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On a Solution of Non-linear Differential Equation
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Résumé

Non-linear partial differential equation :

ou ou Pu
g _a’u27a‘7r" _*_7,%? = O ,
with ay>0, has a solution: u(x, 5)=Ap(b(x+t)),
where p(2) is Weierstrall® p-function. A?=360 rb*a, b, and v are constants.
The Weierstraflian p-function multiplied by the squared Jacobian sn-

function is found to be a solution of the Korteweg - de Vries equation.

The general evolution equation can be written as :

8615 U= — %F(t, Ly Uy Uy Uy ) (1)

with the conserved density «=uw(z, f) and flux . The subscript denotes differentia-
tion.
If we take:

_ ol
T (2)
and
= S A5t G fy s G T d, (3)

where §1/6u means the functional derivative of [ with regafd to u, and @, B, 7, ¢,
and { are constants.

Assuming that all the functions u, u, Ugsy aNd 24y, vanish at the upper and
the lower boundaries of domain D, we have

ol

S Tt % u'+ %ﬂ“’—-ﬁum—{—ruzm . (4)

From (1), (2), and (4), we obtain
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Uy ety Cunty+ oty — Bl g+ T lhawzgs = 0 . (5)
While, the solution of the higher order Korteweg - de Vries equation :
Uy — 0U™ Uy 1) (Ullgg) s ] Uiy Ui — Pl Tl = 0 (6)
was discussed by several authors. e. g For n=2, a=—45, »=15, ¢y =p=0, and

r=1, soliton solutions of eq. (6) was found by Hirota’s method"?. For n=2,
a=—30, p=y' =10, p=0, y=1, eq. (6) has also soliton solutions>?.

An oscillatory solitary wave was observed? in a non-linear electric circuit for
n=1, a=—1, =7 =p=0, and y=—1 in (6), with reference to the computation®,
although the exact soliton solution for this equation seems to have not yet been
found.

In the present paper we shall consider eq. (5) with a=—qa, e={=p=0, or
eq. (6) with n=2 and =7 =p=0, i. e
Uy — QU U+ Tl = 0 . (ay>0) (7)
Assuming a travelling solution with velocity v :
ol ) = uletot) = ulé), (8)
with
E=x+ve, (v = const) (9)

and putting (8) into eq. (7), we obtain
Vit — QP e+ Tlegees = 0 (10)

which can be integrated to give

o

Vit — 5 1 Tttgees = —-C, (11)

with an integration constant C.
A solution of eq. (11) can be obtained as
w(g) = A-p(bf), (A : real positive) (12)

with a real constant b, and A*=360 yba. P(2)=p(2|20, 2w,) is the WeierstraBian
p-function with fundamental periods 2e; and 2w, :

+eo dz
—o\ 13
2oy ZSel A'/423_(/255“(73 , 13
and
e dz
=27 —, 14
20y = 21 S oo V= (42— 22— Gs) =

2w, is real and 2w, is purely imaginary, and e;=p(w) (i=1, 2, 3), are all real quan-
tities, for

g3—27¢3>0., (15)

We put here wy=w,+w,. e¢s satisfy the following cubic equation :
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42— p2— s =4(2—e) (z—eg) (2—e5) =0,

Wlth @3< 62< €.
By means of relations :

eit+ete=0,

v v
g = —4(erestepestese) = 1875 =20 aA?’

and

C C
s = 4erepey = 12470 =30 aAs

eq. (16) is written as:

v o C
43— 20—y 2—30— 25 =0

(16)

(20)
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Function p(2) is an even function of z and has a pole of order 2 in any primi-
tive period-parallelogram on the complex z2-plane. So, the solution (12) is a real
solution A-p(b€) with v<0, travelling towards -+ z-direction for a<<0 and y <0, while
it is also a real solution with v>0, travelling towards — x-direction for a>0 and

r>0.
The function p(2) is expressed as

6 —C

PR =t e k)

with the Jacobian elliptic function sn{z, &) of modulus £:
b \/ e—es
e —eg
and we can find that the function ¢(§) defined by :

9(€) = A-p(b)-sn*(beder—eq , &)
= A{(Q—@)—i—eysn%b&/ﬁ, k>} s

satisfies the follo ring Korteweg - de Vries equation :

0 0 ik

with

_ v(e;—ey)
%= Alei+tepe)

and

v
To= 126%(ei+e e5) °

(26)
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A) If we tend k—0, then we have.

2w—— /¥ —3e;, 2w3—>ic0, (27)

s 2 \/_51
! AY 3¢’

_ (28)
b= ep s L \/L’v
2 3 A Sa b
and the integration constant C should be chosen to be:
C— 4v [ 5v (29)

ERE

so that eq. (7) could have a real solution. And the solution (12) takes the form :

= (5 o T 15| o) -

While, function ¢(&) defined in (23) reads:

$(&) = \/E—j’:-{S—sim(bs\/%\/%T)}. (31)

B) If we take k—1, then from (13), (14), (17), (18), (19), and (22), we have:

2w—— + 00, 2w;—in/¥3e;, (32)

. :g_w»_l_\/za
1 2 A 30’ )
5v

(33)
O T AN Ba
and the integration constant C should be chosen to be:
c=_4v [5v , (34)

9 Y3

Solution (12) turns to be:

w(z, f) = \/%{3 cot112<b$J%J3%1 )-2} , (35)

which gives a solitary pulse at é=x+vt=0. While, function ¢(&) for k—1 reads:

$(&) = %{3 —2 tanhz<bs\/ %\/ 157'” )} : (36)

C) If 0<k<1, function p(b¢) is real for the values of C, which lies in the

region :

_%.]v;.\/%< C <-g~-lvl-J%Z— : _ (37)
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When we take C=0, then eq. (11) reads :

[24
VU — §1¢3+ru5655 =0,

and eq. (20) becomes to be

v
z<22—5 aA2>:O.

Then, solution (12) can be reduced to:

with

and

and

5"0.

u(z, t) =

0y = 4ee63=10,

v 20v
2= 18yt — aA? >0,

6’2:0,
— _1 /5y }
6’1——6’3—

AN a

_ —f I
k_\/el——es _\/2 '

While, function ¢(&) for C=0, reads:

1)
2)

R. Hirota:

K. Sawada and T. Kotera:

60 =
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