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Generalized Sampling Theorem, Generalized Frequency,

   and Generalized Band-Limited Spectrum Function

                      i                     IEi Iti TAKIZAWA*)

                     (Received July 7, 1974)

                                 Abstract

    Severa! remarks are made on the generalized sampling theorem presented

by Takizawa and Isigaki. In relation to the generalized sampling theorem, the

generaiized frequency and the generalized band-limited spectrum function are

discussed. The condition for establishing the generalized sampling theorem is

stated in terms of the generalized frequency.

                             Zusammenfassung

    Einige Erweiterungen des von Takizawa und Isigaki abgeleiteten verallgemei-

nerten Abtasttheorems werden in der vorliegenden Arbeit angegeben. BezUglich

dieses Theorems werden die verallgemeinerte Frequenz und die verallgemeinerte

band-begrenzte Frequenzfunktion diskutiert. Die Bedingung fttr die Herleitung

des veraligemeinerten Abtasttheorems wird in Abhttngigkeit von der verallgemei-

nerten Frequenz angegeben.

                            SO. Preliminaries

    In a previous paperi) the author presented a generalized sampling theorem,

by which a continuous function can be reconstructed from its sampled values and

sampled derivatives. Here, in the present paper, the author makes several remarl<s

on his generalized sampling theorem. He also introduces the notion of the gene-

ralized frequency and the generalized band-limited spectrum function, and dis-

cusses the condition for establishing the generalized sampling theorem in relation

to the generalized frequency and the generalized band-limited spectrum function.

The bound for trurrcation error of the sarnpling expansion is also estimated.

                   S1･ Generalized Sampling Theorem

    The generalized sampling theorem presented by Tal<izawa and Isigaki reads

as follows:

Theorem 1-1. Generalized Sampling Theorem

    An entire function y(<z) is expressed by:

        Lf(2) = 4. 11il.iil"llirmi,lt 4/l'':lll.5;' '(x-xn)j"k'nvc. -g.(,f)i),e.+r (imo
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           =::: z,, ISii, tfi., !211･il''{,llt/l･I'! '(z-zn)s' (.-gi7))･v.+i (i-i')

           -¥,Zg.,(zirtz)t･[dedi,(flz)･H(z)]],=.,,･(..g.(,g,),,,,.,, (1-1,,)

in which the series is uniformly convergent in any finite closed domain of the

complex x-plane, if the following conditions are satisfied:

        (I) f(x) and g(z) are entire, (1-2)
        (II) g(z) has zeros of (m.+1)-th order at points x=x,, (n=integers), i. e.

        g(2.)==g'(z,,)==g"(z.)=:j･-:==g("bn)(x,,)=O,andg('ran+i)(2s,)[JtO, (l-3)

for m.==non-negative integers, which depend on n, and

        (III) 1..i-m..fgi3=O' (1-4)
Here, for the sake of brevity, we have put*):

             [       f£k)= dk"1(<Z)/dek].=..' (1la5)
        gS,i':-:[cleg(z)!tl2k].=.,,, HS,k'-[dkH(z)1den].=.., (1-6)

and

                                               '        hSek)==[2iC"iA:h(z)].=.,,=[2S('i:k(2"gz(;))mna-i].=,,,' ･ (i-7)

The function:

        h(2)EllH(x) =!g(2)!(z-z.)Mn", (1-8)
is called a gene7ulixed sanipli7ag fa7zction. The summation over n in (1-1)N(1-1")

covers the whole set of sanipling points z=2,, (n=integers).

    The proof of Theorem 1-1 is straightforward. Under conditions (I) and
(II), function f(z)!g(z) is meromorphic in the complex plane. It has poles of

(m.+1)-th order at points 2=x. (n=integers). By means of the Cauchy theorem,

we express the function f(2)!g(z) by a contour integration along a circle of radius

R with its centre at the origin, the poles of the function f(z)!g(2) being in the

domain enclosed by the circle lzl==R. We tend the radius R to infinity, then

the contour integral vanishes under condition (III), and we have merely to cal-

culate the residues at the points 2=::2. (n=integers). Taking the sum of residues

at z=:::2. (n=integers) and multiplying g(z) to both sides of the expression thus

obtained, we have Theorem 1-1.
    The exp!icit expression of Hgfi) in (1-1)N(1-1") is as follows:

'k ) By f(k)(x), H(h)(x), and h(k)(2), we understand dRlf<z)/delt, dkH(x)1dek, and dkh(x)ldzk, respectively.

