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Abstract

We define primitive derivations for Coxeter arrangements which
may not be irreducible. Using those derivations, we introduce the
primitive filtrations of the module of invariant logarithmic differen-
tial forms for an arbitrary Coxeter arrangement with an arbitrary mul-
tiplicity. In particular, when the Coxeter arrangement is irreducible
with a constant multiplicity, the primitive filtration was studied in [2],
which generalizes the Hodge filtration introduced by K. Saito (e.g.,

[6])-

1 Introduction

Let V' be an /-dimensional Euclidean space and A be an arrangement of hy-
perplanes in V. We use [4] as a general reference for arrangements. For each
H € A, choose a linear form ay € V* such that ker(ay) = H. Their product
Q = [[yeq an lies in the symmetric algebra S := Sym™(V*). The quotient
field of S is denoted by F'. Let (g and €2r denote the S-module of regu-
lar differential 1-forms on V' and the F-vector space of rational differential
I-forms on V' respectively. Define the S-module Q(A, 00) of logarithmic
differential 1-forms by

QA 0) :={w e Qr | QVw and (Q/ay)Nday Aw are both regular
for all H € A for N > 0}.
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In other words, (A, 0o) consists of all logarithmic differential 1-forms in the
sense of Ziegler [9].

Suppose that A is a Coxeter arrangement. Then the corresponding
Coxeter group W = W (A) naturally acts on V, V* S and Q(A, co). Note
that we do not assume that A is irreducible. When A is irreducible, the
primitive derivations play the central role to define the Hodge filtration in-
troduced by K. Saito. (See [6] for example.) In this paper we develop a theory
of primitive derivations and the Hodge filtration in the case of non-irreducible
Coxeter arrangements. More precisely, in Section 2, we introduce primitive
derivations even when A is not irreducible. Fix a primitive derivation D.
Let R := SW be the W-invariant subring of S and

T:={feR|D(f) =0}
Consider the T-linear connection (covariant derivative)
VD : QF — QF

characterized by (1) Vp(fw) = D(f)w + f(Vpw) for f € F and w € Qp
and (2) Vp(da) =0 for all & € V*. Our first main result is

Theorem 1.1
Let Q(A, 00)" be the W-invariant part of (A, oo). Then the Vp induces a
T-linear automorphism

Vi QA 00)" T (A, 00)W.

Note that the inverse map V' and V¥, (k € Z) are also T-automorphisms.
Under the assumption that A is irreducible, Theorem 1.1 was proved in [2,
Theorem 1.2 (1)].

Definition 1.2
Let I* : Qp xQp — F be the F-bilinear map induced from the inner product

I of the Euclidean space V. Let m : A — Z be an arbitrary multiplicity.
Define

QA m) = {w € QA, 0) | (Q/ap)NaB T I*(day,w) € S
for all H € A for N > 0}

and
Q(A, m)W = Q(A,m)NQA, oo)W.

The primitive filtration of (A, c0)" induced from m is given by

P™ = VEQA MY (keZ).



Note that

Q(A,m) ={weQr | (H oMy and ( H o (day, A w)

HeA H+#Hy
are both regular for all Hy € A}

if m(H) >0 for all H € A. In this case, (A, m) was introduced by Ziegler
[9].

Our second main result is an explicit description of the primitive filtration:

Theorem 1.3
The primitive filtration is an increasing filtration

.c P cp™cp™c
such that
P™ = PR — (A, m + 2k)W
where (m + 2k)(H) =m(H) + 2k (k€ Z,H € A).

When A is irreducible and m is equal to the constant function 1 with
1(H) = 1 (H € A), the primitive filtration coincides with the filtration
introduced in [2]. Its dual version in Theorem 4.4 generalizes the Hodge
filtration introduced by K. Saito (e.g., [6]).

We construct bases for the primitive filtration induced from 1 in Theorem
2.6. The bases are used when we prove Theorems 1.1 and 1.3 in Section 3.

In Section 4, we translate our main results Theorems 1.1, 1.3 and 2.6 into
the dual language in terms of the logarithmic derivations.

2 Primitive derivations

We first state a multiple version of Saito’s criterion due to Abe [1].

