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ABSTRACT

Fluid permeability of polydisperse particulate bed with finite thickness has been examined.
On the assumption of creeping flow, the permeability of monodisperse particles with arbitrary
arrangement is calculated by means of Stokesian dynamics approach in which the interaction
between individual particles and interstitial fluid is described by multipole expansion of the
Oseen tensor. We have extended such calculation method to polydisperse particulate systems
which have not so dense structures (up to particle volume fraction ¢~0.2). The particles are
located infinitely in space and their interaction has been taken into account by Ewald
summation technique. For the spatial distribution of polydisperse particles, we consider
locally-stratified particulate beds and define stratification degree as a parameter which
apparently and mathematically represents the thickness of the mixing region of different-sized
particles. The permeability profiles in the particulate beds with different stratification degree
show the dependence of local permeability on the spatial and size distribution of particles.
Consequently, the calculation results indicate that the permeability of non-uniform
polydisperse particulate bed can be predicted by integrating the local permeation resistance
which is determined by the local specific surface area.

Keywords:
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1 Introduction

Fluid permeation through porous media is closely related to various engineering processes
such as filtration and separation of the substances (Innocentini et al. 2009; Liekens et al.
2011), paper coating (Vidal et al. 2009), trickle-bed reaction, and radionuclide isolation
(Hirono et al. 2003). For better performance and higher efficiency of these processes, it is
important to evaluate properly the permeation characteristics which depend on the pore

structures of the media.
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In general, the permeation characteristics are evaluated according to Darcy’s law which
relates the velocity of permeation flow to the pressure gradient. The flowability in the media
is expressed as the permeability. For theoretical description of the permeability, the porous
media is approximately expressed by assemblies of simple-shaped materials such as spherical
particles or cylinders. Kozeny-Carman equation for low Reynolds number and Ergun equation
for finite Reynolds number are well-known and commonly used for predicting the
permeability of particulate bed. In these equations, the permeability is expressed as functions
of particle properties such as diameter and volume fraction. On the other hand, cylindrical
assemblies are used for modeling of fibrous materials (Jackson and James 1986). Filtration
resistance of fibrous media has been predicted from the drag force acting on arrays of
cylinders (Clague and Phillips 1997; Drummond and Tahir 1984; Sangani and Acrivos 1982).

The permeability in particulate media is essentially determined by the resistivity of
constituent particles. Since the drag force acting on individual particles varies with their
positional relationship, the microstructure of the particulate media is important for
understanding the permeability. The drag force acting on arrays of particles in Stokes flow
have been studied since early times. When the particle volume fraction is small, the
permeability can be obtained by adding the resistivity of individual particles (Happel and
Brenner 1991). On the other hand, the complicated hydrodynamic interaction becomes
influential for larger particle volume fraction and in consequence the permeability cannot be
described in a simple manner any more (Brinkman 1947; Happel 1958). Such complicated
systems have been studied by direct computational simulation by Lattice Boltzmann method
(LBM) (Hill et al. 2011a, 2011b) and analytical solution of Stokes equation (Ladd 1990).

In addition to the microstructures, the presence of ends also causes anisotropy in the
structure and consequently it affects the permeability. The fluid-particle interaction in semi-
infinite particle arrays in which particles occupy a half-space has been investigated by Ishii
(1979) and Sangani and Behl (1989). They have reported that the drag force acting on
monodisperse particles located in the vicinity of the ends is different from that on the inner
particles. We have also investigated the end effect of finite particulate bed on the fluid
permeability and have found the dependency of the end effect on particle radius in the

previous work (Otomo and Harada 2011).



The polydispersity of particles also makes the prediction of the permeability complicated.
Koo and Sangani (2002) have solved Stokes equation in the presence of bidisperse particles
and have predicted the hydrodynamic transport properties. van der Hoef et al. (2005) have
derived the analytical expression of the drag force on bidisperse spheres in Stokes flow by
fitting the simulation results of LBM. Sarkar et al. (2009) have verified that the expression by
van der Hoef et al. (2005) is applicable to polydisperse particulate beds in which the ratio
between the smallest and the largest particles is lower than 1:5. For the estimation of the
permeability of highly polydisperse systems, Vidal et al. (2009) derived the modified Kozeny-
Carman equation by describing the Kozeny constant depending on the particle size
distribution. Based on the simulation and experimental data of previous studies, Cello et al.
(2010) have proposed a revised model in computationally-efficient form.

