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           On a Solution of Non-linear Differential Equation

                          Olt                                  Olt 05u
                         L'ot -au2 ox +r-ox, =o

                                     . .t
       YoshinoriYAMAMoTo TadashiHAIBARA EiItiTAKIzAwA
                            (Received June 25, 1980)

                                 R6sum6

        Non-liRear partial differential equation:

            "t61tilTt-azt2-aO'tst-+r-llitix-Zst=o, '

    with ar>O, has a solution: zt(x, t)=:A.p(b(x+wt)),

    where P(2) is WeierstraB' P-function. A2=360 rb`/cr, b, and v are constants.

        The WeierstraBian P-function multiplied by the squared Jacobian sn-

    function is found to be a solution of the Korteweg-de Vries equation.

    The generai evolution equation can be written as:

         ao        -oiZ(=-ocF(t,v,zt･,um,ii･xm,'''), . (1)
with the conserved density zt.==zt(c, t) and flux F.                                           The subscript denotes differentia-
tion,

    If we tal<e:

        F ., L!iLI

                                                                (2)            6u '

                               '
        l=:: S.(-S- z`2+ -ill- z`3+ -1-cr2 z`4+ -t-2--(u.)2+ -ll-(t(..)2) dx, (3)

aW-hder
? a6rnytigonMs?aanntSs.the fUnCtiOnal derivative of I with regard to zt, and cr, p, r, e,

    A$suming that all the functions zt, ze., ie.., and ze..., vanish at the upper and

the lower boundaries of domain D, we have

        3ui =:: Eze+ 2< u2+ g-u3-pu..+ru..... . (4)

From (1), (2), and (4), we obtain
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        ttt+etex+4uztx+cvzc2zex-l3ttxxx+rztxxxxx =O. (5)

    While, the solution of the higher order Korteweg-de Vries equation:

        itt-crtLnzi..+rp(uzt..).+rptzt.ze..-Pztxx.+rze....x:=O, ' (6)

was discussed by several authors. elg. For n=2, cr=-45, rp=15, i==P=O, and

r==1, soliton solutions of eq. (6) was found by Hirota's methodi,2). For n==2,
cr::= -30, rp=rp' ==10, B=0, r=1, eq. (6) has also soliton solutions2,3).

    An osciliatory solitary wave was observed4) in a non-linear electric circuit for

n=1, a== -1, rp=n'=P==O, and r== -1 ln (6), with reference to the computation5),

although the exact soliton solution for this equation seems to have not yet been

found,

    In the present paper we shall consider eq. (5) with cr=:-cr, e=4=B==O, or

eq, (6) with n=2 and rp=:rp' ==P=O, i. e.

        ut-cru2'ux+rttxxxxx=O. (crr>O) (7)
    Assuming a travelling solution with velocity v:

        z`(x, t)=z`(x+vt) iu(6), (8)
with

        e=x+vt, (v==const) (9)
and putting (8) into eq. (7), we obtain

        Vlee-crlt2Ue+rUeEEee=O, (10)
which can be integrated to give
                                       '
                                                              '        vzt-r[rmlizt3+rzteeee=HC, ' (11)
with an integration constant C.

    A solution of eq. (11) can be obtained as

        zt(e)=A･p(be), (A:realpositive) . (12>
with a real constant b, and A2==360rb`1cr. P(2)=P(2I2tot, 2to3) is the WeierstraBian

p-function with fundamental periods 2cai and 2ca3:

                                         '        2Wi:=2S,'OO'Va.'S-dg2,}':"ij',L,' '' '''1 (13)

                1      -                                                           '

        2to3=2iSe-3.. v-(4.3t' g,.-agJ'･ (i4)

2tui is real and 2o3 is purely imaginary, and ei=P(tui) (i=1, 2, 3), are all real quan-

tities, for

                                                         '
We put here tu2=toi+tu3. ei's satisfy the following cubic equation:
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        423-g22-g3 !ii 4(2-ei) (2-e2) (2-e3) =O, '(16)
with ･e3<e2<ei,