Proposition 2.1
Let A be a central arrangement in V' with an arbitrary multiplicity m : A —

Z. Let x1,xo,...,xy be a basis for V*. Define
HeA

Let wy,wy, ...,wy € Q(A, m). Then
(1) Q™ (w1 A -+ Awy) is regular,
(2) wy,wa, ..., w form an S-basis for Q(A, m) if and only if

Q™ (w1 A Awy) € R*(dxy ANdxg A -+ N dxy).



Remark. When m = 1, this is due to K. Saito [5]. When m : A — Z, this
is due to Ziegler [9].

The original proof in [1, Theorem 1.4] is written in a slightly different
language from this paper, so we include our proof here.

Proof of Proposition 2.1. Pick H € A arbitrarily and fix it. Let m = m(H).
Choose an orthonormal basis z1, z, ..., x, such that H = {x; = 0}.
(1) It is enough to show that 7" (w; A- - - Awy) has no pole along H. Write

l
wj = Zf”dazz (] = 1,,€)
i=1

Since w; € Q(A,m), 27" fi; = a7"I*(dxq,w;) has no pole along H for j =
1,...,¢ by Definition 1.2. Moreover,

Z fijda:l A da:z = da:l A Wy

i>2

has no pole along H because w; € Q(A,00) for j = 1,...,¢. This implies
that f;; has no pole along H if ¢ > 2. Therefore

x?fn fl??flz flfole
fa fa2 fae

M wi A Awp) = (dxy Ndxg A - -+ Ndxy)
Jou Jeo o Ju
has no pole along H.

(2) Suppose that wy,ws, ..., w, form an S-basis for (A, m). By (1) we
may write

Q™(wr A+ ANwy) = f(dey ANdzg A -+ A dxy)
with f € S. In order to prove that f is a nonzero constant, it is enough to

show that f is not divisible by x;. Define a multiplicity m’ : A — Z>( by

() = {|m<f<>| it KA H

0 if K=H.
Then it is not hard to see that

m o= Q™ (day/2T), np = Q™ dra, ..., = Q™ day



lie in (A, m). Thus
(Qm/xT)(Qm’)é(dxl Adxry A A d(L‘g)
=Q"(m Am A An) € Swi A Awp) = Sf(der Adza A -+ A day).

This implies that g := (Q™/27)(Q™)* is divisible by f. Since g is not
divisible by 1, neither is f.

Suppose that Q™ (wy A -+ Awg) = dxy A -+ Adzy. In order to prove that
wi,...,wp form a basis it is enough to show that wy,...,w, span (A, m)
over S. Fix w € Q(A, m). By (1) we may write

Qm(wl/\---/\wi_l/\w/\wiﬂ---/\wg):fi(dxl/\---/\dxg),
with f; € Sfori=1,...,{. Define n ::w—Zle fiw;. Then we obtain
Qm(wl/\"'/\wi_l/\77/\(,01‘_,_1"'/\(,«)4):0 (221,,6)

Since wy,...,wy span the cotangent space of V at each point outside the
hyperplanes, we have n = 0 and thus w = Zle fiw;. O

Next let A be an irreducible Coxeter arrangement. Then we may put
R=SY =R[P,...,P)

with
deg Py < deg P, <---<deg P <degh,

by [3]. The derivation

0

D= —
0P,

is called a primitive derivation which was extensively studied by K. Saito.
Although D depends upon the choice of P, its ambiguity is only up to a
constant multiple. Recall the T-linear connection

VD . QF — QF.
Then the Vp induces a T-linear automorphism
Vo : QA,00)" == Q(A, c0)

by [2, Theorem 1.2 (1)]. Recall



Proposition 2.2
[2, Theorems 1.1 and 2.12] Suppose that A is an irreducible Coxeter arrange-
ment. For any k € Z and 1 < j < { , define

0 = Vi (dPy), 0¥ = {0} 1<, and ©:=[JOW.
ke

Then
(1) the S-module Q(A, 2k — 1) is free with a basis O*)
(2) the R-module Q(A,2k — 1)V is free with a basis %),
(3) the T-module Q(A, 2k — 1)V is free with a basis |, 0" and
(4) the T-module Q(A, co)V is free with a basis ©.
Proposition 2.3

[2, Lemma 2.3 and Proposition 2.6 (4)] Let G := [I*(dF;, dP})],; ;-
each k € Z, there exists an { x (-matrix G}, with entries in R such that

[0@, . eﬂ _ [e?f“), L 9@’””] G,

For

where Gy, can be expressed as Gy, = ByG By, with By, B;, € GL,(T).