   While, g(O)(z), H(O)(2), and h(O)(x), are respectively functions g(z), H(x), and h(x) themselves.
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        H;k):=::(izl･)k ml/hndiii>,,c,-/L/.,i, ol･, o, o '(1-9)

                        -- -                                             hY:--3)                                  h5,.k-2)                      hi,k-i)
                      dih'.'k-iC'h,-,'"L'C2'un7il:rmav, ,1

                       hh'`{', ,,c,h//',-,", ,qk//'l,2',･･･,,q,-,-Ill'i:-

for positive integers k, with

            hS3'rq)- P!(m.+1).!. gl:'in'i'p-q'
                                               ,(p,q--O,1,2,･･･) (1-lo)        "Cq h. Mg!(Mn+1+P-9)!'                                       gS:"n+i)'

        gS;''==[d"g(x)/de'1..=..,, (7'=O,1,2,･･･) (1-11)

                         'and

        h;:')=[21Ii"'h(x)],...==:[21iil'v (2-g2(Z.))7n･.,+il=.,,' (r=O,1,2,''') (1-12)

           gZ. Remarks on the Generalized Sampling Theorem

    Here, we shall make several remarks with regard to the generalized sampling

theorem given by Takizawa and Isigaki.

1) As was seen in the proof mentioned above, we can replace conditions (I) and

(II) by the following one: '
        (I') The functionf(2)lg(z) is meromorphic, with poles of (m.+1)-th order

            at points z==x. (n--integers). (2-1)
2) If we replace condition (III) by the following one:

        (III') £i-m..!l(g))-K (=-const), (2-2)

then the contour integral along the circle of infinite radius does not vanish but

remains a finite value K. Thus, we have the following theorem:

Theorm 2-1
    If conditions ((I), (II), (III')) or ((I'), (III')), are satisfied, we have

                                                '        f(z)--E,,iiit?...,fj2'I'･{,lll2'ili'ii.･(2-z.)s-(.-g.(,g)...i-t-K-g(z) (2-3)

            ,., ?,l}, ',ii.l.i, (2i3n)S･[ dedS, (f(x)･H(z)l]....,,･ (.nvgil)).,.+i +K･g(z)･ (2-3')

3) Condition (III') can be further weakened, 'i,e., we can replace condition (III')

by the following one:
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        (III") l/'-".. 21I""S. ((-{l}5'.)g(cn)-d4 ==K (==const)) (2H4)

where C represents the contour of a closed curve, and Iimc-.. means to make the

contour infinitely large. The left-hand side of (2-4) appears in calculating the

value .f<z)!g(2) by the Cauchy theorem. Referring to the proof mentioned above,

we see at once that the condition (III') can be replaced by (III"). Hence, Theorem

2-1 ho!ds under conditions {(I), (II), (III")}, or {(I'), (III")}.

4) If all the m.'s are equal to the same value m, then expressions (1-1)N(1-1"),

(2-3), and (2-3'), can be simplified.

S) For the case m;})O in (2-3) or (2-3'), we can take function g(2) practically as

                                                              '        g(z) -:: gb""'i(2), (2-5)
where ip(z) is an entire function with simple zeros at points 2==z,, (n==integers).

Then the sampling formula (2-3) for an entire function yC<z) reduces to:

        f(x)"=z.trlllb,,i=,f,'ftl''i,lll!'SS-l'(z-z.)s'(.ttVllf)7?,+i+K-¢"'"i(z), (2-6)

where llS,k)'s are given by (1-9), with

        h,,=gS,""+1)1(771+1)!==(gbl,)M+1, (2-7)
and

            hl,S-') s!("z+1)! g£"e'i'S-") s!(7n+1)!
        sa-' h,, = r!(7n+1+s-r)!' gl,vi･+i) ==: r!(¢I,)m+i'

           'p+2'i"+q3.',¥!`tl,r;,`,:7.n･,+.,.i,-,.p!q!iu!･･･'(¢lb)"'(2ii. ip.;,')q･(3ii. ¢Jge)i`..,. ･ (2-s)

6) Some examples of the sampling formula for small m.
    a) If all the poles of the function f<z)lg(z) are simple poles (i.e., m=O) at

points ,z==x., (n-mintegers), then from (2-3) or (2-3'), we have:

        f<2) = 4, Xi'H)i' Y-(X.),, +K'g(Z) = 4,, f(Xn)' (.nv Y.gX. ),t(..) + K'g(Z),

                                                                 (2-9)

which, in case K==O, reduces to the formula suggested by van der Po12).

    b) If all the poles of the function f<z)lg(z) are of second order (i. e., m===1)

at points x=2., (n=integers), then expression (2-3) or (2-3') reduces to:

    fl2) == ;. [fb'H)i+(2-Xn)'(fb'HYb+1i'H)t]]' (.g-(2.),,)2 +K'g(2)