The above studies are valuable for the prediction of the permeation characteristics in
fully-mixed polydisperse bed. However, actual permeation media have occasionally
heterogeneous structures, namely they have locally-stratified structures such as geological
layer, filtration tank and so on. The non-uniform structures and the end effect in polydisperse
particulate bed have not been considered in the evaluation of the permeability. In this study,
we consider Stokes flow through stratified polysidperse particulate bed with finite bed
thickness. Figure 1 shows the illustration of particulate beds with uniform, completely-layered,
and intermediate structures. As the expressions of the permeability for uniform and layered
structures are to be found, the permeability for intermediate structures is particularly
investigated in this article. In the next section, we briefly introduce some important equations
and definitions. In section 3, our calculation procedure by the multipole expansion of the
Oseen tensor and the application of two-dimensional periodic boundary are shown. In section
4, the results are shown in three stages. First, we validate our results for uniform particulate
bed by comparison with those by previous studies. Second, effects of stratification inside
bidisperse particulate bed on the permeability are discussed. Then, we extend the discussion

to the polydisperse system. Finally, we conclude in section 5.



2 Background

As a fundamental knowledge to investigate the permeability of the heterogeneous particulate
bed shown in Fig. 1, we introduce some of the existing equations. The definition of fluid

permeability in low Reynolds flow is given by Darcy’s law,

AP
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where 4 is fluid viscosity, u is superficial fluid velocity, AP/L is pressure gradient, and £ is
permeability with dimension of square of the length. It is known that the permeability &
depends on porosity and porous structure inside the media. If the porous structure is
uniformly at random, the permeability of monodisperse particulate bed is described as a

function of particle radius @y and particle volume fraction ¢ as

kmono = k;ono (¢)(102 ’ (2)
where k,_ (¢) is the dimensionless permeability. k. (¢#) can be derived from well-known

Kozeny-Carman equation (Carman 1937) and is

b= L2 G

The above equation is valid for dense conditions (large particle volume fraction). On the other
hand, Brinkman has studied the drag force acting on particle assembly and has derived the

permeability for dilute conditions which is called Brinkman equation (Brinkman 1947):

k;om(¢)=%{1%{1—1/2—3]}. @

In studies of recent years, van der Hoef et al. (2005) have proposed the expression of
permeability from dilute conditions (¢~0.01) to random closest packing condition (¢ =0.64).
They have formulated the relation between particle volume fraction ¢ and the drag force
acting on monodisperse particles, which is in extremely good agreement with data from direct

numerical simulation by LBM. From this relation, the permeability results in

ki ()= 4[180ﬁ+ 184(1- ¢)(1 +1.5p )J . (5)

On the basis of the monodisperse case, van der Hoef et al. (2005) and Sarkar et al. (2009)



have derived the permeability for bi- and polydisperse particles. Prior to the introduction of
their results, the important parameters are defined in a similar way to their articles. N,
particles of radius a; are considered in which / represents the particle species with /=1, 2, -,
c. ¢ is the number of different kinds of particles. The mass fraction and the diameter fraction

are defined respectively as

/N
X ¢,J’1 <a>’ (6)

where ¢ is the volume fraction of particle /, and ¢, = (47ra,3N ! / 3)/ Vi - Veot 1s the total volume

ot *

of the system. <a> is area-averaged radius (a half of Sauter diameter) which is defined by
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where R;=a, /ay indicates the radius ratio and ay is the representative radius and generally one
of a, is selected as ay. For bidisperse particulate bed with the radii a; and a,, dimensionless
area-averaged radius results in

{a) R

= b
a, X, + Rx,

®
where the representative radius is set to be a, and R represents a;/a,. van der Hoef et al.
(2005) and Sarkar et al. (2009) described dimensionless permeability of polydisperse arrays

of particles as follows (A typographical error in the article is modified.):