By means of relations:

        et+e2+e3=O, . (17)
                                vv        g2=-4(eie2+e2e3+e3ei)=-isrb4=20fia;/izrT,, (18)

and

                      CC        g3=4eie2e3= i2Arb4 ::= 30 aA3, (19)
eq. (16) is written as:

                vC                        .A3=O･ (20)                   2- 30        423 - 20               crA2

    Function P(2) is an even function of 2 and has a pole of order 2 in any primi-

tive period-parallelogram on the complex 2-plane. So, the solution (12) is a real

solution A.P(bg) with v<O, travelling towards +x-direction for cr<O and r<O, while

it is also a real solution with z,>O, travelling towards -x-direction for a>O and

r>o.
    The function P(2) is expressed as

                     el - e3        P(2)=e3+ sn2(2Ve,-e,,k)7' (21)
with the Jacobian elliptic function sn(2, le) of modulus k:

        fe-VSI!S:n･ ' (22)
                                                         '
and we can find that the function ¢(6) defined by:

        ip(6)=A･p(be)･sn2(beVei-e3,k)

            '           ==A{(ei-e3)+e3.sn2(beVei-e3,k)), (2,3)

satisfies the follo,ring Korteweg-de Vries equation:

                Oip                       03 ¢        O¢
        .et -cro¢i-i+ro'MoT.'{m == O, (24)
with

             w (e2 - e3)

       crO=A(eg+eie,)'' ･,, . .(25)
and

                ve3       rO=12b2(eZ+e,eE)"-' ･ (26)
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    A) Ifwetendle-O,thenwehave,: . . .
       2a)i-T/V-3e3, 2a)3-ioo, (27)
                                                              '                                                          '

                                                                (28)
       e2-e3--"k""-V-g:'' '' '

and the integration constant C should be chosen to be:

        c-4,VVw5,.k, ･ ''' (2g)
                                                            '                                                                      'so that eq. (7) could have a real solution, And the solution (12,) takes the form:

        u(x, t)=V-:X ･(3 cosec2(beV-Ili-Vi5."L)-ii (3o)

                                                tt                                                                   '                                                               '
While,function¢(g)definedin(23)reads:'.･ .･'
       ip (g) == me ･(3-sifi2(be Vli-V'L;-'irm5.'if' )1. (3i)

    B) If we take k-1, then from (13), (14), (17), (18), (19), and (22), we have:

       2toi-+oo, 2tu3-in!V3',:T, (32)
                                                          '
       ei = e2-------> -7il-V 53Va ,

                                                                (33)
       e3Hme' - -A2"V 53W. ,

and the integration constant C should be chosen to be:

        C---`,VVgV.. . , (34)
Solution (12) turns to be:

       "(x･ ") ==V53V. '(3 cOth2(beVJiTVi5." )-2]･ (35)

which gives a solitary pulse at g==:x+vt==O. While, function ¢(e) for k.1 reads:

       ip(6)=V-rr5,III-･(3-2tanh2(b6VkV'5.V )]. (36) '

    C) If O<k<1, function P(be) is real for the values of C, which lies in the

  .                                                                     'reglon:

        --`,-･lwl･V5,V.<C<-g-･lvl･V5,V.. . (37)
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    When we take C= O, then eq. (11) reads:

             cr        wu- -gr u3+rueeee =O,

and eq. (20) becomes to be

        2(22-5 crZ2)== O･

Then, solution (12) can be reduced to:

        u( c, t) == V 5cr" '(M]' .2(b6V'=III'i5'.'Li' V"}                              2 --)-1],

with

        g3 = 4ei e2 e3 == O,

and

              v 20v
        92= 18rb4 == crA2 >O'

i. e.

        e2 = O,

        ei--e3- kV5." ,

and

        k-V,f-ez, -=Vil';L･

While, function ip(4) for C==O, reads:

        ip(e =-V5.v ･(2-sn2(b6Vft Vfr.'V-,G' )l･
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