    ' =-pu, [f<2.)+(x-z.,)･("(x,,,)-Ll;rf<z.)･"gli321)] (.2Lg,)i2),(,3)+K'g(z)･

                                                                 (2-10)
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    c) If all the poles of the function f<z)lg(2) are of third order (il.e., m==2)

at points z=z. (n=integers), then from (2-3) or (2-3') we have:

       f<Z) :== Z,, [.Lt'H)t + (X-2n)'(.Lt'Uz +.IC;L'H;i] + ;(z-2n)2'

           ･(A･H)L' + Z7C'ts HIZ +fl:･U,]]･ (.gnv(:).)3 + K･g(z) ==:

           ==Z,,[.1(<x,t)+(x-2n)'I]C7(2n)-mili+j(<x,,)'gg'i(l3i)+-l}J(x-z,,)2･

           ･(f"(x,;) - -2iuaf'(z.)･ ggl;l + -ll'f<x,,)'[Fli'( gg'i:`31 )2 - nl;- llgli,il-l,l]1]'

           ･(.2kg,)(3Z. ),,t3) +K･g(2)･ (2-ii)

    Detailed examples of the sampling formulae (1-1)N(1-1"), (2-3)t--J(2-3') with

(2-4), (2-6), and (2-9)N(2-11), will be given in the following papers9)'iO).

7) Truncation error of the sampling expansion (2-3) or (2-3') can be estimated

in a simple manner (cyl g6), For exarnple, we shall consider the boz{nd for
tntncation error of the sampling expansion (2-9) for real z and z. (n=integers).

Let RN,nf(2) be a truncation error defined by:

        RN,)i(x)=-=](<x)-.=ZN12..j`l,''wL-g.(;,)).'bnv,t, -K･g(x), (for z-Jt<x<zN) (2-12)

with X,=.f<z,,), g;,:==[dg(x)1de].=-.,,, and positive integers Nand Al The sampling

points z. (n==integers) are arranged in ascending order of magnitude, in such

a way that ･-･<z-2<2uni<xo<zi<z2<･･･, where positive values of x,, correspond

to positive su{lixes n>O, and negative values of 2. to negative sufllxes n<O.

    From the definition of RN,nt(x) in (2-12), it is easily seen that

        IRN,,,i(2)I<lg(x)1･[vK.iYk'-A£'+llL."i:leil･:,'], (forz-]t<z<2N) (2-13)

where
        K.=･VXIX,]", L,,=:VZII,12, A.-=maxlg"-i,
              n>rv n<-M ･n>N
           and B,v=maxlg;,lu'i. (2-14)
                   ?z<-M
    IEspecially, in case g(x)--sin(Px+r) in (2-12), we have: z.=(nff-r)li3,

gj, ==(- 1)'t･P, (n == integers)

and
        ig(z)i･A.N :==: ]g(z)l･Bnt == 1sin (Px+7'))1lPl<11iPl, (2-ls)

then expression (2-13) leads to:

    lR.,.(.)I< lsin (Fp2i +r)l ･[;7-/eK.sl. +;7 .ill:Jt'r.-･] :E{{

           E{{;IS'"v(9Xl'll)l･[v.,,.･:･"(x..ii.s--+v-R/2-.L,"{;,ift-], (p=t=o) (2-i6)



                             .

which reduces to the inequality obtained by Jagerman3) for the case A4::=N

8) The generalization of the sampling theorem 2-1 to the case of many variables

can be made straightforward. A similar analysis as was stated in the proof men-

tioned above, leads to the sampling formula for many variables. For example,
we have:

Theorem 2-2
    An entire function f<2, w) with respect to two complex variables z and xv,

can be expressed in the following form:

       uiCKiz･ zev) ='- ¥, i;,: £',,i//],*, t/i.l;nt, 1･l,tj'2`:l･i,llll;';il･,Si,Itfl'li`M,k)', ･(z-..)s.

           ･(zu-w,-)"- (.-..)g･,IS+Z)I(g,25Z-U),..),,t,,+i + ¥, :z' ;//'i;, A,'l'i' 'kVrJ=i'l'

           '(z-2･i)s･ &i(i'lii lg2,S,ii,S2 + i;.] ,iltl:L ,S. ,, -B,lr" i, L' ･,:l,lii' il-"e kk,', ･(. im ..ye.

             91(z)･g2(w)
           ' (w - xu.) "'･i･+i + Kh'gi(z)'gz(w)                                                              (2-17)

           = Z. E. ZZ'bifti,' (Z-Z")il(,T,x-xvr)ze.