—~
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In Eq. (9), the permeability depends not only on the particle volume fraction but also on the
particle size distribution by which x;, y;, and (a) are determined. Equation (9) is a description

of the permeability for uniform (fully-mixed) particulate bed shown in Fig.1c.
On the other hand, if particulate bed is completely stratified and the constituent layers can be
assumed as monodisperse ones with different radius (see Fig.la), the permeability can be

obtained from adding the permeation resistance of each monodisperse layer as follows:

-1 -1
Kr=—|s=t—| =| =L , 10
aé {llL k, } {“ Lk /aé} (10)



where L and L, are the thickness of total particulate bed and constituent layers respectively

(see Fig.1a). Note that k; is the permeability of particulate bed with radius @, and particle
volume fraction ¢, and it follows thatk, = k. . (4,) a; from Eq. (2). Accordingly, Eq. (10)

can be written by

4 . -1
i) e .
where L" and L, are the normalized thickness by the representative radius a.
To summarize, we can calculate the permeability of polydisperse particulate bed in two
extreme cases shown in Fig.1. The permeability of uniform (fully-mixed) bed (Fig.1c) can be
calculated by Eq. (9), while the permeability of completely-stratified bed (Fig.1a) can be
calculated by Eq. (11). However, there have been no expressions for intermediate case
(heterogeneous structure) shown in Fig.1b. We discuss the effect of internal stratified
structures of the polydispersed bed on fluid permeability in later sections and propose a model

which relates the permeability to spatial distribution of different-sized particles.

3 Calculation Method

The system where the particulate bed moves in a quiescent fluid with fixed relative
position of particles is preliminarily considered. We have obtained in such a system the
relation between particle velocity and drag force acting on each particle and converted it into
the relation between fluid velocity and permeation resistance in fluid permeation by shifting
the frame of reference. Consequently, fluid permeability in Stokes flow is calculated from this
relation.

The relation between particle velocity and drag force acting on each particle has been
obtained by Stokesian dynamics method proposed by Brady et al. (1988). Different-sized
spherical particles move in a quiescent fluid with their relative position fixed (i.e. with
constant velocity). The inertias of both particle and fluid are neglected on the assumption that

the particles are adequately small and they moves slowly. The velocity of particle « is

represented by U” and related to the force acting on each particle as follows:



6mua U* = F“ + %M(x” —xﬁ)-Fﬁ

« =) ) (12)
(a#p)

where u is the fluid viscosity, ap, x”’ﬂ, and F*? are radius, position, and acting force of

particles «, B, respectively. The mobility matrix M;(r) is calculated based on the Rotne-Prager

tensor (Rotne and Prager 1969) which is derived from the multipole expansion of the Oseen

tensor and Faxén’s law (Kim and Karrila 1991). For polydisperse particulate bed, M(r) is

given by

3 1 0 0
MU(r):(Zaa+§aa(aa2+aﬁ2)V2j[V25”—§g}’. (13)

where r = |r| and r corresponds to x=x’, namely the distance of individual particles, for the

calculation of Eq. (12). Note that Eq. (13) is obtained from the multipole expansion with
zeroth-order term and the trace of second-order term on the assumption that the particle
volume fraction is not so large. Ladd (1990) has analytically derived more accurate solution
of Stokes equation in the presence of monodisperse particles at a wide range of particle
volume fractions. However, as is explained below, it is extremely difficult to apply two-
dimensional Ewald summation (periodic boundary) to the mobility matrix with such higher-
order terms. We focus attention on investigating of heterogeneous structural effects on the
permeability and therefore calculate Eq. (13) on two-dimensional periodic boundary
conditions. Consequently our analysis is restricted to the conditions that the particle volume
fraction is not so large.

We calculate the permeability of particulate beds with three-dimensional (x, y and z
direction) and two-dimensional (x and y direction) periodic boundaries. The Ewald
summation technique is applied in order to calculate properly the hydrodynamic effect of the
further particles (Brady et al. 1988). For three-dimensionally infinite particulate bed, Ewald
summation of Rotne-Prager tensor has been reported by Beenakker (1986). We calculate the
permeability of the polydisperse system in a similar way as Beenakker by using Eq. (13).

