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(Differential geometry of spacelike submanifolds and singularity theory)
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00000 MOOOOODOO0OO0O0O000O0O0X:U—RO000000XO0O0O MO
D00XO0OOMOOOOOOOOOOOO000)p=X(wOO00000000000000
000000e:U — $800000000000000e(w)0000000000000
00 X, (u),X,,(v)000000000000000000000000000000000
0000000000000000000p00000000000000d,e000000
000000 7,MO000000000MOOO0O00O0O0O0O0O00000000000000
0x,00000000000000000000000000 K=k 000000=00
000000 (00000000)00000000000000000000000 X000
00000000000 ds(000002-00)00000000000000000000
00000000000000000000000000000000000000ds200
00000000000000000000000000000

0D000000000000000000000000000000 (parabolic point) O O
000000000000 R200R?0000000000000000000000000
0000000000000000000000000 (shoe surface) 000000 (Menn's
surface) 10 0000000000000 000000000000000000000000
D00000000000000000000000000000000000000000
0Dooooooo

000O0veRN\{0}00D000000000 hy:U — ROOO H(u,v) = hy(u) O
he(u) = (X(u),v)0OOOOOOOOOOO0OO0OO0O0O0O0O0O0O0O0O0O0O0OOv,0000000
0p 0000000000k, 0000000000000000000000

00000 (2000000000000000000000000000000000 [3]
00000000000000000



00 3.1. 000000000 MOOOUOOOoOoLO Xboobooooooobobobooo
gbbobuoooobbbuooobbbbooodgbbbooan

(1) 0w eU0000000000000000000000000000000UO00O000
0000000 (a)1:10 (b)210000

() ve 000000000000 O0ODODO0OU0ODOO0wWDOOODOOOOO
oobooboouooooogon

(b v, e V00000000000 0DODOO0OOOODOOODODODOOODOODOOOOD
O00wdO000000O0OO0OO00O000

(2) 0w eV 000000 0D0D0O0O0O0OOODwWOOODODODUOODOOOOOOOO (a)1:10
(b)1:10 (¢)2:10(d)3:1 0000000000000 000OUVUOOO0OO000O0Ooooo
gboooggn

(a) vpeVODOODODODODODDODOOOOOODUDO0DO0DOwWODOOOOODOOOODOOOoOD
vobooobood

(b ueVOODODOO0D0DO0DO0ODOwWOOODODOOODOOOO0ODODOOUOOOOOoQ

(¢c)u,/ e V0000 wOODOOOVY e0O0O00OO0OO0OOOO0OOOODODODOO
wu' 0000000000000 oo0ooooooooooovovooooooo

(d) v, ,u"eUOOOODODDODOOODOOODO 3000000000000 UOOOO0
goo

pbobooboobobooboobuooboobobbobboboobooboob
gbobboboobooboobuoobooboobobbobbobbobooon

4 0OJU0O0O0ooooooon

00 Ry = {2 = (zg,21,...,2,) € R |z, e R} OO OO (2,y) = —xoyo + Yoy T O
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Parabolic curve

Cuspidal edge point

Lightcone Gauss image Spacel ike surface
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Algebraic Geometry of the Eigenvector Mapping
for a Free Rigid Body

EZ HLIPN N
AR R F R F B a7 RSO T 8

1 &

AFEIE, BORF XA GLaERY) & OILFENY [10] DFENTH 5.

MK L I1XE S FTHERLILEZEZT 3 X5t Buclid A2 EH)§ 52Uk Z &
THhb. HEEETHZBIZRE B U ARNDE—EE IO T TH < MIfRkDHEH)
THA 5. 2 ZIE, axOEER) 2 BWFErRTnWZ< e v, —4, (iR
M) IFOBRD O BRRHIKROET)IX, ATOREL 572 ZITRNWT
< MEOEFHTH Y, e HHANA (free rigid body) &IEXR. file UTIE,
FHAERITIZE SFEHM O FIFGEE) 2 A5 L Cn 22 il kv, Z o | H#HE
D IFRD R ZIREE 2 AR T2N WD DD, KRiEHDOZNLFHETH 5.

W AT P IR S 2 S TUE, BHEMRD 172 & 1%, 3 RIRIERE SO(3)
FDAEAZE Riemann FEIZET 2 HHFRDO TIFRE VWS Z &R TE S, i3,
Legendre Z#1% @3 Z 12X D, RERTSO3) 2 FHEN L VTV I T4y 0
FERIZEALTY Y TV o T4y 74k AR L7722 &, £D E®D Hamilton 1%
RELTHRTEIEHNTES. 2O Hamilton 1R 1IF4 4R SO(3) DIEEMEHIC
BILTAZETH DN, ZONIEIZERTIIE, RAFZHIIF R (Geometric
Mechanics) DREEHERTFIETH % Hamilton 152D (Marsden-Weinstein) f#)! D
HEZEATAZIENTES. (VT VT T 19 TR D A ZIREE D AT
HHLULCY YTV I T4 @ ESHEEH5.)

*JSPS Research Fellow, E-mail : dsktrm@amp.i.kyoto-u.ac.jp

LZ O EROERDOFIEE, WP S NFEZIZLO LT YT THIT\W5 £ Tl
JRNH G & N FRE DB D S BRI A 2R 25X 5. REWLHIE U TIZ, FEREYE - JEE
M PEFAR O EE) TN (Buler AFERX) 2 ERRT Lie #F L ORIHERIRDO G & U T DRk %
HZBZENTELIENRHONT VWS, TOHEIIIDOWTI, [1,4,8, 12] Z ATWZE
W, F7z, [5] TIRHFEBARBZREDET 2T 1 EM O —# (b X 117z Weil-Petersson #t & Dt ik
IZ Marsden-Weinstein i DB EN TN TN 5.



Z @ Hamilton 12D OEAMEZEL T, HHMIKOEE) XA #EE)EIZD
WTOD Euler AR TEBRINEZ Wb hsb. Z0 Euler HFFEAIX, [AHEHE
SO(3) DARMLEELE (FEE, ZIEHIZ 2XCERETH S ) D Hamilton 15
AOD Hamilton AREATEH Y, TONFRIIZELES LS. TOESH
% 2 DDFE—FES D 3 Kot Euclid ZEFIZA/E 5 547 2 DRl o @i o & LT
o () BHEFZ T 5. AITESROHEGRDIEH 51X, Euler HFEX
WZEME 72N T A X & Lax HFEA (Manakov HRER) 2ERTHZ L IFHAT
H5. Lax FREADOEGMHEZ EOMEIZ L > T, Manakov GRERICAMBEL T, A
R NOVHER (Z OREHIRRE BB TH 2) PEERYZ MIVER (FEXRY
FVERRER) AEZRINS. 22T, ZOHHENEROEERZ MVELIZEL
T, HERBCEMFRNTEZ L.

EA R MVES (BEFRZ MVERE) OEFZRBERMZNFRIZ DOV T Y
ZIE, P. A. Griffiths 2%, [6] Tk D —fD Lax AERNIZOWT, EHEXRZ bL%E,
B D R TN A RAIT S5NT, ARZ ML S S22~ o F HIl G4
DR L, Lax ARADKNDOIIMAIZ DOVWT aRER Y-SR %2 5 2
T\W5. HHMEHAD Manakov HFER$H Criffiths DHEERAEFATE 5 —fFlE 7o
TW5. (6,2 #2ME.) L»L, ZZTik3XtHHHMIAD Manakov A D
BEIR T, BERTZ PIVELIZDOWT X0 i PRE 2 R 5 Z &
ZHIEET 5.

Fi, o2 EZA L TEZLZLI2E-T, 3RTHBMKRDE AR 2
NVEMIE, FEoHhARE A7 NOVHiERD 5722 2 EREE Abel B A2 5 HEH
TEHADEHESY AT I ENTES. AT, ZOFHMEHOME
ZDOWT, EERBMHEROBIRNOBFE U, AN REMELLT, Z0F
MR D & & 5 Kummer BTG 51, T2 & > THEHBIB&RO L5 2
SNBZ RN 5. 5L, ZIZTHESNS Kummer HHEIZIE, BodiiRes &
D ARZ N VEEED S RSP A D IERIER D EIZH ST 5 W < D OFEH
T 7 A N—ZEEOHER DL oo TE D, HEESNTLED D 5 M
DR UN, 3RMFROE & Cremona ZH1lZ X > TEN S DB ORI EL R
TEBHZeDDRoTVWES. INHDFEMIZOVWT, BFEIETWEEEET.

2 Euler Af8=® & Manakov Af2=R

P THRATA, 3 RouHHMIAD %25 & 13 3 Rt HEfE SO(3) DAEAE
Riemann FF&8I2B8 9 2 WM D /1R T, RER T*SO(3) LD Hamilton J1%5%
TdH %M, Hamilton HFERDRH (KT Lie-Poisson fif)?) OFEEZHNSZ &

22N DOWT D HREIAZ AFROREIZIZ T T W2 0Ws.



T, EFIENRY ML p e R IZET % Euler G
% =px (A"'p)
WZEkoTitdEnd e LTk, 72720, x ERPD@EFHDOMEEZEL, HIKD 2
bEHOobLITHEET Y VIV AIXIEMES x SNFMTHTHD. ZDOHFERIE, S
7= DDHE—FES H(p) = %pTA_lp, L(p) = %pr %% . Buler HEA DR AR
&, H, L OEN2XEH OGBS & L THSN DM C 1Ic—3T 5. 3l
DRIFTIE, ED Euler SEXIZ L OFAMH (24013 SO(3) DREEMHHETDH
505, EBRIZ 2 XGERETH 5) ED Hamilton 152 & UTHEMO ATRERS T
H5.
Euler R F Lie BROMET R : (R, x) — 50(3) T Lo T,
dIl
i 11, Q]
LEZMZONS. 22T, II:=R(p) £ Q:=RAp) &%, APSEES3x3
SEFRATH 12 & DAL R BRI = JQ + Q) 25729, Gl 72 BIER % #A T
A = diag(Iy, I, I3) £ TN, J = diag(Jy, Jo, J3) = diag(lo + Is, Is + I}, I, + I5)
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1. FLAT VIRTUAL LINKS

A surface diagram is a pair (S, D) where S is a closed oriented surface and D
is a generic immersion of one or more circles in S. Here generic means that self-
intersections or intersections between distinct components are limited to a finite
number of transverse double-points. A transverse double-point is called a crossing
(see Figure 1). Each circle is a component of the surface diagram. An example of
a surface diagram is shown in Figure 2. In this paper we will assume for simplicity
that none of the curves in our diagrams are oriented.

FIGURE 1. A crossing

X D

FIGURE 2. A two-component surface diagram on a torus. The
dotted line is on the underside of the surface. The diagram has
just one crossing.

Let (S, D) and (S’, D’) be two surface diagrams. A stable homeomorphism from
(S,D) to (S’,D’) is an orientation preserving homeomorphism from the regular
neighbourhood of D in S to the regular neighbourhood of D’ in S’. If such a stable
homeomorphism exists we say that (S, D) and (S’, D’) are stably homeomorphic.
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We define moves on surface diagrams by flattening the Reidemeister moves of
knot theory. The moves are shown in Figure 3. Each move shows a small disk in the
surface. When making a move, anything outside this small disk remains unchanged.
In particular the surface does not change under any of these moves. We call the
move involving one crossing the 1-mowve, the move involving two crossings the 2-
move and the move involving three crossings the 3-movwve.

|

|

g

FIGURE 3. Flattened Reidemeister moves (from top to bottom,
the 1-move, the 2-move and the 3-move)

Note that these moves model homotopy of curves on a surface. Given two surface
diagrams (S, D) and (S, D), suppose that the set of curves in D are homotopic to
the set of curves in D’. Then there is a finite sequence of 1-moves, 2-moves and
3-moves that will transform (.5, D) into (S, D").

A crossing reducing move is either a 1-move which removes a crossing or a 2-
move which removes a pair of crossings. In Figure 3 these are the versions of the
1-move and 2-move going from right to left.

Stable homeomorphisms and the flattened Reidemeister moves generate an equiv-
alence relation on the set of surface diagrams. This equivalence relation is called
stable equivalence and any pair of surface diagrams which are equivalent under this
equivalence relation are said to be stably equivalent. Note that the number of com-
ponents is preserved under stable equivalence. A flat virtual link is an equivalence
class of surface diagrams under stable equivalence. A flat virtual link with just one
component is a flat virtual knot.

The equivalence problem for flat virtual links is stated as follows. Given two
surface diagrams, determine whether or not they represent the same flat virtual
link. In other words, determine whether or not the two surface diagrams are stably
equivalent.
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2. KADOKAMI’S STATEMENT

In [5] Kadokami suggested a solution to the equivalence problem. To describe
it we first make some more definitions. The 3-class of a surface diagram (.S, D)
is the set of all surface diagrams which can be transformed into (S, D) just by
using stable homeomorphisms and 3-moves. Note that because 3-moves and stable
homeomorphisms preserve the number of crossings in a surface diagram, any two
surface diagrams in the same 3-class must have the same number of crossings. We
say that a surface diagram (S, D) is irreducible if no surface diagram in its 3-class
admits a crossing reducing move.

Given any surface diagram (S, D) we can derive an irreducible diagram from it
by an recursive process. If (S, D) is itself irreducible we have finished. If not, there
is a surface diagram in the 3-class of (S, D) which admits a crossing reducing move.
We apply this move to get a new surface diagram (S’, D"). We then recurse by
considering (S’, D’). As any diagram has a finite number of crossings and at each
step we reduce the number of crossings, the process must end in a finite number of
steps.

Using slightly different terminology, Kadokami made the following statement in

[5].
Statement 2.1 (Kadokami). If two irreducible surface diagrams represent the same
flat virtual link they are in the same 3-class.

This would give a solution to the equivalence problem. Given any two surface
diagrams, we derive irreducible diagrams from them (as explained above) and then
the original diagrams are equivalent if and only if the derived irreducible diagrams
are in the same 3-class.

However, in [2] the author found a multi-component counterexample to State-
ment 2.1. Figure 4 and Figure 5 show a pair of irreducible surface diagrams on a
torus which are stably equivalent but not in the same 3-class. In fact, it is possible
to transform one diagram into the other on the torus just by using 2-moves and
3-moves, but in doing so, the number of crossings must temporarily increase.

EYATE; A
\AN\NALNAS
FIGURE 4. A five-component surface diagram on a torus. Dotted
lines are on the underside of the surface.

This means that Statement 2.1 is not true for multi-component flat virtual links.
Since Kadokami’s proof of Statement 2.1 did not distinguish between single and
multi-component cases it was unclear whether or not the statement is true for the
single component case. In this paper we will give a new proof that Kadokami’s
statement is true for flat virtual knots. Our main theorem is

Theorem 2.2 ([3]). If two irreducible surface diagrams represent the same flat
virtual knot they are in the same 3-class.

In the multi-component case we introduce a new move called the exchange move.
We will not give a precise definition of the move here, but the move allows us to swap
the position of parallel components or parallel cabled components in an immersed
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VARNAVAV.Y
FIGURE 5. Another five-component surface diagram on a torus.

This surface diagram is stably equivalent to the one in Figure 4
but they are not in the same 3-class.

annulus in the surface. We conjecture that irreducible multi-component surface
diagrams are unique up to 3-moves, stable homeomorphisms and these exchange
moves. We hope to give a proof of this in [3].

3. NEWMAN’S DIAMOND LEMMA

In order to prove Theorem 2.2 we will use Newman’s Diamond Lemma. This
lemma is a very general result about certain kinds of equivalence relations on sets.

Let F be a set and let R be an equivalence relation on F' generated by moves
which are classified into two types, reducing moves and their inverses. An element
of F' is said to be irreducible if it does not admit a reducing move. The original
version of the lemma appears in [6]. The following version of the lemma is based
on a version in in [1, page 26].

Lemma 3.1 (Newman’s Diamond Lemma). Let F' be a set and R be an equivalence
relation on F as described above. Suppose the following two conditions are satisfied:

(1) Finiteness condition. From any element f we can reach an irreducible
element of F' by a finite sequence of reducing mowves.

(2) Confluence condition. If an element f admits reducing moves giving two
different elements f1 and fo of I, then there exists an element ' of F such
that we can reach f' by a sequence of zero or more reducing moves from
both f1 and fs.

Then there is exactly one irreducible element in each equivalence class of F' under

R.

In our case the set F' will be the set of 3-classes of surface diagrams. The reducing
moves on I’ are induced from the crossing reducing moves on surface diagrams as
follows. Let f and f’ be two 3-classes. We say that there is a reducing move from f
to f’ if and only if there are surface diagrams (S, D) in f and (S, D’) in f’ such that
(S, D) admits a crossing reducing move which results in (S, D’). Then irreducible
elements in F' are exactly those 3-classes containing irreducible surface diagrams.

As we have already seen in Section 2, the Finiteness condition in the lemma
holds by the finiteness of the number of crossings in a surface diagram. If we can
prove that the Confluence condition holds, then Theorem 2.2 follows directly from
Lemma 3.1.

4. CANONICAL SURFACE

Given a surface diagram (S, D), cut the regular neighbourhood of D from S.
The result is a surface with one or more boundary components. To each boundary
glue a disk. The result is a closed oriented surface called the canonical surface for
D. We denote this surface S.. Note that (5, D) is stably homeomorphic to (S¢, D)
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the surface diagram consisting of D on its canonical surface. Thus the genus of the
canonical surface is minimal over all surfaces on which D can be realized.

We recall from [5] some observations about the canonical surface.

Firstly, the canonical surface does not change under a 3-move. This implies the
following lemma.

Lemma 4.1. Let (S,D) and (S’,D’) be two surface diagrams belonging to the
same 3-class. Let S. be the canonical surface for D. Then there exist a sequence
of surface diagrams (S¢, D;) for i running from 1 to n for some n such that

(i) there is a stable homeomorphism from (S, D) to (S, D1);
(ii) for each i from 1 to n — 1, we can transform (S¢, D;) into (Se, Dit1) by a
single 3-mowve;
(ili) there is a stable homeomorphism from (S., Dy) to (S',D’).

Thus each 3-class has an associated canonical surface which is well-defined.

Secondly, if a surface diagram (S, D) admits a crossing reducing move, the move
can also be made on the canonical surface. Let S. be the canonical surface for D
and suppose that the crossing reducing move applied to (S, D) gives (S, D’). Then
it is easy to see that the corresponding crossing reducing move applied to (S., D)
gives (S¢, D’) which is stably homeomorphic to (S, D’) (see Figure 6).

stable homeo
(S,D) «+— (S., D)
crossing reducing move Jcrossing reducing move

(S, D/) stable homeo (Sa DI)

FIGURE 6. Crossing reducing moves and canonical surface

This fact has the following important implication about the reducing moves on
3-classes we defined in Section 3. Suppose there is a reducing move from 3-class f
to 3-class f’. Then there is a surface diagram (S., D) in f, where S, is the canonical
surface for D, such that a crossing reducing move applied to (S., D) gives a surface
diagram in .

This fact combined with Lemma 4.1 shows that to decide whether a 3-class is
irreducible or not, it is sufficient just to examine all surface diagrams in the 3-class
that are on the canonical surface.

5. RESULTS OF HASS AND SCOTT

Let S be a surface. A curve on S is self-transverse if every self-intersection is
not a self-tangency. Note that self-intersections are not restricted to double points.
A point where the curve self-intersects n times is called an n-point. An example of
a 3-point is shown in Figure 7.

FIGURE 7. A 3-point
For a curve ¢, write d(c) for the number of double points of ¢, where n-points

are counted as n(n — 1)/2 double points for all n. In [4] Hass and Scott proved the
following two theorems.
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Theorem 5.1 (Hass and Scott). Let S be a closed oriented surface and let ¢y and
c1 be homotopic self-transverse curves on S each minimizing the number of double
points in their homotopy class. Then there is a homotopy c; from cy to c¢1 such
that, for all t:

(1) ¢ is self-transverse;

(2) d(ct) equals d(co).

Theorem 5.2 (Hass and Scott). Let S be a closed oriented surface and let co be a
self-transverse curve on S which does not minimize the number of double points in
its homotopy class. Then there is a homotopy c; from co to a curve c¢; such that:

(1) ¢1 is a self-transverse curve minimizing the number of double points in
homotopy class of co;

(2) foralli and j,0<i<j<1,d(c;)>d(c);

(3) except for a finite number of times when a loop in the curve shrinks to a
point, the homotopy c; is reqular.

In order to use these results, we need to restate them using the terminology of
previous sections. The main problem is that Hass and Scott allow n-points, whereas
in our surface diagrams we only allow double points. In order to solve this problem
we note that given an n-point p, we can perturb the arcs in a regular neighbourhood
of p to get n(n — 1)/2 double points. We call such a perturbation of an n-point a
resolution of the n-point. For example, two resolutions of a 3-point are shown in
Figure 8.

FiGURE 8. Two resolutions of a 3-point

Although the resolution of an n-point is not unique, we have the following lemma.

Lemma 5.3. Two resolutions of an n-point are related by a finite sequence of
3-moves.

Using this lemma and the fact that the flattened Reidemeister moves model
homotopy in a surface, we get the following two corollaries from Hass and Scott’s
theorems.

Corollary 5.4. Let S be a closed oriented surface and let (S,co) and (S, c1) be
surface diagrams where co and c1 are curves on S such that ¢y is homotopic to ¢y
in S and both ¢y and c1 minimize the number of double points in their homotopy
class on S. Then there is a finite sequence of 3-moves which transforms (S, cq) into

(S, Cl).

Corollary 5.5. Let S be a closed oriented surface and let (S,co) be a surface
diagram where cq is a curve on S which does not minimize the number of double
points in its homotopy class on S. Then there exists a finite sequence of 3-moves
and crossing reducing moves which transforms (S, cg) into (S,c1) where ¢1 does
minimize the number of double points in the homotopy class of co on S.

6. PROOF OF THE MAIN THEOREM

Proof of Theorem 2.2. By our discussion in Section 3 it is sufficient to show that
the Confluence condition of the Diamond Lemma holds. Recall that I is the set of
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3-classes of surface diagrams and that the reducing moves are induced by crossing
reducing moves. Now suppose that f is an element in F' which admits reducing
moves which give two different elements f; and fy of F. We have to show that
there exists an element f’ in F' such that there exists a sequence of zero or more
reducing moves from both f; and fo to f’. To show this, we will use the results of
Hass and Scott given in the previous section.

By the discussion in Section 4, it is sufficient to consider surface diagrams on the
canonical surface S; in f. By the definition of reducing move and that discussion,
there exists a surface diagram (S, D1) in f which admits a crossing reducing move
giving a surface diagram (S, D7) in fi. Similarly there is a surface diagram (S., D2)
in f which admits a crossing reducing move giving a surface diagram (S, D}) in
fa.

By Corollary 5.5, there exists a finite sequence of 3-moves and crossing reducing
moves that transforms (S., D}) into (S, D*) where D" has the minimal number of
double points in its homotopy class on S,.. Similarly, there exists a finite sequence of
3-moves and crossing reducing moves that transforms (S., D}) into (S., D5*) where
D3 has the minimal number of double points in its homotopy class on S.. Now
by Corollary 5.4 (S¢, D{*) and (S., DJ*) are related by a finite sequence of 3-moves
(because D7* and D¥* are homotopic on S.). Thus (S., D7) and (S., D¥*) are in
the same 3-class (see Figure 9).

3-moves
(Se, D1) #————— (5S¢, Da2)
reducing movel reducing move
(Se, DY) (S¢, Db)

3-moves, reducing moves §3 moves, reducing moves
e

é
(S, D) 2, (g D
F1GURE 9. Applying Hass and Scott’s result to surface diagrams

Denote by f’ the 3-class containing (S., DT*) and (S¢, D3*). Then we can get
to f’ from both f; and fo by zero or more reducing moves. Thus the Confluence
condition holds. At the level of 3-classes, Figure 9 becomes the diamond shape
shown in Figure 10, if f/ is not equal to f1 or fo. If f’ is equal to f1 or fo then the
diagram degenerates into a triangle.

f
reducing move / \ reducing move
f2

h
reducing mov:s\\J L/4ducing moves
f/

FIGURE 10. Confluence condition

Since the Finiteness condition and the Confluence condition of the Diamond
Lemma holds, we can apply the Diamond Lemma to complete the proof. ([l
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Cyclotomic function field @ Jacobi ZHRIARIZ DT

SRR (Al R K)

Drinfeld-#1%, 1970 #XIC Drinfeld & Hayes 12 & > THIZICAIIR S 1, #%5 D
geic & 0 BRE LD 1 ZEARBEIBUR D 7 — X OVHE K IE Drinfeld-I#EZ VTt
ez &R, 2P TH, FICEZHARICH L TERI N7V 7 1D
Drinfeld-MM#E% Carlitz-MMEE & WES. F 72, 2D Carlitz-MBEDZE Iy mi % 1 24806 Y
BURIZHIN LIS 5 1L 58 % cyclotomic function field & WES. 2 o BEEA I3 A BRE A
oMk LR T%  DERIEZ R > TE D, JT4E, Bernoulli L, Stickelberger Jt,
Euler 27 EQFRWIBFAINTE T 5. KiEHETIX, 2D cyclotomic function
field @ Jacobi kAR L TRILfS & L7z iRz bR 5.

%9, cyclotomic function field IZ DWW TR 3. FEL < I, [Hal, [Ro] Z&ED T L.
G F, Eo 1 ZBEHEREE b =F (T), 2O%HEXRE2 A=TF,[T) £T5. C
DEE, kOREBIPHE K I LT DX I A2 ED 5

Txx = z29+Tx forx e k®,

a*xxr = ax for o € Fy, x € k.

2D A-INHE ke % Carlitz ﬂﬂﬁ EMESR. By 7%HAm € AL, Carlitz-fil
DO m-EomRekz kil on sz K, T#&L m-th cyclotomic function
field £, Z DL X, Km/k I3 geometric B TILKER D, I st TR
Gal(K,/k) & THUTREREL: Gal(K,,/k) = (A/mA)* DR L.

Bl 1. ZHEHA M =T D7 —RA%2E25. EELD, Carlitz-IMBED m-E57 R AKX
{("V=TC¢|¢(eF,} THEED. k5T, Ky =k("V=T) £ % 5.

KIZ Jacobi HHEED IO VTR S, HRIKF, Lo 1 28 REEIEE K 1
MU, Jx % KF® D F3e ED Jacobi ZEkF (= KE 0 DIR7HIHE) £ 52, 77L,
Foc i3 Fy ORBINPHE E § 5. LEORE SN LT, Jk(l) 2 Ji D I-> 1 =ikt
ETIUIRDFEIDIIRL Y 37D:

PIEQ)L IF#pDEE,
Jr (1) ~ (1)
P Qy2, l=pDEE.
72720, pld K D, g 13 K OETH 5. £72, Ak 13 K D Hasse-Witt A=
EWEIEING. MRS, FELE Hasse-Witt AERDRICIE, 0 < A\ < gx &\ ) BIR
ARWFE I EHITE (RERITTSE B #:21-1611) DMK ER I DTH %.




BH 5. FHZ, \g = 0D L & K % supersingular, \x = gx D & & K % ordinary &
W55

Z 226 1% cyclotomic function field @ Jacobi ZERIKIC DWW TIIR TV, 75
ZHICT 272012, DI, m 2 d XM=y 72X L IET 5. A (1) IT X
D, Jk,, DWEZ A 570123 K, DI & Hasse-Witt NER 2 RET 2 0DV H
% . FEHUZEY L TlX cyclotomic function field @ different & Riemann-Hurwitz DA
DPHERDE IS,

—_ e N d_
ER 1. (cf. [Ha)) gm % Ky OFELE THUL, g = (dg—d — )L —d+2 L% 5.

fit> T, cyclotomic function field ? Jacobi ZHRIED [-rank (DWW TIEFEAITRIE T
E%. ZHUTH L T Hasse-Witt NZ & (=p-rank) DIREIZH L <, FD & T AN
WK B ROFEIEROD>Toukwv, AT K, 23 supersingular ¥ 72 1% ordinary
5T OWTEET L. TNzl 7-90I12, Carlitz-Bernoulli A %8 A 7
5. 8t =1,2,..,q¢% — 212% L T Carlitz-Bernoulli ZIH= By(X) € A[X] XD &
IIERT 5

Zd;g <Z a:monic at) XZ lf t = 0 mOd q - 1,
! 0<deg(a)<i
Bi(X) = (2)
Z;l;ol <Z g,e;n(,zgl;cl at) XZ if t % 0 InOd q - 1.

Z U3 Bernoulli ZIHAD LIHAIRIC B 1T 2 5T, cyclotomic function field DX —
SRR L BB L Tw 5. FREEZ R, = A/mA L L,

LB CDEETR, C Ry ERERIE, [[E2BUX) € F[X] 55, ST, Ky O
-5 Bz

1 \-1
o= 1 (1) "
P:prime
WKLk TERTS. KL, NP IZ P ORRBEDOITLCOMEE. oA A 7 —HiZ
Re(s) > 1 TIAE RO L, Z OB CIEHIBIE L % 5. 7, ¥ — B
C(s, Kop) EEBIRBS TR Zk, (X)) I2k> T
ZKn(47")
- )
=)0~ ®
LRED. £ by B Ky OFHETUL, RITEBARE D Zi (1) = ho 29D
DL 8T, Zg,, (X) = Zk,,(X) mod p € Fy[X] & E1FIZ, Carlitz-Bernoulli %5\
& X — 8 BB DORIIZLAT OBIfR:

C(S, Km) =

Zi,(X) = [ Bi(X) (6)
t=1

DD LD, TD I LD 5 Carlitz-Bernoulli 2 By(1) € A & cyclotomic function field
DEHE DN IFR O FMERIRAHIK D 32



EE 2. (¢f [Go]) BE hy D3 p THIND 72D DMEA735ME, m | Bi(1) L5
te{1,2,.,¢ =2y BENB L TH3.

RIZ Hasse-Witt A2 & & Carlitz-Bernoulli ZHHRA & DI DOERZ AR S . K,, D
Hasse-Witt N Z N, & 92U, Jacobi ZIRAD D & Ny, = degp,(x] Z(X)
DI LD. TNEEA(6) LxtbE s L,

Am = Z degr,,(x] Bt(X) (7)

DD 2D, EDEAEH\WT K, 2 supersingular I272 252X 5. ZD7HIC
ROMENEETH 5.

R 1.

1. Z a:monic aq2_1 — —(Tq - T)q_l.
0<deg(a)<1

2. Z a:monic a(q_1)+q — —(Tq - T)

deg(a)=1

FoERDLAIF A LTI RAUCHRTESL I LITEHT 3. 2neEX (2), (7)
ZEb¥ s I ETROMKEZES

EHE 3. K, 03 supersingular T 5 Z & ERXRDVOND 2 7= § Z LIFFETH % :(7)
qg=2, »»>degm < 2, (ii) degm = 1.

L@ m BMRIDOHED AR TR 25— EDE=y 7 LHADHAE TS su-
persingular & 7% % cyclotomic function field ZRETE T 5 (cf. [Sh]).
RIZ ordinary I27% 2552 E%T 5. 2D By(X) DREUT DWW THIRS.
Gekeler @ power sum (2B 25H (cf. [Ge]) ZH % LXK 2D:
[fffng] —1 ift=0 modgqg-—1,
deg zx) Be(X) < (8)

[fffng] ift#0 modq—1.

CIT, [T RRE. ¥, n=ay+a1q+ -+ cqgo1gTT (0 < a; < g —1) 1kt
L,ln)=ap+a1+ - +aqg1 £BL. FT ¢ =p DHEBICIE LOAREFESIZFHFFITR
5. 3T, HFX Q) oHUOMEEZ S L,
q>—2 q>—2
I(n) I(n) 7 _
> (=l-v+ X 5=
t=0 mod gq—1 t#£0 mod g—1

DI LD. TN EEA(7), (8) ZAbHE S & ordinary IZ72 5720 DEEFEZRD K 9
IR .



EIR 4. XD 2 5&MIIFAETH 5.
1. K, D3 ordinary.
2. D t=1,2,...,q" —2I1THRL,

[Q(T”H—l ift=0 modq—1,

degp,,(x] Bi(X) = )

{q&—"ﬂ ift£0 mod q—1.

~

LOEBIZBEIL T, p # gD degm > 2 DEHEITERX (8) IR ittt H D,
EH4 EAbY 5 E K, X ordinary TIXRWIZ E30D 5. TN LI p =q DY
BRI D 320,

Rl g=ptRETS. EEDO2XPNE=y 7LHA m € AITHLTK, &
ordinary £ 75 %.

FOZRDMRE LT, ¢g=p T3IXUNE= v 7 LA L TZ ordinary &£ 7% 5
DD, £, q=p DEET, fFED n > 31T L T, K,, 2% ordinary & 7% %
n XEEIE=y 7ZHEA m BENDZDE)DIZSDE A0 > Tk,

e PG

[Ge] E.-U. Gekeler: On power sums of polynomials over finite fields, J. Number
Theory 30 (1988), no. 1, 11-26.

[Go] D. Goss: Kummer and Herbrand criterion in the theory of function fields, Duke
Math. J. 49 (1982), no. 2, 377-384.

[Ha] D.R. Hayes: Explicit class field theory for rational function fields, Trans. Amer.
Math. Soc. 189 (1974), 77-91.

