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Dynamic Behavior of Suspension Bridges under Moving Loads

Toshiro HAYASHIKAWA® Noboru WATANABE*
(Received June 30, 1982)

Abstract

The dynamic response of suspension bridges subjected to moving loads with a constant
velocity is studied. The free vibration analysis of suspension bridges is based on the
linearized deflection theory which restricts the amplitudes of vibration to be small, and the
dynamic response analysis is conducted by the method of modal analysis. Numerical
examples in which actual suspension bridges are used are presented as verification of the
analysis. Primary information for an impact factor in suspension bridges is also suggested
in this paper.

1. Introduction

In recent years, a new project with respect to long-span suspension bridges is being
planned with consideration to the geographical characteristics of Japan. The dynamic
behavior of such long-span bridges has become a vitally important engineering problem,
because a full understanding of the dynamic characteristics of suspension bridges under
various dynamic loads such as wind forces, earthquakes, and moving vehicles is necessary
in order to improve their safety margin.

Although the analysis of free vibration of suspension bridges has been investigated by
many specialists,”® there are almost no publications dealing with the dynamic response
analysis of suspension bridges subjected to moving loads.

To the writers’ knowledge, only three investigations®™® dealing with such dynamic
responses of suspension bridges have been published. Kloppel and Lie® calculated the
dynamic deflections of a three-span suspension bridge by using a Fourier series solution,
but their mode of thinking in modal analysis seems doubtful. The dynamic analysis of a
single-span suspension bridge under a moving constant force or a moving pulsating force
was investigated by Vellozzi.” In the late 1960’s, Hirai and Ito®® studied theoretically and
experimentally the practicability of railway suspension bridges. They showed that the
impact factor is sufficient to discuss about 159 for long-span railway suspension bridges.

The primary objective of this study is to determine a sufficient number of natural
frequencies and mode shapes to make possible an accurate dynamic response analysis for
practical purposes. The problem is analyzed by the linearized deflection theory, and the
effect of restraint conditions of the stiffening girders and the effect of deformations of the
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tower are considered. The secondary objectives are to obtain a closed form solution for the
dynamic response of multispan suspension bridges traversed by moving loads with constant
velocity, and to investigate their dynamic characteristics. An approximate calculation
formula for the impact factor in suspension bridges is also provided in this paper.

2. Analysis

2-1. Assumptions

In the dynamic response analysis of suspension bridges, conventional assumptions
based on the deflection theory are made.?®*” Additional assumptions in the present analysis
are as follows:

(1) The amplitudes of vibration are sufficiently small so that the additional horizontal
component H, of the cable tension due to inertia forces is small in comparison with the
initial horizontal component H, of the cable tension due to dead load. This assumption
permits the analysis to be based on a linear differential equation.

(2) The types of stiffening girders are grouped into two classes according to their
characteristics. The hinged-span type bridge is simply supported at the intermediate
supports as shown in Fig. 1{a), and the continuous-span type bridge is continuously supported
over all spans as shown in Fig. 1(b).

(3) The boundary conditions of the cable support at the top of the tower are assumed
to be as follows : First, the horizontal component of the cable tension H, is assumed to be
the same on both sides of the tower in all spans of the cable (roller connection) as shown
in Fig. 2(a). This presupposes that the tower cable saddles are free to move horizontally and
there is no tower resistance to the displacement at the top. Second, the horizontal
component of the cable tension on both sides of the tower may differ slightly from the
friction forces at the tower-cable saddles. This means that the horizontal movement of the
tower top is accompanied by a horizontal component of the force between the cable and the
tower. Figures 2(b) and 2(c) show the cases of neglecting and considering the effect of an
axial force N; due to the dead load at the tower top, respectively.

(4) In the dynamic response analysis of suspension bridges under moving loads, the
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Fig. 1. Geometry and coordinate system of multispan Fig. 2. Boundary conditions of cable
suspension bridges with different types of support at top of tower.
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effects of the damping force and the mass associated with the moving loads are assumed
to be negligibly small.