For monodisperse particulate bed with two-dimensional periodic boundary, Ewald sum of
Rotne-Prager tensor have reported by some recent works (Ichiki 1993; Harada and Otomo
2009; Otomo and Harada 2011) Two-dimensional Ewald summation technique for

polydisperse bed is explained below. If we set the length of the calculation domain (the lattice
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width of Ewald sum) in x, y directions to be L;, L,, respectively, the lattice vector is defined as
r,= (mLi, noL,, 0) where (ny, ny: 0,+1,+2...). The relation between the particle velocity and

drag force acting on each particle is

6rualU;l = F* + I ;ﬁ; Ml.j(.')(x“ -x’ +r, )Fjﬁ
(B2a)

L]Lz mlzmj ﬁ%; eXp[— l(kl (x“ - xﬁ)+ k2 (yﬂl - yﬂ))] M;Q)(kpkz,'za _Zﬁ)Fj./f

(k=0

+

@ = a
- M (= 0)F. (14)
where k, =2mm,/L, , k,=2mm,/L, (m;, my: 0, £ 1,+ 2...). The mobility matrix for

polydisperse particulate bed in real and reciprocal spaces Mij(.‘)(r) , M I.j(.z)(r) and

M y(.z)(kl,kz;z) are given as follows:

2
Mf,-l) (r){%aa +éaa (aaz +a,52 )vz j{vz‘sy _ajarj ](Verfc(ff)) , (15)
2
s PR &) R STE R
0k ks z)=J M (r)expli(kyx + )y, (17)

where ¢ is the parameter for lattice sum. The lattice sum of real space shown as the second
term in the right-hand side in Eq. (14) can be solved by the same procedure as the infinite
Ewald sum. The lattice sum of reciprocal space shown as the third term is calculated by
rewriting termwise the integrand of Eq. (17) and integrating each term. The numerical
integration scheme is used for the calculation of a few terms in the above expressions.

Rewriting Eq. (14), we finally obtain the relation between the particle velocity and drag
force acting on each particle in tensor form as follows:

U=M-F. (13)

Equation (18) is known as the mobility equation of particles (Durlofsky et al. 1987; Jeffrey
and Onishi 1984). We consider Eq. (18) as a solution of the resistance problem by

transforming it to the inverse matrix

F=M"U. (19)



When the particulate bed moves with given constant velocity U, the drag force acting on them
F can be calculated from Eq. (19). As mentioned above, we have converted this relation into
the relation between fluid velocity and permeation resistance in fluid permeation through
particulate bed which remains at rest. Note that U in Eq. (19) corresponds to superficial fluid
velocity. On the basis of Darcy’s law shown in Eq. (1), the permeability is calculated by the

relation between U and F.

4 Results and discussion

4.1 Permeability in uniform bidisperse particulate bed

The results of uniform particulate bed are exhibited for validation of our calculation
method. We consider mono- and bidisperse particulate beds in which the constituent particles
are arranged uniformly at random. Fig. 2 shows dimensionless permeability k" of three-
dimensionally infinite particulate bed for various particle volume fractions ¢. Our results for
monodisperse particulate bed almost agree with those of previous studies which are
mentioned in section 2. However, it is found that our results deviate from previous ones for
larger ¢. This is because we truncate high-order terms in the multipole expansion as
mentioned in section 3. Ladd (1990) has reported more accurate solution of Stokes equation in
the presence of monodisperse particles which agrees well with the direct numerical simulation
data in a wide range of particle volume fractions. While our results are less accurate than
those by Ladd (1990), we can evaluate the effects of polydisperse and heterogeneous
structures on the permeability. Afterward, we focus attention on the permeability of finite
polydisperse particulate bed for ¢=0.2 in which the deviation is small enough not to affect the
ensuing discussions.

Figure 2 also indicates the results for bidisperse particulate beds. R represents the ratio of
larger particle radius a; to smaller particle radius a,, i.e., R =aj/a,. The calculations are
performed for R=2, R=3, and R=5 under the condition that the mass fraction of particles with
each radius are the same, i.e., x;=x,=0.5 in Eq. (6). Our results agree with what are calculated

from Eq. (9) for¢ <0.2. The results indicate that the permeability for larger R is greater at



constant ¢. This means that the presence of larger particles makes more connected interstices
and consequently the fluid is easy to pass through the inside.