From now on assume that 4 is an arbitrary Coxeter arrangement which
may not be irreducible. Then one has the following decompositions:

V=V[1e ---aV]], A=A]l]x- - xAlt],
W=WI[I1]x---xW[t], S~S[1]®k-- g S[t],

where each A[i] is an irreducible Coxeter arrangement in V[i], W[i] =
W (Ali]), and
S[i) == S(VI[i]") = Rlan[i], . . ., wei]]

for i =1 ...,t. We naturally regard A[i] as a subarrangement of A, S[i] as
a subring of S, and W[i] as a subgroup of W.

Let 1 < ¢ < t. Let R[i] denote the W/i]-invariant subring of S[i]. Let
([i] = dim V'[i]. Then we may put

R[i] = R[P[i], ..., Pyyli]]
with
deg Py [i] < deg P,[i] < --- < deg Pyp[i].

6



Then

Thus we may naturally regard R[i] as a subring of R. Let D[i] : R[i] — R][i]
denote a primitive derivation corresponding to the irreducible Coxeter ar-
rangement A[i]. We may naturally extend the derivation D[i] to a derivation

A

Dli] : R — R by DI[i](f) =0 for any f € R[j] (i # 7).

Definition 2.4
Let A be a Coxeter arrangement which may not be irreducible. Then the
derivation

¢
D::Zﬁ[i]:RHR
i=1

is called a primitive derivation of W. Let T :=ker(D : R — R).

Remark. The primitive derivations defined in Definition 2.4 are not necessar-
ily homogeneous or unique up to a constant multiple unlike the irreducible
case. However, those derivations play a similar role to irreducible primitive
derivations as we show in this note.

We often write P[i] instead of Pyp;[i] for simplicity. Then we have

Lemma 2.5
Fori=1,...,t, R="T[Pi].

because
D(PY] - Pli)) = D(Plj]) = D(Pli}) =1 —1=0.

Thus P[j] = (P[j] — P[i]) + P[i] € T[P[i])- O

Theorem 2.6
Forany ke Z,1 <i<tand1<j</[i], define

0[] == Vg (dPi[1)

Let

t
OW[i] = {0 [i]1<j<hn, ©F = JOW[i], and ©:=[]O®.
=1

kEZ

Then



(1) the S-module Q(A, 2k — 1) is free with a basis O,

(2) the R-module Q(A,2k — 1)V is free with a basis ©%),

(3) the T-module Q(A, 2k — 1)V is free with a basis |J ., ©'%), and
(

(4) the T-module Q(A, co)V is free with a basis ©.

Proof. (1) Let t = 2 for simplicity. By Proposition 2.2 (1), ©%[i] is an
Sli]-basis for Q(A[i], 2k — 1) for each i. Thus, by Proposition 2.1, we have

€1 " (2] "
2k—1
@ [ Adom ] A [ Ao
j=1 j=1
€1 2]

= QU AP A (e Ao

€ R*(dxy[1] A~ Adxgpy[1] A dzy[2] A -+ A dagpp)[2]),

where Q[i] = [[yc @ (i =1,2). This implies (1) because of Proposition
2.1 again.
(2) Note that each Qj(-k) [i] is W-invariant by definition. Thus

0™ c Q(A, 2k — 1)V,

Since O™ is linearly independent over S by (1), so is over R. An arbitrary
element of (A, 2k — 1)V can be expressed as a linear combination of ©®)
with coefficients in S. Then it is obvious that each of the coefficients lies in
R. This shows that ©®) spans Q(A, 2k — 1)V over R.