[Ro] M. Rosen: Number Theory in Function Fields, Springer-Verlag, Berlin, 2002.

[Sh] D. Shiomi: A p-rank of Jacobian for a cyclotomic function field, preprint.
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H 5 _RIEDFEE D] &
FEAEEICDOWT

P BT (HEERFRSS TR IR

BB GHOBE LR X — 7 — FO—2I12A F7IVERLRH 5. A F7IVHE
HEIREUR S LISk 2HETH D, ZOME (FE L VW )) WHIRTH S Z LY
AMoNTHS, REEROEEBICEHT 2E% 7 —< 1385 %208, KiETIZ
TRARDBEEDOFRYE - JERBRMEICE L T s n iR ARG T 5.

REURD A F 7 WEEEZ O W TRDOED S LT\ B .

B 1. 520N ER7T UG EHARE  m >2 12200 T, G LFAMZA
A T 7OV Z RO m RAVEUR IZ IR ICHEET 502

COREIZRN L, G DSHMRETH» D, m =2 DR (D F ) BB 1 oKk
DIRG) 2E 2 5.

I 1. (Stark). B 1 DE_XFIZQ(V-1), Q(vV-2), Q(vV-3), Q(vV-T7),
Q(v/—11), Q(v/=19), Q(v/=43), Q(v/=67), Q(v/—163) ® 9 HOATH 3.

BHDY 1 DFEKEKIZOWTIERD FPEBHI SN TV 5.
T8 1. (Gauss F8). HEDY 1 OFE_REIWBICHFET 2725 9.
Gauss PN 7 70 —FD—2 L L TROMERELTE 5.

BIRE 2. G A SR EB L ITR LC B | THIUR b R IR IS
ER-Y /AN

CORBEICR L, 52 5NFER L IO T, HEm | TEN VLI TRIE,
ORI E D ZNFNERICHEET 2 2 EDASNT S,

—77, 52 5N IEDE n X U TEHEDY n THIN S RIRDSBERICHAE
THIEHHSNT WS, BEL n THIN S XKD MEFRIE 2 BRI IR
T5ZEICLEDRT T ENTE, Nagell, Ankeny-Chowla, Mollin, Yamamoto,
Weinberger 7 W2 X 25803 H 5.



ZREDFE O ABRM: - FERIBRYEICEY T 2 WFSRIE B, SRR TN R L
T3, ZOHO—DI FED | THINS /FIe KD H 5 50k Tt
RICFIET 2028 ) 2B T 5L 0) T —203d 5. FICHEBOIEAFRMET
&, ) ZRIBICER OIS 2 &2 MY 5 2 L THREALRICET
LEHEICIFETE LD, TOHATE S DABLEINT VS,

SR OFEE T, FHDY 3 THND /EN R IED D 55 P TENE
NWHERICHAET 2 Z LICBL TG T %, BEANICIZIRDORMEZE 2 5.

ERE 3. mi(#£ 0), mo(#£ 0) ZH 57 % square-free 2¥EH & 5. F#AH 3 T
g s /Al u ZXIEDOM (Q(vmi D), Q(vmaD)) (ged(mymsg, D) = 1) 23%
NZFNERICHEET 2027

BEELDS 3 TEIN D IR, 3 TEIN W RIRO AT 2 E£LZD—>
LT, 2ORMETIE, ) ZRIEDHRDIRE I EE LD &% N 2 756
EZTWSL,. ZOMBEICH L TRERTZENTEL

FHER 1. my, mo(# 0) ZMHEE 7% % square-free B E T 5. 2 DR, KK
DA D D) B, Q(v/miD), Q(v/myD) DEEEDIE I 3 THINLS D
DPEPRICFET 5. I 51 ged(mymy, D) =1 £ TE3S,

CDFERIE my =1 OEAE LT /IMMEROMGHROIED L  IXEEIC
o TWw3,

FHER 2. my, ma, mg € Z % square-free L IEDETDD my = my = ms mod
2 Ziii7e T ET 5. ZOR, “RIFDHEARHERIA D >0 D) b,

(1) Q(WmiD), Q(vmyD) DEHAHSE 1T 3 THI b DODMERIHFLEL,
S HICIED TRREE 2D,

(2) Q(vm1 D), Q(v—myD) DFHEASE HiT 3 THIE b DHRICHHE
L, & 5ICTIED MRE 2 K>,

(3) Q(v/m1D), Q(vmaD), Q(v/msD) DEEAHIE HIT 3 THINLZ > b D)3
BRICTRE L, & 5 ICIED FIREREEE % FF .

COFERIE my =1 DA E LT, Byeon KOFERDIFRICZ>TV5. %
7o, FRER 2 1200 TIR ) “RIRICEB DRI § 2 &2 0055 2 &
T, ILICRZRTIENTES.

FHER 3. (1) my, my Z square-free R IEDOBTD>D my = my mod 2 27T
ET 5. ZOR, ZRKRDM Gy Zg s RIEDEFBAL R TR T &5 KIK



OHL (Q(vAD), QD). (Q(/imD), Q(v/=imaD)) 752 L Zh AR 1
1EL, & HICIED MREREE 2 KD

(2) my, ma, m3 % square-free 22 IEDOELTH>D my = my = my mod 2, (my, ma, m3)
# (0mod 3,1 mod 3,2mod 3) 27z dbDET S, DR, ZXREDMIT
Ly KRR D EHEARERITRTO0 & 2% 2 “REDH (Q(vmi D), Q(v/maD),
Q(vmsD)) DMERICHTEL , S HICIED MRREE 2 FF>.

FEATRDERIIRDBEY TH 5.

E&E L p 288k 2 GRXRBIE, k=koC ki C--CK % Z, EK, A,
%k, DA T 7 NVEEED ppart £ T 5. T RKRE% n L, A, DIEUIIE
BN (K k), (K k) B v, (K k) ZHWT

| A, |= prr BRI (KRt (KR (s, )

EFT LI EPHSNTOT, TOBEHN,(K/k), uy(K/k), v,(K/k) %5
EREG).

FHRERI TS T 2D, N\, =p, =1, =0 DHEHETHS. ZOYEITIE
K/k DT X COETEDIEED p THN W I EDERDP LT 5.

R ENRBIEDM T Z, KR D GEEE N AERIZ, TXTOFEL p XL T
A =0 ETFRINTV 5 (Greenberg PM). L7223> T, MR 3 D) k-
TS ZREDITRTHIKME L 7 25451220V THE Greenberg PREAND—
D2OT7 7 —FERLILENTES.

FARER 3 IF RO BOIEAIRIED & HEALREZEE L T05. Zhi
XL, M REOFRDAIERIED & EEA LR 2 BE L MR LR 5 2 L3 T
&7 (LNONE) T, IKREDRH UL Z D Z LIZOWTHRAMNL 720,

bebi QW2 —4mn), Q(vVa2 —mn) DIEDRE R (m,n,z € N) IZD
WCIREED n TEHNE D E ) IS TH L DIFFED R I T\ % (Nagell,
Ankeny-Chowla, Mollin % £12 X %). Gold DFfEHR L X Q(v/1 —4p™) D
RO RO R EZ V2 2 & T, Sands DFEROEENE L TRERT
EMWTET.

FHR 4. GASNTTGREE p INL T, Mg Z, IERDGE N\, AEED
N > 1 ERDZBIXEOEREZGEROEREE LT, {Q(WT—4") | n >
8,gcd(p,n) =1} DSHAL .
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max{i: d; # 0} +min{i : i(P —9P)NZN #0} =d+1

0ooo

Fano D000 O00d0000000 PCRIOPOOD P\OPORIODO
00000000000000000Fano 0000 O Gorenstein 000000
00000000000000000000000((Fano 0000 POOOOOO
0000000 yeP 0000 (r,y)<100002zeRI0000000000
000000(z,y) 000000000000)

PCcR'O Fano 000000 OP) = (60,6y,...,6,) 000 0000000
000000000000000000000000

e P [0 Gorenstein 0O OO
e /(P) 0 symmetric 000000 0<:<d0 ¢, =04, 0000
o i(P,n) = (—1)%(P,—n—1).

PCR¥YO d0O00000000O04(P,n) 000 Ehrhart 000000000
0aeCOO000#(P,a)=0000ae0 i(P,n) 000000R(e) 0 acCO
0ooooo

P C R? O Gorenstein Fano 10 000000000000

i(P,n) = (=1)%(P,—n — 1)

0004iP,n) 000000000 R(z)=-1/20000000000000000
0004d000000-1/20 i(P,n) 000000

d 0000000 P cC RYO Ehthart 000 i(P,n) 00000 a € C O
R(a)=-1/200000000P 0000 200000 Gorenstein Fano 00 O
00 unimodular 000000000000 [2, Proposition 1.8 00000000
0oo

Gorenstein Fano 00000 Ehrhart 0000000000000000000
00000000000000

0000000000000000

Theorem 1. 0<2k<d 00000000 AO0OO dODDODOOOOOOOOO
00 d 00 Gorenstein Fano OO0 OO PCcRIOODODOOO

() i(P,n) 0 d 00000000000

(i) «(P,n) 000 2 0000000

(iii) «(P,n) 000 d—2k 0000000
(iv) 00000000000 -1/200000
(v) 00000000 (-1,00 00000



OOO0Theorem 10000000 OOODO

Example 2. k=1000 d=4000000000000 Gorenstein Fano OO
00 PCcR*O(P,n) 0 Theoremr 1 000 (i)-(iv) 000000000000
N
{(1,0,0,0),(0,1,0,0),(-1,-1,0,0),(0,0,1,0),(0,0,0,1) }
0000000000003 00oooon (0,0,1,1) 000000000 OO
O000P:=3Q°—(0,0,1,1) 00000P O Gorenstein Fano 0000 P O

{(3,0,—1,-1),(0,3,—1,—1), (=3, -3, —1,-1),(0,0,2. — 1).(0,0, —1,2)}
0000000000000 PO0 Ehhart 00000000000000000

o Bl 199, 201y
8 4 8 4
00000000o0ooog
12 1 V=T 1 =7
3y 276 2 6
0DooO
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Extensions of the category of schemes

0000 (Doooooooooono)

o0

Deninger program OO0 000 F, 000000000000 O0ODOOOODOOOOOOOO
gobooboooooooooooooobooooooobOoOoboO0oooboboOobooooooboooOoo
goooobooodouooobooooooooooboobooobooobooboOoooboOobooooooDoobooOoo
O000000000000000 Zariski-Riemann 000000000 CCO0O

1 ODboooogoon

00000000000000000000000O000000000O0O00'00000000
gboooobooobooooooboooboboooooobooobooooooobooooboooo
0000000000000 0000 (semiring) 0000000000 OO0OOOOODOOOOO
00000000000000000000000000000%200000000000000
000000 Ru{-occ}00O0OO0O0ODO

a®b:=max{a,b}, a®b:=a-+b

000 e, 0000000000 (max-plus00000)00000000000O0DO0O0OO
0000000000000 0000D0000000000000 (idempotent) 0O OOOO0O
O00aece=e00000000000000000O0OCO0O0OOOOOO0ODOOOODOO
0000000000000000000000000D0000O0DO00OO00O0O0ODO0OO
“f(x)zzjajxj” (000 z= (a1, - ,2,)00j00000000)0 “4"0 maxOO“x”0 4+
000000000 maxj{ae; + (j,z)} 00000000 ((hOOO)DOOO 20000000
000000000000 000o0o0o0o0o0o0o0o0o0oU0oUoUOonOn f(p) OO
r—oo0000000000D000000max00000000000000O0OODOOO
00oo0oOooo0oo0oo0o0o@m@moOoooooo0ooo0o0oooooooooon
00o0oo0o0oo0oo0o0oo0oo0oo0ooo0ooo0o0ooCoo0oO0O00ooo0n
000000000D0000000000000DS0000000000000 (000000
000) Gromov-Witten0 OO0 D O0D000000000Abel0000000O0O0OO Bogomolov
0o00oooooooo0ooooooooo
00o0oo0oOooo0oo0oo0ooooo0ooooooo0ooooooooooooo
oo0o0oooo0o0ooO0o0oooo0o0ooo0o00oo

000000000000 0C0000000000000000000000000000000000000000
00oooooooo

0000000000000 00000000000 (absorbing element) 00000 a-0=00000 «0000
ooooooooooboo

3000000000000000000

00000000000 (dequantization) 100000000

S000000000000000000000000000000N0N00N0N0N0N00N00N00Nooonon



mogooobooboobooobobobooboobooboobooboobooo

gbooooooboooooboooobooboooobooboboooooboon
oo0oooO0ooo0o0oO0oUoo0oo0 F (DOO0)DO0O0DOO0O0OODOOODOO0OOOOO
J000O0O0O0O0OO0OoDDODOOCOODO00000 RiemannOOOOOOO0O00O0ODODO Lefschetz O
g0000O0000DOO0o000OOb00000O000 RiemannOOOO0D0O0OOOOODODOO
00000000 Deninger 0000000000000 0000000000000000OO0
goobooboo mobooboboboooboobooooloooobobobooobooobooobDoo
00000000000000000000000070000000F, 00000000000
gbobooobooooboooobooobooboooobooooooobooooOoooboooobooon
gboooooobooooooa
gobooobooooooboooboooboboooboooboboooooobboboooooboooobo
gboooobdoboooboobooooboooooboooboooooboooooboOoobo

oboboooooboooooooon

0000000000000 0o00o0o000U00000o00D0oUOo0DoOUOoUoOUOon (oD
0o00oo0OO00)000o0o0U00O00U0O0OO0Y—0O000O0O0O0OOoOOoOoOooO
gboooooogoo

Theorem 1.1. 00 0000000000000 OD0O0ODO0O0O (DDOODOOOOOOOO
0)«0OOOUOOOO0OOOOUOO0O0OD0 000000000 (X,0x) 0000000000
-00000000000000000000000000000

(1) 0000 X~ I(X,0x)0 #/-000000 (#/-Sch) 00 «-0000 («/-alg) 0000
0000000000000000000 Spec? 0000000000

(2) O (#-Sch) 0000000000080

(3) 000« 0U00O0O0DU0O0O0U00w-000000000000 coherent DOOOOOO
000000000000 Spec? ROODOOOO &-00000000 («7-Sch) 0000
000 coherent 00D U000 (Coh.Sch)DOOOOOOO

(4) 0000 U: (Coh.Sch) — (#/-Sch) 000 000000000000000000000
0000000000

(5) (#/-Sch) 000000000000 (00000000000000000000000)
00000000000000000

(6) 000 «-0000 SO0OD00D0SO0000 w#-00000000 SO0 «-00000
ooooO0O0O000000ooooO0o0o00SO00000 w-OOOO XO0O0O0O0O0ooo
gbooooooooboo

SF, 0000000000000 0000000DOO0

‘D000000000000000000000000001000000 SpecZ0O F, 000000000000
0000000000 Riemann 0OO0O00O000000O0O0O0O0OOOOO0OOOO0COOOCOOOOOOOCOOOO
00000000 Riemann OOOO0OOO0OO0O00O0O0O0DODOODOOOOO0O0OOODODOOOOOOOO

f00000000000000000000000000000000000000



goooooooooooU0oo0oo0D wOOOUOOOOOOODOOODOOODOOOOO
goooooO0oOoOoO0oO00oOoOoOoooooOoOOO0OOOO0O0OOD w-OOOOOOOOOOO
00o0o0ooooooo (1)o3)D4)oouoooooUoooUoooUoooooUoooOo
0000000000000 000000000000D0DODDDDD®0(2)000 (6)0000
00000000000000000000() 0000000000 Stone-Cech0OOO000
000000000000000 Zariski-Riemann 00 (00 ZROD)OO0O00000000O1YO
ZRO0COCOOOO0O0000000000ON w-OOOUOUOOoOooooooOOOooDooooo
gooooooOooooooO0ooooo0ogoooDooo0oooooooD w-OOOOooOOOo
goooo

2 Z-0000000000

000000000000000000000000000000Osoberd000000Soberk
00000000000 (00020000000000000000000000000)000
000000000000000000000000000 coherent D 00000 (Coh) 00
coherent 1000 0000000000000 000000000O0O0OODOOO0000OO
0000000000000000000000000010000000000000 [2]000
0000000000 (IIRng) 000000000000 ADa<bea+b=b000000
000D000Coherent 00 XO0OOOOOOOOOD0000O000000000000000
C(X)epe 0000000C(X)epe 0 N,UODDO0O0D0O0D000000000O (IIRng)000
0000D00000Stene00000000000000000000000

Theorem 2.1. C': (Coh)” —» (IIRng) 000000000000 SpecO 00O

(IIRng) 000 0000000000000000 (Coh)0000000000000RmMO
0000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000
000000000000000000000000O0Ocoherent00 XO0OOOOOODO, X
00 (IRng)-0000 7x 0 U+ limycpC(V)e 00000000 VO UO0000000
000000000000000 (IIRng) 000000

000400 o = (0,a1,a2,7) 0000%B: ¢ 0000000000000000000000
00000000000 M@Me 0 e-0000 (s-alg) 00 (IIRng) 0000 00-00 ROOODOO
000 a;:R—(R)00000000000000000000O »-00 ROOOO SOOO0
00000000000000000000000000000 v: a1(S™'R) = ay(S) tai(R)
oooo

‘0000000000000 0000000000000000000000000000000000000000
000000000000 SpecRODOIOONOONONOODOOOONOONONDONOOODOODOOONODOODOOOOO
00000000000 0000D0000D00000000000000000000000000000000000
000000000000 D000OO0OOnQ

VgpoO0ZariskiOODODODO X0 ZROODODOX OOODOOOODOODODOODOOODOO XO0OOOOOODOO
«#-00000000000000000000000D000000

1000 Noether 010OOOODODODO coherent 0000

2000000000000 00coherent 0000000000000 DODDDODO0OOO00OOOODDDOOOOO
0000000000000D00000 coherent 0000000000000 DOOOODODOOOOODOOODO
00000 coherence 000000000 D0DN0ONODODO(Coh) 000DDD00ONOONDODOOOOODO
0000000000000

BogoOoO0o0o0O0D0D00000D00D0D0000000DDDD00000N0NDDDoDO00000NDD ROODOOOO
0000000000000 em(R) 0000000000000 000RO0O0O0O0OD0OOD0OOD0O00O00O000
0000000000000 0000000000D000000




Example 2.2. ¢ 000000000000 ROOOO op(R)0 ROODODOODOOOOOODO
0000000000 2=I(I0RO0OODOODOOO)0D0ODOO0O00OODODOOMO000OO

f:A—=BODOO ai(f)D I+ f(I)BOOOOOODDOD ROOODODa O feROOOO f
000000000000000D0000000000 v:a1(S7'R) = a2(S)"tay(R)OODODO
0000000000000 DO0O0000DODODOOO0

000000 «#0000000000(00)0000000000000000
() 000 ¢-00 ROOOODa(R)0 ay(R) 00000000000

(i) o-00 ROOODO sy,---,8, € RO ", aa(s;) =1000000000000a; € Ry, (s
00000000)0 Ry, 0000 @, =¢; 00000000000000000acER
00000 R, 0000 a=q, 0000

022000000000000000000000000000000O0OOODOOOOOO0
0000000000000 00000000

00000«-00000000000300 X =(|X|,0x,B8x)000: |X|0 coherent 0 00
Ox 0 |X|00 (0-alg) 0000 (000)0Bx:an0x —»7x 0 X0OO (IIRng) 0000000
0(00O0¥®)0D00000000000000: 0000V CUD |X|00D00000000
000Zz=U0U\VOUDOOOOOOOOOOOx(U)— 0x(V)O 0x(U),0DOOODODOODOO
Ox(U)z0 Ox(U)0DDDOD {f|Bxax(f)>Z}00000000000000«-000000
00 f:X—->YODOOOODODODOOOODODOOO |f|:|X|—|Y|D|Y|00 (s-alg) 0000
00 f#: 0y — |fl«Ox 000 (|f, f#)0,Bxo f*=|f|lopy DODODODOOOOOO

0000 (o-alg) 00 («/-Sch)®® 000000000 0Spec? 0000000 OO0: 0-00
ROOOO X =Specai(R) (000 Spec000 2100000000)0X00 (0-alg)000
00x 000U~ S 'ROODDODDOOOOODOS={feR|a(f)>X\U}000000
0000000000 Bx:a@x —7x 0000000000OSpec? R=(X,0x,6x) 000
Spec” : (o-alg) — («/-Sch)® 000000000000 00000

Theorem 2.3. Spec” 0000000 I': («/-Sch)®® — (o-alg) 0000000000

0000000000000000000000000000000000000000000
0000 1.1(2)-(6)00000(2)0 (6)0000000000000000000000000
00000000000000000000000000000000000000000000
0000000mMO000 Spec? ROOOOODOOO0O0O0000000000000O00000O
0000000000000

goog

[T1] S. Takagi: Constructions of schemes over Fy and over idempotent rings: towards tropical

geometry, Preprint, arXiv:1009.0121

[T2] S. Takagi: A-schemes and Zariski-Riemann spaces, (under construction)

40000 210000000a;(R) = C(Spec R)epy 0000

50 QpOO0000000000 22000000000000000000@0MUO000 f00 Suppf0 VOOD
000000 fly 0 6x(V)00D000D000000000000000000

1600 0e-00000000 «-000000000000000000000000000000000000000
00000000



Tate-Beilinson conjecture for products of plane curves
over finite fields

oooo*oooooood

O000D000000000D00000000 Tate-BeilinsonOOOOOOOOOOO
gogobbboooobobbuoooooob

Intorduction

O0pO0000 k=F, 0000000000 X00000XO000O0O ¢(X,s) (cf
Notation) 000 000000000000 000O0OO0O0O0OO0DOOOOOODOOODO0O
O000000000¢(X,s)000000000Deligne000 WelDODODOOOO
0000000/00000000000 HY(X,Q(5)) (c.f. Notation) 0000000
000000000040 pO0000D000000X0O0D000 X®kO0O0 (KO k
00000)0/0000000000000000000000000000000O0
0000000000000 Galeis0O0OO0ODDOODOOO0OO0O0O0OODOODOOOOO
0000000000000000000000000000000000000000
00000000

000000 X0O0OOO* 00000 0000X00000000000000
0000000000000 (000 +¢0)0000000000000000 Chow
0OCH(X)ODDODOOO CHY(X)~Pie(X)0OODDDODOOOO KODODOOOO
CI(K)O CH'(Spec(Ok)) 000000 (Oxk 0 KODOOD)IChowOOOOOODOO
0000000000000000000000D0000D00000 ChowOODODOO
000000000000000000000000000000000000000
Tate [7) 0 ¢(X,s)000000000000000000

P : CH'(X) @ Qp — H*(X,Qq(i)C*

D00000000000Tate 0000000 0OG, O k/k O Galois 00000
H?(X,Q(i))%* 0 H*(X,Q,(4) 0 G, 00000000 Tate 0000000 X O
0000000000000000000000000 p4 00000000000
D0000O0@RMNUO00D0D00000N00000NO [9000TateOD0ODOOG, O
H*(X,Q,(:)0000000000000000000000000000:

dimg, Im(p’ ) = ords—;((X, s).
000 Beilinson [1] 00000000 prDDDDDDDDDDDDDDDDDDD péf
0000000000000 000000000000O0DO00O0 (DOooDoUoUoDOY

000000000000)00000000000000000D000DO0O0DO0
Tate-Beilinson 000 0007TB(X/k,i,4)000:

00 (TB(X/k,i,£)). 000000 p, 0000000

*LoppoooooooOoon DC2



mQOpdOD0D0DOOODOOOOOOODODODODOOOO mUODODOOO X, =
Xm(a,bye)000O0:
axy' + bz +cxy =0  (a,b,c € k).
Fermat 00000 (ie. a=b=¢) 0000000000 [4,5|00000000000
000 m<80000Tate OO Fermat 00O O self-products 0000000000

000000000000 0DO0O000O00000DOO0D0OO00OOOdO  Tate-Beilinson
ggoboboooobooooa

Notation
0000 X0 XO0O00000DO0mOOO0OO0Ow,010mO0000 XO000OO
000000XO000000/¢0004,7>000000
H'(X,Z(§)) == lim H' (X, pg? ), H'(X,Qu(5)) := H' (X, Ze(§)) @z, Qe
D00000HY(X,Q(0)0 H(X,Q)OOODO
000 k=F, 0000000000 XO00OOO0O0OO0O0OODOoooooo:

((X,s):=Z(X/k,q %) with Z(X/k,t):= exp(§ @t”).
n>1
Oo00oogoOooooooooooon

oo

00 1. 40000000008, :={1}Uu{m>1|p0 (Z/m)*0000000 }00
0000000 (mi,...,mg) 0 (S,)Y00000000000000000:

(x) j04<;j<d000000000001<m <ng<---<n;<d0O0D0D0D0
1<a<j00a00000 (mp,,mn)<2("r#a) 000000

00n>000000k=F, (¢q=p") 0000X,,, = Xpm.(as,bs,c,) 000D
Oas,bs,cs € k*X0000X = X, x---x X, 000000000000000 4
00<i<di00D0O0O0CHYX)ODODOO0O0O0OO0OO0O0O0OO00000000000000
0 00 Tate-Beilinson 00 TB(X/k,4,¢) 00000 i000000000

00 100Soulé [6, Théoreme 3. )] 0000000000000000000000
(00 2)0000H (X,,,,Q¢) 0 Frobenius 0000 000000000000000
0o

e Soulé 000

Ch,...,Cy 0O k:FqDDDDDDDDDDDDDDDDDDX:ClX---XCdDD
O0F: X —X0OX00000 qOD 000000000000 FrobeniusO OO OO
DDDDX/kDDD 0<:<d0O0000000O00O:

(x%); j04<j<d000000000001<n<ny<---<n;<d00000
Qnyseooyan, 00000 HY(C,,,Qp),....,H(C,,;,Q)00000 F*O0000O



DDDDDDDam%¢~me¢ﬂDDDDD

00 2 (Souwlé [6]). i0 0<i<dOO0OO0O0DDO0X/kDODO (+); 00000
goopooo CHi(X)DDDDDDDDDDDDDDDDDDDDDDDDDDDD
Tate-Beilinson 0 0 TB(X/k,i,/) 000000

Remark 3. 00 (xx); 0 ¢=0,1,d—1,d000000000000d<30000X
0000 Tate-BeilinsonOOQOOO 20000000

e00 1000000

00000000 100000000 20000X/F, 000 (+); 00000 4
00<i<di0000000000000000f:=LCM{f,....f;}000000
00f0q0 (Z/ms)*0000000000s=1,...,dd000000000X/Fys O
00 (x+); 0000000000000

00 4. ¥ O k=F,000000000/00<¢<d00000000000000
0 (x); 0k 000000000k0000O00OOO

Weil [1000000000 HY(X,,.,Q¢) 0 Frobenius 0100000000 v, O Z[Cm. ]
00000000000 |y|0 ¢/2000000000 (,0 1000 mOOO0O0O0O
00000000000000000000000000

0 O
e J0OIODO Chow O
05. 0010000 X000D0OCH*(X)ODODDODOOO0OOO
OOooOoob0 10o0o0o0g0obooono:

00 6 (Colliot-Théléne—Sansuc—Soulé [2]). 000 O000000000000000
00 XO0OO0OO0OOCH%(X)000000000000 CHY(X),,,0000000

e Fermat surface and threefold

pU0oood nO0UOO0O0OOOO0O TEODDDDDVWZCPZ+1DDDDDDDD
000000000 m0O FermatOOOOOO0Oxg" + 2" + 25" +---+ 278 = 0.0
gooao [4]DDDDDDDDDDDDDDDDDDD Fermat OO OO OO0O0O" O
Oo00o0oooobooo 1o0o0o0o00a:

00 7.008,00010000000{m,...,mg}0 S,00000002m; €S,
00 s#£t0000 (ms,my) <20000000000f0 p0 (Z/2m)* 00000
0D000k=F, (¢g=p/)0000s=1,...,d00000X,,, 00010000000

0. XOooooooooooooo:
V2 X Xy X oo X Xy V2 X Xy X oo X Xy V3 X Xy X oo X Xopy

mi mi mi

00000 Tate-Beilinson 00 TB(X/k,4,/) 00000 ¢00000000O0



Remark 8. 0000 (4000000000 0Fermat000000 TateOODOODOO
00000000oo0oo0OopB)000D0000000UOUOULO0ODOO0ODOOO
U000 Fermat OO 0O0OO0O0OD0OO TateOOODOOOOODOODOOOOODO

e 100000000000000O0O0OO
X00000040000000000000000 [3)00(1) CH2(X)00000
000 (2) Tate-Beilinson 00 TB%(X) (3]0 000000000)000000000
000000000000000000000000 s=20000000000 Chow
000000000000000 BayerO NeukirchO SchneiderD MilneO Kahn O 0 O O
00000000000000000000 X/k000 1000000Tated00 [§]
0000G,0 HY(X,Q)O0O0OD0O00000D00000000 100 50007TB*(X)
0 X/k00O0000D0000000000000 [3)0000000000000000

0 9. 000 X/k000 1000000dmX =40000000000000000
0000 (D00 [3]00):
C(X,2)" = lim (X, 5)(1 — ¢* %) 7"

H3 (k(X),Q/Z(2)) |? + . (1Y
— (L1)50) . gx0x2) | |;}~§t(()(7>zg)/) |('})%>1| T CHX (X i) 17V

1=0

Ooon
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1l 00000DoObOoOo00oooooobOboooooon

gobobogoobobbogoobbboooobbobooooboboooobboood
gooboboooobobtbooobbbooobob bbb bbb bboog
OO0 RNOODODDOOOOOOO0O0O0O0O0O0O00000000000

oo 1.1.
minimize f(x),

subject to x € RY.

0000000000 fOO0D00O0OO00OQO0OOO0ODOOOOOODODODOOOOO
000000000000000000000000000000000D0D [Blo0o0
ggoboboooobbboooobbboooobboboood

Algorithm 1 RN 00 0000000000000 O0DOOO0OO0ODOOOOO
1: 000z eRYNOODO

2: for k=0,1,2,... do

32 0000, eRNOOOOOOOO¢ >00000.

4 000 x4 00

Tht1 1= Tk + Mk (11)

goobooon

5. end for

* hsato@amp.i.kyoto-u.ac.jp



00000000000000000000 9, eRYNOO0OO0O0O0000 ¢, >0000
00000000000000000000 g0 g =—gradf(z,) 00000000
O000gad 00 0000000000000 O0O0O00O0O0 n, 000000000

Hess f(z1) i) = — grad f(xx) (1.2)
0000000000000000000000 f00 2, 0000000000000
00 eRNOOOOOO

000000000000000000000000000000000000000
0000000000000 0000000000onononoooo000o0oo0ooooon
0000000000000 000000 RN 00000000 00000000 00
00000000000000 MOOOOOO0OO00O0O00000000000 1.200
000000 MOOOOOOOOO0OO000000000000000000000

oo 1.2.
minimize f(x),

subject to x € M.

O0O000O0000DbD 10000000000 bbooobDbobooboboDOg g O
T, MOOODOOOOOOOOOOOOOOOOO0OO0OO0OO0OOOODOO0O0O000000O0O
0000000ooo00oU (1) oooooooUooooUoooUoooUooooooo
00000000000 2,00 00000000000000%(0) =2k, ¥(0) =nk
00O MODDODDODyOOODODODODOO~yDODOODDODDDODODODODDDDODDODODODDODO

R:TM -MOOODOOOODOODOOOOOO2, 00000 a1 0
i1 = Ry, (tknk), Rep : To M — M (1.3)
DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD[1,2]D

00 11. 00 R:TM —-MOOOD 200000000000CROMODOOO
gooobooo. R,O0OROT,MOODOODODO.