In order to validate the calculation method for finite particulate systems, the permeability
of the finite (two-dimensionally infinite) bed is compared with that of the infinite bed. Figure
3 shows the permeability profiles inside the uniform particulate bed with finite thickness. The
vertical axis represents the normalized position z*(=z/a0) in flow direction. The horizontal axis
represents the local permeability inside the bed relative to the permeability of infinite
monodisperse bed which is shown in Fig. 2. The radius condition for the infinite
monodisperse bed is a/ay=1.0 and the volume fraction is ¢ =0.2. As shown in Fig. 3, the
results for monodisperse with a/a;=1.0 indicate that the permeability represents unity at the
center of the bed while it is greater in the vicinity of both ends. In other words, the
permeability is the same as that of infinite particulate bed at the center of the bed and it varies
at the ends. These variations of permeability are interpreted to be due to the anisotropic
structure of the end. We have called them end effect in our previous work and have found that
it ranges five to ten times as the constituent particle radius (Otomo and Harada 2011). In Fig.
3, the end effect for monodisperse particulate bed with a/ay=2.0 can be seen definitely
compared with the condition of a/ay=1.0. For bidisperse system which consists of the particles
with both a/ay=1.0 and 2.0, the permeability is close to that for infinite bidisperse bed and the

end effect show an intermediate tendency.

4.2 Permeability in stratified bed of bidisperse particles

In order to investigate the permeability of locally-stratified particulate bed, the partially-
mixed bidisperse particulate bed is considered. The constituent larger and smaller particles
(particle 1 and 2, respectively) have radii @, and a, (a;>a,). The representative length aj is set
to be the smaller radius @, and the radius ratio is represented by R=a;/a,. Assuming that the
mass fractions of each particle are x;=x,=0.5, we set the spatial distribution of particle 1 and 2
in z direction (flow direction) by means of following volumetric existing probability g, (z*)

and g, @), respectively,
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al:)= %{1 + erf[— %H , (20)

gz(z*):l—gl(z*):%{l—erf(—%*ﬂ, Q1)

where z* (=z/a) is the normalized position and z =0 locates at the midpoint of the bed. 4 is a
dimensionless parameter which represents “degree of stratification” of the particulate bed.

From Eq. (20), the probability density function of particle 1 (larger particles) follows
that p,(z") = g, (z*)/ [% Jf}/jz g (z*)dz*] Figures 4 and 5 show the existing probability (Eq.

(20)) of particle 1 (larger particles) and the illustration of the respective particulate beds. The
dimensionless bed thickness L" is set to be 60. The radius ratio and the particle volume
fraction are R =3 and ¢ =0.2, respectively. As shown in Figs. 4 and 5, the bed for small A4
represents sharply-defined stratified structure while that for large A represents uniform (well-
mixed) structure. In the intermediate cases, particles are mixed according to value of A.

Here we consider the physical and mathematical meaning of parameter A. The error
function in Eqgs. (20) and (21) is erf(1)~ 0.84 for z'=-1 and erf(-1)~-0.84 for z'=A. This

means that the larger and the smaller particles are mixing at a rate of 0.92> g (z')>0.08 and

0.08<g,(z')<0.92 for—A<z'<A. Therefore, the length 21 is mathematically interpreted as

the characteristic thickness of the mixing region. Such a definition of the mixing region is
consistent with what one can apparently observe in Fig. 5.

Figure 6 shows the permeability profiles in the particulate beds which are shown in Figs. 4
and 5. The fluid passes toward positive z direction (from the bottom to the upper side in Fig.
5). The permeability profile for large A (1=1000) is almost the same as that for the uniform
bidisperse bed shown in Fig. 3. On the other hand, the permeability for small A (1=1) varies
definitely at the midpoint of the bed because the particulate bed is close to bilayered structure.
In this case, the permeability of each layer almost agrees with that for monodisperse bed with
respective radii. For intermediate cases, the permeability profile changes continuously
according to the existing probability of small and large particles. The end effect, which is

shown in Fig.3, appears prominently at the bottom end of the bed for larger A, where the large

11



particle exists in large numbers.