(3) Let

Tli] = JOP[i] and T := OTM = Jev.

p<k i=1 p<k

Step 1. T spans Q(A,2p — D)W over T.
Since

0P c QA 20— 1DV C Q(A, 2k — 1)V

for p < k, we have T C Q(A,2k — 1)W. Let (7), be the submodule of
Q(A, 2k — 1)V generated by 7 over T Let

Ti] := ker(D[i] : R[i] — RJ[i])

8



for each i. Then T'[i] C T. By Proposition 2.2 (3) we know that (7 [i]);; is
closed under the multiplication of R[i] for each i. In particular,

Pl - Tl] C AT i) € (Tl

because P[i| = Py [i] € R[i]. Therefore (T [i]), is closed under the multipli-
cation of R because R = T'[P[i]] by Lemma 2.5. Thus we obtain (7 [i]), =
(T'[i]) for each i. Therefore (T), = (T),. By (2) we have

QA 2k — 1)V =(0W)  C(T)p = (T); € QA 2k — 1)

Therefore (T), = Q(A, 2k — 1) T spans Q(A, 2k — 1)V over T

Step 2. T is linearly independent over T'.
It is enough to show that 7[¢] is linearly independent over T for each i.
Let 1 <¢ <¢. Assume

3 [95’“ i],....00) [@]] g, =0

kEZ

with g, = [gkvl, .. .gk,gm]T e T [k € Z such that there exist integers p and
g such that p <gq, g, # 0,8, # 0 and g, = 0 for all £ < p and k£ > ¢q. Then,
by Proposition 2.3

q

0=""[6P0,..600] & = [0, ...650] Z Higy,

k=p
where
Hy=1gy, Hy:=GCiGri1...Gor (p<k<q).

This implies that
q
k=p

Note that Hj, can be expressed as a product of (¢ — k) copies of
Gli] := [I*(dPald), dB[i])] 1 < i

and matrices belonging to GLgu(T[i]). It is well-known that D[G[i]] =
D[i][Gli]] € GLgi)(T[i]) [2, Proposition 2.1]. Thus DY P[H;| = 0 (k > p).
Applying D?7P to the above, we obtain

D', ]g, = 0.

9



Note Since the matrix D??[H,|, which is a product of (¢ — p) copies of
D[G[i]] and matrices in GLg;(T[4]), is nondegenerate, we get g, = 0, which
is a contradiction. This implies that 7 is linearly independent over T

(4) It follows from (3) and the fact that
QA 00)" = | QA 26— 1),

kEZ

3 Proof of main theorems.

Proof of Theorem 1.1. Since
VolPli] = VoV (dBili]) = Vi (dPili]) = 07,

the connection Vp induces a bijection of © to itself. Thus Vp induces a
T-automorphism of Q(A, 00)" because of Theorem 2.6 (4). O

For f € F with f # 0 and a € V*\ {0} define
ord,(f) :=min{k € Z | of f € Sy},

where S(,) is the localization of S at the prime ideal (a) = «S. In other
words ord,(f) is the order of poles of f along the hyperplane ker(«).

Lemma 3.1
Assume that A is a Coxeter arrangement which may not be irreducible. Let
D be a primitive derivation of A. Choose o« € V* such that ker(a) € A.
Then

(1) ord,D(x) = 1.

(2) For f € F\ {0} with ord,(f) # 0, ord.(D(f)) = ord.(f) + 2.

Proof. (1) Assume that
A=Al x - x Alt]

such that each A[i] is irreducible. Suppose ker(«) € A[k]. Then DJ[i](a)) =0
if i # k. This implies that we may assume that A is irreducible from the
beginning. Choose an orthonormal basis o = x1,22,...,2, and let h; =
D(z;) for 1 < j < (.1t is well-known (e.g., [7, pp. 249-250] ) that h; (7 > 1)
has no poles along z; = 0. On the other hand, it is also known (e.g., [7,
Corollary 3.32] ) that

det [Oh;/0x;] = cQ?

10



for some nonzero constant c. Thus h; should have poles along z; = 0. Since
Qhy = (QD)(z1) is regular, we have ord,D(«) = ord,hy = 1.

(2) Suppose that k := ord,(f) # 0. Put f = g/a”. Then g € S, and
g & aS(,). Compute

D(f) = D(g/a") = D(g)/a" — kD(a)g/a**".
From (1) we have ord,(D(«)) = 1. Since
ordy (D(a)g/a™™) =k +2, ordo(D(g)/a*) <k +1,
we obtain ord, (D(f)) = k + 2. O

Proof of Theorem 1.3. Tt is enough to prove VpQ(A, m)" = Q(A, m+2)".
Let w € Q(A, 00)" and a € V* with ker(a) € A.
We first verify:

(3.1) ord,[*(w, da) # 0.

