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Abstract

This paper describes a method of measuring spatial distributions of magnetic field
by resonant Faraday rotation in combination with resonant holographic inter-
ferometry using a tunable dye laser.

The sensitivity and selectivity of these resonant methods are high in comparison
with conventional Faraday rotation and holographic interferometry.

1. Introduction

The determination of spatial distributions of magnetic field is an important subject in
the diagnostics of high temperature plasmas. At high energy densities, magnetic probes?
not only perturb the plasma but are frequently destroyed by contact with it. The use of
spectroscopic methods or scattering method? in plasmas is extremely difficult because of
the large Doppler and Stark broadening of spectral lines or complicated devices. The
measurement of the magnetic field by observation of the conventional Faraday rotation? of
the plane of polarization of visible light by free electrons in applicable only for fairly dense
plasmas in strong magnetic fields.

Here we examine theoretically the possibility of determining spatial distribution of
magnetic field in a plasma from the resonant Faraday rotation by residual neutral atoms
or speciaily introduced impurity atoms in the plasma. Resonant holographic inter-
ferometry is used to determine the density of the atoms in the plasma. If the wavelength
of the light is adjacent to the wavelength of an atomic or ionic transition, the change in the
polarization of light and the enhancement in the index of refraction is caused by a resonant
interaction of light with atoms or ions. A tunable dye laser is the most successful candi-
date as a light source for resonant Faraday rotation and holographic interferametry.
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2. Resonant holographic interferometry

The method of resonant holographic interferometry in based on obtaining inter-
ferograms in the light close to the absorption lines of one component of the plasma to be
studied.

We shall first discuss about the classical theory of dispersion.

The light propagation in a absorbing and dispersive media, can be written with the help of
complex refractive index?

_ﬁ:n(l—ix) (2.1)
where n and x are ordinary refractive indexes and absorption indexes, respectively. The
light wave propagating in the z-direction with angular frequency w=_2rv=_2rc/Ais written
by

A:Aoeiw(t—nl/c):Aoe'wnlec eiw(tfnZ/C) ( 2 . 2 )
where A and A, characterize the electric or magnetic vector. The absorption coefficient
per unit length is

= Be2x_ dms (2.3)
The complex refractive index n is connected with the polarization P in c.g.s. units

A’E=E+4np (2.4)
where E=E,e“ is the electric field at the oscillators. The polarization is also written by

P=Nex (2.5)

where N is the particle number per unit volume (harmonic oscillators with eigen frequency
w =2ny,) and x is the displacement of oscillators.
Let us consider the equation of motion for an electron of mass m
mE+meix+ yx=eE (2.6)
where v is the damping constant of the oscillators. If we make a periodic oscillation x=x,
el“t Eq.(2.6) becomes
(—*+ wi+iny) X=eE/m (2.7)
then Eq. (2.5) becames
P= Ne’/m

— '+ witiey (2.8)
Therefore Eq. (2.4) is written as
- 47rNe? 1
*—1=4nNex/E=
n e EX/ m a)é—wz-i—iyw (2 9)

The ordinary refractive index and absorption coefficient can be obtained by separating the
real part and the imaginary part. From Eq.(2.1)

f—1=n%(1—x*)—1—1i2n°x (2.10)
From Eq. (2.9) and (2.10) we have
2 2 __ 2
n2(1— 52y —1= 27Ne ®o @ (2.11)

m (wi— w?)?+ Y 0®
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47w Ne? Yo
2 -
on’x m (el a i e (2.12)
Let us restrict the region of the eigenfrequency of the oscillators @ =~ w, and write
Aw=w— 0w w or @, (2.13)
we have the simple form from Egs. (2.11) and (2.12):
201 oy :wnezN 28w
n*(1—x%)—1 mao (Bw)it (7727 (2.14)
2 _ re’N ¥
2n’x mae  (AwlP+(7/2) (2.15)
In a fully thin gas »<1 andn=1. We can obtain refractive index n and
absorption coefficient K directly from Egs. (2.14) and (2.15) :
re’N 20w
1A — 2.1
Nl e (Aw)*+(y/2)? (2.16)
2
K= 2wpx _ we’N v (2.17)

c  mc (Ae)+(7/2)
Near the absorption line the refractive index of atoms and ions is described in wavelength
by e? A— Ao