           ･[ o.O,So','i`.i･-(f<x, Tv)･H(2)'G(w)]].=.., ,,...,,,,' (z-z.)g,bl(,ii)i(gw'(Z-')zv,,)M?･+! +

           'E,; :i:i*, {)ii!j''i,llllil;ll ･(2-zn)s･ &i(-"s,g,3S,il,Y.l +

           +:l,tY/1',tll.i;,t`'f'･(9,t9'l",'!･(w-w.)2`･,gi(-"E8,?,SyllSll.l-i+ .

           +K6･gi(z)･g2(w), - (2-17')
if the following conditions (IV), (V), and (VI) are satisfied:

    (IV) Function .7`<z, xev) is entire with regard to 2 and zv, respectively.

                                                              (2-18)

    (V) gi(x) and g2(w) are entire, and gi(2) has zeros of (m.+1)-th order at

         points x=x,, (n=integers), and g2(w) has zeros of (Ml,+1)-th order at

         points w=zv,, (r==integers). (2-19)
    (Vl) llul.] ii,[IiiOllrptt-f,(vC)'rp,),)5X"di7::=:A5n"･

         ll-m.. ,i., s,,[oa(rpi-f.(i' k)]4vs-w･ d4 .= .sk), (,-,,)

and
         ll-M..( ii )2'j,,S,, (c -2)･(rp45b)rp･)g,(4).g,(op) dCcth7 == Ko(=const),

         t'2-+OO
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where ei and c2 represent contours oi closed curves in 4- and rp-planes, respectively,

and lim,,-,.. and lim,,r,. mean to make the contours infinitely large.

    In expression (2-17), we have put:

        jCStj';'S')=[oSj'i'zkv'Jmmf<Z'TV)].....,.=,,,' (2-21)

        h(x)E11H(x)i!Egi(z)1(z-x.)"bn+i,

        p(w) =i l/G(Tv)sg2(zv)1(zu-zv.)""'i, (2-22)
        H7(v't)=[Oj'U(Z)!02'1....., G5'"':=:[OkG(W)10W"],,..,,.'

The surnmation over n and r in (2-17) and (2-17'), means to cover all the points

z==z. (n ==integers) and zv=w. (r=integers), respectively in x- and xv-planes. The

points x=2. (n = integers) are called the sa"tpling points in zablane, and the points

zu ==zv,, (r=integers) the sanrpling points in Tv-plane. Functions h(x)=gi(z)/(z-

-x.)""n+i and p(zu)== g2(w)1(w-zv.)jif;'+' sha!1 be called the sa7mpling fitnctions,

respectively in 2- and w-planes.

               g3. Generalized Frequency and Generalized

                           Spectrum Function

    We shall tal<e the integral transform F(s) of a function .IC<2):

        F(s) =-S.,K(s, z)･f<z)･de, (3-1)
with an integral kernel K(s, 2) and the domain of integration A, The inverse
transform, if it exists, shall be written by:

        ./<Z) == S. K'V (z, s)･F(s)･cl)s, (3m2)
with the integral kernel K(z, s) and the domaln of integration B.

    When we take in (3-1) and (3-2): f<z)EL2(-oo, +oo), F(s)GL2(-oo, +oo),

         1 -"1K(S, Z) =:v2. 'exp[-is21, K(2, s) == s/ 2. ･exp[+izs], A=(- oo, +oo), B==(- oo,

+ oo), then we have the 17bz{rier t7ansy(brm and its inverse:

        F(,)=-vrm21,vaSIO.e.xp[-i,.]･f<.)-clz, (3-3)

and

       .f<2)=v=lli.- Si:. exp [+ izs]･F(s)･cis. (3-4)

The fvtnctiofi F(s) in <3-3) is called the 17bu7iei' specti"eem faLnctio7'i of .f<z), and the

variable s in (3-3) the .foequenay of j(<2).

    Corresponding to the Fourier spectrum and the frequency, we shall call the

function F(s) in (3-1) a genefuli2ed spectrtem fanction8) of .f<x) with regard to

the transform (3-1), while the variable s in (3-1) shall be called a genefuli2ed

7C>eqztenq),8) of f(x) with regard to the transform (3-1).



                              -40 E. I. TAKIZAwA
    For example, if an entire function .f<2) satisfies the following condition:

        ･VL!i-･J(<2)eLi(O, +oo), (3-s)
then we have an integral transform and its inverse transform4>:

        F(s)-S,'Oez･4(sz)･f<x)ttfin, (3-6)
                                              'and

        .f<X)-S,±' cos･l(2s)･F(s)･ds, (3be7)
with Bessel function ,J;(z) of order v})-lf2. In this case, we call F(s) a gene-

i'alixecl spectrum fimction of jC<x) with regard to the Hankel transform (3-6), and

the variable s a geneiulized .IC)equenay of f<2) with regard to the Hankel trans-

form (3-6).

