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Electron trajectory selection for high harmonic 
generation inside a short hollow fiber 
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Department of Applied Physics, Hokkaido University, Kita 13 Nishi 8, Kita-ku, Sapporo 060-8628, Japan 

*sekikawa@eng.hokudai.ac.jp 

Abstract: The 19th harmonic beam divergences from a Ti:sapphire laser 
generated using a gas jet and 10-mm-long hollow fibers with bore diameters 
of 300 and 200 μm were investigated. The beam quality factor M2 of the 
harmonic beam generated in a 300-μm hollow fiber was found to be better 
than the gas jet using the phase match including the atomic dipole phase 
induced by the short trajectory. On the other hand, a 200-μm hollow fiber 
was found to generate a more divergent beam with a larger M2 because of 
the long trajectory. The electron trajectory contributing to high harmonic 
generation was selected using the phase-matching process inside a short 
hollow fiber. 
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1. Introduction 

High harmonics generated by nonlinear interactions between intense laser fields and atoms or 
molecules are coherent ultrashort table-top light sources in the extreme ultraviolet (XUV) and 
soft-x-ray regions. The shortest pulse duration achieved for these sources are in attosecond 
range [1–3] with the photon energy reaching hard x-rays [4, 5]. Thus, high harmonics are 
promising light sources that can be used to investigate ultrafast phenomena in extreme 
conditions. However, one drawback of high harmonics is the relatively low conversion 
efficiency from the driving laser pulses, which is on the order of 10−5 to 10−7. To increase the 
conversion efficiency, the phase-matching conditions for high harmonic generation have been 
extensively investigated [6–8]. Even today the phase matching for high harmonic generation 
is still an interesting and important topic [9]. One approach for the phase matching is to use a 
gas-filled hollow fiber to confine the laser beam longer than the confocal parameter [6, 8, 9]. 
Another approach is to employ the loose focus of the laser beam, which causes the confocal 
parameter itself to become longer [7]. 

In a previous study [10], we enhanced the conversion efficiency by a factor of 7 at the 
19th harmonic (H19) by using a hollow fiber to make the interaction length longer and 
evaluated the saturation condition of the harmonic intensity in relation to gas pressure. After 
the selection of a single harmonic using a time-delay compensated monochromator (TDCM) 
with the temporal duration preserved [10–14], the output photon fluxes at 23.4, 26.5 29.6, 
32.8, and 35.9 eV were 1.8 × 109, 4.0 × 109, 7.1 × 109, 5.7 × 109, and 6.4 × 109 photons/s, 
respectively [10]. These were comparable to the photon fluxes at synchrotron radiation 
facilities. Consequently, a promising tunable high harmonic beam line was developed at our 
facility to be used as an ultrashort XUV light source. 

For design of optical systems such as spectrometers and TDCMs, both photon flux and 
beam divergence are important parameters of the high harmonic beam. By using a gas jet for 
high harmonic generation, it has been found that the beam divergence depends on the position 
of the gas jet owing to phase matching, including the atomic dipole phase [15]. On the other 
hand, for a longer fiber, only the harmonic beam propagating along the fiber survives and 
should be collimated. However, we found that the optimum fiber length for increasing the 
photon flux was 10 mm when the confocal parameter was 6 mm [10], although the 10-mm-
long fiber length is shorter than the lengths used in the preceding works (3–6 cm) [6, 8, 9]. In 
our case, the 20-mm-long propagation inside a fiber did not lead to efficient harmonic 
generation. As a result, we concluded that the relatively lower conversion efficiency was due 
to the worse phase-matching condition caused by the coupling loss to the fiber [10]. 
Therefore, we are interested in the beam divergence and the quality factor M 2 of a high 
harmonic beam from a relatively short hollow fiber. The effect of a short fiber on the phase-
matching condition has rarely been investigated so far. We will discuss the beam divergence, 
taking into account the 2-dimensional phase-matching condition. 
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2. Experiment 

The H19 from the Ti:sapphire (TiS) laser was generated by focusing the 700-μJ, 30-fs laser 
pulses into an argon gas medium with a 0.5-m focal length. The beam diameters on the 
focusing mirror and at focus were 18 mm and 116 μm, respectively. This resulted in a M 2 of 
4.3. The confocal parameter was 6 mm. The peak intensity at focus was 2.2 × 1014 W/cm2. 