(5) A constant concentrated load P moves from left to right on the multispan suspen-
sion bridge with a constant velocity ». At time £=0, the moving load arrives at the end of
the first span and the dynamic response of the bridge starts at that time from rest
condition.

2-2. Free Vibrations
The linearized differential equation for the free vertical vibration of suspension
bridges is given>¥
d* Vix)

EIS 7~ Ha

o Hp= 0 V(x) (1)

& V(x)
T H.

in which V(x) is the transverse deflection at the distance x from the left support of the
stiffening girder (eigenfunction or mode shape), EI is the flexural stiffness of the stiffening
girder, w is the dead load of the bridge per unit length, g is the acceleration due to gravity,
and @ is the natural circular frequency. The general solution of Eq. (1) may be expressed
in the form

) — . . HiX: o) HiXi . ViXi o ViXi g )
Vilx:) = A cos + B, sin I + C: cosh I +D‘Smh#Li + o H. H,;

in which (2a)

_ HszZ L L HszZ ~ _ ’ 47/01‘E]i 2
ﬂi*w/*"“ZE]i (Z;—1), vi= 2Rl (Z:4+1), Z:= 1+Ww (2b)

where the quantity with suffix 7 indicates that for ith span, and the integration constants

A,, B;, C,, and D; are determined by the boundary conditions of the vibrating structure. The
boundary conditions at the left end (% =0) and the right end (x,= L,) of the stiffening girder
of a multispan suspension bridge are given

d*vi(0) _

vi(0)=0, EL T&O’ for x:=0 (3a)
X1
2
Vn(Ln):O, E[nd—?;c(z[il)‘ :0, fOI‘ Xn:Ln (Sb)

The boundary conditions at the intermediate support of the stiffening girder are given as
follows:
(1) Hinged-span type bridge as shown in Fig. 1(a)

dZ Vi* 1(Li71)
dx}il

d* V.(0) _

Ve Lio1) =0, Elin =0, V./(0)=0, EIL ax? =0 (3¢c)

(2) Continuous-span type bridge as shown in Fig. 1(b)

_g, AVierlLi) _ dVAO) —o. g1, SVl gy &2V0)
L P A Bl gy
(3d)
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The following matrix notation may be obtained by substituting Eq. (2a) into Eqs. (3)
Aa=Hh (4a)
in which

a:{Al,Bx, le, Dl, Az, Bz, Cz, Dz,"',An, Bn, Cn, Dn}T,

h:{HP‘ly HP,Z,'“,H,D,H}T (4b)

The orders of the coefficient matrices 4 and H are 4nX4#n and 4nX n (or 4n X 1), respec-
tively. The vector a is of the order 47X 1, while the vector h is either of the order zx1 in
the case of the hinged connection or of the order 1Xx1 (H,) in the case of the roller
connection.

The remaining unknown quantities Hy; or H, in Eq. (2a) are related to the eigenfunc-
tions Vi(x.) by the so-called cable equation. The different connection types of the cable
support at the tower top are considered very carefully in the cable equation which relates
the elastic streching of the cable to geometric displacement. The equation is as follows:

(1) Roller connection type as shown in Fig. 2(a)

L. w
EcAc Hp__m 0

“Vide=0 (5)

in which E,. is the modulus of elasticity of the cable, A. is the cross-sectional area of the
cable, and L. is the virtual length defined by the integral f{(ds/dx)*dx, in which ds is a
differential element along the cable curve.

(2) Hinged connection type as shown in Figs. 2(b) and 2(c)

Le,:
EcAc

Hp — L fLiV(x-)d'\'-:—WJrc?-" for 1=1,2,, » (6a)
b,i IL.[zu A i z AT i [ y Ly y Tt a

in which 8} and §} are the horizontal displacements of the tower top at the left and right

support of the 7th span, respectively. In the case where the effect of the axial force is

neglected, these displacements can be expressed by

3
Lt,z'—l - :li,z'

B 3E: L1 (Hpis = Hpi), 07= - 3K

65: ([“]p,i“Hp,[H) (Gb)

in which E.J,; and L,; are the average flexural stiffness and height of the ith tower,
respectively. In the case where the effect of the axial force N; is considered

