty1 = 0 is referred to as the independent cross sectioniΓ, which has

independent degree of freedom, and the latter cross section aty1 = r is referred to as the dependent

cross sectiondΓ, which is dependent on the independent cross sectioniΓ for the sake of convenience.

3.1 Constraint of the relative displacement and the rigid body rotation

Integration of the total curvature and the total torsional angle per unit length yields the total rotation

θr(y1) = ∇θ y1 + θ
1 (18)

and the total torsional angle

ψr(y1) = ∇ψ y1 + ψ
1, (19)

respectively. Due to the periodicity of the rotational angleθ1 and the torsional angleψ1, the relative

rotation and the relative torsional angle can be written as

θr(y1 + r) − θr(y1) = ∇θ r and ψr(y1 + r) − ψr(y1) = ∇ψ r, (20)

respectively. Under the assumption of infinitesimal displacement, both of the relative rotation and the

relative torsional angle are also infinitesimal. Thus, the relative axial displacement arising from the

relative rotation and the relative transversal displacement cased by the relative torsional angle can be

written as

ur(y1 + r, y2, y3) − ur(y1, y2, y3) = {(∇θ r) × yc} · e1 (21)

and

vr(y1 + r, y2, y3) − vr(y1, y2, y3) = (∇ψ r e1) × yc, (22)

respectively, whereyc denotes the position vector of an arbitrary point which initial point is the

centroid of the cross section and henceyc · e1 = 0.

By integrating the total shear strain and the total axial strain with respect to the microscale, the real

lateral displacement and the real axial displacement are obtained, respectively, as

vr(y1) = γ y1 + v1, ur(y1) = ∇u y1 + u1. (23)

By virtue of the periodicity of the real lateral displacementv1, the torsional angleψ1 and the axial

displacementu1 in the microscale, the relative real lateral displacement and the relative real axial

displacement are expressed as

vr(y1 + r) − vr(y1) = γ r, ur(y1 + r) − ur(y1) = ∇u r. (24)
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Figure 2: Rigid body rotation due to relative displacement

Since the real aixial displacement is induced by both the bending deformation and the axial one, the

relative real axial displacement is obtained by summing both contributions as

ur(y1 + r, y2, y3) − ur(y1, y2, y3) = {(∇θ r) × yc} · e1 + ∇u r. (25)

At the same time, since the real lateral displacement is induced by both the shear deformation and the

torsional one, the relative real lateral displacement is obtained by summing both contributions as

vr(y1 + r, y2, y3) − vr(y1, y2, y3) = (∇ψ r e1) × yc + γ r. (26)

Then, prescription of the relative displacement determined by equations (25) and (26) is equivalent

to the periodic boundary condtion in the microscale problems.

However, subscription of the relative real lateral displacement (26), which includes the periodic

boundary condition related to shear deformation, induces only the rigid body rotation and does not

realize shear deformation of the representative volume element as illustrated in Figure 2. Therefore,

it is necessary to constrain the rigid body rotation. In this paper, we introduce constraint of the rigid

body rotation of the representative volume element. Regarding the rigid body rotation of the represen-

tative volume element as the averaged rigid body rotation of the all cross sections in the representative

volume element, the constraint of the rigid body rotation can be expressed as

gα :=
1
r

∫ r

0
θr
α(y1)dy1 = 0 (α = 2,3), (27)

whereθr
α(y1) is the real rotation of the cross section aty1 aboutxα-axis, i.e.,θr

α := θr · eα. Here, the

rotation of the cross sectionθr
α(y1) is defined by the slope of the least-square regression line of the

positions on a cross section. Hence,θr
α(y1) which minimizes

R3(y1) :=
∫ (

u1 + θ
r
3y2 − b2

)2 dA and R2(y1) :=
∫ (

u1 − θr
2y3 − b3

)2 dA (28)

is the rotation of the cross section. The surface of the integral in the above equation is the cross

section aty1 andbα is the intersect withxα-axis of the cross section. Owing to the condition thatRα

becomes minimum
∂Rα

∂θr
α

= 0 (summation convention is not adopted), (29)
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the cross sectional rotationθr
α can be expressed in terms ofu1 as

θr
3(y1) =

−
∫

y2u1 dA+ b2G3

I33
and θr

2(y1) =

∫
y3u1 dA− b3G2

I22
, (30)

whereGα is the first moment of cross section aboutxα-axis,Iαα is the second moment of cross section

aboutxα-axis. Assuming that the cross section is uniform iny1 direction and that the origins ofy2 and

y3 is coincide with the centroid of the cross section, the first moments of the cross section are

G3 :=
∫

y2 dA = 0, G2 :=
∫

y3 dA = 0. (31)

Then, the rotations of the cross sectionθr
α are obtained by

θr
3(y1) = −

∫
y2u1 dA

I33
, θr

2(y1) =

∫
y3u1 dA

I22
. (32)

Therefore, substituting the equation (32) into the equation (27), we obtain the constraint equations

for the rigid body rotation as

1
r

∫ r

0
θr

3 dy1 = −

∫
y2u1 dV

r
∫

I33 dy1

= 0 and
1
r

∫ r

0
θr

2 dy1 =

∫
y3u1 dV

r
∫

I22 dy1

= 0. (33)

Since neither of the denominators in the right hand sides of the above equations are zero, the constraint

equation for the rigid body rotation can be expressed in another form as

g3 :=
∫

y2u1 dV = 0, g2 :=
∫

y3u1 dV = 0. (34)

Then, the constraint equation (34) can be discretized and is expressed in terms of the nodal displace-

mentun
1 as

ḡα =
∑

wn
αu

n
1 = 0. (35)

In the above equation, a coefficientwn
α of un

1 is defined by

wn
α := A

∑
m

{
ym
α

∫ 1

−1

∫ 1

−1

∫ 1

−1
NmNndetJ dξ1 dξ2 dξ3

}
, (36)

whereA denotes the ensemble of the finite elements,
∑

is the sum of all nodes belonging to the

element,J is the Jacobian of the natural coordinate of the isoparametric shape function.

4. Numerical example

In order to examine the accuracy of the proposed method, the averaged properties of a homogeneous

beam with zero Poisson’s ratio which analytical solution is available are computed.
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Figure 3: bending deformation (σ11)
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Figure 4: shear deformation (σ12)

First, the curvatureϕ0
3 = 0.1/r abouty3-axis is applied to the homogeneous beam model. The bending

stiffness obtained by beam theory isEI = a4E
12 . On the other hand, the ratio of the averaged bending

stiffness (EI)H computed by the proposed method toEI is 1.00125. The deformation and theσ11

distribution of this case is illustrated in Figure 3.

Next, the macroscopic shear deformationγ0
12 = 0.1 is applied. The shear stiffness by the Timoshenko

beam theory iskGA = 5GA
6 . On the other hand, the ratio of the averaged shear stiffness (kGA)H to

kGA is 1.00208. The deformation and theσ12 distribution of this case is illustrated in Figure 4.

5. Conclusion

In this paper, the periodic boundary condition of the beam with the microstructures has been formu-

lated. Moreover, the problem arising from the rigid body rotation has been solved by introducing

the constraint of the rotation of the cross section of the beam. Finally, the method of the evaluation

of the averaged mechanical properties of the beam with the microstructures has been proposed. The

accuracy of the proposed method is examined through the numerical example of the homogeneous

beam.
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