1. R,(0,)=2. 00000, 0T, MODODOODO.

2. Ty, T, M~T, MOOOOOOOOODOR,O
DR,(0,) =idp,
000000o00oDbR,(0,)0 R, 00, 000000O0ODOO.

—100—



Oo0o0ooMOOOUOOUOOOooOOoooooooooooo
R.(€) = Exp, (€), & € T,M (1.4)

0000000 R, 00000 R:TM —-MQOOOOOODOOOOOO

0000000 ¢, >000000000000000000000O00O000O00O0O
DDDDDDDDD[1,3]DDDDDDDD

godoooooo0o0o0ooooooooggooooooooooooooooo
go0ooooooooooooooooooooooooooooooooooooon
gooooooooooooooogg

2 DODOooooooon

ndpO0On>p000000000000O000000R"O00O pO0OOOOOO

000000000rxpO000000000000000000 St(p,n), Grass(p, n)
000000000000 0000000000000000000000000000
0ooooooO

Grass(p,n) ~ St(p,n)/O(p) (2.1)

Grass(p,n) ~ RI*P /G L(p) (2.2)

000000000000 4O0[]0000000 (2.1),(22) 000000000000
gogoooogd
000000000000 Grass(p,n) 00O
Grass(p,n) ~ {X e R""|X? = X, X" = X, rank(X) = p}
={X =YY"|Y € St(p,n)} (2.3)
gogobobooobobbuoooobbuooobobbooobobbboooobo
OO0o00obOoO0oobOo0obOooOOoobO0obO0oOOooOU0o0bOoD ROODDODO FOO
Ograd FODOODOO HessFOOOOOOOOOOODOODOODOOODOODODOOD
go0o00O0o0oob0ooObO0o0o0ooObOO0O0oODbO0o0o0o0oooooODbOOoOUOD XOoo
£ e€TxGrass(p,n) 000000000 0O0O0O0OODOODOOOOOOOOOOOOOO
O00Do0oQROOOOOO
Rx(€) = af (I + OY) (af (I +Y)", € € Tx Grass(p,n) (2.4)
000000000 ROODDODDODODODOUDOUOOOODDODOOqf((I+&)Y)
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00 +&)Y O QROD
(I+&Y=QR, QeSt(p,n), RODODODODODODODODDODODODO (2.5)

0000 QQUOO0

3 0000ooooooobooooon

0000000000000 00DOD fOODO0D0O0O0OO0 MODODOODODOOOOOO

zx, 00000000 n, €T, MO n :=—grad f(x,) 0000000000 DO0Ograd
OmMODOOODOODOMDOOODOODODOOOn,ODODOOOODO
Hess f(z1)ne] = — grad f (z) (3.1)

000000000000000000000 a; € Grass(p,n) 00000000000
000 VvVOO0OO0OOD0O000000 Hess f(ag) 00n € Ty, Grass(p,n) 0000000
000000000000

000000000000000000000000010000000000000
000200000000000000 [1]0

0000000000000000 (23)0000000000000000000
oo

1

F(X)=;tr(AX), ADODDO (3.2)

gogoboboooobbbuoooobobooon

Ooon
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goooboobooooobob.bobobboobD «ob»ooogooo “o
O”0oobooooooooboooooobooobo.bobooo,30o0booon
U00O00oOoog,000000 solsoliton OO ODOODOO,0D00OD0OO
ugboooboobuoobobodobobooobouoobobooobobo.a,o
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1 Introduction

00000000000, Einstein 000 Riccisoliton 00000000000
000000000000000.0000000000000000 “0070
00000000000000000000,00000000.0000, Ric
soliton 000000000 00,0000000000 solsoliton 000,000
0000000 nilsoliton 000000,

00000,4000000000000000 solsoliton 00000 (Lauret
5) 0,6000000000000000 nilsoliton 10000 (Will [6]) 00O
0000000.000,000000000000000000000,000
0000000000000000000.

000,0000 “00”000000000000000000000,00
000000000000000000000. GO0 n0000000,g0 G
00000000.GO000000000000000 MOO000,60000
0000 ¢0000010100000000000

M={g0000 }=GL,(R)/O(n)

O0D00D0.00 MOOOODO00DO0,00000000.
000000,000000000000000O00((@CO)oboDOoO0O0OO0OO
ggboobu.gobbbooooboobog.

*07000000000000C0O000OOOO00OO (0D OoOooo0)
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00 1.1. 0000 g0000000 ()00 (g,(,))0 00000000 00
0.20000000000 (g,40) 0 (g2,(,).) 0 000000000000
00000,00000000 ¢:g1—g0¢>000000,000 X,Y eg,
0000 (X,Y); =c(pX,eY), 000000000.

o o Y B o A W R
Aut(g) 0 g O0OO0OO,R*0g00 000000O0O0DODOOODODOOOO.

00 1.2(00,00,00 [3).0000 g0 nO00000.0000,g0000
O ¢)0oood [(,)]0,GL,(R)/O(n) D0 D0O0O0O0O0O0O (R*Aut(g)-00) O
oo:

[(.)] = R*Aut(g).(,) C GL,(R)/O(n).

00 1200, 000000000000 00,0000000000000O00
0d:

GL,(R)/O(n) GL,(R)/O(n)
w U
<7> — [<7>] :RXAut(g)'<’>

gogbboboga,bbogouoboog:
o013 “0d0”00b0bogoobobogobooogoD “co"oooboooo

ob “oo”oobgoob,bo0bobooboobobooobobboobon
oob,0o00o0oo0boboo «sb”oo0boobooooobooooooog,
gbbogobouogboboobuoobooobuooboobbo.gb,oboon,
gddodooodooooouoouoouououooooooooob,o00000o
go.

0000,30000000000000000,00000 () O solsoliton
O0000000,000000000 R*Aut(g).(,) 000000000000
gogbbobooogbobbodo

2 Ricci soliton [0 0 [0 solsoliton [ [

OU0D000D0000 Riccisoliton OO0, 0000O0O0OODOO solsoliton 0 O
gogoooboggn

00 2.1. 60000000 ()0 Riccisoliton 00 00000, (,) 0 Ricci
0000 e, 00000000000: 00 ¢ceRO XeX(G)OODOODO,

ric(,) = C<7 > + LX<’ >

000 X¥(G)O0 0000000000 0000D, Ly 000O00oooon.
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00 2.2. 00000000 ¢O0O000000 ()0 solsoliton 00 0000
0,0000000000000 Rieei 000 Ricy 00000000000: O
0ceRO,DeDer(g) 00000

RiCmZCI—i—D. (1)
gog [DDDDD,DGI‘(Q)DDDDD o O A Y A

00 1.0000000000000O0D0O0OO ()OO (1y)oooooog, () o
nilsoliton OO OO0O.

00 2.3 (Lauret [5]). OO0O0O0O00O0O0O0OOODOOO () O, solsoliton 0 OO
Ricci soliton 0 O O .

OO0 2. 00O Riccisoliton OO0 OO solsoliton 00 O0O0O0OOO. ODOO, O
0000000000000 00DO0000O00O Ricci soliton O O O, solsoliton O
oooo.

3 OUooobooo

gobbbuoooobbbodoooobbbdaod.

00 3.1.G030000000000000.0000,60000000 ()
0 solsoliton 000000, 0000: 000000000 R*Aut(g).(,) 0,00
0 GLy(R)-000000000 GLy(R)/O(3) 000000000000.

000,300000000000000000, 000 solsoliton 00, 00
00000000000000. 000, solsoliton 00000000000, M
0000000000000000 (0000 MO 600000). 00000
PMOOOOO

ud 3.2. 0000 gbbbbObbo0ooooooooobbbobbbooug
gooooooooo pmooo:

PM=9M/000000000000.

g 1.2DD,‘BSUID,95?D R*Aut(g)-0 0000000000000, OO
O solsoliton DO OO OOOOO,PMmUIODOODOODOOoOoD. obooDoog, pm
b 1ggbbogobboboogobbooobbbooobog 3bbod
goooo,oopmoibooooogooog:
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Name | Nonzero commutation relations dim PN
Asq | le2,e3] =€ Nilpotent 0
Az | [er,es] = e1, [e2,e3] = e1 + ez Solvable 1
Azs | [er,e3] = e, [ea,e3] = €9 Solvable 0
Aza | [er,e3] = e, [ea, €3] = —e2 Solvable 1
Ags | len,es] = e, [ea,e3] =aea  (0<[a|< 1) Solvable 1
Aze | [e1,e3] = —ea, [ea,e3] = €1 Solvable 1
Ag; | le1,e3] = aey — ey, [ez,e3] = €1 +aex  (a>0) | Solvable 1
Asg | [e2, e3] = —ez Solvable 1

gboooobooobooob,goooosmobooobooboo,onoobg
O00000: A;, 000000D0CO0O00O0DODOOO, solsoliton OO0OO
Ooooon, A, 000000000000 0OO0O0DOOO0O00, solsoliton O
goooboooobooboog,0bb00bo0bb0dn Riccsoliton OO0, O
O0000000000000 10000 (Lauret [5]).

ooon
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On the geometric realization and subdivisions
of dihedral sets

Sho Saito*

1 Introduction

By expressing the geometric realization of simplicial sets and cyclic sets as filtered
colimits, Drinfeld [2] gave a simple proof of the fundamental facts that geometric
realization preserves finite limits, and that the group of orientation preserving
homeomorphisms of the interval [0, 1] (resp. the circle S!) acts on the realization
of a simplicial (resp. cyclic) set. In this note, we first review Drinfeld’s method and
then introduce an analogous expression for the geometric realization of dihedral
sets. We also see how these expressions clarify the description of subdivisions of
simplicial, cyclic, and dihedral sets.

2 Drinfeld’s method on the geometric realization of
simplicial sets and cyclic sets
Let A be the simplicial index category of the finite linearly ordered sets [n] = {0 <

-+ < n},n >0, and order-preserving maps. By definition, a simplicial set is a
functor X[—] : A°P — Sets.

Definition 2.1 (Milnor [4]) The geometric realization |X[—]| of the simplicial set
X[—] is the colimit
COhmxeX[n],nEO A [n],

where Aln] = {(zo,...,zn) € [0,1]" | L1z = 1}.

*Second year graduate student at Graduate School of Mathematics, Nagoya University, email:
nm09019h@rat h. nagoya- u. ac. j p
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To introduce Drinfeld’s expression, we extend the simplicial set X[—] to a func-
tor X[—] : Agfg — Sets, where Ay, is the category of all finite linearly ordered

sets and order-preserving maps. This is done by using the unique isomorphism
14+ A — [n] for each A € ob Ay with n + 1 elements.

Theorem 2.1 (Drinfeld [2]) The geometric realization | X[—|| of the simplicial set X[—]
is given by the filtered colimit

colimp (o 1):finite X[70 ([0, 1] \ F)].
The point is that the index category of all finite subsets of [0,1] is a filtering, so
that it is clear that geometric realization commutes with finite limits. This expres-
sion also makes it obvious that the group Aut[0,1] of order-preserving homeo-
morphisms of [0, 1] acts on | X[—]|.

A similar argument applies to cyclic sets introduced by Connes. Cyclic sets
may equivalenctly be defined by using a category of Z -categories as follows. A
Z.-category is a category C together with endomorphisms 1, : ¢ — ¢, c € ob_C,
satisfying 1. # id. for every object c and f o1, = 1, o f for every morphism
f 11 — 2. A Z,-functor is a functor between Z  -categories which preserves
the structural endomorphisms. The most basic example of a Z -category is the
circle S' = IR/Z, whose objects are points of S!, and whose morphisms are homo-
topy classes of non-decreasing paths. The structural endomorphisms are given by
degree one loops. The full Z_ -subcategories

[Mleye =1{0,1/(n+1),...,n/(n+1)} C S,

and covariant Z -functors between them constitute the cyclic index category A.
This category A makes the family {C,,11},>0 of cyclic group of order n 4 1 into a
crossed simplicial group in the sense of Loday [3].

A cyclic set is a functor X[—] : AP — Sets, which can likewise be extended
to the category Ay, of all Z -categories isomorphic to some [#]cyc and covariant
Z . -functors. The geometric realization | X[—]| of the cyclic set X[—] is defined to
be the realization of the underlying simplicial set of X[—]. The following is the
cyclic version of Theorem 2.1.

Theorem 2.2 (Drinfeld [2]) The geometric realization |X[—]| of the cyclic set X|[—] is
given by the filtered colimit

colimpcg.ginite X [70(S* \ F)],

where 110(S' \ F) is given the Z., -category structure induced from that of S*. In partic-
ular, | X[~]| admits an action by the group AutS' of orientation-preserving homeomor-
phisms of S'.
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3 Dihedral sets and their geometric realization

Dihedral sets are defined by using the category AD, together with which the fam-
ily {Dy+1}n>0 of dihedral groups of order 2(n + 1) forms a crossed simplicial
group. We may define AD to have the same objects as A, and to have as mor-
phisms all coraviant and contravariant Z_ -functors.

Definition 3.1 A functor X[—] : (AD)°P — Sets is called a dihedral set. Its geomet-
ric realization |X[—]| is defined to be the realization of the underlying simplicial set (or
equivalently, of the underlying cyclic set).

Theorem 3.1 The geometric realization |X[—]|| of the dihedral set X[—] is given by the
filtered colimit

COhchslzﬁnite X[ﬂo(sl \ F)]

This expression looks exactly the same as that for cyclic sets, but we notice that
any homeomorphism « of S!, which is possibly an orientation-reversing one, gives
rise to and isomorphism af : X[mo(S' \ a(F))] — X[mo(S'\ F)], where ar :
7o(S* \ F) — mo(S' \ «(F)) is the possibly contravariant isomorphism induced
by «. Hence,

Corollary 3.2 The geometric realization of a dihedral set admits an action by the group
Homeo S! of all homeomorphisms of the circle.

4 Subdivisions

Bokstedt-Hsiang-Madsen [1] introduced for each positive integer r an operation
called the r-fold subdivision of simplicial sets and cyclic sets. For the simplicial
(resp. cyclic) set X[—], its r-fold subdivision sd, X[—] is a simplicial set (resp. a
As-set. Here A, is the category that makes {C,,1)}n>0 into a crossed simplicial
group. In this case the realization of sd, X[—] is defined to be that of the underly-
ing simplicial set.) Let S} = IR/rZ and consider it as a Z -category in a similar
way to S'.

Theorem 4.1 For the simplicial (resp. cyclic) set X[—], the realization of sd, X[—] is
given by

colimpc (g 41:finite X [70([0, 1] \ F)]

(resp. colimpg1.pnite X[mo(S; \ F))).
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The following result was already shown in [1], but the above formulas simplify
the proof.

Corollary 4.2 For the simplicial (resp. cyclic) set X[—]|, the realizations of X[—| and
sd, X[—] are canonically homeomorphic. Moreover, in the cyclic case, the action by a €

St c AutS! on |X[—]| corresponds under this homeomorphism to the action by a/r €
S} C AutS} on |sd, X[—]|.

Spaliriski [5] defined two types of subdivision operations for dihedral sets: sd,
and sbd,. He defined these subdivisions to be simplicial sets, but in fact they
admits richer structures.

Proposition 4.3 For the dihedral set X[—|, its subdivision sd, X|[—] (resp. sbdx|[—])
have the structure of a Ay D-set (resp. a Ay sq-set). Here A, (resp. Ay sq) is the category that
makes the family { D, (1) tn>0 (resp. { Day(n11) tn>0) into a crossed simplicial group.
The first part of the following theorem is new; and from it the remaining asser-
tions, which were originally proved in [5], immediately follow.
Theorem 4.4 For the dihedral set X|—|, the realizations of X[—]|, sd, X[—], and sbd, X[—]
are given by

colimpcg:finite X[770(S \ F)],
where S = S' = R/Z, S = S} =R /rZ,and S = S%r = R/2rZ, respectively. In
particular, they are canonically homeomorphic to each other. These homeomorphisms are

compatible with the appropriate actions by the orthogonal group O(2) (C Homeo S) on
the realizations.
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O0D0Area00 Cayley 000000000000 2000000000000000000000000
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000 van Kampen OO O OO0 20000000000000D000COO00O00O0OODODOOOOOOO
000000 van Kampen 0000000000 Area00000000Area0 000000000000
O DehnO0O0OO0OOOO

00 1.2 G=(X|R)ODOO Dehn 00 ég:NU{0} — NU{0} 000000000

0¢(n) = max{Area(w)|w € kern, |w| < n}O

goooboboooobobooobbbooobbboooobboooobbooobbbooobboooLD
gbooooooobobobooooooobooobobobooo

00 1.3 f,9:[0,00) = [0,00) 0000000000000
f<g < 00 ABCDEONDDDDONOOne[0,00)00000000000

f(n) < Ag(Bn+C)+ Dn + EO

fwg < 00 A’B’,C,D’E’O000000000ne(0,00)00000000000

f(n)>A'g(B'n+C")+D'n+ E'D

go0o00000O0000OD0O0O0OO0OO0OD0fO0gU0O0O0O0DOO0DO0DOOODOOOOOO

f~g <= f=<g,f*=90

2 O0O0ODOO0O0O DehnO O

000000 DehmO0O0O0O00OO0O0COOOOOCOOOOOOOOOOCOOOOOOOOOOOOODODOO
ooobooooooooooboOooobooboOoobooooooo

> (C=0)w

02 0O000000O0OO0OO00000O

00000000 1<¢<p00000000DO0OO0DO0OODOOOOO {a,b][a,b)=1)0000000
0000000000000000000 X0 X ={a,bst}0000 RO R= {[a,b] =1, sals™! =
alb, talt"! =@ P} 00000000000000D0 ,¢t0000000000000000000000O
000000 G=(X|R)ODOLOOO DehnOODOOODOODOOODOO

cooboooobooooboooobooooboooooooooooOooon

00 21 000neNOODOO6g(n)=n?*00000000« = log,2p/q0
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000000000000 Osnowflake word 0OO0DOO0O0O0000{w,}000000000O0ODOOOO
oooboooobooooooooooooon

03 DwO0000 «eO0OO0O0 meOOOO

030000000000000 w0D000000w,—, 0 ¢*000000000C0O00O0OO0OO0OO
cooooooooo 0w, 00000000000 O0COO0ODOOOO0DOCOO0DO0000 «cOOO0OOO0
ooooOooooocooboobobooOooboootdb0 coboooboooooboboooboboonoooo

00 2.2 A0000 X ={a,by,---,b} 00000000000F(X)0000 Wy,---,W,00000
OnezZO0OOOx(W:---W,)=a¢"000000000000000000 2kY,_,|W:|W;/00000
[bs,b;]0[a,b] 0000000000000000

i<j

00 23 w0000 {e*!, s +*1}00000000000wD GOOODODOO000wOOOO0OO
O000000000a=log,2p/q0000

1. w(w) = (a’bTH)™ = qIm| < 1*
m(w) =a™ = |m| < 1?

00000000000000000000000000000000000000000000000
[BBFS|00O0OOD0D0OO0

goon

[Bo] B.H.BOWDITCH, A short proof of that a subquadratic isoperimetric inequality implies a linear
one, Mich. J. math. 42(1995), 103-107.

[BBFS] N.BRADY, M.R.BRIDSON, M.FORESTER, K.SHANKAR, Snowflake groups, Perron-
Frobenius eigenvalues and isoperimetric spectra, Geom. Topol. 13(2009) 141-187

[BB] N.BRADY, M.R.BRIDSON, There is only one gap in the isoperimetric spectrum, Geom. funct.
anal. 10(2000) 1053-1070

[Oh} 0000000000000 000D 40000000000 1998
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The primeness of almost alternating link diagrams

gooon
goouobbogooooobuood

1. Introduction and Main result

LcS0link000Lc 8?0 LO diagram0000000O0diagram 000 S20
projection sphere S 0 0 O 0 Alternating diagram 00 00 000000000000
O00000 diagram D00 O000000ODOOO diagram O OO link O alternating
link 0 00000 Oalmost alternating diagram O 00000 10000000000
000 dealternator 0 DO 00 00O 0OODO alternating 0 0O O diagram O 0 00O 00O
0000 diagram O O O non-alternating link 0 almost alternating link 0 0 00 O
O 000 O alternating link O almost alternating link O splittability O primeness [J
OO0O0000oooobOooboobooboboboooooboooboobog

Definition 1 (Connected)
S—LO00LO000000000D0000000000000LDO connected 0 O
ooooQ

Definition 2 (Prime)

L0 connected 00 00SO00DDODOOCO LODDODOD2000000S8-C
O00D000000 LODD0D0000000D0000000LO primedO0O
0000

Definition 3 (Reduced)
Almost alternating diagram L OO0 000000 diagram 000 0000L O re-
duced 00O OO O %0 dealternator 0 O O [T

I 8 IT
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Definition 4 (P-diagram)
Composite link L O diagram 0 P-diagram 0 00000000 -0000 LO
decomosing sphere 1 0 00000 diagram 0000000

Alternating link O splittability O primeness 0 0 0O 0 O 0 W.Menasco 0 0 0 0O O
ooooogoo

Theorem 1 (Menasco[2]). Link L O connected, alternating diagram 0 0 000 O O
L O non-splittable 0 O O O

Theorem 2 (Menasco[2]). Link L O connected, prime, alternating diagram O 0O O
O000LO primed 000

00 000 Oalternating link O non-splittable J O O prime 00 00000000
O000000000000000D0O00O Oalternating link O O O O Qalternating diagram
OO0D0000linkO0000O00DOODOOAlmost alternating link O splittability O
00000200000 MHirasawa 0 OO OO0 00000000000 100000
200400 T.Tsukamoto D O OO W.MenascoU D OO OOOOOODOOOOOOOO

Theorem 3 (Tsukamoto[3]). link L O connected, prime, reduced, almost alternating
diagram 0 0 0O 0O 0O 0O 0O L O non-splittable 0 0O 0O O

T.Tsukamoto [0 W.Menasco 0 OO OO OOOOOOprimeness 00000000
Ooooo

Theorem 4. Composite link L [0 connected, prime, reduced, almost alternating
diagram LOOO00O0O0O0OLO P-diagram 0000

O0000OW.Menascol T.TsukamotoO OO O OOOO0OOOOOOOODOOO
gbooooggd

2. The basic method

OO0O000LO Theorem 4O O OO OO OO P-diagram U O O diagram O O O link
O000FO LO decomposing sphere 0 O O 0 Diagram O O O O O ball O crossing ball
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O00000000B = {Crossing balls} 0000000 0O projection sphere 0 S

ooon 53—(SU(UB))D 200 ball BY, B-O0O0O0000oOoooooonO sy,
BeB
S O0DOooooosLo s, 000 s 00boboboooDoooooooobooo

OoooOo S0 rFO00b0obooobbo0bbo0obOoobboOononboOnnCrossing
ballDOOO bubbleDOODODOODOOOOFFOOOODOOOOODOODOO

Proposition 5 (Menasco[2]). FOOOOOOOOOOOODOFNS, 000000
OOocoboooooobobooooogon

(1) CO B-0O0OO0O BTOO FOO discOODO
(2) COO0O0OOODOOO bubbleOOO

(3) CO 1000000 bubbleODODOODOOOO

W.Menasco 0 0 00000 alternating diagram 0000000 FNSLOOOO
0000000 almost alternating diagram [0 00 0 0 O dealternator 0 O 0 0 0O 0O O
O00000DO0b00ooooooooboo FNS, 0000000000 O00oOoDO
OO000FO S,00000000 FOODOODODOGOODODODODOODODOOO

000 FN(U B)OdiscOOO FNLOOOOO FNel(S+— (U B)UL))O arcO
BeB BeB
00 F—-(S:u(U B)DOOOOOODOOODOOOOOOOODOOOOOOOO
BeB
O00000GDO 200000000 blockOOOODODOOOOFDO decomposing

sphere OO OOO0OOFFMNLOO0OOOODODOO200000000000O
O00000D0D faced 1 —40:000 face 00 ODOODOOO weight D00 OO0O
OO0DO000ooobobobooGEd weight DO OO0 OOOOOODOOODOOGO
2-face0000000ODO0ODOODODOODOO

3. The weight of GG

O00002face0 00000 faces0 00000000 OGO weight 0000
O0BTOO200 2faces000000000DOO Z000000 2-faced 000
00000 BTO0 2-face0 YOODOOODODOOY'OODO Z000000 edgesO
O000 faces0 00000000 DOODO0DOO weightsOOOOODOODODOOO 2
00 facesOO0 Y'ODOO 2’0 weights O discharge 0 00000 00O weights O O
00000 block O OY-block, Z-block, Z-block 0 0 0 Z-block D D OO 0000 M
0000000000 vg, v, 000000 dealternator 000 00000FNLOO
Ooooooooo

GO Z-blockO Z-blocks 0000 Y-blocks O Z-blocks 000 O00000DOOO
DO0000Z-blocksD0O0O Z-blocks01O0OODDDDODDDOOOOO 20!(000 r
OedgeO0O0O0OO faced OO blockD BOOOOOOOODO block O Z-block 0 O
0 Z-block O Cy-adjacent 0 0O 0O 0O 0O 0O [
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0 1: Y-, Z-, Z- or Z-block

g 20000

Zp={ a Z- or Z-block | B is C,-adjacent to the Z- or Z-block. } 00 D00 Zpz 0
000 blocks 0 BO weights OO OOOODOOOBOO Zg OO block 0 weight
O discharge OO0 OO0 OO0O0OO0OO weights OO ODOOOODOOBO vertexdOODOO
Zp OO blockO edge 0D OOODODOOOOOOO weight O negative 0 0 O O
O0O0O00000 verticesd edges 0 0 OO O OO O negative weight 0 O O path O
OO0D0000000D000 pathODOODODOO typeODODOOODOODODODOODO
OO0 pathOODOODOOODOODODOODOODOOODODODOODOOODOODOOOODO
O G 0O weight 0 non-negative 0 0 O O

Ooon

[1] M. Hirasawa, Triviality and splittability of special almost-alternating diagrams
via canonical Seifert surfaces, Topology Appl. 102 (2000), 89-100.

[2] W. Menasco, Closed incompressible surfaces in alternating knot and link com-
plements, Topology 23 (1984), 37—44.

[3] T. Tsukamoto, A criterion for almost alternating links to be non-splittable,
Math. Proc. Cambridge Philos. Soc. 137 (2004), 109-133.
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BrieskornO DO OO 4OdQOOdQ

uggd o obbodg bbodgo

OO0OMinorO0 OO0 oOooog

0f:C*! 5 CO0O00000O0O00O00R+10000000000VOO
0000 £ 0)cCH'0oNononong D, ={zeC:|z|<eDODO
S.=9D,00000VNDOK=VNS. O00O00DOO0OO00O0000000O
K;0000000000VND 0000000000000 KOOOOOOO
000¢:S.—K—=S'0 f(2)/1f(2)|,Fo=0¢"" ("), F=F, 00000000
00 Minor0O00DO0O0 S'0000,{F}000000000000000O0
0019600 000000000000000000000060000 K =0F,
0000000000000000000 A:F—FOO0OOOO0OOO0O0OO
(S.—K,F)000000000000000 WangDOOOOOOODOOODOO
000000000000000000000

Lemmal.10 Wang exact sequencel] [2]
o= Hy 0 (Se— K)— H,F - H,FF - H,(Se— K) — ---

0000000000000000 H;F — H;F0O hy, —id;, 0000 hy,,id;, :
H,F - H,FOOOOO hid: F- FOOOODO0OO0OO0O0O0O0O0OO0OO

000 FOnD00000000OWVS"O0O0O0OD0ODO0O00000R: = hps, L, =
id,, 0000 H,(S.—K)~ H, . KOOODOOOKOOOOOOOOOOOO
OO00A() = det(tl, —h)0 A(l) = £10000000000000000
0000 fO Brieskorn OO ODOOOA()ODDOODOOOOOOOOODODOODOO
00 Milnor 0 O Brieskorn 000 f(2) =20 +23° +---+ 2, 00000000
a=(an,a,...,a0) 000000000000000KOOOOO0OO0OO0
0000000000000 0 o000 0000000O0O0O000oOoooO
00k (a) =rankH, KO 0OOOOOO «00000O0O00O0O0OCODOOOOO
gooooobobooogoboooobobooobo Mimordoooo oo
000000000000 k(e)=0000000 «00000000O00OO0O0O
O0000b00o0boooooboobDbO BrieskornOD OO fO0OOO0DOOOOOO
000000 K(e)DOOOODOOOOOOODOOODOO 2boo0o00ooo
goooooooo
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gooon

0000000000 b= (by,bs,...,0,) 00000000 0000000
¢; 000000ged(bj,b,) #1 0000 4,k000000 ¢, 00000000
0000000100000 (b)) 000000 V) #0000 ged (b;,by) = 2
Omodd000000N(G)DO0O0O0O0OOOOTI(b)O odd2-component 0000
gooooooobobon

Theorem?2.1

k(@) =rankH, 1K (a)0 k(a) =0000000000(e)000000000
odd2-component 100 0000000000000

Theorem2. 10000000 k() 00000000000 0O000OOOOO A(t)
gbogbgobooboobon

Lemma2.2 [2]

J

n+1
k.
H(a):{(kjl,]{fg,,kn+1) ; \V/] ]-Sk:]<(lj, Za_ﬂez}

j=1

= Y (e et

1Ci={i i) lem (a;;1 € 1)

0000000 «k(e)0 A, 0000000000000 ODOOOOOOODODOO
OO0 Theorem2.1 00000000000 DO0OO0OOO0OOOOOODOODOO
0000000000 e0000k(e)>00000000000000000O
O00Tl(e)000000000000000O00O0000000O00000000
goon

goood

goobobooooobooooboogod

Lemma3.1
OTl(e)00000000000000O0kK(e)=00000000A(1)>10
O000ooOoOooooooooo

Theorem3.2 [1]
0K(OOOODODOOODODOOOOoOOOT (e)D0O0O0O0ODOO0O0O0O0O0O0oO,O
00000000 odd2-component 00000000 OOOODOODO
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Theorem3.2 0 Lemma3.1 000 00000000000000 [2/000
JSZ{jl,jg,...,js}CJDDDG,JS:(ajl,an,...,ajs)DDDDDDD C(Js>:
d(a;;j ¢ Js

sed (@i £4) hgppooooooo 4 = [ c¢w)ooooo
HItCJS’t<s C (It) k(aj,)>j,n—s:even

0000 H, 1K (a)0 Torsion 00000000000000000

Theorem3.3 [3]
Tor (Hy1K (@) = Zg, ® ZLgy ® -+ D Lq,

00007 =max{x(Js);n—s:even,J,C J}OUOZy =7Z/d;Z0 000

KOOoOOooooooooo H,.KOOOOODOOO Torsion free 00 OO
H, (KO Torsion free 1000000000000 Theorem3.200000003
00000000 Theorem3. 30000000000 00O0O0OO0O

Proposition3.4

On=20000HK (a)O Torsion free 0 0000000000000 O00O0O
ggooood

dp,q,r € N s.t. p,q,r :coprime, a; = pq,as = qr,as =1rp

oo

[1] E. Brieskorn, Beispiele zur Differentialtopologie von Singularitaten, Invent.
Math. 2, 1-14, 1966.
[2] J. Milnor, Singular points of complex hypersurfaces, Ann. of Math. Studies,
no. 61, Princeton Univ. Press, Princeton, N.J., 1968.
[3] R. Randell, The homology of generalized Brieskorn manifolds, Topology 14,
347-355, 1975.
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IR BAG DR F AL & ZRRIR D RIRI AR B
D BLR

FOU LRS- E TR S
AL At

ZIEE TR0, 2O LORWEEERA WD LW FERSH D, Wb D
E—ABERTH D, T, B— AR LT D BV E AV TR E
FLEESEEDTEREZED L VI DO TH Y, BRI RSN SR OIER Z R -
T3, ETERIONEOIEEE L /2> TWVD ZOE—ABFRIZ OV THHT 5,
ZORNCFRF LT O L I IZED 5,

m,n € N

M, M;(i € N); m Kotz /37 kO SR

N, N;(i € N); n kot C> Sk

f:M—)N,fiZMZ’—)Ni; C> Big

S(f);f DR BEEENSIRDES

C®(M,N);M 76 N ~D C= GAEREN G 72 572 (7272 LALFAIX Whitney
C>= Akl (< b LI [1] 2 )

Definition 0.1 N=R & 7%, R&EMLTEECCEK M > RITE—A
BcThHs Lo,

1. fIEBERCB O TR S 25727, SER O ERS RS ETiaEsk,
2. f OKFR ST TIER(L,
BERANZVBEEIT O HOLMHFIINTE RN W) Z MR L THEL,

Theorem 0.1 (Morse’s lemma) N C R, p € S(f) »IfbL+5, 2Dl
oD p DRPTERE (U, ¢) (¢ = (z1,- -+, Tm)) D> T ¢(p) =0 Ziiilz L HIZ
fluog™t M

f |U o¢_1(x17 e 7$m) = Z:i;ﬂil xk2 - Zzz:mfﬂ»l xk2 + f(p) %{%f:j—

FOlZTED, SHICIEIDIITTEDRPTEEDHRY HIZEER\0 (1 & p
DI LTS, ),

T—RBERICBIT A EERTEHDO DI
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Theorem 0.2 M Z 2237 MNaX{TTR[EE C° L8R &5, M EICITER
THRAMEEZ 2 (DFEVBEROKE pIZBWTHOEWE ¢ T f(p) > flg)
FRNET B, ) B—AMBRH D, SO LD AT — AR f TR OfRAD
%% c;(f),M OAA F7—% x(M) &35, ZDLx

X(M) = 3o (=D¥er(f)
iNDAIRTASN

No, ZOEHX, R RFFREDEROL T, A4 77— &5 KEHIA
BENRY TS E0W) 2 b & BRI CEET %,

T AHERTITE— AR E WO B, 5 5 RAVUTEEN R THDH &5 G4
ERHWS, &I T EEE O — 7 )y REMOZEEE (7277 LIROCITERIK
EVIERNED)ICTHEEIRDNEEZEZDOIZIARRZ LT, EREZDOE— R
O — BRI OINTIE ANAT O TV D, — AU W T R AN BUVWEE %
FFolmGBNR gL 2o TB Y, ENHOFH/ & 22 DRI ROE RN S
WL 72 B — A BER CIEA ST B o o X O R EERBHLMNICENTE T
WD (ZOHERICET 2 AR R Z L BF TR E LT 1],[2] FE2 2T 5, ).
Z O BTl TRFTH 2R R A DR D 2T, SRR O KA ZE &)
BOHES) L) 22K CERT2EH L&D, AEHTIE, A4
T LR U BERZHEEORKIBIALEETHLR L M) ¥ —F L BE2FGHO
BERENLIRD T VW) Z 22 onTIRRS, 5% M ITmEfHTafee L
vy € Hyp (M, 0M,Z); M O &
pk[VM]; A& vy ICBET5 M DR MY v —F %
o(wvM); m& vM 2T 5 M OfF 55
51 ‘vM 52; 51 2: 52 %%ﬂ%“Hk(M,aM, Z), Hm,k(M,aM, Z) @ﬁ}f%j—(g
RITEE D) MEZFFOMOLARIR L T 5L & S & Sy D vy (BT 528 XHL
L2,

ST Th e 0 — 2RI TR Y b Y v —F B R R ARG OBR A R
L7e & 5 D3Rl 72356 L LT

Theorem 0.3 (m,n) = (4,3), M 2NA S AFTARETH,N 2B 2 L, f 2 Fr5EA
DENETVRTHL LD LT D, ZOEE pi(vy) =30(ar) = S(f) v S(f)

Wb, BEBRED S A FI BT 2B ZMEDOHA TE=R, TF LM LT E—
ABHORERED - & bR AL ([0 H)1 EMRTh, ) 2ETe R
RADHTHS (EERZ LENIOL S BERIIRAEIHEET S EH-MLA
T3 (BLLIE[1] %)), “hnrbEF5ERE LT

Theorem 0.4 ([4]) (m,n) = (4,3), f #REGHRL T 5, ||I°(f,var)|| Twm €
H (M, Z) BT 5B 7 7 A R—DF5OMeE£T L5, Z0LE
o(var) = 3p1(var) = [ (£, var)]|
BdH D,
INHREOHRE T LR o2y, [T 7 A4 83— LIZZEDOLDOEY —FT

WZIE— R OWBROZ & Th D, [2] X0 [4] 72 EITHAERN 72 2 L B3EDILTOVD A,
ZOLIIBORICB T DB HERSEZEL L O RO (22T 77 A
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R WVNIHDONET 7 A R—=E LI EFLERSNIHE) 1, ZEADE
B REZ Y 3 DITESLD Z Lo TWD, BEFHIZHOWTIT[1] R
[2] 2 I EIN TV D, BREBRIE (4,3) EXRTETRUVLRITX CTIEFRAEICHE
ETBHENIHIZELEREELTEL,
EIAT,HEHLRY N v —F o Bb A A 7Rk a Ry N THEARE
LHEAETHLEREND, ZOETHR_EZRICB W TESRBOZREMRIIEZN, =
NHEOREERFE 2L X7 FOLGAIIERELE 9 EBXHDITAHRRZ L TH
B, LILIDOE D BRFFRITEZREOMBIRD 72 STV RV, BIEZ ORIEIZER
DA TWDLOTU TR T 5, Rl T 2M8EE LT

Problem 0.1 ZEEBRIIERNLWSZEKRBOGEHR TH D, BRLDIHGED
BEFBBRET I ZDOERENEZH I Bl % &) ERT D07

EBLOYRISHET S CTEBREZER L, RO X5 iR 2R/,

Theorem 0.5 M %[ &I A[EE72 a2 /)7 b 4 kot C° ZARIK,N % 3 kKT
O® FERET B, f: M — NEZUTEMZT O 5EHBET 5,

1. f(OM) C &N, f(IntM) C IntN T f |onr: OM — ON BERIE,

2. X AT Z DM & € Diff™ (9M) &5 ¢ € Diff(ON) 73
flon o® = ¢o f o ZWMiT=F

3. HIOTHRNEAMITERSND fUg s [ MUs M = Ny N BLIE,
ZoL X |ME(f,va)|| BIABICERTE T
o(var) = |[I0°(f,va)]

ST, HTACARE R ULTEDIT R, ZRETZOROARE WL DT & [FIFE
AT EBROFEICONWTHMH L TE /e, &2 CTHROSEG AT 5
BOFEIZONTE LT, 1 DOffE L LT

Theorem 0.6 fEED 3RIT C® AT T 7L K M 2O\ TH D 4RTa R
7 M EFHT AR C° ZARIE W 20 W 225 R2 x [0,1) ~DRIDEBLD Z:0F
BT LGB FRH 5,

AERIE Z ZICiEE 2 ([5], (6] WD, ),

Problem 0.2 TiIHIIZT 7 78RS LITLY —(bLTRZ2E 25 C*®
W EH T 5 3Kt C° FASERE R FUCRE D 4 RouD a7 N &
FATRE C° kA2 52 THOLK B2 LIFTEZDMN?