We used three types of gas targets: a gas jet with a 1-mm nozzle diameter and 10-mm-
long hollow fibers with bore diameters of 300 and 200 μm. Since the focused fundamental 
beam diameter was 220 μm at the edge of the hollow fiber, the laser beam traveled through 
the 300-μm fiber as though it was free space and the fiber worked as a static gas cell. On the 
other hand, the laser beam traveling through the 200-μm fiber was truncated and the peak 
intensity inside the fiber was reduced by about 60%. Consequently, we measured the beam 
divergences generated in the following three interaction schemes: the 1-mm-long (nozzle 
diameter of the gas jet), 10-mm-long interactions of Gaussian beams with peak intensities of 
2.2 × 1014 W/cm2 (300-μm fiber) and 1.3 × 1014 W/cm2 (200-μm fiber). 

The H19 beam divergence was measured as follows: The high harmonic beam was 
dispersed using a toroidal grating (HORIBA JOBIN YVON, 54000910) to separate the 
harmonic order in the horizontal direction. The beam profile was measured both at 0th-order 
reflection and at 1st-order diffraction by rotating the grating to examine the focal aberration 
of the toroidal grating. Then, the beam was converted to visible light using a cerium-doped 
yttrium aluminum garnet (Ce:YAG) plate placed at various points along the focal plane of the 
grating. The beam radius, defined by 1/e2 points, was determined using the spot size in the 
vertical direction measured by a charge coupled device (CCD) camera [14]. To evaluate the 
beam divergence precisely, it is more appropriate to measure the horizontal direction 
simultaneously. However, since all high harmonics are generated collinearly, only the vertical 
direction was evaluated in this work. 

3. Results 

Figures 1(a) shows the beam profile of the 0th-order reflection of all harmonics from the 200-
μm fiber after an Al filter at the focus of the toroidal grating. Figures 1(b)-1(e) show the 
diffracted beam profiles of H19 generated in the 200-μm fiber measured at b) 0, c) 4.2, d) 6.5, 
and e) 12 cm from the focus point, respectively. The beam diameters were evaluated and then 
plotted as a function of distance. Figure 2 shows the beam radii of a) the fundamental and 
H19 beams b) from the gas jet, c) 300-μm fiber, and d) 200-μm fiber as a function of the 
distance from the focus point. 

 

Fig. 1. a) Beam profile at the 0th-order reflection from the 200-μm fiber at focus. Diffracted 
beam profiles of H19 generated in the 200-μm fiber measured at b) 0, c) 4.2, d) 6.5, and e) 12 
cm from the focus point of the toroidal grating. 

Here, we evaluated the beam radius at the focus point from the 200-μm fiber using the 
beam profile of the 0th-order reflection from the following reason: The beam radius of the 0-
th reflection shown in Fig. 1(a) and that of the 1st-diffraction shown in Fig. 1(b) were 980 ± 
13 and 1220 ± 13 μm, respectively. At the 0th-reflection, the beam radius was almost same as 
that of the 200-μm fiber. This is consistent with the experimental condition, where the 
fundamental beam is truncated by the fiber. At the 1st-order diffraction, the observed beam 
radius was larger, which is due to the aberration of the toroidal grating. Thus, we employed 
the value of the 0th-order reflection. The enlargement of the observed value happened only at 
focus: The diffracted beam radii were found to be almost same after the focus point. 
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Therefore, only the beam radius at focus from the 200-μm fiber was evaluated using the beam 
profile of the 0th-order reflection. In the cases of the gas jet and the 300-μm fiber, the 
measured values did not have systematic differences. So we employed the values using the 
1st-order diffraction. 