Figure 7 shows the relation between the stratification degree A and the total permeability
of the bidisperse bed. The permeability is normalized by the results of the monodisperse bed
for the same volume fraction (¢ =0.2) which is shown in Fig.2. It is found from Fig.7 that the
total permeability depends on the stratification degree A and the dependence is greater in the
case of larger radius ratio R. In all cases, the total permeability is small for small A. This is
because the particulate bed for small A has bilayered structures and the layer of smaller
particles acts as a bottleneck of permeation flow.

As mentioned above, the length 24 means the characteristic thickness of mixing region.
Therefore the particulate bed is mixed ambiguously when value of 1 is comparable to the bed
thickness, i.e., from 4=10 to 100 in our conditions. As a result, the permeability under such
conditions is greatly influenced by A. As described in detail later, the above discussions by
means of A would be valuable for a practical use on the estimation of permeation
characteristics of heterogeneous media.

Here we consider the transition of the total permeability from bilayered bed (Fig.5a) to
uniform (well-mixed) bidisperse bed (Fig.5d). As a limit of small A, the total permeability of
the completely-layered bidisperse bed can be calculated from Eq. (11). Equation (11) for

bilayered particulate bed is written by

* * -1
k*:(Li 1L 1 2] . 22)
L kmono (¢1 ) L kmono (¢2 ) R

If we set that the thickness of each layer is Ll* =L2* = 0.5L" under the condition of mass

fractions x; =x,= 0.5 and that the particle volume fraction is constant in overall bed, Eq. (22)

follows that k" =k (¢)[2R2/ (1+R2)]. This equation is also shown in Fig.7 as a limit of

small A. It is found that the calculation results are in good agreement with this relation for
small A.
As a limit of large A, Fig. 7 also shows the permeability of uniform bidisperse bed by van

der Hoef et al. (2005) described in Eq. (9). It is found that our results almost agree with them.

In addition, on the assumption that the second term in the parentheses in Eq. (9) is small, we

12



also plot the approximation form of Eq. (9) for a large limit of A as

K = ko () <:>2 - (23)

Equation (23) indicates the dependence of the permeability on the specific surface area

expressed by square of the area-averaged radius. By means of Eq. (8), Eq. (23) for the same
mass fraction (x;=x,=0.5) is obtained as k = k;om (¢)[2R/ a +R)]2. Figure 7 indicates that

Eq. (23) could roughly represent the permeability of uniform particulate bed even though
there are slight differences from our results and those by van der Hoef et al. (2005).

For intermediate cases, the particulate bed does not consist of definite layers and therefore
the particle size distribution varies with position. By using Eqgs. (10) and (11), which express
the permeability by adding the permeation resistance of individual layer, the total

permeability of locally-stratified particulate bed can be calculated as

-1
-l r'/2

*

L /2
k*zj I S =J ! I
Ll k@4 L k@ a)) fa?

24)

where k(z*)/ a; is dimensionless local permeability at tiny regions within a bed and <a(z*)> is

local area-averaged radius which is determined by size and spatial distribution of the particles.
The right-hand side in Eq. (24) is obtained from the dependence of the permeability on the
specific surface area on the basis of Eq. (23). If the particle volume fraction is constant in the
bed, the total permeability is obtained as the product of the permeability of monodisperse bed

and the correction term concerning the particle size distribution as follows.

K=k “§ _d& | 25
mono (9) Fi waz <a(z*)>2 (25)

In our calculation, the integral in Eq. (25) can be calculated from the existing probabilities g;
() and fe (z") which include the stratification degree A and the radius ratio R. We omit the
lengthy derivation here and only show the results in Fig.7. It is found that Eq. (25) approaches
to Eq. (22) for small A and approaches to Eq. (23) for large A, and it almost reproduces our

calculation results for a wide range of A and R. There is a deviation from the calculation

13



results in the case of R =5. This is interpreted as an error in the calculation results which arises
from a sprinkling of larger particles and it might decrease to some extent by larger-scale
computation. The results indicate that the total permeability of heterogeneous bidisperse bed
can be approximately described by integrating the local permeation resistance which depends
on the local specific surface area of the constituent particles.