DX RBIH RSN OFEET D (2 2 TIHERRANIE I S CIEL, ), &
5z

Problem 0.3 1. LYV /EWY T ZADFMIZZ OARETIETX 57
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2. ELTHEREGAZDO XL I BREBRITIENLS VB D0 ED FIEIR?
b, BIXEFETHEERIENY RCEin
Problem 0.4 K> b Y ¥ —F U THEET HIZITE D LIz 0n?
HLEETHD,
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WELL-POSEDNESS FOR THE FIFTH ORDER KDV EQUATION

TAKAMORI KATO

Graduate School of Mathematics, Nagoya University

1. INTRODUCTION

We consider the well-posedness for the Cauchy problem of the fifth order KdV

equation:

O — OPu + 10, (u?) + €20, (0,u)* + 30, (ud?u) = 0 in R; x Ry, 1)

u(0,2) = up(x), z€ER,

where ¢y, c9,c3 € R and ¢3 # 0. Here the unknown function u is assumed to be
real or complex valued when we consider the local well-posedness (LWP for short)
and to be real valued if we consider the global well-posedness. The fifth order KdV

equation models several water wave physics.
2
O — Oou — 5a28$(u3) + 0, (0pu)® + 200, (ud?u) = 0, (1.2)

for « € R\ {0}, is completely integrable in the sense that there are the Lax formu-
lations, which have an infinite number of conservation laws. Our main purpose is
to prove the well-posedness for (1.1) with low regularity data. The main tool is the
Fourier restriction norm method introduced by Bourgian [2]. By using the theory
of complete integrability, we obtain global solutions of (1.2) for Schwartz data and
solitary waves. But this method will not be available for the well-posedness prob-
lem of (1.1) generalized to non-integrable case. So the theory of dispersive PDEs is
required such as the Fourier restriction norm method.

We review the known results for (1.1). Kwon [7] established LWP in the Sobolev
space H® for s > 5/2 by using the compactness argument. Here H® is equipped
with the norm, ||¢l|gs := H(g)SQHLg, where (£) := (1 + ]¢]?)V/? and @ is the Fourier
transform of . Keing, Ponce and Vega [5] proved LWP in the weighted Sobolv
space L?(|z|™dx) N H* for some large s, m > 0. Moreover, Griinrock obtained LWP
in H? for s > T+55and 1 <r <3 where 2 +4 =1 Here H? is defined by the
norm [¢f| g, == [1(€)°P[ -

We mention the difficult point in this problem. We only recover two derivatives
losses in the interaction between high and low frequency data (high-low interac-

tion) by the smoothing effects. Therefore the nonlinear term 9,(ud?u) has more
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derivatives than can be recovered by the smoothing effects. From this fact, Picard’s
iteration method cannot be applied. To overcome this difficulty, we change the space

in which initial data is given into H*“, which is defined by the norm

el rsa = 1(€)* €@l 2.

Note that H*® := H*N H® if s > a where H® is equiipped by the norm ||¢| 4 :=
I1€1%@|l 12 We remark that we can recover more derivatives of the nonlinear term
0, (ud%u) in high-low interaction when a < 0. Therefore the iteration method is

available in the case,

1 1 1 7
5> max{—i, —2a — 2}, —g <a< . and (s,a) # (—1,—§),

and we obtain the well-posedness results in H*“ as follows.

(1.3)

Theorem 1.1. Let s,a satisfy (1.3). Then (1.1) is locally well-posed in H**.

We assume that u is real valued. Then (1.2) has two conversed quantities

2
/qux, /(&Cu)2 + gaugdx.

By using these, we obtain a priori estimate and extend the local-in-time solutions

obtained in Theorem 1.1 to global-in-time ones.

Theorem 1.2. Let s > 1 and —1 < a < —1/4. Then (1.2) for initial data uy € H**
1s globally well-posed.

On the other hand, we obtain the ill-posedness result in the following sense.

Theorem 1.3. Let s < max{—1/4,—2a — 2}, a < —=3/2 ora > —1/4. If co # c3
and c¢1 # P(c3 — c2), then there is no T > 0 such that the flow map for (1.1),
H** 3 ug — u(t) € H>*, is C* or C® for any t € (0,T).

Theorem 1.1 and 1.3 imply that the critical regularity is s = —1/4 and —7/8 <

a < —1/4. Note that we do not know weather LWP for (1.1) holds or not in
H71/4,77/8.

2. THE OUTLINE OF THE PROOF OF THE MAIN RESULT

In this section, we give the outline of the proof of Theorem 1.1. The main idea
is how to establish the function space continuously embedded in C(R; H**) to con-
struct solutions. Then, the Bourgain space X*®’ effectively work to construct low

regularity solutions, Here X i a Banach space defined by the norm

1 sia0 o= 16 181" (m =€) F e,
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In the Fourier restriction norm method, the key is the bilinear estimate in the

Bourgain space X*%® as follows:

1GEF) * gl goans < CllFll gen gl ne- (2.1)

If we obtain the bilinear estimate for critical regularity, we establish LWP in the

critical case. However, (2.1) fails for any b € R in the case of

s = —i, —g <a< —i. (2.2)
To avoid this difficulty, we make a modification of the Bourgain space to obtain the
bilinear estimate for (2.2). An idea of a modification of the Bourgain space was
introduced by Bejenaru-Tao [1]. They establish LWP for the quadratic Schédinger
equation with the nonlinearity u? in the critical case H'(R). Here we remark that
how to modify the Bourgain space depends on the properties of nonlinear equations.
Therefore there is no general method for modifying the Bourgain space. This point
is the most difficult in our study.
We state how to modify X5 helow. We consider the typical counterexample
of (2.1) for (2.2). Then, in the interaction between high and high frequencies data

(high-high interaction), we have to take b = 1/2 in the neighborhood of the curve
5

{r= f—6 and [¢| > 1} to obtain (2.1) for (2.2). Here the logarithmic divergence will

occur in

H§<§2f> * gHX—1/4,a,l/2

||f||f<—1/4,a,1/2||9||X—1/4,a,1/2

Then, we modify X*%1/2 in the high frequency part {|¢| > 1} into the Besov-type

space as follow:

1/1

X(Sill/f = H{H<§>S<T - §5>1/2fHL72_’5(AjﬂBk)}j,kEOHl?l}c'
where A;, By, are two dyadic decompositions of R? as follows:
Aji={2 < (&) <2t} Bpi={2" < (r - &) < 2"},

for j,k > 0. For a Banach space X and a set @ C R, || - || xq) denotes || f||x@) =
Ixafllx where xq is the characteristic function of €. In high-high interaction
and high-low interaction, we need to take b = 3a/5 + 9/10 on Dy = {|7| ~
€]7°/% and [¢] < 1} so that (2.1) holds for (2.2). Thus we modify the Bourgain
norm in the low frequency part {|¢| < 1} for —7/8 < a < —1/4 as follows:

L a 3a/5+9/10
1 £l caorssonoga,y = [[[E196TY 0 o )
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However, in the case (s,a) = (—1/4,—1/4), the logarithmic divergence occurs in
1€(E2S) * gll -1/a1r2
1)

||f||j((—2’11/)471/2 ||g||XL—1/4,3/4

in high-low interaction when g is supported on Dy = {|7| < [£[7"/3 and [¢| < 1}.

Thus we modify || f[| gs.-1/4.3/4(4, as follows:

1Al gzra = W Fll g mramim gy + [ Fll 5170308,
where Dy = {|7| > [¢|7*/% and |¢| < 1} and

11l a7 g,y 2= D 2 1ET 4 N2z (Danm)-

k>0

Moreover, we modify X®** in the low frequency part for —3/2 < a < —7/8 into
1fllxg = ||]‘1||Xz,3/g+E where € > 0 is a sufficiently small number. This idea of a
modification of the Bourgain norm in the case (s,a) = (1/4,—1/4) is based on
Kishimoto’s work [6] which proved the well-posedness for the KdV equation at the
critical case H~%/* (see also [4]). From the above argument, the function space Z*¢

is defined by the norm
/]

Using the function space above, we obtain the bilinear estimates of 9,(ud?u) for

Zsa = ||f||)2(327’11/)2(|§|21) + ”fHXg(AO)'

(1.3). Here the function space Z7:* is equipped by the norm

zze = { ]l 25 ; u(t) =v(t), tel0,T]},
4s.a- Then, we obtain LWP in Z2* N C([0,T]; H*>*) in the case

i

where ||u||zs.a == ||u]
(1.3).
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goooooooooooooocoooooooobooOooOob0.0ODOob00ooooOooOoobOoOooooboooOooon
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1 OJO0oooouobobooon

HOOHibert0000,00000 (,-),0000 |||000.C0 HOOODOOOOOOOOOOO. OO
0A:C—»HOOOOOOOD,000 z,yeC 0000

(x —y,Ax — Ay) > 0

0000000000.000,000 A:C—»HOOOO0O00000,00 >00000,000 z,yeC
oooo
(x —y, Az — Ay) > of| Az — Ay|?

00000odoodoD.0dod,ADd «.-00000000D00. 00000 A:C—-HOOOODODODOOO
goo,000yeCcOOnOd
(y—, Az) > 0 (L1)

D000 zeCO0000D0000.ADDOOODO (1.1)0000O0O VI(C,A)DOO.

CO HOOOOOODOOOOOODOOOO,00 x€HOO00 |lz—z|=min{|z—-y|:yecC}OO0O
2eCO0D000000.2€e HO000000O0OD 2eC 000000000 HOO COOOOOOOODO
O,P."000.00A>0020€C 0000

Tnt1 = Po(I —AA)x,, n>0 (1.2)

oooooooo {»} 000000000 (11)0D000000000O00O0ODO0OO0. 000,70 HOOO
ocooooo.oo017:¢—-=CO000D0O0O00O0,000 z,yeCcOOOO

[Tz =Ty < [l -yl

00000000 00. 700000000 F(T):={zeC:Tx=2}000. 02z FT)0000000O
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V00000 z2=Pez000.P-0 HODOODODOOOO.
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PROBLEM 1.1. C 00O Hilbert 00 HOODOODOOODOOODO. O0ODOODO T:C—-COO00000O
0 A:C’—>HDDDDD,F(T)OVI(C,A)#@DDDDDDD,TDDDDDDDDDD AOOO0OOOO
gooooooo

» € F(T)NVI(C, A)

gboooboooooon.

T:C—CO00000,f:C—CO0000000.00 {ae}cC[0,1]0 mpeC 0000
Tnt1 = anf(@n) + (1 —an)Tz,, n>0 (1.3)

000o0o0ooo {«,}0000.000,00000T00000000000OO00OOO0OO0OQO. Chen-Zhang-
Fan [1] 0,00 (1.3) 0000 (1.2)00000,000000000000000000O00O0O0OCOOOODO
gooooobooogobooobooooboooo,oo0oobooo.

THEOREM 1.1 (Chen et al. [1]). C 00 Hilbert 00 HOOOOODOOODOODOOO.A:C—-HO a-
ooooooo,S:C—-CcO000o0o0ooo, FS)NVI(C,LA) 4000000, f:C—-CO00000O0OO.
2o eC 0000

Tnt1 = anf(2n) + (1 — an)SPo(I — A\yA)z,, n>0 (1.4)

000 {z,}00000.00000 {a,}C (0,1) 0 {A,}C(0,20) D000

oo oo oo
lim a, =0, E Oy = 00, E lant1 — ap| < oo, E [Ant1 — An] < 00
n= n—=

n=0

0000000.0000 {z,}0,00 ze F(S)NVI(C,A) 000000.

2 Banach OQOQOGOQOQO

FO0O Banach OO, E*0 E0D0ODOODOODO,FOO000CO |||000.(x,f)0 2€EFO000O0 feFE*DO
O000.FE000000U:={z€F:|z|=1}000.¢q0 ¢>1000000000.0z€F0000
Jox = {z* € B* : |z|? = (z,2*), |z = ||« '} 0000000000 J,: E—28 0 E0D0O0O0O0OO0O
00000000. 00 ¢=2000,J:=J,0000000000000000. E0OOO®”00000,
E=E~*000000000. E00O0D0Y00000,0000 2,yel, 2#y0000,|[(z+y)|/2<10
000000000.00,E000000000,0 €€(0,210000 6€(0,1)0000,000 2,yeUO
OO0 [[z—yl|>e000 lz+yl|/2<1-60000000000.

obood z,y e 0o, 0ogn
ety ]
t—0 t

DDDDDDD7EDDDD4)DDDDDD.(2.1)|:| r,2yeUOOODODODODOOOOO,EFO00000D00
oboooobo.rpO000D000O0O0DO,EO0D00D0O0OO.

(2.1)

YFpO00000000000000000 J:E—E*00000000000.
YEpO00000D000000000000 J:E—E*010100000000.
YFO000000O0 JOOOOOOOO.
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PROPOSITION 2.1 ([2)). FO0OUO0O0D0OOD0OOD0OOOOOOOOOOOODO,000000000O0O «x0O
ocoooooooo.

%N$+MF+W$—yW)SHN2+WWW, z,y € E.
00000 0000000 wuniformly smoothness constant 00 O .

000 A:C—»EOD0O0D0DDDD,0000 2,yeCO0000 (Av— Ay, J(z—y)>000000000
00.A:C—»EOOODODOOODOD,00 «>00000,0000 2,yeC 0000

(Az — Ay, J(z — y)) > af Az — Ay|?

O00000000D0. 0000000 AD «-000000O00ODOO.

OOO0O0O,Hilbert 00O0DD0ODDODOOODODOODO BanachOOOOODODOOOOOODOOOooooo.cogd
000 Banach OO FOOOODODOOODOOOUOO,A:C—-FEOO00OOOO0OODO.O0OOO,00000veC
good

(Au, J(v —u)) >0
D000 weCDO0D000000000. 000000000 $(C,4)000. 0000 S(C,A) :={u €
C:0000 veC D000 (Au,J(v—u)) >0} 000,

PROBLEM 2.1. C 000000 Banech 00 EOOO0O0O0O0O0O0O0O000.000007T:C—»CO0O00
00000 A:C—EDDODOO, F(T)NS(C,A)#00000000,7T0000000000 ADOOO
00000000000

2 € F(T)NS(C, A)

uboabooaoodan.

pDO0OO0O0O0O0 CCcEOOONOONDOO.OO000,00Q:C—»DO000000000, Qu+t(z—Qz)eC
0000 zeCcOOO ¢t>00000

Q(Qz +t(z — Q) = Qu

oooooooo00.00,00Q:C—=D0O0000000O0,0000 2eD0000 Qz=200000
O0000.0000 BanachOOOO FOQO COOODOCOCOOO0OODOCOOOODOO. EO Hilbert 00
Oo00,00000000 Qe:EF—-CcO0DOO Po:EF—-COODDOO.

PROPOSITION 2.2. 00000 Banech 00 FOOOOOOOOOOOODOO.Qe:EF—-CO0O0OO
oooo00,A:C—-FE000000000.0000,0000 A>00000

S(C,A) = F(Qo(I = AA))
ooooo.
Yao-Chen-Yao [3] 000 (1.3) 0000, 00000 iteration scheme 1000000000 OODO.

THEOREMz.l(Yaoetal. [3])CD 00000000 BanechOO EFOOOOOOOOOOODO.T:C—C
DDDDDDDD,F(T)#@DDDDD. oo {:L‘n}D
acOEC,
Tn41 :anf('rn)+(1_an)ynv (22)
yn:ﬂnxn+(1*ﬂn)T$n7 n >0
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00000.000,00 {an},{B.} C(0,1) 000

o0
lim o, =0, » ap,=o00, 0<liminfg, <limsupp, <1
n:() n— o0

n— 00 n—oo

000D0000.0000 {z,} 0,00 ze F(T)00000D0.

3 0o

00 (14)0 (22) 0000000000000 O0O0OO0DOOUOOOOOOO,0D000DOO0OODOOOO.

THEOREM 3.1. F 0000000000000 Banech 00O, C 0O EFOOODOOODO,x O EO
uniformly smoothness constant J00. A : C — F 0 «-0000000,S:C —-COO000000O0O,
F(S)NnS(C,A)#pO0000O0O. f:C—-COOO0DO0O0ODO. OO {z,} 0O

xg € C,
Tn+1 = an f(zn) + (1 — an)yn, (3.1)
Yn = Bnn + (1 = B)SQc(I — M\yA)x,, n>0

00000.000,00 {an}, {8} € (0,1), {A\n} C(0,a/s?) 000

(H1) limy oo =0, >00 = o0;

(H2) 0 < liminf,, o B < limsup,,_, ., Bn < 1;

(H3) limyo Ap = 0

0000000. 0000 {z,} 0,00 z€ F(S)nS(C,A)000000.

00310 {8,}cl0,1)000,00 (H2) O

oo 00
Z |an+1 - O‘n‘ < 00, Z |/Bn+1 - ﬂn| < 00.

n=0 n—=0
gooooooooooogooooogo,0goooog.B,=0000,00000 1100D00000.
THEOREM 3.2. F 00000000 DOOOOO Banach OO, C O FEOODOOOOOODO, kO EO
uniformly smoothness constant 00 0. A : C — FE 0O o-00000O0O0O0,S:C —-CO0O00O0ODOOO,
FS)nS(C,A)#p0000D. f:C—-COOD0ODODOO. OO {=,}0 (31)00D0OD0O. 000,00
{an} € (0,1), {B.} C[0,1), {\,} C(0,a/k*) 000 (H1), (H3) DO
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0000000.0000 {z,}0,00 ze F(S)nS(C,A) 000000.
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THE RAPIDLY DECREASING FUNCTIONS INCLUDED IN THE
“TWO-CONSTANT” OF THE MICROSCOPICALLY DESCRIPTIVE FLUID
EQUATIONS.

WRPEBRTRAARERXD 2EH ORELIABPPVER
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W5 5,
Introduction. The “two-constant” theory introduced first by Laplace in 1805 is currently accepted
theory describing isotropic, linear elasticity. The original, microscopically-descriptive (M D) Navier-
Stokes ( N'S') equations were derived in the course of the theorical development of the two-constant and
respose tensor. Boltzmann also constructed the M DN S equations by interaction of molecules, which is
called tranport equation.  From the viewpoint of M D fluid dynamics equations including the capillary
action, we trace the evolution of the equations based on the notion of “two-constant” theory and the
rapidly decreasing function ( RDF' ) incorporated in the two constants.

The “two-constant”theory was introduced first introduced in 1805 by Laplace in regard to capillary
action with constants denoted by H and K. ( cf. entry no. 6 in Table 1. ) Thereafter, various pairs
of constants have been proposed by their originators in formulating M DN S equations or equations
describing equilibrium or capillary situations. It is commonly accepted that this theory describes
isotropic, linear elasticity.*

We argue that Poisson had already pointed out the special aspect deduced by Laplace when, in 1831,
he states, “They incorporate the two special constants of which I mentioned just a while ago.” [18, p.4].
Poisson was, we think, one of the persons who were aware of this issue. The ratio of coefficient attached

to the term of Laplacian to the coefficient attached to the term of grad div : Coe‘%)fgféeglft of dA o = 3 like
grad div

Poisson [17] and Stokes [21] through the tensor by Saint-Venant [20] and until Prandtl [19]. ( cf. Entry
6-8 in Table 2.)

Laplace’s theory of attraction in the first time. Euler and Lagrange didn’t mention the attraction
or the repulsion in the fluid dynamics equations. For the first time, in 1805, Laplace mantioned the
attraction applying his newest knowledge of celestial mechanics to the capillary action. Laplace stated
his “complete theory’ of attraction which have an effct on the capillary action in the introduction [9].
Gausian function as the then RDF. In 1827, Gauss [5] porposed “ein neues allgemeines Grundge-
setz der Mechanik” ( a new general principle of machanics ) referring the equation on minimum action
by Maupertuis [13] in 1740, which Lagrange referred in his book[8, Vol.12, pp.365-368, Note 8]. Gauss
asserted that we can’t distinguish the static state from the moving state according to the principle of
d’Alembert 2, and proposed his general principle.  Gauss says, “ The calculations by Laplace in the
pages and the following after p.44 are the vain effects.” [7, pp-33-34]  Gauss studies the capillary
action in rivalry with Laplace in 1830 after published the theory on the curved surface [4] in 1828, and
uses two funcions ¢ correspondint to attraction and ¢ corresponding to repulsion instead of two constants

Date: 2010/12/24.

IDarrigol [2, p.121].

°In 1758, from the Newton’s kinetic equation ( the second law of motion ) : F = mr, d’Alembert proposed F — mr = 0,
where, F : the force, m : the gravity, r : the acceleration. According to his assertion, the problem of kinetic dynamics
turns into that of the static dynamics.
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¢ such that : — fo.dz =dez, [ fr.de=—ez, (1)
® such that : — Fa.dx = d®x, [ Fr.dx = —®x
where, oo = 0, and in case of pt = ftoo fr.der = —pt. Gauss critizes the integral method of RDF by
Laplace and proposed his Gausian function as the then RDF, this is the point we would like to mention
in this paper.

A universal method for the two-constants theory. Now, we would like to propose the uniformal
methods to describe the kinetic equations for isotropic, linear elasticity such as :

e The partial differential equations of the elastic solid or elastic fluid are expressed by using one or the
pair of Cy and C5 such that :

in the elastic solid : ‘?;T;‘ — (C1T1 + CoTs) = £, in the elastic fluid : %—‘t‘ —(C1T1 4+ CoTo) + -+ - =1,

where Ty, T5,--- are tensors or terms consisting our equations, where we suppose the tensor as the
first kind. For example, the M DN S equations corresponding to incompressible fluid is composed of the
kinetic equation along with the continuity equation and are conventionally written, in modern vector
notation, as follows : %—‘t‘ —pAu+u-Vu+Vp=1£f divu=0.

e (7 and Oy are the two coefficients of the “two-constant” theory, in which the RDF (g1 and go
mentioned below) are kernelized, for example, ¢ and E by Navier, or R and G by Cauchy, k£ and K
by Poisson. After them, without the microscopically-descriptions, using only tensor, the “two-constant”
theory was succeeded by € and £ of Saint-Venant, or 4 and £ of Stokes and finally v and % of Prandtl.
Moreover C; and Cy can be expressed in the following form ( cf. Table 1 ):

C1 = Lrig15, S1=[[g3— Cs, N C1 = Cs3Lrigy = 3% Lr1g1,
Cg = £T29252, S2 = ff g4 — C4, Cg = C4£T2g2 = 2%[,7"292.

e Here £ corresponds to either Zgo as argued for by Poisson or fooo as argued for by Navier. A heated
debate had developed between the two over this point. It is a matter of personal preference as to how
the two constants should be expressed.

e g1 and g9 are the certain functions of interaction between the molecules depending on 7 and are

described with attraction & /or repulsion. These are treated as the RDF by the then progenitors of the
MDNS equations.  In Table 1, we remark that the two types of deductive methods of two-constant
theory, namely, the entry no. 1-8 by the microscopically-description and 9-11 by tensor.
Conclusions. We assert that the evolution of the equations based on the notion of “two-constant”
theory and the RDF' incorporated in the two constants in both the equations of capillary action and the
NS equations. By Prandtl [19, p.259] in 1934, what is called the NS equations in the general condition
were fixed, having the nonlinear term and two linear terms in the ratio of two coefficients above-mentioned
by 3 : 1 in the general condition, which arose from Poisson in 1831, Saint-Venant in 1843, and Stokes in
1845. ( cf. Entries 6, 7 and 8 of Table 2.) The progenitors of equations before Poisson applied elasticity
to fluid equations which have the two-constant of the ratio of %
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[5] C.F.Gauss, Uber ein neues allgemines Grundgesatz der Mechanik. ( Vome Herrn Hofrath und Prof. Dr. Gauss zu
Gottingen.), Crelles J. ( J. Reine Angew. Math. ), Vol 4, 1829, 232-235. ( Also “Carl Friedrich Gauss Werke V", Georg
Olms Verlag, Hildesheim, New York, 1829, 1973, 25-28, in front of [?].)

(6] C.F.Gauss, Principia generalia theoriae figurae fluidrum in statu aequilibrii, Gottingae, 1830, Carl Friedrich Gauss
Werke V, Gottingen, 1867. ( Similarly: “Carl Friedrich Gauss Werke V”, Georg Olms Verlag, Hildesheim, New York,
1973, 29-77. Also, Anzeigen eigner Abhandlungen, Goétingische gelehrt Anzeigen, 1829, as above in “Werke V7, 287-
293.)
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THE RAPIDLY DECREASING FUNCTIONS INCLUDED IN THE “TWO-CONSTANT” OF THE MD FLUID EQUATIONS3

TABLE 1. The expression of the total momentum of molecular actions by Laplace,
Navier, Cauchy, Poisson, Saint-Venant & Stokes. (Remark. 6-8 : capillarity, others :
kinetic equation)

[no [name [problem [C1]Co]Cs [Cs L [r1lr2lgr g2 [remark |
Navier K . o ~ . ‘ .
b 1827 (14 elastic solid e | |75 Jo< dolpt| | fp p : radius
Navier
2 |fluid motion of fluid |e %T fOOC dplpt| | (p) p - radius
1827 [15]
Bl |EF |g7de e F(p)
system
Cauchy 2 - 5 B /
3 1828 1] of R| |3 JoZdrpr) | () Fr) = [rf!(r) — £(r)]
particles
S I e VI £(r) |f(r) # f(r)
Poisson . . o 1 |5 d.Lfr
4 1829 [16] elastic solid k 5 > 5 |r =
K 2 (710 3 fr
Poisson . ] 1 L | s Y T o
5 1831 [17] motion of fluid |k 35 > = |r ~ Cs = El_g - L
K Sl frolcu= Lt =1
Laplace . K - .
6 1806,7 [12] capillary action|H 21 fo dz|z U(z) 2 distance
K 2 \fo7 dz W(z)
Rewritten by .o - B
62 poisson 1831 [18] H\ g Joodrirt|er [18, pp.14-15]
K 2%92 fooo dr| |r? pr
Gauss attraction :
7 capillary action —fx.dx = doz,
1830 [6]
repulsion :
—Fz.der = ddzx,
f Fz.dr = —dz
Poisson . . . - .
8 1831 [18] capillary action H | 17 p Joodrjrt| er [18, p.14]
K %T"pz fooo dr| |r3 er |[18, p.12]
Saint-Venant R -
9 1843 [20] fuid ¢ |3
Stokes . .
10711849 [21] fluid N
17 | Stokes elastic solid  |A |B A—=F5B
1849 [21] 1¢ 8o =

[7] C.F.Gauss, Carl Friedrich Gauss Werke. Briefwechsel mit F.W.Bessel. Gauss an Bessel ( Gottingen den 27. Januar
1829 ), Bessel an Gauss ( Konigsberg 10. Februar 1829 ), Gottingae, 1830, Gottingen, 1880. Georg Olms Verlag,
Hildesheim, New York, 1975.

(8] J.L.Lagrange, Mécanique analitique, Paris, 1788. ( Quatriéme édition d’apres la Troisiéme édition de 1833 publiée par
M. Bertrand, Joseph Louis de Lagrange, Oeuvres, publiées par les soins de J.-A. Serret et Gaston Darboux, 11/12,
(Vol.11 : 1888, Vol.12 : 1889), Georg Olms Verlag, Hildesheim-New York, 1973. ) ( J.Bertarnd remarks the differences
between the editions. )

[9] P.S.Laplace, Traité de méchanique céleste, Ruprat, Paris, 1798-1805, 1-66. ( We use this original printed by Culture et
Civilisation, 1967. )

[10] P.S.Laplace, Supplément & la théorie de ’action capillaire, Tome Quatrieme, Paris, 1805, 1-78. ( op. cit. [9]. )

[11] P.S.Laplace, Traité de méchanique céleste./ §4 On the equilibrium of fluids./ e§5 General principles of motion of
a system of bodies./ 886 On the laws of the motion of a system of bodies, in all the relations mathematically possible
between the force and velocity./ e§7 Of the motions of a solid body of any figure whatever./ §8 On the motion of fluids,
translated by N. Bowditch, Vol. I §4-8, pp. 90-95, 96-136, 137-143, 144-193, 194-238, New York, 1966.

[12] P.S.Laplace, On capillary attraction, Supplement to the tenth book of the Méchanique céleste, translated by N.
Bowditch, Vol. IV, pp.685-1018, New York, 1966. ( op. cit. [11].)

(13] T,G.Maupertuis, Loi du repos, 1740. ([IV. p.43-64], Oeuvres : avec I’Examen philosophique de la preuve de 'existence
de Dieu employée dans l’essai de cosmologie, Vol 1-4, 1768, (Reprint, G. Olms, 1965-74.)

(14] C.L.M.H.Navier, Mémoire sur les lois de [équilibre et du mouvement des corps solides élastiques,
Mémoires de I’Academie des Sience de I'Institute de France, 7(1827), 375-393. (Lu : 14/mai/1821. ) —
http://gallica.bnf.fr/ark: /12148 /bpt6k32227, 375-393.