(o Loy rtan( K1 Liiy) . N
0 =N T KL W Ham Hy),
IS L i tc ](zL W
of =~ ]\;i [ rln[((z.Lt,il )\1](HP.1'_]{/%i+1) (6(:)

in which K, =N, /(E.I::). The relation matrix equation between the vectors ¢ and k can
also be obtained by substituting Eq. (2a) into Egs. (5) or (6a)

Ga=Eh (7
in which the coefficient matrices G and E are of the orders #X4#% and # X % in the case of
the hinged connection, and 1X4x and 1% 1 in the case of the roller connection, respectively.
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A set of homogeneous equations with the vector a is obtained by eliminating the vector

h from Eqgs. (4a) and (7)

(A—HE'G)a=0 (8)
For non-trivial solutions a it is required that the determinant of the coefficient matrix of
Eq. (8) should vanish

det| A~ HE ' G| =0 (9)
This Eq. (9) is a frequency equation of multispan suspension bridges and is a transcendental
equation on the natural circular frequencies @ . The roots are obtained by applying the
Regula-Falsi method'® and by using a high-speed digital computer. The relative values of
elements in the vectors a and h corresponding to a particular value of natural circular
frequency can be obtained by Egs. (8) and (7), respectively. Furthermore, the eigenfunction
Vix;) of Eq. (2a) which is also called the modal shape function is determined by replacing
the corresponding natural circular frequency.

2-3. Forced Vibrations

The modal analysis method is used to determine the dynamic response of suspension
bridges subjected to moving loads. The dynamic deflection function 7 (x,1) is expressed as
simply as possible mathematically

77(%, f):,”i;l szz(X)erz(t) (10)

in which g, (¢) is the time function. The Lagrange’s equation leads to the following equation
of motion for elastic structures

él‘m(l‘)’i'a)%nsz(t): %”([3 (11a)
g m

in which a dot denotes the differentiation with respect to time £, @, (¢) is the general force,
and

L 7 Ly
M?IzZA‘ Vﬁzl(x)dx:lg j; V?%Li(xz')dxi (11b)

The term of external force Q. (#) in Eq. (11a) is determined from the series expansion of
loads (see Ref. 11), and is formulated in the case of a concentrated load P with a constant

velocity v

Qm(lL):P' Vm(Uf) (12)
The solution of Eq. (11a) is obtained by using the Laplace transform method as follows:

77(-7(7“, fs) :mg}l er(Xr) [@ ms( fs) 'f‘\I’ms(lLs)] (133)
in which

= r isV (vr)sin[wnlts—r)]ldr
CDms(fs) = E“—a)—mM,?, A ms\ VT )SIN | Wm\ s y
g 2 ns(0)
\Ifms( ts) = (]ﬂzs(O)COS wmnts+ "@LSiH Wmnls ( 13b)

Wm
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where the constants gns (0) and s (0) are determined from initial conditions at the time
t:,=0, and the subscripts » and s present the measuring and loading span number of
multispan suspension bridges, respectively. When the moving load traverses the second
span and subsequent spans, the constants ¢.s (0) and ¢=s(0) are obtained by the following
equations

L) e (Lo )y qms(0) =& s ( L =)+ W s (L ")

C]ms(o):@m,s~l( ” ) v v ’

for s=2,3,, n (14)

The dynamic deflection of multispan suspension bridges at any point can be computed by
Eq. (13a). Furthermore, the slope and the bending moment of suspension bridges can be
obtained by the first and the second derivatives of Eq. (13a) with respect to the space
coordinate x, respectively.

3. Numerical Examples

Numerical examples are presented to demonstrate the effectiveness of the analysis and
to show some characteristics of the dynamic behavior of suspension bridges. The proto-
typical examples are three kinds of three-span suspension bridges having center span
lengths of 315, 770, and 1100 m. Their geometries and structural properties, necessary for
the dynamic analysis, are summarized in Table 1.