To discuss the beam divergence quantitatively, we used the beam radius, ω(z), including 
the beam quality factor, M 2, at a distance of z from the focus point expressed as 

 ( )
22

0 2
0

1 ,
z Mz λω ω
πω

 
= +  

 
 (1) 

where ω0 and λ are the measured radius of the beam at the waist and the wavelength, 
respectively. The half divergence angle Θ is 

 2

0

.Θ Mλ
πω

=  (2) 

For M 2 = 1, the formula reduces to a Gaussian beam. The M 2 factor is often used as a 
measure of the beam quality and the larger Θ suggests the inclusion of higher modes in the 
beam. The solid lines in Fig. 2 represent the fitting results to Eq. (1). The obtained beam 
divergences and the M 2 factors are shown in Table 1. 
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Fig. 2. The beam radii of a) the fundamental and H19 beams b) from the gas jet, c) 300-μm 
fiber, and d) 200-μm fiber as a function of the distance from the focus. The solid lines show 
the fitting result of Eq. (1). 

From these results, the following two points caught our attention: 1) The H19 M 2 factor 
from the 300-μm hollow fiber became smaller than the gas jet. The decrease in M 2 using the 
300-μm hollow fiber suggests that the phase-matching process improves the beam quality. 2) 
The beam divergence from the 200-μm hollow fiber became larger than the gas jet and 300-
μm hollow fiber. In addition, the M 2 factor for the 200-µm fiber was the largest tested. The 
200-μm hollow fiber truncated the fundamental beam and thus reduced the transmitted energy 
by about 60%. We expected that the fundamental beam was coupled to the fiber mode and 
that the confinement of the laser beam inside the fiber leads to the generation of a more 
collimated beam. However, in reality, the larger beam divergence suggests that the 
fundamental beam did not couple to the fiber mode. It might be closer to assume that the 
coupling loss from the fiber reduced the peak intensity of the fundamental beam inside. 
Therefore, we will treat the fundamental beam inside the 200-μm hollow fiber as the Gaussian 
beam with lower peak intensity. 
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Table 1. Half-angle divergence and the M 2 factor of the fundamental and the H19 beams 

 Fundamental beam
H19
Gas jet 300-μm fiber 200-μm fiber 

Half-angle divergence 
(mrad) 18 ± 8 2.0 ± 0.4 2.5 ± 0.6 3.9 ± 0.4 

M 2 5 ± 2 18 ± 3 12 ± 3 29 ± 3 

4. Discussion 

4.1 Coherence-length map 

In order to discuss our experimental results, we must consider the two-dimensional phase-
matching condition of high harmonic generation, taking into account the focus geometry [16, 
17]. In the phase-matching process, the atomic dipole phase, Φat, arising from the time-
delayed response of the dipole moment the laser electric field cannot be neglected [18–20]. It 
is expressed as Φat = −αI(r, z), where α and I(r, z) are the proportional coefficient and the 
laser intensity at (r, z) defined in cylindrical coordinates, respectively. Two dominant 
responses from the laser intensity are known as the short and long trajectories. In the 
discussion of phase match [16], the Φat spatial dependence is combined using an effective 
wave vector K(r, z) defined as 

 ( ) ( ), , .r z I r zα= − ∇K  (3) 

The q-th harmonic is phase-matched in the direction of 

 ( ) ( ) ( )1, , , ,q r z q r z r z= +k k K  (4) 

where kq(r, z) and k1(r, z) are the wave vectors of the q-th harmonic and the fundamental 
beam, respectively. Thus, the amount of the phase mismatch, δk(r, z), at each point is given 
by 

 ( ) ( ) ( ) ( )( )1, , , , .qk r z r z q r z r zδ = − +k k K  (5) 

The harmonic generation will be most efficient in the direction of kq when δk(r, z) is close to 
zero. 

To determine the H19 propagation direction generated by a Gaussian beam, contour maps 
of the coherence length, π/δk(r, z), were calculated [17]. Here, the characteristics of the 
assumed Gaussian beam with a 800 nm center wavelength were set to the values close to the 
experimental conditions as follows: The peak intensity, radius of the beam waist, confocal 
parameter, and pulse duration were 2.0 × 1014 W/cm2, 38 μm, 11 mm, and 30 fs, respectively. 
The laser beam propagates from left to right with the fundamental beam waist located at the 
origin of a map. The horizontal center axis is the propagation axis of the Gaussian beam. The 
calculated area has a dimension of 10 mm by 400 μm, corresponding to the inside of the 200-
μm fibe. The phase dispersions from the neutral argon atoms and free electrons calculated 
using Ammosov-Delone-Krainov theory [21] were taken into account. The coefficients of the 
atomic dipole phase for the short and long trajectories were estimated to be 1 × 10−14 and 27 × 
10−14 cm2/W, respectively [19]. 