    Another example of a generalized spectrum F(s) and a generalized frequency

s is as follows5):

        F(s)=S)eOx･71(az,sx)･f<z)･cis, (3-8)

and

        B.(z) '.f<2) =S."cos- 71(crx, 2s)･F(s)･ds, (3-g)

with

        B,(x) - Je(2)+ ye(z),

where

        7",,(a], z) === X(a;)･ul),(2)-,7;(x)･X,(x), (3-10)

with Bessel function ,L,(z) and Neumann function Y),(2), and x･f<x)EL'(p, +oo),

                 SIco2-.7C<z)･clx<+cx), is absolutely convergent, with cr)p>O,
i. e., the integral:

and v) -112.

                 g4. Band.limited Function and Fourier
                           Spectrum Functiop

    A class of functions which is of particular interest is the class of banclL

limited fienctions defined as follows:

    A function f(2) is called band-limited, if there exists a constant W>O and

a frequency function G(a)) of bozcnded ?yariatt'on over the interval (- W) W), so that

        f<x) == ,f ±. Sll.llexp [inx]･dG(w). (4--i)

The function G((v) is called the fiburie7A-Stiel41-es spectrum ](2t7iction of fK2), and W

the cut-off fieqztency, or the maximztm -f)-egzt.eizcy, ln case G(to) is absolutely
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continuous over the interval (- VV] W), then (4-1) can be written as:

       f<x)::=vl.jl:exp[in2]･G'(tu)･do, . (4-2)

and G'(w) is called the fouri.e7' spectrtem fo･tnction of f<2) with maximum jf)eqz{enay

W(of] (3-4)). CIearly a band-limited.fitnction is entife. .

    It is convenient to introduce a {unction E(y) defined by:

       E(y)-="..m..a.x..I.7C<z)1, (withz-c+izi) (4-3)

 for any entire function .f<2).

    From (4-1) we have

        :f<x)i < v'l;:'S1lll gexp [ict} cm ctiy]t'dv((D) < v ll. j1':11exp [i(o c]i･

                                                             tt           'lexp[-toy]1･dV(tu)<vililjllliexp[-toy]i･dV<tu), (4-4)

                         '      '                       '
where V(te) is the variation of G(te) over the interval (- W) ca). Let us take:

        V- S: rr.dV(tu), (4-s)
i. e., V is the total variation of G(tu) over the interval (- Wl W), then from (4-44)

and (4-5), we obtain:

                V
        i.f<z)l<v-2}IJ･exp[W-lyl]･ (4-6)
Thus we may define the function g(y) in (4-3) as

               V
        -ff(y)-Ttff･exp[W･lyi], (4-7)
and obtain:

                            V'        exp[NIPi'iy]]･S(y) :v-2}E ･exp [(I'V-IBD･lyI]･ (4-s)

When Iyl--) + oo, the expression (4-8) approaches zero, provided that W-]PI<O,
i. e,

        1!IPI<ll W. (4-9)                                                                     tt                                                                     '    From (4-6)tw(4-8), the left-hand side of condition (III) in (1-4) with g(x)=

==sin(Pz+r), is seen to be**):

        l'LT:}gimu.uLp4.Z)+ff<,.li-m..4'exp[mlP]'Iyll'E(y)･ (p#o) (4-io)

 **) IAsinm+i("Ox+r)1==11[Vsin2(Pa)+r)+sinh2(i3y)]M+i:{{lllsinh(t3y)]"v+'(4"v+'･exp[-<m+1)!IBI.lyl],

    for large y (i.e. for li31.lyl)logVJ25, with (m+1) positive integers, fi and r real, and

    x=x-}-iy. We shall call the inequality in the first line (4--10').



Referring to (4-6)tw(4-10), we have the following expression:

              Lf<X)
        i.'LTI} sin(p2+r) =O, (4-11)
                                                                  'i. e., condition (III)･in (1-4) holds, if function f<z) is band-limited with maximum

frequency I]Vl and if condition: -
        1/IPI<11W, (4-12)
is satisfied. Hence, from (1-1) or (2-9) we obtain:

Theorem 4-1
    If a function .f<z) is band-limited with maximum frequency IV] then ]C<z) is

representable by:

       f<z)==,,1£'Oneoox,･Si"pYl;!:."Z), (pio) (4-13)

with .f;,==j(<z,,), and z.=(nn-r)/P (n=integers), provided that the sa77ipling ]()e-

quenay***) iPl satisfies the following condition:

    Referring to the proof above, and taking g(z)= sinM'i(Pz+r) in (1-1) or (2-3),

we obtain the following theorems in a simi!ar manner.