3-1. Natural Frequencies

The computed natural periods of A, B, and C bridges are presented for the first five
modes of the asymmetric and symmetric vibration in Tables 2, 3, and 4, respectively. It is
seen from these tables that there is a slight difference in the lower modes of symmetric
vibration, between the roller connection and the hinged connection. On the other hand, the
difference due to cable supports at the top of the tower is not recognized in the higher
modes of vibrations. Also, there is a considerable difference between the hinged-span type
and the continuous-span type bridges. The values of the natural periods of suspension

TABLE 1. Characteristics of sampled suspension bridges (1t=9.81kN}).

Characteristic values A bridge B bridge C bridge
Stiffening L, (m) 315 770 1100
girder Ly (m) 85 250 260
wy (t/m) 8.12 10.155 10.485
Wy (t/m) 8.12 10.545 10.785
1, (m*) 0.6 2.452 5.591
I, (%) 0.6 2.108 5.877
E (t/m*) 2.1x107 2.1x107 2.1x107
Cable £, (m) 35 76 100
A (m?) 0.0901 0.2280 0.3853
E, (t/m?) 1.6x107 2.0x107 2.0x107
Tower Ly (m) 60.000 138.850 180.257
I, ") 1.000 3.320 10.466
B, (t/m?) 2.1x107 2.1x107 2.1x107
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TABLE 2. Computed natural periods (in seconds) of vertical vibration of A bridge.

Mode types Hinged-span type Continuous-span type

of Hinged Hinged Hinged Hinged
vertical Mode Roller connection | connection Roller connection | connection

vibration order | connection (N=0) (N+ 0) connection {N=0) (N#%0)
Asymmetric 1st 3.2262 3.2262 3.2262 2.7121 2.7112 2.7113
mode 2nd 1.0912 1.0881 1.0884 1.0057 1.0044 1.0045
3rd 0.9463 0.9463 0.9463 0.7488 0.7484 0.7485
4th 0.4360 0.4360 0.4360 0.4058 0.4058 0.4058
Sth 0.2486 0.2486 0.2486 0.2679 0.2679 0.2679
Symmetric 1st 2.6846 2.6267 2.6282 2.6792 2.6189 2.6205
mode 2nd 1.5650 1.5619 1.5620 1.4668 1.4652 1.4654
3rd 1.0319 1.0283 1.0283 0.8473 0.8458 0.8458
4th 0.6190 0.6189 0.6189 0.5492 0.5491 0.5491
5th 0.3229 0.3229 0.3229 0.3133 0.3133 0.3133

TABLE 3. Computed natural periods (in seconds) of vertical vibration of B bridge.

Hinged-span type

Continuous-span type

Mode types

of Hinged Hinged Hinged Hinged
vertical Mode Roller connection | connection Roller connection |connection

vibration | order | connection {N=0) (N#0) connection (N=0) (N * 0)
Asymmetric lst 6.7851 6.7851 6.7851 6.2628 6.2608 6.2619
mode 2nd 3.9884 3.9742 3.9821 3.4933 3.4849 3.4896
3rd 2.5489 2.5489 2.5489 2.3190 2.3189 2.3190
4th 1.2935 1.2935 1.2935 1.3094 1.3094 1.3094
5th 0.7696 0.7696 0.7696 1.1180 1.1180 1.1180
Symmetric 1lst 5.9576 5.9357 5.9479 5.6374 5.6179 5.6287
mode 2nd 3.9424 3.9405 3.9416 3.8749 3.8734 3.8742
3rd 2.7698 2.7697 2.7698 2.5621 2.5620 2.5620
4th 1.7620 1.7620 1.7620 1.6596 1.6596 1.6596
5th 0.9819 0.9819 0.9819 1.2037 1.2037 1.2037

TABLE 4. Computed natural periods (in seconds) of vertical vibration of C bridge.