] = 2
B e AN =)'+ (B; (2.18)
2

where Ao is the absorption wavelength, A Asis the full width at half maximum of the

absorption line, A is the wavelength of the diagnostic light, N is the atomic density at the
absorbing level, and the oscillator strength f for the line is introduced.
The shape of the absorption line is described by
e’ 2 At 3
KZZNW INf (/1—/\0)2+< A,;,;v > (2.19)

Then the fringe shift F; due to excited atoms is given by

FTan—_/{l—dl

o A= Ao dl
x | ————— A}N{ AAy \2 2.20
J % (4= aoy+(-255) (2.20
where dl is a path length element. This means that by using a wavelength near the
absorption line to obtain interferograms we can greatly increase the sensitivity of measur-
ing the atom density.

Taking the fringe shifts due to free electrons into account and neglecting, we can write
the corresponding total fringe shift F as

PN 1
F= 4rmc® A= Ao /Ndl
5o 2 nadl (2.21)
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where n, is the electron density. We can distinguish between the two contributions to the
fringe shifts if the refractive index is measured for two wavelengths.

The wavelength-dependence of the fringe shift near a spectral line is shown in Fig. 1.
We can see from this figure that the fringe shift due to bound electrons is larger than the
one due to free electrons and the fringe shift increases as the difference between the
diagnostic line and the absorption line decreases.

103 103
Ha,A=6563 A K, A,=7658 A
2 - =100 o3
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Fig.1 The fringe shift F, due to bound A=Al (R)
electrons and the fringe shift F.
due to free electrons as a function
of A=A for AM< A~ Ay Fig.2 F. and F. as a function of A—4,
The lines indicated by n, are for for A A< A= Ao, .
F. and those by n, are for F.. {=10%m, A =7658 A(k).

[=10%cm, Ae=6563A(Ha):

3. Resonant Faraday rotation

Taking the same procedures in resonant holographic interferometry,we can derive the
Faraday rotation formula. When a linearly polarized light close to the absorption lines of
the plasma is transmitted in the z-direction. parallel to an applied magnetic field B, an
enhanced rotation in the plane of polarization is observed.

The equation of motion for an electron of mass m, bound with a force constant m w2
driven by an electric field E and a static magnetic field B, includes a damping term 7,

m ¥+ maod r+m}'i~=e(E+%—V>< B) (3.1)
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where e is the electron charge and r= r,e ™' is the position vector.

Let us introduce the following variables corresponding to right and left circular
polarization?

r+=x*tiy
E:=E.*%iE, (3.2)
Pi = Px + le
We have now
(—w2+w§i—e—§~w+i)’w)r+:eE/m (3.3
m = * -3)
and theretore
Pi: Ne T+
_ Nez Ei
B . B
m —w2+w8+17a)i5——w (3.4)
mc
The complex refractive indices considering oscillator strength f are given by
2 1
ﬁzi__l: 4xNfe ( 3. 5)

m wi—w?+ w(iyteB/w)
If we introduce the mean index of refraction n= (n, —n.)/ 2 and neglect the yterm, the
difference of two indices is

__ni—n?
D=y
_ 4xNfe? B 12
- m ncm (wi— w?)? (3.6)
Thus the Faraday rotation 6, due to bound electrons can be measured by
0= —~f%k(n+—-n_)dl
_ [4zNfe® eB w*
*f m nc’m (wf— w®)? di (3.7)

Taking the free electron contribution into account and replacing » with A, the total
rotation angle & can be written as

e A
© 2amict (A2—A3)? anedl
e’ s
+§;;%rxf3mm (3.8)

where N and n. are excited the atom density and electron density, respectively.