4.2 Gas jet and 300-μm hollow fiber 

Figures 3 and 4 show the H19 coherence-length maps on the horizontal plane including the 
optical axis in the focal area at a gas pressure of a) 10, b) 25, c) 50 and d) 100 Torr, 
respectively, taking into account the atomic dipole phases by the short and long trajectories. 
The superimposed arrow indicates the H19 wave-vector direction at each position. For the 
efficient generation, the area distribution with longer coherence lengths and the direction of 
the H19 wave vector should be overlapped widely. The solid line is the contour line of the 1.0 
× 1014 W/cm2 peak intensity. In this work, we define 1.0 × 1014 W/cm2 as the threshold for the 
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H19 generation, because the H19 intensity is saturated at a laser peak intensity of around 1.0 
× 1014 W/cm2 estimated using the strong-field approximation [22]. Inside the contour line, 
H19 is generated more efficiently than the outside, corresponding to the cut-off region in high 
harmonic generation. 

Figure 3, where the short trajectory is dominant, shows that the areas with longer 
coherence length than 10 mm are widely distributed inside the 1.0 × 1014-W/cm2 contour line 
at gas pressures higher than 25 Torr. Since the wave vector is also nearly parallel to the 
optical axis, the phase-matched interaction length is longer than 2 mm even at 100 Torr (see 
Fig. 3(d)), and efficient harmonic generation above 25 Torr occurs. This pressure dependence 
is consistent with the experimental observation of absorption-limited harmonic generation 
[10]. While the gas medium spread is approximately 1 mm from the gas jet, the gas medium 
is distributed ten times wider using the 300-μm hollow fiber. Consequently, the phase 
matching enhanced the H19 intensity from the 300-μm hollow fiber compared to the gas jet. 
The longer-distance propagation also filtered out the incoherent waves, thus improving the M2 
factor. 

When the long trajectory is dominant, the coherence length can be longer than 10 mm in 
the limited areas, as shown in Fig. 4. However, the directions of the H19 wave vectors and the 
extending direction of the areas with longer coherent lengths do not coincide. In addition, the 
H19 wave vectors are more divergent than the short-trajectory case shown in Fig. 3. 
Therefore, the phase-matched interaction length for high harmonic generation becomes 
shorter and then, the contribution from the long trajectory becomes minor. As a result, the 
harmonic dipole induced by the short trajectory in the 300-μm hollow fiber is dominant. 
Thus, the generated H19 has a collimated beam. 

Here, we comment on the observed beam radius at the focus point 116 μm from the gas 
jet. This beam radius is larger than that of the fundamental beam at focus 58 μm. The beam 
radius of the 0th-order reflection was same. Therefore, the larger beam radius is not 
attributable to the aberration of the grating. The significant difference between the gas jet and 
the 200-μm fiber 
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Fig. 3. H19 coherence-length maps on the horizontal plane including the optical axis in the 
focal area at a pressure of a) 10, b) 25, c) 50, and d) 100 Torr, taking into account the short 
trajectory. The laser beam propagates from left to right with the fundamental beam waist 
located at the origin. The superimposed arrow indicates the H19 wave-vector direction at each 
position. The peak intensity of the laser beam is 2.0 × 1014 W/cm2 and the solid line is the 
contour peak intensity at 1.0 × 1014 W/cm2. 
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Fig. 4. H19 Coherence-length maps on the horizontal plane including the optical axis in the 
focal area at a pressure of a) 10, b) 25, c) 50, and d) 100 Torr, taking into account the long 
trajectory. The laser beam propagates from left to right with fundamental beam waist located at 
the origin. The superimposed arrow indicates the H19 wave-vector direction at each position. 
The peak intensity of the laser beam is 2.0 × 1014 W/cm2 and the solid line is the contour peak 
intensity 1.0 × 1014 W/cm2. 