The results shown in Fig.7 are useful for a practical perspective since the stratification
degree A roughly express the actual lenghscale of mixing region of bidisperse particulate bed.
If one wants to know the permeability of the partially-mixed bidisperse bed, e.g., sand and
gravel layers with their mixing region, it can be roughly estimated from Fig.7 with A

(lenghscale of mixing region) and R (radius ratio).

4.3 Permeability in stratified bed of polydisperse particles

The structural effect in polydisperse particulate bed on the permeation characteristics is
also examined. The particle size in the bed is given by the log-normal distribution which is
commonly employed as size distribution of granular particles. When the diameter of particle /

is represented by Dy, the log-normal distribution function is described by

_ 1 _ (D, —InD,, )’
S (D’)_D, Ino+27 exl{ 2(Inc )’ } (26)

where Ds, is the median particle diameter and o is the standard deviation. The greater o

represents the particle size distribution with higher polydispersity. We consider the particulate
beds for Ino=0.2 and 0.4. The appearance and particle size distribution of these particulate
beds are shown in Fig. 8. The particle radius g, is equal to half of D; and the normalized radius
a;/ag ranges from 0.6 to 2.2 for Ino=0.2 and from 0.2 to 4.0 for Ino=0.4. The representative
radius ay is set to be Dsy/2.

Firstly we show the results for three-dimensionally infinite systems. Figure 9 indicates the
calculation results of the total permeability k" in uniform (well-mixed) polydisperse bed. The
expression of the permeability for polydisperse system has been proposed by Sarkar et al.
(2009). It is found that our results have the same tendency as those by Sarkar et al. (2009) and

particularly both results agree for small ¢.
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In order to investigate the internal stratification effects on permeability for polydisperse
systems, we also calculate the permeability of locally-stratified polydisperse bed with finite

thickness. We arranged the particles in the bed according to the following probability function.

h(z* )z%{erf{—%(z* -q )}ﬂ : 27)

where /4, indicates the volumetric existing probability of particles which is larger than particle
Lz (=z/ay) is the normalized position and the particulate bed locates from Z=0toL". Ais the
stratification degree and ¢; is the arbitrary constant. ¢; is determined in order that the local
particle volume fraction does not vary within the overall bed. By means of Eq. (27), the

volumetric existing probability of particle / is calculated as g,(z")=h,(z )—h,,(z"). The

common form of the probability density function can be written as

p(z) =g, (z*)/[aO IOL* g (z*)dz*] Figure 10 indicates the size and spatial distributions of

particles calculated from Eq. (27) with different stratification degree A for Ino=0.4. Figure 11
is the illustration of the corresponding particulate beds to Fig.10 for ¢=0.2. As shown in Figs.
10 and 11, the parameter A plays a similar role as that in the previous section. In other words,
the bed is multilayered for small A while it is uniform (well-mixed) for large A.

Figure 12 shows the calculation results of permeability profile of the particulate beds
illustrated in Fig. 11. It is found that the permeability is greatly influenced by the spatial
distribution of different-sized particles. For 4 =200, the permeability at most of the position
indicates the same value as that of the infinite particulate bed which is shown in Fig.9
(represented by dotted line in Fig. 12). On the other hand, the permeability for A =2 varies
with position and it drastically increases at the region in which the larger particles are
concentrated. The end effect at such a region is more definite owing to its dependence on the
particle size as shown in Fig. 3. As a result, the local permeability of polydisperse particulate
bed is extremely sensitive to the size and spatial distributions of constituent particles.

Figure 13 shows the relation between the stratification degree A and the dimensionless
permeability k'. As is the case with bidisperse particulate systems (see Fig.7), the permeability

is dependent on the stratification degree A and the dependence is stronger if the polydispersity
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is higher. The lower limit of A corresponds to multilayered (completely-stratified) system. In
this case, the permeability can be calculated from Eq. (11) which represents the additivity of
the permeation resistance of the constituent monodisperse layers. On the other hand, the
higher limit of A indicates completely-mixed system and the permeability can be calculated
from Eq. (23), which represents the relation between the permeability and the specific surface
area. It is found from Fig. 13 that both approximated solutions are almost in agreement with
calculation results for small and large A.