Figure 3 shows that the rotation due to bound electrons is much larger than the one due
to free electrons and the former increases as the diagnostic line approaches the absorption
line.
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4, Quantum theory of dispersion without magnetic field

Let us suppose that each atom has one electron with a bound state @y (r) initially which
is excited to @, (r) by the external electric field

E(t)=Excos wt (4.1)
Electron wave function is described. by
o(r, t)= Lme Fm7+ Sicapne BT (4.2)

Here we apply a time-dependent perturbation theory. If we put Eq.(4.2) into time-de-
pendent Schrédinger equation the coefficients in the excited states satisfy the next differ-
ential equation

195 = [ Gi(eE(t) 1) dr (4.3)
The solution® is
Cn fremed 731%—- eEXXnm( ei“’t +e'iwt)ei(En‘Em)t/ﬁdt
_ L [ 1 _ ei(ﬁw—#En—Em)t/ﬁ
7 B Xom| R TR
l_e—i(ﬁw—(En“Em)) ti# J
71’iw_(En_Em) ( 4. 4)
where
Xom= [ 01X gndx (4.5)

which is the matrix element of the electron dipole moment in the direction of the electric

field vector, between states gm and @n.
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From Eqgs. (4.4) and (4.5) we have
<ex(t)> :f¢,°’§( rtlexom( r,t)dr
- %3 [E’ﬁanCn(t)e_iwt + eXnmC:(t)eiwl]
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€| X mnl? [ 1 L1

. iwt ~iwt

n

Hence atomic polarization «(=P/NE) is given by

ezianV 2wn
“= n2 7 wi— o® (4.7)

Here oscillator strength of the n-th transition is defined by

fn:%ﬁwnl}(mnlz
=1 (4.8)
Then we have
e e fn
alw)= mnzwﬁ—wz (4.9)

If N is the number of atoms per unit volume, dielectric constant is given by
S(w)=14+47Nea(w)
2
=1+ 47TN€ 2 fn - (410)

m T wE—w

which is consistent with Eq. (2.16) neglecting the y term.

5. Quantum theory of Faraday rotation

We now consider the Faraday rotation due to electrons bound in atoms. We neglect

the spin-orbit and Doppler effect and assume that the electron may be described by a
hamiltonian of hydrogen form in c.g.s. units,

__1 eA .

where ¢ is the static dielectric constant, m is the electron mass, P =—i7% grad. For the

eZ
- (5.1)
external magnetic field B along the z-direction we may choose the vector potential A= (B
x 1)/2. Then Eq. (5.1) becomes

2

1 eBy 2 _eBX 2 2]_9_
H=oh (Pt GV 4 (P50 4P | =3 (5.2)

The eigenstates and eigenvalues of Eq. (5.2) can be written in pairs as follows®
Uomlr,8,8)= @Pom(r, (9)eim¢
En,m:En,{mﬂL‘é“ﬁwcm ( 5.3 )

Where m=0, +1, £2,.. and w.=eB/mc is the cyclotron frequency of electrons. The
transitions from the ground state indicated by the right- and left~-handed wave correspond
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to the states (n, m=1) and (n, m=—1), respectively.
The methods of time-dependent perturbation theory can be used to obtain an express-
ion for the dielectric constant tensor®® in the same manner as in section 3:

= S dme’ s 1 [(Vi)kk’(Vj)k’k _ (Vj)kk'(Vi)k'k]
o i fiw ke Wk w+wyes Wpp— W
. dr2e?
—itr e s [<vi>kk,<vj>k,ka<w.+w,m
w kB Wrrk
+<vj>kk,<vz~>krka<w“~w>} (5.4)

Here the frequency w s« are such that 7w . is the energy reguired to excite an electron
from state k to k’. The velocity operator is related to the position operator by
(Vwe=lwws(r)we: (5.5)
At frequencies where there is hardly any absorption, a rotation of the plane of polari-
zation @ per unit path length is given by

@ . y—_@mni—n®

0r= '.ZC(m n-)= 2¢c  2n

— @ . . WExy

= 4nc(e+ e‘)-1—2nc (5.6)

Here n=(n, —n_) /2 may be approxinmated to the refractive index at zero field and €z is
' the xy component of the imaginary part of dielectric constant tensor ;.