is the beam divergence as demonstrated in Fig. 2 and Table 1. The beam with smaller 
divergence irradiates the smaller part of the grating, resulting in the smaller aberration in 
focusing the beam. Hence, we suspect the larger beam radius is due to the shift of the gas jet 
from the focus point of the fundamental beam, making the emitting area larger. The radius of 
the fundamental beam becomes 114 μm at 5 mm from the focus. High harmonics are phase-
matched efficiently, when a gas jet is placed after the focus. Thus, to generate H19 more 
efficiently, the gas jet position was slightly shifted and, then, the emitting beam profile 
became larger than the focus profile. 

4.3 200-μm hollow fiber 

Then, why are the divergence and M 2 factor from the 200-μm fiber larger than the others? 
We note that the laser beam transmittance of the hollow fiber was about 60%. Since the 
phase-matching condition depends on the peak intensity through the density of free electrons, 
the coherence-length maps should be different from Figs. 3 and 4. Thus, we calculated the 
coherence maps at a peak intensity of 1.2 × 1014 W/cm2, as shown in Figs. 5 and 6, for the 
short and long trajectories, respectively. 

Three significant changes from Figs. 3 and 4 can be raised: 1) Fig. 5 shows that the 
coherence length becomes immediately shorter with an increase in gas pressures above 25 
Torr for short trajectories. This is due to the smaller free electron density, compensating for 
the neutral atom dispersion. 2) Although the broad area with a longer coherence length 
appears at 25 Torr, that area is outside of the 1.0 × 1014-W/cm2 contour line. H19 is only 
efficiently generated inside this line for the short trajectories. Thus, compared with Fig. 3, the 
harmonic intensity from the short trajectory should be weaker. 3) However, Fig. 6 shows that 
the area with a longer coherence length at the given pressure is distributed inside the contour 
line for the long trajectory even at 50 Torr and the H19 wave vector directions are divergent. 
Taking 2) and 3) into account, the H19 generated from the 1.2 × 1014-W/cm2 beam is caused 
by the long trajectory and therefore more divergent. This prediction by the coherence-length 
map is qualitatively consistent with the experimental result from the 200-μm fiber. Thus, the 
dipole moment from the long trajectory is favored in the case of the 200-μm hollow fiber. 

Figure 6 suggests that the emitting area is smaller than the observed beam diameter 200 
μm. However, the H19 wave vector is divergent and part of the beam is truncated and 
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scattered by the edge of the fiber. Consequently, the observed beam profile is determined by 
the bore of the fiber as shown in Fig. 2(d). 
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Fig. 5. H19 coherence-length maps on the horizontal plane including the optical axis in the 
focal area at a pressure of a) 10, b) 25, c) 50, and d) 100 Torr, taking into account the short 
trajectory. The laser beam propagates from left to right and the fundamental beam waist is 
located at the origin. The superimposed arrow indicates the H19 wave-vector direction at each 
position. The peak intensity of the laser beam is 1.2 × 1014 W/cm2 and the solid line is the 
contour peak intensity at 1.0 × 1014 W/cm2. 
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Fig. 6. H19 coherence-length maps on the horizontal plane including the optical axis in the 
focal area at a pressure of a) 10, b) 25, c) 50, and d) 100 Torr, taking into account the long 
trajectory. The laser beam propagates from left to right and the fundamental beam waist is 
located at the origin. The superimposed arrow indicates the H19 wave-vector direction at each 
position. The peak intensity of the laser beam is 1.2 × 1014 W/cm2 and the solid line is the 
contour peak intensity at 1.0 × 1014 W/cm2. 

5. Conclusion 

We investigated the 19th harmonic beam divergence from a Ti:sapphire laser generated in a 
short hollow fiber that was comparable to the confocal parameter. We found that the hollow 
fiber had two roles for the high harmonic generation: 1) The phase match inside a fiber 
improved both the conversion efficiency and the beam quality factor M2. 2) The electron 
trajectory that contributed to high harmonic generation was chosen using a phase-matching 
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process. This was concluded based on the coherent-length map, taking account of the atomic 
dipole phase. 
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