Theorem 4-2
    An entire function ]C<2) is given by:

       f<2)-,,izr/.tlt,,zS.,!Zil･il'-{,liit/i.fl･(z-..)s.si?En-"£e,)-c.',!,r),(p.i.o) (,-,,)

provided that condition:

        lim exp[-(m+1)･IPI･iyl]･g(y) =- O, (for positive integer (m+1))

is satisfied. Here we put x.=:(nT-r)IP, and .fll,j)=f(j)(2.), The values H},S-j) are

given by (F9), (2-5), (2-7), and (2-8), with g(x)-=sin"t'i(P2+r).

Theorem 4-3
    A band-limited function f(z) with maximum frequency W is representable
by (4-15), if condition:

        1/IPI<(m+1)/W', (forpositiveinteger(m+1)) (4-17)

is satisfied.

    Expression (4-15) is somewhat different from the expression obtained by

Linden and Abramson6).

 ***) We shall call the distance between successive sampling points, i. e,, l2n÷i-xnl=r,/IPI,
     a sa7npling interval, and value IP1 =t nll2n+i-xnl a sa'mPling f>'eqztenqfy,.
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    Let z･f<2) be band-limited with maximum frequency W and lim.-o z･.f<z)=O,

then .f<2) is entire. Referring to inequality (4-6), we have

                                               i        IJi(<2)j<v2.llllL.l'exp[W'lzil](v2.}(llz,Lnyexp[W･izill･ (4-is)

According!y**), from (4-10') we obtain:

            .7(<z)                       4m+1･ V
                             ･exp[(W'-("z+1)･IP])･iyl], (4-19)                    (        sinm'i(Pz+r) V2TIyl

with V the total variation of Fourier-Stieltjes spectrum function of z･.7(<z) over

(-IM W). We refer to expressions (4-18) and (4-19), and obtain the following

theorem:

Theorem 4-4
    If z･f<x) is band-Iimited with rnaximum frequency W and lim,-,o z･]C<z)=O,

then .f<z) is representable by (4--15) provided that 11iBl<(m+1)fWZ

    Let f<z) be band-iimited over the interval (- W; IJV) with a Fourier spectrum

function G(tu) of bounded variation, i. e.

        .lf<2)=v ±.'ll:eXP [itoz]'G(to)'dnr (4la20)

Define G(ca) to be zero outside the interval (- W; W), then

        f<2)=v;. Sl:eXP [itu2]'G(to)'tfftv･ (4-21)

Integration by parts shows that

        z･flz)-vg.nvSi:lexp[inz]･dc(tu), (4-22)

i.e., 2･f<x) is band-limited. Also, from (4-20), we can see that lim.-o 2･.f<x)=O.

Hence, the function f(x) is entire. Accordingly we have:

Theorem 4-5
    If .f<z) is band-limited with maximum frequency VV and its Fourier spectrum

function is of bounded variation over the interval (- W] W), then .f<2) is repre-

sentable by (4-15), provided that 111PI<(m+1)IW.

    Theoxems 4-2N4-5 for the case m(1 and Theorem 4-1, were given by
Jagerman and Fogel'>. Their theorems assert that the use of both .1(l, and fi1

allows exact representation using a sampling domain twice that requires for repre-

sentation of the same function when usingA alone. While the present theorems

4-2N4-5 give an interpolation series applicable to the general case where the
values of function A and derivatives of higher order .fl$j)(J' -- 1, 2, 3, ･･･, m) are

available.
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           g5. Hankel Transform and Gefieralized Frequency

    A similar analysis can be carried out, when we take g(z)=l,(P2) in (1-1),

where ,L,(2) is Bessel function of integral order pt. In this case, we have:

        f(z)=.iZ-Oe..f<2n)',J;(ts.)'pk(gZS.)+E(2)) (P*O) (s-1)

              ov*O

        E(z)-iZIIun,it9.,!4i.il'-il,III!S;'i･2s･JSP,&), (p.o) (s-i')

with

        J),(Pz.)=O, (pt=integer,n==integers) (5-1")
where f8j)=f("E)(z,)=f(j)(O), and H6S''0')==H(S-'}(z,)=H<S"P->(O) is given by (1-9), with

g(z)=.1}(Pz). In case pt=O, E(z) reduces to a null function.

    We shall consider the case, where function V'ff･.f<z) is expressed by the

Hankel-Stielty'es t7unfifo7vn (3-7) with a geneiuli2ed maxi7num foeqz{enay M:

       V7.f<.).:=Sl'tst,.11,(.,)fdF(s). (vl})--ll-) (5-2)

    If function F(s) is absolutely continuous over the interval (O,M), we have:

       Vi-f<z):-SIts･,L(2s)･I7Y(s)･cis. (v)--ll-) (5-3)

In expression (5-3), function F'(s) is assumed to be zero outside the interval

(O,M), i.e., F'(s)=O for s)M The function F'(s) shall be called the Hankel

spectrum of f(z), and M a gene7uli2ecl maximu"z foeqztenay with regard to the

Hankel transform (3-7).