If we calculate the component € z» neglecting the &~function term in Eq. (5.4) we have
the Faraday rotation from Eq. (5.6) as

_ 2ne’ (Vx)kk’(VJ’)k’k_(Vy)k/z’(vx)k’k
br==v nc# %"; whr— w® (5.7

Equation (5.7) can be written in terms of velocity matrix elements for the right and left
circularly polarized wave as
2 , * v =Y (—
HT:__ne 22ka(+)vkk(2+) \;kk( YVie(—) (5.8)

nch v w Owi—

in which v (=) =v,Liv,.
The definition of oscillator strength for absorption of the right- and left-handed
polarization is
Te( ) =mvi( E)vee( L)/ Fwrs (5.9)
Then Eq. (5.8) becomes

wk'k(fk'k( + ) _fk'k( - 1))

4,= 2 (5.10)

1 2xme? b3
% k

2 ncm % )
Equation (5.10) gives the rotation 6. per bound electron as
2ne? i fF wnfa

6,=—% ;[( - ] (5.11)

ncm s ) — @? (0r)—o®

in which the transition frequencies are, by Eq. (5.3)

w;:wni%G)c (512)
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where #iwn=E,,. From Eq.(5.12) and the definition of oscillator strengths, we see that

fa _ fa s
(1+w/2wn) (1—we/2wn) " (5.13)
then Eq. (5.11) becomes
go—=_1 2ne’ [ (wnt+ 5 we)? _ (en—Fwc)? ]f_n_
7 2 nom L (0t Foe)—o’ (on—Fwe)*— @ Jwa
(5.14)
Equation (5.14) becomes, to the first order in B
1 47[62 We wzfn
,m = L1
0r=3 ncm % (wi— w?)? (5.15)

per unit length and bound electron, which is consistent with Eq. (3.7).
Here £, is the oscillator strength in the zero field.

6. Experimental apparatus proposed

The experimental apparatus proposed in the investigation of resonant Faraday rotation
and holographic interferometry is shown in Fig. 4.

The tunable dye laser DL is used as a light source in this experiment.

Holograms are recorded on Kodak type 649F holographic plates HP, with a plasma and
a non-plasma exposure superimposed.

A small angular shift of the reference beam is made by the mirror M, between
exposures to provide a background fringe pattern.

On the other hand, the light from the source is linearly polarized by the Nichol prism

Fig.4 Proposed arrangement of the experimental apparatus for

resonant Faraday rotation and holographic interferometry
of a #-pinch plasma.
TP-6-pinch apparatus ; DT-discharge tube ; DL-dye laser;
PH-pinhole ; P-poralizer ; BS-beam splitter; L,
~Ls,-Lens; M;~M,-fixed mirror; M;-rotating mirror ;
FW-Faraday wedge; A-analizer ; HP-holographic plate;
LG-liquid gate; C-image converter camera; S-shield
plate.
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P and then traverses the discharge tube DT before passing through the analyzing Nichol A
to the holographic plate.

The Faraday wedge FW made of a high Verdet-constant material is inserted into the
object beam in order to produce fractional background fringes in the Faraday rotation
photographs.

The plates are developed in Kodak D-19 developer, stopped, fixed, washed, and
bleached in the liquid gate LG for a rapid in situ processing in real-time holographic
interferometry.

With a high speed image converter camera C, holographic interferograms and Faraday
rotation photographs of a #-pinch plasma are obtained.

Acknowledgement

We wish to thank Dr. M. Otsuka of Nagoya Univ,,and also Dr. K. Murata and Dr.T.
Asakura of Hokkaido Univ. for their many helpful discussions and valuable advice.

References

1) W. Lochte-Holtgreven: “Plasma Diagnostics”. North-Holland, Amsterdam (1968)
2) M. Born: “Optik”, Springer-Verlag, Berlin (1981)
3) ].M.Ziman: “The Principles of the Theory of Solids”, Cambridge Univ. Press (1965)
4) L.D.Landau and E. M. Lifshits : “Quantum Mechanics”’, Moscow (1963)
H. A. Bethe and E. E. Salpeter : “Quantum Mechanics of One- and Two-Electron Atoms”, Plenum,
New York (1977)
5) D.Pines: “Elementary Excitations in Solids”, Benjamin Inc., New York (1963)