Let s, be the orthogonal reflection through the hyperplane ker(«). Since w is
W-invariant, we have s, (I*(w, da)) = —I*(w, da). Suppose that ord,/*(w, da) =
0. Then, for a sufficiently large integer N,

g:=(Q/a)"I*(w,da) € S\ asS.
On the other hand, we obtain
5a(9) = (52(Q/0)") 5a (I"(w, da)) = —(Q/a) "I (w,da) = —g.

This shows that ¢ is an antiinvariant with respect to the reflection group
{1, s,}. Therefore g € S, which is a cotradiction. Thus (3.1) was verified.
By Lemma 3.1, we have

o I*(w,da) € S(p) & ordoI*(w, da) < k
< ord [*(Vp(w),da) = ord, D(I*(w, da)) < k + 2
& "M (Vp(w), da) € S,

where k := m(ker(a)). This implies

w e A M) & Vp(w) € QA m+2)".

11



4 Logarithmic derivation modules

In this section, we translate our main results Theorems 1.1, 1.3 and 2.6
into the corresponding theorems in the language of logarithmic derivation
modules. Let Derg and Derp denote the S-module of R-linear derivations
from S to itself and the F-vector space of R-linear derivations from F' to
itself. Recall the S-linear isomorphism

I": Qp — Derp, I"(w)(f) =1"(w,df) (w€Qp, feF).
The traslation of the main results is done by the isomorphism 7*.

Definition 4.1
Define the S-module D(A, —o0) of logarithmic derivations by

D(A, —00) := {¢ € Derp | QV¢ and (Q/a)NE(B) are both regular
for N> 0,H € A and 3 € V* with I"(day,df) = 0}.

Then the map I* induces an S-linear isomorphism
I : Q(A, 00)—D(A, —00).

Let A be a Coxeter arrangement which may not be irreducible and D be
a primitive derivation. The T-linear connection

Vp : Derp — Derp

is characterized by (1) Vp(f&) = D(f) + f(VpE) and (2) Vp(9,) = 0 for
all v € V. Here the derivation 0, satisfies 0,(a) = «(v) for any o € V*.
Then it is not hard to see (Vpé)(a) = D((a)) for all a € V*.

Lemma 4.2
For w € Qr we have

I"(Vp(w)) = Vp(I*(w)).

In other words, the following diagram is commutative:

Vb

Q(A, 00) Q(A, 00)

f
D(A, —00) —2 D(A, —0).

Proof. Tt is enough to prove I*(Vp(w))(a) = Vp(I*(w))(a) for all a €
V*. Compute

(I (Vpw))(@) = I"(Vpw, do) = D(I*(w, de)) = D(I*(w)(a)) = (VpI"(w))(@).
0

12



Definition 4.3
Let m : A — Z be an arbitrary multiplicity. Define

D(A,m) := I"(QA, —m)) = {¢ € D(A, —00) | (Q/an)"¢(an) € af™'S
for all H € A for N > 0}

and

D(A,m)" := D(A,m)N D(A, —o0)"
The primitive filtration of D(A, —00)" induced from m is given by
R™ = VED(A MY (keZ).
Note that
D(A,m) = {¢€ € Ders | £&(ay) € a5 for all H € A}

if m(H) > 0 for all H € A. In this case, D(A, m) was introduced by Ziegler
[9].
Theorem 1.3 is translated into:

Theorem 4.4
The primitive filtration is an increasing filtration

c R™ c p{™ c ™ ¢
such that

R™ = R — DA, m — 2k)"W.

We construct bases for the primitive filtration of D(A, —o0)" induced
from 1 by traslating Theorem 2.6 as follows:

Theorem 4.5
Forany k€ Z,1 <i<tand1<j</[i], define
E)r. .
9] = Vi (I"(dP;[)))
Let
=" [i] == {f []}1<j<€[z = UE [i], and = := UE(k)‘

i=1 keZ

Then



(1) the S-module D(A, —2k + 1) is free with a basis =%,

(2) the R-module D(A, —2k + 1)V is free with a basis =%,

(3) the T-module D(A, —2k +1)" is free with a basis | J,, =P and
(

(4) the T-module D(A, o)V is free with a basis =.
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