—143—



T 5% (AR O KRBl s e Rt B0 AR B i)

TABLE 2. The kinetic equations of the hydrodynamics until the “Navier-Stokes equa-
tions” were fixed. (Rem. HD : hydro-dynamics, N under entry-no : non-linear, gr.dv :
grad.div, E : =2 of elastic, F': =2 and the group of entry 6-8 show F' = 3 in fluid.)

gr.dv gr.dv
no|name/prob [the kinetic equations A gr.dvg
Euler X_L@:d_“_;,_ud_“_i_vd_u_;'_wd_“
hd dt d d dz’
1 |(1752-55) Y_l£:ﬂ+1tﬁ+vﬁ+wﬁz du 4 dv 4 dw _
N [37 p.127] T,éliy ddt ((ii:v ddy d;’ dx dy dz :
fluid Z-jaz = @ tuds tuag Twar
I d2z _ a2 d? d2 a2, d2
Nawi 5?;3_5 3gﬁ+@§+d§§+2dbdi+24cfa)v
avier nd?y _ (d%y | gd®y | d%y a2 a2
2 (1827)[14] (6_1)1\7& g dt2 € da? +3db2 + dc? +2dadzb +2d?dzb ) £ ¢ ]1:
lasti lid nd?z _ _(d*z | d’z 31124 2d21 2d2y 2
elastic soli g a2 =\ aa T2 T3a T 20ade T 2 dbde
where II is density of the solid, g is acceleration of gravity.
1dp _ d? d? d? d? d? d d d d
Navier [ [piE =X e(3im - G+ 2 2 ) - - - w .
d 2 b1 2 2 2
N | (1827)[15] %d—5:Y+e(jm§+3§—y;’+3;g+2jz;;+2jy;g)—%—j—;-u—g—g~u—§—§~w, e |2¢ |1
fluid 1dp _ d? a2 o d? d? a2 d d d d 2
;d—§72+a<m—g’+@—‘§+3d;§ +2 4 +2W;z)—d—zg—d_i;.u_d_f;.v_d_g.w
h
82‘;2)?1] ¢ 9%¢ ¢ 9% ¢ a%¢ if
: (L+G)@+(R+H)@+(Q+I)@+2Rawzy+2Q3Za2w+X:8722, o
system o%n o%n %n 9%¢ 0% — 9%n
4 |of particles | | (FF @ ogs + M+ H) o + (P+ D)oz +2P5,5: + 2g5, +Y = 5, ng 2R |=
in elastic (Q+G)ng+(P+H)%g+(N+I)%+2Qaiai+2P%+Z:6724’ 0
solid G=H=1I, L=M=N, P=Q=R, L=3R 3
and fluid
Poisson
d? 2 (d? 2 d? 2 d? 1d? 1d%w\ _ Imd?
(}8‘?)[17}@ X-T3+a?(Te+23 e 240 10y 1dy) - Doy “
elastic soli d? 2(d? 2 d? 2 d? 14?2 1d%v) _ Od? 2 |2a2
51 gefined Y= Gzt (52 * Sdzay T 3dzdy T3 @2 T3&2) T 5 a2 T |5 1
. d? 2(d? 2 d? 2 d? 1d? 1d? _ 4?2
in getf}eral Z- gz ta (dz"é’ + 3deds T 3dyds T 32 + §d72> =
equations
pBE-X)+ P ra(K+k) (Lt + L8+ Lo) + K+ R (2 + 24+ 22) =0
t T dx Y dz : T T Y z ’
D d d? 2 d? d (d d dw) _
o PB4+ B raK+k) (L3 + 58+ 58) + Sk +h) L (% + %+ 22) =0,
o1sson Dw _ 7y dp K4k (L L dPw | dPw QK 4 k) (du 4 dvy dw) _
(1831)[17] P\ Dt )+ g FalK +k) azz T gz T2 + 5K+ k)3 e Tayta)=0 P
. 2' 2 2 2 é
6 | fluid 1 p(X = E5) =T +B(LE+ 55 + T5), SN R
in genera d2yy _ d d?v | d?v | d?
equations p(Y = dZ?) =% Jrﬁ(dg; + dg; + H;Zj )
d“z dw d“w d“w d“w
p(Z_W :E""ﬁ(de + dy? + dz2
L da
Wherewzpfa% — 5;6 %,2 ,BEQCM(K —|—2k)
D dp d d d wd (d d dw) _
Stokes p(BE =X+ —u(i + g+ ) - S (B 5+ i) =0 .
d 2 2 2
7|asio)p ja2)s PR -+ —pu( s+ Ly Ly) - bL(fqdnyde) wolE |y
ul D dp d? d? d? wd(d d dw) _
-2+ (G + o+ ) bR (B a ) —o
Prandtl ) o) a du _ 10 v (o o) ow 2 82 92
8 |(1934)[19] 6*1:+“8%+”8*;+“’6%—X*EB*ZJW%(@*:*?Z*@%D)+”(873+Tﬁ+673)’ vl |F
N HD for incompressible, it is simplified as follows : divw =0, ZF =g— %grad p+rvAw 3 3

(15] C.L.M.H.Navier, Mémoire sur les lois du mouvement des fluides, Mémoires de 1’Academie des Sience de I'Institute de

France, 6(1827), 389-440. ( Lu :

8(1829), 357-570, 623-27. ( Lu : 14/apr/1828. ) — http://gallica.bnf.fr/ark: /12148 /bpt6k3223j
[17] S.D.Poisson, Mémoire sur les équations générales de équiblibre et du mouvement des corps solides élastiques et des
fluides, (1829), J. Ecole Polytech., 13(1831), 1-174. ( Lu : 12/oct/1829. )
(18] S.D.Poisson, Nouwvelle théorie de l’action capillaire, Paris, 1831.
[19] L.Prandtl, Fundamentals of hydro-and aeromechanics, McGrawhill, 1934. ( Based on lectures of L.Prandtl ( 1929 ) by
O.G.Tietjens, translated to English by L.Rosenhead. 1934. )
[20] A.J.C.B.de Saint-Venant, Note a joindre au Mémoire sur la dynamique des fluides. (Extrait.), Académie des Sciences,
Comptes-rendus hebdomadaires des séances, 17(1843), 1240-1243. ( Lu : 14/apr/1834. )
[21] G.G.Stokes, On the theories of the internal friction of fluids in motion, and of the equilibrium and motion of elastic
solids, 1849, ( read 1845 ), (From the Transactions of the Cambridge Philosophical Society Vol. VIIIL. p.287), Johnson
Reprint Corporation, New York and London, 1966, Mathematical and physical papers 1, 1966, 75-129, Cambridge.
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18/mar/1822. ) — http://gallica.bnf.fr/ark: /12148 /bpt6k3221x, 389-440.
[16] S.D.Poisson, Mémoire sur l’E‘quilibre et le Mouvement des Corps élastiques, Mémoires de I’Academie royale des Siences,
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[1] H. Fujita, A mathematical analysis of motions of viscous incompressible fluid under
leak or slip boundary conditions, RIMS Koékyturoku, 888 (1994), 199-216.
[2] T. Kashiwabara, On a finite element approximation of the Stokes problem under

leak or slip boundary condition of friction type, http://arxiv.org/abs/1012.4982
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0000000 [Adlsjo00000oo0o0ooo0ooooooooooooo

1 ODoogooobogd

D00 EeR\{0}00000 10000000000 Hamiltonian O O
H=H;+V, Hj=p*/2—F -z, (1)

0L (RY)000000000000000D0DDDOz eRYOODO0O000000O0OPpOOOOOO
p=—-iVOODOOO0OOO0DOOODOO0ODODOO0VOODODOOODOO000000V(z)—0(jz]—o00)00
000000000000000000000000000000000000000w € L2(RY)000
0000000000000000 « 0 000000000000000000000000000
VvOD0O0DO0OO0O0OO00O0000e ®Hy0 Hy0OOOD0O0O000000000000000000000
O00ve2(RYHYO0ODOO0

Hu_eitHefitHg,UH — HefitHu_efitHgUH =0 (t—’OO) (2)
Jooobobobboooooobobobooooon

W = s-lim e/H e 11H3 (3)

t—o0

oooooowooobogobobobooooooooooooobobooboobooo0ood RangeW
O total Hamiltonian H 00 0000000000000 OO00ODO
oooobOooboooooono

ooooboowooobooo
O RangeW OOOODOOOODOOOO

oobD20000000000 RangeW OOUOOOOOOoOooooooooboooobooooooog
bboobobooobooboooobobooooobooooboobooooboobooobooboobooona
obooobOoooooobooooooboon

*DO00000000 aishida@math.kobe-u.ac.jp
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00000 [Ads|00000000000000000D00000000000000D000000
Ef)eRID0OO0ODOOODOOOO

E(t) = E+e(t), e(t)=0("). (4)

D0O0O0EeR\{0}0n>00000000000000 E)0t—o0o000000000000E
00000000000
2000000000000000000 VO C®R,L,R)00000000000000 40000
0000000000000

07V ()] < Cala) 77112, (z) = V1422 ()

00000000000 p0002000000000000000000000O00O00OOp>1/200
|:|VDDDDDDDDDO<[)<1/2DDDDDDDDDDDDDp:1/2DDDDDDDDDDDDD
00000 p=10000000000000000000000000O00O0O0OOOOOO [0z]00
o000 oo L0 DDo0obO o0 b ooOoOoooo
good

000000 total Hamiltonian H(¢t) O O

H(t)=p*/2— B(t) -z + V(z) (6)

0000000000 E)U0O00000000000000000O00000000O0O0O0ooOo
gboboooboooobobooooobobooob 10ob00b0o0o0aon
H(t)OOOOOO Schrodinger 00O OO0O0OO

iOuu(t) = H(t)u(t). (7)

(OODOw(¢t)DOOOUOO0O0O0DO0OO0O0OU0ODO0O0D0O0O0OUDODOOOODDOOOOO

F(t) = e—ia(t)eié(t)-xe—ie(t)-p (8)
oooooood
b(t) = /Ot E(s)ds, ¢(t)= /Ot b(s)ds, a(t)= /Ot b(s)%ds/2, 9)
000000000 Hamiltonian[
H(t) = p?/2 4+ V(z + &(t)) (10)

00000O00[Ya]JOOOOOD0O0OO0000000000000O0 unitary propagator {US¢(t, )} scr
0000D0000000000

0 i0U%¢(t,s) = HS¢(t)US(t, s),
0 i0,U%(t,s) = —U%(t, s) H(s), (11)
O U%(t,t) =1 (identity).

goooooooooogno
U(t,0) = T ($)US(t,0)7(0) (12)
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00000000 (+,0)00000000000000000D0000000000000000<n<2
oood

t t
b(t) = / e(s)ds, c(t) = / b(s)ds, (13)
0 0
n>20000
b(t) = — / e(s)ds, c(t) = — / b(s)ds, (14)
t t
0000US(t,0) 0 HamiltonianO
HS(t) = H5 + V(z + (1)) (15)
00000 propagator 0000000 HS O (1)0000000000
t
T (t) = e7 10 ibOze=ic)p () = / (b(s)%/2 — E - c(s))ds (16)
0
oooooo
U(t,0) = 7 (t)U°(t,0).7(0)* (17)

00000000000000000 e(t)000000000D000000 HFS#) 0000000000
00 Hamiltonian H() 00 0000000000000 0OOOO

3 OO0

0000000000 ([Yo)OOOODOOOOOOOOOOoOOO

Theorem 1 0O [Yo]O
p>1/2000000000000VO00O00O0OOOO

in>7/2000000000000

W = s-lim US(t,0)% e HT (18)
oooobooboboboooo
ii.p>10000000000
eo=|E|— sup w-VV(z) >0, w=E/|E| (19)

z€ERY

00000000000 (8 0000o0ooouoooo
O00000000[AdIs|000000000000O00O0

Theorem 2 0O [AdIs]O
0000000 V=VvV+VvVooooOovVeO p>1/2000000VI00<p<1/2000000
oono

i7>200000000000000
WQ):§4nncﬂ%aore*“H§e”WD“W> (20)

oooobOoooooooobon
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goobbooobboobbbooobooobbbooobooobbboobbbbooobbbooo
(200000000000 ¥p(t,p) 0000 Hamilton-Jacobi 0 0 O

K (t,€) = (E+b(t)*/2+ Vi(t, VeK (t,€)) (21)

0000000000000000000000000V;(t,)0 z/t*0 —w 0000000 cat000
000000000000 [AdD[AdTa]00000000pU0000O00OO0O0OOOUOOOOOOOOO
000000000 100000p=20000000000000 He)OOOODOOOOOOOOO
00000000000 o0oUo0o0oooUL0UOOn>7/20000»>20000000000000
USt,0)00000000000000000000000 (19000000000000000000
gboooobOoboooooobooooobooooboboooboOooboooooboooooan
0000000000000000 US@+0)00000000000000000000000 ¢— oo
0000 -« 0000000000000000000000f0 C°(R)D00e>000000F. O

1 < —
F(oy <03) = { LN (22)
0 o1 2 02
0000 smooth cut of 0000 O g,(01) = Fe(lor — 02| <2) 000000000z =w-2z0(((¢) =

US(t,0)f(H5)(z)"1 0000

Proposition 3 0 Minimal Acceleration Bound.[AdIs]O
0<n<20(19)0000000<Bo<100<s1<30es<ebe>000000

(e1/2 — 2/t2)* VA (2/t? < e1/2 — €)C.(t) = O(tPo=3)/2), (23)

Proposition 4 0 Minimal Acceleration Bound.[AdIs]O
n>20000u < |B|0max{0,3 —n} < fy <as < 100< 81 <ax0e>0000006>0000
OO0XxeROODOOODOO

(/2 = /) AF () < v1/2 = s a(HO (1))G:(t) = Ot o2)/2), (24)

00
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[AdIs] T. Adachi and A. Ishida, Scattering in an External Electric Field Asymptotically Constant in
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Bergman OO OO OOOD0OO0OOOO0OOO BergmanOOO OO

00 OO0 (0000 0oO00)

Ood

Definition A.
Qccroono
H2(Q):=0(Q)NL*(Q0Q0 Bergman 00 (=000000000000)

Definition B.
KQDQXQ—MC,KQﬂ w) € H?(Q) 0 Q0 Bergman [

LoV f e q2(0) = Jo f(2)Ka(z, w) dA(2) (1)
O000dA(2) D C” O Lebesgue O 0O O

Bergman 000 (1) 000000000000 000H%Q)00000000000EOODOO
000 Hilbert 00 HOODOOOOODOO fw f(z) (z€ E) 0000000HOOOO0O0O
0000000 20000000000

Bergman 000 00000000000000000

Proposition C.

{VatacaADH*(Q)0DOO0000000 = Ko(z,w) =Y _ ta(2)
acA
O0000QxQU000000000000000 Bergman JO0O0O0O0O000O000O0O

Proposition D.
g0 — Q000000 O0Jg0g0 JacobidOODO

Ko, (z,w)
= K z),g9(w)) = ———=
0ulo(2).g(w)) = 7 BEE
0000 BergmanOOOOOOODOOOOODOODOOODOOODOOOODOODOOOOOOOOD
O000000Proposition C.OOOO000O0OOODOOOODOOOProposition D.OOOOOOOO
00000000000 BergmanOOOOOOOOOO
00000000g000000ODO0OO00OOO(2) 000000000 OOOUODOOOODOOO
000000200000 FuO0OOOO0DOO0DO0O0OO0OO0OOOO (Theorem E.) 0000

for Yz, w e Qy (2)

Theorem E. (Fu)
QCcC'O00D=1og|Q 0000 Reinhardt 00 (0000 1.1.000)0
921,y 2n) = (e7%1, .. ,e7 ™) 0 JgO g O Jacobi 0O O

= Ko (9(2), g(w)) = J(;Jg() S Kny(mvw +20k)  for Y20 e T .
kezZm

(2)000000@B) 0000000000000 0000000 gO0OD0OODOOODODOODOODO
gUO000000000000000

000000000 3) 00000 Qbo0o00000o0000ooO0o00OOBergmanOO
goooooooogooooboboboboobo Rrobgbobobobobobbooooooon

OOReinhardt DD O ODOOOOOOO
1.1. 0000000

2€ClO z=z+1iy (r,yeROi=+-1)000000
w=u+w 0000 000 w=uv—do 00000
00000000000 (21,...,2n)=z=x+iy (x,yeR") 0000

2=k (kezr) | (z,2w)=awi 4+, 5 |IZ] = V(Z, 2)
B(xz,r) ={y eR"||z—y| <r}0OR"000 (C"O00O0O00O0OO00) (r>0)
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Definition 1.1.1.
Yi=1,...n |[N|=10000 AeCr0000 ra(2):=(A21,..., nz) 000000
Q0 C C"0 Reinhardt 00 £5 YA (@) =0
log || :== {(log|z1]|,-..,10g|zn]) | (z1,.--,2n) €EQ, 212, # 0}

Example 1.1.2.
B(0,r) O Reinhardt 0000 0O
a#0000000B(a,r)d Reinhardt 00O D0O0O0OO

Definition 1.1.3.
DcCR'OO0O OO0O0O00OOTp:=R*"+:D0O00000 (tubed O)

1.2. 0000000

Definition 1.2.1.d
C cR*™MO <e:f> YeeC Yr>0 reedC

C*={ueR"|"z2ecC~ {0} (zx,u)>0}0CO000

0000000000000000000000000000000000000000000
000 C*:={uecR*|"zcCNS" ! (z,u)>0}000000000000
D00000000000000000000000 CO000 (C**=Cc000000000
0000000000000

Definition 1.2.2.
DCRMI0O00000 ,2eD00000 Dy:={ueckR"|Yt>0 x+tuc D}
000000 «0000 DOOOOOOOO

000000 00000 DOODOODODODODODODODODODODODODOD
oooooobooooboooobobn oeD, OOOOODO

Lemma 1.2.3.
uw¢ D, 000000 O0DOOODODOOOT, >0 000000

.VtzT'u, $+tU¢D
e "tc[0,T,) x+tucD
00T, >000000x4+Ty,uecoD000O0weD, 00000 T, =0000000000

7, 000000000 «weR*O0D00O0 e DOOOOOOO0OO0OOT, <ocoOOOODOO
gbooo0oooooooooooooooog

Proposition 1.2.4.
(i) @1, @2 € D Dy, = Dy,
(ii) D N {0} #@ 00O D ,0000O

() 000000000 D, 000 00000000000 0000000000000 O D
OD0000 rec[D)000D0DOOODO

000000000000 rec[D]:={uecR"|YzeD "t>0 wz+tueD} 0000000
000000000000 0000000000000000000000000000000
0000000000000000000000000 D, 0000000000

1.3. 0000bugaooo

PCR”DDDDJU%:/e”WWQH]DDDDDDDJ@H]hﬁ)DDDDD
P

POOO0ODOOOODOOOOOJp(t) 000 POOODODDOOODODOOOOD

00 Jp(t) 0000000000000000 D, 00 00000 D O0H%(Q) 00000
0000000000000000000000000Jp(¢) 000000000000000
00000
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Proposition 1.3.1.
(i) PCR"ODOOOO0O Jp(t) <o & teP*

(i) Va e R*" 00000 Jpia(t) < oo & Jp(t) < oo
(ii) D,0DOO0O0OO0x+D,CDCy+D, 0ODOOO
Jy+Dw(t)<OO = Jp(t) < oo = Jpip, (t) < o0

(1) (i) 00000 GH) 000000 0000000000

000000 DUOO0O0ODG) 0000000000000 0000DUO00LOOODOoDOOoOOD
O00Jp(t)0000000¢t00000000O00O0O000ODO0DOO0UO00 R*OODOO)ODO
goooooooooooooooboooooobo poooooooooog

00 Theorem 1.3.2.00 0000000000000 Jpt)DOOOOOOOO

Theorem 1.3.2.
Jp(t) <oco & te DS

Proof) Dy := D, NS"™ 10000
x €S 00000dist(x,Dy) :=min{|z -yl |y € D;}000000

000e>000000D;,:={x € S"!|dist(xz,D;) <¢},

Dye:=|JrDic=J{re eR"|z € 5" OO dist(w,D1) <e} OO0
r>0 r>0

sup{Ty |u € S" I\ D1} <?M <co 000

JR.>0 st.DCB(O,R)UD,. 000000000000000

/ e 28Y) dy < 0o for "t e R™ | / e dy < oo for 7t € Dy’
(0,R.) x e

. Jp(t) < o0 for 't € D,

U D). =D, 0000 teD, = Jp(t)<ooDODDODO
0<e<1
00 xz+D,CcD 0000000000 O

O000000 DO0OO0O000000O0DOODODODO YteR” Jp(t)<occOODOOOOOD
gbbogoboobooobooboan
Q0 Reinhardt 00000 H2(Q)OOOOOOOOO Z£0000000000000000

Corollary 1.3.3.
2 C C"0 Reinhardt 0 00 D :=log|Q0 O

k
:»{kz} 0 H3(Q) 000000000
[E HLQ(Q) kex

000X =272"N(-Dy—-1),1=(1,...,1), D, 0 DODOOODO
Proof)||zkHL2(Q (2m)" Jp(—k —1) 000 |[2¥][2q) <00 & —k—1€ D, O

OO0 Bergman 0 00000

2.1. 00000 Bergman [

Definition 2.1.1.
fFOR" »co000 £ Yeezn  sup{|th f(t)] |t € R"} < 0

DO00000YmeN |t|™f(t) O R"O0D000O00O0OO0O00OO00
Dooooooooood et (¢>0) DOODOODOOOOOO

Lemma 2.1.2.
y,v eDO dist(y,aD) >d>0,dist(v,0D)>d>0000000000

oY || / (t tn) "
or yoeotn) ER
— 1nh(2\%> :
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7;<Z—U,~>
O0b0bD0z,welpOO00OOO0DOOO 7€J B gboooboobo bobobobobo

p(-
D000000000H?*(Tp) 0 Bergman 000 00000000000000O0OO

Proposition 2.1.3. (Koranyi , Saitoh , Genchev)
DcCcR'OOOOTp=R"+:DcCcCtrOooon

" 1 €i<z—ﬁ,t> p
TD(Z7w) - (27‘(’)” /n JD(t) t

2.2. Bergman OO0 Qoo

Proposition 2.2.1. (Poisson 0 0 00)
fOR*—-COO0O0 OO0ODO

S s =3 ([ swe e ) (1)

jezn kezn
Poisson OO0 OO0 O0O0O00O0O00O0OO0O0O0OO0OOOO0OO0OOOO0OO0OOOO0OO0O0O0OO0O
(4000000000000 f0O Fourier O O fDDDD (0 Fourter 00O DO0OO0DOOOOO
O00000Proposition 2.1.3.000000000000000000000O0O Fourier O OO O
DDDDDDDDDD(4)DDDDDDDDDDDDDDDDDDDD)

Theorem 2.2.2.
D=log|QDO000000O Reinhardt 00 QOO0O00B)0O0O0OO0ODO

Proof) Corollaly 1.3.3. , Proposition C. 0 00O
i(z—w,1) ei(zfﬁ,k:)

Ko (o) o) = 3 LI 2 )
alg9(2z), 9 = 2m)nJp(—k — 1) (2m)™ Jp(k)

aoo 1
= N Kp (2w + 21k)
Tg(z)Tg(w) ,EZ; v

. — ]_ ei<z_ﬁ7t> .
_  i{z—w,1) § / L ,—2mik,t) dt P it 213
(& (& . roposition z.1.o.

kecZn <(27T)n » Jp(t) ) ( g :

i(z—w,l) ei(z —w,k)

(2m)m Z Jp(k)
(

(. Proposition 2.2.1.)

kezn

eiz—w,1) cH{z—w k)
@m)" e, TP)
00 3)ooooon O

=0 00000000

O0o0o0o0oo0o00dk D;DDDDD
¢ Jp(k)

Poisson 000000000000 (Zz¢) D0O0OOO0DOOOOOOO(G)LOO ZzZr0000000
00000000000 000O0O0O(G)0ooo0oUoooO0oUoooObOOooDobOOOOoUOoD
googoobooobooobooon
Theorem 2.2.2. 00000 log|2 000000000 QO0O0OOOOOOOOOOOOOOOO
gobooobooobooobbuoobobooobooobboobboooboooboo
Reinhardt 00O OO0OD0OOODO

gooo

[1] JACQUES FARAUT and ADAM KORANYT , Analysis on Symmetric Cones

[2] ELIAS M.STEIN and RAMI SHAKARCHI , FOURIER ANARYSIS AN INTRODUCTION
[3] SIQI FU , TRANSFORMATION FORMULAS FOR THE BERGMAN KERNELS AND
PROJECTIONS OF REINHARDT DOMAINS
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1 00
O0nn000000000O0O0O0
Ofu— > Ou,(aij(t,x)0,u) =0, (t,x)€[0,00) x R" (1)
i,j=1
oooood

u(0,2) = f(z), Ow(0,z)=g(x), zeR"
00000000« 000000000000000 a,;(¢,2z)000000
ai; € C%([0,00) x R")Oa;; = a;; 000000 A>000000000
5(t) € C=([0,00)) 00D0D0OOODDO (£,2,€) € [0,00) xR* xR*O00 00O

ATEP < )Y iyt 2)6Es < AP(L+6(1))% 1€ (2)

ij=1

0000D000000000000000a€Z, 00000 C,>000
0000000 (ta) €[0,00) xRYi,j=1,...n0000

0% aii(t, )] < Call+6(1))? (3)

000000000()00000000000 (1)000000 (strictly
hyperbolic) 10 00 00000000000000000()000000
00 (3)0000+¢000000 a;,(t,2)0000000000000000
006+ 0000000000000000000000

n
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1,j=1

000Oa(t,z¢) 000000
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000000000000 DOO0O0DOO0¢000R"O0O00OO00DOO0O0OO0O
0000000000000 (principal symbol) 000000000 Fourier
goooooooobooooooobooooooooooa

(1)D00000 R(,0)000000000R(0)0000 (u(0), du(0) €
CPRM xCEPR")ODO¢t000 (u(t),dru(t)) € CFR™) x C§*(R™) OO
O000D0000HO CRMOOO0DO

||u||§_[:/ Z|8Iiu2dx:/ \Vu|?da
R™ =1 R

000000 Hilbert 00000 0|R(t,0)| (axz2) 0 t = 400000000
000000000000000000|R(#0)||zpxz 000000 ¢00
000000000000000000000000000 |[R(®E,0)| 2@exz2)
000+000000000000000000000000000000
t0000000000000000000000000000000

00000000000000 §() 00000 ||R(#0)||zpxzy D000
exp(fy 0(5)ds) 000000000000 ,;00000000000000
n=20000a11 =ags=aa12=0as, =000000000n>200
00000000000000

00 1. n=2000000000000 6(t) € C®([0,00)) 0000000
a(t,z) € C*([0,00) x R?)000000a11 =a22=a,a12 =0ag1 =000
00D0(2),(3) 000000000 (1)00000 R(#0)00000000
OC>0000000D00O0O0¢t>00000

IR0 oy > C(L+3(8) ) exp ( / 6<s>ds) (1)

000000000000000 ¢'>0000 |§(@)|<Cc'ét) 00000
00000000 C,C,>0000000000¢>00000

t
[R(t,0)l| (pxr2) < Crexp <Cg/ 1+ 5(s)ds) (5)
0
gooood

gb1oo00oooboooobooon

00 2. Va(t,z,6) 000 —+/a(t, z,&) O Hamiltonian 00000000

d

—X(t) = +Vea(t, X (1),E(1)),
i (6)
S E(t) = FVaa(t, X (1), 5(1))

0000 (X(¢),E(¢)000000 ¢*>000000000¢>00000

w

) > ¢* (7)
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0000U0o00o0O00U0ooo0oOoUoooooooooo e, >0000
oboooog¢+>o000000

RO leuzzy > Comw ([ 2. (9).2(0) = b(o, X(s)ds)

(8)

gooaoo

(6) D00 R xRYO0000D000000000000 (bicharacteristic)
0000002000000000000000000000000000
0ooooooooo

§()0D0D00000 6 =(1+0kkeR)0000000000000O0O
[2000000<k<1000000000exp(ct’)0000000000
00000000000000000000000000000000<k
000000000 exp(etf) 00000000000000000000

2 JUOodooobboooooon

00000010000 &000000000000000000000
0[]00000000000000000 (6)0000

z=re? & = pe'?
0000000000000 00000000000000 46(¢) € C*(]0,00))
oooQ
o(t) =
ooooooo

Va(t,r,0) = x(r)e" 1 (1 4 35(t) — 26(t)sin(6 — 0(t))) +1— x(r)  (9)

0a00000000 x(r) O C°([0,00)) 00000 < x(r) <10000
r=10000 x=10007r€0,1/2]U[2,00) 00 x=00000000
0000000000t =1,6(t),6(t), p(t) = exp(2 [, (s)ds) OO (6) O
0000000000000

dr_ acos( — @)

@ 1 asin(f — ¢)

at /i N

d oVa 10Va

dflt) =p ara cos(¢ — 0) + - 8; sin(¢ — 9))
dp  ova . 1ova

o = sin(¢p — 0) + ~ 90 cos(¢ — 0)
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ogooooooood
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000 200000000000 (4000000000000 r>20
gobogboliobobooboobobboobooboooboboaboo
g
Otu— Nu=0
0000000000 00000000O00o0oo0oooooo
gbbaboooogoboooboooboobboobbooobooon
0
s
e Z>0DOODOOODOZE,0 Z> 0 n00000000a = (a,...,an) €
Z%, 00000 (multi-index) 00000y =077 ---0y» 0000

.awi: V:(&Il,,aLn),A:8§1++3§n

o RO cexey = sup{IR(E OV, 9)llpix 2ny: (o DlIrxzany =
l}DDDDDDDDDDDDDDDD R(t,O)DDDDDD CSO(R")X
C{)’O(R")DDDDDDDDDDDDDDDDDDDDDDDDDDR(t,O)
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ABsTRACT. 0000000000, stationary phase 0 00000, 000000
00000D0O0O0DO0OO00OO0dO. VarchenkoO ,000000D0OOCOODOOODOO
gooboobobobobooboo,0obooboboboobobobobobon
O00D0OO0D0O0.0000 VarchenkoOOODOODOO,000000000O00DOO.
00, 0000000000000 000DO0D000bO0oDOo.Oboo0oooOoog
gobo0oboboboobo,o0bgbbobooboooboooboooo.

1. INTRODUCTION
oogooono
17) = [ e Op(a)x(z)ds,

00000000.000,-00000000,f, ¢, xOR'OOOOO C®00
O0000.000,y00000000000,0000000000100000
000. (00 f000000 {zeRf(z)#40}000000). 00 f,px000
00 phase(000), amplitude(0 0)000. 0000000 7 »>o00c000000
oooooo.
0000000000000 00 stationary phase 0000000000

Theorem 1.1. UD xOOOODOODOOOOO. f0UD0O0000 (ie, Vf#00
000)00000000.0000000000N0000, [, e @p(z)x(z)dz =
O(rNMDO0O.00D0,000000000

stationary phase U0 0 0000000000000 phase 00000 0O0OOO0O
O000o0oo0ObOo0o0ogg. og,0b0000,phase0000O0O0DOOOOOO0O
ooooooa.

Malgrange 000000000 300000000000 OOOOOOOOOO.

Theorem 1.2 (Malgrange [4], etc.). f0 0000000000000, xOOOO
guoooooooooobobboooa,

o bj
(1.1) I(1) ~ e Z Z Cim™ % (log 7)1 as T — +oo,

=0 k=1

000,{e}0000000000000000000000000,b;0/{1,...,n}
00, Ce 0000000000,

0000 (L)O000000 —ap, b 00000 B(f,¢), n(f,0) 000, (f,¢) 0
oscillation index O O O multiplicity D0 O . B(f, ), n(f,¢) 0 phase 0 amplitude
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O00000,00000000000000000°¢: phased amplituded 00O
O000000O0O oscillation index 5(f, ) O O O multiplicity n(f,¢) 000 (OO
000)000oQ

00000000 VarchenkoOOOOOOOOOOOODODO. Varchenko [0 phase
OO00b00b0ob00ooooboboog,phased 000000 O0ODOOOODOOO
000, oscillation index 0 O O O O O oscillation index O O O multiplicity O O O O
0000000000 (e.f.[6]). VarchenkoO phase 0 000 00000000000
O0o0oooboo,0000bd00b0b0odobooooboooobooooo
O,0000000000b00b0o0b0. oobooooobo,oo0oboobon
0000000000000 b000b000b0o0ob. oboOoo,VarchenkoOOOO
000, 0000000.000000000 phaseO00O0ODOO0O0OO amplitude O
O0000D000D00,phase000000O0O0O0ODOODOO amplitudeD 0000
O0000DOO00O0D0O0,0000000000. OD000bO0bOoDOOobDOoDO0n
000 [Bb,[1]00000000. 000000000, phased amplitude 0 000
obob0ooboooboobOooboboooboobobobOobobooboDooboo
oooooo.

Notation and symbol.