Mode types

Hinged span type

Continuous-span type

of Hinged Hinged Hinged Hinged
vertical Mode Roller connection | connection Roller connection | connecticn

vibration order | connection (N=0) (N# Q) connection (N=20) {(N£+0)

Asymmetric lst 8.1045 8.1045 8.1045 7.4380 7.4376 7.4377

mode 2nd 3.2200 3.2200 3.2200 3.1490 3.1481 3.1485

3rd 2.9623 2.9591 2.9605 2.4451 2.4438 2.4444

4th 1.6896 1.6896 1.6896 1.5704 1.5704 1.5704

5th 1.0236 1.0236 1.0236 0.9980 0.9980 0.9980

Symmetric 1st 5.9345 5.9046 5.9068 5.6621 5.6233 5.6253

mode 2nd 4.4255 4.4115 4.4128 1.3643 4.3554 4.3566

3rd 2.6686 2.6615 2.6617 2.5115 2.5085 2,5087

4th 2.2635 2.2629 2.2629 1.9869 1.9856 1.9856

5th 1.2957 1.2957 1.2957 1.2296 1.2295 1.2295

bridges with hinged stiffening girders are generally large in comparison with those of

suspension bridges with continuous stiffening girders.
The effect of the vibration in the flexural stiffness of towers upon the natural fre-
quencies is given in the following. Figure 3 shows the relation between the flexural stiffness

ratio of the tower to the stiffening girder of center span and the first natural period for the
symmetric mode of vibrations of the B bridge. When the flexural stiffness of the tower
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decreases, the natural period gradually approaches that of the roller connection (hinged-
span type = 5.9576 sec ; and continuous-span type = 5.6374 sec). It can be concluded that
the effect of the flexural stiffness of the tower can be known only when the value of E.[,/
(1) is approximately larger than 10. In other words, the difference due to cable supports
at the tower top arises when the flexural stiffness of the tower increases by about 10 times
that of the stiffening girder. From a practical point of view, however, the deformation of
the tower may be neglected in the analysis of free vertical vibrations, because the range of
values of E.L/(EI) is approximately from one to five.

3-2. Response History Curves

In Figs. 4 and 5 are shown the response history curves of deflection for the B bridge
when a concentrated load with a constant velocity v =20 m/sec is passing through from left
to right. The abscissa in these figures represents the distance between the left support and
the position of the load on the bridge normalized with respect to the total bridge length.
The ordinate of the history curves presented herein is normalized with respect to the
maximum static response value of the measuring points under consideration. Also shown
in broken lines in each figure is the static response, that is the response if the speed of the
moving load approaches zero.

Although numerical computations are carried out using up to 12 terms of the series of
Eq. (13a), there is no significant difference between the roller connection and the hinged
connection in the numerical results. The static responses at the quarter point and the center
point of the second span seem to be governed almost entirely by the fundamental mode of
asymmetric and symmetric vibrations as shown in Figs. 4 and 5, respectively.

It is also clear that the static response of the hinged-span type bridge produces the
bent-angle (discontinuous slope form) at the intermediate supports. On the other hand, there
is no bent-angle in the static response of the continuous-span type bridge as shown in Figs.
4(b) and 5(b). This fact suggests that continuous suspension bridges offer more advantages
for railway vehicles running through them than hinged suspension bridges.

The dynamic amplification factor § defined by the following equation'? is used to
evaluate dynamic effects (the term dynamic effects is used herein to denote the difference
between the dynamic response and the static response)

5= _7dmax ~~ %smax %100 (%) (15)
77s:max
in which 7 amax and 7 smax are the maximum values of the dynamic and static response,
respectively. It is seen from Figs. 4(a), 4(b), 5(a), and 5(b) that the dynamic amplification
factors calculated by Eq. (15) are 8.70%, 2.48%, 18.409%, and 2.72%, respectively.

3-3. Effect of Speed

The effect of speed is described by the speed parameter ¢.*'V This parameter is a
nondimensional quantity which depends on the load speed, flexural stiffness, mass per unit
length, cable sag length, and span length of suspension bridges. The relation between the
dynamic amplification factor of deflection and the speed parameter is shown in Figs. 6, 7,
and 8. The 8-« relation diagrams for the range of values of the speed parameter 0.0= ¢ =
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0.40 is calculated by increasing in increments of 0.0025. It is seen in these figures that the
dynamic amplification factors have a number of local peaks and possess a general tendency
to increase as the speed parameter increases.