For intermediate cases, the permeability can be calculated from the integration of the local

permeation resistance as follows:

-1 . -1

o I * * P
v | L | k) | | (28)
LL k;om(¢)<a(z*)> /a(f ) L L<a(z*)>

Equation (28) is derived in a similar way to bidisperse system indicated in Egs. (24) and (25),

i.e., the local permeability is described as a function of the local specific surface area of the
particles. Figure 13 shows that Eq. (28) could roughly describe the permeability of partially-
mixed particulate bed. These results suggest that the total permeability of heterogeneous
particulate media can be estimated by integration of the local permeation resistance which is

determined by the specific surface area of polydisperse particles at each location.

5 Conclusions

The permeability of unconsolidated polydisperse particulate bed with finite thickness is
calculated by means of Stokesian dynamics approach. From relation between permeability of
random particulate bed and particle volume fraction, we have confirmed that the results by
our calculation method denote the same tendency of those shown in previous works and both
results agree for small particle volume fraction. In order to investigate the permeation
characteristics of non-uniform particulate bed, we define the stratification degree as a
parameter, which apparently and mathematically corresponds to the thickness of the mixing
region of different-sized particles. The results for different stratification degree suggest that

the permeability greatly depends on the spatial distribution of particles with different radius.
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Consequently, it is found that the permeability of non-uniform particulate media can be
obtained from integration of the local permeation resistance determined by specific surface

area of the polydisperse particles.

This work was supported by Grant-in-Aid for JSPS Fellows 23-4066.
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Figure captions

Fig. 1 Schematic diagram of particulate beds with layered, uniform, and intermediate structures.

Fig. 2 Dimensionless permeability &~ of infinite and uniform particulate bed for various particle
volume fraction ¢.

Fig. 3 Permeability profiles in finite particulate beds (¢ =0.2). The results are normalized by the

permeability of infinite monodisperse bed k (¢=0.2, alay=1.0), where a represents the radius

of monodisperse particulate bed. Straight lines are the permeability of infinite particulate bed:
Dotted line and broken line represent monodisperse bed with a/ay=1.0 and a/ay=2.0, respectively.
Dotted-broken line represents bidisperse bed with R=2. The bed thickness is L =45.

Fig. 4 Probability profile of larger particle in z direction with different stratification degree A.
Fig. 5 Illustration of particulate bed with different stratification degree A (¢=0.2, R =3).

Fig. 6 Permeability profiles in particulate bed with different stratification degree A (¢=0.2, R =3).
The results are normalized by the smaller particle radius a,. Straight lines are the permeability of
infinite particulate bed with uniform structure at the same particle volume fraction (¢ =0.2): Dotted
line and broken line represent monodisperse particulate bed with a/a,=1.0 and a/a,=3.0,
respectively. Dotted-broken line represents bidisperse particulate bed with R=3.

Fig. 7 Relation between stratification degree A and total permeability k. The results are

mono (9 =0.2). The numbers of each

particle are set so that the mass fraction satisfies x;=x,=0.5 in all cases of radius ratio: N;=555 and
N,=4441 for R =2, N,=178 and N,=4807 for R =3, and N,=39 and N,=4876 for R =5.

%

normalized by the permeability of infinite monodisperse bed £

Fig. 8 Appearance of the polydisperse particulate beds (¢ =0.2) and particle size distribution. Total
number of particles is N=5000 in both cases.

Fig. 9 Dimensionless permeability of polydisperse particulate bed &~ for various particle volume
fractions ¢. The bed is three-dimensionally infinite and internal particle arrangement is uniform
(well-mixed).

Fig. 10 Volumetric existing probability of particle larger than particle / with different stratification
degree A (Inc=0.4). The legends of (b) and (c) are the same as (a).

Fig. 11 Illustration of the particulate beds with different stratification degree A (¢=0.2, Inc=0.4).

Fig. 12 Permeability profile in particulate bed with different stratification degree A (¢=0.2, Ino
=0.4). Dotted line represents the results for infinite and uniform particulate bed with the same
particle size distribution.

Fig. 13 Relation between stratification degree A and dimensionless total permeability k*(¢ =0.2).
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