7. . R, 00000 ZROODODODDOOOOOOODODO.
e 00 ABCR'0ccRODDD
A+B={a+beRacAandbe B}, c¢c-A={caecR"aec A}

nooo.
100000 (1,...,1)00000{(1,...,1)}0000

2. PRELIMINARIES
00000000 o0o0ooo00oooooooooooo. oooooooo

0(000,0,00,00)0000[7joo0.
fOR"00000C*00000,0000000000000 ¥y cae® O

00.0000,S ={a€Zc,£0}00000,00
I, (f) = the convex hull of the set | J{ar+ R};a € Sf} in R}

0000000000000, (00000 convexhullJ0, 000000000
0000000000000). M(/)00000008r.(f)000.or,(f)00
0000000050000, f,(@) = Laeynz G 0000, fO000000

00000000 ROO0O0O00OOOO,I'(/)ODOO0O0OO0O0O0O0O0O0A0000
000 f,00000000000:

Vi, = (% ) 8f7) #(0,...,0) on the set {x € R"; 2y .-z, # 0}.

ox, ' Oz,

fO convenient0 000000000 I',(f) 000000000 OOODOODOD.
f,eOR*"ODODOOOC*000,00000000T(f),T(¢)00DOOODODODO.

d(f, ) = max{d > 0;00 () Nd - (T4(¢) + 1) # 0},
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O (f,¢) 0 Newton distanceD 0 0. 0000

Do, f) +1= (ﬁ - 3F+(f)> A (T () +1).

OD00O00 (e, f)0000D0. Dy, f)0 0T, (p)0D0O0000DOO.

r®oaer,(f)0A00000000000. 00008, (f)00000nooon
000:TOcT® ... cTCD =90, (f). T® =TW\T*ED for k=1,...,n—1
O0TO=rOQ000.00 pf:d0(f) = {1,...,n} O psla) =k if @ € T4 [
DO000.0000

m(f, ) = max{p;(d(f,¢)(a+1)); a € I(p, f)}
O (f,¢) O Newton multiplicity OO O . 00O,

Fo = {a e T(p, ) ps(d(f, 0)(a + 1)) = m(f, 9)},

O T'(e, f) OO essential set0 00 . essential set 0 ', () 00000000000
O0O. O0essential set 0 OO0 O0O0OODOOOOODOOO0O0O0O0O0O0O0O0O0OO
gog.

00, ¢(0) #0000, T4(p) =R 000, 0000, d(f,9), m(f,¢) 000
00 d;, m;,000. d(f,¢) <d; 0000000000. 000000, Ny, f) =
Iy={0}000.

3. MAIN RESULTS

00000,0030000000:0U0R"0000000000.

(A) f:U—-RODODODODOOO0O f(0)=0,Vf(0)=0,T(f)£00000;

(B) ¢:U—RO C*O0000 () £00000;

(C) x:R">R,0C*0000,00000000001000,00000
ooo.

OO00oO0bDOobooO, VarchenkoOOOOOODO.

Theorem 3.1 (Varchenko [6]). f000000000000000 R-O00O0O
0000.y0000000000000000000000,

(i) B(f,¢) < —1/dy;

(ii) (0)A000 d; >1000, 8(f,¢) = —1/d; 00 dn(f, o) = my;

(i) (1.7)000000 {¢;} 000000000 T, (f) 0000000000
00000000000000000000000000000000.

O0,000000000. D000O0 op000O0D00O0OO0DOO0OO, oscillation
index G(f, )0 Newton distance d(f, o) 0000000000000 0ODODOOOO.

Theorem 3.2 ([2)). 00 (i),(i)00000. () f00000000000000
OR-O00, () 000000000000O0OO0OO0O0O:

(a) fO convenient,

(b) ¢ O convenient,

() y0 UDDDDOD;

(d) 90 UD glz) =2?@(z)000. 000, peZ2 00 @(0) £ 0.

—167—



gbooo,0bytobbobuoooobboogobbbuoodgb,rogooboboo
OOooOOocooonog

[I(1)] < C’T_l/d(f"")(log 7')m(f’“0)_1 forT>1

Remark 3.3. Theorem 3.20 Theorem 3.1()) 00 0000. OO0 ()0000 p =
(0,...,0)000000.00,00000000000 Theorem 3.1(iii)00000
0og.

00,00 8(f,¢) =—=1/d(f,¢), n(f,e) =m(f,o) 0000000000000
goo.

Theorem 3.4 ([2]). OO (§),6i),(i)00000. () f000000000000
000 R-000, )00 20000000000000000:

(a) d(f,¢) > 1;
(b)y fO0UODOOOODOOO,

(i) 00 20000000000000000:
(c) 0 UO g(z)=2*@(z) 000,000 peZ2 00000000, $(0) £0;
(d) fO convenient0O or, D UODDOODODOOODO.
xO0OOODOOOOO0OOO0000000000,00 B(f,¢) = —1/d(f,),
n(f,¢) =m(f,e)00000,

Remark 3.5. Theorem 3.4 0 Theorem 3.1(ii) D0 O0O000. 00O, 00000 (i),
(ii)-(a), (iii)-(c) 00 p=(0,...,000000000.
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ON THE DOMAIN AND RANGE OF THE MODIFIED WAVE
OPERATOR FOR THE HARTREE-FOCK EQUATIONS

MASAHIRO IKEDA, DEPARTMENT OF MATHEMATICS,
AND GRADUATE SCHOOL OF SCIENCE, OSAKA UNIVERSITY, OSAKA

ABsSTRACT. We study final state problem for the Hartree-Fock equations

1
(HRF) 10pu + 5Au:f(u), (t,z) eRXR", n>2
where u = (u1,--+ ,un) is CN-valued unknown function, N > 2, and f (u) =
(f1(u), -, fn (w)) denotes the nonlinear term which jth-element is

N
fi () :/m V=9 {lur @) @) = u; () @ @) un (@)} dy, 5=1,--, N,
) k=1

where V (z) = A|z| !, A € R is called a Coulomb potential. We show that if
% < 6§ < a, a modified scattering operator for the system (HRF) is well defined

from the neighborhood at the origin in the space (HO’O‘)N to the neighborhood
at the origin in the space H®% where HO® = {qb ceL?: <1 + |x\2) 2sec L2} .

1. INTRODUCTION

In this paper, we study domain and range of the modified wave operator for the
nonlinear Schroédinger equations with nonlocal interaction:

(1.1) i@tu+%Au:f(u)7 (t,z) € R x R",

where space dimension is n > 2, A denotes the Laplace Operator in =, u =
(u1,- -+ ,uyn) is a CN-valued unknown function of (¢,z) and f (u) denotes a non-
linear term. The j-th element of f (u) = (f1 (u), -, fn (u)) is the form as follows

N

(12) L= Vie—y) Y {lu@)F @) - ) @) u @) dy,

R» k=1
where V (z) is called a Coulomb potential given by
(13) V)= Akl (eRM{0}),

A is a non-zero real constant. The system (1.1) appears in the quantum mechanics
as an approximation to a Fermionic N-body system. Our aim is to show existence
of the modified wave operator for the system of (1.1) and to improve regularity on
the date imposed in [2] which follows existence of modified scattering operator for
the system of (1.1).
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2 MASAHIRO IKEDA, DEPARTMENT OF MATHEMATICS, AND M. IKEDA

We introduce N x N matrix I (u,v) = {F; (u,v)}, o, ;o which (¢, j)-element
is defined by o

N
(1.4) F;; (U,U) =V % { (Z ukvk> (Sij — Ui’l}j} s
k=1

Wy ”

where “+” denotes the convolution for the space variable, 0;; is Kronecker’s delta
ie 6;;, =1, 6;j =0 (i # j). We define F (u) = F (u,u) and then we can express

We note that F (u) is an N-dimensional Hermitian matrix. Denote F¢ or ¢ is the
Fourier transform of ¢ defined by

_ ! e (2) da
Fo© = g [ 0@

and the inverse Fourier transformation 7! is given by

—1 _ 1 ez’x{
Frow = g [ @

For m, s € R, we introduce the weighted Sobolev spaces:

, s/2
e = {o e s Rl = (14162) " (- 22

< oo} .
L2
Let uy be a given final state. A = A (¢,€) is an N x N matrix satisfying the Cauchy

problem
(1.5) i A=t""F(Au ) A, t>1, E€R"

(16) A(l’g) = INa 5 S Rn)

and Iy is the N x N unit matrix.

Our purpose can be formulated as follows. We will find a unique solution u €
C ([0,00);H0’ﬁ) with G > % of (1.1) satisfying

(1.7) lim <u () — (i) % e A (t, 5) iy (f)) =0

t—-—+oo t

in HO¢ with % < 6 < @ under the conditions that the final data

1
Uy € (HO’Q)N with 3 < f < a < min (g, 1)

and the norm ||uy ||go.« is sufficiently small.
Next we introduce several notations. For m,s € R and 1 < p < oo, we introduce
the weighted Sobolev space

Hyt = {6 €8 R : @l = ||(@)* V)" 0| < oof .

1 1
where (z) = (1—|—|33|2)2 ,(iV) = (1=A)2. And for m € R and 1 < p < oo, we

also introduce homogeneous Sobolev space
oy = {oes ®"): ol = |(-2)% ¢|| <o}

We also write for simplicity H™* = HJ"* H™ = H)"°, H = H", H™ = HY
so we usually omit the index 0 if it does not cause a confusion. We let C (I, E) be
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DOMAIN AND RANGE OF THE MODIFIED WAVE OPERATOR 3

the space of continuous functions from an interval I to a Banach space E. U () is
a free Schrodinger evolution group defined by

Ut)¢=F e F = (2mit) "% / elo=v g () dy.

n

We define
J@)=U{)aU (~t) =z +itV (t€R)
and for 8 > 0,
77 = 17O =u @) 2|’ U (~t), (teR).
We now state our results in this paper.

Theorem 1.1. Let a > 3. We assume that uy€ H* and |Jus |go.. = €, where e
is sufficiently small. Then there exists a unique global solution u of (1.1) satisfying

ue C([0,00);L2), |7]"ue C([0,00);L?),
where % < B < a. Moreover the following estimate

o (oo s 5 a (e ()], <o

t FO.6
is true for all t > 0, where 0 < 6 < 3, pu > 0.

Corollary 1.2. The modified wave operator Wt : uy — u(0) for the system
(1.1) is well-defined from the neighborhood at the origin in the space H*%to the
neighborhood at the origin the space HP.

T. Wada [2] studied initial value problem for the system (1.1) with u (0) = wo.
Then he obtained the following results:

)

Theorem 1.3. Let % <6 < f,n=min (1, ﬂ%) ,and 0 < v < 5. We assume that

UpE€ (Ho’ﬂ)N and ||u||go.s = €, where € is sufficiently small. Then there exists a
unique global solution w of (1.1) satisfying

ueC((—00,0;L2), |7 ueC((~o0,0];L2),
Moreover there exists u— € HY® such that
n i|x 2 . . ,
o (vo-wEea(i)a ()| <o

t HO,5
is true for all t < 0

Corollary 1.4. The modified inverse wave operator (VV*)_1 tug — u_ for the
system (1.1) is well-defined from the neighborhood at the origin in the space H*Pto
the neighborhood at the origin in the space H®.

As a consequence of Corollary 1.2 and 1.4, we can get the modified scattering
operator ST = (W) W,

Theorem 1.5. The modified scattering operator St = W) "W+ 1 uy — u_
for the system (1.1) is well-defined from the neighborhood at the origin in the space
H%%to the neighborhood at the origin in the space H®.
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Our results are improvements of paper [2]. In Theorem 1 of [2], it was shown
that for any uy € H%? with smallness condition on || ||y, (i = 1,2) where p1, ps
be the numbers such that 2 < p; < an’l < po < anQ and p% + p% =1- %7 the
system of (1.1) has a unique global solution u € C ([0, 00) ; L?) such that for ¢ > 0,

w(t) — (it) % " A (t, Z) iy

<ct b,
L{([t,00);LE)

where i < b < 1in n > 2. Their results required more smoothness conditions than
ours. Their method is the substitution of an approximate solution u;

w = (i) 2 5 A (t.) o (5)

to a free Hartree-Fock equation. In [2], T. Wada showed

(i@t + ;A) uy — f (ul)

R
1 .
= ﬁM(t)D(t) AA(t) uy
is the remainder term which implies the second differentiability of 4. In order
to get the result of Theorem 1.1, we use the factorization of U (—t) and take
U () FLA(t)ay as an approximate solution of u. This method was used by N.

Hayashi and P. I. Naumkin [1] to study nonlinear Schrodinger equations with a
critical power nonlinearity

10pu + %Au =A \u|% u, (t,z) e RxR",
where A € R and n = 1,2 or 3. By the identity
UBF A Gy =uy + ME)D () F(M(t) — 1) F LAy,
we can see that the difference between the two approximate solutions is
ME)D ) F(M(t)—1)FLA@D) iy
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(310D 3.6000000.

00 4.2. p(-) €BRM 00,0 R"00ROOOO0OO0O0,e>0000 ¢(x) =e "d(z/e)
000. A= [p sup,silé(y)dz <coOOOD, 000 feLPORYODO,

sglgl(f * ¢e) ()| < 2AMf ().
00000.000,A0p(+)000000000000 C(A,p)0000,

||f * d’eHLp(-) < C(Aap)HfHLN’)
goooo.

00 43. e SR O, 1/V2< [ < V20 (Fe)(§) =1000,

ngwecgo({feR" : 1e<§|<ﬁ+e}>

\)

0000000. peSRMY) O

1
0<]—'peC§°<{£eR" : \/Q+6<|£|<\f—§}>,

0000000.000e048000000. {px}2,0 {p}2, 0
(Feor) (€) = (F) 27%€),  (Fpx) (&) = (Fp) (27%¢)
D000000.e060,k#50000 Fp,-Fp;=0000000000000000.
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g

E(F;(_)’Q)IDDD pesSOooog g(ap)(gES’DDD)DDD.fEF;
goooooo. F;(,

),00000, (g, f)0

RO B, (RMHDOOOO0 (00 31)000000, 9, 7.1.3. Lemma,

7.15. Lemma| 00000000000 200000000.

00 4.4. ge (F,,), {p} 000 48000000

)q

S=}!

=Y F ' (Fpr-Fg)
k=0

0S§'®R)HOO000000.0000,§€ (Fy,) 0llle y<clglg, ,00000,0
00 c¢0g¢0000000000.

00 45. {m}0 {9} 000 43000000,9€(Fy,,)' 00,3000 440000000
00000000, {}¥,cPO®RYOOO. k=0,1,2,--- ,NOOOO a, = F ' (Fpr - Fg),
h=byxp 0000, f=YN ¢ 000.0000

N
(g,f) = c/n Zakbkdx
k=0

gboooo,000 c¢0 Fourer 000000000 ODODOOODO.

googd

1]
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[5]

[10]
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Strichartz estimates for Schrodinger equations on a class of

non-compact manifolds

oo od
(0O0O0O0oOooooooooon)

oo

ooo00o0oO0oooOoooUo0o0o0ooooUoUo0 (Oo,0000000
0)0000 Schrodinger 00 000000000000 0O0OO. OO StrichartzOOOODO
000000 LPO0ODODOODOOODOOOO. (0000)0000000000 Hassell-Tao-
Wunsch (3]0 0000000 StrichartzOOO endpoint 00000000000, ODO0OO
0000000 endpoint 0000000000, 0000000000C0O0O00000COOO
0000 StrichartzO0OO0O0O0O0O0O0O0O0O0OO.

1 O

00,00000000RYO00000 Schrédinger 0000000 :

1
iou(t,x) = —§Au(t,x), (t,z) € R x RY,

(1.1)
u]t:() =Ug € LQ(Rd).
Theorem 1.1 (Strichartz0O0). 0000 (p,q) 0000000000000 :
2 d d . .
2<p,g<oc0, —+-= X (d,p,q) # (2,2,00). (admissible pair) (1.2)
P q

0000, (1.1)00 ult) =€2840000,000000:

1/p
it L A it A p
|le*'2 UOHLP(R;LQ(R”’)) = (/R |le**2 UOHLQ(Rd)dt> = CquuOHLQ(Rd)'

000000000000 00000U00UoU (o0, [2/0000000. endpoint (p,q) =
(2,2d/(d—2))00000 [4O00000).

Strichartz OO OO OO0O0O
it A

—d/2’

le UOHLDO(Rd) < (2t]) |U0‘|L1(Rd)7 t#0,

00000000000 OO0ODOOO0DOOOb0DbO. OoO0bO, 000 Schrodinger 00O OO0
(Cauchy 0000 OO00ODOOOOOD), D00D0OOO (DDOO, quasimode) 00O OO0ODO
gobooooboog.
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00, Keel-Tao 4|0 0000000000000 OO0O0OO,00000000000DQ0QCO
0000000 (oo, [1jo0o00b000). o000 o0ooooo0,0000ooOo
00 Schrodinger 000 O00O0O0O0DOOOOOOOO. OO00O0OO0OODOO,000DOO0O0O0C00O0O
oOo0bOO0o00DbOO0OO0,0000bOo000boO0o00oDbOOoOO0DOOO StrichartzO OO
gobogboooboon.

2 Juoon

0000000 Melrose 5] 0000000000000 OOOOO0OOOOOOOOOOOO
gb,uggbooobooboobboobooabo.
MOOOOODOOOOdOO C*00000oo (d>2)00ooooooooog:

M =M,UMy, M,€M, My =(0,00) x M 3 (r,6), M, My C (0,1) x OM.

000 M, 0000000000000,9MO0000d-1000000000.9M0 MOO
000000000,000000000MO0000000000000000000000
0. (l,c0)xdMOOOOODOOO.

Definition 2.1 (0000,0000). MOOOOOOOOO00O0O0OO.
() MOODOO00000 geenie 000 (conic) 00000,008MO00000000 (hy) 00
000,00000000

Geonic 1= dr® +12h;(0)d67d6",  (r,0) € (1,00) x M.

00000000000, (D00, Enstein0 00000000, )
(2) 0000 (scattering metric) D0 0000000000000, 00, MO00000000
g0 (00D00)0D00ODO0O0O00,000000 geonie 00000,

9 = Geonic = a' (r,0)dr® + ra3(r,0)(drdt’ + d¢7dr) + r*a3,(r,0)d6’ d0*, (r,0) € (1,00) x OM.

DDDDDDDDDDD.DDD,aN(r,H)DDDDDDDDDDDDDDD,DDDDDD i >0,
j=11230000000000000000:

0L0ga™ (r,0)| < Clar 871 (r,0) € (1,00) x OM, (l,a) € Zy x ZE.

0D00000 (M,g)0 (0000)00000000. 00000000 ¢g0000000000
00,0000000000000000000.00,00000000000000 (R, g;1),
gik—06x,=0((x)" )0 M =R% oM =s810000000000000000000CO00O0OO.

3 gdg

00000 MOO Schrodinger 00 OO0 OO0OOOCODOOODO:
iowu(t,x) = Pu(t,x), (t,z) € R x M,
u‘t:() =ug € LZ(M)
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ooo P:—%Ag,AgD MO0 Laplace-Beltrami 000000, PO Cgo(M)00D0000OO
0000, (31)000 wu(t) =e 000000, 00000000000 DOOD0D0O0O00O0
googd:

Definition 3.1 (0000). p(2,§)0 POOODODODODODO. 000 (2,£%) € T*M, €% #4000
000,000 (z(t 20,£°),&(¢, 70,£°)) = exptHp(70,£°) 0 t -» oo 0000000000, 00

|2(t, 20,€°)| — 400 as t — o0

DDDDDDDMLQDDDDDDDDDDD.DDDJ#:EEﬁ<%é%—%%%)DM%Q
J J
0000000DDD0000000OO.

godooouoooood:
Theorem 3.2. 00000000 0O0O0O00O00O0 KcCc MO XECSO(M),le on KOOOO
0,000 T>00 admissible condition (1.2) 0000 (p,q) D000,
1L = xr)e™ ol o1y aar)) < Crrpallwollpzarys wo € C5°(M). (3.2)

00000. 000 (M,g)0D0O0O0O0O0OD0OD0OD0OOOOOOOOOOOO:

lle™" ol o7 rysLe(ary) < Crpalluollp2any, wo € CG°(M). (3.3)

Remark 3.3. (1) 0000 (000000000000000)00000000 StrichartzO O
00000000000000000000.

(2) (32)00000000000000000000000. 00000000, (3.2)000
00000000000000000000000000000.

(3) (00000000)0000000000000000V eC®M;R)00000000
P+VOO0O0O0O (32),(3.3)000000000000000000.

0105V (r,0) < Clor™ ' #7 (r,0) € (1,00) x OM,  (l,a) € Zy x Z47", pu> 0.

Jodd

[1] J.- M. Bouclet, Strichartz estimates on asymptotically hyperbolic manifolds. To appear in
Analysis and PDE. http://arxiv.org/abs/07113587, 2007

[2] J. Ginibre, G. Velo, Smoothing properties and related estimates for some dispersive evolu-
tion equations. Comm. Math. Phys. 144 (1992), 163-188.

[3] Hassell, A., Tao, T., Wunsch, J. (2006). Sharp Strichartz estimates on non-trapping asymp-
totically conic manifolds. Amer. J. Math. 128:963-1024.

[4] M. Keel, T. Tao, Endpoint Strichartz Estimates. Amer. J. Math. 120 (1998), 955-980.

[5] R. B. Melrose, Spectral and scattering theory for the Laplacian on asymptotically Fuclidian
spaces. Spectral and Scattering Theory (M. Ikawa, ed.), Marcel Dekker, (1994), pp. 857130.
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obogoogobogo
oogood

00 00000 0000 0000000 00 (Doo0)

o000 2z 00000 oo, bbo rooo,obobooon
s,k(s)000. 000 '000oooooooooo0Og MO

1
M::—/xdy—ydx
2 Jr

0000.000 (x,y) D000 'O000000. 0000000 OOO:
M<rmwM+#7x000000 M,000000 w0000,
1 2T
ooooodgo 5/ n(s)%lsDDDDDDDDD rogono.
0

gbobobuoooobbbuoooobobbooooboboooon

(

L 4
ﬁss+§m +upuk—v =0, se€l0,2n]

k(0) = k(27), ks(0) = Rs(27),
1 2m

(E)q 27 Jo )
4 + 7r/ K(s)ds
0

21
47rwu+/ K(s)ds
\ 0

g w,ry0dgoooggg.
000000 s=00 #(0) = maxpeseor £(s) 00000000, D000 w(s)O
00 2r/n00000000000 n-moded 000, n-mode O [0,27/n] O
s=n/n000000000.
000000 [1)0,000 w=100000000000.001([2,00-00-
000 @B0000000000000000000 Euler0 000000000
gooo.

gogooboboboooooo,oob, bl w=0,000 n=1000,0
OMUOOOODO-~0OOD0OO0ODO,000 T'obO0O0Og8UObOObOODO,0b0OO0OO0
goddoooooosobboboooooo.bbooooobobooo,gouoaa
o0l1lgoboobooboo. obboooMOq~sOoQQOOD,0D0DOO
goodobuboobbbooooououobo, bbb ooouob 1ouoa
000000 (0 100). 00 MO —s000000, 000000000000
O00. 000000 w,000 n0000COO0O0OODOOCOOO (0200
300400 ).

K(s)ds = w

=M
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-08-04" 04 08

M=0

18040 04 08

M=-7

02 000w=1, 2-mode
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W=-7 /5 W=-1.247 M- /2

2 2
15 15 15
05 5
7
- 08 0 o5 1 - 85 0 05 1 T 05
M= /2 ¥=1. 468 ¥=1.028
2 2 2

—
-1 05 05
M=-n/4

—_
-1 05 O 05
M—=-n

O 4. 000 w=2, 3-mode
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000000000000000000, 2,34 00000000000000
g,buogggoob.ogooboo.

Theorem 1. 000 w=0000. (£) O l-mode 00O k(0) = maxo<s<or K(S)
000000000000000. 000 w(s;M) (-r<M<a)0000. O
gog,0dggdgd.

1 €0 U 2 oogd
lim k(s; M) = selmum 2] ( )
M1 —00 s =T.
. 00 s =0,
lim k(s; M) =
M|—m -1 se(0,2r) (ODOOO).

gooo

%}IITI}T/Q(W; M)(M —m) =80

A%Iflﬂ k(0; M)(M + ) =80

A
!

M=-2.4 M=-1.21 M=0 M=1.21 M=2.4

05 0000000 k(s)

HRERERE
[1] K. Watanabe, Plane domains which are spectrally determined, Ann. Global Anal.
Geom. 18 (2000), 447-475.

2] MMurai, Kac 0000000000 C0O0O0O0O0OOOO, Ryukoku University,
(2007), doctor thesis.

[3] W. Matsumoto, M. Murai and S. Yotsutani, One can hear the shapes ofsome
non-convex drums, More Progresses in Analysis, Proc. 5th International ISAAC
Congress, (2009), World Scientific Publishing, 863-872.

[4] T.Wakasa and S.Yotsutani, Representation and asymptotic formulas for some 1-
dimensional linearized eigenvalue problems, RIMS Koukyuroku 1591,(2008),67-87.
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Weighted norm inequalities

for multilinear Fourier multipliers

00 00 (000000000000 ooooog)

0000000000000 00000 (D000)0D00D00D0OU00OU0OODOOoOOO
0000 X0OoOooooyoooooTooooooooooooooTO0 X—-=YOoooo
00000000 e>000000000000000000 (||'|xD00 X0DOOODOOOD):

|Tx|y < c|lz|x (Yo € D(T) dense in X).

0000 XO0YOLP(R)(1<p<oo)0DODDDDDOOO 700000000000 m(D)
00000O0me L®(R®) 0000,

~

m x) = ! e Em
(D)f@) = o | oo e

= Fealm(€) F(©)](2)

(m(D)DOOOOODOOO ml]l]DDDDDI]DDDDDDDDDDDDDDD)DDDDD?D
fO000000000DO0OfO0OODOOOO SR (DODODODODODOODOUOOOOOOODOOO
0000000000000 00000000oOoooOL/(RMOODDOO0O0ODO0OUDOODD) OO0
O000.00000000000000000 (n=1000):

Hf(x) = lim 1/| ) dy

=0T Jig—y|>e T =Y

0000000 HOO
m(§) = —umsgn(§)

0000000000000000000000 m(D)0000000

00MO0 me LR O0D0000000000,000 m(D)O0 LP(RY) — LP(R™) O
00 (00000 LA(R®)00000)00000000000000000000000000
000000 Hérmander 0000000000000,

00 1([4]). n/2<s,1<p<oo000000000000mel*RYO00000000:

suppyh C {1/2 < [¢] <2}, D 9p(¢/2") =1 (¢ £0)

kEZ
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0000y eSRY)OOOOO

sup [[m (25 )y ()| s ey < o0 (1)
keZ

000000000 ¢>0000000000000.
Im(D)fllee < cllflle (f € SR™)).

OOD00OHS(R") 0000000000000 0DO0DO0ODO0O0O0O0O0O0 seROOODOOOO
gboooobooboobogoobn:

H'(R") = { £ € SR : L+ ]2 ()2 < o0}

00008 (R O0000000D0D000000 (S(R")O00000000)000000000O
00000 10000000000LP(RY) 00 (1<p<oo)000000000MOOOOO
00000000000000000000

000000000000000000000000 (1000000 10000000000
0000000. 000000000000000000000000000000000000
00000Muckenhoupt 00000000 4,000 (1<p<oo)000.000000000

OwdobOogo:
1 1 Ly >P1
sgp <]Q| /Qw(:v)d:):> (\Q! /Qw(x) dx < 0.

(0000000000000 000O000O0O0O0O0OD). P00 POOOODOODOOOOOO
1/p+1/p=100000000. 000000O000O0OOOOOOOO

0o00D00000D0O00D0O00O0O0oOoOooo L?

goooobood:
(w)

1/p
Ly ={£:0000 |lflly, <o} 0000lflly, = ( [ 1f@Pota)

O000000mMO0Ome LR OO0 w0000000D000DO0000OO m(D)DO wa)
000000000000O000O0o000D 1Joooooooooooo.

00 2 ([1]). n/2<1<n0000p000w0O0O00D00D00DOO00DOO:
(a)n/l < p <oo,w € Ay, (D)1 <p< (n/l)/,wl_p/ € Api/n.
oooooggg mELOO(R”)DDDDDDDDD:

Rlel
sup

1/2
R « 2
A { S gD df} <00 (ol <)) @

00ddddooo e>0000000000000.
Im(D)fller, <ellfllr,  (f € SEM).
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00000 (1)00 (2)0 s=!00000000000000020,000000000 m
0000000000000 mD)000000000000000000000000000
000(0000A4,000000000)

0000000000 000000000000000. (00000000000000)0
0000 10000000000000000 [2]00000.000000000000000
000 T, 00,1 <p1,p2,p<o0,1/pi+1/pp=1/p 0000 p1,pp,p 0000000000
LP1(R") x LP2(R") — LP(R") 00DO00O000,0000000: m(,n) € L°(R?") 00
oo,

o~

_ 1 i () 5

T (1.9)(e) = Gogar [, @S mi ) F(€)ato) dedn
= f(_g,ln)_)(m,z) [m(&,m) f(£)g(n)] (f,9 € SR™)).

0000000 T, 0 LA (R?) x LP*(R") — [»(R*) 0000000000000 00.

1T (fs 9 lLr < el flleeliglze (f;9 € S(R)).

OO0 [2l000000ooooog.

00 3 ([2]). n < s,1 < p,p1,p2 < 00,1/p1+1/pp = 1/p 000000000000 m €
L*R*™) 000000000

supp ¥ C {1/2 < V2 + 2 <2}, Y w(g/2k,n/2%) =1 (Y(&m) # (0,0)
keZ

0000 ¥(,n) eSER™)ODOODODO

sup [m (2%, 25 )W (- )| e o) < 0.
keZ

000000000 ¢>0000000000000.
1T (fs 9)lLe < el flleeligllze (f,9 € SR™)).

000030 A, 0000000000000,00 200000000000000000
ano.

00 4. n<s<2n,1<p,ps,p<oo,l/pi+1/p,=1/p000. p000 wOOODOOODOO
0ooooooo:

(CL)QTL/S < min{phpZ}’w € Amin{pls/2n,p25/2n,p}v (b) min{Pl’P2} < (271/8)/,101_29/ € Ap/s/n‘
00000000 me LR 0000000000

sup [|m(28, 28 )U(-, )| e (any < o0.
keZ

oooooobbodex>000000000DDOODO.

IT(£,9)llzz,, <l llglloze (o9 € SRY)).
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0000000000040 (¢)0000000000O0O0O0ODO0OO0OOODOODOOOOO
O0p<10000000000Grafakes00 Si0 300000 DOODO.

00 5. 1<p1,p2<o00,1/p=1/p1+1/p2,n/2 <sj <n,p; >n/sj,w; € Ap s (i =1,2)0
D000w'/? =w!/™wl/” 000000000000 me L°R™) 0000000000

sup Hm(2k 5 2k )\Ij( 5" )”H(Sl,sz)(RZn) < Q.
keZ

0o00ddoodo e>00000D0O0O0D0DOODOO
T, 9)llzp,, < ellfllozs llgllizs  (f.9 € SR™).
doooooobooooobooooboooooboooon

HEs2)(R?™) = [F € S'(R™) | | F|gror.e0 < 00} (s1,s2) € R?

1/2
00001 lene == { [ (416 @+ 1) Pl mPasan)

goon

[1] D. Kurtz and R. Wheeden, Results on weighted norm inequalities for multipliers, Trans.
Amer. Math. Soc. 255(1979), 343-362

[2] N. Tomita, A Hérmander type multiplier theorem for multilinear operators, J Funct. Anal.
259(2010),2028-2044

[3] L. Grafakos and Z. Si,The Hoérmander multiplier theorem for multilinear operators,
preprint.

[4] J. Duoandikoetxea,Fourier Analysis,Graduate Studies in Mathematics 29,Amer. Math.
Soc., Providence, RI, 2001.
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I\SL)btvray
g izy N A=







ERIE 25 OEENEKRENE

BT LM R R 2B SR i 58 b )

B =

MEREREDOMRAREGRE I 2 7 2 HOWTERT 254, HREBOEDMKFERIZD
LIECRIAI NG, EHIY 2 1E, Z OMEEEIIEN RI5E & [F U RO THROEKF
MaERFETEIRNEARINDEIENDHD. UL, SHEIEMEMEE Y £ WhaEEio 5
NEETHDLEZON, EHIY 2T OHRLEEENIMN RGELIXRED Z L1
DT, TOZLIZOWTHET S.

1 FUL®HIC

MR, B Y H B K EORBR IR 2t & UM K FE R A BOE A i 7E e & D IL[H
eI o TR R BIR (K S58E ERBIR A2, AOBB K Ul KRFRZEBE
HZPoERE) L HRFATHRAZEDTHS.

RSB Z D) A7I3%IEIChZY, TRTOERNTHUEZ 212522 DIZR#ETH
5. TDD, VAT ONIDHELUT, TNTNEMEREHZ AV TETIL L CTHEEH
L-tg, TNOH2BETEH2L 0D BEE2EOOR—BKTH L. fHHEDZOIC) A7 % 2 FEH
a7z dde, VAIRAORBEIIMHRZR X, Y OFHBRBEHOGEIZ X +Y OO4h
ZRODMEEE UTERMETE D, Z0OLE, X+Y OO ERDDIZIE X, Y DOA7ZITT
AT T, TNODKGFERERDBEDNR D D.

WERAEH X, Y OMOMKFBERZ RTIEEL LTI, %R

Cov(X,Y)
o(X)a(Y)

(Cov(X, V) IE X, Y DHESE, o(X), oY) IZZNTN X, Y OFEHENRZ) BREMTHS.
U U, HEREIIHMERZBROKRFREREZZRICR U AZEDTIER L, HIRIE) A2 3D
BUZHWS NS Z D%\ VaR (Value at Risk, /S—t Y M) 2 X + Y 12DV TRD BB
IFHBEBREBTCIEA T TH S.