Also, the dynamic amplification factors of the hinged suspension bridges are very large
in comparison with those of the continuous suspension bridges. The maximum deflection
of a suspension bridge occurs frequently in the neighborhood of the quarter point of the
center span. A significant difference between the hinged-span type and the continuous-span
type bridges is observed in the 8-« relation diagrams for deflection at this point (L./4).
Furthermore, the dynamic amplification factor at L,/2 and L,/2 is about the same or less
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than that at L,/4. The supplemental curves @ /(1— @) shown in these figures represent such
properties as the enveloping line of the dynamic amplification factors.

The relation between the dynamic amplification factor and the speed parameter for
slope and bent-angle at the first intermediate support {x, =0} is shown in Fig. 9. In the same
manner as the deflections described above, the dynamic amplification factors for the slope
of the hinged suspension bridge are very large in comparison with those of the continuous
suspension bridge. Although the continuous suspension bridge by no means produces the
bent-angle at the intermediate supports, the hinged suspension bridge produces the bent-
angle.

It is also worth noticing that the dynamic amplification factor of the bent-angle is of
considerable dimensions.

3-4. Impact Factor

The dynamic amplification factor discussed in this paper corresponds to the impact
factor in bridge design. The estimation of impact factor is a complicated planning problem,
because the impact is influenced by various factors® such as the effects of moving mass,
wave propagation, hammer-blow force of wheel and vehicle-springs. The impact factor
specification is not at present considered for highway bridges having a span length of more
than 200 m. However, it is presumed from the above-mentioned consideration that the
impact factor must be included to a certain degree in the bridge design of stiffening girders.
From the computed results of three kinds of bridges shown in Table 1 and other suspension
bridges with the various span lengths, the impact factor 7, in suspension bridges may be
calculated by the following equations

. 220 . ] .

Ty ,for the hinged-span type bridge (16a)

ig= 120 for the continuous-span type bridge (16b)
300+¢

in which £ is the span length of suspension bridges. The above formulae will give a close
approximation to the required value within the limitation of moving speed from 100 km/
hr to 150 km/hr.

The effect of uniformly distributed loads is neglected in this study, but it is possible to
consider the effect in the calculations. However, the impact factor for a distributed load
may be considered less than that for a concentrated moving load. The effect of structural
damping is also neglected in the above investigation, but it can be estimated from the
damping characteristics expected in an actual bridge that the dynamic effects will decrease
by several percent.’? It should be noted that the value calculated from Egs. (16) makes a
rough estimation of the impact factor and is slightly large. When one uses them practically,
an overestimation for the impact factor in long-span suspension bridges gives a safe-side
design consideration. '

4. Conclusions

In this study a procedure for the dynamic response analysis of multispan suspension
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bridges subjected to moving loads has been developed. Since the solution is expressed in a
closed form, the dynamic response at any time and at any point on the bridge can be easily
obtained. Also, the final form of the solution is simple and very convenient for making a
computer program of suspension bridges.

It can be concluded from the numerical results of natural frequencies that the effect
due to the difference in the cable support conditions at the tower top is negligibly small in
suspension bridges. However, the effect due to the difference in the support conditions of
the stiffening girder is considerable.

The values of the natural periods of hinged suspension bridges are generally larger
than those of continuous suspension bridges. The dynamic effects produced by moving
loads generally increase with decreasing span length and increasing speed of moving loads.
The dynamic effects of hinged suspension bridges are very large in comparison with those
of continuous suspension bridges. Also, hinged suspension bridges produce the bent-angle at
the intermediate supports and their dynamic amplification factors indicate large values.
Finally, it is concluded from an engineering standpoint that the continuous-span type of
suspension bridges has the advantage of good stability for railway vehicles in comparison
with the hinged-span type normally used in suspension bridges.
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