    Let us take U(s) the variation of F(s) over the interval (O, s) and U the total

variation of F(s) over the interval (O, M), i. e.

        u=Slitdu(,). (sn4)
Then, we have:

        1V-ll;1･1f(2)l(SIt1st.TL(zs)1tdF(s)(M･U･exp[M･iyl],

                       (for any real x and an integer v) (5-5)

with z= x+iy. Inequality (5-5) is obtained from the following expressions:

                            +oo +co        ieTl,(2S)i=itJl,(:S+i･yS)l( Zl 1tL,-r(US)I'1t71･(iyS)iE{{l Z] li"'L･(ys)K

                           ･J,==-Oo 7'=-co
                +ee             ( Z L･(iyl-s)=-exp[lyl･s],
               ?, == r eo

                       (for any real xand an integer v) (5-6)

by means of the addition theorem of Bessel functions, and because of ll.(x)l(1,

[.

tt

[.t

'
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for any real c and integer r. Modified Bessel function L(y) of non-negative
 integral order r is positive and monotonously increasing function of increasing

positive y, so we obtain, from (5-4), (5-5), and (5-6), the following inequality:

        ls!-i2+1･lf<z)l(S:fis･ulL(xs)I･dF(s)(S:fsnyexp[iyl･s]･dF(s)(

                  (M･U･exp[A4･Iyl].(foranyintegerv) (5-5')

    The left-hand side o{ condition (III) in (1-4) for g(z)=l,(Pz), is written, by

means of (5-5'), as follows:

    k'Ip. il(lgi ( lg::} Miut:evXlllii[A,,f},iY.)i] (,;3in,...A{f'･u･･v/iP±'Z ･exp [(M-ipD･izti],

with z=a;+iy. Here, Bessel function L,(Pz) for large argument was expanded
in the asymptotic expansion: J],(f92)tvV21(zPx)･cos[/3x-(2Ft+1)n!4]-･･･.

Accordingly, condition (III) is satisfied, provided that M<iPl, i. e.

        1!IPi<1!A4. (5-8)
    For g(2) = ,1:b"'(Pz), we have a sampling formula (1-1)r-J(1-1"), and by a similar

analysis as in (5-7) and (5-8), we can find that condition (III) is satisfied, provided

that 2(M'i)i2･.f<x) is expressed by the I ankel transform (3-7) and that M<

<(m+1)･iPl, i. e.

        1/IPi<(m+1)!M. (forpositiveinteger(7n+1)) (5-9)

Hence, we obtain the fol!owing theorems:

Theorem 5-1
    If VriE-･-IC<z) is entire and band-limited in the sense of the generalized maxi-

mum frequency A4 with regard to the Hankel transform (3-7), then .f<z) is repre-

sentable by the interpolation series (5-1), provided that

        11iPl<1/A4. (5-10)
Theorem 5-Z
    If x(M")i2･.f<x) is entire and band-limited in the sense of the generalized maxi-

murn frequency M with regarcl to the Hankel transform (3-7), then f<z) if repre-

sentable by the interpolation series:

       f<z) -:: ,,.'.£rO".t7.i,tE.,tlli･li' -tts!3i'! ･(z-z.)s･ (.Jl""'i£ee,?, +G(w), (p*o) (s-ii)

             n±O
provided that 1!IPI<(m+1)IA4L with

       G(.),=i"i'(]z:-li'U',tf.,f,oll'.(i,'E!;.il.zs･lltl,;l.(l.?, (p*o) (s-ii')
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where .1)(Pz.)==O (pt=integer, n==integers)] ffij)=f`j)(z,,), f8"'=f("(z,)==f`j'(O), and

M,S-" are given by (1-9), with g(z)===Jlli"(P2).

    Here we shall note that Bessel function .11,(z) has a zero of ]pt]-th order, and

.Z)li"(z) has a zero of lpt1･(m+1)-th order, respectively at the origin. In case

pt==O, G(2) reduces to a null function.

            S6. Trufication Error of the Sampling Expansion

    The truncation error of the sampling expansion (2-3)tv(2-3') can be easily

estimated. For the sake of simplicity, we shall concern ourselves merely with

cases of m.=O, 1, and 2.