ZD&DRMESE WRT 2IKEFEBROEEE LTI HD. X, Y TNTNDNA
CTDREBBRERTIC IV NE, X +Y ONHIRERIRETSDT (JFRELKIZ
1¥) VaR $3KkDZ 2 &N TE 5.

I 2Tk 2 BFEEOEDONH Y, ZERFHRAMEIZHKTIERIE 2 S IEHEEHD
PTVEDDLDOTHD. UL, EHIY 25 3EOEREN 2 £ T H D MEREIISL RI5E
LEIUBRDT, BOKENEZRFTIRNVEARIND I WD D, KREHTIRINLET %2 %
BUT, EHIE 2T DHEDKFEIZDONTHEHMR 21T,

p(X,Y) =
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2 MERETHEDHEY

MERZ X ITHUT, Fy(z)=P(X Sx) TEFDIEBME,:R—[0,1] 2 X ODHEH L
FES. Py AEfRD & &, X I3ERETHD LD,

frRE 2.1 X AR R O, HEREBMY = Fy(X)1X[0,1] EO—RRDAHITRD.

(BEEA) 0<y<1&9%. sp=sup{z eR| Fy(z) Syl eREBLE, 2Sa,& Fy(z) Sy
FFEETH Y, Fy OEfiMEL YD Fy(z,) =y BRI SHDT,

Fy(y)=P(Y Sy) = P(Fyx(X) Sy) = P(X S xy) = Fy(x,) =y
LR85, XoTYIX[0,1] EO—FRDAHEITHES. i

2RTCHERZIL (X, Y ) IZHUT, Fxy(z,y) =P(X Sa, Y Sy) CEZLHEKFy,: R? —
0,1] 2 (X,Y) ORI /HEARE T, Fy, Fy, 2B 6EB TSN Fy, Fy Be I3
DeE, (X,)Y)ZERBETHD WD,

HEREH X, Y WL THD L iE, EED 2,y e RIZHLT

FX,Y(x7 y) = Fx(z)Fy(y)

TRDL

MIEALT DI L&D,

3 x>

EF&E 3.1 ROFXM%7-2FC: 0,12 —[0,1] 22 E1S IR : HD 2 RKITHEREH (U,V)
ML T, D mEIFEEI2(0,1] EO—KRAMTHY, FERFMEBIZCIZ—HTD LD
BEDEWDS., T8O, FEDu,ve [0, 1] U TRIPIKLT S :

Fyu)=u, F,(v)=v, Fyy(uv)=Clu,v).

Bl 3.2 U,V % [0,1] EO—FROMITHED WAL RMERLHE T DL
Fyy(u,v) = Fy(u) Fy (v) = uv

LR5DT, Hu,v) =w kI¥a7THd. 2OIaT72EIELT LIER.

MERZBOEGERERERTBRIZIC 2 IVENTH D L 2R TOIWRDEHTH S -

EIE 3.3 (Sklar DFEIE)

—192—



(1) (X,Y) 2t 2 JouREH L §5. ZDLE, 2T Oy, B—BIIZFELT,
EED 2,y € RIZHUTRIKANLT D -
FX,Y(xvy) = CX,Y(FX(x)a Fy(y))-

(2) F,, F, #8520 mBME L, C 2382595, Z0k X, il 2 RorhEREK
(X, Y)DWFELT, Fy=F, F, =F, Cy, =CM»HKILT5.
Sklar DFEELD (1)1 IS L AUAFHIZE > TRDHEIME LTI 2RLTHY,
(2)1F AT LN EBEIGERZ ENTED ZLERL TS,

EE 34 1< p< 1ET D FH(0,0), HEESET ; 7) 0o mRERSEI
2 JGEMERER (X, Y) IS LT, Oy 2 p OEMIAC 215 E 23 A9 RBIAL 1S LT
v, :l’C“ﬂiC’pc‘:%<.

4 WIREEEIELS

4.1 E15OREEEFNE
(X,Y) &3l 2 JOuhERZRE § 5.
EE 4.1 (X,Y)Dte (0,1) TORKEE Ay, (1) B L OBKERE D, EXTEHT D ¢

P(Fy(X)>t, Fy(Y) >1t)
P(Fy(X) >t) ’

Ay () =P(Fp(Y) >t| Fy(X)>1t) =
Axy = 1% )‘X,Y(t)'
B 4.2 FED L (0,1) I LT, RIPEILT D ¢
1—2t+Cyy(t 1)
>‘X,Y(t) = 1 _f’y .
(BERA] Fy(X), Fyp (Y) 12 [0,1] EDO—BRAAIZHEDS DT,

P(Fy(X)>t, Fy(Y)>1t)

Moy () = P(Fy(X) > 1)
1—P(Fy(X) =t) = P(Fy(Y) St) + P(Fx(X) =t, Fy(Y) £t)
- 1= P(Fy(X) < 1)
1 — 2t + Cyy(t,1)
B 1—t
LY, MEMRED. |

EDMEED Ay (), Axy X Cxy DARIZESTEEDIDT, Oy =CDEI Ny (1), Ay
ETNENAN(), N L.

Bl 4.3 I3 T M(u,v) =w IZHLT, \f(¢)=1—t, A\g=0Tdh 5.

—193—



4.2 FHRIAE21SOEKEHE

Bl4.3 TR7Z& ST, PHEEZRTEIY 27 OWKERBUEI A\, =0ThD. —F, EH
AE2TIZDNTE ), =0LRDILBRENTEY, ZOIENLEHRIL 2 TIEHETO
HEERIZBVERBING LD B. UL, TITECE T (1), A () O BRI
SELUTAHADERDEDESIZRY, INHA0ITED HI TR DH D Z L HEIEX
Nnd :

MaEaZ I | EHaE2ZC (p=05)
t=0.28 0.2000 0.4358
t=209 0.1000 0.3240
t=0.95 0.0500 0.2438
t=0.99 0.0100 0.1294
t =0.995 0.0050 0.0993
t = 0.999 0.0010 0.0543

COFMEHOEEIIE, A\ (1) Dt /1 TOMENZIRSHNE G R ROEHTHD

R 4.4 ERIETC, (-1 <p< 1) ITHLT, RARLT 2 -

_ (1+p)? l—p , 14200 -5
A, (t) = 2ﬂ1—mem(_%1+ms)(s TR 0
2 (1ﬁﬂi1_gﬁﬂ_mg1—wyﬁ?(t/1)

~ (4m)" T
1—p

72U siE O(s) = (2m) V2 [ exp(—2?/2)dx = t TED SN (O IZEHEER /346 0D 43 7 B
B), t / 1DLEs S ocoThb.

ZOEHED Ao, () IEBET (1) DA =L =T OINERT S Z L2300 Y, p=0
DEZIEREIN,(t) =1 -t LIFPEROA =L —DERLD. BEB, ZITIEHRDOZD s3 D
HECTOMRMAEGB U722, &Y EROEDOREERDE ZLEWETHD.

—194—



obogoogobooobooo
Joboobouobogobogoogon

00000 (D00DoooOoOoOooooooo)*

1. 00

000000000000000000C00O0O000 MOSFET O FinFETODOOOO
uoboooobooooboboobbooboboobboobobooboboooooon
goboooboobobooobooobobooobbooboboonobooooboon
0o00o0o0o0o0ojooboooooo0o0oUoUoUooooOooooo
uoboooobooooboboobboooboboobboobobooboboooobooon
goboooboooobooobboooobobboobobooobbooobobooon
cobooooooobooooooon

uboboooobooobobooboboooboobbogooobooooobooooooon
00000000000000D00 Ancona[2]0de Falco[3]0 Odanaka[4|0 000000
toboobooobooooboooboobOoobOoobOo0obOOoOobOOoOobOoOobOoOon
goboooobooooboboobboooboboobbooboboooboooooon
gobooobooobboobbooboboooboobbuoobobooobooon
gboboobodgboooboboao

2.00000
gbobodoboobbuooboobbooboobbooboobbooboonoong

V-(\V¢)=n—p—D, (1a)

V- (unnV (¢ —logn + ) =0, (1b)
—V - (ppV (¢ + logp — 7)) = 0, (1c)
T := 2by, V%ﬁ, (1d)

o VAP .

Yp 1= 2b, Y . (le)

000 eOnOdp0d 00000000 OO0ODOO0ODOOODOOOOOODOOOOOODOODO
0d000d0o0o0odDoo0oooo00oo0oooooooooooooooooooon
ooo0ooooixbOO0OO0O0O0O0O0OO00O0w,O0p, 000000000000 O0COCOOOO
b,0b,0000000000000000C00O0O0O0O0OO0O0O0O0O0OO0O0O0O0O0O0O0O0

(la)DODODODOOOODO Poisson 00 O00O0OOO(1b)O(le)DOO0O0D0OOOOOODODO
000000000000000000000 v04,0000000000(1d)0 (Le)
o0oooboo0oody0y00000000000000O0O000O000C000000
00O 0O Drift Diffusion0 000000

*e-mail: noda.y.ab@m.titech.ac.jp

—195—



. Uooooooooo

3.1. Ancona0 0 OO0
d0do0doododoooo0ooodoooooooooDOooDoooooooooOoon
0000000000000 oooodoooooooooooooooooaon
0000000000000 0000000000000000000Anconal2l000
doo0b0oooooooooooooooo

V- (N2V¢) = et _ D, (2a)
V- (unnVey) =0, (2b)
—an2Sn+—%;(QMgvn——¢4—¢n):(L (2c)

000 ¢p =d—logn+7,, 5, =/n00000000 (¢,¢,,5,)0000000000
ooo

Anconal (22)0 0000000000000 (2b)0(20)00000000 (6000
00000000000000000OAnconad00000000000000000
000000000000000000000000000000000000000
0000000000000000000000000000000000 NewtonO0O
000000000000000000000000000000000000000
0000000000000000 Newton0OOOOOOOOO0O000O0O0O0000O
00000000000000000

3.2. de FalcoO OO QOO

000000000000 deFaleo3|0 00000000000 ODOOOOOOODOO
00 Gummeld 5|0 00000000000O0O0OO00OOOOOOOO0OOOOOOO
JddddGummel 000000000 OOOOOOODODOOOOOOOOOOOO
0000000000000 000000000000000 Anconad 0000000
ooood
000 (2a)0(2c)D00000D00O0O0OOO0OOOOOOOOOOOOOOODODODOO
ONewtonO0OOOODOODODODODOODODOOOODO (2)000000000O0O0OOOO
0000000000000 modified NewtonO OO O OO
—anQ;S'ﬁH—i—ﬁ(mogs]g—¢—i—qﬁn)—i-SﬁJrl :iﬁ,
2 tr tr
D00t U000000000000000000000000

2
< i @log SE — o+ dn)] )

(3)

00000k00000SM 00000000 (3) 0000000000 (400000
0000000n, =2logS, —¢+¢,0000000000000¢ <1000000
0 O modified Newton 0 0000 NewtonO O, =10000000000000000
0000000000000000Newton000OOO0OO0O00000000000000
000000000000

de FalcoDDOOO0O0OO00O0O0Gummel 000000000000000000000
0000000000000000000000000000000000000000

—196—



00000 )U0000000000000000000O000000O0OOAncona
gobooboobboobooboooboobogon
3.3. Odanaka0 O OO0

000000000000 oo0ooO (¢,¢n,S,)00000000danakal4)0000
DDunzélognDDDDDDDDDDDDDDDDDDD

V- (A\2V¢) = e~ _ D, (5a)
V- (panVen) = 0, (5b)

00000 (¢,én,u,) 000 (5a)-(5¢) 0000 Gummel 0 0000000000000
00000000

Odanaka0 00 0000000000000000000 (5¢)0 %, 00000000
0000de FalcoD D0 000000 modified Newton 0 0000000000000
000000000000000n=exp(2u,)000000000000000000
000000 (5¢)00000000000000000000Anconal 0000000
000000000000000000000000000000000000000
000000000000000000000000000000000000000
00 (5¢)000000000000000000Anconad 0000000000000
000000000000000000 |40

4. 0000

00000000000000000000 MOSFETOOOOOODOO0OO0OOOO0OOOO
20mmO00000000008 0000000000 2nmmO0000p0000
00000000 1.0x10® em™@000n0000000000 1.0x10*° ecm™300
00000000000000000000D0O0 Drift Diffusion0000000000
00000000000000000000000.5V00000000000.1VO0
00000000000000000000000000000000000000a0
0000000000000000000000000Drift Difusion0000000
000000000000000000000000000000000000000
00000000000000000000000000000000000000aQ
0000000000000 0000nm 000000000000000D0000
000000000000000000000000000000000000000
0000000000000000000000000000000000000oa
gooooooooO

00000000000000000000000000000000000000
oo0O0O0O0oOoIccGUOOoOOoOOoooOoDO0oOD0ooooooonoooonn
gooog

References

[1] M. G. Ancona, H. F. Tiersten, “Macroscopic physics of the silicon inversion layer”, Phys.
Rev. B, vol. 35, no. 15, pp. 7959-7965, 1987.

[2] M. G. Ancona, “Finite-difference schemes for the density gradient equations”, J. Comput.
Electron. 1, 435-443, 2002.

—197—



26 26

log,, n log, n

25

Figure 1: D O0O0OO0OODOO Figure 2: Drift Diffusiond 0O O

[3] C. de Falco, E. Gatti, A. L. Lacaita, R. Sacco, “Quantum-corrected drift-diffusion models
for transport in semiconductor devices”, J. Comp. Phys. 204, pp. 533-561, 2005.

[4] S. Odanaka, “Multidimensional discretization of the stationary quantum drift-diffusion
model for ultrasmall MOSFET structures”, IEEE Trans. Comput. Aided Des. Integr.
Circuits Syst., vol. 23, no. 6, pp. 837-842, 2004.

[5] H. K. Gummel, “A self-consistent iterative scheme for one-dimensional steady state tran-
sistor calculations”, IEEE Trans. Elec. Dev, vol. pp. 455-465, 1964.

[6] D. L. Scharfetter, H. K. Gummel, “Large-signal analysis of a silicon read diode oscillator”,
IEEE Trans. Elec. Dev, vol. ED-16, no. 1, pp. 64-77, 1969.

—198—
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1 Introduction

OQcROOOODOODO oN000000000,y(x)0D0D0000,w0000000O0O0OO
ob.« 0000

(1.1) V-(AVu) =0 in Q, ulpa=7Ff

0000. 00000000, Dirichlet-to-Neumann (D-to-N) O O

ou
. A [
(1 2) ’Yf 8V 00
good20o0d
(1.3) Q\(f) = /a A @) TS = /Q (@) V() P

00~000000,0000000000 Caldéron0000000000000. A,0 Q.0
00000000. 00000000000000 ([2,[7), 9 etal), 00000000000
000000,400000000000000000000000. 00,000000000
Resistor Network 0 000000000000 ([3],[4etal.). 000,00000 EITOOOO
000000000000000, Resistor Network 0000 EITO0000000000 ([1]
etal), 00000000000000000000D00000O0O0ODOOO0O0.

000000, [3),[4 0000000000000 (8])0,20000000000000000
00000000000000.000000,00 Schrédinger J00000000,00000
0000000,000000000 Schrédinger 00000000, 000,0000 [5], [6]
00,00 Schrédinger 0000 00000000000000000000000000000O
0000000000000000000,00000000000000000000

2 O00OOoOoooo

0000000000.2Z20200000000,D=(V(D),E(D)0Z*000000000

00.V(D)OOOOO,E(D)000000000000000000. V(D) =V(D)uV(dD)
00000, V(D)Ooooo, V(D) DO00000000000000. ne V(D)OOO
deg(n) =4000.u:V(D)—-COOO0OO, 00 Laplacian O

(2.1) (Apa)(n) = ) (a(m) - a(n))

mn~n

*1 E-mail : hmorioka@math.tsukuba.ac.jp
Web : http://researchmap. jp/morioka/
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(2.2) (@) (n) = = > (a(m) —i(n)), n€V(AD)

mn~n

ooo.00,vVoO.-ooooooo.

(2.3) (Vpi-Vpd)(n) = Y _ (a(m) - a(n))(d(m) — d(n)).

mn~n

000 8000000000000 00O00DO, 00 Schrédinger 000000000, OODO
000000000 Lyu=V-(wWu) =7Au+Vy-VeOOOOOOODOOOO. 4:V(D) —
[H0,+00), %0 >00000,

(2.4) (L5@)(n) = 4(n)(Ap@)(n) + (Vi - Vpid)(n) = Y 4(m)(i(m) — i(n)).

mn~n

3 Dirichlet-to-Neumann O 0O

googd
0000, Dirichlet-to-Neumann (D-to-N) 0O O,

(3.2) (A f)(n) = = Y A(m)(a(m) —a(n)), ne V(D)

mn~n

000D.00,0000@w=4a000, (3.1)0 ¢=(Apy)/4000

(3.3) (-Ap+@w=0 in V(D), wlvep) =7
O0O0000. Schrodinger 00000000 D-to-NODO AqD A:y|:||:||:||:|7
(3.4) Agg = M3 vepyd) + (A 0 v op)d

goo.

4 000000

000000000,A4004000000. [3],[8)00,deg(n)=100000000000
000D00000,00000 deg(n)=20000000000.00000000000000
00.000,000040049,4000000.00,000 (3.4)0000 Schrédinger 00 O
000000000,000000 ¢000000.000,4%0000 Dirichlet 00

(-Ap+¢y=0 in V(D), Flvop) =p

000,40000.000000D000,000000000000DOO00ODO0. 00000000
goboopooboooo.
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Definition 4.1 e; = (1,0),e2 =(0,1)000. O neV(@D)OODOO,000 [m,n], (m~n)
oo0ogd. mnl=e 000 neV(E), [mn]=—-e000neVW), [mmn]=e000
neVN), Imn=-e000neV(S)DDDDODO.

goboo,gobogbboobbooboon.

Lemma 4.2 Dirichlet 0 O O 4|y@py\ve) OO0 Neumann OO0 0 -3 4(m)(a(m) —
a(n))lyoyy 0000. 0000, L4a=000000 40 V(D)0OODDO0O00000000
ono.

Corollary 4.3 flyapnve =000 VW) O Ayf =0000,V(E)0D0OO0 f=0000.
Do00,0000ASY:V(6)»V(W)0OOOOO. 000,V(W)0000 Ayf=p000
f\V(s)D f|V(s):(Ag’w)fl(ﬁ*Af,c’w(ﬂ\/(sa)))DDDDDD- 000, V() =V(OD)\V(E)
ooo.

L,05000000.

T 9 9 viw)ooooooooo.
—
L—>
—
0]
_>
g
>
(&)
>
O (e} o

0000000000000 0 deg(n)=1000000000000000000000O0O0ODO
O.deg(n)=200000,000000 20000 NeumannOOOOODOODODOOOOD
O000.0000000000,000000000000000. Schrodinger0O0O0O0O00O0O
g, gbobogobooobbuoobboobog.

Lemma 4.4 Dirichlet 0 0 0 @[y @pyv(e) 00 Neumann 000 9|y 0000, OO0
0,(-Ap+¢év=000000«0 V(D)DOOODOO0DO0O0D0O0D0O0000O.

Corollary 4.5 glvappve =000 VW) O Agg=0000,V(E)00000 g=0000.
00oo0,0000 A5 V(E) » V(W) ODDO0O0. 000, V(W) 0000 Agg=500
0 glviey O glvie = (AEY) 1 (p - A(;EL’W(mV(EC))) oooooo.

000000DO0o0,0000 pOODOOOOO0OOO0ODOOODODOOODOOODOO.

Theorem 4.6 000 neV(@D)OO0OO,1<deg(n)<2000000.0000,A;000
OneV(@D)ODOODO Y,  4(m)0000000.

Theorem 47 OO0 neV(D)OODOO,A;000 g(r)0000O00D0.
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ooooogo ,ﬁﬂv(aln 0000000000 D00000. 000, deg(n)=20000000
gooboooobobooobob. boobboooobobooobbboooobboooo. o
0,000000000000000000000000000. 00, -Ap+4¢q0000000
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j; A—
! dz?
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1eZ
1 0
M, =
B 1

0, =12300000
000. 00,1y ={m}+27Z, Ty = {k}+27Z, T3 =27Z 00000000 H, 00O
r=n,ulul,00000000000000000000:

(Hiy)(z) = —y"(z), = €R\T,
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000 §000000000 100 Schrédinger 000000000000000000
00000000, [10) 0000000000000, 00000000000. 0000
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00000000000000000000 0000 H,000000000000000
D00000. 000000000 j0000 dja <A1 <A 000000 {N}2, O
oooo,
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00000.0000 000, B;:=[Ajs Ay 0 o(H)0 00000000000
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000000000000 00000000. 00000 j00000 00000000
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010 Ayj_a(=Ay;_) 0000.0000,A=X;,00000K 00000000000
00000
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y([B—l—O,)\) _ . y(x—O,A) . . o
(V@+0M)>_ﬂg<y@—0A)>’ el J=123 (2)

0000000000.0000000000010000000000000000000
0000000000000000000000000000 coexistence problem 0000 O
Mathieu 000, Lamé 000, Ince 000 0000000000000000000[9000.
000 {\}2,000000000000000000000000. yi(x,A), gz, A) O
00000000

(y1(+0,A),41(+0, 1)) = (1,0)
0oo

(y2(40, A), y5(+0,A)) = (0,1)
0000000 (1), (2)00000. 000,00 D) = 427 +0,A) + 3527 +0,A) O
o(H) 0000000, DX()-4000000000000. 000 {)\}2, 000000
0000000000000000000.00

. mu(/\) m12(/\) . Y1 (277' + 0, /\) y2<27T + O, )\)
MW(mMMme)(%@WMJ)M%+QM>

000000000000, Floquet-Bloch 00000 DO,
o(t) ={AeR| |[D\)| <2}
00000.00,0000000000000000000000
B:=|JBinBin

JEN

B={\eR| MN=FE 000 MO\ =_E} (3)

ooo0o0. 00O (1), (2 D0000000OODOOODOODOOOOOOOODODOOOOO
0d:

mir(A) = cos? KV Acos TV + 51\—/3& sin VA cos kV/ A cos TV
—sin2 kv \cos TV + B cos? kv A sin 7V
VA
ﬁlﬁ? . . 52 .9 .
+ — 2] sink )\COSH\/XSIHT\/X— —sin“ Kk )\SlIlT\/X.
A VA
2
mar(\) = ——=sinkVAcos kVAcos TV + frt b sin? KV A cos TV
A )
1 2 . B+ B2 . .
+ﬁ cos? kv Asin TV + L sin X cos KV A sin VA

+% (61)\62 — 1) sin? kV/ A sin T\/X.
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mis(A) = (61 + Ba + Bs) cos* sV Acos TVA

+ (—2\/X+ %) sin KV cos KV cos TV

— (5 sin’ KV cos TV + (WL\/}&@% — \/X) cos® kv Asin 7V

+ (—ﬁ1 — By — 2033+ ﬁlﬁzﬁg) sin kKV/\ cos KV A sin 7V

A

+ (\/— - ﬁj/%) sin? kv Asin 7V/\,

2
maa(\) = cos’k )\COST\/XnLM\/;%Sinn X cos VA cos TV
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X "
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0000000000ooooooooooo0o0O000 M(A)=4E000000000O0DOO
0000000000000 O0000O0000b0o0o0n
0o0oooOo0oooo,bo000oooooooooooag.

DD 1. (/]2/)52:271'—/{}1,/61+B2—/63#07ﬁ17éﬁ2DDDDD. DDDD,DD (a), (b)
goooo.

(a) {il+B+3#£0000 x/r¢QO00000O0,A=000000.
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goboogobbuooobbobo. gbbuoodbbbooobboogbboodgbn

gobbilgz20bboooobbboodgbbbooobobbbooobbboooobn
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U0O00000O0OR. Kronig ODOOO W. Penney DO UODOO0OO0OOOODOOODO. ODOO
gogbbbuoogobbodo

+

1. d2 : 2
Ll._—@mZa(x—m)) in L*(R), BeR\{0}
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O0,00000000000000DO000O0000000O00O00. 0O0D0O00DoOOonoé0
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abstract

Manifold structures of the Lorenz system with sets of non-classical parameter
values are investigated in terms of unstable periodic orbits embedded in the
attractor. An angle between a stable manifold and an unstable manifold of
an unstable periodic orbit, which is measured by using covariant Lyapunov
vectors, characterizes a parameter at which a periodic window related to the
unstable periodic orbit emerges. In particular, when an unstable periodic orbit
at some parameter has low angle (high angle) between a stable manifold and an
unstable manifold, the periodic window corresponding to the unstable periodic
orbit exists near (away from) the parameter. Due to this fact, the window
sequence in a parameter space is almost determined from the information at a
parameter, even if a window is quite small.

1 Introduction

Chaotic dynamical systems are interesting research fields which are studied not only
mathematics, physics and engineering but also biology and economics [1]. There are stable
periodic regions inside chaotic regions in a parameter space in chaotic dynamical systems,
regarded as periodic windows. A construction of a periodic window is often related to
the saddle-node bifurcation. A stable periodic orbit in a periodic window collides with
an unstable periodic orbit (UPO) at an edge of the window and the two periodic orbits
disappear. At the same time, the periodic window vanishes away. It is known that great
many periodic windows usually exist in a parameter space. Therefore, periodic windows
are very common in nonlinear systems.

In this paper, we clarify the relation between a sequence of periodic windows in a
parameter space and manifold structures of UPOs. Furthermore, we propose a method
to identify a sequence of periodic windows in a parameter space by using the manifold
structures of UPOs at some parameter value.

We use covariant Lyapunov vectors (CLVs) to investigate manifold structures, espe-
cially the angle between a stable manifold and an unstable manifold of each UPO. The
CLVs span the Oseledec subspaces corresponding to each Lyapunov exponent [4].
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2 Periodic windows as the origin of non-hyperbolicity

In this section, we discuss manifold structures in the Lorenz system:
T=—-ox+oy,y=—xz+rr—y,z=2xy— bz (1)

In this paper, we fix 0 = 10,b = 8/3 and treat r as a control parameter. In particular, we
use parameter region in the neighborhood of » = 60, It is found that the Lorenz system is
hyperbolic at » = 28 and becomes non-hyperbolic as r increases [3, 5]. Here we study the
origin of non-hyperbolicity in the Lorenz system around r = 60. There are some studies
conjecturing that the parameter region around r = 60 is non-hyperbolic.

As is the case with general chaotic dynamical systems, there are quite many periodic
windows in the Lorenz system. A periodic window in the Lorenz system emerge via an
inverse period doubling bifurcation and finishes by a saddle-node bifurcation [5]. In this
paper, we will continue to make use of the following symbolic description of periodic
orbits: we will write an X everytime the orbit spirals round in z > 0 and a Y everytime it
spirals round in z < 0 [5]. The number of UPOs changes at the end of a periodic window
where saddle-node bifurcation occurs. This implies that the end of a periodic window is
a non-hyperbolic parameter from mension above. We substantiate this idea on a rigorous
basis studying the CLVs (we will write CLVs at time n as v,,).

The knowledge of the CLVs allows estimating hyperbolicity or non-hyperbolicity by
determining the angle between each pair (j, k) of expanding (j) and contracting (k) di-
rections, ¢/ = cos™!(|vl - v¥|) x 180/ [4]. Remark that we will sometimes call an angle
between a stable and an unstable manifolds as just an angle. Figure 1 shows the proba-
bility density function p(¢) of an angle between a tangent vector of a stable manifold (v?)
and a tangent vector of an unstable manifold (vl). The distribution is bounded away
from 0 (degree) for the case of r = 28 while arbitrarily small angles are found for the
case of r = 60. From the results, we can conclude that the region r = 28 is hyperbolic,
and r = 60 is non-hyperbolic.

0.04

=28 ——

0.03

PDF

0.02

0.01

0 30 60 90
angle

FIG. 1: The distribution of angles between stable and unstable manifolds at points on a chaotic attractor
for r = 28(dashed line), r = 60(full line). The system at r = 28 is hyperbolic, while r = 60 is non-
hyperbolic.

Properties of chaos can be characterized in terms of UPOs embedded in the attractor
[2]. We think that manifold structures can also be characterized in terms of UPOs. Figure
2 (left) shows a minimum angle between stable and unstable manifolds at points on each of
numerically detected hundreds of UPOs at r = 60. It is found that some UPOs in r = 60
have very small angles. This result suggests that non-hyperbolicity is characterized by
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FIG. 2: Minimum angle between stable and unstable manifolds at points on each of numerically detected
hundreds of UPOs at r = 60 (left). Parameter dependency on angles between stable and unstable
manifolds of several UPOs, X4V X3Y3, X3V, X2V, X2Y XY XY and X2Y2XY (right).

UPOs which have small angles, that is, UPOs which pass near tangency structures. We
can study tangency structures of chaos by using these UPOs.

To see the changes of manifold structures of UPOs, we measure the angles of five
UPOs which are detected at r = 60 as parameter changes(Fig.2 (right)). Fig.2 (right)
shows that the minimum angle for each unstable periodic orbit becomes the minimum
value at the end of the correponding periodic window. This fact indicates that there is
at least one unstable periodic orbit with small angle at the end of the periodic window.
We should note that the minimum angle at the ending point of each periodic window is
not exact zero but small positive value. In conclusion, the end of each periodic window
is a non-hyperbolic system without any tangency structures.

Fig. 2 (right) also shows that the minimum angle decreases monotonically and ap-
proaches to zero value as r increases, and a sequence of minimum angles of 5 UPOs holds
for any parameter r. This indicates that if there is an unstable periodic orbit which has a
small angle at a parameter, the corresponding periodic window exists near the parameter.
Contrary, if the minimum angle of an unstable periodic orbit at a parameter is large, the
corresponding periodic window exists far from the parameter. Table 1 shows a relation-
ship between minimum angles of UPOs at » = 60 and parameter values of the end of the
corresponding periodic windows. We select seven UPOs with small minimum angles and
six ones with relatively large minimum angles. If there exists an unstable periodic orbit
which has a small (large) angle at r = 60, there is the corresponding window near the
parameter r = 60. This fact gives us the idea that UPOs are useful to detect parameters
where the corresponding periodic windows exist.

3 Summary

In this paper, we characterize local manifold structures of Lorenz attrctor by local man-
ifolds of UPOs and obtain two results on the relation between manifold structures and
periodic windows. First, the minimum angle between stable and unstable manifolds at
points on each unstable periodic orbit decreases monotonically as a parameter approaches
to the corresponding periodic window and the angle becomes very small positive value at
the ending point of the periodic window. This result suggests that the ending point of
each periodic window is non-hyperbolic without any tangency structures. Second, when
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minimum angle (degree) | period | r value at periodic window
0.9950 5.2497 60.4246164
1.2405 4.7767 60.25
1.4678 5.2558 60.4246165
1.5729 5.7184 60.51
2.1250 4.3212 61.31
2.1157 6.2262 61.34
2.3200 4.7986 61.63
4.6246 3.8578 63.35
7.9627 3.3820 86.40
15.1076 3.4090 118.13
15.3580 2.9155 126.52
17.4516 1.9409 154.43
31.0077 0.9773 312.96

Table 1: Relation between minimum angles of stable and unstable manifold at points on UPOs at r = 60
and the position of the corresponding periodic window. Periodic windows corresponding to UPOs which
have small (large) angles exist near (away from) the parameter.

an unstable periodic orbit at a parameter has a low angle (high angle), the correspond-
ing periodic window exists near (away from) the parameter. This result gives us useful
approach for finding periodic windows including very small ones.
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1 Introduction

We are concerned with a flow of a continuum model with the density gradient- dependent stress tensor

as follows:
ot +div(ev) =0 in Q,

D
QD_‘t/ =divT + gb in Q, (1)

T = (—p+ a1divv 4+ astrtM)I + a3D + a4M  in Q.

Here, O (C R3) is a domain where a material occupies; ¢ = (z,y,2)T € Q; v = (v1,v2,v3)T (2, 1) is
the velocity vector field; o = o(x, t) is the density; p(0) = p(o(x,t)) is the pressure of barotropic type;
= = Bat + (v - V); T is the Cauchy stress tensor; b = (b1, b, b3)T(z,t) is the external body forces;
(divT); = aTl + 6T12 %; D(v) = 3(Vv + [Vv]T) is the symmetric part of the velocity gradient;
M= VQ®VQ the symmetric tensor corresponding to the density gradient; a;(0) = a;(o(x,t)) is material
moduli.

This system (1) arises from a study of flow of granular materials. Granular bodies are naturally
inhomogeneous and consist of grains. Since effect of interstices of the particles on motion may not
negligible, a term corresponding to inhomogeneity of the body should appear in the constitutive equation
for a flow of such matter (see, for example, [1]).

In this talk, in order to investigate the influence of dependence of the density gradient on a flow
explicitly, we study several cases of steady simple shear flows of the above model (1), namely, a flow on

an inclined plane and a flow between vertical planes.

2 Steady simple shear flow on an inclined plane

We consider the steady planar flow model as follows. In this case we assume that Q = {(z,y,2)|0 < y <
h}, v = (u(y),0,0)T, o = o(y) and b = (gsinf, —gcosf,0)T with acceleration gravity g and the angle
of inclination 6.