    For the sake of convenience in printing, all the formulae and expressions in

g6 shall be placed in the Appendix. This was done, in accordance with the

suggestions by the editorial committee o£ this Memoirs.
a) As for the case m.=O, we shall consider the bottnd fo7' tn{ncation error of

the sampling expansion (2-9) for real z and z. (n===integers). Let RN,,if(2) be

a truncation error defined by (6-1), with .L,==.f<2,,), g;,==g'(z.), and positive integers

Ai and ML The sampiing points 2,, (n=integers) are arranged in ascending order

of magnitude in such a way that ･･･<2"2<z-i<2,<2i<zz･･･, where positive values

of z. correspond to positive suMxes n>O, and negative values of z. to negative

suMxes n<O.
    From the Cauchy inequality applied to (6-1), we have (6-2). Accordingly,

we obtain (6-3) with (6-4), KN and L.lf being assumed to be bounded. Function

11(2-x,,)2 is a monotonic decreasing function of 2,, for increasing z,,>2, hence

we obtain (6-5). Similarly we have (6-6).

    From (6-3), (6-5), and (6-2,,/:,/11,,, we obtain the bound for truncation error (6-1)

as in (6-7).

    In case g(z)==:sin(Pz+r) with P;O, inequality (6-7) reduces to (6-8), making

use of the expressions <6-9) and (6-10), with zN==(Nrc-r)IP and x-pt==(-A41c-r)/B.

    If we take IP2+rKkS?v with S<N and S<A4) inequality (6-8) implies (6-11),

because of the relations: IVz-(Pz+r))2Vz-Sz, and Pz+r+Mfl)A4)v-Sff.
    Inequalities (6-8) and (6-11) reduce to the inequalities obtained by Jagerman3>

for the case r==:O and M=N In case S=1/2, (6-11) is more simplified as was

shown by him.
b) As for the case m.=1, we shall consider the bound for truncation error of

the sampling expansion (2-10) for real z and z,, (n=integers). Let RN,nt(z) be

a truncation error defined by (6-12), with fS,")=f(k)(2.), g£")=g(k)(x.), and positive

integers Nand A¢ The sampling points z,, (n==integers), i.e., zeros o'f second
order of g(2), are arranged in ascending order of magnitude with increasing n,

in such a way that ･･･z-2<x-i<zJ<xi<z2<･･･, where positive values of z. cor-

respond to positive suffixes n>O, and negative values of 2., to negative suMxes

n<O. We shall write z,=O, either xo is a zero of g(2) or not.

    From the Cauchy inequality applied to (6-12), we obtain (6-13). Inequality

(6-13) implies <6-14), with (6-15) aAd <6-16).
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    Functions 11(z-x.)2 and 11(z-z.)4 are monotonic decreasing functions of z.

for increasing z.>z, hence we have (6-17) and (6-18). Similarly we obt'iin (6-19)

and (6-20).

    From (6-14) and (6-17)t-v(6-20), we have the bound for truncation error (6-12)

as in (6-21).

    In case g(2)=sin2(Pz+r) with PtO, inequality (6-21) reduces to (6-22), making

use of expressions (6-23) and (6-24), with zN=(Nn-r)/P, and z-if=(-Mn-r)fP.

    If we take jP2+rl(Sz with S<N and S<M, inequality (6-22) reduces to
(6-25), because of the relations: NT-(Pz+r))NT-Srr, and P2+r+Mz)Mz-Sn.
    In case N=M in (6-25), we have (6-26).

    Inequalities (6-21), (6-22), and (6-25), are of some interest, if we compare

them with expressions (6-7), (6-8), and (6-11). The latters express the bound

for truncation error of the sampling expansion, making use of zero-th order
derivatives of the sampled function. While, inequalities (6-21), (6-22) and (6-25),

are available for the case of sampling expansion, which takes into account the

sampled first order derivatives of an entire function.

c) A similar analysis leads to the expression for estimating the bound for
truncation error of the sampling expansion (2-3)tN,(2-3') with m.)2.

    As an example of the expressions for truncation error, let us consider the

bound for truncation error of the sampling expansion (2-11) for real z and

z. (n=integers). Let RN,M(2) be a truncation error defined by (6-27), with
fjf)=f(")(z,,) and gS,k)=g(k)(z,,)･

    Similar calculations as in (6-12)tv(6-20) lead to inequality (6-28) with (6-29)

tw(6-32), to express the bound for truncation error (6-27).

    In concluding the paper, the author wishes to express his sincere thanks to Prof. Dr. J.

Meixner, Institut fUr Theoretische Physil(, Technische Hochschule Aachen, for his constructive

suggestions and hospitality during the author's stay in Aachen. Author's acknowledgements are

also due to the Alexander von Humboldt-Stiftung, which made it possible for him ' by giving him
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