In this case for boundary conditions we assign the balance between the external pressure and the

stress vector at the surface, and Navier’s slip on the bed, namely

surface (y = h) Tn = —pen, bed (y=0) v+klITn=0

le-mail: nakano.naoto@gmail.com
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Figure 1: steady simple shear flow down on an inclined plane

where p, is the external pressure, k the slip rate, IIf = f — (f - n)n the tangential part, n the unit
outward normal to the boundary.
Consequently, we derive the boundary value problem of the second order ordinary differential equa-

tions for steady simple shear flows:

(as(o(y))u'(y)) /2 + o(y)gsinh =0 for 0 <y <h,
{=plo(y)) + (ale®))) (@' (1)*} — o(y)gcosf =0 for 0 <y < h, @
az(o(h))u'(h) =0, —p(o(h)) +alo(h))(¢'(h))? = —pe,

where a(g) = a2(e) + as(0)-
Taking into account the boundary conditions (2)3 and (2)s, the velocity u(y) can be uniquely deter-

mined by g in the following formula:

h Yy h
u(y):k/o 2g(s)gsin0ds+/0 2(1—77))/ o(s)gsin fds.

az(o(n

Thus we only need to consider the problem for o, i.e.,

{ {-p(o(y)) + (ale®))) (' ¥))*} — o(y)gcos@ =0 for 0 <y < h, 3)

)
—p(e(h) + a(e(h)) (¢ (h))? = —pe.
We proved the existence theorem for problem (3), thus we can ultimately obtain a solution for (2).

Theorem 2.1 Let a = const. <0, h >0, po >0, py >0, —a>0,¢g>0,0<0<7/2,b>0,d>0,
and —ad® = p, — pob. Problem (3) has a positive solution o satisfying

Ql(y) <0, Q(h) =b, Ql(h) =—-d, g€ Cl[o7h]7 (4)

and a solution holding (4) is unique.
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3 Steady Simple Shear Flow between vertical planes

Here, we focus on Poiseulle flows between vertical planes. In this case let @ = {-h < y < h},

v = (u(y),0,0)T, 0 = o(y) and b = (g,0,0)T. Therefore we arrive at the following governing equations.

{ (az(0)u'(y))'/2 = —og for —h<y<h, %)

{-p(e) +ale)(@®)*} =0 for —h<y<h.
Similarly, in this problem the velocity u can be also determined by ¢ under appropriate boundary

conditions for u. Hence, we only consider the problem for g (5),

l

g

T

(i) )

Figure 2: (i) planar Poiseuille flow (ii) planar Couette flow

Here, we assume the following form of p and a such as

p(0) = poo (po > 0), alp) = age (ap <0). (6)

Due to (5)2 and (6) we obtain the equation as follows:

-C Do

/N2

P— —_— = 7
(o) e R— (7)

with C' = —p(o(h))+a(o(h))(¢'(h))? < 0, which can be determined by appropriate boundary conditions
for p. Let R = % and kK = 4/ —paoo then a solution g can be represented by the following parametric
representation

{ 0= R(1 — cosb), )

y = kR(0 — sinb),

and the domain of # is determined by the boundary conditions for p. Thus the solution of (7) is
represented as a scaled cycloid (8). Taking into account the brachistochrone problem, it may imply that
there exists the effective energy in the flow described by (5).

Moreover, in the Sobolev’s sence of derivatives, the equation (7) admits solutions which have the

discontinuity of the density gradient for some special cases. Then the solution can have two maximal
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points in —h < y < h. This is also special characteristic which is completely defferent from Hagen-
Poiseulle flows.

When ag = 0, the model equation considered in this talk coincides the usual Poiseuille flow of Navier-
Stokes equation. It is easy to see that the solution of (5) also converges to the exact solution of the
usual Poiseuille flow as ag — 0. In the case ag — 0, k in (8) also converges to 0. This and the figures
below may imply that ag (or ) has some relation to the coarseness of the material and the convergence

indicates its scale limit.

p=R(1-cos8) (....\
s // - \\
T? / ‘u \ —uly) g=R=1 f=r
\{ / Ao / s \\ — gy | @O =0 n=1
A/ v : N
p=R(1-cosB) P
\ /\u /\ / /lV ‘D \\l\ — i) g=R=1 h=m
\ / \ / \ / o=R{1-c00) —EE-E#u | ag(o) =90 w=1/3
Vo // N
i /S \
p=R(1-cos8) o
s PN
// . \\
& J— g=R=1, h=mw
] p=R(1-casB) l/ ? \\ —%%*Eﬂ?iu[v) az(e) =0, K= 1/15
o /{ \
‘ / , \

Figure 3: Density and velocity profiles

For planar Couette flow the governing equations can be also decoupled and reduced to the integral
equation for the density. The solution is also described by the same parametric representation (8). In
certain special cases the solution is not unique, namely, the constant density function solves the problem
besides the solution given by (8). Interestingly, the constant density is not always linearly stable, due

to the term concerning the interaction between deformation and the material inhomogeneity, viz. DV .
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Cauchy-condition surface method to reconstruct the 3-D magnetic field profile of plasma in LHD
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Rational elliptic surfaces

related to Beilinson’s Tate conjecture
Mariko Ohara
Mathematical Institute Tohoku University

1 Introduction.

Let k be a commutative field of arbitrary characteristic, and p a prime number which is
not equal to the characteristic of k. Let V' be a smooth variety over Spec k.
Let K;(V') be the algebraic K-group and we have the Chern class map:
¢ Ko(V)g) — HE (Ve Qu(2)™
where Vi =V gpeck Speck, Ki(V)(g) denotes the j-th Adams eigenspace of K;(V)g and
G the absolute Galois group over k.

We state a special case of Beilinson’s Tate conjecture.

Conjecture 1.1 ([2]). Suppose that k is finitely generated over a prime field and V' is a
smooth variety over k of dimension 2. Then the map induced by the Chern class map
KoV, — He (Ve @,(2))

18 surjective.

We focus on the case that V' is an open subvariety of elliptic surface. By an elliptic
surface over Spec k, we mean a projective flat morphism : & — C such that £ and C
are projective and smooth varieties over Spec k of dimension 2 and 1 respectively, such
that the general fiber is an elliptic curve and  has a section. Throughout this paper, we
assume that is minimal.

We consider the union of copies of P} indexed by Z/nZ, and attach the point 0 of j-th
P} to the point oo of (j + 1)-th P} transversally. We call this curve the Neron n-gon over
Speck. For P € C, we call  '(P) split type I, fiber if the fiber ~ !(P) is isomorphic to
the Neron n-gon.

Now let P, ..., P, € C be all of split I,, fibers in £&. Put D; =  Y(P,), D=3 D;
and V=E\D.

Suppose that £ is a finite extension over a prime field. We define dg, by the following
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commutative diagram

Kz(V)gﬁ

Ogy
c

H2 (Ve Q(2) % ™= @1 @, (D],

where O is the composition of the boundary map of etale cohomology HZ, (V%, QP(Z))G’“ 2,
HZ’LE (&, Q,(2)) and the isomorphism Hgt,ﬁ (& Qu(2)) = B;_, Q,[D;] obtained by the
Poincare—Lefschetz duality. Since k is a finite extension over a prime field, Og is injective
(c.f. [1]).

Kondo—Yasuda [5] proved Conjecture 1.1 for the above V when £ is a finite field. Since
Og is injective, the conjecture follows from the surjectivity of dg,. They actually proved
the surjectivity of dg.

On the other hand, Asakura—Sato [1] constructed non-trivial examples of elliptic sur-
faces over Q that satisfy Conjecture 1.1 but the boundary map Jg, is not surjective.

Now we assume that £ is a rational elliptic surface. In this case, it is known Conjec-
ture 1.1 is true. We treat the case that Jg is not surjective in positive characteristic. If k
is a finite field, Jy is always surjective by Kondo—Yasuda’s result, so we consider the case
that k is positive characterstic and include the transcendental elements.

We state our main theorem.

Theorem 1.2. Let F' be a field. Assume that the characteristic of F' is not equal to 2
or 3. Set k = F(S), where S is an indeterminate element and let £ be a rational elliptic
surface defined by the Weierstrass form over k(t)

=2+ +tr+t(1 5%
then the map KQ(U)S) — @;_, Q is not surjective.

The Weierstrass equation in Theorem 1.2 can be defined over a field that is finitely

generated over a prime field.

2 Outline of the proof.

In this section, we explain an outline of the proof of our main theorem. First, we recall
facts of rational elliptic surfaces over Spec k.
Fix an elliptic curve E/k(P}). To each Weierstrass equation for F
E:y® +ai(t)zy + az(t)y = 2° + ax(t)2® + as(t)z + ag(t)
, We associate a surface

Ee= (v, y, 2],t) €P}  C|y*z+ ai(t)ryz +as(t)yz? = 2° + ax(t) 2z + ag(t)x2® + ag(t)2®
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. Tate’s algorithm gives the minimal resolution of singularity of £g. We write £ for the
minimal model of F.

Tate’s algorithm of is a set of instructions for computing the special fiber of £ from
a given Weierstrass equation. The classification of the special fibers of elliptic surfaces
is due to Kodaira and Neron, which provides a description of the configurations of those
fibers.

Suppose Py, ..., P, € Pi gives all of split type I, fibers in £. Put D; =  (B;), where

is the projection : & — P;. Each of irreducible components of D;, denoted by 6, ,

is isomorphic to P;. So D; is the union of copies of P} indexed by Z/nZ, attached the
point 0 of j-th P} = 6;; to the point oo of (j 4+ 1)-th P} = 6;;,1. We take a rational
function ¢;; on 6;; such that div(t;;) = (0) (oco). By Tate’s algorithm, we obtain an
explicit description of ¢
equation E/k(P}).

Next Let K; denotes the Zariski sheaf on £ associated to the presheaf U — K;(U),

where U runs the open sets of £. By Gersten’s conjecture proved by Quillen [6], we

ij» Di and a rational function ¢;; on 6;; from the given Weierstrass

may identify KQ(V)S ) with the Zariski cohomology group H(V, K3)g, and we have an
exact sequence KQ(V)g) — K{(D)g) — HY(&, Kq)g, where K| (D) denotes the algebraic
G-group of D = > | D;. The structure of K{(D)g) is isomorphic to @7, (k*)®™
@;_, Q[Di], and each Q[D,] is generated by > 7", (t;;). To show that Jq is not surjective,
it is sufficient to show that the image of } 7", (#;;) modulo the image of ;_, (k)%™ in
H!(E, K3)g is not equal to 0.

The Neron-Severi group of &£, denoted by NS(E), is the group of divisors modulo
algebraic equivalence. This group is a finitely generated group and that the intersection
paring on the group of divisors gives a well-defined paring on N.S(€). Shioda [8] showed
how to find generators for N'S(€) by using generators for E(k(P})) and fibral components
of £. In the case of rational surface, NS(€) is isomorphic to Pic(€) and HY(E, Kq)g is
isomorphic to Pic(€) ®z k* [3], and the intersection paring on NS(€) is non-degenerate.
To calculate that the image of 37 (t;;) modulo the image of ;_, (K™ in HY(E, Ks)g
is not equal to 0, we use a injective endmorphism on NS(€) induced by the intersection
paring on NS(€). We calculate » 7" (ti;) and €D;_, (k)%™ in the image of the injective
endmorphism on Pic(€) @z k*.
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Cahn-Hilliard/Allen-Cahn0 00000000
HREEN

gooog -

1 Introduction
We consider a scalar Cahn-Hilliard/Allen-Cahn equation;

up = —0A(Au — W' (u)) + (Au—W'(u)) in Qx[0,T),

u(z,0) = up(x) in Q, (1.1)
% = ag‘y“ =0 on 01,

where ) is a bounded domain in R", v is the unit normal on 9, 6 > 0 is a
diffusion constant and W € C3(£; R U{0}) is a quartic bistable potential which
has zeros at +1, for simplicity, we consider an explicit and typical potential,
given by W(s) = (1 — s?)2.

In this talk we show the existence of the solution of (1.1). As known results,
for the Cahn-Hilliard equation the existence of the solution is proved in [5] and
[13] by the Galerkin approximation, for the degenerate mobility case in [4]. For
the equation (1.1) it is proved by G. Karali and T. Ricciardi in [11] for a C?-
bounded potential or in one-dimentional case. We prove the existence for the
quartic potential W in space dimension 1 < n < 4 with Neumann boundary
conditions in view of the free energy.

For the equation (1.1) the volume [, u dz is not necessarily preserved be-
cause of the Allen-Cahn term, although the volume is preserved for Cahn-
Hilliard equation. Thus we have to pay careful attention to estimate Galerkin
ansatz by using some inqualities and interpolations and the energy estimates.

The Cahn-Hilliard/Allen-Cahn equation is introduced in [8] and [12] as a
simplified model with multiple microscopic mechanism. In [10] they considered
the e-scaled problem:;

W' (u)
2

W' (u?)
-

uf = —e20A(Auf — )+ (Auf ) in Qx[0,7). (1.2)

W' (u?)
=2

For the Allen-Cahn equation uf = Au® — or the Cahn-Hilliard equation

uf = A(Auf — W;(Q“ 5)), there are several studies about the singular limit as ¢
tends to 0. It is well-known that the limit evolution of the Allen-Cahn equation
is the mean curvature flow, which is proved in the several methods, formally by
Fife in [7], Rubinstein, Sternberg and Keller in [15], from the viscosity solution
by Evans and Spruck in [6] and Chen, Giga and Goto in [3], in the sense of

*WO0O0O00oO0oooooooooooO0,00000, e-mail: nagase@math.sci.hokudai.ac.jp
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Brakke’s motion [2] by Ilmanen in [9]. For the Cahn-Hilliard equation, in a
suitable scale it is proved that the limit evolution is the Mullins-Sekerka model,
formally in [14] and more precisely in [1].

For (1.2), the order of the convergence of ¢ is sufficiently large to vanish for
the Cahn-Hilliard term and actually it is proved in [10] that the limit evolution
is also mean curvature flow but with a different coefficient;

V = pok (1.3)

where V' is the normal velocity and & is the mean curvature of the limit interface,
o is a surface tension given by o = fil /W (s)ds and p is a mobility constant
given by

p= 2(/]R xq' da)~! (1.4)

where ¢ = tanh is a well-known function which is used in order to construct a
traveling wave of the Allen-Cahn equation and y is a solution of the ODE

X" +x=¢ in R" and x(&o0)=0. (1.5)

In [11] focusing on the continuous dependence of the diffusion constant § they
constructed a sequence of solutions which converges to a solution of the Allen-
Cahn equation as § tends to 0.

Concerning the Allen-Cahn structure we set

vi=Au— W'(u). (1.6)
and we rewrite (1.1) to the following form;
up=—0Av+v in Qx][0,7),
v=Au—W'(u) in Qx][0,7),
u(z,0) =up(z) in Q,

ou __ Ov __
E_%_O OnaQ.

(1.7)

For the diffused interface problem, we usually consider the free energy functional
given by

v 2
m@:/%%+wwm. (1.8)
Q
For a pair of solution (u,v) of (1.7) it holds that

%E(u) = /Q(—Au + W (u))u do = /Q —v(—0Av +v) dz "

:—/ §|Vol? +v? dx <0,
Q

which implies that the equation (1.2) is a H!-flow for the free energy functional
E(u). For the mathematical setting we introduce

HE = {f € H*(Q) | ;i’; =0 on aﬂ} (1.10)
and
H} = {feH4(Q) | %:dj—j:o on aQ}. (1.11)
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We remark that equivalences of norms in these spaces are known, referred to
[13], that is, for any n > 0,

1
{llAull72 0y +nllullza o)} (1.12)
are norms on H, gc which are equivalent to the H2-norm. Similarly,
1
{IA%u1Z2 () + nllulltzo)} 2 (1.13)

are norms on H; which are equivalent to the H*-norm.

The weak formulation of the problem is the following;

Definition 1.1. We say a functionw € L*(0,T; HZ.(Q)) withu; € L*(0,T; (H'(Q))™1)
is a weak solution of the equation (1.1) if

/ un dx = / —5(Au — W'(uw)An + (Au — W' (u))n dx. (1.14)
Q Q

for each n € HZ, and a.e. time t € [0,T] and
u(z,0) = up(x). (1.15)

Remark 1.2. For the pairing in LHS of (1.14), we note that L*>(Q) C (H}(Q))~! C
(H?(Q))~t. Since if u € L*(0,T; HZ.(Q)) with uy € L2(0,T; (HY(Q))™!) then
u € C([0,T]; L*(Q)), thus the equality (1.15) makes sense.

2 The existence theorem

We obtain the following existence theorem.

Theorem 2.1. Let Q) be a bounded domain with a C*-boundary in R™ for di-
mension 1 < n < 4. Suppose the initial data ug € Hl(Q) then there exists a
solution u of the initial boundary problem (1.1) satisfying

u € C([0,T]; HY(Q)) N L*(0,T; HZ) N L*(0,T; L*(Q))  for all T > 0. (2.1)

Additionally, the function v given by (1.6) satisfies v € L*(0,T; HL.(Q2)).
Moreover in dimension n = 1,2,3, if 0Q is C*° and the initial data ug €
H?%(Q), then

u € C([0,T); HA.(Q)) N L*(0,T; Hy) for all T > 0. (2.2)

Remark 2.2. The same claim also holds under the periodic boundary condition.
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Table 1. Coefficients for the single pulse (5)
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2 0.21722635 5 -0.00332515 8 -0.00070289
3 0.06452543 6 -0.00281281 9 -0.00020451
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A NOTE ON H(2)-UNKNOTTING OPERATION RELATED TO TWO-BRIDGE
LINKS

YUANYUAN BAO*
GRADUATE SCHOOL OF MATHEMATICS, TOKYO INSTITUTE OF TECHNOLOGY

ABSTRACT. It is known that if a composite link has H(2)-unknotting number one, then one of its
summands is a 2-bridge link. In this note, we show that if a composite link is the connected sum
of the 2-bridge link S(p,¢) and a (g, p)-tangle number one link, then it has H(2)-unknotting number
one. We conjecture that the converse is also true. In particular we give complete description when
the connected sum of two 2-bridge links has H(2)-unknotting number one.

1. INTRODUCTION

An l-component link in the three-sphere S? is an embedding F : ]_[221 St — 53, where ]_[221 Stis a
disjoint union of [ copies of 1-sphere S*. A 1-component link is called a knot. Note that all links and
manifolds considered within this note are unoriented. Given a link L = F (]_[221 St c 83, choose a
smooth projection p : S* — S such that p(L) C S? contains only finitely many singular points, which
are all double points (Figure (a)). Near each double point, the under and over information of two arcs
is given. We call such a presentation a link diagram of L. For example, Figure (b) shows diagrams of
three different links.

+ T O&H @

| the unknot the trefoil knot the Hopflink

(a) (b)

An H(2)-move is a local move on a link diagram, as shown in the following figure. The H(2)-
unknotting number{4] of a link L is the minimal number of H(2)-moves needed to change the link into
the unknot, denoted ua(L).

)
< >:< N
/\
An H(2)-move

A Dehn surgery on S® along a knot K consists of the following two steps: first, drill out a tubular
neighbourhood nb(K) of the knot, which is a solid torus; second, glue back a solid torus 7" by a
homeomorphism ¢ of its boundary to the torus boundary component of S3 — nb(K). We can pick two
oriented simple closed curves m and [ on the boundary torus that generate the first homology group
of the solid torus. This gives any simple closed curve 7 on the torus two coordinates p and q, each
coordinate corresponding to the algebraic intersection of the curve with m and [ respectively. These
coordinates only depend on the homotopy class of . If the curve m on T is sent by ¢ to a curve on
nb(K) with coordinate (p, ¢), then we denote the resulting manifold by S;’/q(K) and call it a p/g-surgery

along K. For example the p/g-surgery along the unknot is the lens space L(p, q)

Key words and phrases. H(2)-unknotting number, Dehn surgery, two-bridge link.
+E-mail: bao.y.aa@m.titech.ac.jp.
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A knot C is called strongly-invertible if there is an orientation-preserving homeomorphism, which is
also an involution, of S% which takes the knot to itself but reverses the orientation along the knot. Given
a link K, let ¥(K) denote the double-branched cover of S® along the link K. The link K has H(2)-
unknotting number one if and only if X(K) equals S (C) for some integer p and some strongly-invertible
knot C.

The 2-bridge link S(«, 8) is a link with the following diagram. Here & is the continued fraction

|

[a1, a2, -+ ,ay,]. Precisely

1
[al,GQ,"',anJZZ a1'+

1
as _|_ [P _|_ _
an
The 2-bridge link S(«, 8) is denoted by C(ay,az,...,ay) as well.

&alw/—Z/_/\/aK_X% n: odd

AN
R an

n:eéven

Doubly-primitive knots are a class of knots which can be used to construct lens space surgeries. In
particular, Berge [6] found twelve classes of doubly-primitive knots, which are called Berge knots (see
[5] as well).

Lens space L(«, ) is the double-branched cover manifold X(S(«, 8)). If the 2-bridge link S(«, )
has H(2)-unknotting number one, then the lens space L(«, ) is realized as an integer surgery along a
knot in S3. Conversely, the following facts are known:

Theorem 1.1. The two-bridge link S(c, B) has H(2)-unknotting number one when the lens space L(c, 3)
can be obtained as an integer surgery along a doubly-primitive knot in S3.

Theorem 1.2 ([3]). If a lens space is realized as a p-surgery along a knot in S for some integer p,
then there is a Berge knot such that the p-surgery along it produces the same lens space. Furthermore,
every double primitive knot in S® is a Berge knot.

As a corollary, we have:

Corollary 1.3. The two-bridge link S(a, 8) has H(2)-unknotting number one if and only if the lens
space L(a, B) can be obtained as an integer surgery along a knot in S3.

In [7], an incomplete table of H(2)-unknotting numbers of knots is provided. Among knots with
nine crossings, there are six knots whose H(2)-unknotting numbers are unknown. We confirm that the
2-bridge knots 921, 923, 926 and 931 are knots with H(2)-unknotting number one.

Corollary 1.4. the two-bridge knots 921,923,926 and 931 have H(2)-unknotting number one.

Proof. For 951 = S(43,25), we have 43 = d(2k — 1) (mod k?) and 25 = k% for k = 5 and d = 2. It
belongs to Berge type (3). For 923 = S(45,64), we have 45 = d(2k — 1) (mod k?) and 64 = k? for k = 8
and d = 3. It belongs to Berge type (3). For 996 = S(47,81), we have 47 = —d(2k — 1) (mod k?) and
81 = k? for k =9 and d = 2. It belongs to Berge type (3). For 931 = S(55, 144), we have 55 = d(k — 1)
(mod k?) and 144 = k? for k = 12 and d = 5. It belongs to Berge type (4). O

A link L is called a composite link if there is link diagram of L as below such that neither K7 nor
K5 is the unknot. We call L the connected sum of K; and K5, denoted L = K £K>.

The composite links with H(2)-unknotting number one are studied by Bleiler [1] and Eudave-Munioz
[2]. Here is their result:

Theorem 1.5 ([1], [2]). If a composite link has H(2)-unknotting number one, then it is a connected
sum of a two-bridge link and a prime link.
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A NOTE ON H(2)-UNKNOTTING OPERATION RELATED TO TWO-BRIDGE LINKS 3

=© &=

L The connected sum of the
trefoil knot and the Hopf link

Definition 1.6. A link K is a (p, ¢)-tangle unknotting number one link if there is a tangle decomposition
K = T, UTs such that Ty is a (p, ¢)-rational tangle and Ty U T» is the unknot. Here a (p, ¢)-rational
tangle is defined as above with p/q being the continued fraction [a1,as, - , ay).

a, /_KY\:X\/ n:even
\/.../ 3.2 an \>

T,

. e
3.../\/—/212

Remark 1.7. If a knot is a (p,q)-tangle number one knot, then from the definition it is easy to see
that this knot is also a (p + aq, q)-tangle number one knot for any integer a. Furthermore, there is an
integer a such that |p + aq| = |det(K)|.

Proposition 1.8. For the 2-bridge link S(q,p), and a (p, q)-tangle number one link K(p,q), the H(2)-
unknotting number of S(q,p)tK (p,q) is one.

First proof. In fact, if p/q = [a1, a2, - ,ay], then S(¢,p) = S(q,p — a1q). Note that q/(p — a1q) =
[az, -+ ,an]. The composite link K (p,q)§S(¢,p) can be unknotted by adding a band, as shown in the

following figure. This completes the proof. U
K(p.q) S(a.p)
n:even
e )
= Gy = O

\:a j = H ~ tg

K(p.q) S(q,p)

n:odd

Second proof. Since K (p,q) is a (p, ¢)-tangle number one knot, we have 3(K(p, q)) = S;’Jraq/q(C) for
some strongly invertible knot C' and some integer a. Consider the (p + ag, g)-cable of C, which we
denote Cpiaq,q- Then Cpiqq,q is a strongly-invertible knot as well. It is known that

Storanya(Crrana) = L@+ a)8S)1 00/ (C) = B(S(4:p+ ag) (K (p, q))
= X(S(¢.p+ aq)iK(p,q)).
Note that S(¢,p + aq) = S(g,p). We see that us(S(q, p)iK (p,q)) = 1. -
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Conjecture 1.9. A composite link with H(2)-unknotting number one always has the form described in
Proposition 1.8.

Conjecture 1.9 holds if we have a positive answer to the following question.

Question 1.10. Is it true that a knot K is strongly invertible if and only if a cable of K is strongly
invertible?

we have the following corollary since the 2-bridge link s(p,q) is a (p, ¢)-tangle unknotting number
one link.

Corollary 1.11. The H(2)-unknotting number of the link S(p,q)tS(q,p) is one.

Proposition 1.12. Suppose S(p,q) and S(r,s) are two non-trivial 2-bridge links. Then S(p, q)tS(r,s)
has H(2)-unknotting number one if and only if either S(r,s) = S(q,p) or S(p,q) = S(vab+ €,va?) and
S(r,s) = S(v,e€) for some integers v,a and b such that (a,b) =1 and e € {1, —1}.

Proof. Tt S(p, q)4S(r, s) has H(2)-unknotting number one, then there exist a strongly invertible knot C
and an integer [ such that X(S(p,q)#S(r,s)) = L(p,q)tL(r,s) = S$(C). Since the cabling conjecture
holds for strongly invertible knot[2], then we see ¢ must be a cable knot, say C' = K, ,, for some knot
K and coprime integers u and v. Then we have [ = uv and S} (C) = Si/v (K)$L(v,u), which equals
L(p,q)4L(r,s). Suppose L(v,u) = L(p,q). Then Sg/U(K) has to be L(r,s). Since |v| = |p| > 1, by
cyclic surgery theorem, K must be a torus knot. If K is the unknot, then S’z/v(K) = L(u,v) = L(r,s).
Therefore S(r,s) = S(q,p). If K is non-trivial, suppose K is the (a,b)-torus knot. Then Sg/U(K) is a
lens space only if u = vab=+1, and then Sg/U(K) = L(vab41,va?). In this case, S(p,q) = S(v,vab+1) =

S(v,£1) and S(r,s) = S(vab £ 1,va?). The converse can be proved easily. O
Corollary 1.13. ua(Cl(ai,as, - ,ay)) < ua(C(as, aip1, - ,a,)) +i— 1.

Remark 1.14. The two bridge link S(vab + €,va?) in Proposition 1.12 is an (e,v)-tangle number one
link.
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Some explicit calculations on the
variation of the Bergman kernel
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1 Abstract

In the mathematical study of several complex variables, the Bergman kernel,
named after Stefan Bergman, is a reproducing kernel for the Hilbert space of
all square integrable holomorphic functions on a domain D in C". F. Maitani
and H. Yamaguchi studied the variation of Bergman metrics for families
of Riemann Surfaces and proved some results in the paper ‘variation of
Bergman Metrics on Riemann Surfaces’.I will give some specific calculations
about the variation of the Bergman matrics using the Loewner chains.

2 Introduction

2.1 Bergman kernel

Let Q C C" be a bounded domain. Let A%(Q) be the Bergman space of
square integrable holomorphic functions on . Let {(;Sj(z)}}?’;l be any com-

plete orthonormal basis for A%(Q2). Then the series > 51 0i(2)¢5(2) con-
verges uniformly and absolutely on compact subsets of €2 x ). The function
defined by this series is the Bergman kernel Kq(z,(). The Bergman kernel
under biholomorphic or even under proper holomorphic mappings has the
following proposition:

Proposition: Let ' G — D be a biholomorphic mapping between the
domains G, D C C". Then we have

Ka(z,w) = Kp(F(2), F(w)) det F'(z)det F'(z2), z,we€qG

The Bergman kernel Kq(z,() is a C°°—function on © x © and that, on
the diagonal, it can be represented as

Ko(z,2) = sup{|f(2)* : f € A%(Q),|f(2)|a2) =1} 2€9Q

In order to have this function of class C2 on Q we assume for the rest of this
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article that all domains have the property Kq(z,z) > 0. Then Kq leads to
the following positive semidefinite Hermitian form

2
Bo(z;X) : ZazailogKQ(zz)XX €0, X eCn

7]_

The pseudometric
Ba(z; X) :=v/Ba(z;X), 2z€Q, XeC"

induced by Byq, is called the Bergman pseudometric on 2.

2.2 The results of Maitani, Yamaguchi

F. Maitani and H. Yamaguchi studied the variation of the Bergman metric
K(t,()|dz|? on the Riemann surface and use the variation formula to show
that log K (t,¢)|dz|? is plurisubharmonic. Next we introduce this result.

Let D be an unramified domain over the product space B x C, with
smooth boundary and denote by m the first projection from B x C, to B.
For t € B put D(t) = m—1(¢), which is a Riemann surface over C, without
branch points.

Let t € B and ¢ € D(t) be fixed and consider the potential ¥(¢, z, ()
for (D(t),¢) and decompose d,i(t, z,() into d,¥(t,z,() = L(t,2,()dz +
K(t,z,¢)dz on (D(t) \ {¢}), where

Lm0 = 2820 0= HE2D

we also consider the Green function ¢(t, z, ¢) and the Robin constant A(t, ¢)
for (D(t),(), so that

g(t, z,¢) = log

T AEO (5.0

Here h(t, z, ) is harmonic for z in a neighborhood of ¢ in D(t) such that
ht,¢,¢)=0 teB

Let ¢(t, z) be a defining function of 9D in B x C, and consider the following
quantities:

‘5s0 2 _op d%p Do Op 390,2

3
ka(t 2) = (815875 0t0z ot 0z 3282)/ | |

We denote by ds, is the arc length element of dD(t) at z. Then the authors
got the following variation formulas for the Bergman metrics.
Theorem . It holds for (¢,2) € D

PK(t,() 1

2 2
ST = 1y, ka(t, O)(|L(t, Z,Q)* + |K(t, Z,¢)|?)ds.
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Using this variation formulas the authors got the following Corollary:
Corollary. Let D be an unramified pseudoconvex domain over B x C,
with smooth boundary. If, for each t € B, 0D has at least one strictly
pseudoconvex point (¢, «(t)), then log K (¢,() is a strictly plurisubharmonic
function on D.

3 Example

I give an example about the above result. It is following
D is the unit disc of the complex plane. K(z) = T e (FE is the Koebe function
which maps the unit disc to a slit domain which is the whole complex plane

minus the segment [i, 00). we consider the mapping
Ee(w) = e YK e 'K (w))

where the ¢ = e K~1(e~*/4). This mapping maps the unit disc in the
complex w plane to D¢ the unit disc in the complex z plane minus an arc.
Then the inverse mapping
-1 -1 i0
E () =K ('K (e"72))
maps D¢ to the unit disc in the complex w plane. The Bergman kernel of
DC is
1 —1

1
Koole2) = L g e B GO

we calculate the
d0log Kp, (z,2) = 09(—logm — 2log(1 — lEC_l(z)|2 + 2log l(EEl(z))zl)

Because ( = e WK ~1(e7t/4)

SO
ot f¢=1 5'5 _ =1t 00 _ i 90 _ i
¢ 20(1+[C)) a¢ 2 +¢)  9¢ 20 ¢ 2
02t 1 020
le=1 =

a¢caC  2Cl+1¢h? acac
we have the Taylor expantion about L(2) at the point ¢ = 1 which is
El(z) = K~ K (e?2))

¢
K(2)
K'(2)

K(2) 1,(K(2)*K"(2) 2 1 ety E() K'(2)
) 3 wep ) O RS e

t+iz0+(
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+O(t3) + 0(6?)

2(1+ 2) Tz(1+2)(1+2242%) , 1 1. 1422+ 22

J— y —_ —_— 2 — —
=z+ (1_2)t+220+2 (1= 2) t 220 —1—212 1= 2 0
+0(t%) + O(6°)
At the point { =1
@’ — @| -0 %t lem1 = 1
%| _t %| __: 99 =1 =0
So
0? logKDE(z,z) _ dlog Kp, (2, 2) 82157 _1+82 logKDC(z,z)@| _1879’ B
aCoc ot acac = 20 a¢ =t o=
2142 —y?) _ .
BN >0 z=z+1y, |2]<1

9%log Kp, (2, 2) 9?log Kp, (2, 2) _ 9%log Kp, (2, 2)
0207 820C =1 = acoz I

So log Kp,(z, z) is plurisubharmonic on D;.

=0.

lc=1 >0,
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